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METRICAL THEORY FOR o-ROSEN FRACTIONS
KARMA DAJANI, COR KRAAIKAMP, AND WOLFGANG STEINER

ABSTRACT. The Rosen fractions form an infinite family which generalizes the nearest-
integer continued fractions. In this paper we introduce a new class of continued fractions
related to the Rosen fractions, the a-Rosen fractions. The metrical properties of these
a-Rosen fractions are studied.

We find planar natural extensions for the associated interval maps, and show that
their domains of definition are closely related to the domains of the ‘classical’ Rosen
fractions. This unifies and generalizes results of diophantine approximation from the

literature.

1. INTRODUCTION

Although David Rosen [Rod] introduced as early as 1954 an infinite family of continued
fractions which generalize the nearest-integer continued fraction, it is only very recently
that the metrical properties of these so-called Rosen fractions haven been investigated; see
e.g. [Bchul], [NZ], [GH] and [BKY]. In this paper we will introduce a-Rosen fractions, and
study their metrical properties for special choices of a. These choices resemble Nakada’s

a-expansions, in fact for ¢ = 3 these are Nakada’s a-expansions; see also [N]]. To be
more precise, let ¢ € Z, ¢ > 3, and A = \; = 2cos %. Then we define for o € [%, %] the
map T, : [AMa — 1), Aa] — [AMa — 1), A\a) by

1 1
—)\H—'Jrl—aJ,x#O,
TA

T
and T,(0) := 0. Here, |£] denotes the floor (or entier) of £, i.e., the greatest integer
smaller than or equal to . In order to have positive digits, we demand that o < 1/A.
Setting d(z) = [|L| + 1 — a] (with d(0) = c0), £(x) = sgn(z), and more generally

(1) To(x) =

(2) en() =, = (T2 ' (z)) and dy(z)=d,=d (T} ' (z))
for n > 1, one obtains for « € I, , := [A(a — 1), @A] an expression of the form
T = °
i\ + = ’
En
doX + - -+

I T To()
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where ¢; € {£1,0} and d; € NU {oo}. Setting
Rn &1

(3) no_ =:[e;:dy, e0:ds,. .. 60 dy],
Sn dl)\ + =2
En
dogA + -+ an
we will show in Section P.3 that
R
lim — =
oo 5
and for convenience we will write
€
(4) .I‘Id)\ 182 22[812d1,€22d2,...].
1At do\ + - - -

We call R,/S,, the nth a-Rosen convergent of x, and () the a-Rosen fraction of z.

The case o = 1/2 yields the Rosen fractions, while the case & = 1/\ is the Rosen
fraction equivalent of the classical regular continued fraction expansion (RCF). In case
g =3 (and 1/2 < a < 1/X), the above defined a-Rosen fractions are in fact Nakada’s a-
expansions (and the case & = 1/ = 1 is the RCF). Already from [BKY] it is clear that in
order to construct the underlying ergodic system for any a-Rosen fraction and the planar
natural extension for the associated interval map T,, it is fundamental to understand
the orbit under T, of the two endpoints A(a — 1) and A of X = X, := [Ma — 1), /.
Although the situation is in general more complicated than the ‘classical case’ from [BKY],
the natural extension together with the invariant measure can be given, and it is shown
that this dynamical system is weakly Bernoulli.

Using the natural extension, metrical properties of the a-Rosen fractions will be given

in Section f§.

2. NATURAL EXTENSIONS

In this section we find the “smallest” domain , C R? on which the map
1
(5) To(x,y) = (Ta(fﬁ)a M) , (2,y) € Qa,
is bijective a.e.. We will deal with the general case, resembling Nakada’s a-expansions,
e, 1/2<a<1/Xand A =\, = 2cosm/q for some fixed ¢ € Z, ¢ > 4 (the case ¢ =3 is
in fact the case of Nakada’s a-expansions; see also [NT]). As in [BKY], we need to discern
between odd and even ¢’s, but some properties are shared by both cases, and these are

collected here first.

For z € [A(a — 1), A\a], setting

A=Y %) and M= aya, = B B
1 d;i\ L, Ry
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it immediately follows from M, = M, 1A, that K, = R, 1, L, = S,,_1, and

R,1:=1, Ry:=0, R,=d, AR, 1+¢e,R, o, form=1,2,...,

6
(6) S_1:=0, So:=1, S,=d,AS_1+ec,5,—2, forn=1,2,...,

b
if d,, < co. For a matrix A = ¢ J ), with det(A) # 0, we define the corresponding
c
Mébius (or fractional linear) transformation by
ar +b
A(z) = .
(=) cr +d
Consequently, considering M,, as a Mobius transformation, we find that
Ry,
Mn(O) = S—, and Mn(O) = Al e An(O) == [81 . dl, Eg . dg, e, En dn]

It follows that the numerators and denominators of the a-Rosen convergents of x from (fJ)
satisfy the usual recurrence relations (f); see also [BKY], p. 1279.

Furthermore, since

0 €n
— M,_ 0),
v 1(1 dnA+Tg(x)>()

we have that
R, + T z)R,1 R, — S,z
7 = @ d ™ =
( ) v Sn + Tan(x)sn—l o “ (x) Sn—lx - Rn—l

Let ¢y = (a — 1) be the left-endpoint of the interval on which the continued fraction

map T, was defined in ([l), 7o = a\ its right-endpoint and let
Alg:d)={xze[(a=1\a) |e(zx)=¢, di(z) =d},

be the cylinders of order 1 of numbers with same first digits given by (f]). If we set
1
(a+d)A
for all d > 1, then the cylinders are given by the following table
A(=1:1) [ A(=1:d),d>2|A(0:00) | A(+1:d), d>2 | A(+1:1)
[lo,61) | [=0a1,=0a) | {0} | (Badaa] | (9,7
where we have used that ry > d; since A > v/2 for q > 4. Note that we have by definition
that

0qg =

To(x) =¢/x — \d,
for all z € A(e,d), z # 0.
Setting ¢, = T2 ({y), rr, = T2 (r0), n > 0, we have that
1 aX? —1

T‘lza—)\: X < 0.
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In case a = 1/2, we write ¢, instead of ¢,, for n > 0. In [BKY], it was shown that

[(=1: 1P, if g=2p

—A/2 =
[(=1: D" —1:2,(=1:1"], ifg=2h+3,

from which it immediately follows that
1

A )
(8) ¢0:_§<¢1<"'<¢p—2:_x<¢p—1:07 if ¢ = 2p,

and that for ¢ = 2h + 3,
A 2 2
¢0:—§<¢1<---<¢h—2<¢h—1<__<¢h<__’

3\ 5
0 < Phy1 < @1, Ohp1 = 1 — A, and

1 2
¢h+1<¢h+2<"'<¢2h:_x<_3_)\<¢2h+1:0§

see also Figure [l.

—)/2 B R M 32 T8 & A/2

FIGURE 1. The map Tj/» and the orbit of —\/2 (dashed broken line) for
q = 8 (left) and g = 7 (right).

