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ABSTRACT. We consider the problem of generating and tracking a trajectory
between two arbitrary parabolic profiles of a periodic 2D channel flow, which
is linearly unstable for high Reynolds numbers. Also known as the Poiseuille
flow, this problem is frequently cited as a paradigm for transition to turbulence.
Our procedure consists in generating an exact trajectory of the nonlinear sys-
tem that approaches exponentially the objective profile. Using a backstepping
method, we then design boundary control laws guaranteeing that the error be-
tween the state and the trajectory decays exponentially in L2, H', and H2
norms. The result is first proved for the linearized Stokes equations, then
shown to hold locally for the nonlinear Navier-Stokes system.

1. Introduction. One of the few situations in which analytic expressions for so-
lutions of the stationary flow field are available is the channel flow problem. Also
known as the Poiseuille flow, this problem is frequently cited as a paradigm for tran-
sition to turbulence. Poiseuille flow requires an imposed external pressure gradient
for being created and sustained (see [5]). The magnitude of the pressure gradient
determines the value of the centerline velocity, which parameterizes the whole flow.

It is very well known that this solution goes linearly unstable for Reynolds num-
bers greater than the so-called critical Reynolds number, Recr ~ 5772 (see [34]),

even though the non-normality of the problem [32] may lead to large transient
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growth and enable a transition to turbulence at substantially smaller Reynolds num-
ber. Stabilization of Navier-Stokes equation for general geometries has been widely
studied (see, e.g., [17, 18, 4, 30, 31] and the references therein, see also [11, 21] for
the Euler equations of incompressible fluids). For channel flow geometry, there are
some particular results. The problem of locally stabilizing the equilibrium has been
considered by means of discretized optimal control (see [25]), Lyapunov analysis
(see [1, 2]), spectral decomposition and pole placement (see [3, 41]), and using the
backstepping technique (see [12, 45]). Observers have been developed as well using
dual methods (see [24, 13]).

However, all prior works in channel flow consider a constant pressure gradient
and a developed flow which is already close to the desired solution. The problem of
tracking time varying profiles generated by unsteady pressure gradients has, so far,
not been considered from a control point of view. Stability for channel flow driven by
unsteady pressure gradient has been previously studied (see [27]). Velocity tracking
problems have been considered in an optimal control framework (see [22]).

In this paper, we consider the problem of moving the state from one Poiseuille
equilibrium to another, following a pre-determined flow trajectory that should be
“nice” in some sense. For example, we may wish to smoothly accelerate fluid at rest
up to a given Reynolds number, probably over the critical value, avoiding transition
to turbulence. The means at our disposal are the imposed pressure gradient and
boundary control of the velocity field. We consider velocity actuation at one of the
walls.

This is a problem of practical interest which, to the best of our knowledge, has
not been solved or even been considered so far, since all control laws in the literature
are designed for one given Poiseuille flow (fixed Reynolds number).

A possible solution for the problem would be to apply quasi-static deformation
theory; this would require to modify the pressure gradient very slowly, and simul-
taneously gain-schedule a fixed Reynolds number boundary controller (see [12]) for
tracking a (slowly) time varying trajectory, which in general would not be an ex-
act solution of the system. This idea has been already used for moving between
equilibria of a semilinear heat equation (see [13]), a semilinear wave equation (see
[14]), or a Schrodinger’s equation (see [0, 7]). Other applications include the shallow
water problem (see [12]) and the Couette-Taylor flow controllability problem (see
[35]). In this paper, however, we follow an alternative approach, finding analyti-
cally an ezact, fast trajectory of the system which is then stabilized by means of
boundary control. The advantage of this approach is that it reaches the objective
profile requiring substantially less time and, apart from the imposed pressure gra-
dient which steers the system, the boundary velocity control effort is only necessary
for stabilization and will be zero in the absence of perturbations.

The procedure used for stabilization is similar to the method used in [15] for
local stabilization of a steady Poiseuille profile, and it is based on the backstepping
method (see [37, 39]), which has been also employed in other flow control problems
(see [14]). The method requires to solve a nonstandard partial integro-differential
boundary value problem, and we provide a proof of its solvability. A simpler and
similar looking equation was used, for other purposes, in [10] and in [36], where
time analyticity of coefficients is assumed for obtaining solvability. Later, in [26] it
is shown that for general C* coefficients the equation has no solutions. We settle
the issue by showing that the most natural class of functions for which the equation
is solvable is the Gevrey class (see [20]).
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The organization of the paper is as follows. Section 2 contains a detailed pre-
sentation of the results: the model is described in Section 2.1; an expression for
the control laws designed using a backstepping method, the main result and the
strategy of the proof are provided in Section 2.4. Section 3 is devoted to the proof
of the main result: mathematical preliminaries are given in Section 3.1; then, a sta-
bilization result is proved for the linearized system in Section 3.2; the main result
(Theorem 2.1) is finally derived in Section 3.3. Section 4 is an appendix containing
technical results needed in the proof.

2. Main result.

2.1. Channel flow model. We consider a 2D incompressible fluid filling a region
Q) between two infinite planes separated from each other by a distance L. The exact
setting is depicted on Figure 1, on which an example of an equilibrium profile is
shown. Define U, as a velocity scale, where U, is the maximum centerline velocity,

y=1

U(y)

X
] > y=0

FIGURE 1. 2D Channel Flow and equilibrium profile (actuation is
on the top wall).

p and v as the density and the kinematic viscosity of the fluid, respectively, and
the Reynolds number, Re, as Re = U.h/v. Then, using L, L/U. and pvU./L as
length, time and pressure scales respectively, the nondimensional 2D Navier-Stokes
equations are

A

Ut = R_:_pz_uum_vuyv (1)
Av

Ve = o TPy T UUs — Uy, (2)

where u is the streamwise velocity, v the wall-normal velocity, and p the pressure,
with boundary conditions

u(t,z,0) = v(t,x,0) =0, u(t,z,1) =U(t,z), o(t,z,1)=V(t,z). (3)

In (3), U and V are the actuators located at the upper wall, which can be actuated
independently for each z. The fluid is considered incompressible, so that the velocity
field must verify the divergence-free condition

Uy + vy = 0. (4)
In these nondimensional coordinates, € is defined by

Q={(r,y) eR?:0<y <1}, (5)
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with boundary 99 = 9y U 9Q1, where 9Q; = {(z,y) € R? : y =i}, i = 0,1. We
refer to 02y as the uncontrolled boundary, and to 9€2; as the controlled boundary.

2.2. Poiseuille flows. A particular family of stationary solutions of (1)—(3) is the
one-parameter Poiseuille family of parabolic profiles (P?) defined by

5 5.6 .6 84
73 - ( yU s D ) - (46y(1 y)aov Rex) )
where the parameter § stands for the maximum centerline velocity. Note that the
velocity actuation at the wall is zero for P?, since both u® and v are zero at the
boundaries. The pressure gradient po = —}8%—‘2 must be externally sustained for P?
to be a stationary solution (see, e.g. [5, p. 182-183]).

We next describe in Section 2.3 a trajectory steering the system from a given
(arbitrary) Poiseuille flow P% to another one P°'. In general this trajectory is
unstable, and must be stabilized by means of boundary controls. In Section 2.4,
we provide explicit feedback laws which stabilize this trajectory exponentially. We
also make precise the analytic functional framework in which one has existence
and uniqueness of a solution for the closed loop system together with exponential

stability (Theorem 2.1).

2.3. Generation of the trajectory to be tracked. Given §; and 01, we first
generate a trajectory ©(t) = (u(t),v(t),p(t)) (where space dependence is omitted
for clarity) connecting P% to P%. We assume dp = 0 and §; = 1 for simplicity.
Consider the trajectory ©4(t) defined by

O1(t) = (u(t), v (1), p"(1)) = (9(t,y), 0, —zq(t)), (6)
where ¢ is the chosen external pressure gradient. Then, ©4(¢) verifies (1)—(4) with
U=V=0if g

vy

9=, T4 (7)

Since P? = 0, we set ©9(0) = 0, which implies g(0,y) = ¢(0) = 0. We impose
g(t,0) = g(t,1) = 0 so no velocity control effort is needed to steer the control sys-
tem, only to stabilize it. Given these initial-boundary data, choosing ¢ completely

determines g from (7) and consequently ©%(t), so ¢(t) parameterizes ©9(t). Setting

8
t)=—(1—e 8
at) = oo (1), )
with ¢ > 0 a design parameter, one has ¢(0) = 0 and lim; .~ ¢(t) = 8/Re. This
selection of ¢ determines a value g in (7) that verifies

Jim g(t,y) = 4y(1 —y)

(see Lemma 4.1 in Section 4.1 in the Appendix, where other properties of g are
derived). Tt follows that ©%(t) is a solution of the trajectory generation problem,
since its components are smooth and solve (1)-(4), and one has ©9(0) = P° and
lim; o, ©9(t) = P, so ©9(t) connects the chosen Poiseuille profiles (reaching P!
in infinite time, however by construction through rapidly decaying exponentials,
©4 closely approaches P! after a short time; in this sense, we consider ©9 a fast
trajectory).

