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Invariants of algebraic curves and topological expansion

B. Eynard®, N. Orantin?

Service de Physique Théorique de Saclay,
F-91191 Gif-sur-Yvette Cedex, France.

Abstract:

For any arbitrary algebraic curve, we define an infinite sequence of invariants. We
study their properties, in particular their variation under a variation of the curve, and
their modular properties. We also study their limits when the curve becomes singular.
In addition we find that they can be used to define a formal series, which satisfies
formally an Hirota equation, and we thus obtain a new way of constructing a tau
function attached to an algebraic curve.

These invariants are constructed in order to coincide with the topological expansion
of a matrix formal integral, when the algebraic curve is chosen as the large N limit of
the matrix model’s spectral curve. Surprisingly, we find that the same invariants also
give the topological expansion of other models, in particular the matrix model with an
external field, and the so-called double scaling limit of matrix models, i.e. the (p,q)
minimal models of conformal field theory.

As an example to illustrate the efficiency of our method, we apply it to the Kont-
sevitch integral, and we give a new and extremely easy proof that Kontsevitch integral

depends only on odd times, and that it is a KdV 7-function.

I'E-mail: eynard@spht.saclay.cea.fr
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1 Introduction

Computing the topological expansion of various matrix integrals has been an interesting
problem for more than 30 years. The reason for it, is that formal matrix integrals (cf
[T] for a definition of formal integrals), are known to be combinatorics generating
functionals. Some formal matrix integrals enumerate maps, or colored maps of given
topology [14}, 26, 7], some count intersection numbers (the Kontsevitch integral and
its generalizations [58]), and physicists have also tried to reach the limit of continuous

maps through critical limits, and thus tried to recover Liouville’s field theory [B7, 2§].

Many methods have been invented to compute those formal matrix integrals, and
the most successful is undoubtedly the "loop equations” method [53, 24], which is
in fact nothing but integration by parts, or Tutte’s equations [73] [74], or Schwinger—
Dyson equations, or Ward identities, or Virasoro constraints, or W-algebra [26]. Until
recently, those loop equations were solved only for the first few orders (mostly planar
or torus), and case by case (for each matrix model). One of the most remarkable
methods was obtained in [7]. Let us also mention that other methods were invented
using orthogonal polynomials [67] (only in the case were the formal integral comes from
an actual convergent integral), or topological string theory methods [65), 22, [TT] using

the so-called holomorphic anomaly equations.

In 2004, a new method for computing the large N expansion of matrix integrals
was introduced in [33], and further developped in [0, I7]. The starting point of that



method was not new, it was the same as in [{], it consists in solving the loop equations
recursively in powers of the expansion parameter 1/N?2 where N is the size of the
matrix. To leading order, loop equations become algebraic equations, and give rise to
an algebraic curve £(z,y) = 0 where £ is some polynomial in 2 variables, which we
call the “classical spectral curve”.

The new feature which was introduced in [33] was to use contour integrals and
functions on the curve rather than on the z-plane as in [7]. When written on the
curve, the loop equations, together with the Cauchy residue formula and the Riemann
bilinear identity, simplify enormously, and take a very universal structure which can be
written entirely in terms of geometric properties of the curve. In other words,
the solution of loop equations of many different matrix models, depends only on the
properties of the spectral curve, and not on the matrix model which gives that curve.
In particular, they can be written for any arbitrary algebraic curve, even for curves
which don’t come from matrix models. It is thus tempting to define ”free energies” for

any algebraic curve. This is what we do in this article.

Therefore, in this article, for any arbitrary algebraic curve £(x,y) = 0, we define an
infinite sequence of complex numbers F9(€), computed as residues of meromorphic
forms on the curve. Out of these F'9)(€)’s, we build a formal power series:

InZy(€) ==Y N*F0(E) (1-1)

g=0
and we study its properties.

We compute the variations of F(9) under variations of the curve (variations of its
complex structure, its moduli, and modular transformations). We show that the F(9)’s
are invariant under some transformations of the curve, namely under transformations

of the curve which preserve the symplectic form up to a sign +dz A dy.

We also show that Zx(€) satisfies bilinear Hirota equations, and thus Zy(€) is a
formal 7-function, and we construct the associated formal Baker-Hakiezer function [9.

We thus have a notion of a 7 function associated to an algebraic curve. Such
notion has already been encountered in the litterature [9], and it is not clear whether
our definition coincides with other existing definitions. What can be understood so
far, is that we are defining a sort of quantum deformation of a classical 7-function
whose spectral curve is £. The classical 7 function being only the dispersionless limit
In Zy (&) = —FO (&), while our Zy (&) concerns the full system.

Almost by definition, if £ is the algebraic curve coming from the large N limit of

the loop equations of a matrix model, then Zy () is the matrix integral.



What is more interesting is to see what is Zy(&) for curves not coming from the
large N limit of the loop equations of a matrix model.

We study in details a few examples.

- The double scaling limit of a matrix model. It has been well known since [51], 26],
that if we fine tune the parameters of a matrix model so that the algebraic curve £
develops a singularity, the free energies become singular and the most singular part of
the free energies form the KP-hierarchy 7-function (KdV hierarchy for the 1-matrix
model). We show, by looking at the double scaling limit of matrix models, that the
KP 7-function (resp. KdV 7-function), coincides with our definition for the classical
limit of the (p, ¢) systems (resp. (p,2)).

- It has been well known since the works of Kontsevitch [58], that the KdV 7-
function can be represented by another matrix integral called Kontsevitch integral.
Kontsevitch introduced that integral as a counting function for intersection numbers,
and proved that it is a KdV 7-function. One of the key features is that it depends on
the eigenvalues of a diagonal matrix A, only through the quantities t;, = tr A% for
odd k (cf A9, 26]). Another important known property is that, if ¢, = 0 for k > p, it
coincides with the (p,2) 7-function found from the double scaling limit of the 1-matrix
model, i.e. the (p,2) conformal minimal model.

Here, we prove that the Kontsevitch matrix integral coincides with our Zy (&) when
£ is the large N limit of the Schwinger—Dyson equation of the Kontsevitch integral.
The remarkable fact, is that for our Zy(&), the above properties (i.e. the fact that it
depends only on odd #;’s and the fact that it gives the (p,2) 7-function if ¢, = 0 for
k > p) are trivial. We thus provide a new proof of those properties, and maybe a new

interpretation.

2 Main results of this article

In this section we just sketch briefly the contents of the main body of the article.

2.1 Definitions

Given a polynomial of two variables £(x,y), we construct an infinite sequence of mul-

tilinear meromorphic forms over the curve of equation £(z,y) = 0, which we call:

Wég)(pl,pm ) , k,g € N. (2-1)

In particular Wo(g) = —F9) are complex numbers F'9)(&).
The F@’s and the W,fg Vs are defined in terms of residues near the branchpoints of

the curve only, i.e. they depend only on the local behavior of the curve near its
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branch points.

Then we show some properties:

e the W,gg)’s are symmetric in their k£ variables;
e there is a "loop insertion operator” which increases k — k + 1:
DB(pk+1,.)W]§g)(p17p27 s 7pk) = Wk(i)l(plvp% s 7pk7pk+1); (2_2)

e there is an inverse operator which contracts £k — k — 1:

pkﬁbrla%neclslpoints (b(pk) W]gg)(pl’p% e ’pk) - (29 + k— 3) ngg)l(plap% cee apk—l).
(2:3)

The F9’s and the W,gg Vs are defined in a way which mimics the solution of matrix
models loop equations, and almost by definition, they coincide with matrix model’s
free energy and correlation functions when the polynomial £ is chosen as the classical

large N limit of the matrix model’s spectral curve:

In < / dM exp —N Tr V(M)) ==Y N> PO (Epy) (2-4)
g=0
and
dxz, dzo dxy, B o 220k (9)
<Tr T L xk_M> _;N WD (p(r), p(as), ., pla))
(2-5)

The same construction works also for the 2-matrix model and the matrix model in
an external field:

Fiihg = FO(Enni)
Fyihg = F (Exni)

E e(ft).ﬁeld = F9(Euxt fela)- (2-6)
in particular it works for the Kontsevitch integral
FI((%)ntsevitch = F(g) (EKOHtSCVitCh) (2‘7)

where the LHS is the topological expansion of the corresponding matrix integral, and
the RHS is the functional defined in this article, applied to the curve £(x,y) = 0 coming
from the large N limit of the Schwinger—-Dyson equations of the corresponding matrix
model.

Let us emphasize that not every curve £ is the large N limit of a matrix model’s
spectral curve, and thus our functional F9) (&) is defined beyond matrix models, and
is really an algebro-geometric object. It has many remarkable properties, and we list

below some of the most important ones:



2.2 Remarkable properties

Theorem Diagrammatic representation:

W)= Y, w@)=uw > ¢ (2-8)

GG (pp1,-wmpi) GEG) (pp1,-rpi)
where g,ﬁi’l(p, p1,-- -, Pk) is aset of trivalent graphs (built on trees), and w is a Feynman-

like weight function associating values to edges and integrals (residues in fact) to ver-
tices of the graph.
This theorem is important because it makes all formulae particularly easy to re-

member, and many theorems below can be proved in a diagrammatic way.

Theorem Singular limits: if the curve becomes singular, the functional F'9)

commutes with the singular limit, i.e.:

lim F© (&) = FY(lim &). (2-9)

Theorem Integrability: the formal series:

InZy(&) = — f: N2729 pl9)(£) (2-10)

9=0
obeys Hirota’s bilinear equations, and thus is a 7 function.

Theorem Homogeneity : F9 () is homogeneous of degree 2 —2g in the moduli

of the curve: "
OF
(2-29)F9 = "t T (2-11)
k

Theorem [B.1] Deformations : if the curve £ is deformed into £ 4+ &, the differential
ydz is deformed into ydr — ydx + §(ydx) where §(ydx) is a meromorphic one-form
which we denote d(ydx) = —Q, and which can be written as: Q = [, WQ(O)A for some

appropriate contour df) and some appropriate function A. Then we have:

6W]§g)(p17p27 v 7pk) = / A(pk+1) W]g(i)l(plvp% e 7pk7pk+1)- (2_12>
o0

Theorem [1] Symplectic invariance : F¥ (&) is unchanged under the following

changes of curve &(z,y):

y — y+ R(z) : R(z)=rational fraction of =,
y—cy, r—clr ) c=complex number,
Yy—-y, +—T,

y—x, x—y.

(2-13)



all those transformations conserve the symplectic form dx A dy up to the sign.

Theorem Modular transformations : the modular dependence of F9 (&)
is only in the Bergmann kernel (defined in section BIH), and thus the modular
transformations of F@(€) are derived from those of the Bergmann kernel. Under
a modular transformation, the Bergmann kernel is changed into B(p,q) — B(p,q) +
2im du(p)kdu(q), and thus we introduce a new kernel for any arbitrary symmetric ma-

trix k:
B(p,q) — B(p, q) + 2im du(p)kdu(q) (2-14)

We thus define some Fé"’(e ), and we compute:

OF9)
oK

(2-15)
We also remark that when r = (7 — 7)~1, F{Y(€) is modular invariant.

2.3 Some applications, Kontsevitch’s integral

(p, ¢) minimal models, KP and KdV Hierarchies: it is well known [26] 20] that

some rational singular limits of matrix models correspond to (p,¢) minimal models,
and theorem implies that:

FY9 — Fo)(g 2-16

( (pvq)) ( )

(p,q)

and it is well known that (p, ¢) minimal models are some reductions of KdV hierarchy
for ¢ = 2 and KP hierarchy for general (p, q).

Notice that the = < y symmetry of theorem [Tl (i.e. Eq. (2=I3)) implies the famous
(p,q) < (q,p) duality [26, 28, H6].

Kontsevitch integral’s properties: Kontsevitch’s integral is defined as:

3 (@)
ZKontseVitch (A) - /dM e—NTr %_MAQ ) ln ZKontseVitch - - Z N2_2g FI((?ntscvitch
g=0
(2-17)
and we define the Kontsevitch’s times:
1
b=+ Tt AR, (2-18)

It is straightforward to write the Schwinger-Dyson equations and find the classical

spectral curve:

— 1 T 1.1
gKontscvitch = { x(Z) j_'_ 2N T AR . (2-19)



According to theorem [[{L3, we have:

FI((g) F(g) (gKontscvitch>- (2-20)

ontsevitch —

Using the x < y invariance of eq2=13], we see that the only branch point in y is located
at z = 0, and since the F9)’s depend only on the local behavior near the branchpoint,

we may perform a Taylor expansion of z(z) near z = 0:

2(z) = 2 — 25700 thaozt
Exontseviteh (t1, 12, . ..) = 2 £k=0 . 2-21
it .- = { 79 7578 (2-21)
From the symplectic invariance theorem [l (i.e. eqB=13)), we may add to = any
rational function of y i.e. of 22, thus we may substract to x its even part, and thus the

following curves are related by symplectic invariance:

gKontsovitch(tlv t27 t37 .- ) ~ gKontsovitch(tlu 07 t37 07 t57 .. ) (2_22)

9)

We thus have a very easy proof that Féontsevitch depends only on odd times.

