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Patrick Le Meur
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Abstract

We investigate the Galois coverings of piecewise hereditary algebras. In particular, we study their behaviour under
derived equivalences. For a piecewise hereditary algebra, we prove that there exists a universal Galois covering whose
group of automorphisms is free and depends only on the derived category of the algebra. As a corollary, we prove that
the algebra is simply connected if and only if its first Hochschild cohomology vanishes.
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Introduction

Let k be an algebraically closed field and A be a basic finite dimensional k-algebra (or, simply, an algebra). The
representation theory of algebras deals with the description of the category mod A of finite dimensional (right) A-
modules. Also, one wishes to classify these algebras up to Morita and derived equivalence. From this point of view,
some classes of algebras play an important role: The hereditary algebras, that is, path algebras kQ of finite quivers
Q@ with no oriented cycle; the tilted algebras, that is, of the form Endro(T"), where T is a tilting kQ-module; and,
more generally, the piecewise hereditary algebras, that is, whose bounded derived category D®(mod A) is equivalent to
Db(’H) where H is a Hom-finite hereditary abelian category with split idempotents (if H = mod kQ), then A is called
piecewise hereditary of type Q). These algebras are particularly well understood (see [ B E ] for instance).

The piecewise hereditary algebras arise in the study of other fields of representation theory. For example, the
cluster category C4 of a piecewise hereditary algebra has been introduced in [E ] as a tool to study conjectures
arising in the theory of cluster algebras (see [@]) Another example is the study of self-injective algebras, that is,
algebras A such that A >~ DA as right A-modules. Indeed, to any algebra A is associated the repetitive category A,
which is a Galois covering with group Z of the trivial extension A x DA (see [E]) Assume that some group G acts
freely on A, thus defining a Galois covering A— A/G with group G. If A/G is a finite dimensional algebra, that is,
if it has finitely many objects as a category, then it is self-injective. It is proved in [@] that any self-injective algebra
of polynomial growth and admitting a Galois covering by a strongly simply connected category is of the form A/G
for some tilted algebra A, and some infinite cyclic group G. The class of self-injective algebras of type @ has been
the object of many studies recently (see [@ @ @])

In this text we investigate the Galois coverings of piecewise hereditary algebras. The Galois covering of algebras
and, more generally, of k-categories, were introduced in IE] and B] for the classification of representation-finite
algebras. Consider A as a locally bounded k-category: If 1 = e; + ...+ e, is a decomposition of the unity into
primitive orthogonal idempotents, then ob(A) = {ei1,...,en}, and the space of morphisms from e; to e; is e;Ae;.
Then a Galois covering of the k-category A is a k-linear functor F': C — A where C is a k-category endowed with
a free action of G, that is, G acts freely on ob(C), such that FFo g = F for every g € G and the induced functor
C/G — Ais an isomorphism (see [B]) In such a situation, mod C and mod A are related by the so-called push-down
functor F\: modC — mod A, that is, the extension-of-scalars functor. Often, F) allows nice comparisons between
mod C and mod A. For example: The action of G on C naturally defines an action (g, X) — X of G on C-modules.



When this action is free on indecomposable C-modules, F\ defines an isomorphism of translation quivers between
I'(mod C)/G and a union of components of the Auslander-Reiten quiver I'(mod A) of A (see [E E])

The comparisons allowed by the covering techniques raise naturally the following questions: Given an algebra A, is
it possible to describe all the Galois coverings of A (in particular, does A admit a universal Galois covering, as happens
in topology)? Is it possible to characterise the simple connectedness of A (that is, the fact that A has no proper
Galois covering by a connected and locally bounded k-category)? In view of the above discussion on self-injective
algebras, these questions are particularly relevant when A is piecewise hereditary of type Q. In case A = kQ), the
answers are well-known: the Galois coverings of k() correspond to the ones of the underlying graph of @Q; and kQ is
simply connected if and only if @ is a tree, which is also equivalent to the vanishing of the first Hochschild cohomology
group HH!(kQ) (see [E]) Keeping in mind the general objective of representation theory, one can wonder if the data
of the Galois coverings of A, and the fact that A is simply connected or not, does depend only on the bounded
derived category D?(mod A). Again, it is natural to first treat this problem for piecewise hereditary algebras. Up to
now, there are no general solutions to the above problems. The question of the description of the Galois coverings,
and the one of the characterisation of simple connectedness have found a satisfactory answer in the case of standard
representation-finite algebras (see IE B]) This is mainly due to the fact that the Auslander-Reiten quiver is connected
and completely describes the module category in this case. However, the infinite-representation case seems to be more
complicated. As an example, there exist string algebras which admit no universal Galois covering (see @]) In the
present text, we study the above problems when A is piecewise hereditary. As a main result, we prove the following
theorem.

Theorem 1. Let A be a connected and piecewise hereditary algebra. Then A admits a universal Galois covering
C — A with group a free group w1 (A) whose rank depends only on D°*(mod A). This means that C is connected
and locally bounded and for any Galois covering C — A with group G where C connected and locally bounded

there exists a commutative diagram:
c \
[ :

A——=A

where the bottom horizontal arrow is an isomorphism extending the identity map on ob(A). Moreover, C—Cis
Galois with group N such that there is an exact sequence of groups 1 — N — m1(Q) — G — 1. If A is piecewise
hereditary of type Q, then m(A) =~ m1(Q).

The above theorem implies that the Galois coverings of a piecewise hereditary algebra are determined by the
factor groups of 71 (A). Also it shows that the data of the Galois coverings is an invariant of the derived category.
Therefore, so does the simple connectedness. Using the fact that the Hochschild cohomology is invariant under derived
equivalences (see [@]) we deduce the following corollary of our main result.

Corollary 2. Let A be a connected and piecewise hereditary algebra. The following are equivalent:
(a) A is simply connected.
(b) HH'(A) = 0.
If, moreover, A is piecewise hereditary of type Q, then these conditions are equivalent to the following one:

(c) Q is a tree.

This corollary generalises some of the results of [E ﬂ] which studied the same characterisation for tilted algebras
of tame type, and for tame tilted algebras. Also, this corollary gives a new class of algebras for which the following
question of A. Skowroriski (see [@ Pb. 1]) has a positive answer: Is A simply connected if and only if HH'(A) = 07
Originally, this question was asked for tame triangular algebras.

The methods we use to prove Theorem ﬂ allow us to prove the last main result of this text. It shows that the
Galois coverings have a nice behaviour for piecewise hereditary algebras.

Theorem 3. Let A be piecewise hereditary of type Q. Let F': C — A be a Galois covering with group G where
C is connected and locally bounded. Then C is piecewise hereditary of type a quiver Q’, that is, Db(mod kQ') and
Db(mod C) are triangle equivalent, such that there exists a Galois covering of quivers Q" — Q with group G.

We now give some explanations on the proof of Theorem ﬂ For unexplained notions, we refer the reader to the
next section. Assume that A is piecewise hereditary. It is known from [E Thm. 2.6] that there exists an algebra B
such that A >~ Endpb (med ) (X) for some tilting complex X € D*(mod B), and such that B has one of the following
forms:

1. B =kQ, with Q a finite quiver with no oriented cycle.

2. B is a squid algebra (see Section H for a reminder on squid algebras).



It is easy to check that Theorem [ holds true for path algebras of quivers and for squid algebras. Therefore, we
are reduced to proving that Theorem [l| holds for A and only if it holds for Endpb meq 4)(1') for any tilting complex

T € D’(mod A). Roughly speaking, we need a correspondence between the Galois coverings of A and those of
Endps (mod 4y (T'). Therefore, we use a construction introduced in @] for tilting modules. This construction is as
follows. Given a Galois covering F': C — A with group G, the push-down functor F: modC — mod A is exact and
therefore induces an exact functor Fy: D®(modC) — D’(mod A). Also, the G-action on modules extends to a G-
action on D®(mod C) by triangle automorphisms. Now, let 7' € D’(mod A) be a tilting complexand T = T1 @. .. ® T,
be an indecomposable decomposition. Assume that the following conditions hold true for every i € {1,...,n}:

(H1) There exists an indecomposable C-module i such that F,\i =1T;.
(Hs) The stabiliser {g € G | 9T; ~ T;} is the trivial group.