Remark 1. The fact that an exact trajectory is obtained from a linear parabolic
equation (Equation (7)) can be exploited to move between equilibria in arbitrary
finite time, since it is known (see [16]) that this kind of equations have finite-time
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zero controllability for even initial data (i.e., g(0, 1—y) = ¢(0, y), for every y € [0, 1]).
Motion planning theory for the heat equation (see [29]) allows to define an explicit
finite-time trajectory, in the framework of Gevrey functions. We do not pursue a
finite-time result (exponential stability is enough for practical purposes), however
we present in Section 4.2 in the appendix a proof guaranteeing that our method
allows tracking of trajectories defined in Gevrey spaces.

2.4. Construction of stabilizing feedback laws and main result. In general,
the trajectory ©%, ¢ € [0,400), is unstable. Our goal is to design control feedback
laws permitting to track the trajectory ©94(t). Define first the error variables

(ﬁ,’[),f)) = (u,v,p) - eq(t) = (u - g(tay)vvvp+ Iq(t))

In these new variables, one has, dropping tildes for ease of notation,

Au
Uy = E — Pz — UlUy — VUy — g(ta y)U’E - gy(tv y)v, (9)
Av
Ve = o TPy T UUs Uy — g(t, y)vs, (10)
and the same divergence-free condition and boundary conditions as before, i.e.,
Uy + vy =0, (11)
u(t,z,0) =v(t,xz,0) =0, u(t,z,1)=U(t,x), wv(t,z,1)=V(tz). (12)

Our new control objective is to stabilize the equilibrium at the origin in (9)-(12) by
means of suitable feedback laws U and V. Linearizing (9)—(12) around 0, we obtain
the unsteady Stokes equations

Au

uy = ﬁ — Pz — g(tv y)ux - gy(ta y)va (13)
Av

Ut = R TPy g(t, y)va, (14)

with the divergence-free condition
Uy + vy =0, (15)
and the boundary conditions
u(t,z,0) =v(t,x,0) =0, wu(t,z,1)=U(t,x), wv(t,x,1)=V(tz). (16)

Our strategy consists in using a backstepping method in order to design control laws
stabilizing the origin of (13)—(16). Then, we prove that these control laws stabilize
locally the origin of (9)—(12).

2.4.1. Functional framework. In our main result (Theorem 2.1), an assumption of

periodicity in x is required for the initial condition. Combined with a uniqueness

argument, this permits to show that the velocity field (u,v) and the pressure p are

periodic in x with some period, say, 2h > 0. This fact is essential in our analysis,

and standard in the study of Stokes or Navier-Stokes equations (see, e.g., [10, 35]).
In order to take into account this periodicity, we set

Q={(z,y) €Q: —h <z <h}.

Let L?(£2;,) be the usual space of square-integrable functions on €2, endowed with
the scalar product

h 1
(6,0) 150, = / h / 6 (z, y)(x, y)dyds.
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Similarly, consider the spaces H'(Q) and H*(Qy,), defined as usual. Define L? ()
as the closure of the set of continuous, 2h-periodic in z, functions on §2 with respect
to the norm induced by the scalar product

(9. ¥) 12 () = (Blan: Yl ) r2(0)-

In other words,
L%(Q) = {f € leoc(Q) : f|Qh € Lz(Qh)v f($ + 2h7y) = f(xvy) for a.e. (:T,y) € Q}

Furthermore, define the spaces

HE Q) = {feLi(Q): fla, € H' (), fle=—n = fle=n in the trace sense},
HE Q) = {feH.Q): fla, € H* (%), Vf|ee—n = Vf|e=p in the trace sense},
endowed with the corresponding norms. Similarly, denoting w = (u, v), define
HpW(Q) = {w € [LE(Q)] 1 ua + vy = 0,0]o0,= 0},
H),(Q) = {we[HL)]?: us +v, = 0,w|ag,= 0},
HE,(Q) = Hg, () N [HR(Q)P,
endowed with the scalar product of, respectively, [L7(Q)]?, [H}(Q)]? and [HZ(Q)]?
(see, e.g., [10, page 9] for the precise meaning of v|go, = 0 for w € [LZ(Q2)]?

satisfying u, + v, = 0; note that u|sn, = 0 has, in general, no meaning for w €
[L7(2)]? even satisfying u, + v, = 0). These are the spaces for the velocity field
where the main result is proved.

2.4.2. Design of stabilizing controls. We now define the stabilizing control laws for
the controllers V' and U. The way they are designed relies on a backstepping
method, as explained in details in Section 3. The controller V (¢, x) is a dynamic
controller, found as the unique solution of the forced parabolic equation

sz h i o . !
Vo= e S [ e (o [ gyt cosh (1 = ) ot &)

0<|n|<M “

,Uy(t, 57 O) - Uy(t, 55 1)
— d 17
i - e an
initialized at zero!, with the periodicity conditions V (¢, + h) = V(t,z). The
control law U is defined by

hopl
Utha) = S [ [ e IR, 1 mate, & nands (18)

o< |n|<M
where M = @, and v, = mn/h. For every integer n such that 0 < |n| < M,
K, in (18) is the solution of the kernel equation
1

Kne = Re (Knyy = Knan) = At ) EKn + fu(y,n)

-/ L e Kty €)de, (19)

LIf the velocity field initial conditions at the boundary were not zero, then it is required that
V(0,z) = v(0,z,1). We assume for simplicity v(0,z,1) = 0.



CONTROL IN A 2D NAVIER-STOKES CHANNEL 7

which is a linear partial integro-differential equation in the region I' = {(¢,y,n) €
(0,00) x T}, where 7 = {(y,n) € R? : 0 <5 < y < 1}, with boundary conditions

Ko(hy.y) = —Re </Oy /\”2(U)da+un(0)>, (20)

Kalt.0) = Be ([ alo)F(tn)d —11a(1) ). (21)

and where the coefficients in (19)—(21) are

)\n (t7 y) = _i'7ng(t7 y)? (22)
fulty,m) = — iy (gy(t,y) + 27, / gy(t,0)sinh (v, (y — 0)) da) . (23)
n(y) = % cosh (7 (1 _Slerlil)’}; cosh (yny)) (24)

The solvability of (19)—(21) is stated in Proposition 3, and investigated in details
in Section 4.2 (Appendix).

Remark 2. Averaging (in ) Equation (17), it can be seen that the mean compo-
nent of V is zero (provided it is initialized at zero), thus the physical constraint of

zero net flux is enforced. This can be written as ffh V(t,£)d¢ = 0. Verifying this
condition is crucial, since its violation would imply not satisfying mass conservation
in the channel.

2.4.3. Statement of the stability result.

Theorem 2.1. There exist € > 0, C1 > 0 and Co > 0, both depending only
on ¢, &y, 01, h and Re, such that, for every wo = (ug,vo) € H32,(Q) satisfying
[Wollmo, (o) < € and the compatibility conditions

h 1
wie)= 3 [ 0 e i, 1) =0,

0<|n|<M

there exists a unique
w = (u,v) € L*(0,00; HZ, (), with w; € L*(0,00; H:(Q2)?),
such that
u(O,x,y):uo(x,y), U(O,I,y):’Uo(I,y),
and, for some p € L?(0,00; H}(?)), Equations (9)-(12) hold with U and V defined
by (17)-(24). Moreover,
Iw(t)lsgg oy < Cre~ = wollgg, (@ ¥ > 0, i € {0,1,2}.

Remark 3. If, in the previous results, the initial data wy belongs to the space
H},(Q), then we still have a unique solution w € L?(0,00; HJ,(2)), with now
p € L?(0,00; L7(9)), and the exponential decay property in H{, (£2)-norm, for i €

{0,1}.
Remark 4. The exponential decay rate Ca in the theorem can be made as large
as desired, just increasing as much as necessary M and A, in (22), so that

2hv/Re _

R _
M= "2 4 M A = —ig(ty) + X,
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for M, > 0 large enough. Increasing M means that more modes are controlled,
whereas the uncontrolled modes (see Section 3.2.1) are more damped, except the
mode n = 0 (see the beginning of Section 3.2.1). To control and damp more the
mode n = 0, one can use, for example, the pole-shifting method described in [13].
Increasing A means that more damping is added in the target system (49), so that
controlled modes (see Section 3.2.2) decay faster.

Remark 5. Even though the controller (17)—(24) looks rather involved, it is not
hard to compute and implement. One has to solve a finite set of linear PIDE equa-
tions (19)—(21) for computing the K,,’s; we provide an symbolically computable
solution via a convergent infinite series, whose partial sums provides an approxima-
tion to the controller. The kernel equations can be solved numerically as well, which
can be done fast and efficiently compared, for example, with LQR—where nonlin-
ear time dependent Riccati equations appear (see [37] for a numerical comparison
between LQR and backstepping).