Moreover, if t, = 0 for £ > p + 2, we have:

1 P k
z(z Z— 5 _otpaoz
gKontseVitch(tla t2> cee >tp+2a 07 o ) = { yEzg — 22 _'_2tlz:k_0 2 (2_23)

which is exactly the curve of the (p,2) minimal model, i.e. it satisfies KdV hierarchy.

We thus have a very easy proof that Zkonseviten 1S @ KAV tau-function.

Those are old and classical results about the Kontsevitch integral, and we just

propose a new proof, in order to illustrate the power of the tools we introduce.

3 Algebraic curves, reminder and notations

We begin by recalling some elements of algebraic geometry, which are used to fix the
notations. We refer the reader to [46] or [A7] for further details about algebro-geometric

concepts.
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— Summary of notations

E(x,y)=0 — classical spectral curve.

dy+1=deg, & — a-degree of the polynomial £.

dy +1 =deg, & — y-degree of the polynomial £ (number of sheets).

a={a;} — set of branch points dz(a;) = 0.

a={a;} — poles of ydzx.

g — genus of the curve.

AN B; = by — cannonical basis of non-contractible cycles.

du; — cannonical holomorphic forms 55 A, du; = 0;;.

Tij = fBj du; — Riemann’s matrix of periods.

u;(p) = ;0 du; — Abel map.

A=A—-r(B-TA) — k-modified A-cycles

B=B-71A — k-modified B-cycles, A; N B; = 0;;

dSq .4 (D) — 3rd kind differential with simple poles ¢; and g¢s,
such that Resg dS;, 4 = 1 = — Resy, dS,, 4, and
fAi dSgy,4, = 0.

B(p,q) — Bergmann kernel, i.e. 2nd kind differential with
double pole at p = ¢, no residue and vanishing A-
cycle integrals.

z = ﬁ+27m — regular odd characterisic, i.e. Zle n;m; =odd.

dh, =3, %v(f) o du; —— Holomorphic form with only double zeroes.

E(p,q) = b= (up)—u(9).7) — Prime form independent of z, with a simple zero at

dh(p)dh=(q) p=aq.

®(p) = [V ydx — some antiderivative of ydz defined on the universal
covering.

P, x(p) = z(p) — if p is near a branchpoints a, then p # p is the
unique other point near a such that z(p) = z(p).

p'(p), z(p') = z(p) — The p'’s, i = 0,...,ds, are the pre-images of z(p)
on the curve. By convention p°(p) = p.

Dg = bg + tr (kdq7 k%) — Covariant variation wrt Q = §(ydz).

Consider an (embedded) algebraic curve given by its equation:

E(x,y)=0 (3-1)

where £ is an almost arbitrary polynomial of two variables. This is equivalent to
considering a compact Riemann surface > and 2 meromorphic functions z and ¥, such
that

vpeX ,  E(z(p),ylp) =0.

We only require that £(x,y) is not factorizable, and that all branchpoints (zeroes
of dzx) are simple, i.e. near a branchpoint a;, y behaves like a square root \/x — x(a;).

(3-2)

11



q(2) 66

q P (3-4)
alK ,

a M

x@  x(p) ¢

Figure 1: Example of an algebraic curve with two z-branch points a; and a; and a
three sheeted structure (z has three preimages). One can see that the map p — P is not
globally defined, for instance when ¢ — p, we have § — p®. The notion of conjugated
point depends on the branch point.

3.1 Some properties of algebraic curves

3.1.1 Sheets

For each complex =, there exist dy + 1 = deg, £ solutions for y of £(x,y) = 0. This
means that there are exactly da+1 points on the Riemann surface ¥ for which z(p) = z:
> has a sheet structure with ds + 1 z-sheets. We call them:

rip)=z < p=p(x), i=0,...,ds. (3-3)

3.1.2 Branch points and conjugated points
Let a;, it =1,...,n, a={ay,...,a,} be the set of branch-points, solutions of dz = 0:
Vaca dz(a) = 0. (3-5)

Since we assume that the branch-points are simple zeros of dx, we have the following
property: if p is in the vicinity of a branch-point a;, there is a unique point p # p, such
that z(p) = x(p), which is also in the vicinity of a;. P depends on i, and in general, p
is not globaly defined (see fig. [l for an example).

Notice that 7 is one of the p* defined in the previous section.

3.1.3 Genus, cycles, Abel map

If the curve has genus g , there are 2¢ homologicaly independent non-trivial cycles,

and we may choose a (not unique) cannonical basis:

A;NB; = d;; : ANA =0 : B,NB.=0. (3-6)

12



(3-11)

A

Figure 2: Example of canonical cycles and the corresponding fundamental domain in
the case of the torus (genus g =1).

The simply connected domain obtained by removing all A and B-cycles from the curve
is called the “fundamental domain” (see fig.(l) for the example of the torus).
On a genus g curve, there are g linearly independent holomorphic forms

duy, ..., dug , which we choose normalized on the A-cycles:

A,

=J

The Riemann matrix of period is defined by the B-cycles

Tij :f dul (3-8)
B.

J

They have the property that
Tij = Tji , Im7 > 0. (3-9)

Given a base point py on the curve (we assume it is not on any A or B-cycle), we
define the Abel map

u;i(p) = /p du; (3-10)

where the integration path is in the fundamental domain. The g -dimensional vector

u(p) = (ui(p), ..., ug (p)) maps the curve into its Jacobian.

3.1.4 Theta-functions and prime forms

We say that z € C# is a characteristic if there exist two vectors with integer coeffi-
cients @ € Z¢ and b € Z¢ such that:

a b
2=217 (3-12)
2
z is called an odd characteristic if
g
> " aib; = odd. (3-13)
i=1

13



Given a characteristic z = “J;Tb, and given a symmetric matrix 7;; = 7;; such that Im7

is positive definite, and a vector v € C# | we define the 6, function:
0.(v,7) = Z eiw(ﬁ—5/2)tr(fi—5/2) e2i7r(v+d/2)t.(fi+5/2)' (3-14)
nezg
If z is an odd characteristic, 6, is an odd function of v, and in particular 6,(0,7) = 0

and we define the following holomorphic form:

g
00, (v)
dh,(p) = du;(p) . ) 3-15
(p) ; ui(p) o | (3-15)
All its ¢ — 1 zeroes are double zeroes, so that it makes sense to consider its square

root defined on the fundamental domain. The prime form is:

E(p, q) _ 6z(u(p) - U(Q)) (3-16)

Vdh.(p) dh.(q)

It is independent of z, and it vanishes only if p = ¢ (and with a simple zero), and has

no pole.

3.1.5 Bergmann kernel

We define a bilinear meromorphic form called the “Bergmann kernel” [10, 48]
B(p, q) = Bergmann kernel (3-17)

as the unique 1-form in p, which has a double pole with no residue at p = ¢ and no
other pole, and which is normalized such that

UL L) . _ _

where z is any local coordinate on the curve in the vicinity of ¢. The Bergmann kernel
depends only on the complex structure of the curve, and not on the details of £. For
instance if £ has genus zero, B is the Bergmann kernel of the projective complex plane

(the Riemann sphere), and if the curve has genus 1, B is related to the Weierstrass

function.
Properties:
B(p.q) = B(g,p) 7{63 B(p, q) = 2im dui(p)- (3-19)
For any odd characteristic z, we have: o
B(p,q) = dpdqIn (0:(u(p) — u(q))) (3-20)
If f(p) is any meromorphic function, its differential is given by
df(p) = Res B(p,a)f(q). (3-21)

14



3.1.6 3rd type differentials

Given two points ¢; and gz on the curve , we define the 1-form dS, . by:

ds, () = / " Blp.q) (3-22)

q2

where the integration path is in the fundamental domain.

dS,, ,, 1s the unique meromorphic form with only simple poles at g, and gz, such

that:

—q1,92 —q1,92 —q1,92

Res as, .. =1=— Res as : j{ s, . = (3-23)

Eas)

3.1.7 Modified set of cycles:

In order to easily deal with modular properties of the objects we are going to introduce,
it is convenient to define some modified cycles and kernels with an arbitrary symmetric
matrix k. When x = 0, all those quantities reduce to the unmodified ones. The

modular transformations of the modified objects, merely amount to a change of k.

We thus choose an arbitrary g x g symmetric matrix « with complex coeffi-

cients, and we define another set of cycles:

A = A - Zf% (B; - ZTJZAZ
B = B, - Z T A (3-24)
They satisfy:
A; N B; = 0,5 ., AnNA =0 , BnNnBj=0 (3-25)

and we straightforwardly have

f de = 6ij s f de =0. (3-26)
i B;

3.1.8 Modified Bergmann kernel

We also define the modified Bergmann kernel, normalized on A instead of A:

B(p,q) = B(p,q) + 2ir Z du;(p) kij du;(q). (3-27)

It is such that
B(p.g) = Bla,p) . f B=0 | 74 Blp,q) = 2irdus(p)  (3-28)
Ar qeB;
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and if f(p) is any meromorphic function, its differential is given by:

df(p) = Res B(p,q)f(q). (3-29)

q—p
e For Kk =0 we have B = B.

e For k = (T — 7)~', B is the Schiffer kernel [I0), 48], and it is modular invariant.

3.1.9 Modified prime form
Similarly we define a modified prime form:
E(p,q) = E(p, q) e*™ @)l (3-30)

It vanishes only if p = ¢ (with a simple zero), and has no pole.

3.1.10 Modified 3rd type differentials

In the same fashion, we define the modified 3rd type differentials dS,, 4, by:

05, 0r(p) = / " Blp.q) (3-31)

a2
where the integration path is in the fundamental domain.
dSy, .4, 1s the unique meromorphic form with only simple poles at ¢; and ¢o, such
that:
Res dSy, 4, =1 = — Res dS,, 4 , % dSy .4 = 0. (3-32)
@ a2 A

Properties:

dSﬂh,qz = _dqum (3'33)

o () )Y L g
Spanlp) = dy1n (D ZUIN ) g S it ~wle) 631
$ d500 = 2im(usta) - ulan) (3-35)
dg, (dSq1,4:(p)) = Bla,p) (3-36)

P2 q2
| aSun= [ dS (3-37)
pP1 q1

Cauchy residue formula: for any meromorphic function f(p) we have:

f(p) = - III}EE dSth,tlz (p)f(QI>’ (3_38)

16



3.1.11 Bergmann tau function

The Bergmann 7-function 75, was introduced and studied in [61], 62, B7], it is such

that

Oln (75,) _ o B(p,p)
Oz (a;) p—a; dz(p)

It is well defined because the Rauch variational formula [68] implies that the RHS is a

(3-39)

closed form. Notice that 75, is defined only up to a multiplicative constant which will

play no role in all the sequel.

3.2 Examples: genus 0 and 1

e Genus 0

If the curve £ has a genus g = 0, it is conformaly equivalent to the Riemann sphere,
i.e. the complex plane with a point at co, and there exists a rationnal parametrization
of the curve. It means that there exists two rational functions X (p) and Y'(p) such
that:

E(xy)=0 < FpeC,z=Xp),y=Y[p) (3-40)
In this case, the Bergmann kernel is the Bergmann kernel of the Riemann sphere:
dpdq
B(p,q) = B(p,q) = 5 =dyd, In(p—q). (3-41)
(»—q)
The prime form is:
p—q
E(p,q) = E(p,q) = : (3-42)
Vidpdq
e Genus 1
If the curve has genus g = 1, then it can be parametrized on a rhombus corresond-

ing to the fundamental domain of a torus (see fig. ). It means that there exists two

elliptical functions X (p) and Y (p) such that (see [75] for elliptical functions):

E(x,y)=0 < FpeC,z=X(p),y=Y ()
Xp+1)=Xp+1)=X(p , Yp+)=Yp+71)=Y(p) (3-43)

Then, the Bergmann kernel is the corresponding Weierstrass function [75]:

™

B(p,q) = (p(p—q,7) + E) dpdgq. (3-44)

The prime form is:

~ bilp—q7)
E(p,q) = 0.V 0o (3-45)

When k = 2@.;517, the modified Bergmann kernel is the Schiffer kernel, and if ¢ =1

it is the Weierstrass function:

B(p,q) = p(p —q,7) dpdg. (3-46)
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3.3 Riemann bilinear identity

If w; and wy are two meromorphic forms on the curve. Let py be an arbitrary base

point, we consider the function ®; defined on the fundamental domain by

®(p) = /P wi. (3-47)

g
1
p_}ﬁlepsolos ®1(p)wa(p) = Py ;ji Wy ji Wy — ji Wy %A. wy. (3-48)

Note that this identity holds also for the modified cycles with any k:

fofofaf e

We have

1
Res  @1(p)wa(p) = 2—

p—all poles

1 MW

In particular with wy(p) = B(p, ¢), we have:

p—ETFpSoles dSp po( Z du;(q f a (3-50)

and:

w(g)= Res dS,,(q +Zdul 7{ . (3-51)

p—polesof w )
’L

3.4 Moduli of the curve
The curve £(x,y) = 0 is parameterized by:
e agenus ¢ compact Riemann surface ¥, with periods Tij-

e punctures «a; at the poles of x and y, whose moduli are given by the negative

coefficients of the Laurent series of ydx near the poles.

e the A-cycle integrals of ydz, called filling fractions.