Thus we see that the behavior of the orbit of —\/2 is very different in the even case
compared to the odd case; see also Figure P}, where the relevant terms of (¢,,)n>0, (€n)n>0,

and (r,)n>o are displayed for even g.

Direct verification yields the following lemma.

LEMMA 2.1. Forq>4, 1/2 < a < 1/\, we have that
A2 —2
)\ )

A
¢0:—§§f0§7“1<¢1=—
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with ¢o = ly if and only if o = 1/2, and by = ry if and only if « = 1/\.

In [BKY], the sequence (¢,,),>0 plays a crucial role in the construction of the natural
extension of the Rosen fractions. Due to the fact that the orbits of both —\/2 and /2
would become constant 0 after a finite number of steps (depending on ¢), the natural
extension of the Rosen fraction could be easily constructed. In this paper, the (¢,),>0
and (r,,)n>0 play a role comparable to that of the sequence (¢,,)n>0 (even though the ¢,,’s
are frequently used as well).

Let z € [AM(a — 1),a)] be such, that (g,(z) : dy(z)) = (=1 : 1) for n = 1,2,...,m.

Then it follows from (f) that the a-Rosen convergents of x satisfy
R,=1, Ry=0, R,=XR, 1— R, o, forn=12,...,m,
S_1=0, So=1, S,=AS,—1—S5S,_2, forn=1,2,....m.

As in [BKY], we define the auxiliary sequence (B,,),>0 by

(9) By=0, Bi=1, B,=AB,.1—B,_5, forn=2,3,....

This yields for n =1,...,m that R, = —B,,, S;, = Bn41, and T (z) = —% by ([)-
It follows that

By + Bppi(a—1)A  ByiiaA — By

10 0, = —_ it 0= [(—=1:1)",...].
(10) Bu_1 + Bn(a — 1) Bpoh— Bppi 0=l )]
For x = [+1:1,(=1: 1)1 ...] = —=[(=1: 1)",...], we obtain similarly R, = B,,
Sy = Bpy1, thus T (z) = % and
BpiiaA — B, . _
(11) Tn = 1 if ro=[+1:1,(=1:1)""%..].

" B,a\— B, ,

It is easy to see that B, = sin " / sin ~, hence (Bn)n>0 is a periodic sequence with period

length 2gq.

2.1. Even indices. Let ¢ = 2p, p € N, p > 2. Essential in the construction of the natural
extension is the following theorem.

THEOREM 2.2. Let ¢ =2p, p € N, p > 2, and let the sequences ({,,)n>0 and (1,)n>0 be
defined as before. If 1/2 < a < 1/, then we have that

(12) by <ry <l < <rpg<lp o< =0 <rpg <0<,y <o,
dy(ro) = dp(ly) + 1 and £, = r,. If a = 1/2, then we have that

(13) EO <T :El < e < Tp—2 :Ep_z < —51 < Tp-1 :fp_l =0<ry.
If a = 1/A, then we have that

(14) 60:7“1<£1:T2<"'<€p72:7“p71:—51<0<7’0.
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PROOF. If @ = 1/2, then ¢y = ¢¢ and ry = —¢y, hence ([[J) is an immediate consequence

of (B).

In general, in view of Lemma P.1 and the fact that ¢y = [(—1 : 1)P~!], we have the follow-

ing situation: T, ([lo, ¢1)) = [l1, ¢2) and T ([pj-1,¢;)) = (¢}, ¢j41) for 7 =2,3,...,p— 2,
cf. Figure P. This yields that ¢, = [(—1: 1)?72,...].
T O A B

1 | 1 % % % % % %

|
W
do Loy (172 gy o Gp—3 lps T2 ¢p—2 —01 0 o

FIGURE 2. The relevant terms of (¢n)n>0, (€n)n>0, and (r,,),>0 for even q.

(p—Dm

) ) . 1
Since sin 5= = sin (p£m
D 2

, we obtain

A A2
Bp—l — Bp+17 Bp—l - §Bp7 Bp—2 - ? — ]. Bp.

By ([0), we have therefore that
B, oA~ B, 2 — N 1

fpa= " - =4,

B, sad—B, 1  AMl—aX+2a) = (a+1))
with ¢, o = —6; if and only if @ = 1/\. For a = 1/, we clearly have that ro = 1, thus
rr=1—X=/{y and ([4) is proved.
If 1/2 < a < 1/, then we have that ¢, o < —4d;, hence ¢4 = [(—=1 : )P~ ... (1 :
dp),...], with d, > 1, and again due to (J) we obtain

CB,aA—=B,y (20— 1)\
Bpioh—B,  2—aX
Similarly, we have that ro = [+1:1,(—1:1)?72,...] and, by (),
_ BaA-B,,  (2a—1)

> 0.

ep,1 ==

4= = — € (—01,0),
RS Wy Ny ey s A S
thus ([[J) is proved. Since
1 1
] =
Tp—1 lp—1
it follows from the definition of T, that ¢, = r, and dy(r,-1) = d1({p-1) + 1. With
dy(x) = di (TP~ *(z)), the theorem is proved. O

REMARK. The structure of the ¢,,’s and r,’s allows us to determine all possible se-
quences of “digits”. For example, the longest consecutive sequence of digits (—1 : 1)
contains p — 1 terms if o < 1/ since ¢,_o < —6; and ¢,_; > —0;. In case a = 1/\, we
only have (—1 : 1)P72. In particular in case ¢ = 4, a = 1/, the cylinder A(—1 : 1) is
empty.

On the other hand, (+1 : 1) is always followed by (—1 : 1)P~2 since 7, o < —d1, with
A(+1:1) ={ro} in case a = 1/\.
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Now we construct the domain €2, upon which 7, is bijective.

THEOREM 2.3. Let ¢ = 2p with p > 2. Then the system of relations

([ (R): Hy = 1/(A+ Hyp)
(R2) : Hy=1/\
(Ry) : H,=1/(A—H,_s) form=3,4,....2p—1
(Rap) : Hypn = A/2
(. (Rapt1) : Hyp 3+ Hoyp 1 = A

admits the (unique) solution

B, sin g—z
H2n:_¢pfn:B = - (nt)m forn:1,2,...,p—1,
n+1 S —5—

2p

nw (n71)7r

I B Bp—n — Bp+1—n B COS 2% COS 2 f' _ 19
2n—1—B B — (nt 1w iy orn—=1»1,4,...,p,
p—1-n — Pp-—n COS T — COS %

in particular Hyp_q = 1.

Let 1/2 < a < 1/X and Q, = U7 o x [0, Hy,| with Jop 1 = [lo1,70), Jon = [n, ln)
forn=1,2,...,p—1, and Jop_1 = [l,—1,70). Then the map T, : Qs — Qo given by ()
1s bijective off of a set of Lebesque measure zero.

PROOF. It is easily seen that the solution of this system of relations is unique and valid,
and that 7, is injective. We thus concern ourselves with the surjectivity of 7,; see also
Figure B.