Under these assumptions, the complexes 9T; (for g € G and i € {1,...,n}) form a full subcategory of D”(modC)
which we denote by Endpb(moqcy(T). Then Fy: D*(mod C) — D’(mod A) induces a Galois covering with group G-
End’Db(mod C) (jl) - End’Db(mod A) (T)
gTL' (g TL'
9T, h/fj — T Fix(u) T

Hence, (H1) and (H2) are technical conditions which allow one to associate a Galois covering of Endps (meq 4)(T)
to a Galois covering of A. In particular, if A admits a universal Galois covering, then the associated Galois covering
of Endpt (meq 4)(T') is a good candidate for being a universal Galois covering. We prove that this is indeed the case
provided that the following technical condition is satisfied:

(Hs3) If¢: A= A'is an automorphism such that ¥(z) = x for every x € ob(A), then ¥»\T; ~ T;, for every i.

We therefore need to prove the assertions (H1), (H2) and (H3) for every Galois covering F': C — A and every tilting
complex T € D’ (mod A).

The text is therefore organised as follows. In Section ﬂ we recall some useful definitions and fix some notations.
In Section |, we define the exact functor Fy: D’(mod C) — D’(mod A) associated to a Galois covering F': C — A.
In Section B, we introduce elementary transformations on tilting complexes using approximations. The main result of
the section asserts that for any tilting complexes T', 7", there exists a sequence of elementary transformations relating
T and T'. We prove the assertions (H1), (H2) and (H3) in Section Y using the elementary transformations. We
prove Theorem [§ as an application of these results. Then, in Section [, we establish a correspondence between the
Galois coverings of A and those of Endpy(imeq 4)(T) for every tilting complex T'. Finally, we prove Theorem ﬂ and
Corollary E in Section f.

1 Definitions and notations

Modules over k-categories

We refer the reader to [E] for the definition of k-categories and locally bounded k-categories. All locally bounded
k-categories are assumed to be small and all functors between k-categories are assumed to be k-linear (our module
categories and derived categories will be skeletally small).

Let C be a k-category. Following [H] a (right) C-module is a k-linear functor M : C°? — MOD k where MOD & is
the category of k-vector spaces. The category of C-modules is denoted by MODC. A module M € MODC is called
finite dimensional if Y dimpM (x) < co. The category of finite dimensional C-modules is denoted by mod C. Note

z€0b(C)
that the indecomposable projective C-module associated to x € ob(C) is equal to C(—,x). The projective dimension
of a C-module X is denoted by pd.(X). If X € modC, then add(X) denotes the smallest full subcategory of mod C
closed under direct summands and direct sums. Finally, D*(MODC) (or D*(mod C)) denotes the derived category of
complexes of C-modules (or of bounded complexes of finite dimensional C-modules, respectively) with shift functor
denoted by [1].

We refer the reader to [E] for notions on tilting theory. If A is an algebra, an A-module T is called tilting if: (a)
T is multiplicity-free; (b) pd4(T) < 1; (c) Ext4(T,T) = 0; (d) for every indecomposable projective A-module P
there is an exact sequence 0 - P — X — Y — 0 in mod A where X, Y € add(T). Let H be a hereditary abelian
category. An object T' € H is called tilting (see [@]) if: (a) T is multiplicity-free; (b) Ext},(T,T) = 0; (c) whenever
Hom (T, X) = Ext}, (T, X) = 0 for X € H, then X = 0.

If A is an additive category, then ind A denotes the full subcategory of all indecomposable objects of A.

Galois coverings of k-categories

Let F: &€ — B be a Galois covering with group G between k-categories (see the introduction). It is called
connected if both C and B are connected and locally bounded.

Let A be a connected and locally bounded k-category and z¢ € ob(A). A pointed Galois covering F': (C,z) —
(A, z0) is a connected Galois covering F': C — A endowed with 2 € ob(C) such that F(z) = zo. A morphism of



pointed Galois coverings F % F' from F: (C,x) — (A, o) to F': (C',z') — (A, x0) is a functor u: C — C’ such
that F' ou = F and u(z) = z’. Note that, given F and F’, there is at most one such morphism (see [E Lem.
3.1]). This defines the category Gal(A,z¢) of pointed Galois coverings. If F' € Gal(A,xo), then we let F~ be the
full subcategory of Gal(A, zo) with objects those F’ such that there exists a morphism F — F”.

Covering properties on module categories (see [E, @])

Let F': £ — B be a Galois covering with group GG. The G-action on &£ defines a G-action on MODE&: If
M € MODE and g € G, then IM := Fog™! € MODE. If X € MODE, the stabiliser of X is the subgroup
Gx :={g € G| 9X ~ X} of G. The Galois covering F defines two exact functors: The extension-of-scalars functor
Fy: MOD & — MOD B which is called the push-down functor and the restriction-of-scalars functor F.: MOD B —
MOD & which is called the pull-up functor. They form an adjoint pair (F),F.) and Fy is G-invariant, that is,
F\og = F) for every g € G. We refer the reader to |E] for details one F\ and F'. For any M, N € mod¢&, the
following maps induced by F\ are bijective:

P Home (M, N) — Homg(F\M, FAN) and P Homeg (M, “N) — Homs(F\M, FAN) .
geG geG

An indecomposable module X € mod B is called of the first kind with respect to F' if and only if FA)Z' ~ X for some
X € mod & (necessarily indecomposable). In such a case, one may choose X such that FA\X = X. More generally,
X € mod B is called of the first kind with respect to F' if and only if it is the direct sum of indecomposable B-modules
of the first kind with respect to F.

2 Covering techniques on the bounded derived category

Let F': C — A be a Galois covering with group G and with C and A locally bounded categories of finite global
dimension. The G-action on mod C naturally defines a G-action on D®(mod (), still denoted by (g, M) — 9M, by
triangle automorphisms. We introduce an exact functor Fy: D?(modC) — D°(mod A) induced by Fy: modC —
mod A.

Proposition 2.1. There exists an exact functor Fx: D°(modC) — D°(mod A) such that the following diagram
commutes:

mod C—— D’ (mod C)

mod A——— D"(mod A)

The functor Fx: D°(modC) — D°(mod A) has the covering property, that is, it is G-invariant, and the two
following maps are linear bijections for every M, N € D°(mod(C):

P D' (mod C)(“M, N) 2 D*(mod A)(FsM, FAN)

geG
and @) D"(mod C)(M, I N) > D*(mod A)(FxM, FAN) .
geG

Proof: The existence and exactness of Fy: D’(modC) — D’(mod A) follows from the exactness of Fi: modC —
mod A. On the other hand, Fy induces an additive functor Fy: K°(modC) — K°(mod A) between bounded ho-
motopy categories of complexes. It easily checked that it has the covering property in the sense of the proposition.
Since A and C have finite global dimension, we deduce that F : D°(mod C) — D®(mod A) has the covering property.[]

Remark 2.2. Tt follows from the preceding proposition that Fy: D’(modC) — D®(mod A) is faithful.
We are mainly interested in indecomposable objects X & Db(mod A) which are of the form F\X for some
X e Db(mod C). The following shows that the possible objects X lie in the same G-orbit for a given X.

Lemma 2.3. Let X,Y € D?(mod C) be such that F\X and F\Y are indecomposable and isomorphic in D°(mod A).
Then X ~ 9Y for some g € G.

Proof: Letu: F\X — F)Y be anisomorphism in D’ (mod A). By Proposition @ there exists (ug)g € @ D’ (modC)(X, 9Y)
geG

such that w = > Fhug. Since F3X and F\Y are indecomposable, there exists go € G such that F(ug,): FAX —
geG

F,Y is an isomorphism. Since Fy: D’(mod C) — D°(mod A) is exact and faithful, 1y, : X — %Y is an isomorphism
in D’(mod (). O



3 Transforming tilting complexes into tilting modules

Let H be a hereditary abelian category with tilting objects. Let n be the rank of its Grothendieck group. For short,
we set Hom := Homps 3y and Ext"(X,Y") := Homps 4 (X, Y[i]). We write 7 for the class of objects T' € DY (H)
such that:

(a) T is multiplicity-free and has n indecomposable summands.
(b) Ext!(T,T) = 0 for every i > 1.