Remark 6. The result can be extended in a number of ways. Control laws (17)-
(18) are defined by state feedback laws, so Theorem 2.1 requires knowledge of the
full state. An output feedback design is possible applying a backstepping observer
methodology dual to the techniques we follow here (see [38, 43]). Then, only mea-
surements of pressure and skin friction are required. A 3D channel flow, periodic in
two directions, is also tractable, adding some refinements which include actuation
of the spanwise velocity at the wall (see [9] for the new techniques and difficulties
involved). All cited references consider the steady problem of stabilizing a given
Poiseuille profile, therefore some modifications to account for the unsteady coef-
ficients have to be done, in the same way the present paper extends the results
of [42].

3. Proof of the main result. The structure of the proof is the following. We first
start with mathematical preliminaries (Section 3.1), then design control laws using
backstepping theory and prove the stability result for Stokes equations (Section
3.2) which represent the linearized system of the Navier-Stokes equations around
the Poiseuille profile. The main result (Theorem 2.1) is finally proved in Section
3.3.

3.1. Mathematical preliminaries.

3.1.1. Fourier series expansion. The complex Fourier coefficients (¢, (y))nez of a
given integrable 2h-periodic in x function ¢ defined on (2 are given by

I inx
o ),

We will write simply ¢,, in the sequel. It is well known that if ¢ € L,QL(Q)7 then
(¢n())nez € 2 (Z,L%(0,1)), i.e.,

> [ 6uwPay < .

nez
Conversely, if (¢ (-))nez € €% (Z,L?(0,1)), then one can recover ¢ from its Fourier

inm

series by ¢(z,y) = >, o, bn(y)e™ 7T,
Let ¢, € L?(2). Recall that, according to Parseval’s formula,

(@, ¥)r2 ) = 20 ((Dn) , (V) 2z, 12(0,1)
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where the scalar product in ¢% (Z, L2(0,1)) is

(@) sy = 2 | ulwBalwha

nez

and the bar denotes the complex conjugate.
Given 1 € L?(,), one has

19172000 = 2hl¥nllZ2z,r2(0,1) = 20 Y [ ¥nll 2015
nez

where [[¢n|72(.1) = fol |1 (y)|2dy. In the sequel we omit the subindexes when clear
from the context.

3.1.2. Poincaré’s inequalities.

Lemma 3.1. (Poincaré’s inequality in H*(0,1)). Suppose that f is a complex val-
ued function belonging to H*(0,1), such that f(0) = f(1) = 0. Then ||fy|\%2(0 1 <

nyy”%?(o,l)'

Proof. Set f1(y) = R(f) and fo = S(f). Since f1(0) = f1(1) = 0, there must exist
a € (0,1) such that f1,(a) = 0. Therefore,

Fry(y) = { IY fry(m)dn — for y € (a,1),
W= _f; fiyy(mdn  for y e (1,a).

Hence, by Cauchy-Schwarz inequality, |fi,(y)]* < fol fi,,(n)dn, and integrating,
the inequality follows for f; (and analogously for fs). O

Lemma 3.2. (Trace inequality in H*(0,1)). Suppose that f is a complex valued
function belonging to H?*(0,1). Then for any A > 0, |f,(1)]* + |f,(0)]* < (2 +

AN ful320.0) + W FuulF20.0)-

Proof. We can write
1
2 2 _ i _ 2) 4
LOP+ILOF = [ & (= DIAR) dy

1
= 2||fy||%2(0,1) "‘/0 (2y—1) (fyﬂ"‘f_yfyy) dy

IN

1
2 £ 200 +2 / Follyuldy

: A2 132
and since ab < Sa* + 5;b%, we get

1
[fs P + 15,0 < @+ Al fyllZ20,0) + lefyyl\%zw,n

O

Lemma 3.3. (Poincaré’s inequalities in H} (Q) and H? (). Let ¢ € H}(Q) be
such that ¢loa, =0, and ¢ € HE(Q) such that Y)oa, =0 for i =0,1. Then

16122 ) < lulZ2 ), (25)
H¢yH%§(Q) < H¢yy”2L§(Q) (26)
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Proof. Using Parseval’s formula, H(;5||L2(Q =h) H(anLz oy < hY ||gi)ny||L2 0,1)"
where we have used the classical Poincaré’s formula for functions of H'(0,1) van-
ishing at 0, since ¢ € H} (Q) implies ¢,, € H'(0, 1), and ¢|so, = 0 implies ¢,,(0) = 0.

By the same reasoning, ¢ € H?(2) implies ¢, € H%(0,1), and 9|90, = 0 implies
¥n(i) = 0, for ¢ = 0,1. Applying Lemma 3.1 for every n leads to ||z/1u||2Lz(Q) =

hZ ”wnynm 0,1) = hZ ||¢mﬂ/HL2(o = H¢yy”L2 Q) thus proving the lemma. U

3.1.3. Transformations of L? functions. The following definitions establish facts
and notations useful for designing our control laws, based on the backstepping
method (see [37]). This method consists in finding an invertible transformation of
the original variables into others whose stability properties are easy to establish.

Definition 3.4. Let 7 = {(y,1) € R? : 0 < n < y < 1}. Given complex valued
functions f € L?(0,1) and K € L*(7T), we define the transformed variable g =
(I— K)f, where the operator K f is defined by

/Kyn n)dn,

i.e., a Volterra operator. We call I — K the direct transformation with kernel K.
Now, if there exists a function L € L>°(7) such that f = (I4+ L)g, then we say that
the transformation is invertible, and we call I + L the inverse transformation, and
L the inverse kernel (or the inverse of K).

Proposition 1. One has the following properties.
1. The transformation 1 — K is invertible for every K € L*(T). Moreover,

L(y,n) = K(y,n) / K(y,0)L(o,n)do = K(y,n)Jr/y L(y,0)K (0, n)do.

2. If f € LQ(O 1) then the function g = (1 — K)f belongs to L*(0,1), and
||g||L2 oy < (1+ | K||L<)? ||f||L2 0,1y Similarly, if g € L?(0,1) then the func-

tion f (I+L)g belongs to L?(0,1), and ||f||L2(0 < < (14| L||p=)? ||g||L2(0 1)

The first point of this proposition is immediate from the theory of Volterra inte-
gral equations (see [23]). The second point follows easily from the Cauchy-Schwarz
inequality.

This result allows to define a norm equivalent to the L? norm,

HfH%(LQ(O,l) = [I(I- K)f”%?(og) = ||9H%2(0,1)' (27)

For CY(7T) and C?(T) kernels K and L, one has an equivalent version of Proposi-
tion 1, allowing to define respectively a K H*(0, 1) and K H?(0, 1) norm, respectively
equivalent to the H*(0,1) and H?(0,1) norm:

Ik = 1T =E) 0 =900 (28)
Ifkm20 = 1T = E)flEe01 = 1903201 (29)
where higher derivatives are calculated as follows:
9y = fy— / Ky (y,n).f(n)dn,
gyy = Jyy — KW, 9)fy(y) — 2Ky (y,9) f(y) — Ky(y,y) f(y)

/ Ky (y,m) f(n)dn,
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and similarly for the inverse transformation. In particular, one has
A+ Ll + 1 Lyllz=) 211 E 0y < Il
< A+ Kz + 1Eyllz=) 1170 0,0):
and other similar estimates hold for the H? norm.

3.1.4. Transformations of the velocity field. We define transformations of functions
in HY), (Q).

Definition 3.5. Consider a finite set A = {a1,...,a;} C Z,and K = (K, (y,71)) ,c 4
a family of L>°(T) kernels. Then, for w = (u,v) € HY, (Q), the transformed variable
w = (a,f) = (I — K)w is defined through its Fourier components by

{ (I—= Kyp)up,0) forn e A,

w .
" w,,, otherwise.

The inverse transformation, w = (I + £)w, is defined by

{ (14 Lp)a, Lyay,) forn € A,

w .
wy,, otherwise,

where the new operator L, is defined by
. n oY n
it =iy [ (1) + [ Lono)s(0)do ) dn

It is straightforward to show that w is well defined. Indeed, for n € A, the second
component of w is

Lun = =iy [* (ot + [ Lin.orano)as) an

and, by definition of «,, from the direct transformation, and after some manipula-
tion,

Lo = il / (u,,<n>_ / ( Ku(n,0) = Lu(n,0)

n /U " L, 8) K (5, a)da) un(5)d0> dn.

By Proposition 1, one gets Lo, = —miy foy un(n)dn. Since the divergeflce-free
condition in Fourier space is mifu, 4+ vny = 0 and v,(0) = 0, one gets Lyo, =
foy Uny(N)dn = vy, (y). This way, even though the second component of the velocity
seems to be lost in the direct transformation, it can be recovered and the transfor-
mation is still invertible. Using a similar argument as in Proposition 1,

Hw”%gh(sz) s (1+H’CHLN)QHWH%{gh(Q)v

Iwldg @ < (14N +1Lle)2 i, o)

A

where N = maxnea{n 3}, [KllLe = maxpea || KnllLoe, [£llLe = maxnea || LnlLe.
This allows the definition of a norm, as in (27), equivalent to the HY, (), that we
call KHY, (),

[Wllkr, @) = lwllme, - (30)

For C!(T) and C?(7) kernel families one can define as well KH}, (2) and KHZ, (€2)
norms, respectively equivalent to the regular H},, (92) and H, (2) norms.
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Remark 7. All previous results hold for transformation kernels depending on time,
as long as they are uniformly bounded on the time interval (finite or infinite) con-
sidered (see Proposition 3 for such a statement).