3.4.1 Filling fractions

We define: )
i = — d 3-52
= 55z v (3-52)

which are called “filling fractions” by analogy with matrix models ([35]).
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3.4.2 Moduli of the poles

Consider a pole « of ydz, define the “temperatures”:
to = Res ydx. (3-53)

Notice that:

D ta=0. (3-54)

Then consider the 3 cases:

e Either « is a pole of = of degree d,, then we define the local parameter near « as:

za(p) = x(p)7a; (3-55)

e or « is not a pole of x neither a branchpoint (thus it is a pole of y), then we define

the local parameter near « as:

1

£ — (@) 50)

Za(p) =

e or « is not a pole of x, and it is a branchpoint (thus it is a pole of y), then we

define the local parameter near « as:
1

za(p) = m- (3-57)

In all cases, in the vicinity of «, we define the “potential”

Valp) = Res slaola) n (1= =27 (359)

which is a polynomial in z,(p):

deg Vo

Va(p) = > tar2E(p). (3-59)

The t,  are the moduli of the pole «.

We have the following properties:

dVa(p) = Res y(q)dz(q) %, (3-60)
Res dV =0 (3-61)
and
N _, dzp) | d7a(D) ]
y(p)dz(p) o dVa(p) — ta o (?) + O( ) )- (3-62)



We have from Eq. (B=21)):

y(p)da(p) = =) Res B(p, a)Va(a) + D tadSaolp) + 2im Z eidui(p).  (3-63)

67

If we introduce
Box(p) = — Res B(p,q) za(q)", (3-64)

q—)

we can turn this expression to
ydr = Z tokBak + Z tadSa,o + 2im Z e;du;(p) (3-65)
ak a i

in order to exhibit the moduli of the curve.

4 Definition of Correlation functions and free ener-
gies

In all this section, the curve £(z,y) = 0 and a symmetric matrix x are given and fixed.
The unfamiliar reader may choose £ = 0 since most usual applications (matrix models)

correspond to that case.

4.1 Notations

Consider an arbitrary point p € 3, and a point g of ¥ which is in the vicinity of a
branch point a; (so that g is well defined). We define:

Definition 4.1 Diagrammatic rules:

vertex :  w(q) = (y(q) — y(q))dz(q) (4-1)
line — propagator : B(p,q) (4-2)
1 9
arrow — propagator : dE,(p) = 5/ B(&,p) (4-3)

where the integration path is a path which lies entirely in a vincinity of a; (thus it is
uniquely defined)?.

root : d(q) = /q ydx (4-4)

where o is an arbitrary base point on the curve, i.e. ® is an arbitrary antiderivative of
ydz, i.e. d® = ydx.

3This definition is the opposite of the notation used in A0, [T9] since the integral goes from ¢ to q
instead of going from 7 to q.
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The reason why we call these objects diagramatic rules and vertices, propagator or
root, is explained in section below.

Notice that dE depends on ¢, i.e. on which branchpoint we are considering, but we
omit to mention the index ¢ in order to make the notations easier to read. In all what

follows it is always clear which ¢ is being considered.

Notation for subset of indices:
Given a set of points of the curve {p1,pa,...,pn}, if K = {iy,d9,... i} is any

subset of {1,2,...,n}, we denote:
Pk = {pilapim cee 7pzk} (4'5)

4.2 Correlation functions and free energies

4.2.1 Correlation functions

The k-point correlation functions to order g, Wég), are meromorphic multilinear

forms, defined by the following recursive triangular system:

Definition 4.2 Correlation functions

W9 =0 if g<0 (4-6)
Wi (p) =0 (47)
W =B
2 (P1,p2) = B(p1,p2)

(4-8)

and define recursively (remember that px is a k-uplet of points cf eqlf-3):

W% (p, p) = Res o 2221
m —-m — —1 —

Zi]n:(] ZJCK VV|€]H)—1(Q7 pJ)Wk(g\ﬂj-l(q’ PK/J) + Wk(iZ )(q, q, pK))

(4-9)

This system is triangular because all terms in the RHS have lower 2¢g + k than in the
LHS and given Wl(o) and WQ(O), it has a unique solution.

Notice that W,gfr)l (p,p1,--.,pr) is a multilinear meromorphic form in each of its
arguments, it is clearly symmetric in the last k-ones, and we prove below (theorem ELGI)
that it is in fact symmetric in all its arguments.

More properties of W,g‘i)l are studied below in section E4l
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4.2.2 Free energies

We define the free energies which are complex numbers:

Definition 4.3 Free energies.

Forg>1
1
(9) — (9)
(4-10)
and
FY = —lln (TBz) — iln Hy'(a-) — In (det )
2 “ 24 ; !
(4-11)
where p
Via) = S ) = V)~ ala) (12
and Tg, 1s the Bergmann T-function defined in Eq. (3=39).
F©) s defined in the next section.
4.2.3 Leading order free energy F©).
Let us define F© as follows :
FO = lz Res Vaydx—l—EZta,ua — LZ% yd:cjg ydx
24~ 24 din 2 [V
(4-13)
where i, is given by
¢ dz,,
fo = / (ydx — dV,, + taz—) + Vo, (0) —to1In (24(0)) (4-14)

Notice that 11, depends on some base point o, but the sum ) ¢,/ does not.

4.2.4 Special free energies and correlation functions

All the quantities defined so far, were defined with the k-modified cycles and modified
Bergmann kernel. Let us also define them for £ = 0 (for instance F*) obviously needs
another definition).

Therefore we also define the unmodified quantities corresponding to k = 0, as:

Vkaga w;&g)(ph,Pk) = ngg)(plaapk) ) (4_15)

k=0
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1
2—2g

forg>1, — F9 .= D Res &g\ (q) = O _, . (4-16)

E(l) = —% In(75:) — 2—14 In (1:[ y’(ai)> 7 (4-17)

1 1 1
() Z _ -
and FY = 5 Ea Res Voydr + 5 ga T Iin E, %Ai ydx éi ydr.  (4-18)

Remark 4.1 The special functions, except F M) and F (0), are obtained by changing B and
dS by B and dS in the diagrammatic rules defined in section

4.3 Tau function

Definition 4.4 We define the tau-function as the formal power series in N~2:

In(Zn(€)) = — i N2=29 ),

9=0

(4-19)
We show in section B that Zy(€) is indeed a tau-function because it obeys Hirota
equations, order by order in N2

4.4 Properties of correlation functions

The loop functions defined in definition satisfy the following theorems, whose
proofs can be found in Appendix [A}

Theorem 4.1 The correlation function ngo) is worth:

B(q,p)B(q,p1)B(q,p2)
dz(q)dy(q)

W5 (p, pr, pa) = Res (4-20)

In particular, W?EO) is symmetric in its 3 variables.

Theorem 4.2 For (k,g) # (1,0), the loop function W,gfl(p,pl, ..., Pk) has poles (in
any of its variables p,p1, ..., px) only at the branch points.

Theorem 4.3 For every A cycle we have:

Vi=1,...,¢ ]{ W (,prs- . o) =0, (4-21)
pEA;
Vi=1,....¢ Ym=1,...,k f W (p,pr, -, k) = 0. (4-22)
me-Ai
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Theorem 4.4 For every k and g, we have:

W 01, o) dz(p1)
: = 0310 4-23
D T 4100 ) — 2(on)? (+2)
and if k > 1:
Z k+1(P17p 7]?27 7Pk) _ 5k’159’0 dl’(Pl) (4_24)

dz(p?) (z(p) — z(p1))?

7

where we recall that p* are all the points such that x(p") = z(p) (see section [Z1).

Theorem 4.5 For (k,g) # (0,1),

! : i Ui i
RGBS = D = 290 de (W pr) + WL (P pc)
9
m=0 JCK

(4 —25)
is a rational function of x(p), with no poles at branch-points.
Theorem 4.6 Wk(g) is a symmetric function of its k variables.

Corollary 4.1

vi, ﬁ‘fasi ngz-)l(ﬂpla coypr) =0, (4-26)
Vi,  Res (W (b, pk) = 0, (4-27)
Z Res YW PP pr) = 0, (4-28)
Z Res (p)y ()W (0 ps- - i) = 0. (4-29)

Theorem 4.7 For k > 1 we have:

pkﬂfgepsl . ‘P(Pkﬂ)Wéﬂ(PK,pkH) = (29 + k — )W (pK) + 8,00,y (p1)dz(p1).
(4-30)

Notice that for k = 0 and g > 2, it holds by definition if we define Wo(g) =—F,
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4.5 Diagrammatic representation

The recursive definitions of Wk(g) and F9) can be represented graphically.

We represent the multilinear form W,gg) (p1,--.,pk) as a blob-like “surface” with g
holes and k legs (or punctures) labeled with the variables py, ..., py, and F© with 0
legs and ¢ holes.

)

P
Wlii)l(p>p1>--'apk) = P y F(g) =
@ A
(4-31)

We represent the Bergmann kernel B(p,q) (which is also WQ(O), i.e. a blob with 2
legs and no hole) as a straight non-oriented line between p and ¢

B(p,q):= P——0. (4-32)

dEq(p)
w(q)
with a tri-valent vertex whose legs are ¢ and g

dE\p) _ pH? . (4-33)

We represent

as a straight arrowed line with the arrow from p towards ¢, and

Graphs

Definition 4.5 For any k > 0 and g > 0 such that k + 29 > 3, we define:
Let g,ﬁi’l(p,pl, ..., k) be the set of connected trivalent graphs defined as follows:

1. there are 2g + k — 1 tri-valent vertices called vertices.

2. there is one 1-valent vertex labelled by p, called the root.

3. there are k 1-valent vertices labelled with p+, ..., p, called the leaves.
4. There are 3g + 2k — 1 edges.

5. Edges can be arrowed or non-arrowed. There are k + g non-arrowed edges and
29+ k — 1 arrowed edges.

6. The edge starting at p has an arrow leaving from the root p.
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7. The k edges ending at the leaves pi,...,p, are non-arrowed.

8. The arrowed edges form a "spanning® planar® binary skeleton® tree” with root p.
The arrows are oriented from root towards leaves. In particular, this induces a

partial ordering of all vertices.

9. There are k non-arrowed edges going from a vertex to a leaf, and g non arrowed
edges joining two inner vertices. Two inner vertices can be connected by a non

arrowed edge only if one is the parent of the other along the tree.

10. If an arrowed edge and a non-arrowed inner edge come out of a vertex, then the
arrowed edge is the left child. This rule only applies when the non-arrowed edge

links this vertex to one of its descendants (not one of its parents).

We have the following useful lemma:
Lemma 4.1 There is a 1 to 3g + 2k — 1 map from g,i‘ﬁl(p, Pk) to (],(ﬂz(p, PK, Pki1)-

proof:

If G is a graph in g,(ﬂz(p,pl, .+, DksPr+1), Temove the non-arrowed edge attached
to the leaf py,; and remove the corresponding vertex, and merge the incoming and the
other outgoing edges of that vertex. You clearly get a graph G’ € Q,g‘f:l(p, Ply- -y Pk)-
It is clear that the same graph is obtained 3¢ + 2k — 1 times (the number of edges of
G'. And it is clear that from any G’ € Q,(ﬂl(p,pl, ..., Pk), you can obtain 3g + 2k — 1
graphs G € g,g‘i)z(p,pl, ..., Dk Pr+1) by adding a new vertex on any edge, and linking

this new vertex to the leaf py.,. O

Example of g§2> (p)

As an example, let us build step by step all the graphs of sz) (p), i.e. g =2 and
kE=0.