By ([J), we have J, o C A(=1:1) for n=3,4,...,2p— 2, thus

1 1

To (T H, 5| = N —
a(Jn 2 X [07 n 2]) Jn X |:)\’)\_Hn2

:| = Jn X [H27Hn]7

where we have used (R) and (R,). Furthermore, (Rg,_1) gives

1 1

Xa )\_7}]21)_3] = J2p71 X [H2, H2p71] .

Tl ~60) X 0, Hap) = [f1,70) % |
Forn=2,3,...,dy(rp—1) — 1 = d,(ro) — 1, we have that

To([=60 1, —62) % [0, Hop_s]) = [0, o) X | =) —+

a n—1, —On y 412p—3]) = [£0,T0 n)\’n)\—ng_g .

The remaining part of the rectangle Jo, 3 x [0, Hap—3] is mapped to

1 1
Tt 7o) X 0. Hap-a) = o) x| i, .
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Now consider the image of Jy,_1 % [0, Hop—1]. If d,(€y) > 2, then it is split into

1 1
dp(lo) A + Hap1 dp(lo) A ]
1 1
— — | f =2,3,...,d,(ly) — 1
n)\—i-HQpl’n)\] orn=23,..,d() ~1,
b1
Nt Hayp i A

Tty 001 X 0. Hapei] = for) x |
Ta(=n, 0] % 0.y} = [fnra) ¢ |
T(B1,70) X 0. Hay i) = (ror0) ¢ | | = (o) x 0 2],
where we have used (R;). Since Hop3+ Hop1 = X and d,(r) = d,(€o) + 1, the different

parts of 7, ([—01,7p—1) X [0, Hop—3]) and Z,((€p—1,01] x [0, Hyp—1]) “layer one under the
other” and “fill up like a jig-saw puzzle”

(1o < [ g ) (1079 < g5 ])

In case d,({y) = 1, we simply have

1o([=01,7p—1) X [0, Hyys]) = [lo, 1) x [1/(2X), Hi],
1o((lp—1,70) X [0, Hop1] = (r1,7p) X [Hy, Hy].

Finally, the image of the central rectangle Jo,_o X [0, H,_o] is split into

1 1
,]:X([Tp—h —5dp(7’0)) X [O,ng_z]) = [TP’TO) % |:dp(7“0))\’ dp(TO)A - HQP—2:| ’

1 1
TL)\’ n\ — ng_g
1 1

— — | f d, (¢
n)\+H2p_2’n)\] ormn = p( 0)’

To([=0n—1, —06n) X [0, Hap_2]) = [€o,T0) X [ ] for n > d,(ro),

T (8, S0s] X 0, o o)) = [l 70) [

1 1
7:1 0, 0 7€ — O7H - = ) 7 .
(( dp(Lo)> tp 1] x| 2p 2]) [Tp o) X |:dp(£0))\+H2p—2 dp(EO)A}

Since Hy,_5 = A/2 and d,(r¢) = d,(¢p) + 1, the union of these images is

(#r0 < (0] ) (oo [ )

Therefore 7,(€2,) and €, differ only by a set of Lebesgue measure zero. O

REMARK. If @ = 1/2, then the intervals .Jy, are empty and r,_; = £,_1 = 0. The
proof of Theorem P.J remains valid, with d(r,—1) = d1({,—1) = o0; see also [BKY]. Since
l, = ¢, forn=0,1,...,p— 1, we have

p—1
_ Bn anl Bn - Bn+1 A
U () i) (o) <o)

n=1
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Lo 1l g gTQg 0 02 0o 61 T0 fg 1 4 T2 0 {2 l3=r3 T0

FIGURE 3. The natural extension domain €2, (left) and its image under 7,
(right) of the a-Rosen continued fraction (6, = —4,); here ¢ = 6, a = 0.53,
dp(g()) = 2, dp(’l“o) = 3.

For o = 1/A, we just have the intervals Jo,, n = 1,2,...,p — 2 and add Jy,_o =

[7p—1,70)(= [—01,1)). Furthermore, we have that r, = % forn=1,2,...,p—1and
ro = gﬁ%g’;i = 1. This provides the following theorem.

THEOREM 2.4. Let ¢ = 2p with p > 2 and

p—1
Bn - Bn+1 Bn+1 - Bn+2 Bn
Qyn = 0 .
A U |:Bn - Bn—l’ Bn+1 - Bn 8 ’ Bn+1

n=1

Then Ty/y = Qi — i) is bijective off of a set of Lebesgue measure zero.

PROOF. By ([4)), we have that ¢y =7 <l =79 < ... </{p,_o=r1,_1 = —0;, thus

Bn - Bn+1 Bn+1 - Bn+2 Bn
T 0
1/ (|:Bn - Bn—l, Bn+1 - Bn 8 , Bn+1
_ |:Bn+1 - Bn+2, Bn+2 - Bn+3) X |:l, Bn+1:| for n = 1, 2, - 9.
Bn+1 - Bn Bn+2 - Bn+1 A Bn+2
The different parts of [—7,_1,79) are mapped to
[N 1 2
T (=601, —0) x (0,2 ) =1 =M\ x | —, ———| forn=203,...
1/ <[ ! ) % ) [ )% | nA (2n—1))\] orn

A > 1

=A% |- | forn=23,...

2_) [ A’)x_(2n+1)xm} orn =23,
AT 21

71/)\ ((51, 1) X 0, 5 ) — [1 - )\, 1) X -3—)\, X:|

and the union of these images is [1 — A, 1) x (0, 1/A]. O

O
1L

Z/A ((5na5n—1] X

REMARK. Note that there is a simple relation between €25 and €);,5, which will be
useful in Section B reflect /5 in the line y = « in case > 0, and reflect 2y in the line

y = —x in case < 0, to find §2y); see also Figure f.
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1

o[>~

—¢1

H,

- 1-X =1 0 1 1

1+

>
(=
[ro
o[>

Eo
w
>
—
>

FIGURE 4. /5 (left) and €/, (right); here ¢ = 6.

As in [BKY], a Jacobian calculation shows that 7, preserves the probability measure

v, with density

Cq7a
(1+zy)?’
where C, , is a normalizing constant. For the calculation of this constant, we need the

following lemma.
LEMMA 2.5. If mq; — mg = mg — my, then we have that
Bty Boyims — Brtms B—nimy = By —msBmgtms  for alln € 7.
PrOOF. With ¢ = exp(mi/q), we have that

Bn+m1 B—n+m2 - Bn-i-?m B—n-i-?m

(Crm — (e () — (e (e )
C-cp

<m1+nw _ C—ml—ﬂm _ CM3+m4 _ C—M3—m4

== = Bmlfm Bmg ms -
(C—¢1)? o
O

PROPOSITION 2.6. For 1/2 < a < 1/), the normalizing constant is
1+ cos

3 s

S —
q

Cyo =1/log

PROOF. Similarly to [BKY], integration of the density over €, gives

Coa=1/lo0
q, / g (1 + Ep—l it 1+ En_lHQn_l 1+ T‘nHQn
for 1/2 < a < 1/A, by Theorem P.3 Using ([0), ([1) and Lemma B.3, we find
1+ TnHQn_l . Bn - Bn_loz)\ 1+ EnHQn . Bnoz)\ - Bn—l
1+ En—lHQn—l B Bna)\ - Bn—1’ 1+ TnHZn B Bn+1 - Bna)\