We identify an object in 7 with its isomorphism class. A complex T lies in 7 if and only if T[1] € 7. Also, all
tilting complexes in D°(H), and, therefore, all tilting object in H, lie in 7. Given T' € D*(H), we let (T) be the
smallest full subcategory of D®(H) containing T and stable under direct sums, direct summands and shifts in either
direction. The aim of this section is to define elementary transformations on objects in 7 which, by repetition, allow
one to relate any two objects in 7. For this purpose, we introduce some notation. Given T' € 7, we have a unique
decomposition T' = Zylio] ® Zifio + 1] ® ... ® Zifio + ] where Zo,...,Z; € H, and Zo, Z; # 0. Here, Z; needs not
be indecomposable. We let (T") be the number of indecomposable summands of Z1[io + 1] ® ... ® Zi[io + {]. Note
that: 7(T") € {0,...,n — 1}; »(T) = 0 if and only if T[—i] is a tilting object in H; and »(T") = r(T[1]). We are
interested in transformations which map an object 7' € 7 to T” such that r(T") < r(T). Hence, by repeating the
process, we may end up with a tilting object in H (up to a shift).

Transformations of the first kind
Our first elementary transformation is given by the following lemma.

Lemma 3.1. Let T € T. There exists T' € T such that T' € (T), such that r(T") < r(T), and such that
T =Z,® Zi{[1)®...® Z,[l'], where:

((1) Z(’),...,ZZ/ € H and Z(,)7Zl/’ 7é 0.

(b) Hom(Zb, Z4[1]) £0 if I' £0.
Proof: Given T € (T'), we have the unique decomposition 7" = Zj[ig] ® Zi[io + 1] & ... ® Zjlip + I'] as explained
at the beginning of the section. We choose T" € (T'y N T such that r(T”) < r(T) and such that the pair (I',7(T")) is

minimal for the lexicographical order. We may assume that iy = 0. We prove that T" satisfies (a) and (b). If I’ =0,
there is nothing to prove. So we assume that I’ > 0. Assume first that Z; = 0. Then we let 7" be as follows:

T = Zy® Zs[l) @ Zs[2) ® ... Zp [l — 1] .

Then T” € (T") = (T). Also, Ext'(T"”,T") = 0 for every i > 1 because T’ € 7 and H is hereditary. Finally, 7" is the
direct sum of n pairwise non isomorphic indecomposable objects. Thus, 7" € (T)NT and (I'=1,7(T")) < (I',r(T"))
which contradicts the minimality of (I',7(T")). So Zi # 0. Now, assume that Hom(Z}, Z1[1]) = 0. We let 7" be
the following object:

T" = (Zo ® Z1) ® Z3[2] © Zs[3] @ ... Zy[l] .
As above, we have T € (T)N'T and (I',7(T")) < (I',7(T")) which contradicts the minimality of (I',r(T7")). So
Hom(Zj, Z1[1]) # 0. O

With the notations of Lemma @ we say that 7" and T” are related by a transformation of the first kind.

Transformations of the second kind

We now turn to the second elementary transformation. It is inspired by the characterisation of the quiver of
tilting objects in hereditary categories (see @] and also [E] for the corresponding construction in cluster categories).
Let T, 7' € T be such that T = X ® T with X indecomposable, 7" = Y @ T with Y indecomposable, and there
exists a triangle X = M % Y — X[1] such that u is a left minimal add(T)-approximation or v is a right minimal

add(T')-approximation. In such a situation, we say that T" and T’ are related by a transformation of the second kind.
Note that both u and v are minimal add(T')-approximations, as shows the following lemma.

Lemma 3.2. Let T € T. Assume that T = X & T with X indecomposable.

(a) Let X % M L_> Y — X[1] be a triangle where u is a left minimal add(T)-approzimation. Then v is a right
minimal add(T')-approzimation.

(b) LetY % M % X — Y[1] be a triangle where v is a right minimal add(T)-approzimation. Then u is a left

minimal add(T')-approzimation.

Proof: We only (a), because the proof of (b) is similar. Every morphism T — Y factorises through v because
Hom(T, X[1]) = 0. So v is a right add(T)-approximation. Let «: M — M be a morphism such that va = v.
So there exists A: M — X such that uA = a — Idas. Note that u is not a section because T' is multiplicity-free.
So Au, and therefore u ), is nilpotent. We deduce that o = Idas+u is an isomorphism. Therefore, v is right minimal.[J



It is not true that any two objects T, 7" € T can be related by a sequence of transformations of the first or second
kind. However, we have the following result from [E]

Proposition 3.3. see /B’] Assume that ‘H has no non-zero projective object or H = mod kQ with Q a finite
quiver of Dynkin type. Let T,T' € H be tilting objects. There exists a sequence T = Ty,..., Ty = T’ of tilting
objects in H such that T; and Tiy1 are related by a transformation of the second kind for every i.

We are going to prove that any T' € 7 can be related to some tilting object in H by a sequence of transformations
of the first or of the second kind. Let 7" € 7. With the notations established at the beginning of the section, assume
that Hom(Zy, Z1[1]) # 0. Since the ordinary quiver of End(7") has no oriented cycle, there exists M € add(Z;[io +1])
indecomposable such that:

1. Hom(Z()[i()]7 M) 75 0.
1
2. Hom(Z, M) = 0 for any indecomposable direct summand Z of @ Z[io + t] not isomorphic to M.
t=1

Let T be such that T =T @ M. Let B — M be a right minimal add(T')-approximation of M. Complete it into a
triangle in D°(H):

M"—B—M-— M1]. (A)
Lemma 3.4. With the above setting, let T' =T & M*. Then T’ € T and T, T’ are related by a transformation
of the second kind. Moreover, r(T") < r(T).

Proof: We only need to prove that 7' € C. We may assume that io = 0. By hypothesis on M, we have B €
add(Zy) C ‘H. Since M € H[1], the triangle A does not split. We now list some properties on T’. In most cases,
the proof is due to arguments taken from [E § 6]. Although these arguments were originally given in the setting of
cluster categories (that is, triangulated categories which are Calabi—Yau of dimension 2), it is easily verified that they
still work in our situation (that is, the Calabi—Yau property is unnecessary):

1. Ext'(T, M*) =0 (see [, Lem. 6.3]).
2. Ext'(T,M*) = 0 for every i > 2. Indeed, applying Hom(T', —) to A gives the exact sequence

0=Ext"""(T,M) — Ext'(T, M) — Ext'(T,B) =0 .
3. Ext'(M*,T) = 0 for every i > 1. Indeed, applying Hom(—,T) to A gives the exact sequence
0=Ext'(B,T) — Ext'(M*,T) — Ext'"" (M, T) =0 .

4. The map M* — B is a left minimal add(T)-approximation (see [E Lem. 6.4]).

5. M* is indecomposable and does not lie in add(T) (see [E Lems. 6.5, 6.6]). Therefore, T' is the direct sum of
n pairwise indecomposable objects.
6. M* € H. Indeed, M is indecomposable, and there are two non-zero maps M[—1] — M* and M* — B with
M[-1],B € H.
7. Ext'(M*, M*) =0 (see [E Lem. 6.7]).
8. Ext'(M*, M*) = 0 for every i > 2 because M* is indecomposable and H is hereditary.
The facts 1. — 8. express that T" € 7’. Moreover, 7(T") < r(T) because M* € H and M € H]1]. O

Lemma 3.5. Let T € T. Let A be the smallest subclass of T containing T and stable under transformations of
the first or of the second kind. Then A contains a tilting object in H.

Proof: Let 7’ € A be such that 7(T") is minimal for this property. Assume that r(7') > 0. Then by applying
Lemma @ (if necessary) and then Lemma E we we find 7" € A such that 7(T") < r(T"). This contradicts the
minimality of 7(T"). Hence, 7(T") = 0, and there exists an integer iy such that 7"[—io] is a tilting object in H and
lies in A. O

The following result is a direct consequence of Proposition E and Lemma @

Proposition 3.6. Assume that H has no non-zero projective object or H = mod kQ with Q a finite quiver of
Dynkin type. Let T € T. Then T is the smallest subset of T containing T and stable under transformations of
the first or the second kind.