3.2. Stabilization result for the linearized system. In this section we focus
on the linearized system (13)—(16) which consists of Stokes equations. We show how
to design, using a backstepping method, the control laws (17)—(18), and prove the
following result, which is the analogous of Theorem 2.1 but for the Stokes systems
instead of the Navier-Stokes system.

Proposition 2. There exist C; > 0 and Cy > 0, both depending only on ¢, dg,
61, h and R., such that, for every wo = (ug,vo) € H2, satisfying the compatibility
conditions

h 1
wie)= [ [0 e inde, 1) =0

0<|n|<M
there exists a unique
w = (u,v) € L*(0,00; HZ, (), with w; € L*(0,00; Hi(Q)?),
such that w(0,x,y) = wo(x,y), v(0,z,y) = vo(x,y), and, for some function p €

L2(0,00; H}(2)), Equations (13)-(16) of the linear Stokes system hold with U and
V' defined by (17)-(24). Moreover,

. —Cat , :
Iw()llaz, @) < Cre”*[[wollms, ), Vt =0, Vie{0,1,2}.

The remaining part of this section is devoted to the proof of that result. The
proof requires Lyapunov methods. For denoting some positive constants that arise
from various inequalities and norm equivalences, we will repeatedly use C' with some
subscript.

Equations (13)—(14) written in Fourier space are

e = 22Uy o+ (1) un) — 040,y (1)
v = 2y~ gt )en, (32)
where A,, = 9,,,—72 has been introduced for simplifying the expressions, and where
~n = mn/h. The boundary conditions are
un(t,0) = v, (¢,0) =0, un(t,1) =Up(t), wvn(t,1) = V,(t), (33)
and the divergence-free condition is

1Y Un + Vpy = 0. (34)
From (31)—(32) an equation for the pressure can be derived,

Pnyy — 712zpn = —2iyngy (t, y)von, (35)

with boundary conditions obtained from evaluating (32) at the boundaries and using
(33),

Uny(t,()) uny(ta 1) _ V _ 2&

Re Re n T InRe
Equations for different n are uncoupled due to linearity and spatial invariance,
allowing separate consideration for each mode n. Most modes, which we refer to
as uncontrolled, are naturally stable and thus left without control. A finite set of
modes are unstable and require to be controlled.

pny(tv O) = —1Yn pny(tv 1) = —iVn (36)
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3.2.1. Uncontrolled modes. These are n = 0 and large modes that verify |n| > M,
where M > 0 will be made precise.

Mode n = 0 (mean velocity field). From (33) and (34), vgp = 0. Then, ug
verifies ug; = u]"%f, with ug(t,0) = wo(t,1) = 0. Applying Lemma 3.1, we have
%HUOHQ < —%HUOHQ, implying [Juo(t)]|? < efﬁtHuO(O)HQ, where || || stands for the

L?(0,1), H*(0,1), or H?(0, 1) norm.

Modes for large |n|. If w,, = (un,vy), then, with V,, = U,, =0,

Dieizae = olWmlizon: o o IWellzzoay
dt niL (011) Re n Re

= (9y1tns0m) 0.0 — (94 ) 0 15
_ (’u,n, i'ynpn)L2(071)2 - (’L"anny un)L2(0,1)2
= (Vn Pry) £2(0,1)2 = (Prys Un) 20 12 - (37)

Consider the pressure terms like those in the second line of (37). Using the divergence-
free condition iy,uy, 4+ vpy = 0, and integrating by parts,

= (n, i0Pn) £2(0,1)2 = — (Unys Pn) 20,192 = (Uns Pry) 20,12 -

Therefore, the pressure terms in (37) cancel each other. Then, using the Cauchy-
Schwarz inequality and the inequality ab < (a? + b?)/2, one gets

d 9 ||WnyH%2(o,1)2 9 ”WnH%?(o,l)?
a”wnHL2(0,l)2 S —2 Re _2771 Re

+||ngL°°(O,1)Hwn||2L2(0,1)2' (38)

Since |gy(t,y)| < 4 (see Lemma 4.1 in Section 4.1), choosing |v,| > 2V Re, i.e.,

n| > M = 22YEe vields
d ||Wm/||%2 0,1)2 HWWH%2 0,1)2
ailwalFaqoe < —2m g O0E - O, (39)

therefore achieving L? exponential stability for large modes (|n| > M).
The H' exponential stability is proved for the same set of modes. Indeed, com-
pute

d 2
EHWﬂyHLQ(O,l)z = (Wnys Wayt)£2(0,1)2 + (Wnyt, Wny)£2(0,1)2

= _(Wnyyawnt)L2(O,l)2 - (Wnt7Wnyy)L2(0,l)2
_ 9 ||Wnyy||%2(o,1)2 n 272 HwnyH%z(OJp
Re " Re
_iVn(Wnyyv an)L2(0,1)2 + i (gWn, Wnyy)L2(O,1)2
_i'Yn(unyyupn)LQ(O,l) + 1Y (Pn, unyy)Lz(O,l)
+(vnyyapny)L2(O,l) + (pny’ vnyy)L2(O,1)

+(unyy7 gyvn)Lz(O,l) + (gyvnu Unyy)LZ(O,l)-
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Let us study first the terms without pressure. Using integrations by parts, the
Cauchy-Schwarz inequality and the divergence-free condition, one gets

— 1% (Wayy, 9Wn) £2(0,1)2 + 190 (9Wn, Wiyy ) £2(0,1)2
+(Unyy: Gyn)£2(0,1) + (GyVns Unyy) £2(0,1)
= i Wny, gWny + gywn)Lz(O,l)2 — 1V (gWny + gyWn, Wny)Lz(O,l)2
_(unyv GyyUn + gyvny)L2(0,1) - (gyyvn + GyUny, uny)L2(0,1)
= i'Vn(WnyvgyWn)Lz(O,l)? - Z'771(91/""717Wny)Lz(O,l)z - (unyvgyyvn)Lz(O,l)
—(9yyVn, Uny)L2(0,1) — 1Y (Uny, gyun)L2(0,1) + Y0 (gyUn, uny)L2(0,1)
= i’Yn(”nyaQy”n)L?(OJ)? - i’Yn(gyUmUny)LQ(OJ)?
_(unyvgyyvn)L2(0,1) - (gyyvmuny)L2(0,1)

Y241

< Te ||Wny|\%2(o,1)2 + Re (||9y”%oo(o,1) + HgyyH%w(o,l)) ||Wn||2L2(0,1)2-

Concerning the pressure terms, we have

_i'}/n (unyya pn)Lz(O,l) + i'Yn (pna Unyy)L2(0,1)

+(Unyy7 pny)LQ(O,l) + (pnya Unyy)LQ(O,l)

y=1
- [vnyya,ym(t,y)+vnyy<t,y>pn<t,y>}
y=0
- Re[pny@)z—on(y)my(y)pn(y)]y_, (40)
y=0

where the last equality is deduced from (32) evaluated at the boundaries. Hence

’ - Z"771(’“4711/1/7pn)Lz(O,l) +ivn (pnu unyy)Lz(O,l)

+(Unyyapny)L2(0,l) + (pnya ’Unyy)L2(071)

< 2Re (|pny (WIPR (D] + |pny (0)[[P,,(0)])

Lemma 3.6. There exists a constant C7 > 0 such that

| ||WnyyH%2(0,1)

[Py (VI[P (D] + [Pny (0)1[7,,(0)] <

1+
= 2Re2 +C 2 ||WnyH%2(o,1)-

Proof. Solving the Poisson pressure equation (35) as a function of the boundary
conditions pyy (1) and p,,(0) we get

_ o [ cosh(ymn) cosh(m(l —y))
paly) = 2 /0 Sinho, gy(M)vn(n)dn
—|—2i/ COSh('Yny)S?z}sll;('Yn(l - 77)) 9y (W)Un (W)dﬁ

L ooshmy) gy coshlm(1 = )

0
Y, sinh v, " Yn, sinh 7, Pry(0)
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Hence

cosh(y,y) cosh(y, (1 —y)) /1
L [ ontilan

Pn(¥)l < 2llgyllLe=(0,)

cosh v,

m ([Pny ()| + [Pry (0)])

and since cosh(v,y) cosh(v, (1 —y)) < cosh~,, and for |n| > M we have | tanh~, | >
tanh vy, it follows that

)l < =l o + T (o (D) + Iy (O)).
Then,
po)lIpn (D] + 9y (0) 19 0)
e X P o P
Hence,