1+7’0 p 1+7,nH2n71 1+£nH2n>
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form=1,2,...,p—1, and
1 + 79 N Bp — Bp_la)\
144, B,—B,-1
Putting everything together, we obtain

nZt 1+ cosZ

s
Cq7a:1/10g :1/10gﬁ:1/10g7£q

B, B, ,
For a = 1/2, we have the same constant by the remark following Theorem P.3 and by
[BKY]. Finally, the remark following Theorem .4 shows that Cy 1/, is the same constant

as well. O

Let jt be the projection of v, on the first coordinate, let B be the restriction of the two-
dimensional o-algebra on 2,, and B be the Lebesgue o-algebra on I, , = [AM(a — 1), a].
In [Roll], Rohlin introduced and studied the concept of natural extension of a dynamical
system. In our setting, a natural extension of (I, , B, tia, To) is an invertible dynamical
system (Xo, Bx.,, Pas Sa), Which contains (I, B, fta; Tn) as a factor, such that the Borel
o-algebra By, of X, is the smallest S,-invariant o-algebra that contains 7! (Byx, ), where
7 is the factor map. A natural extension is unique up to isomorphism.

We have the following theorem.

THEOREM 2.7. Let ¢ > 4, ¢ = 2p, and let % <a< % Then the dynamical system
(Qu, B, va, 7o) is the natural extension of the dynamical system (I o, B, fa, Ta)-

PROOF. In case @ = 1/2 and a = 1/\ the proof is a straightforward application of
Theorem 21.2.2 from [Schw]; see also Examples 21.3.1 (the case of the RCF) and 21.3.2
(the NICF) in [Schw]]. However, for 1/2 < o < 1/, some extra work is needed.

To be more precise, let us recall some terminology from [Schw]]. Let B be a set, and
T : B — B be amap. The pair (B, T) is called a fibred system if the following three
conditions are satisfied:

(a) There is a finite or countable set I (called the digit set);
(b) There is a map k : B — I. Then the sets B(i) = k(i) form a partition of B;
(c) The restriction of B to any B(i) is an injective map;
see [Bchwl, Definition 1.1.1. Clearly, in our setting B = I, , = [Ma — 1),a)], T = Ty,
I'={e:d; e € {£1,0},d e NU{oo}}, and B(e: d) = A(e : d).

The pair (B#,T#) is called a dual fibred system (or backward algorithm) with respect
to (B, T) if the following condition holds: (ki, ks, ..., k,) is an admissible block of digits
for T if and only if (k,, ..., ko, ki) is admissible for T#; see Definition 21.1.1 in [Bchw]].
Furthermore,

D(x) = {ye B¥, yc B¥(ky, ky,..., ky) if and only if
TN(z)N B(ky, ..., ky, k) # 0 for all N > 1};
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see Definition 21.1.7 from [Schwi]. The local inverse of the map 7" : B(k) — B is denoted
by V (k). F. Schweiger obtained the following theorem; see [Schw]|, Theorem 21.2.1.

THEOREM 2.8. Consider the following dynamical system (B,T), with B = {(z,y);x €
B,y € D(z)}, and where T : B — B is defined by

T(z,y) = (T(2), V*(k(2))(y)) -
If T is measurable, then (B, T) equipped with the obvious product o-algebra is an invertible

dynamical system with invariant density K. This dynamical system (B, T) is the natural
extension of (B, T).

In our setting we have by construction that B = €,. So to apply Schweiger’s Theorem,
we need to find a backward algorithm (B#, T#), such that

(15) VAR = T

From our construction of §2,, and in particular from the proof of Theorem P.3, we see

that a natural choice of B# seems' to be the interval [0, 1], with partition elements

1 1 1
A7 (=1:1) = [Hy, Hap 1] L\,l} , A7(1:1) = [Hy, Ho] [)\jL o )\] ,
and for d > 2, d # d,(y), d,(r0),
1 1 1 1
A*(-1:d)=|— ——— A*(1:d)= |——— — .
(=1:d) sz dh— HQPJ ’ (1:d) LM+H2p1’ d)\}

On these intervals A¥ (e : d) we define the map T# as
T#(z) = £ ed\;
x

An easy calculation shows that V#(k(z)) satisfies ([3).

For d = d,(ly) = dp(ro) — 1, the rectangle [{y,70) X [ﬁ,ﬁ] is partitioned as in
Figure [ (see also Theorem .3, the proof of Theorem P.3, and Figure [, for the case

q =16, a=0.53).

1
dax
T ([0g,4,— 0, Hop—
T ([lp—1,04-1) % [0, Hap1]) (0 ] > 0 Hap2) Pres ey
1 -
D1 T _1.—=90 0,Hs,_
T ([=6a,rp-1] x [0, Hap—3]) (-t =baal [0, Hap 2]
(d+11),\

— T
Lo bp =1p 0

FIGURE 5. “Blow-up” of the relevant part of (2, for even ¢, 1/2 < a < 1/\.

'In a moment we will see that this choice needs a small modification in case o # 1/2, 1/\.
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Note that this case does not occur in case o« = 1/2 or v = 1/); see also Examples 21.3
in [Schwl. Recall, that Hy, 1 =1, Hop_o = A\/2, and Hy,_3 = A — 1; see Theorem P-3.

We are left to define 7% on the interval [(d+11)>\> é] . Clearly, on the interval [(d+11),\’ ﬁ}
we should define 7% by

T#(z) = _71 + (d+ 1)\,

while on [m, ﬁ} = [m, ﬁ}, the map T# should be given by

1
T#(2) = ——d\

This leaves us how to define 7% on [ﬁ, m] . The problem here is, that y’s in this

interval have “two names”; see also Figure .

In order to overcome this problem, consider the following isomorphic copy (2%, v, 7*) of
(Qas Vo, T); let

o = (QO‘ \ (£, o] {d)\lJr 1 d)\Jrl)\/QD - (wp"’“] % LM llA/z’ dk_i 1]) ’

let 77 : 2F — (2 be defined by

T (x,y)=s(T(s ' (z,9), (z,y) €Q,

where
(7,y) if (z,y) € Qa \ ((Epﬂ“o] X [ﬁ’ d,\+1,\/2D
s(z,y) = , _
(2, ~9) 1 (2,9) € (6] % [t axirs) -
and set
Vi (A) = vo(sH(A)), for every Lebesgue set A C QF.
Setting

B* =[0,1]U ((Ep,ro] X {d)\ 11)\/2’ d)\_i 1D ’

and defining 7% on [ﬁ, Fl,\/z} by

-1 -1
and T# on |5, 2| by

L (d+1)x if%+(d+1))\¢[ﬁ’m}
=L (d+1)\ if§+(d+1)A€[ . :