Remark 3.7. 1. A tilting object in H generates Db(’H). By definition of the two kinds of transformations,
Proposition @ implies, under the same hypotheses, that any 7' € 7 generates D° (H).

2. A piecewise hereditary algebra A is derived equivalent to H where H has no non-zero projective object
or is equivalent to mod kQ with a finite quiver @ of Dynkin type (see [E]) Therefore, the conclusion of
Proposition @ holds true if one replaces H by mod A.



4 Tilting complexes of the first kind

Throughout this section, we assume that A is a connected and piecewise hereditary algebra. We fix a Galois
covering F': C — A with group G and with C locally bounded. We use Proposition @ without reference. The aim
of this section is to prove that the following facts hold true for any tilting complex T € D*(mod A):

(H,) For every indecomposable direct summand X of T, there exists X € D’(mod(C) such that F; X ~ X in
D’ (mod A).
(H2) X % 9X for every indecomposable direct summand X of T and g € G\{1}.

(Hs) 1f9: A =5 Ais an automorphism such that ¢)(z) = x for every x € ob(A), then 1, X ~ X in D’(mod A) for
every indecomposable direct summand X of 7.

For this purpose, we fix a triangle equivalence ©: D’(H) — D’(mod A), where H is a hereditary abelian category
with tilting objects of one of the two following forms (see [E])

1. 'H = mod kQ with @ a finite quiver of Dynkin type.
2. 'H has no non-zero projective and no non-zero injective object.

Some results presented in this section have been proved in @ § 3] in the case of tilting modules.

Proof of assertion (Hp)
In this paragraph, we prove the following.

Proposition 4.1. Let T € D*(mod A) be a tilting complex. Then:

(a) For every indecomposable direct summand X of T, there exists X € D’(modC) (necessarily indecomposable)
such that Fr X ~ X.

Moreover, the class {)~( € Db(mod C) | F\X is an indecomposable direct summand of T'} satisfies the following:
(b) It generates the triangulated category D’(mod ().
(c) It is stable under the action of G.
(d) D*(modC)(X, 9Y[i]) = 0 for every X,Y in this class, i # 0 and g € G.
We need the two following dual lemmas.
Lemma 4.2. Let A: X % M — Y — X[1] be triangle in D®(mod A) such that:
(a) There exists X € D’(modC) satisfying X = F>AX.
(b) % = M1@ . P M, whgz:e M, ..., M are indecomposables such that there exist indecomposable objects
M, ..., M, satisfying FxM; = M; for every i.
(c) D°(mod A)(Y, M[1]) = 0.
Then A is isomorphic to a triangle in D®(mod A):

’
F)\Ul

P M@..PM -y - x[],

where u}, € D*(mod C)(X, 91’]Tl/i) for some g; € G for every .
Lemma 4.3. Let A: X — M 5 Y — X[1] be triangle in D*(mod A) such that:

(a) There exists Y € D*(modC) satisfying Y = F\Y .

(b) Jll/ = M1@ ... M, whgz’/e M, ..., M; are indecomposables such that there exist indecomposable objects

M, ..., M satisfying FxM; = M; for every i.

(c) D°(mod A)(M, X[1]) = 0.

Then A is isomorphic to a triangle in D®(mod A):

X—>M@.. P {

where v] € D®(mod C)( ¥ Mh §~/) for some g; € G for every i.

F)\Ui e FAU,Q] v X[l]
- )




Proof of Lemma @: We say that a morphism u € D’(mod A)(X, M;) is homogeneous of degree g € G if and
only if there exists v’ € D’(modC)(X, 9M;) such that w = F(u'). Since Fy: D’(modC) — D’(mod A) has the
covering property, any morphism X — M; is (uniquely) the sum of d non zero homogeneous morphisms of pairwise

ui
different degrees (with d > 0). Let u = | @ | with u;: X — M; for each i. We may assume that u1: X — M
Ut
is not homogeneous. Thus u1 = h1 + ...+ hq, where d > 2 and hy,...,hqg: X — M; are non-zero homogeneous
morphisms of pairwise different degree. In order to prove the lemma, it suffices to prove that A is isomorphic to
uy
! U2
a triangle X — M — Y — X][1] with ' = | . | such that uj is equal to the sum of at most d — 1 non-zero
Ut

homogeneous morphisms X — M; of pairwise different degrees. For simplicity we adopt the following notations:
1. M=M@---P M, (so M =M, P M),
u2
22u=|:|:X—>M(sou= {uﬁl} X - Mi @ M),
Ut
3. h=ho+...+hg: X — M (so u1 = h1 + h).
Applying the functor D’(mod A)(—, My) to A gives the exact sequence:

Hom (u,

D*(mod A)(My @ M, M) ~), P*(mod A)(X, M) — D"(mod A)(Y, Mi[1]) =0 .

So there exists [\, u]: M1 @ M — M such that hy = [\, uJu. Hence:
hi = Au1 + p@ = Mha + Xh 4 T . (@)

We distinguish two cases according to whether A € Endpt (moq 4) (M1, M1) is invertible or nilpotent:
o If X is invertible, then the following is an isomorphism in D®(mod A):

9::{3 } MM — M EPM .

Id37

Using (i) we deduce an isomorphism of triangles:

u1
X—>M1€BM—>Y—>X[1] A
k)
X—>M1 M——Y — X[1] Al

Since h1: X — M is homogeneous, A’ satisfies the our requirements.
e If X is nilpotent, let p > 0 be such that A? = 0. Using (i) we get the following equalities:

hi = MNhi+ A2+ MR+ A+ ldar))p@

ha

MNhy+ NN R+ (M 4+ A Uy )T

hi = MNhi4+OP+X7 NPT A da )T
Since A’ = 0 and u1 = h1 + h we infer that:
ur = Nh+ )\'uﬂ ,

where X is the invertible morphism Ida;, + A+ ... +AP71 € Endpb(mod 4y (M1, M1). So we have an isomorphism in

D*(mod A):
)\/
o= [ ] 0 @ a0 B



Consequently we have an isomorphism of triangles:

h
x—+M1AL—+Y—exm A
| g b

Am—»m@M—ey—»XH A

where h = hy + ... + hy is the sum of p — 1 non zero homogeneous morphisms of pairwise different degrees. So A’
satisfies our requirements. O

The proof of Lemma is the dual of the one of Lemma E so we omit it. Now, we can prove Proposition EI
Proof of Proposition f.1]: If (a) holds true, then so does (c) because F: D’(modC) — D*(mod A) is G-invariant.
Recall that ©: D*(H) — D’(mod A) is a triangle equivalence. As in Section E we write 7 (or 7") for the set of
isomorphism classes of objects 7' € D*(H) (or T € D’(mod A)) such that:

1. T is the direct sum of n pairwise non isomorphic indecomposable objects.
2. D*(H)(T, TJi]) = 0 (or D’(mod A)(T, T[i]) = 0, respectively) for every i > 1.
Therefore:

(i) © defines a bijection ©: T — 7’. Under this bijection, tilting complexes in D°(H) correspond to tilting
complexes in D°(mod A).

We prove that (a) and (b) hold true for any 7' € T’ (and therefore for any tilting object in D”(mod A)). For this

purpose, we use the results of Section E First of all, remark that:

(i3) The assertions (a) and (b) hold true for T = A. In this case, F5X is an indecomposable summand of A if and
only if X is an indecomposable projective C-module.

If X € D’(H), then F\(X[1]) = (FxX)[1]. Therefore:

(7i) Let T € T. Let T' € T be obtained from T by a transformation of the first kind. Then (a) and (b) hold true
for ©(T) if and only if they do so for ©(T").