[Py (D[pn (1] + [Pry (0)] ] (0)]

|pny(1)|2 + |pny(0)|2) '

1 2 2
. +3
tanh~ <|”Yn|||gy|L (0,1)an||L2(0,1) EN

Noting that |y,| < 1+ ~2 and the pressure boundary conditions (36)

[Py (D]|pn (V)] + [Pry (0)][pn (0)]

A7) 2 2 |tiny (D) + [uny (0)
m||ngL°°(O,1)HUHHL2(O,1) + 3|7l Re2tanh vy,
then applying Lemma 3.2 with A = tgg%{ we obtain
”unyy”%ﬁ(o 1) 18+2 ”uny”%ﬁ(o 1)
ny(1)]|Pn (1 ny(0)]|pn(0)] < — ’ - : ’
ey (lIpa(D)]+ [y O 0) ) e Tl
(1+2)

e gl e . e 0.

and applying Poincare’s inequality we obtain the result. Note that C; depends only
on Re and h (since M depends only on Re and h). O

From the previous estimates and applying Lemma 3.6, one gets

d ||Wnyy|‘%2(0,1)2

EHWMJ”%%OJ)? S —— 7o T Co(1+ 1)1 Wny 720,12

+C3||Wn||2L2(0,1)27
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2
for some C,C3 > 0. Setting L = 1+R€CS+]§€CQ(1+%) ||Wn||%2(011)2 + ||Wny||%2(011)27

which is obviously equivalent to the H! norm, one has

2 2
d I o< _ 1+ ReCs5 + ReCy(1 + ’7,21) (2 ||Wny||L2(0y1)2 n 72 ||Wn||L2(0y1)2>

dt - 2 Re " Re

||Wnyy||%2(o 1)2 ||Wny||2L2 0.1)2
_ 5 O 1 2 ( ’ )
Re +Co(1+7) Re

1 2||Wn||%2(0,1)2 _ ||Wny||%2(o,1)2 B ||"Vnyy||%2(0,1)2
= 79T Re Re Re

—Csl[WnylIZ2(0,1y2 + C5lWall72(0 1)

2
2+7; > Wyl 20,12
< _< She [WallZ2(0,1)2 + Re

S _O4La

+ Cl|wnl|Z2(0 12

where Cy; > 0 depends on Re and h, but not on n. This establishes a H! stability
property for w,, with a decay rate independent of n.
We next prove H? stability. For |n| > M, one has

||Wn||%{2(0,1)2 = ||unyy||%2(0,1) + ||”nyy||%2(o,1) + %21(||Uny||%2(0,1) + ||Uny||%2(0,1))
+7§(||Un||%2(o,1) + ||Un||%2(o,1))-
Integrating by parts, one gets
||Anun||%2(o,1) = (Unyy = Valins Unyy — ”Yiun)L%O,l)
= ||unyy||%2(o,1) + Villunlli%o,l) - ”Yi(unyyvun)m(o,l)
—’YZ (Unyy, Un)L2(0,1)5
= HunyyH%?(o,l) + ’Vi”un”QL?(o,l) + 2731”“?%1/”%,2(0,1)7
and hence, [|A,wp||£2(0,1)2 is equivalent to ||[W,[|g2(0,1)2-

Lemma 3.7. For w werifying (51)-(32), the norm ||, wy||[12(0,1y2 (and therefore
Wl m2(0,1)2) is equivalent to the norm ((1 + ’7721)||Wn||%[1(071)2 + ||Wnt||%2(071)2)1/2'

Proof. From (31)—(32), one has

el e = o0z
ntllL2(0,1)2 — Re2 )

where
A = _iﬁ)/n(pna unt)Lz(O,l) - i’)/n(g(tu y)unu unt)Lz(O,l) - (gy(tu y)vna unt)LQ(O,l)
—(Pays Vnt)2(0,1) — 1Y (9t Y)Vn;s Vnt) L2(0,1)
1 . .
"’ﬁ (Z'Yn(Anumpn)L?(O,l) + i (Dntn, g(t, y)un)LZ(O,l)
_(Anunv 9y (t7 y)vn)Lz(O,l) - (Anvnupny)Lz(O,l)
+iYn (Dnn, gt Y)0n) L2(0,1)) -

Integrating by parts and using the divergence-free condition,

- ZWn(pna unt) - (pnyu ’Unt)LZ(O,l) = (pnu Z’ynunt + Unyt)Lz(O,l) =0. (41)
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Then,

i’Yn(Anunvpn)L2(0,l) - (Anvnvpny)L2(0,1) = - (Anvn(tv y)ﬁn(tv y))Zié )
and using Equation (40) and Lemma 3.6,
| Bt y)Pa (b)) = Re lpuy (6 y)Pa(t ),
||Anwn||%2(0,1)2 Ch

S TR T U7 T Walltr o1

Hence, we can obtain

3 |‘Anwn||%2 0)1 2
Al < G5 (1 + 3wl o e + 5 <|wnt||i2<o,1>z e el B

Re?

for some C5 > 0. Taking into account that (1 + ”y,%)Hwan{l(O 1)2 is bounded by
CgﬂAnwnH%z(O 1)2 for some C > 0, the lemma follows. O

Now, taking a time derivative in Equations (31)—(32), and applying the same
argument as in the proof of L? stability, one gets

d 9 ||Wnt||2L2(o,1)2
E||Wnt||1:2(o,1)2 < —271%6 + Crllwatll 220,002 [ Wall £2(0,1)2,

where the last term is due to the time-varying coefficients. Combining with the
previous estimates for the L? and H' norms and Lemma 3.7, the H? stability
property follows.

3.2.2. Controlled modes, and design of control laws. The remaining modes, such
that 0 < |n| < M, are open-loop unstable and must be controlled. We design the
control laws in several steps.

Pressure shaping. Solving (35)—(36), one gets

y
Pn = —22'/ gy(t, n) sinh (v, (y — n)) va(t,n)dn
0
_cosh (YY) /1
+2i sinhv, /o gy(t,m) cosh (v, (1 —n)) vn(t,m)dn
+1608B (0 (1 = y)) tny (£,0)
sinh v, Re
cosh (Yay)) [ tny(t,1) Vi, V.,
~ sinhn, "Re + T + T Re | (42)

Note that V,, appears in (42), allowing to “shape” it. We design V,, to enforce in
(42) a strict-feedback structure in y (see [28]). This structural property is a sort
of “spatial causality”, requiring that in the expression for, say, f(¢,y), no value
of f(t,s) for s > y appears. It is a technical requirement in the backstepping
method for parabolic equations (see [37, 39]) used next. Seeking the strict-feedback
structure in (42), we choose V;, such that

v, Vi Uy (t,0) = iy (t, 1)

T TR Fe

i / gy (t,m) cosh (a(1 = 1)) va(t, )dn, (43)
0
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i.e.

t
n 70 - Un 71
vV, = —i/ o InT (%zu u(T )R Uny(7,1)
0 e

+2 /0 gy(7,m) cosh (. (1 —n)) v (T, n)dn> dr. (44)

Plugging (43) into (42), the pressure reduces to

y
pn = —2i/ gy(t,m) sinh (v, (y — 1)) vn(t, n)dn
0
.cosh (7, (1 — y)) — cosh (yny) uny(t,0)
. 4
+ sinh ~,, Re (45)
Substituting (45) into (31)—(32) yields
2
_ Unyy _ TnlUn _ . _
Unt = Re Re Z’Yng(tuy)un gu(tuy)vn
y
230 [ gyt sinh Gy = ) vt )
0
cosh (v, (1 — y)) — cosh (y,y)
n n tv b 4
Resinh, tny (,0) (46)
2
Unyy  YnUn .
nt — - - n t7 n
Unt e e~ Vm(tyv
Y
+2iyy, / gy(t,m) cosh (v (y —m)) va(t,m)dn
0
inh (7, (1 — inh (v,,
iy, S0 (v (1 —y)) +sinh (y y)uny(t,O). (47)

Resinh~,

Control of velocity field. Our objective is now to control (46)—(47) by means of
Un. By (34), v, can be computed as v, (y,t) = —iyn [; un(t,n)dn. Then, only (46)
has to be considered. Using (34), we express (46) as an autonomous equation in t,,,

n

Uy, v
Re + )‘n(t7 Y)un + / fnl(t,y, n)un(ta n)dn + Mn(y)uny(ta 0)7
0

Unt =

with boundary conditions
un(t,0) =0, un(t,1) = Un(t), (48)

where \,,, f, and p, were defined in (22)—(24). This is a boundary control problem
for a parabolic PIDE with time-dependent coefficients, solvable by backstepping
(see [39]) thanks to the strict-feedback structure. Following [39], we map u,, for
each mode 0 < |n| < M, into the family of heat equations