We first draw all planar binary skeleton trees with one root p and 2g+k —1=3

p+< : P> (4-34)

Then, we draw g+ k = 2 non-arrowed edges in all possible ways such that every vertex

arrowed edges:

is trivalent, also satisfying rule 9) of definition 5l There is only one possibility for the

41t goes through all vertices.

Splanar tree means that the left child and right child are not equivalent. The right child is marked
by a black disk on the outgoing edge.

6a binary skeleton tree is a binary tree from which we have removed the leaves, i.e. a tree with
vertices of valence 1, 2 or 3.
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first graph and two for the second one:

It just remains to specify the left and right children for each vertex. The only
possibilities in accordance with rule 10) of defEEH are’:

o
!

ef )

In order to simplify the drawing, we can draw a black dot to specify the right child.

(4-36)

This way one gets only planar graphs.

°

;
6

oA )
oA el
(4-37)

Remark that without the prescriptions 9) and 10), one would get 13 different graphs
whereas we only have 5.

Weight of a graph

Consider a graph G € g,i‘ﬁl(p,pl, ...,Pr)- Then, to each vertex i = 1,...,2g+k — 1 of
G, we associate a label ¢;, and we associate ¢; to the beginning of the left child edge,
and g; to the right child edge. Thus, each edge (arrowed or not), links two labels which
are points on the Riemann surface .

dEq(q")

. , .
e To an arrowed edge going from ¢’ towards ¢, we associate a factor ORI OR

e To a non arrowed edge going between ¢’ and ¢ we associate a factor B(¢, q).

"Note that the graphs are not necessarily planar.
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e Following the arrows backwards (i.e. from leaves to root), for each vertex ¢, we

take a residue at ¢ — a, i.e. we sum over all branchpoints.

After taking all the residues, we get the weight of the graph:
w(Q) (4-38)

which is a multilinear form in p, p1, ..., p.

Similarly, we define weights of linear combinations of graphs by:
w(aG1 + /BGQ) = aw(Gl) -+ /BU)(GQ) (4—39)

and for a disconnected graph, i.e. a product of two graphs:

w(G1G) = w(Gh)w(Gs). (4-40)
Theorem 4.8 We have:
W)= Y. w@)=uw S G (4-41)
Géglii)l(%m,..qpk) GeG,i?ﬂl(p,pl,...,pk)

proof:
This is precisely what the recursion equations B=9 of def.2 are doing. Indeed, one

can represent them diagrammatically by

(4-42)

Such graphical notations are very convenient, and are a good support for intuition
and even help proving some relationships. It was immediately noticed after [33] that
those diagrams look very much like Feynman graphs, and there was a hope that they
could be the Feynman’s graphs for the Kodaira—Spencer theory. But they ARE NOT
Feynman graphs, because Feynman graphs can’t have non-local restrictions like the
fact that non oriented lines can join only a vertex and one of its descendent.

Those graphs are merely a notation for the recursive definition
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Lemma 4.2 Symmetry factor: The weight of two graphs differing by the exchange
of the right and left children of a vertex are the same. Indeed, the distinction between

right and left child is just a way of encoding symmetry factors.

proof:
This property follows directly from theorem 4] and the definition Eq. [#=9). Con-
sider one term contributing to the first part of RHS of Eq. [#=9):

dEy(p) 1 m o
E{—ej qu> VV‘E]H)—l(qvPJ>WI§£1|J\3-1(Q7PK/J)
dE,(p m .
T 5—(?2 wg;))wfﬂll(%PJ)WIiin-l(anK/J) (4-43)
dE4(p) 1 r(m) .
B E{—?S wgq) M/\Slll(q’PJ)WIgim}rl(qaPK/J).

where the equalities are obtained by adding terms without residues at the branch points
to the integrand and using theorem L4l One can perform the same trick for the second
term in Eq. ([=9) and this proves the lemma. [

4.6 Examples.

Let us present some examples of correlation functions and free energy for low order.

Correlation functions.

To leading order, one has the first correlation functions given by:

W3 (p,q) = B(p, q). (4-44)
p1 p1
W§O)(paplap2) = P + P
p2 p2
dE
= Res P (g ) B@ po) + B@.p)Bla.p2)
g—a  w(q)
(4 — 45)
P3
W4(0)(p7p17p2>p3) - p + perm. (17273)
R P
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p3
+ pﬂ—r’—< +  perm. (1,2,3)

P, )
= Res Res dfgg) dfgﬁ)q) [B(q. p1)B(r, p2) B(T, p3)
+B(q,p1)B(T, p2) B(r,p3) + B(q,p2) B(r,p1) B(T, p3)
+B(Q> p2)B(?> pl)B(r> p3) + 3(67 pg)B(T, p2)B(F> pl)
+B(q> p3)B(?> p2)B(r> pl)]
dEy(p) dE,(q)

(4 — 46)

First orders for the one point correlation function read:

Res Res Res dE,(p) dE:(q) dEs

o wag%) wogg dF

+ Res Res Res 4(p) dE,(q) dEs(
¢—a r—a s—a w(g)  w(r) s




+ Res Res Res dEy(p) dE,.(q) dE(r)
¢—a roa s—a w(g) w(r)  w(s)

+B(5,9)B(s,7) + B(s,q)B(5,7)]

- 2 p% +2P + P (4-48)

where the last expression is obtained using lemma 2]

[B(q,7)B(s,5)

Free energy.
The second order free energy reads

d
—2F® = Res Res Res Res

p—a g—a r—a s—a u}(q) w(r

+ Res Res Res Res

T
p—a g—a r—a s—a u}(q) w(r

+ Res Res Res Res

poa goa ra soa w(g)  w(r
+B(5,9)B(s,T) + B(s,q)B(3,T)]

(4 — 49)

4.7 Remark: Teichmuller pant gluings

Every Riemann surface of genus g with & punctures can be decomposed into 2g + k
pants whose boundaries are 3g+k closed geodesics (in the metric with constant negative
curvature). The number of ways (in the combinatorial sense) of gluing 2g + k pants
by their boundaries is clearly the same as the number of diagrams of g,gg’, and each
diagram corresponds to one pant decomposition.
Example with £k =1 and g = 2:

49 e
64 s }A 8 C‘ "\

@ +2 "\C?,@ +2 p—

=

W =

5 Variations of the curve

The goal of this section is to study how the various F@ and correlation functions
change under the variations of moduli of the curve.
Consider an infinitesimal variation of the curve &€ — £ 4+ 0€. It induces a variation

of the function y(z) at fixed z:
dq Yo dx = =S (5-1)
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If we use a local coordinate z, we may prefer to work at fixed z instead of fixed z, we

have a Poisson structure:
dayl.dr — dq x|, dy = =2 (5-2)

The possible 2’s can be classified as first type (holomorphic), second type (residue-
less, and vanishing A-cycles) and third type (only simple poles and vanishing A-cycles),
see [I2] for this classification.

5.1 Rauch variational formula

Equation implies that the variation of position of a branch point «a; is given by:

Qa;)
dy(a;)

We assume here that d% has no pole at branchpoints. Then, Rauch variational formula

59 SL’(CLZ)

(5-3)

[68, A7) implies that the change of the Bergmann kernel is

00B(Ps D)4 () (o)

In particular after integrating over a B-cycle we have:

> g SR
(5-5) |

dodu (P)‘

z(p)

and integrating again over a B-cycle:

T = 17T €S )du ( )
do 2i Z TPL s ORE

(5—-6)
Let us compute the variations of the k-modified Bergmann kernel:

doB(p, Q)|x(p),x(q) = 0oB(p, )‘m 2(9) + 2 5Qdu rdu(q)
+227rdu (p )/{ dodu(q)|,,

,p)ﬁ(ﬁ q)

)‘r(p)




i.e.

0
<5Q + tr (kdqT m%

We thus define the covariant variation:

It is more convenient to rewrite Eq. (B=8) as follows:

e QB )B(g)
e B - B
T_T,p T,q —_T,q
s P Blre - BB 0
r,p) — D\r,p))D\T,q
+ Bfi dx(r)dy(r)
e QB )B(g)
g (s )
2 T)au p raAu\r)au rau
i Q%?B( o ZO
— Res 2ALPIOATLG imdu'(p)k 0T Kdu -
= RS ) A p)kdar rdulg) - (57)
_ Q(r)B(r,p)B(r,q)
)) o D= RS TR
e ﬂ(r)dErEprm 2
(5-8)
Dq = 0 + tr (kdqT /ﬁ%)
(5-9)
e Q(T)dELEf;B(T’q)
9 Res Res _“U1)dE:(p)B(s, q)
- el ) ) — <)
= es Res 1)a5r )25, 4
= 230 ) — @) ls) — o)
e 20 )dELE%B( F.d)
= Res T (00)B(r) + 20 B(0) (5-10)

because now we recognize the propagator and vertex of def 21l Similarly, by integrating

once with respect to ¢, near a branch point a; we get:

Dq dEy(p)

z(p),z(q)

-2 Res = a0
= Res T (00)E, (1) + OVAE )
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(5—11)

Those two relations can be depicted:

Q Q
D P q = p——— q + p4|—%q
Q Q
= p—>—l&——aq + pﬁ—l—q
and
Q Q
DP—>—a = p%—l—%q + p%Jo—%q.

From this last variation, one can compute the covariant variations of the correlation

functions and free energies through the following lemma:

Lemma 5.1 For any symmetric bilinear form f(q,p) = f(p,q):

o YEP) oo _ o Res LB D) oy dES(r) o
Do <£{—>a w(q) f(q’q>)x(p) 22 Tfial q]‘:iaj w(r) Q(r) 2(q) f(a¢,9)
+ Z qfias] Do (f(¢:0)) ) -
(5 —12)

Q Q
DpP—>——=<4a = p%—l%—@ + pﬁiﬁ—@

Graphically, this means that taking the variation of a diagram just consists in

adding a leg €2 in all possible edges of the graph. In particular if 2 can be written as:
o) = [ B (5-13)
Q

where the path 9Q does not intersect small circles around branch-points®, then we

have:

8This excludes the case where (2 corresponds to the variation of an hard edge, cf [36}, [T6] [T2].
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Theorem 5.1 Variations of correlation functions and free energies: For g+k > 1 we

have

DQWIEQ)Q?la . 7Pk)

— / ng‘j_)l(pla - Pk q)A(q)
o0

z(p;)

(5-14)

and, for g > 1,

DoF@ = — ” W2 (p)A(p).

(5-15)

This theorem is proved in appendix [Bl It follows directely from lemma BTl and
lemma BT1

5.2 Loop insertion operator

In particular for any point ¢ lying away from the branch-points, if we choose

Q(p) = B(p.q) (5-16)

we call Dp( 4 the loop insertion operator, by analogy with matrix models [7, 39].

It acts on the correlation functions and free energies as follows:

Theorem 5.2
DB W]gg)<p177pk) = W]Ei)l(pla"'7pk7q) (5_17>

DpF9 = —Ww¥(g) (5-18)

1 t
Dp FO = y(q)dz(q) + i (H% ydx) %%W&OH% ydz. (5-19)
T B BJB B

Thus, the loop insertion operator, adds one leg to correlation functions.

and

5.3 Variations with respect to the moduli

Let us consider canonical variations of the curve corresponding to each moduli of the
curve defined in section B4l We use Eq. (B=6H)

ydx = Z takBak + Z tadSa,o + 20T Z €idu;(p) (5-20)
a,k a i

to identify the (2’s corresponding to varying only one modulus.
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Variation of filling fractions

Consider the variation of the curve

Ap) = ~2imdus(p) = = § Bip.a) (5-21)
ie. 00 = B; and A = —1. It is such that: Z
do€; = i , datea =0 , 0oV, = 0. (5-22)
Therefore it is equivalent to varying only the filling fraction ¢; = 5 § 4, yda:
D _sizdu; = % (5-23)
Theorem B.T] gives
0%1 W prs . o) % W (1, 1y @) (5-24)
and
8@ 7{ Wi (q), (5-25)
and

G, 1 K
FO — ]{ de + — ]{d O imdu fd. -2
e Byx—i—4Z (Ii By:c 9imdu; (T) K By:c (5-26)

J
Variation of temperatures

Let v and o' be two distinct poles of ydx. Consider the variation of the curve

/

Qp) = —dSaw(p) = / B(p, q) , ie. 90 =[a,d] , A=1 (5-27)
It is such that:
5Q€j =0 y 5Qtﬁ = 50{75 — (50/75 y 59Vﬁ =0. (5-28)
Therefore it is equivalent to varying only the temperatures t, and t.:
0 0
D — 5-29
Wt = Dt OM, (5-29)
Notice that it is impossible to vary only one temperature ¢, since we have > st =0.
Theorem Bl gives
o 0 of
<8—ta — 87> ngg)(pluupk) = / ngfj_)l(plu"'vpkaq)v (5_30)
0
_— - — -31
<8t o ) / (5-31)
and

o 0 1 t
(a—ta — a—t/a) F(O) - /Ja - ,ua’ + m (Hﬁyd'x) 5—d5a,a/ (T> "ifgydx (5_32)
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Variation of the moduli of the poles

Let a be a pole of ydx. Consider the variation of the curve
Q(p) = —Bax = Res B(p,q)za(9),
i.e. 9Q is a small circle around a and A = 5= 2%, It is such that:
0ge; =0 , datsg =0 , dalgk = 0a,80k i/

Therefore it is equivalent to varying only the coefficient ¢, x:

0
D_ —
Ba,k ata7k
Theorem Bl gives
) K (@)
8t ; Wk <p17 cee 7pk) = R‘O?S Za<q)Wk+1(p17 ooy Pk, q)7
0
F = = Res 2()W1”(q)
atoz,k a

and

0

5.4 Homogeneity

Theorem 5.3 For g > 1, we have the homogeneity property:
(2 29)F@ =3t 2 po 3 1 Qg 3 o2 pw
ok ’ 8ta,k o ta p 862'
i.e. FU9) is homogeneous of degree 2 — 2g.
The proof is given in appendix

5.5 Variations of F(© with respect to the moduli.

1 t
T Flo) — Raes ydxz§ + i (m}{gydw) 5Ba,k (1) /ijiydx.