Now, assume that 7,7’ € 7" are such that ©!(T") is obtained from ©~!(T) by a transformation of the second
third kind. We prove that (a) and (b) hold for T if and only if they do so for T”. In such a situation there exist
X,Y € D’(mod A) indecomposable and T € D’(mod A) such that T'= X @ T and 7' = Y @ T. Also, there exists
a triangle in D?(mod A) of one the two following forms:

1. X - M —Y — X[1] where M € add(T).
2. Y - M — X — Y][1] where M € add(T).

Assume that (a) and (b) hold true for 7" and that there is a triangle X — M — Y — X]1] (the other cases are
dealt with using similar arguments). In order to prove that (a) and (b) hold true for 7", we prove that Y ~ F\Y for
some Y € Db(mod C). Fix an |ndecomposab|e decomposition M = M; &... & Mt By assumptlon on T, there exist
indecomposable objects X M1, .. Mt c Db(mod C) such that F,\X X FAMl ~ M,.. FAMt ~ M;. Using
these isomorphisms, we identify FAX and FAMZ to X and M;, respectively. By Lemma @ there exist g1,...,9t € G

and morphisms u; € D’(modC)(X, % M;) (for i € {1,...,t}) such that the triangle X — M — Y — X[1] is
isomorphic to a triangle of the form:

Fyu1
Xj&;MHYHMW
U1
Setu=|:|: X — M, @®...® M,;. We complete u into a triangle X -5 M; @ ... & M, - X[1] in D*(mod C).
Ut
So, we have a triangle X LESONY VREESOR F\Y — X[1] in D’(mod A). Therefore, Y ~ F\Y. So, (a) holds

for T' and the class {Z | F\Z is an indecomposable direct summand of 7"} coincides with the class {gY | g €
G}U{Z | FxZis an indecomposable direct summand of T} (see Lemma E Because (b) holds true for 7' and

because of the triangle X — M; & ... ® M; — Y — X[1], we deduce that (b) holds for T". So we have proved the
following:



(iv) Let T, T’ € T' be such that ©~*(T") is obtained from ©@7*(T") by a transformation of the second kind. Then
(a) and (b) hold true for T if and only if they do so for T".

By Proposition @ and (i — 4v), the assertions (a), (b) and (c) are satisfied for any T' € 7. Finally, if T" is a tilting
complex, then (d) follows from the fact that D®(mod A)(T, T[i]) = 0 for every i # 0 and from Proposition a O

It is interesting to note that the transformations of the second kind in D®(mod A) give rise to transformations of
the second kind in Db(mod C). Indeed, let T, T’ be in 7' where 7" is as in the proof of Proposition @ Assume
that T = M @ T with M indecomposable, T = M* @ T with M* indecomposable and there exists a triangle
A: M= B M* — M[1] in D*(mod A) where M — B (or B — M™) is a left minimal add(T)-approximation
of M (or a right minimal add(T')-approximation of M*, respectively). Then the following holds.

t
Lemma 4.4. Keep the above setting. Let B = @ B; be an indecomposable decomposition (maybe with multi-
i=1
- t —
plicities). Then there exists a triangle A : M % @ 9% B; % 99M* — M][1] in D’(modC) whose image under
i=1
Fy is isomorphic to A. Moreover, if X (or X') denoted the additive full subcategory of D®(mod C) generated by
the indecomposables X € D’(mod C) not isomorphic to M (or to M~ ) and such that F\X is an indecomposable

summand of T (or of T', respectively), then:
(a) u is a left minimal X-approzimation.
(b) v is a right minimal X'-approzimation.

Proof: The existence of A follows from the proof of Proposition @ So F(u) is a left minimal add(T)-approximation.

This and the exactness of Fy imply that u is left minimal. Let f: M — 9Y be a non-zero morphism where

9Y € X. The linear map Db(modC)( gM) — Endpb(med a)(M, M) induced by Fy is bijective. Also
head

dimgEndpbmog 4)(M, M) = 1 because M is an indecomposable and D®(mod A)(M, M[i]) = 0 for every i > 0.
So 9Y o "M for every h # 1. Therefore, Y € add(T) and Fy\(f) factorises through Fj(u):

w) t

M Fx( )69 B,

i=1
Fx(f) lf

Y

o
There exists (f;)n € @ D°(modC)( % Bi, "Y) such that f' = > Fx(f}) because of the covering property of
heG i=1 heG

Fx. So Ex(f) = Y. Fx(fiu) and f = fyu for the same reason. Thus u is a left minimal X-approximation. Similarly,
hea

v is a right minimal X’-approximation. O

Since tilting A-modules are particular cases of tilting complexes, we get the following result.

Corollary 4.5. Let A be a connected piecewise hereditary algebra. Let F': C — A be a Galois covering with
group G where C is locally bounded. Let T be a tilting A-module and X € mod A be an indecomposable summand
of T. Then there exists X € modC such that F)\ X ~ X.

Proof: By Proposition @ such an X exists in Db(mod C). We prove that X is isomorphic to a C-module. Let

P € modC be projective, and let i € Z\{0}. Then FyP € mod A is projective and D’(mod A)(Fy\P, X[i]) = 0

because X is an A-module. On the other hand, the spaces D”(mod A)(FyP, X[i]) and @ D*(mod C)(?P, X[i]) are
geG

isomorphic. So D’(mod C)(P, X[i]) = 0 for every i # 0. Thus, X ~ H°(X) € modC. O

Proof of assertion (Hs)

Proposition 4.6. Let A be a piecewise hereditary algebra. Let F': C — A be a Galois covering with group G,
where C is locally bounded. Let X € ind A be a direct summand of a tilting complex in Db(mod A). Assume that
FyX ~ X for some X € D’(modC). Then 9X # X for every g € G\{1}.

Proof: We have dimiEndps(meq 4y (X, X) = 1 because X is indecomposable and D*(mod A)(X, X[i]) = 0 for ev-

ery i # 0. On the other hand, the spaces @ D’(modC)(?X,X) and Endpb (med 4y (X, X) are isomorphic. So
geG

D’ (mod C)(9X, X) = 0 and, therefore, IX 2 X if g # 1. O

10



Proof of assertion (Hj)
If p: A — A is an automorphism (and therefore a Galois covering with trivial group), then 1 : mod A — mod A
is an equivalence. It thus induces a triangle equivalence vy : D’(mod A) — D®(mod A) (see Proposition @)

Proposition 4.7. Let A be a connected and piecewise hereditary algebra and ¥: A = A be an automorphism
such that v)(z) = x, for every © € ob(A). Let T € D’(mod A) be a tilting complex. Then 1xX ~ X in D’(mod A)
for every indecomposable summand X of T.

Proof: Since i(z) = x for every z € ob(A), we have:
() The conclusion of the proposition holds true if X is an indecomposable projective A-module.

Recall that ©: D’(H) — D"(mod A) is a triangle equivalence. We keep the notations 7 and 7" introduced in the
proof of Proposition . We prove the proposition for any T' € 7’. By construction of ©, we have:

(77) © induces a bijection ©: 7 — T'. Under this bijection, tilting complexes in Db(H) correspond to tilting
complexes in D°(mod A).

Since ¥ : D°(mod A) — D*(mod A) is an equivalence, we also have:

(7i7) Let T, T’ € T be such that T" is obtained from T by a transformation of the first kind. Then the proposition
holds true for T if and only if it does for T".

Now, assume that T, T’ € 7" are such that ©7'(7T") is obtained from ©~'(T) by a transformation of the second
kind. We prove that the proposition holds true for T if and only if it does for T'. There exist X,Y € Db(mod A)
indecomposable and T € D®(mod A) such that T = X @ T and 7" = Y @ T. Also, there exists a triangle in
D*(mod A) of one the two following forms:

1. X - M —Y — X[1] where M € add(T), where X — M is a left minimal add(T')-approximation and M — Y

is a right minimal add(T)-approximation.

2. Y - M — X — Y[1] where M € add(T'), where Y — M is a left minimal add(T")-approximation and M — X

is a right minimal add(T")-approximation.