1
Ant = E (_77210471 + Oényy) ) an(k7 0) = a"(k’ 1) =0, (49)
where
an =1~ K)un,  up=(I+Ly)an, (50)

are respectively the direct and inverse transformation. The kernel K, is found to
verify Equations (19)—(21), and L,, verifies a similar equation, or can be derived
from K, using Proposition 1. For (19)—(21), the following result holds.
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Proposition 3. For every n € A, there exists a solution K, (t,y,n) of (19)-(21)
defined in T = {(t,y,n) € (0,00) x T} and such that, for every k € N, K,, €
L>=(0,00;CH(T)), where T = {(y,n) € R?:0<n <y <1}

A proof of this Proposition is provided in Section 4.2 (Appendix).
The control law is, from (50), (49) and (48),

1
Unz/ Ko (t, 1,m)un(t, k,n)dn, (51)
0

Stability properties of the closed loop system follow from (49) and (50). From (49),
one infers

_ 2

||04n(t)||%2(0,1) < e Ret”an(O)HQN(o,l)
_ 2

lon® 1200 < e % an(0)2 0.
_ 1

w20, < e Fan(0)lI32(0,1)-

Hence, from (50) and using the norms (28)—(29), we obtain

IN

_2

lun (I, 2(0,1) e 7 |un (0)I%, 20,1
_2

Hun(t)H%(nHl(O,l) < e Ret”“n(o)”%(nHl(o,l)v

_1
||“n(t)||§<nH2(o,1) < e Ret”“n(o)”%(nm(o,ly

3.2.3. Stability for the whole system. Set A = {n € Z : 0 < |n|] < M} and
K = Kn(t,y,m),c4- Applying the control laws (51) and (44) in physical space
(which yield (17)-(18)), we next prove stability in XH, (£2) norm, defined by (30),
estimating

||W||;CH0, @ = Z ||Wn||%2(0,1)2 + Z HUHH%("LQ(OJ)
n¢A neA
— 24
< fe (Z W (01720192 + Z Jun (0)[|%, 22 (0 1))
n¢A neA
_2
< e R€t||W(O)||)2CH8h(Q)- (52)

By norm equivalence, this proves the L? part of Proposition 2. Similarly,

||W||2/CH(1,h(Q) = ||U0||§11(0,1)+ Z ||“n||§<nH1(0,1)+ Z ||Wn||?{1(0,1)2
0<|n|<M n|>M
_2 _2
< e m uoO)Fnon + . e T a0, m0
o< |n|<M
+ D Crem P wa(0) 1 0,0y
In|>M

< Oseic@HW(O)H?CHéh(Q)-

A similar argument shows H? stability.
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3.2.4. Well-posedness. It remains to prove the well-posedness of the Stokes equa-
tions (13)—(16) with control laws (17)—(18). Define the spaces

H)oo(—h,h) = {¢ € H' (=h,h) : ¢(h) = (—h)}
and
HZ,(=h,h) = {¢ € H*(=h,h) : $(h) = ¢(—h), ¢a(h) = da(—D)} .

Proposition 4. Given T > 0, assume that the velocity field (u,v), solution of (13)-
(16), verifies (u,v) € L*(0,T;H2,(Q)). Then, the control laws V and U respectively
defined by (17) and (18) verify

U,V € L*(0,T; H2. .(=h,h)) N H*(0,T; H!,  (—h, h)). (53)

per per

Proof. From (17), one has V; = Yz= — f(t,z), where

h 1
fe) = / e (&) (% /O gy (t,m) cosh (yn (1 = ) v(t, &, m)dn

0<|n|<M —h

Re

with V(¢,h) = V(¢,—h) and initial conditions V(0,2) = 0. Since f is defined
as a finite sum of convolutions in the periodic domain of certain functions with
the smooth function €"® we get that f € L2(0,T;CP..([—h,h]) for every inte-

) Yper
ger p, where g € CL, ([—h,h]) means that g is of class C? and g (—h) = g (h)
for every ¢ € {0,...,p}. Therefore, by standard properties of the heat equation
(see for example [15, pg. 360, Theorem 5] for the non-periodic case), we get
V e H'([0,T),Ck,([—h,h]) for every integer p, and the conclusion follows for V.

Similarly, the definition of U is

h 1
vita) = > [ h /O e ED [, (4,1, m)ult, €, m)dnd,

0<|n|<M

_iuy(t,€7 O) - uy(tvga 1)) dg,

and the same kind of argument applies. |

We use a slightly modified version of [22, Theorem 2.1] (see also [19, Theorem
4.4] for a similar argument). Note that, from Remark 2 and the assumptions of
Proposition 2, the following compatibility conditions are verified:

h
uo(x,1) =U(0,2), wvo(z,1) =V(0,2), /41 V(t,z)dx = 0.

Then, for U and V satisfying (53), there exists a unique solution of the Stokes
equations (13)-(16) such that (u,v) € L*(0,T;H3,(€)). This fact, combined with
Proposition 4 and estimates of Section 3.2.3 guaranteeing the decay of the H3, (2)
norm of the velocity field, yields existence and uniqueness for the Stokes equations
(13)-(16) with control laws (17)-(18) in L?(0, co; HZ, (2)).

3.3. Proof of Theorem 2.1. Proposition 2 proved in the previous subsection deals
with the linearized system, and is actually valid for any initial condition. If we now
consider the Navier-Stokes (9)—(11), then, due to the nonlinear terms, we obtain
just local stability.
Denote the nonlinear term in the Navier-Stokes equations (9)—(11) by N =
(N*, N"), ie.,
N" = —uuy —vuy, N = —uv, —vvy.
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It follows from [40, Lemma 3.4 p. 292] that, for some C' depending only on h,

(W, N)ug, @ < Cliwllins, @ Wk, @) (54)
The bound above is valid not only for (w,N)go (o) but for any partial sum of
(W, Nn)Lz(Oyl)z, by the same argument.

The application of pressure shaping and backstepping transformation to the non-
linear system yields a new term in the target system, which appears as

1 [e3
Qpt = E (_WZan + anyy) + Nn,
where N2 is defined by N = (I — K,,)N* + (I — K,,)N?. The term N? is due to
pressure shaping and is defined by

h (v,
Nﬁ:QZ (COS Tny) / N, cosh (y,(1 —n dn—i—/ N, ;sinh vn(y—n))dn>,
JEL

sinh 7,
where sz = —YjYn—jUjUn—j — ©Yn—jUjyUn_;. Then, for n € A,
(0, N 201y < Co((Janl, IN)r20,0) + (ol INE) 12(0,1))
< O2HanHL2(O,1) Z (|”Yj|||uj“n*j|\L2(o,1)

JEZL
+llwjyvn—jllr20,1)) (L4 Cslym—jl) . (55)
where

sinh(v;) sinh(ya) 4 cosh?(yar)

02 + HICHL an 03 Sinh(’yl)

Bounding (55) further, one gets
oy O2
(an N5) < Pl 2 {2 Pluslia + 2lusliFacn
JEL
+ (14 CBlas1) (Iugn—5 20,1y + Ioen-i 320 ) }
< Callanllzzon 1wl o (56)

for some constant Cy > 0. For the KL? norm of the velocity field, as in (52),

HWHQKLgh(Q) = Z [Wnllr2(0,1)2 + Z H“n”%{nm(o,l)'
n¢A neA

Let us estimate the derivatives for each term of the right-hand side of this equality.
We have

d —2 a
it Z HwnH%2(0,1)2 < Z (ﬁnwny@?(o,l)? - ﬁ”wnH%?(O,l)?

ng¢A n¢A
+(WnuNn)L2(O,l)2>7 (57)
and for n € A, since ||un|/k, 2(0,1) = l|@n||L2(0,1), one has
E”un”%(an(O,l) = EHQ"H%Z(O*”

B 27721 e}
Eﬂanyﬂm(m) - EH%W + (o, N)r2o,1)- - (58)



22 RAFAEL VAZQUEZ, EMMANUEL TRELAT AND JEAN-MICHEL CORON

Then, summing (58) for n € A, adding (57), and applying norm equivalences and
the estimate (54), we get, for some Cy > 0,

d

dt” ||ICH0} (Q) S _COHWH?CH}M(Q) + Z(W»ﬂ, L2 0, 1 2 + Z Oén, L2(0 1)
n¢A neA
< ”W”IQCH}”L(Q (O4HWH/CH° @ + Iwllcmg, @) — Co) :

Suppose that ||w||,CHo () <€ Then

H W, (@) < (Ca+ 1)e = Co) [WllEm (-
and choosing € < %a
d. o Co

2
Wi, @ < 5 IWlky, @ < ~O5lwlikug, @

by Poincaré’s inequality, where C5 > 0. This proves local exponential stability in
the KHY, (©2) norm and therefore in the HY, (€2) norm.

A similar argument applies with the H}, (Q) and H2, (2) norms for proving local
exponential stability; we skip the details since it is clear that the extra nonlinear
convection terms that would appear in the proof (in a similar way to the proof for
the HY, (Q2) norm) can be bounded by the linear terms in w, w, and w, for small
H},(Q) and H3, (2) norms®. Well-posedness follows in the same way as in Sec-
tion 3.2.4, since the argument of [22] applies to nonlinear Navier-Stokes equations.