(5-33)

(5-34)

(5-35)

(5-36)

(5-37)

(5-38)

(5-39)

In this section we compute the first and second deriatives of F(© with respect to the

moduli of the curve. This paragraph is only for bookkeeping since those expressions

have been known for some time [63, 12, [[3]. Here we set x = 0.

37



First derivatives of F©,

O)
?9? = Res 2" ydx (5-40)
a,k @
OF© %) )
=5 =5 ) F” = tta - 41
Otap (8ta atﬁ) Ho = Hp (5-41)
oF©
5 fg Z_ ydx (5-42)
Second derivatives of F©,
O?F©)
Y- Y -1 o kB ! H-43
Doy~ Van = 1) Res Res 2a(p)B(p, a)zs(0) (5-43)
?F©)
— = Res 2FdS 5-44
8ta7k8t%5 a @ "8 ( )
PFO
Oty 1 O0€; w RO(?S Zadt; 72 ok (5-45)
PFO ,
Pt~ 2im(u(f) —wila) (5-46)
2 17(0)
g Fa =0 (—2in7y for EO) (5-47)
€;0€;
92 F0) )
2 = n(dCa(a)dCs(B)E(e, B)°) (5-48)
o8
2 17(0)
at@ 1*:% I (dCa(a)EE(a,ﬁ)E(am)) (5.49)
a,80la,y (/677)

(5-50)

PO (B B)E(ow))
O Oty (E(a,5)E(ﬁ,v)

where (, = i is a local coordinate around the pole «.
Remark 5.1 The definition of F(9 given in Eq. ([@=IJ) is nothing but the homogeneity

property since it is written in terms of the first derivatives. One can also write a formula
focusing more on the second order derivatives of F(©):

1
FO - —= Y " Res Res V,(p)B(p,q)Va(q) + > tg Res VodSs,
2;1,3%[3 (P)B(p,0)V3(0) QZ/;Q s VodSs,
1 1,
_5 azgtatﬁ In (’705,6) — 56 %l;ydm
(5 —51)
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where

o d o
500 == [ @S0y + %)+ In (za0) (5-52)
e E(a, )E(0, )
@ 0,0
Invyg=In{—=""-""7"-7<]). 5-53
i) (5%
One can notice that, in these terms,
92 F(0)
2 In(Ya,a73,8)- (5-54)
a?/B

6 Variations with respect to x and modular trans-
formations

6.1 Variations with respect to «

We have introduced the matrix s in order to easily compute modular transformations
of our functions. Somehow variations of x play the role of infinitesimal modular trans-
formations. Therefore it is important to compute 0/0k, and we will use this result in
section

First, notice that Wk(g) (p1,-..,px) is a polynomial in k of degree 3g + 2k — 3, and
F) is a polynomial in # of degree 3g — 3 for g > 1 (number of propagators in a graph

of GY).

Theorem 6.1

. 1)
27'7.‘-8%2']' Wk(g) (pK) = 3 frEB stB 1§3-2 pK’ T, 8)
+ Zh ELCK freB M/\L\H pL,” fsEB k \L\+1(pK/L75)

(6-1)
and in particular for g > 2:

0 7{ % 1) L1 S 7{ w® % (9—h)
— i 174 (r,s) + = r W9 (s
8% s, 2 +3 Z Wi (r) s 7 (s)

(6-2)

and 5 1
FO = — (6-3)
0/@] Rji
This theorem is proved in Appendix
Notice that these equations are to be compared with the Kodaira—Spencer theory

T, B2, [T, @2,
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6.2 Modular transformations

Consider a modular change of cycles:

A\ _ (dan bap ) (A A\ _ (dwa das) (A (6-4)
B dpar Opp B ’ B opa Ops B

where dua = Obp, Oas = —04m, Ops = O4u, Oma = —0p, and the matrices
da4, 048,084, Opp have integer coefficients and satisfy 044055 — 0pardly = Id.
Under this transformation of the cycle homology basis, the Abel map and the matrix
of period change like:
du' =Jdu , du=J ‘du (6-5)

Wlth j == (6f4A/ + T,(siug/) - (583/ - TéAB/)_l and
T/ = ((533/ —TdAB/)_l(—égA/ +T5_A_Af) y T = (5f4A’ +T/5f48’>_1 (5;3/\’ _'_7/5;38’)'

(6-6)
Let us define the following symmetric matrix:

R=kr = (533/5;1113, — ) =T (6-7)
it is such that the Bergmann kernel changes like:
B' = B + 2irm du'Rdu. (6-8)
The x-modified Bergmann kernel changes like:

B'(p,q) = Bl(p,q)+ 2im [du"(p)rdu/(q) + du'(p)Rdu(q)]
= B(p,q) + 2indu’(p) (R + T'cT) du(q). (6-9)

In other words, the effect of a modular change of cycles is equivalent to a change
k — K+ J'wkJ in the definition of the kernel B(p,q).

Thus, the modular variations of the free energies satisfy the following theorem:

Theorem 6.2 For g > 2 the modular transformation of the free energies F'9) consists
in changing k to & + J'kJ in the definitions of the modified Bergmann kernel and
Abelian differential.

The first correction F() changes like:

, 1
FO' = p® _ 5 I (055 — T04m). (6-10)

An equivalent way of saying the same thing, is that: if we change the basis of cycles
and change the matriz k — J' 'k —R)JT !, then the F'9’s are unchanged for g > 1.
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proof:
The result for g > 2 comes directly from the variation of the Bergmann kernel.

F®) depends on the cycles only through the Bergmann tau function. Since,
Oln (1p,) Oln (1)

dx(a)  Ox(a) = R drlp)
= 2im Res du(p)rdu(p) (p)Rdu(p)
p—a; dx(p)
A
= —2im Res —du (p)rdu(p)

e du(p)
T

1 &T(SAB"
83:(a2)

= —Tr (588’ - TdAB/)

8 In det(éBB/ — 7-5.48’)
8LU(CLZ)

(6 —11)

and this characterizes the Bergmann tau function totally (up to a general multiplicative

factor), one obtains the second result of the theorem. [J

Remark 6.1 The transformation of leading order F(© is more complicated and its compu-
tation is more involved as the final result depends explicitely on the position of the poles «
in the fundamental domain. Let us just mention that it depends on all the parameters of the
modular transformation explicitely.

Theorem 6.3 If one chooses k = 51—, then F'9 (k) is modular invariant.

proof:
It is well known that for that value of k, the modified Bergmann kernel is the

7
2ImT

Schiffer kernel and is modular invariant. Indeed, it is easy to check that if Kk =
one has i+ J'wJ = 57—.

Since the only modular dependence of F@ for ¢ > 1 is in the Bergmann kernel,

this proves the modular invariance of the F9)’s.
O

7 Symplectic invariance

The following theorem is mostly the reason why we call F9)’s invariants of the curve.
This theorem seems to be rather important and it has beautiful applications as we will

see in section LA
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Theorem 7.1 The following transformations of £ leave the F9)’s unchanged:

az+b (cx+d)?
cx+d ad—bc Y-

e y — y+ R(x) where R is any rational function.

o r —

and y —

oy —yandxr — —.

oy —x andx — .

Notice that these are transformations which conserve the symplectic form
|dz A dy| (7-1)

In particular we have the PSLy(C) invariance:

O-CDE) e e

That symplectic invariance seems to be a very powerful tool to see if different matrix
models have the same topological expansion. For example, in section AT we show
how symplectic invariance can be used to provide a new and very easy proof of some

properties of the Kontsevitch integral.

proof:
Invariance under the first 2 transformations is obvious from the definitions, because
the only x and y dependance of the W,gg)’s is in w(q) = (y(¢) — y(q))dz(q) which is

clearly unchanged under the first 2 transformations (notice that the transformation

ax+b
cr+d

unchanged.

conserves the branchpoints). In fact the first 2 transformations leave W,gg)

Tr —

In the 3rd transformation the only thing which changes is the sign of w, and it is
casy to see that W\? is multiplied by (—1)2-2tF = (=1)¥, and F@ is multiplied by
(—1)%972=1.

The 4th transformation is the difficult one. The proof consists in building some
"mixed correlation functions”, and seeing that their definition by inverting the roles
of x and y lead to the same objetcs. Since it is long and involves new results in the
framework of matrix model, it is written in a separate paper [43].

The case of F© and F are done separately in appendix O

8 Singular limits
Consider a 1-parameter family of algebraic curves:

g(l’vyvt) (8_1)
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such that the curve at t = 0 has a singular branchpoint a with a p/q rational singularity,
i.e. in some local coordinate z near a we have:
t=20
z(z) ~x(a) + (2 —a)? (8-2)
y(2) ~yla) + (z — a)f

At t # 0, the singularity is smoothed, and we have (the local parameter is now
(=zt™"):
{ z(z,t) ~ z(a) +t7% Q(C) + o(t?) (8-3)
y(z,t) ~ yla) + 7 P(C) + o(t"™)

where () is a polynomial of degree ¢ and P is a polynomial of degree p, and where v is
some exponent which depends on the choice of the parameter ¢.

The curve
Esing(€,1) = { £(¢) i Q(C) = Resultant(Q — &, P —n) (8-4)

is called the singular spectral curve.

One observes that F'9)(€) is singular in the small ¢ limit, and it behaves like

9 L) g
FOE)) ~ 9 FS, +o(t) , forg>2 (8-5)
1
FO(ER)) ~ Y (p—1)(¢g— v In(t)+ O(1) , forg =1 (8-6)
Fs(ii)g is called the double scaling limit of F(¥). The exponent ~, and Fs(ii)g are given by
the following theorem:
Theorem 8.1 Singular limits:
F9 (&) = F9(Eg) , forg>2
(8-7)
and
Vg =(2—29)(p+ q)v. (8-8)

In other words, our construction of F9 commutes with the singular limit.

proof:

It is easy to see that the most singular term in the limit of the Bergmann kernel
in that regime, behaves like t°, and thus dE.(z) as well. The denominator ((y(z) —
y(Z))dx(z) in the recursion behaves like /9 (P(¢) — P({))Q'(¢)d¢, and by recursion

on k and g, we easily see that:
W (21, ..., 2) ~ tC 2R 9 ) (8-9)
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if all z;’s are close to a, and is subdominant if some z;’s are not in the vicinity of a.
The leading contribution to Wk(g) is thus obtained by taking 2’ and Z' in the vicinity
of a only in eq =9 i.e. w,(f)(gl, ..., (k) obey the same recursion formula as eq =9, with
the curve &ne. The same holds for the free energy.

O

9 Integrability

Here, we prove that Z is a tau-function, because it satisfies some Hirota equation.

9.1 Baker-Akhiezer function

Given two points £ and 7 in the fundamental domain, we define the following kernel as

a formal series in 1/N:
_N (€
e N-]n ydx

E(&,n) \/dx(&)dx(n)

0o 0o 1 & ré 13
exp <_Z Z ﬁ N2_2g_l / / / M/l(g)(pla"'apl)>
n n n

g=01=1,2—2g—1<0

KN(&U) =

O-1)

where the integration path lies in the fundamental domain.