Assume that the proposition holds for 7" and that there is a triangle X — M — Y — X[1] (the other cases are dealt
with using similar arguments). We only need to prove that ¥, Y ~ Y. Apply ¢ to the triangle X — M — Y — X|[1].
Since 1 is an equivalence and the proposition holds true for T', there exists a triangle X — M — ¥,\Y — X[1]
in D®(mod A) where X — M is a left minimal add(T)-approximation. Therefore, 1Y ~ Y in D’(mod A). So we
proved that:

(iv) If T,T" € T' are such that ©*(T") is obtained from ©~'(T) by a transformation of the first or of the second
kind, then the proposition holds true for T if and only if it does for T".

As in the proof of Proposition @ the conclusion follows from (%), (i7), (éi%), (iv) and Proposition @ O

Application

We end this section with an application of the preceding results of the section. We need the following lemma. If
T=T1®...0T, € mod A is an indecomposable decomposition of a multiplicity-free module T', then End4(T) is
naturally a k-category, equal to the full subcategory of mod A with objects T1,...,T,.
Lemma 4.8. Let F: C — A be a connected Galois covering with group G. Let T € D’(mod A) be a tilting
complex, B = Endpi(meq 4)(T) and T =T1 @ ... @ Tn be an indecomposable decomposition. Let Ai: F\T; — T;
be an isomorphism where T; € Db(mod C) is indecomposable for every i. This defines the bounded complex of

(not necessarily finite dimensional) C-modules T := @ 9T}, where the sum runs over g € G and i € {1,...,n}.
49

Let C' for the full subcategory of D’(mod C) with objects the complexes 9T; (for g € G,i € {1,...,n}). Then the

triangle functor Fy: D®(modC) — D°(mod A) induces a connected Galois covering with group G':

Fr ¢ 9’ — B
IT, +— T;

-1
~ - PO NP
u j i
oT; hjj > T T;

The complex T is naturally a bounded complex of C' — C-bimodules: As a functor from Endps mod C)(f) x CP, it

assigns the vector space 9T;(x) to the pair of objects (9T;,z). The total derived functor:
Lo 0 / b
—®T:D’(modC’) — D’(mod C)
c/

is a G-equivariant triangle equivalence. Finally, if T is a tilting A-module and all the objects T; are C-modules
(see Corollary @), then:

11



(a) Ext((9T;, "T;) =0 for every i,j € {1,...,n} and g,h € G.
(b) pde(9T3) < 1 for every i, g.
(¢) If P € modC is an indecomposable projective C-module, then there erists an ezact sequence 0 — P —
T - 7@ -0 in modC where TV, T® € add({°T; | i € {1,...,n}, g € G}).
Proof: Thanks to Proposition EI the functor Fz , is a well-defined Galois covering. Proposition @ implies that
C' is a locally bounded k-category (see [@ 2.1], for more details on the construction of F7 ,). We prove that C’ is

~ -~ o~ L o~
connected. By definition of T', we have 9T = T for every g € GG. Hence, the functor — ® T is G-equivariant. On
C/

L ~
the other hand, — ® T is a triangle equivalence. Indeed, by Proposition @ (d), and classical arguments on derived

equivalences (see [[L4, 111.2], for instance), this functor is full and faithful. Moreover its image contains the complexes
9T, (for g € G and i € {1,...,n}). So Proposition E]I (b), implies that this functor is dense and, therefore, a
triangle equivalence D®(modC’) — D®(mod C). In particular, C' is connected.

Now we assume that 7T is a tilting A-module. Assertion (a) follows from Proposition @ (d). Assertion (b)
follows from the fact that pd,(7) < 1 and F\: modC — mod A is exact. We prove assertion (c). Let P € modC
be indecomposable projective. Since F P is projective, there exists an exact sequence 0 — FAP - X — Y — 0 in
mod A with X,Y € add(T). Lemma E implies that the triangle FA\P — X — Y — F)PJ1] is isomorphic to the
image under F) of a triangle P — X’ — Y’ — P[1] where X', Y’ € add({T; | g € G,i € {1,...,n}}). Since F\
is exact, the sequence 0 — P — X’ — Y’ — 0 is an exact sequence in modC. |

Remark 4.9. Keep the hypotheses and notations of the preceding lemma. If G is finite and if T is a tilting

A-module, then the lemma expresses that @ ?7; is a tilting C-module.
[
Now, we can prove Theorem E which was stated in the introduction.

Proof of Theorem E: Thanks to [@ Cor. 5.5], there exists a sequence of algebras:
Ao = kQ, Ay =Enda,(T),..., 4y =Enda, ,(T""V)=4,

such that 7 € mod A;_; is tilting for every i. We prove the theorem by induction on I. If | = 0, then A = kQ. For
any connected Galois covering C — A with group G there exists a Galois covering of quivers Q" — @ with group G
such that C ~ kQ' (see [@ Prop. 4.4]). Assume that [ > 0 and the conclusion of the theorem holds true for A;_;.
Let C — A be a connected Galois covering with group G. Note that (™Y is a tilting A°P-module. So, the preceding
lemma yields a connected Galois covering C’ — Endaor (T"") with group G such that D°(mod C°?) and D°(mod C’)
are triangle equivalent. On the other hand, 4;—; ~ EndAop(T(l’l))o”. Therefore, the induction hypothesis implies
that D (mod C'°P) is triangle equivalent to D’(mod kQ’) where Q' is a quiver such that there exists a Galois covering
of quivers Q" — Q with group G. O

Remark 4.10. Let A be a finite dimensional algebra endowed with a (non necessarily free) G-action. Then:

1. If the G-action on A is free, then the quotient algebra A/G is well-defined. The proof of Theorem E shows
that if A/G is tilted (or, more generally, piecewise hereditary), then so is A.

2. It is proved in [E, Thm. 3] that if the order of G is invertible in k and if A is piecewise hereditary, then
so is the skew-group algebra A[G]. Recall that if G acts freely on A, then the algebras A[G] and A/G are
Morita equivalent (see [, Thm.2.8]).

5 Correspondence between Galois coverings

Let T € D’(mod A) be a tilting complex and B = Endpb (mod 4y (1) In this section, we construct a correspondence
between the Galois coverings of A and those of B. This work has been done in [@] in the particular case where T is
a tilting A-module. In order to compare the Galois coverings of A and those of B, it is convenient to use the notion
of equivalent Galois covering. Given two Galois coverings F': C — A and F': C' — A, we say that F' and F’ are
equivalent if there exists a commutative diagram:

- - C’

C
(G
A A

where the horizontal arrows are isomorphisms and ¢: A — A is an automorphism such that ¢(xz) = = for every
x € ob(A).

~

_—
@



Equivalence classes of Galois coverings of A associated to equivalence classes of Galois
coverings of B

In Lemma E we have associated a Galois covering Fy , of B to any Galois covering of A and to any data
consisting of isomorphisms (A; : F,\i — T3)i=1,...,n In Db(mod C). The following lemma shows that different choices
for these data give rise to equivalent Galois coverings.
Lemma 5.1. /@, § 2] Let F: C — A be a connected Galois covering with group G. Let T € D°(mod A) be a
tilting complex, and T'=T1 @ ... D T, be an indecomposable decomposition.

(a) Let (Ai: T — Ti)i=1,...,n and (u;: FAYA} — T3)i=1,....n be isomorphisms in Db(mod A) defining the Galois
coverings Fz y : Endpb(moqcy(T') — Endpb (mea a)(T) and Fz |, Endps(medcy (T) — Endpb mea 4)(T), respec-
tively. Then F \ and FT»M are equivalent. We write [F|r for the corresponding equivalence class of Galois
coverings of Endps (mod 4y (T)-

(b) Let F': C' — A be a connected Galois covering with group G and equivalent to F. Then the equivalence
classes [F]r and [F'|r coincide.

Proof: In the case of tilting modules, (a) and (b) were proved in IE Lem. 2.4] and @ Lem. 2.5], respectively.
Using Lemma B and Proposition E it is easily checked that the same arguments apply to prove (a) and (b) in the
present situation. O

In the sequel, we keep the notation [F|r introduced in the preceding lemma.