4. Appendix.

4.1. Properties of the function g.

Lemma 4.1. Let ky, = 7(2m+1). Consider g(t,y) defined by (7) where q is given

by (8), boundary conditions g(t,0) = g(t,1) = 0 and initial conditions g(0,y) = 0.

Assume as well that cRe # k2, for any m € N. Then g has the following properties.
i. The explicit expression for g in (0,00) x [0,1] is given by

00 . S )
sin(kmy) [ 1—e R et —e R
= 16 — . 59
g Z Km K2, k2, — cRe (59)

it. There holds lim;_,~ g(t,y) = 4y(1 — y).

iii. The function g belongs to the space C*(0,00) x C*[0,1] (i.e., analytic in t
and smooth in x).

iv. The estimates 0 < g(t,y) < 1, |g,(t,y)] < 4, =8 < gyy(t,y) < 0, hold for
every t > 0 and every y € [0, 1]

Proof. In the proof we make use of many properties of the heat equation [15].
Point i is obtained by a Fourier expansion and application of Duhamel’s Principle
for solving (7). That yields the solution

o . t 5
sin (Kmy R,
g(t,y)=22¥/ e He (" g(r)dr,
0

K
m=0 m

2The only extra detail required would be a minor modification of Lemma 3.6 to account for
the extra nonlinear terms in the pressure Poisson equation.
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and plugging in the expression (8) for ¢ and solving explicitly the integral (where
the assumption on ¢ is used), (59) is found.
Point ii is obtained by passing to the limit in (59) as ¢ goes to infinity. Then

o0 .
in (K
Jim g(ty) =163 T gy ) (60)
m=0 m
which can be verified by computing the Fourier series of 4y(1 — y) which coincides
with the infinite sum.
Point iii is a standard property of the solutions of the heat equation, taking into
account that ¢ itself is C¥(0,00) x C*°(0,1).
Point iv is proved using the maximum principle for the heat equation. Having
proved smoothness in Point iii, we can first consider the equation that g, verifies
by differentiation of (7)

(gyy)t = %(gyy)yy- (61)

The boundary conditions for (61) can be determined plugging (8) in (7), and taking
limit as y goes to 0 and 1. Then, using the fact that g(¢,0) = g(¢,1) = 0, it follows
that gyy(t,0) = gyy(¢,0) = —8(1 — e~“*). The initial condition is g,,(0,y) = 0, and
it holds that lim;_.« gyy(t,¥) = —8. By the maximum and minimum principle, and
since —8 < gyy(£,0) < 0, it follows that —8 < g, < 0.

Consider now g,. The fact that the boundary conditions of g are g(¢,0) =
g(t,1) = 0, the initial condition is zero, and (7) has constant coefficients in y,
implies that ¢ is symmetric around y = 1/2, i.e., g(y) = g(1 — y). Hence, it follows
that g, (y) = —g4(1 — y), which implies g,(1/2) = 0. Then,

g,(t,y) = ff/zgyy(t,n)dn for ye(1/2,1),
o —f;/ngy(t,n)dn for y€(0,1/2),

and the bound |g,(t,y)| < 4 follows. For g, one has

1 1
gt y) = - fy gy(n)dn = — fy f1n/2 gyy(t,0)dodn  for y € (1/2,1),
) - 1/2
foy gy(n)dn = — foy fn/ Gyy(t,o)dodn  for ye€(0,1/2),
and the bound |g(¢,y)| < 1 follows, thus finishing the proof of Point iv. O

4.2. Kernel equations, and proof of Proposition 3. We actually derive a more
general statement which includes Proposition 3 as a particular case. We first recall
the definition of the Gevrey class of functions, which plays an important role in
studying solutions of the heat equation (see [20, 8]). As shown later, solutions to
kernel partial integro-differential equations that appear in unsteady backstepping
theory are members of some Gevrey class.

Definition 4.2. A smooth function f defined on (0,T), for T € (0, o], is Gevrey
of order o, and we denote f € G*(0,T), if there exists numbers @, R > 0 such that,
for every positive integer k,

drf
dtk

(kD)

<Q

sup
te(0,7)

For a nonempty open subset O of R”, and for m € N, we denote by H"™>(0)
the set of functions ¢ € L>°(0O) whose derivatives 0%p, a = (o, ..., o) € N" with
la| = Y0 a; < m, are in L>(0) (with the agreement that H%>(0) = L>(0)).
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This space, endowed with its usual norm, is a Banach space. For functions of time
and space, we define the following classes.

Definition 4.3. Given m > 0 integer, a function f : (0,7)x O — R, (¢t,y) — f(t,y)
is said to be Gevrey of order « in time ¢ € (0,7") and H™>(O) in space, and we
denote f € G*(0,T; H™>(0)), if f(t,-) € H™>(O) for every time ¢t € (0,7,
f(t,-) possesses time derivatives of every order which also belong to H™*°(0), and
there exist numbers @, R > 0 such that, for every positive integer k,

LA RN
dtk Hm,oo (O) N Rk

sup
te(0,T)

Consider now the kernel equation
Yy
€y — el — Kult.yn) = ML (tyn) = S(tyon) + [ K(039F (0.6 n)de,
n

with boundary conditions

1 Y £0
K(t7 Y, y) = E 0 )‘(tu U)dO’ - g(T)a
v t t
K.0) = [ K(po) i - 200, (62)
0

in the domain (0,7") x 7, where ¢ > 0 and T' > 0. The following result hold, where
7 denotes the interior of 7 in R2.

Proposition 5. 1. (Finite time) Assume T € (0,00). For coefficients f, g,

A such that f € G0, T; H"=1°(T)), A € G*(0,T; H™*>(0,1)), and g €
G*(0,T; H™+1:20(0,1)), the problem (4.2)-(62) has a unique solution K €
G0, T; H™HLoo(T)).
2. (Infinite time) For coefficients f, g, A verifying
foe Go0,00i H™ () N L¥(0, 00, H™~H%(T)),
A€ Go(0,00; H™(0,1)) N L(0, 005 H™>(0, 1)),
g € G(0,00; H™12(0,1)) N L>(0, 00 H™ (0, 1)),
the problem (4.2)-(62) has a unique solution K € G*(0,00; H™1:°°(T)) N
L%°(0, 00; H™H120(T)).
This result includes Proposition 3 as a particular case, with a = 1, and passing
to the limit m — oc.

Proof. Let us prove the first item. In the following it will be assumed that 1 < a < 2.
For oo < 1 one has to substitute everywhere in the section a by 1. We follow [37]
to transform the PIDE into an integral equation. Applying the change of variables

¢ =y+nand =y —n, and devoting G(t,&,8) = K(t.y,n) = K (1, 552, 52),
the PIDE (4.2) is transformed into
deGep = Gi(t,€,8) + A(t, €, P)G(t, €, B) — B(t,€,5)

£+8
2

§+0 £+0 £ §-p
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with boundary conditions

—A
Gelt.co) = AL,
_ g o
G(f,g,f) = @ +‘/0 G(tug + 075 - U) g(t; )dU, (64)

in the domain (0,7T") x 73, where 7; = {(§,03) : 0 < ¢ <2,0 < 8 < min{&,2 — £} },

and where now

awes) = A(1552) egro.mmest),

B(t,&,8) = f (t#g) € GO(0,T; H™ V(T ")).

Changing the integration variable, we can rewrite Equation (63) as

4€G£B = Gt(t7§7/8)+A(t7§7/8)G(t7§7/8) _B(tugaﬁ)
B
+/ G(tE+0,0—0)f(t,o+ (£~ p),0)do.
0

Integrating, and using the boundary conditions (64), we reach

1 (&P 1 & P
G(t,§,0) = E/ / G (t,7,0)dodr + 4—/ / A(t,7,0)G(t,T,0)dodr
. €Jp Jo
1 € 18
__/ / B(t,7,0)dodr
de /g Jo
1 13 B8 o
+4—/ / / Gt 1+p,o—p)ftpu+(r—0)pn)dudodr
€Jg Jo Jo
1 [ 1
__/ A(t,m, 0)dr — —g(t, 6)
de B €
1 [P
+Z/ 9(t,0)G (t,5+ 0,0 — o) do, (65)
0

an integro-differential equation that only contains time derivatives and spatial in-
tegrals. Following [37], we seek a successive series approximation solution

G = ZGn(t7§76)7 (66)
n=0

with

IR I 1
Go(t,ﬁ,ﬁ):—z/ﬁ/o B(f,T,U)dO’dT—E/ﬁ A(f,T,O)dT—Eg(t,ﬁ),
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and for n > 0,

1 § B
Gn(t,§,8) = 4—/ / (Gpn-1)t(t,7,0)dodr
€ Ié; 0
1 & B
+—/ / A(t,1,0)Gn-1(t, T,0)dodr
4.6 3 0

1 (€ B ro
+E/ﬁ / / Gn1 (t,T—i—/},,O’—M)f(f,/L—f—(T_U),M)dudUdT
0 0
B

1
+E/ g(taU)anl (t76+076_0) do.
0
Since A, B, f and g are Gevrey are in G*(0,T; L°>°(71)), there exists R > 0 and
M > 0 such that

oF oF
" o (k1)
+w—ﬂh) ‘—ﬁ@» <& (67)
ot Loz 101 L>(T3) RF

for every ¢t € (0,T) and every k € N. Define now h(t, tg) = 1+t0, for ¢y € [0,T).
~ R

Then, 1 < |h(t,t0)| whenever ¢ € [, %/a + tp). Since

O%n(t,to) k! _ Klh(t, o)™
= e O
it is clear that, for ¢ € [to, %/a +to), one has erf!/a < ‘9’“’(19&%150), and hence, by (67),
ok ok
grAw| | s
H otr Leo(yy I OtF Lo (Ty)
ok ok OFh(t, o)\
slgren| |gae]| <o (ZERBYL
Bt Lo=(7y) 1Ot L>=(Ty) otk

for every k € N. We consider a uniform subdivision of (0,T") into m subintervals,

(0,7) = <o, %/a) U (R;/Q,Rl/a> Ul <(m - I)R;/Q,T) o (69)

where m is chosen so that the length of the last subinterval is less than or equal to
R;/a. For each subinterval, set ¢y as the infimum of the subinterval.