A1 dAFA/2 | 0
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we find that (B#, T#) is the dual fibred system with respect to (I, T,). We already saw

that the density K of the invariant measure is given by

C, . 1+4cos®

—2% _ with normalizing constant C,,, = 1/log ———2;

(14 zy)? sin 7
see Proposition R.6. Thus it follows from Schweiger’s theorem that (Qq, B, Vs, 7a) is the
natural extension of (I, 4, B, tta; Tw)- O

2.2. Odd indices. Let ¢ =2h+ 3, h € N. The ¢,,’s and r,,’s are ordered in the following
way.

THEOREM 2.9. Let g =2h+ 3, h € N, let the sequences ({,,)n>0 and (r,)n>0 be defined

A—24+vA2—4N+8
2

as above, and let p = . Then we have the following cases:

a=1/2: by <rhpr =lpa <11 =0 < - <rop1 =lop_1 <1Th—1 =Ll
<T2h:€2h< _51 <Th:£h<_52 <T2h+1:£2h+1:0<ro

1/2 <a< p/)\ : EO < Tp41 < Eh-{-l << < Eh_g < Top—1 < Egh_l < Th—1
<Up1 <oy < Loy < =01 <1 <Ly < =03 <Topi1 <0< Loy <1y
Furthermore, we have o190 = ropyo and dopyo(ro) = dapya(lo) + 1.

a=p/\: by=rpy1 <lpi1=11 < - <lp_1<rp=—01 <l <=0 <0<y

pIA<a<I/A: ly<ry < - <L 1 <rp <=0 <Ll <0<rp<ro
Furthermore, we have y11 = rh19 and dpy1(ly) = dpia(ro) + 1.

Ozzl/)\: g():’f’l<"'<€h,1:7’h<—(51<€h:7’h+120<7’0

ProoF. In [BKY], Section 3.2 (see also the introduction of this section), it was shown
that

¢o=—%<¢1< + < Ppoo < Pp 1<_%<¢h< 52X
G0 < Pny1 < @1, and
1 2
¢h+1<¢h+2<"'<¢2h:_x<_3_>\<¢2h+1:0-

In view of this and Lemma R.1|, we therefore have that ¢,_; < ¢,_1 < r, < ¢,. An
important question is to know, where —d; is located. Since 3/2 < 1+ «, we have ¢p,_1 <

—01. For ¢ = 2h + 3, we have sin (h“) = sin (h+2) , thus

Bhy1 = Bpyo, By = (A= 1)Bpq, By1 = (N —=X—=1)Bj1.

Hence we obtain, by ([[(),

/ __CY)\Bh—Bh+1__ 1—0[)\()\—1) <5
LT T aAB — By, A—1—aAA—A—1) b
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The position of r, with respect to —d; leads us to distinguish between the possible cases.
We have that

Bpyial =By 1—(1—a)A
" ByaA—Bp_;  1—(1—a)A(A—1)

Ty = <—51

if and only if a?A2 +aA(2 — ) — 1> 0, i.e., @) > A2V 4248 W = p. Note that

A—2+VA2—4)\+8 1
™ <X for 0 < A < 2.

Assume first that @ > p/A. Then we have that r, < —d;, from which it immediately
follows that

1<
2

- _ Bh+1 — BthQOé)\ _ 1—al >0
T Bigad—B, 1—-(1—a)A "

/ :Bh+1a)‘_Bh+2:_i<0
" Bpi1 — Brah l—ax(A—1) =

If <1/, then |1/ —|1/rh41| = A, hence €11 = rpio and dy(rp41) = di(€r) + 1. In
case aw = 1/, then r,,; = £, = 0. Hence the last two cases are proved.

It remains to consider 1/2 < o < p/A. Now we have that —0; < rp(< ¢p), with
—d; =1y, if and only if o = p/A. Consequently, we immediately find that

ro=[+1:1,(=1: )" —1:2 (=1:1)",...].
To see that ¢, < —d9, note that this is equivalent to
®A? —aX? + 20X — 1 < 2(A — 1)(1 — a)),

which holds because of the assumption a?A? + aA(2 — A\) — 1 < 0. This assumption also
implies that ¢, 11 < r1, where again equality holds if and only if & = p/\. This proves the
case o = p/\.

For a < p/A, we have

Go=1[(—1:1D)" —-1:2(=1:1D)",...],

hence the convergents of ¢y satisfy —R;_y = By_1 = (A>=X—1)Bp41, =Ry = (A—1)Byy
and

Rpi1 =2 R, — Ry = —(A2 = A+ 1)Bj1.
The recurrence Rpipi1 = ARy — Rpin1 forn=1,2,... h, yields

_Rh+n = (Bn+2 - Bn+1 + QBn)Bh+1 for n = 0, ]_, ey h + 1.

For the S,’s, we have similarly that S,_; = (A — 1)Bps1, Sp = Bpyi, thus Spy =
2)\Sh - Shfl = ()\ + 1)Bh+1 and

Shin = (Bns1 + Bn)Bria forn=0,1,...,h+ 1.
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By ([d), we obtain, for n =0,1,...,h + 1,

(Bn+1 + Bn)<a - 1))\ + Bn+2 - Bn+1 + 2Bn
(Bn + Bn71)<a - 1))\ + Bn+1 - Bn + 2Bn71 .
For the convergents of 7y, only the sign of the R, is different and we get

(BnJrl + Bn>a)\ - (Bn+2 - BnJrl + 2Bn)
(Bn + Bn71>a)\ - (BnJrl - Bn + 2Bn71) .

(16) lhin = —

(17> Thtn = —

This yields that
. (2a-1)A (2a — 1)\
Toh+1 = al? — 2\ +2 1—a))\2—2)\+2<>0)’
hence |1/rop 11| — [1/loni1| = A, di(r2p11) = di(lan41) + 1, and the theorem is proved. O

(<0), lony1 = (

For the construction of the natural extension, we have to distinguish between the dif-
ferent cases of the previous theorem. Consider first o > p/\.

THEOREM 2.10. Let ¢ = 2h + 3 with h > 1. Then the system of relations

( (Rl) . H1 = 1/()\+H2h+2)
(RQ) . H2 = 1/)\
(Ry) : H,=1/(A\—H,—2) forn=3.4,...,2h+2
(Ron+s) : Hopp1 = N\/2
( (Ranta) : Hop + Hopyo = A
admits the (unique) solution
B, sin %%
Hyp = —opi1n = = 1 form=1,2,...,h+1,

Bri1 sin @

. (nfl)ﬂ' . nim
B, _ B, Sin ———— —+ sin —
1+ = 1 T forn=1,2,...,h+1,

HZn—l - —
B, + B,i1  sin % + sin @

i particular Hopyo = 1.
Let p/A < o < 1)\ and Qq = \J2H2 T, x [0, Hy) with Jop—1 = [ln-1,70), Jon = [rn, €n)
forn=1,2,....h, Jops1 = [ln,The1) and Jopio = [rae1,70). Then the map T, 0 Qy — Qg

given by (B) is bijective off of a set of Lebesgue measure zero.