This kernel has the following properties:

e Notice that (z(§) — z(n))Kn(&,n) — 1 when n — &.

e We have:
| N - Wi(€) _
lim (K (€. m) EAEED) x(m)) Ny(€) + 45 (9-2)
where W, = 5200 N1=2077%),
e we have:
KN(&U) = K—N(nvg) (9_3)

e One may think that K is singular at branchpoints because In K has poles,
however, using the singular limit theorem BJl, we see that the leading behavior
of all W'l(g Vs is given by the W’l(g)’s of the Airy curve y = /7 described in section
@3 Therefore, near a branchpoint a, when &, 7 — a, to leading order K is the
Tracy-Widom kernel [72]:

~ A

Ai(§)AY' (1) — Ai'(€) Ai(7)
£—1

KN(é-v 7]) ~
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E=NB@(@) —x(@) 7= N"(a(n) —2(a)) (9-4)
In other words, Ky is not singular near branchpoints.

e The only singularities of Ky (£, n) are essential singularities at all the poles of

ydzx, with a singular part equal to exp (—N f: ydz), as well as a simple pole at

§=n.

Then, given a pole a of ydx, we define for £ in the vicinity of a:

=N Va(€)g—N [$(ydo—dVa+ia 22

8 = e vamRm O

oo (-3 3 et [ )

g=0 1=1,2—2g—-1<0
e Vel <za<n>>Nt“> (9-5)

dx(n)
dCa (77)

= lim <K(£,n)

n—a

where (, is the local parameter near «, (, = i, and ¢ n (&) = Ya,—n(§).
They have the following properties:

e 1), v was defined only in the vicinity of «, but it can be easily analytically con-
tinued to the whole curve, by choosing an arbitrary point o in the vicinity of «

and writing:

3
/ (yd — dV, + 1, d—)+v (€) — to In (20 (6))

/ ydx—i—/ (ydx — dV,, + t, dﬁ)—i—‘/( ) —taln(z4(0))  (9-6)

e Using the singular limit theorem near branchpoints, we see that the leading
behavior of all W'l(g )’s is given by the W'l(g )’s of the Airy curve y = /z described

in section [[(LA. Therefore, near a branchpoint a, when &, — a we have:

ban(€) ~CAIE) , &=N"*=(¢) — z(a)) (9-7)

where C' is some normalization constant (C' = 1, n(a)/Ai(0)). In other words,

1o, 1s not singular near branchpoints.

e The only singularities of ¢, n are essential singularities at all the poles of ydz,
with a singular part equal to exp (=N [ ¢ ydx).

This is why we call those formal functions Baker-Akhiezer functions (cf [9]).
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Remark 9.1 In fact, those functions are exactly Baker-Akhiezer functions only when the
curve has genus ¢ = 0. In the general case, the Baker-Akhiezer functions must also have
the property that they take the same value after going around a non-trivial cycle. It is
not difficult to multiply 1o, x by the appropriate ¢ function in order to fulfill that property.
However, if we do that, we destroy the 1/N? expansion.

This is why the 1, n defined above can be called a "formal Baker-Akhiezer function”.
This definition is sufficient to find a formal Hirota equation, valid only order by order in

1/N2.

9.2 Sato relation

Given two points ¢ and 1 on ¥, and a complex number r, we define the curve:

e +rle. =] = { (st + B2 el (99

The differential ydx + rdSe ,, has the same A-contour integrals as ydx, the same poles
with the same singular part, plus two additional simple poles, one located at p = &
with residue r, and one at p = n with residue —r.

We have Sato’s relation:

Theorem 9.1

Zn(E + §[€ —n]) Zn(E+ 316 a)
Zn(E) ’ Zn(€)

Indeed, the definition of Ky is the formal Taylor expansion in powers of r = 1/N of

the RHS.

KN(é-v 7]) =

Yan(§) = (9-9)

9.3 Hirota equation

Consider two algebraic curve &£(z,y) and &£(z,y) with the same conformal structure

(i.e. the same compact Riemann surface X)), then we have an Hirota bilinear relation:

Theorem 9.2 We have the bilinear relation:

and also:
Res dz(€) Yo n(€) ¥y _5(£) =0 if Ni, > Nty +1 (9-11)

{—a
which takes exactly the form of the Hirota equation [, [67)].
It is important to notice that this Hirota equation makes sense only order by order
in its 1/N? expansion. In the way we have obtained it, it is meaningless for finite N

(appart maybe from the genus zero case ¢ = 0, under the condition that the 1/N?

series is convergent). Therefore, we have a ”formal Hirota equation”.
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10 Application: topological expansion of matrix
models

In this section, we show how the objects defined in section 224 (i.e. k = 0) correspond
to the terms of the topological expansion of the free energy and correlation functions
of various matrix models when one considers appropriate curves £(z,y). Notice that

in all this section we consider xk = 0.

10.1 Formal 1-matrix model

The formal 1-matrix model (cf [1]), is known to be the generating function which enu-
merates maps of given topology since the work of [14], then [8, 25, 52]. Its topological
expansion was computed in several steps. The authors of [7] introduced a recursive
algorithm to compute the F@)’s only in the I-cut case (i.e. ¢ = 0), and then the
method was extended to other cases [3,4]. The computation of the subleading term F)
was done in general by Chekhov [I5]. The computation to all orders of the correlation

functions was found in [33], and the free energies in [I7].

10.1.1 Definition

Definition 10.1 Formal 1-matrix model.
Consider a ”semi-classical” potential V(x), i.e. such that V'(z) is a rational func-

tion. Let D(x) be its denominator, i.e. D(x)V'(x) is a polynomial of degree d, and let

Xi,..., X, be its zeroes:
d
D(@)V'(z) = [J(= - X)) (10-1)
i=1
We write: .
WVi(z) =V(x) - V(X;) — §V”(Xi)(:c — X;)? (10-2)
Choose an integer n, and a d—partition of n, i = {nq,...,nq}, such that

d
> nj=n. (10-3)
j=1

The following gaussian integral (where each matriz M; is of size n;) is a polynomial
i T of the form:

(—=1)'n’
VE L
[ det(M; @ 1, — 1., @ M;)* (O Tr 6Vi(M;))!

>3

d "5,
rE /dM1 ...dMy l_Ie_W27;XZ)T‘V(M’L'_X’il"i)2
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dl/2

= Z A T (10-4)

k=1/2

We define the formal matriz integral as the formal power series in T':

0 2k
Zoam =y THY  Apy). (10-5)
k=0 5=0
One can also define its formal logarithm, i.e. the free energy

Fryy = —InZiyu = »_T'B; (10-6)
k=0

It is a standard computation discovered by 't Hooft ([71, [/1)]), that, for fized ¢; = Tn”i ,

for every k, n=2By, is a polynomial in 1/n?:

gmax (k)

n 2—29
Bk(nl, Ceey nd) = ; Bk7g(€1, ey Ed) (T) (10—7)
Thus we define the following formal power series in T':
FI(IS\I/EM = Z T*Bigy(er, .. . €a) (10-8)

k=0

Remark: Here, the question of convergence of those series is not relevant. It is
well known that each Fl(f/fM is a convergent series (because it is written in terms of

algebraic functions of T'), but Fiy is not.

10.1.2 Loop equations and classical spectral curve

It is easy to see (this property holds for each power of T' because it holds for gaussian
integrals) that the formal matrix integral satisfies, order by order in powers of 7', the

loop equations (i.e. Virasoro constraints), which can be written (see [26], 24]):

4 n

(10-9)

, T? Vi(z)2 T V'(z) — V(M)
y(x)* + ﬁ&)g(l’, x) = - <Tr p——y. >

2 z—M z—M
expectation value < . > is defined in a formal way similar to F'.

where y(z) = X2 _ T(Tr 57) and wy(z, ') = (Tr 257 Tr 25;) . where the

If one identifies the coefficients of n® in each side, one gets an algebraic equation

(here hyperelliptical), which is called the ”classical spectral curve”:

Enmi(r,y) = D) (s — 1V (x) + P(a) (10-10)
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where D(x)P(z) is a polynomial of degree at most deg(D(z)V’(x))—1, and completely
determined by the condition that the polynomial P(x) is a formal power series in powers
of T such that at T'= 0:

d
V'(x)
Pz, T =0) = ; X (10-11)
It is such that there exist some contours A;, i = 1,...,d such that:
! d (10-12)
_— xTr = 62 -
2um A; y

Notice that the genus g of the curve &y is the number of non vanishing €;’s minus
one.

Most often in the litterature, V' is chosen polynomial such that V’(0) = 0, and only
the 1-cut case is considered, with only one non-vanishing filling fraction at X = 0. The
resulting curve has genus g = 0. This is the case which is relevant for enumerating

polygonal surfaces.

It was proved in [33, [[7], in the case of polynomial potentials only (but it is clear

that it can be extended to the semiclassical case), that one has:

Theorem 10.1

Fh = F9(Enm)

(10-13)

This proves that F'9) (which we recall is a formal power series in T') genericaly has
a finite radius of convergence T < T..

We also have:

71 _ 1 _ = 2—k—2g El(gg) (pl> cee apk)
(“so=w - Yw), 2N )
o NGV () — y()

Ok.2

(z(p1) — x(p2))?
(10 — 14)

10.2 2-matrix model

The formal 2-matrix model is known to be the generating function which counts bicol-
ored maps (let us say the 2 colors are + or -, thus it is an Ising model on a random

map), it was introduced by Kazakov [54]. The loop equations were first written in [G9].
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F© was computed in [63, 3, T2, BY]. FM) was first found in [34] for the ¢ = 0 case,
the in [B5] for ¢ =1, then in [37] for arbitrary g . Then higher orders for the corre-
lation functions were first derived in [A0)], and the F9’s for g > 2 were first found in
[T9]. During the same time it became clear that matrix models topological expansion
was closely related to algebraic geometry [55, 22, 23, 21].

10.2.1 Definition

Definition 10.2 Similarly, consider V' and V3 two rational functions with respective
denominators Dy(x) and Dy(x). The equation:

Vi(Xi) =Y, o
R R (10-15)
has d = deg(V{D1) * deg(VyDs) solutions. We then write:
V(X
WVii(x) = Vi(z) = Vi(X;) = Yi(e — X;) — %(w - X;)? (10-16)
et
Vy'(V3)

Vai(y) = Va(y) — VoY) — Xi(y - Y;) — (y - Y;)? (10-17)

2
We then choose an integer n, and a d—partition of n:

d
n=>y n. (10-18)
=1

The following gaussian integral (where each matriz M; or M; is of size n;) is a
polynomial in T of the form:

1,1
(_lllj)”ln e~ 1 2 Tr (Vi(Xo)+Va(Yi) = X3 Yi) /dM1 N .dedMl N .de

d V// X V// Y - -
H ~% Tr< U0 (0= X, 10,) 24 2 00 (W= Y5 10,)2 = (Mi— X 10, (MY, 1,%.))
e

=1
[[det(r: @1, = 1, @ M) [ det(M; @ 1,,, - 1,,, @ M;)
i>j 1>
O T 6V (M;) + 6Va,i (M)
dl/;
= 3 A" (10-19)
k=1/2

Similarly to the 1-matrixz case, we can define the formal 2-matriz model as a formal
power series in powers of T (see [{1]):

[e%S) 2k
Zon = Y TH(Y  Apy). (10-20)
k=0 =0
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One can also define its formal logarithm, i.e. the free energy

F2MM =—In ZZMM = ZTkBk (10-21)
k=0

Again, it is a standard computation ([71, [{1]), that, for fized e¢; = T:i, for every k,
n~2By, is a polynomial in 1/n?:

gmax (k)

n 2—29
Bu(ny, ... ,ng) = ; Biy(er, ... €d) (T) (10-22)
Thus we define the following formal power series in T':
i =Y TFBrgler, ... cq) (10-23)

k=0
10.2.2 Loop equations and classical spectral curve

Again, the formal 2-matrix integral satisfies, order by order in powers of T', the loop
equations (i.e. W-algebra constraints), which can be written (see [26], 24]):

(= Y@ (e.0) + U yim) = Elay) (1021)

where y(.ﬁ(:) = ‘/1/(25) -z <TI' _1]\/[1>7 U(l‘,y) =T - ‘/2/(y> + % <TI' x—l]\/h VQI(y;:LZ;(MZ)>

n T

Vi (y)—V (M-
and U(z,yia’) = ((Tr 2 SO 1 1) | and E(r,y) = (y — V(@)@ —

x—My y—Mo>
is defined in a formal way similar to F'.