We show the proof for the subinterval ¢ € (0, %/Q); it proceeds equally for the rest
of the subintervals because ty does not appear explicitly in the computations. This
means that the bounds obtained below for the interval (0, %/a) uniformly holds in
the whole interval (0,7). Hence, it suffices to prove the result for ¢ € (0, %/a)

Denote h(t,0) = h(t) for simplicity. We prove the existence of the solution defined
by the successive approximation series using a variant of the classical method of
majorants (see [29] for a similar proof).

We claim that for all n >0, k > 0, and (¢,¢&, ) € (0, %/a) x T1,

k k @ 41 ~ —
Gt < (ney) VI .
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whereﬂy:2—a>0and02%+¥.
Assume the above formula is true (it is proved next). Then, substituting in the
successive approximation series (66), one has, for k > 0,

onen| < 5 (L) CITETT

|
N
o))
S
=~
o
»
S—
~~—_
Q
—~
\]
—
S~—

where

n crtb/ez /(14 B)n(1+ &+ B)n
H(t,&,B) = Zh n¢ \/(nm/a

o o
is an analytic function of all its variables in (¢,&,3) € [0, %] x 71, whenever
a < 2. This is easily seen for & and 8. To see it for ¢, substitute & and 3 by their
maximum (2 and 1 respectively). Then,

n+1)/a 20

té—ﬁ Zh n+1 n"y/a _Zh n+1D+

To check analyticity on [0, %/a], since all terms in the sum are already analytic, we
extend H to a disk of radius R'/® in the complex plane, i.e. t € C, [t| € [0, %/a] and

check convergence for t on compact subsets [33] of the disk. Set then ¢ = RIQ/Q (1-0),
where o € [0,1]. Then,

> /2D \"" 1
H(t’g’ﬁ)gz(a—i—l) )

n=0

which converges for all values of D, o, §. Therefore H is also analytic in ¢. Then, by
using (71), it follows that G is in G*(0,T; L*°(71)). Note that, as was stated before,
the proof holds as well when using h(t, to) instead of h(t,0), for t € [to, to + RI/Q)

It remains to prove the estimate (70), by induction on n. For n =0 and k = 0,
one has, using (68),

1 N 1 o, 1 oM
IGolt €, B)] < E/ﬁ /0 Mh(t) dadT—i—E/ﬁ Mh(t)dr+ - M) 22 < Oh(t)”,

€

and forn =0, k > 0,

9 Gol(t, &, B) “
‘7&% ‘ < / / ((‘%k t ) dodt
d M o —h(t ad d
+4e atk ot otk (*) aar

5 (o) o)

o (70) is true for n = 0.
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Suppose now it is true for n — 1. Then, for k = 0,
aC:n 1

|G (t,€,8)] < (t,7,0)dodr

+L / / MA(t)® |G| (1,7, 0)dodr
46 Ié; 0

1 & B o
+_/ / / |G| (6,7 + p, 0 — p) Mh(t)*dudodr
4e Jé; 0 0

8
+% /0 MB)® |G a| (1 B+ 0, — 0)dor

and, using the induction hypothesis (70),

Gut&D < o /5 [ (%m)")acn E’(’;iﬁ)f)j)“dm

e R

/ / / ey O ¢o(—(nj1;!<):+ff>"‘ldudad7

ninye C" \/ — o)1 (2p)"
g ) werey SR

We have the following estimates:

/ / Vo (7 + o) dodr < 8W,

/// (0 — ) Y1 + o) tdudodr < 4 fn(fﬁ‘)ﬁ)’

nl nl M
/\/ (26)"—tdo < 2 o

)

from which it follows that
Galtot, 9] < (n(ey+)” & (i:’)(& A"

Similarly, for k& > 0, using Leibnitz’s formula together with (68) and the assumption

hypothesis (70),
/ / Ot ) CVe o)
Sk Pl (n— 1)) oer

oraG,
EELC G

otk
i (t,, cr)) dodr

/ / / (g a; t>>a % (ta7+u,cr—u)> dudodr
+¥/0 (i( ]f ) (a_ﬁh(t)) % (t,5+a,5—0)> do. (72)
i=0
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Using the previous estimates, we get

oG 2 (O NT On/Br(E+ B)n 3M oM
‘ G Z(Wh(”) (n+1)2((n—1)!)7+<e(n+1)+T)

x <Z: (’;) (%h(t))a (%h(m)a> g:r f)’(‘fj&){; , (73)

For the first line, we will use
0" n 01
—h(t)" = ——=—
Ot ( ) Rl/a oti—1

h(t)"t. (74)

For the second line, using

<%h(t)) (%h@"> _n(n—l—k)(n—i—k—i!l)...(n—i—k—i) (gsih( Wl)’

we get
£0) <—><>

(0 T s () (k= 1) (k—i+1)
_<atk H) z% c(nt+k—dq)e (75)

Lemma 4.4. Forn,k > 1, we have

z’“: iNo1k(k )..(k—i+1)<1
. (n+k)...(n+k—-9)> “n

Proof. Since 1 < o < 2, it suffices to prove the inequality for o = 1, that can be
written as

S =14k —i)n—2+k—i)...(k—i+1) _1
m+Ek)n+k-1)...(k+1) - n
The proof is then obvious, by induction on n. |

Using (74), (75) and Lemma 4.4, we get, from (73),

kG, o\ e /Br(E+ B
| < (o) COL

thus proving (70).

We have proved that G € G*(0,7; L>°(71)). To get higher regularity in space,
we differentiate in the ¢ variable the integral equation (65), obtaining

Ge(t,6,.8) = —/ Gi(t, &, 0 dO’dT+—/ A(t, &, 0)G(t, &, 0)dodr
—/ / G(t,&+p,o—p) ft,p+ (§— o), pu)dudodr

——/ (t, &, 0) deT—— (t,£,0)dr
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which explicitly defines G¢. Next, we differentiate in the (3 variable the integral
equation (65), reaching

3 B
Ga(t,&.8) = i/ Gt(t,T,ﬁ)dT—i/ Gi(t,B,0)do

_/ (t,7,3)G(t, T, B) T——/ (t,B,0)G(t,3,0)do

1

vy ; B(t,T,ﬁ)dT—l—E/o B(t,,0)do

£ B
i//G(t,wu,ﬁ—mf(t,w(r—ﬂ)wdudr

//Gtﬁﬂwf— w) f @t p+ (8 —o0), ) dudo
—|— A(t 3, )T——gﬁ(t B)
1 [P

—|—€g(t, B)G (t,253,0) + - /0 g(t,0)Gg (t,8+ 0,0 —0)do

B
. / 9t,0)Ce (8,8 + 0,8 — o) do,
0

€

an integral equation for Gg. It can be written as

B
Golt.&.8) = B(.E0) + 7 [ 9lt.0)Gy (.94 0.9 —0)do

where the function ®(¢,&, ) is computed from G, A, B, and g. This equation is
solved using a successive approximation scheme as before. We skip the details.
Hence, G¢ and G are well-defined, as long as gg is well-defined. Iterating this
process, higher order derivatives can be computed as long as the coefficients are
differentiable. It follows that the regularity of G is determined by the regularity

of the coefficients; it is proved by induction that G € G%(0,T; H™T%°°(7T1)). This
means that G has the same regularity as g, has one more derivative than A\, and
two more derivatives than f. Moreover, repeating this argument for all values of
m, if the coefficients are smooth in space, then the kernel is smooth in £ and 3.

The second item of Proposition 5 is proved similarly, covering the 1nﬁn1te interval
(0, 00) with an infinite number of uniform subintervals of the form [t, Zo— +t0) We
obtain the same bounds for G. Hence a compactness argument is not requlred, as
we obtain a uniform, finite bound for G, showing that the successive approximation
series is well-defined for all times. O
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