REMARK. The case ¢ = 3, p/\ < a < 1/, which is the case of Nakada’s a-expansions

for (v/5 —1)/2 < a < 1, has been dealt with in [[NT]; see also [NIT]], [TT], and [KT], KJ.

The proof of Theorem is very similar to that of Theorem 2.3 and therefore omitted,

see also Figure [i. In case o = 1/, the intervals Jy, 1 are empty.

Once more, a Jacobian calculation shows that 7, preserves the probability measure v,

with density
Cia

(14 2y)?’
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Ha

Hy
1/2X

1/3X

Yo o8y gflg 0 0o T2 571 ro £y 1 L142=r30 T2 0

FIGURE 6. The natural extension domain €2, (left) and its image under 7
(right) of the a-Rosen continued fraction (6, = —6,); here ¢ = 5, a = 0.56,
dn+1(fo) = 3, dpya(ro) = 2.

where C, , is a normalizing constant given by the following proposition.

PROPOSITION 2.11. If ¢ = 2h + 3 and p/\ < o < 1/A, then the normalizing constant
18
14+ a\ 1+ 2a cos %

Coa=1/1 =1/log—
q, /Ogm /Og 281I127T—q

PROOF. Integration gives

147 140, Hy g ﬁ 1 +€nH2n>

Coa=1/1
© / 8 (1 + Tha1 H 1 +€n—1H2n—1 1 + Tann

n=1 n=1
Using (I0) and (1)), we find
1+ TnHZn—l . Bn — Bn_lOé)\ 1+ EnHZn N BnOé)\ — Bn—l
1+ En—lHZn—l B Bna>\ - Bn—l ’ 1+ TnHZn B Bn+1 - Bna>\ ’

and
1+ To (1 + Oé)\) (Bh_HOé)\ — Bh>
= =(1 N (B A—B,)B
1 + Th+1 Bh+1 — Bh ( to >( h1Cx h) h+15

where we have used

2 (h+D)mw

) 2(1 — cos T) sin® ST 4sin? 3. cos” 0
(Q_A)Bh‘i‘l: s 27 = 27 27r:1
sin” 7 4 sin 34 C08% 3,
Putting everything together, we obtain
1+ al 1+ a)
Coa=1/1 1 A)B =1/log—==1/1 - .
q, / Og(( +a ) h+1) / 0og \/m / Y 281I127T—q

O

REMARK. Note that for ¢ = 3 this result confirms Nakada’s result from [N for o
between (v/5 —1)/2 and 1; in this case, the normalizing constant is indeed 1/log(1 + ).

Now consider o < p/A.
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THEOREM 2.12. Let ¢ = 2h + 3 with h > 1. Then the system of relations

( (Rl) : H1 == 1/(2)\ - H4h71)
(RQ) H2 - 1/(2)\ —_ H4h)
(R3) : Hs =1/(A+ Hypys)
<R4) : H4 = 1/)\
(Rn) : H,=1/(A—H,_4) forn=25,6,...,4h +3
(Ran+a) Hypio = A/2
L (Ranss) Hypy1 + Hypyz = A
admits the (unique) solution
Bn Bn—l + Bn
Hy, = : Hyp—o = 57—,
! Bn+1 in Bn + Bn+1
Bn+1p - Bn BnJrlp - Bn+2
Hisoan = 222220 gy, = 2P T P
s Bnp - anl i Bnp - Bn+1

in particular Hypyrs = p.

Let 1/2 < a < p/A, and Q, = Ufj:f Jn x [0, Hy) with Jyn—3 = [ln-1,"hin), Jan—2 =
[Thans Chan)y Jan-1 = [lhinsTn)s Jan = [rnln) form = 1,2, h, Jype1 = [lh,Tons1),
Jant2 = [Font1, lont1) and Jypis = [lopy1,70). Then the map 7, : Qy — Qo given by ([)
1s bijective off of a set of Lebesque measure zero.

PROOF. The proof of the bijectivity runs along the same lines as the proof of Theo-
rem P.3 and is therefore omitted, see also Figure [j.

The Hy,’s are determined by (R4), (Rs), ..., (Ran). The Hy, o’s are determined by
(R2), (Rg), ..., (Rant2) and (Rania). By (R3), (R7), ..., (Rant3), we obtain Hypi3-45 =

Bn+1Hypy3—Bn
BnH4h+3tBn—l and
1 .. BupHipyz— By Hypys — (A= 1)
- = 3 = — Y
A+ Hypys ByHypys — By (A=1)Hypps — (A2 =X —=1)

thus HZthg +(2—=AN)Hypi3—1=0,1ie. Hyrg = p. Finally, the Hy,1_4,’s are determined
by (R1),(Rs5), ..., (Ranis). For a = 1/2, the intervals Jy, and Jy, o are empty. O

Again, 7, preserves the probability measure v, with density C,./(1+ xy)?, where C,

is a normalizing constant given by the following proposition.

PROPOSITION 2.13. If ¢ = 2h+3 and 1/2 < a < p/\, then the normalizing constant is

1+p L+p
Cq,azl/log\/ﬁzl/lo YL
— e

PRrOOF. Integration yields that C,, is equal to

h+1 h
1/ log 1 + Top hi 1 + rh+jH4j—3 1 + £h+jH4j—2 1 + T‘jH4j_1 1 + EjH4j
1+ lopsap e 1+ Hyj—3 1+ 1y jHyj o e 1+ lpjHyj1 1+ 1Hy |
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Hg P

1/2
1/O9A
1/4\
bo T2 Ao aT1€162637"3a 0 030302 01 ro fog T2 4o 144 T3 0 l3l4=14 To

FIGURE 7. The natural extension domain €, (left) and its image under
7., (right) of the a-Rosen continued fraction (&, = —4,); here ¢ = 5, a =
05038, d2h+2(€0) = 2, d2h+2(7“0) = 3.

Using (I0), (), (8). (T7) and Lemma [, we find

147y jHyjs (A1 =2a)p + ar? = A2+ 2)\ — 2)(B; — Bj_1a\)
L+ 0; 1Hy s ((aA—=1)p—aX+A—1)((B;j + Bj_1)a\ — Bj,1 + Bj — 2B, 4)
1+ 0pyjHyo  (Bj+ Bj_1)a\— Bj1 + B; — 2B,
L+ 7y jHys  2Bj— Bj_1+ Bj_o — (Bj + Bj_1)a\
L+rjHy1  ((eA—=1)p—aX+ X —1)(2B; — Bj_1 + Bj_o — (B; + Bj_1)a))
T+l jHy (A1 = 2a)p + ar? — X2 + 2)\ — 1)(Bja\ — Bj_1)
1+ ¢;Hy;  Bjol— Bj_4
1+7;Hy;  Bji1 — Bja)

and
T+rop _ (1 4+ arp)((2Bh41 — By + Br—1 — (Bhg1 + Br)ad)
1+ loptap (2a—1DAp—ar2+ A2 4+2) - 2)By4y '
Putting everything together, we obtain that
1 AP)V2— A 1

—1/1 .
Bl T ar— A+ (1—a)p /o8 7=
O

This confirms again Nakada’s result for ¢ = 3, i.e., C5, = 1/ log @ for % <a< @

The case o = p/A is slightly different from both other cases (similarly to o = 1/ for
even q).