Galois coverings of A induced by Galois coverings of B
We now express any Galois covering of A as induced by a Galois covering of B as in Lemma @ The tilting
complex T is naturally a complex of B — A-bimodules. Also, it defines a triangle equivalence:

L
— ® X: D"(mod B) — D"(mod A) .
B

Fix a connected Galois covering F': C — A with group G, an indecomposable decomposition 7' = T1 & ... ©
T, and isomorphisms (p;: FxT; = T;)i=1,....n. According to Lemma E these data define the Galois covering
Fg 0 Endpbmoacy (T') — B, which we denote by F”: C" — B for simplicity.
Lemma 5.2. The following diagram commutes up to an isomorphism of functors.

L -

—®T
c/
D*(mod (') —————— D’(mod ()

l ln

D’ (mod B) ————— D"(mod A) :

—QT
B

Proof: Recall that Fi\: modC — mod A (or F3: modC’ — mod B) is equal to — ® A (or to — ® B, respectively).
c c’

Since these two functors are exact and map projective modules to projective modules and the horizontal arrows of the
diagram are triangle equivalences (see Lemma g) we deduce that:

L
’ —QT L
1. The composition D®(modC’) 5, D*(B) —— D"(mod A) is isomorphic to — ® (B ® T).
c’ B
L ~
7@3’11 F L ~
2. The composition D’ (mod C’) —— D’(mod C) —- D’(mod A) is isomorphic to — ® (T ® A).
c! c
On the other hand, the isomorphisms p;: F\T; ~ T; (for i € {1,...,n}) define an isomorphism B® T =T © A
B c
|

of C' — A-bimodules. This proves that the diagram commutes up to an isomorphism of functors.

L L
Since — ® T is an equivalence, there exists an isomorphism ¢,: X, ® T — A(—,z) in D’(mod A) with
B

B
X, € D°(mod B) for every = € ob(A). In particular, @ X, is an indecomposable decomposition of tilting
xEob(A)

complex in D’ (mod B). Then by the preceding section, there exists an isomorphism v, : F X, = X, in D’(mod B)

13



with X, € D’(modC’) for every x € ob(A). By Lemma @ the datum (vz)zecob(a) defines a connected Galois
covering with group G:

Fg,: Endpigmeacn(X) = Endpsgmed ) (X)
IX, — X

vy F;\(u) u;l
A SN

IX, L% "X, — X, X,

On the other hand, the isomorphisms ¢, (for z € ob(A)) define the following isomorphism of k-categories:

Pxe:  Endpimean)(X) — A
X, — =z
Xz i>Xy — (‘Pyo(“®T)°<P;1) (Idz) € A(z,y)

Thus, we have a connected Galois covering px,, o F}'~< L End’Db(modC’)()?) — A with group G which we denote by
F”. The following lemma relates F' and F".

Lemma 5.3. The Galois coverings F and F" are equivalent.

Proof: We need to construct a commutative diagram:

Endeb(modc/)(jZ) % C (D)
A = A

where the horizontal arrows are isomorphisms and the bottom horizontal isomorphism extends the identity map on
objects. For this purpose, we proceed in two steps.

Step 1: We express F as a functor between subcategories of D”(mod C) and D’ (mod A). Given 2 € ob(C), the A-
module F(C(—, z)) does depend only on F(z) (and not on z) because F) is G-invariant. Besides, there is a canonical
isomorphism ¢ : F\(C(—,x)) = A(—, F(z)) of A-modules induced by F: If y € ob(A), then (F)\(C(—,x))) (y) =

&) C(y',z) and an element (u,/),s of this vector space is mapped by ¢z to Y F(u,) € A(F(y), F(x)).
y'€F~L(F(y)) y’
Clearly, this isomorphism does depend only on F'(z) (and not on 2) whence the notation ¢;. Now, let P4 and P¢ be the
full subcategories of D?(mod A) and D®(mod C) with objects sets {A(—,z) | € ob(A)} and {C(—,z) | € ob(C)},
respectively. Hence, we have a commutative diagram:

C——Pc (D1)

where the unlabelled functors are as follows:

1. The functor C — Pc¢ is the following isomorphism:

cC — Pc
z€ob(C) — C(—, )
uwe Clz,y) — C(—u):C(—z)—C(—y)

2. The functor A — P4 is the following isomorphism:

A — Pa
x € ob(A) — A(—,l’)
ue Alz,y) — A(—u): A(=z) = A(=,y)

3. The functor Pc — Pa is as follows:

LyoFy (u)or 1

A(=,F(y))
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In particular, Pc — P4 is a Galois covering with group G. _
Step 2: We now relate F" to the Galois covering Pc — P4. We first construct an isomorphism Endpb (mod ¢y (X) =
L

L . L
Pc. Let ©: F\(—) ®— Fx(— (7; be an isomorphism of functors (see Lemma E) Let z € ob(A). So, we have a
B ’

composition of isomorphisms in D”(mod A):
> L~ e\ vy ®T L bz
P (X.®T) —5 F{X, ®T —— Xe QT = A(—,z) .
c B

~ L ~
By Lemma E there exists an isomorphism v,: X, ® T = C(—, L(z)) in D’(mod C) with L(z) € F~'(z). We
c/
L ~
deduce that the following is an isomorphism of k-categories because — ® T is a G-equivariant functor (see Lemma E)
C/
EndDb(modC/)():() — Pe
Xy = C(—,gL(z)) (i1)
=~ =~ Py o(u@T)o(Iepe) L
X LK, - (- glie) (- i y))

We now construct another isomorphism between A and Pa. We have the following composition of isomorphisms in
D’ (mod A), which we denote by a:

L (va®T)" !
_

-1
az:A(—7m)L>Xz®T Ble),
B

~ L O ~ L ~ .
F{X, ® T —= F\ <X,c ® T) FA(C(—, L(z)) == A(—,z).
B c’

Note that a: A(—,z) = A(—,z) is necessarily equal to the multiplication by a scalar in k* because A(—,x) is an
indecomposable projective A-module and A is piecewise hereditary. Therefore, we have an isomorphism of categories:

A — Pa
z — A(—,z) (47)
weAlmy) — ayoA(-u)oa;

Hence, the horizontal arrows of the following diagram are isomorphisms:

S D)

EndDb(modc/)(X) %PC (DQ)
F”l i(i)
A Pa

@D)

We claim that this diagram commutes. The commutativity is clearly satisfied on objects. Let u: IX, — h)?y be a
morphism in Endpb (moqcr)(X). Denote by ui: A(—,z) — A(—,y) the image of u under the composition of (i) and
(é¢). Then:

ur = tyokF (hz/)y (u®f) o (99y )*1) OLxl
= 1y o F\(1y) o F)\ (u ® T) o (Fa(vz)) oty —1 because F) is G-invariant,
= 1y oF\(Py)o0Ox o(Fx(u)®T)o S) (FA(z/)x))f ouz' by definition of ©,

= QyOpy o (Z/y®T) (F3 u) T)o (uz®T) oga; oay' by definition of o, and ay,
= QyOPyo ((VyOFA( )OVac )®T)O<Pac Oax

Now, let uz € A(x,y) be the image of u under F”/, that is uz = (¢y 0 ((1y 0 Fi(u) ov; ") @ T) 0 ;") (Idz). There-
fore, A(—,u2) is equal to the morphism ¢, o ((vy o Fxuov; ') ®T)op, "'+ A(—,z) — A(—,y) of Pa. In particular,
the image of w2 under (%) coincides with w;. Therefore, (D2) is commutative. Since (D) also commutes, we deduce
that so does (D). Thus, F and F" are equivalent. O

Correspondence between the Galois coverings of A and those of B

Proposition 5.4. Let A be a connected and piecewise hereditary algebra. Let T € Db(mod A) be a tilting
complex and B = Endpbmoq 4)(T). Let G be a group. With the notations of Lemma @, the map [F] — [F]r
is a well-defined bijection from the set of equivalence classes of connected Galois coverings with group G of A to
the set of equivalence classes of Galois coverings with group G of B.
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Proof: Let Gal4(G) be the set of equivalence classes of connected Galois coverings with group G of A. By Lemma EI
there is a well-defined map:
YA GalA(G) — GaIB(G)
(F] — [Flr
We keep the notations X, ¢, (for € ob(A)) introduced after the proof of Lemma E Then we also have a
well-defined map:

vg: Galg(G@) — GalEnd’Db(modB)(X)(G)
[(F] — [Flx
Lemma E shows that 4 is injective and ~p is surjective. Therefore, v4 is bijective because A,T and B, X play
symmetric roles. |

Proposition E gives information on the existence of a universal cover. Indeed, we have the following result.
Proposition 5.5. Let A be a connected and piecewise hereditary algebra. Let T € Db(mod A) be a tilting
complex. Assume that A admits a universal cover F': C — A. Then Endpb(meq a)(T) admits a universal cover
with group isomorphic to the one of F.