Vi(y) — L <Tr Vi(@)-Vi () Vé(y)_vzl(M2)> + T, and where the expectation value < . >

If one chooses y = y(x) and identifies the coefficients of n® in each side, one gets
an algebraic equation Enp(z,y) = 0, which is called the ”classical spectral curve”
134, B5:

Em(z,y) = Di(x) Da(y) (Vi(z) =) (V3(y) — 2) — P(z,y) + T) (10-25)

where D1 () Do(y)P(z,y) is a polynomial of degree < deg(D;V/) in x and a polynomial
of degree < deg(D,Vy) in y, and with fixed filling fractions:

1 ny
de =T— = E =1 10-26
24 .A]y ! N “r ’ n “r ( )

and such that in the limit T"— 0 and VI ¢; — 0, one has:

y~ Vi) =) - _EX +O(T%) e~ Vi) =Y . EY +O(T?). (10-27)

7 7

Then one has:
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Theorem 10.2

Fhi = F9 (Eannv)

(10-28)

proof:

This theorem was proved in [40, 19]. O

Again, this proves a posteriori, that FéﬂM (which we recall is a formal power series
in T') genericaly has a finite radius of convergence T' < T..

We also have:

71 1 _ < 2—k—2g ngg) (P, - ow)
<Tr x(p) — My b x(pr) — M > a ; N dz(py) . .. dz(py)
+0k1 N(V'(z(p1)) — y(p1))

(2(p1) — x(p2))*
(10 — 29)

Remark that the 1-Matrix model is a special case of the 2-matrix model with V5 a

quadratic polynomial.

10.3 Double scaling limits of matrix models, minimal CFT

It is well known that double scaling limits of the 1-matrix model, or 2-matrix models
are in relationship with (p, ¢) minimal models of conformal field theory [29, 26, 20].
We have seen that as long as the curve is regular, all the F(9)’s can be computed.
This shows that the radius of convergence in T of F9)(T') is reached for singular curves.
So far, only rational singularities have been studied in detail.
Thus, consider the case where the potentials V; and V5 are fine-tuned so that the
curve Expy has a p/q singularity at 7' = T, (notice that for the one matrix model one

necessarily has ¢ = 2):

T="T,
2(2) ~pa z(a) + (2 — 2(a))? (10-30)
Y(2) ~p—a y(a) + (2 = 2(a))”

We can use the notation of section B with ¢t = T'— T, and thus at ¢t # 0, the singularity

is resolved, and we have (the local parameter is now ¢ = zt™"):

z(z,t) ~ x(a) + 1 Q(¢) + o(t?)
gé(z, t) ~yl(a) + 7 P(C)+ o(t) (10-31)
=zt™"

where () is a polynomial of degree ¢ and P is a polynomial of degree p.
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The curve

Esing(§,m) = { g z %Eg = Resultant(Q — &, P —n) (10-32)

is called the singular spectral curve.
The dependence on T of the 2-Matrix model is such that:

d

— dSn, o, (10-33)

xT

where oo, and oo, are the 2 common poles of x and y. They are far away from branch-
points, and in particular from the singularity. This means that in the vicinity of the

singularity we have:

d v 2v
d—Tydx ) ~ Ct"d(+ O(t™) (10-34)

where C' is some constant of order 1. After substitution with the limit eqIT0=31] this

implies the Poisson relation:

PPOQQ) — 4RO P/(Q) = S pi-trrae (10.35)

and therefore )
V= Py (10-36)

Thereom proves that:
Fiia(T) o, (T =)0 /0D pO g,y forg 22 (1037)
We also have:

Fyon(T) . %2 v ip q;r(i :L ;i 0 (T —T.)*** +reg , forg=0  (10-38)
Ff(T) 5 (0= 1~ 1w m(T=T) +0(1)  forg=1 (1039

We thus have a way to compute explicitely the double scaling limit of Fé‘ﬁ’ZM

10.3.1 (p,q) minimal models

Let us study in more details the curve &, ) (cf [200).

As we have seen above, the curve for the (p,¢) minimal model is of the form:

Epg(T,y) = { Z : gég = Resultant(Q — z, P — y) (10-40)

9This Poisson relation is well known and can be found in [201, 26]
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where P and () are polynomials of respective degrees p and ¢, satisfying:

t1

pPQ —qQP" = = (10-41)
The solution of which can be written [26]:
P =(Q"%), (10-42)
and
(@) =2+ 0, (10-43)

where we have used the notations f = f, + f_, with f, and f_ denoting respectively
the positive and the negative part of the Laurent series of f. This last equation implies
g — 2 equations for the coefficients of Q).

The curve &, 4) has genus zero ¢ = 0, and is such that  and y have only one pole

a = 00. The Bergmann kernel is:

B(G,G) = % (10-44)

The moduli (of the pole) of that curve are the @ and Py such that:

QU => " . PO=) B (10-45)

by a translation on (¢, we can assume that (),_1 = 0, and by a rescaling of { we can
assume that Q,—o = —¢@Q,, and the Poisson Eq. ([I=Al) implies that P,_; = 0 and

P, 9 = —pP,, thus:

Qq—2 Pp—2
Qui=P =0 , =L2__g4 | = . (10-46)
q p Qq Pp
We find:
FO (Epa) = 0. (10-47)

10.3.2 Other times

More generaly [26], we can deform the (p,q) minimal model with p + ¢ — 2 times

t1,...,tprq—o. For this purpose, one considers Q)(¢) a degree ¢ monic polynomial,
q—2
Q) ="+ ugyC (10-48)
§=0
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whose coefficients uo, . . . , u, are determined as functions of g—1 parameters, ¢, ...,%,_1,

by the following requirement:

[

q—

QY1) = %jtq_jcg—j/q + %cl—q +0(¢79). (10-49)
1

.
Il

Then we define the degree p monic polynomial P(() by:

p—2 p—1 .
P=C+> v 00 =Y =Y Q7" (10-50)
i—0 - 4
J J
which depends on p — 1 other times ¢,, ..., t;1p—2.

The corresponding classical spectral curve is:
Epp(t,y) = Resultant(z — Q,y — P). (10-51)

and depends on times ti,...,t,14-2. One can check that if ¢, =t3=... =%,1,1 =0,
one recovers the (p, ¢) minimal model.

It is well knwon that this curve is the spectral curve of the dispersionless Witham
hierarchy [64].

10.3.3 Examples of minimal models

e Airy curve (2,1)

The classical spectral curve for the (2, 1) minimal model is
Eony(,y) =y* +t — . (10-52)

QO =C+t . Pl)=¢ (10-53)

It is studied with particular care in section [[{L3 since it describes the behaviour of
a generic curve around the branch points, and thus coincides with Tracy-Widom law
2.
e Pure gravity (3,2)

QO =¢¢-20  , PO=¢C-3¢ , tH=3 (10-54)
The classical spectral curve is:

Eao(z,y) = 2° — 30°z — y* + 20° (10-55)

and is studied in details in section LA .

55



e Ising model (4,3)

Q) =¢"=3uC—3w P(C)=C4—4v<2—4w4+2”2_2%(42—2@) (10-56)

with:
t; = 4v® + 6w? , ty = Gow. (10-57)

The classical spectral curve is

Euz(m,y) = o' —y® — 402 4 vty + 20°
+12w0(—ay + v*x) + 6w’ (—2® + 20y — 40°) + 8w’z — 3w’
5t (—a2y — v2? + 203y + 20° — 2wyz + 20wz + 3wy — 1Tv2w?)
+2_;t§(02y + 20t — dowz — 120w?)
125

+2—7t§(—x2 + 20% — 6wz — Iw?) (10-58)

The variations with respect to the moduli t5, t5 and t; correspond respectively to

the variations of the form ydx

Qs = —dAs = d(¢° — 5v¢® 4 100%(), (10-59)
_ _ E ts 2 _ 2
O =—dA =d(C+ 13 03— 2 (20°C + 2vw — w(?)), (10-60)
and =
_ _ g2 2t o 0,2 .
Oy = —dAy =d(¢° + R (v¢* = 2vw( — 2w?)) (10-61)
in the notations of section
e Unitary models (¢+1,q)
g(q—i—l,q) (z,y) = Tq—i—l(x) - Tq(y) (10-62)
Q) =T,¢) ,  PC)=Tu(Q) (10-63)

where T, is the p® Tchebychev’s polynomial.

10.4 Matrix model with external field

Define the formal matrix model with external field [7§]:

Dext = / dM =N T (VM)-MA) (10-64)
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where V/(z) is a rational function with denominator D(z), and A is a fixed N x N
matrix. Consider its topological expansion (in the sense of a formal integral as in the

1-matrix case above [41]):

FMext =—In ZMoxt = Z N2—2g Fl\(/?o)xt‘ (10-65)
g=0
Let us assume that A has s distinct eigenvalues Mq, ..., \s with respective multi-
plicities my, ..., m, such that > . m; = N. The minimal polynomial of A is:

S(y) = [w =M. (10-66)

Define the classical curve obtained by “removing” the 1/N? connected term in the

loop equations:

Entext(2,y) = (V'(2) —y)S(y) — P(z,y))D(z) (10-67)
where
P(z,y) = % < Tr V,(:’Z - ]‘\/J/(M) S(y:i = i (A)> (10-68)

so that P(z,y)D(z) is a polynomial in both = and y.

Then one has:

Theorem 10.3

Jat

ext

= E(g) (gMoxt>

(10-69)

proof:
This theorem is proved in appendix [, and the proof is very similar to that of the

2-matrix case above, see [19]. O

10.4.1 Application to Kontsevitch integral

The Kontsevitch integral is known to be the generating function which computes in-
tersection numbers of moduli space of Riemann surfaces (see [68, 21]). It is defined
as:

1 1

3
Z on SeVi C. == dM _NTr (Mi_M(A2+t1)) t — — T - 10'70
Kontsevitch / € 3 ) 1 N r A ( )

where A has eigenvalues Ay, ..., A\y. Thus it is Zyjey with V(z) = 23/3 and A= A2+t

Its classical curve is:

gKontscvitch(xv y) = (xz - y)S(y> - xSl (y) - S2(?J) (10_71>
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where S1(y) and Ss(y) are polynomials in y of degree at most s — 1.
If we assume that the curve has genus zero (which is the case if we want the
F(g)

Kontsevitc]

explicitely a rational parametrization:

, to be the generating functions for intersection numbers), then we can find

gKontscvitch (LU, y) = { (10-72)

Using the symplectic invariance of theorem [[1], we may exchange the roles of x and y.
There is a unique branch point in y, solution of 3/(z) = 0, located at z = 0. Since the
formulae for F9) consist in taking residues of rational functions at the branch point,

we may consider the Taylor expansion of z(z) near z = 0, i.e.
1 \oo k
r(z) =2—35 _lpioz
gKontsevitch ([L’, y) - { ( ) 22 2 Zk_o k2 (10-73)

where we have defined the Kontsevitch times:

1 _
b=+ TrA k (10-74)
so that:
F I((go)ntsevitch =F (©) (gKontsovitch)
(10-75)

Again, using symplectic invariance of theorem [l we may add to z(z) any rational
function of y(z), i.e. we immediately get a 1-line proof of the following well-known

theorem:

Theorem 10.4 Fé%)ntsevitch depends only on the odd times tory 1, with k < 3g — 2:

FI((?ntscvitch = FI((?ntscvitch (tl’ t3, 5, - ’t69—3) (10 76)
And, if we assume that ¢, = 0 for k > p + 2, the curve is:
2(2) =2 — 52 pothi2s”
= 10-77
{ y(z) =22+t ( )

which is identical to the curve of the (p,2) model of section M3l and which is well
known to satisfy KdV hierarchy. Thus, again we have a 1-line proof of the well known

result:

Theorem 10.5 Zxniseviten 1S @ KdV hierarchy tau function.
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e Examples: the first few correlation functions

For Kontsevitch’s curve we have:

dzdz zdz :
B(Z, Z/) = m y dEZ(Z/) = m y (U(Z) = 222d2} (2 — Zt2j+3 Z2j)
J

(10-78)
and the only branchpoint is located at z = 0.

From the def.2] we easily get the first correlation functions:

(1) o _ dZ i t5
itk = 32 —1y) <Z4+(2—t3)zz>’

1 dzdzdz
0 1 2 3
W?S )(217 22, 23) = _2 — t3 Z%Z%Zg )

(10 — 80)

le dZQ
m (2 — t3)2(5211 + 52;1 + 32%25)

+6t22 25 + (2 — t3)(6t521 25 + 6t525 25 + 5t7zfz§)]

WiV (21, 22)

(10 — 81)

dz
2
w®e:) = - T L [252t§z8 1 12225(2 — 1)(50 8022 + 2115)
+24(2 — 3)%(252 17 + 348 t5t;2” + 145 t22% + 308 t5tg2?)
+22(2 — t3)(203 t5 + 145 2%t + 105 2ty + 105 2%t,;)

1105 (2 — t3)4].