THEOREM 2.14. Let ¢ = 2h+ 3 with h > 1, o = p/\ and

() o0 B o= o 1)) )

=1

<

Then 7, : Q, — Q, is bijective off of a set of Lebesgue measure zero.
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The normalizing constant in this case is Cy ,/x = 1/log \}% as above. As in the even

case, we set ji,, the projection of v, on the first coordinate, B be the restriction of the two-
dimensional o-algebra on €, and B be the Lebesgue o-algebraon I, , = [AMa—1), a)]. We
have the following theorem, whose proof is similar to the proof of Theorem refthm:natural-

extension-even-case in the even case.

THEOREM 2.15. Let ¢ > 3, g = 2h+1, and let % <a< % Then the dynamical system
(Qa, B, Vo, Tp,) is the natural extension of the dynamical system (Lga, By o, Tt

p A/2
i
g 1/X 1/
Hs Ho
o
H,
A -2 2 Ay —1 1 _ —1 1
-5 %2 5N 0 x PN 55,0 0 e PA-L5 0 esy !

FIGURE 8. Q5 (left), Q,/x (middle) and €4y (right); here ¢ = 5.

2.3. Convergence of the continued fractions. Now we can prove easily that the a-
Rosen continued fractions converge. If T7(xz) = 0 for some n > 0, then this is clear.
Therefore assume that 7 (z) # 0 for all n > 0. Setting (t,,v,) = 7)(z,0), it follows di-
rectly from the definition ({) of 7, that v, =[1:d,, &, : dy_1,... ,&2 : di]. Furthermore,
an immediate consequence of (f]) is that S,_1/S, = [1:dy, en : dpo1,... ,62 1 di], ie.,
U = Sp_1/Sh.

Theorems P.3, and (see also Figures f§, f and [) show that v, <1, i.e., S, >
Sn—1, and that S, = S, ifand only if g =2h+3,n=h+1,dy =1, (g; : d;) = (—1:1)
for i = 2,3,...,h + 1, which is possible only if @ > p/\. Furthermore we have that
Up—10, < 1/c for some constant ¢ > 1, i.e., S, > ¢S,_5. It follows from ([]) that
(18) ’x R, _ ’Tg(x)(Rn_lSn — R,Sn-1) _ |t,] < a\ |

Sh Sn(Sp + T2 (x)Sp—1) S2(1 4+ tyv,) — (L+aX—)N)S?

hence the a-Rosen convergents R, /S, converge to x as n — oo.

3. MIXING PROPERTIES OF a-ROSEN FRACTIONS

In case ¢ is even, and o« = 1/\, we saw in the previous section that there is a simple
relation between €2y /5 and €2y 5; see also Figure [l Define in this case the map M : ;,, —
Q12 by
(—y,—z) if (z,y) € Quyn, <0,

M(z,y) =
) (y, ) if (z,y) € Quyn, 2>0.
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Clearly, M : 21,5 — ;2 is bijective and bi-measurable transformation, and 1 /,\(/\/l_l(A)) =
v1/2(A), for every Borel set A C €2 /5. By comparing the partitions of 7,5 (on £,,) and
that of ’]'17; (on €4/9), we find that

Tipnw,y) = M (T (M), (29) € Qun, 2 #£0.

This implies that the dynamical systems (91/2,8, y1/2,7'1721) and (Ql/,\,l?, vi/x, i) are
isomorphic. In [BKY] it was shown that the dynamical system system (€2, /2, B, 172, T12)
is weakly Bernoulli with respect to the natural partition, hence (€24 /2 B, /2, /2) and
(2, B, /25 ’]'17;) are isomorphic. As a consequence we find that the dynamical systems
()2, B,v1/2, T1y2) and (Qux, B, v1/x, T1/5) are isomorphic.

In this section, we will show that this result also holds for all ¢ and all « strictly between
1/2 and 1/), using a result by M. Rychlik [Ry]. For completeness, we state explicitly the
hypothesis needed for Rychlik’s result (the reader is referred to [Ry] for more details).

Let X be a totally ordered order-complete set. Open intervals constitute a base of a
complete topology in X, making X into a topological space. If X is separable, then X
is homeomorphic with a closed subset of an interval. Let B be the Borel o-algebra on
X, and m a fixed regular, Borel probability measure on X (in our case m will be the
normalized Lebesgue measure restricted to X). Let U C X be an open dense subset of
X, such that m(U) = 1. Let S = X \ U, clearly m(S) = 0.

Let T': U — X be a continuous map, and  a countable family of closed intervals with
disjoint interiors, such that U C |J 3. Furthermore, suppose that for any B € 3 one has
that B NS consists only of endpoints of B, and that T restricted to B N U admits an
extension to a homeomorphism of B with some interval in X. Suppose that T"(z) # 0 for
z €U, and let g(z) = 1/|T"(x)| for x € U, g|s = 0. Let P : L'(X,m) — L'(X,m) be the
Perron-Frobenius operator of T,

Pfx)= Y g f()

yeT 1z

In [Ry], it was proved (among many other things) that, if |||/, < 1 and Varg < oo,

then there exist functions @1, o, ..., ps of bounded variation, such that

(i) Poi = @5
(i) [pidm =1;
(iii) There exists a measurable partition C1,Cy,...,C, of X with T71C; = C; for
1=1,2,...,s;
(iv) The dynamical system (C;, T;,v;), where T; = T|¢, and v;(B) = [, ¢;dm are
exact, and v; is the unique invariant measure for T}, absolutely continuous with
respect to m|g;.
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Rychlik also showed that if s = 1, i.e., if 1 is the only eigenvalue of P on the unit circle
and if there exists only one ¢ € L'(X, M) with Py = ¢ and m(p) = 1, (¢ > 0), then the
natural extension of (X, T, v) is isomorphic to a Bernoulli shift.

Returning to our map 7,, defined on X = I,, = [Ma — 1),a)], and using the same
notation as above, we let m be normalized Lebesgue measure on X,

1
S:{)\(a—l)}u{im; d:1,2,...}

and U = X \ S. Note that T, : U — X is continuous, and that the restriction of 7}, to
each open interval is homeomorphic to an interval (in fact to X itself, except for the first
and last interval).

We have that g(x) = 1/|T.(z)] = z* on U, hence ||g|l < 1 (since a # 1/)), and
Var g < oo. It is easy, but tedious (cf. [DE|| for a proof of the regular case), to see that T
is ergodic, hence s = 1, and we can apply Rychlik’s result to obtain the following theorem.

THEOREM 3.1. The natural extension (Qu, Vo, 1) of (Xa, tha, Tn) is weakly Bernoulli.

Hence, the natural extension is isomorphic to any Bernoulli shift with the same entropy.