Proof: Fix an indecomposable decomposition T' = T1 @ ... ® T. Let B = Endpb(meqa)(T). So B is the full
subcategory of D’(mod A) with objects T1,...,T. Let 2o € ob(A) be a base-point for the category Gal(A,zo) of
pointed Galois coverings of A. We construct a (full and faithful) functor F~ — Gal(B,T1). Recall that F'~ was

defined in Section ﬂ and there is at most one morphism between two pointed Galois coverings. We need the following
data:

1. For every i € {1,...,n}, let i S modC~ be such that 13,\7:1 ~ T;. Therefore, the k-categories B =
n ~ ~ o~

Endpb (imod 4y (T') and Enerb(modA)(@F)\Ti) are isomorphic. For simplicity, we assume that F)\T; = T; for
every 1.

2. If F € F, there exists a unique morphism p: F — F in Gal(A, zo). Since p is a Galois covering (see [E
Prop. 3.4]), we set T/ = p\T; for every i.

Then:

(i) Wehave T; = Fx\(T]) foreveryi € {1,...,n}and F € F~. Indeed, there exists a unique morphism p: F — F,

so that F\ = F) o pa.

(ii) Let u: F — F' be a morphism in . Let G be the group of F and G’ the group of F’. Then u is a Galois
covering (see @ Prop. 3.4]). Let p: F — Fandp': F — F' be the unique morphisms in Gal(A, zo) from F
to F and from F to I/, respectively. Then p’ = u o p because of [@ Lem. 3.1] and because we are dealing
with pointed Galois coverings. Therefore, ux (1) = Gu(g)TiF, for every i € {1,...,n} and every g € G. Here,
ou: G — G’ is the unique (surjective) morphism of groups such that uo g = 0,(g) o u for every g € G (see

@, Prop. 3.4]).

Now we can construct a functor F~ — Gal(B,T1). Let F: (C,x) — (A, x0) be in F~. Let G be the group of F.
By (¢) and Lemma @ we have a pointed Galois covering with group G induced by Fy: D°(mod C) — D°(mod A):

Fr: (E”dbb(modC)(@ ITH), T | — (B, Th)
9.
ITF ' Ty

opF LonE g, B,

T;

So [Fr] = [F]r. Thus, we have associated a pointed Galois covering with group G of B to any pointed Galois covering
with group G of A. We now associate a morphism of pointed Galois coverings of B to any morphism of pointed
Galois coverings of A. Let u: F — F’ be a morphism in F~ where F': (C,z) — (A, zo) and F': (C',z') — (A, z0)
have groups G and G’, respectively. By (i), we have a well-defined k-linear functor induced by uy: D°(modC) —

Db (mod C’):
ur: (End’Db(modC) (EB gTiF> , T1F> - (End’Db(modC’) (EB ngiF,> , T1F,>
g5t 9’1

aTF uA(gTZ—F):"“(g)TZ-F/

gTZ_F L thF — ou(g)TZ_F/ ux f ou(h)TjF'

The equality ux(9T) = "“(Q)TLF/ follows from the equality uw o g = &u(g) o u. Also, ux(T{) = TlF/. Since
F'ou = F and Fr, F; and ur are defined as restrictions of F, F5 and u) respectively, ur: Fr — Fp is a morphism
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in Gal(B,T:). Thus, to any morphism in F~, we have associated a morphism in Gal(B,T1). We let the reader check
that the following is a functor:
W F~ — Gal(B,Tv)
F — FIr
FLF — Fp 25 FL
Also, it is not difficult to prove that W is full and faithful, although we shall not use this fact in the sequel. Remark

that the Galois covering Fr lies in W(F)™ for every F € F—.

Now we can prove that U(F') is a universal cover for B. Let F' be a connected Galois covering of B. By Propo-
sition E there exists a connected Galois covering F’ of A such that [F] = [F']z. Since F is a universal cover of
A, the Galois covering F’ of A is equivalent to some F” € F, that is [F'] = [F"]. As noticed above, we have
[F7] = [F"]r. Therefore, [F] = [F']lr = [F"]r = [Ff)], that is, F is equivalent to a Galois covering of B lying in
W(F)~. So W(F) is a universal Galois covering of B. O

6 The main theorem and its corollary

In this section, we prove Theorem [| and Corollary E We assume that A is a connected and piecewise hereditary
algebra.

Two particular cases: paths algebras and squid algebras
We first check that our main results hold for paths algebras and for squid algebras.

Lemma 6.1. Assume that A = kQ where Q is a finite connected quiver with no oriented cycle. Then Theoremﬂ
and Corollary@ hold true for A.

Proof: Let Q — Q be the universal Galois covering of quivers (see @]) It follows from [@ Prop. 4.4] that the

induced Galois covering k@ — kQ with group 71(Q) is a universal cover of A. Whence Theorem H On the other
hand, HH'(kQ) = 0 if and only if Q is a tree (see [|]). Whence Corollary E O

We now turn to the case of squid algebras. We refer the reader to @] for more details on squid algebras. A
squid algebra over an algebraically closed field k is defined by the following data: An integer ¢ > 2, a sequence
p = (p1,...,pt) of non negative integers, and a sequence 7 = (73,...,7¢) of pairwise distinct non zero elements of
k. With this data, the squid algebra S(t,p, ) is the k-algebra kQ/I where Q is the following quiver:

(171) — T (171)1)
b1
ajy by
Sz —=(2,1) —— — (2,p2)
a
bt
(t,1) ——= - ——(t,pt)

and [ is the ideal generated by the following relations:
b1a1 = b2a2 = 07 biaz = Tibial fori = 3,..‘,25 .
Using Happel's long exact sequence ([E]) one can compute HH'(S(t,p, 7)):

1 ift=2

dimx HH'(S(¢,p, 7)) =
imic HHE(S (P, 7)) {0 if 1> 3.

Following @] the bound quiver (Q, I) defines a Galois covering k@/f—> kQ/I with group isomorphic to Z if t = 2,
and with trivial group otherwise. One can easily check that this Galois covering is universal in the sense of Theorem [3.
The above considerations give the following.

Lemma 6.2. Let A be a squid algebra. Then Theoremﬂ and Corollary B hold true for A.
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The general case
Thanks to Proposition E we can prove the two main results of this text.

Proof of Theorem [I| and Corollary E: Assume first that A is piecewise hereditary of type @, where @ is a finite
connected quiver with no oriented cycle. So, there exists a tilting complex T € Db(mod kQ) such that A ~
Endpb (med k) (T')- By Proposition Eyand Lemma EI the algebra A admits a universal Galois covering with group
isomorphic to the fundamental group of Q. In particular, A is simply connected if and only if @ is a tree. On the
other hand, @ is tree if and only if HH'(kQ) = 0 (by [B]) and HH' (kQ) ~ HH'(A) (by [Ld]). Therefore, A is simply
connected if and only if HH(A) = 0, or, if and only if Q is a tree.

Assume now that A is not derived equivalent to D°(mod kQ) for any finite quiver Q. Then [E Prop. 2.1,
Thm. 2.6] implies that there exists a squid algebra S = S(t,p,7) and a tilting complex T € D®(mod S) such that
A =~ Endpb (med 5y (T'). By Proposition é and Lemma @ the algebra A has a universal cover with group isomorphic
to the trivial group or to Z according to whether ¢ > 3 or t = 2. In particular, A is simply connected if and only if
t = 2, that is, if and only if HH(S) = 0 (see Lemma E) Since HH'(S) ~ HH'(A) (by [1L9]), we deduce that A is
simply connected if and only if HH'(A) = 0. O
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