4. METRICAL PROPERTIES OF ‘REGULAR’ ROSEN FRACTIONS

An important reason to introduce and study the natural extension of the ergodic system
underlying any continued fraction expansion, is that such a natural extension facilitates
the study of the continued fraction expansion at hand; see e.g. [DK] and [[K]], Chapter 4.
The following theorem is a consequence of this; see [BJW], [DK||, or [[K]], Chapter 4.

THEOREM 4.1. Let ¢ > 3, and let 1/2 < a < 1/X. For almost all G,-irrational numbers
x, the two-dimensional sequence T, (x,0) = (T2 (x), Sp-1/Sn), n > 1, is distributed over
Q. according to the density function g., given by

alt, = 42
9al:0) = T )2

for (t,v) € Qq, and g,(t,v) = 0 otherwise. Here C,, is the normalizing constant of the

T, -invariant measure V.

Due to Proposition [L.1], it is possible to study the distribution of various sequences
related to the a-Rosen expansion of almost every x € X,,. Classical examples of these are
the frequency of digits, or the analogs of various classical results by Lévy and Khintchine.
However, these results can already be obtained from the projection (X, Ba, o, Tw) of
(Q4, Ba, Vo, T) — which is also ergodic — and the Ergodic Theorem. For the distribu-
tion of the so-called approzimation coefficients, the natural extension (Qy, Ba, Va, Ta) is

necessary. These approximation coefficients ©,, = ©,,(x), are defined by

R
r— ==, n>0,

1 = = 52




METRICAL THEORY FOR a-ROSEN FRACTIONS 23

where R,, /S, is the nth a-Rosen convergent, which is obtained by truncating the a-Rosen
expansion.

With (¢,,v,) = 7.*(x,0), it follows from ([[§), that

n tn
(20) O, = i, for n > 1.
1+ t,v,

Similarly, since t,, = €, /t,—1 — d,\ and v, = S, _1/S,, it follows from ([) that
N
In view of (BQ) and (BI]), we define the map

P =

(21) Opn—1 , forn>1.

v t

) = for t —1.
1+tv’1+tv) (&), or tv 7

It is now easy calculation, see e.g. [BKY], p. 1293, that due to Proposition [L.]] one has
for almost all x € X, that the sequence (0,,_1(z), £,110,(2))n>0 is distributed on F(2,)
according to the density function C,,/+/1 — 4€n. Setting

I =F{(t,v) €Q|t>0}) and T, =F({(t,v) € Q |t <0}),
we have found the following theorem.

THEOREM 4.2. Let ¢ >3, 1/2 < o < 1/), and define the functions d} and d, by

Cq7a

+
?4&7 for (&m) e Ty,

(22) dy (&,1) =

and d£(&,n) = 0 otherwise. Then the sequence (©,_1(x),0,(x)),>1 lies in the interior
of ' = T Uy for all G,-irrational numbers x, and for almost all x this sequence is

distributed according to the density function d,, where

da(§,m) = d (&, m) + dg (€ m) .-

By this last statement we mean that, for almost all x and for all a,b > 0, the limit

1
A}im N#{j 1 <7< N,9;4(z) <a, Oj(x)<b}

/ a/ob da(€,m) A€ d.

Several corollaries can be drawn from Theorem {9, see e.g. [K1], where (for ¢ = 3) for
almost all x the distributions of the sequences (0,,)n>1, (On-1+ On)n>1, (On-1 — On)n>1

were determined.

exists, and equals

Here we only mention the following result for even values of ¢, a result which was
previously obtained in [BKY] for both even and odd values of ¢, and o = 1/2.
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PROPOSITION 4.3. Let ¢ > 4 be an even integer, 1/2 < o < 1/X, and let
A A2 —an?)
A+27 4 —)\2

Then for almost all G,-irrational numbers x and all ¢ > 1/L,, we have that

Lo = min{

1 1
lim N#{n:lgnSN,@n(:c)<—}:@.

N—oo C C

PROOF. In view of the expression of ©,,_1(x) in (BJ), we consider curves given by

v
Ty
where ¢ > 0 is a constant, and ¢ € [(y,ro]. Note that these curves are monotonically
increasing on [{y, 7], and that the curve given by v = 1_0—2115 lies “above” the curve given
by v = < if and only if ¢; > ¢5.

1—cot’
Now let L, be defined as the positive largest ¢ for which the curve ¢ =

for t € [€y, o], i.e.,

v

o lies in €,

L, :max{c>0: (t,%) €, forallt e [Eo,ro]}.
—c

It follows from Theorem []] that for all = < £,, and for almost all G -irrationals x one
has that

1 o e
lim N#{n 1 <n<N,0O,) <z} = / (/ ga(t,v) dv) dt = X\Cy 0z,
0

N—oo ZO

where C,, is the normalizing constant of the invariant measure (which has density g,).

So we are left to show that £, = min{ A AR2=ar?)

20 4-X2
In the even case we can discern three cases: a = 1/2, 1/2 < a < 1/, and o = 1/\.
Note that the first case has been dealt with in [BKY]; in case @ = 1/2 one has that

A

La = )\—JrQ

In case 1/2 < o < 1/A, first note that the curve ¢; = %= goes through (ry, H;) =
(& — A )\%Ll) if and only if ¢; = aiil. Since in this case

a\ 1 1
<-<-=H
ad+1 2 AT

and the curve ¢; = 177 is monotonically increasing on [lo, 0], we immediately find that
this curve is in Q, for ¢ € [(y, 0], yielding that £, < ai‘j\rl.

From Theorem P.3 we see that ¢, o < 0 < ¢,_;. Setting

ng_g )\(2 — Oz>\2) . ng_l . 1

Co = 9 C3

T 14l Hy o, AN
it follows from Theorem R.3 (see also Figure § for ¢ = 6) that £, = min{cy, ¢}, since ¢; <

c3. For ¢ (and therefore \) fixed, and for a € [1/2,1/)\], one easily shows that ¢; = ¢;(«)

is a monotonically increasing function of a, with ¢;(1/2) = %H’ and ¢1(1/A) = 1/2, while

N 1—|—TOHp,1 N 1"‘0&)\’
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co = co(a) is a line with slope —A3/(4 — A?). Since ¢3(1/2) = A/2>1/2 > A/(A+2), and
(/A =X/ (A+2)=c1(1/2) < ¢1(1/X) =1/2, we find for 1/2 < a < 1/ that

A A2Z—aN?)
E“_mm{xw’ 4— N }
In case a = 1/A, the point (1,A/2) yields ¢ = A/(A + 2). Since the curve ¢ = 7

is monotonically increasing on [{, 7], and from the fact that for ¢ = 0 we have that
v=rc=A(A+2) <1/\ where 1/) is the “smallest height” of €2, we find that

A
El/)\ — )\—~|»2

This proves the theorem. O

REMARK. We only deal with the even case in Proposition f.d; a result for the odd case

is obtained similarly, but has a more involved expression.

Acknowledgements. We thank the referee for many valuable remarks, which improved
considerably the quality of the presentation of this paper.
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