(10 — 82)

The first and second order free energies are found:

1 1 t3
FI((o)ntsevitch = _ﬂ In (1 - 5) (10_83)
and 1 25248 4 435 tata(2 — ty) + 175 to(2 — £)?
te + 435 tst7(2 —t3) + 5) tg(2 — t3
F i = 5 . 10-84
Kontsevitch 1920 (2 - t3)5 ( )

which coincide with expressions previously found in the litterature [49.
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10.5 Example: Airy curve

The curve y = +/z is particularly important, because it corresponds to the leading
behaviour of any generic curve near its branch points. It is also the minimal model
(1,2) (cf [26, 2§]), also called Tracy-Widom law [(2].

Consider the curve
E(x,y) =y* — . (10-85)
We chose the uniformization p = y:
z(p) = p?
10-86
{ yp) = p ( )
There is only one pole @ = 0o, and there is only one branch point located at a = 0,
the conjugated point is p = —p. The Bergmann kernel is the Bergmann kernel of the
Riemann sphere:
dp dq
(»—q)?

qdp
9 qu(p) =

= W ) w(q) = 4% dq (10-87)

B(p,q) =
It is easy to see that all correlation functions with 2¢g + k > 3 are of the form:

W pr, o) =W P @3, pR) dpy . dpy (10-88)

Moreover, the diagrammatic rules are clearly homogenous, so that the function Wl(g ) (p)

must be a homogeneous function of p. It is easy to find that:

Wi (p) = ;Zﬁi (10-89)
and the total 1—point function is
Wi (p, N) = —Nydz + i N2 9 (p) = Wy (N3p, 1). (10-90)
g=1
Similarly, the total 2—point function is
Wa(p,q, N) = i N9W (p, q) = Wa(Nop, Nig, 1) (10-91)
9=0
and in general
Wi(p1, - - pe, N) = i N2200 w9 (py . p) = Wi(Nopy, ..., Nap, 1), (10-92)
9=0

The solution of the recursion def.2 can be found explicitely in terms of the Airy

function.
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Consider g(x) = Ai'(x)/Ai(x) where Ai(z) is the Airy function, i.e. ¢'(x)+ ¢*(x) =

x = p?. In terms of the variable p we write:

It can be expanded for large p:

e ¢}

o)=Y fin" ¥ =p——— ==+

k=0
where the coefficients in the expansion satisfy

4 — 3k
2

k
frt Y fifeei = Oko.
=0

The solution of the recursion def.2 for the 1—point function is:

P> — f(p)f(—p) y dp  9dp 15!!

_ _ 9,2
Walp ) = =27 fp) P = T gyt

(f(p) — f(p'
(p? —=p?)2(f(p) — f(=p)) (f(P)

~
|
=
|
=
|l
.E\

W2(p7p/7 1) =—4

In particular

W2(p>p7 ]-) =

so that:
WQ(p>p7 1) + Wl(p> 1)2 = 4]94 dp2 = Zlﬁ'dl’2

@) (@) (2

(10-93)

(10-94)

(10-95)

. (10-96)

(10-97)

(10-98)

(10-99)

Similarly we find for instance (with obvious cyclic conventions for the indices):

W3(p1ap2,p37 1)
. d:cldx2dm3 %
(p3 — p3)(p3 — 1) (P3 — PI)

i S () Pin) + F(=piss) = S (i) = f(=pis1))

(f(p1) = f(=p1))(f (p2) = f(=p2))(f(ps) — f(=p3))

dpy dps dps dp dps dps
2pipsps 288 pi s

(10 — 100)

and one can easily find similar expressions for all Wy’s.

In fact all correlation functions can be written with a determinantal formula [31, 32],

with the Tracy-Widom kernel [72:
Ai(x)Ai' (2") — Ad' (x) Ai(2")

r—

K(z,2') =
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The fact that the Baker—Akhiezer function is Ai(x) and satisfies the differential equa-

tion Ai” = xAi can be seen as a consequence of the Hirota equation theorem 02

Remark 10.1 To large N leading order the first term W,go) can be written in terms of
Ferrer diagrams (Young diagrams):

(0) k—3! vy dp; 20 + 111 1
Wi (b1 pk) = g H LY MA(1/p)) H T O (10-102)
Pj I\ =k—3 j

where A is a Ferrer diagram, n;(\) = #{j/ A\; = i}, and M) are the elementary monomial
symetric polynomials:

My(zi)= > Z (10-103)

Z1 1k—3

i1 727 Fig -3

For instance with k = 4 there is only one diagram (1), and M(y(21, 22,23, 21) = 21 + 22 +
z3 + 24, and:

3 dpy dpy dps d 11 1 1
e (gt g) . oo
4 PiDP3 D3Py

W (p1,p2, p3, pa) =
4o e P2 p: p:o opd

Remark 10.2 The free energies are all vanishing for that curve:

vg FY9=o. (10-105)

10.6 Example: pure gravity (3,2)

In this section we study in details the (3,2) minimal model, also called pure gravity
26].
It corresponds to the curve
z(z) =22 —2v

Eso = ¢ y(z)=2"=3vz . (10-106)
tl = 31)2

We recognize Tchebychev’s polynomials 75 and T3, which satisfy the Poisson relation
Eq. (=) . Up to a rescaling z = /v p, the curve reads:

z(p) = v(p* — 2)
Eaz = § y(z) =v*(p* = 3p) . (10-107)

tl = 31)2
There is only one z-branch point at p = 0, and the conjugated point is p = —p. The

Bergmann kernel is the Bergmann kernel of the Riemann sphere:

dp dq
(p—q)?

qdp

B(p,q) = (10-108)
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w(a) = (ul) — y(@)dz(q) = 40°* (¢* ~ 3) *dg (10-109)
20

B(g) = (L~ 2¢°) (10-110)
Under a variation of t; we have:
Jy(p)dx
hip) = - y(%)tl W gy = Res ¢B(p,q) . Milg) = —v'q
z(p)
(10-111)
so the effect of 0/0t; is equivalent to:
0
— W =—v"? Res gW\?, (10-112)
81&1 x q—00

10.6.1 Some correlation functions

Using def 2, we find:

v5/2 dpdpadps

0
W?,( "(p1,p2,ps) = — G PRt (10-113)
—5/2 2

1 v p 43

Wi (p) ::“Ziéjg'—};f—'dp (10-114)
_5 15¢* + 15p* + 6ptq® + 2pq* + 9p*¢® + 6p*¢!
Wz(l)(l% q)=v" 2538 6 b dp dq (10-115)
9 _ 135 4+ 87p? + 36p* + 12p° + 4p°

WP (p) = —v 152 7 21035 0 dp (10-116)

(0) - 1
Wi (pr,p2papt) = G (1432 -5 | dpvdpadpadp, (10-117)

1P2P3Pi — Di

WS(O)(plvp27p37p47p5> U_15/2 1 1 1
= 1435 L6y -l 155
ERED S

dpidpsdpsdpadps  9piP3PIPIDE = Pip;
(10-118)
etc...
Using def .3 and eq[I0-1T2, we find from eqT0-TT3
3 17(0) 2 17(0) 1/2
or7 _ 1 _ 1 orT h (10-119)
ot3 6v 2/3t ot? V3
and using eq[T0-1T4k
1 2 (1)
81&1 (12)2’112 48t1 81&% 48 t%
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as well as using eq[I0-T10G

OF® 7 7 PF® 49
= v ——=— T T = 573 (10-121)
oty 283 28 33/2 ¢ oty 2933/2 ¢]
We may thus verify that the second derivative of the free energy:
PF & (1-59)/2 4u9)
u=—0 =Y 798 pl) = . 10-122
ot ; ' 5(1 - 9)(3 — 59) ( )
satisfies the Painlevé equation to the first orders:
1 1
2 "
—u = —t. 10-123
u” + sU =3l ( )

It is well known that this equation is satisfied to all orders [26], and here this can be

seen as a consequence of the Hirota equation theorem. 2.

11 Conclusion

In this paper, we have constructed an infinite family of invariants of algebraic curves.
By construction, these invariants coincide with the topological expansion of matrix
integrals in the special case where the algebraic curve is the large N part of the matrix
integral’s spectral curve. But we emphasize again that the construction presented here
goes beyond matrix models.

Our invariants are defined only in terms of algebraic geometry, and they have many
interesting properties, like homogeneity, and integrability (they obey some Hirota equa-
tion).

The problem of computing the F(@)’s for matrix models is an old problem which
was addressed many times, and which found more and more elaborate answers []. We
claim that ours is more efficient, because it contains all multicut cases, and various
types of matrix models at once. Also, even in the simplest cases (1-matrix model, 1
cut), our expressions are simpler than what existed before [7]. Our F¢)’s are defined
recursively, like those of [7], but the recursions are much easier to handle, and it is
much easier to deduce properties to any order g from our construction.

The efficiency of our method becomes striking when one wants to compare different
models (Kontsevitch and KdV for instance), or when one wants to take singular limits.
Another important application of our method, is to prove that our F9)’s provide a
solution to the holomorphic anomaly equations of [I1] in topological string theory,
thus confirming the Dijkgraaf Vafa correspondence. We claim that this can be proved

easily from our work, and we present it in a coming paper [42]. It would also be
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interesting to compare our free energies with the D-Modules considered in [B, 6] as
partition functions of a unified matrix M-theory by checking that they indeed satisfy
the equations of [6].

One of the reasons our method is very efficient also, is that it can be represented

diagrammatically, without equations, and thus very easy to remember.
Perspectives and generalizations:

e The first thing one could think about is to understand what our F9)’s compute
in algebraic geometry. There has been some attempts to recognize the first few
of them F') as the Dedekind function [29, B0], F® as the Eisenstein series [50)],
but the answer for higher g is still obscure. Also a combinatoric interpretation is

missing.

e Beyond that, it would be important to understand the combinatorics behind our
diagrammatic construction. Since all diagrams are obtained from trees, it seems
to be related to Schaeffer’s method for counting maps [70], but this issue needs

to be investigated further.

e Double scaling limits of matrix models are in relationship with conformal field
theory (CFT), and in particular minimal models. It would be interesting to
compare our formulae with those obtained directely from CFT [28, [76, [77], and,
since higher genus CFT is far less known, maybe our method can bring something
new to CFT.

e Also, the link between formal matrix models (i.e. those defined as combinatorial
generating functions, for which it makes sense to consider a topological expansion,
cf. []), and actual convergent matrix integrals needs to be better understood.
The difficulty lies beyond any order in perturbation, and integrability could play

a key role in understanding the relationship in more details.

e [t would be interesting to check that the topological expansion for the chain of
matrices [38], is also given by the same F9)’s. This is an open question, but
there are strong evidences that the answer is positive. For instance it is easy to
see from [38] that F(® and some of the first few correlation functions are indeed

the same.

e [t would be interesting also to extend our construction to other types of matrix
models, for instance non-hermitian (real symmetric or quaternionic). A first
attempt was done in [I8]. Another possible extension is towards the O(n) matrix

model, whose large N limit is known in terms of an agebraic curve A4, 45]. To
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leading order, the O(n) matrix model solution looks very similar to that of the
1-matrix model, except that correlation functions are no longer meromorphic
functions on the curve. Instead they gain a phase shift after going around a
non-trivial cycle. This would probably allow to define a twisted version of our

construction.
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A Properties of correlation functions

In this section we prove the theorems stated in section EE4l

We use very much the following obvious properties:

i\ dz(p)dz(q) )
2509 = 5y (o A
dEq(p) _ dE,(p) )
o0 el 42
and
. dE,(p) _ 1y, B ]
qh—gzlz w(q) da(q) = 2 ql—m dy(q) d(q). (A-3)

The third one is nothing but De L’Hopital’s rule.

Theorem E.T] proof:
From the definition EE2, we have:

W npe) = Res 8 (Bg.p) B + Bl B@.m)
= 2 Res dfgg) B(q, p1)B(7, p2)
= es Res dE,(p) r
= e e L V(@) (rlr) =) Bla.p1)B(r.p2)
= —2 Res Res o(P) B(q,p1)B(r,p2)

- (y(q) — y(@)(x(r) — z(q))
= —2 Res q(l;) B(q,p1)B(q,p2)

g—a  w(q
_ Res B@:P)B(¢:p1)B(g,p) )
- dz(q)dy(q) (A-4)

where we have used Eq. (A=2), Eq. (A=]]) and Eq. (A=3). O

Theorem proof:

It is obvious from the definition that if p is away from branchpoints, the residues
are finite integrals, and W,g_ggl is finite. The only poles can be obtained when p pinches
an integration contour, i.e. at branch points.

Then, it is easy to see by recursion on k£ and ¢ that it holds for any p;.
O

Theorem proof:
The first one is a property of dE,(p), and the second one follows from recursion on
k and g, and it holds for W\” = B. O
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Theorem .4l proof:
The case k =1, g = 0 comes from Eq. (A=), and by integration:

>_dB,(p') =0 (A-5)

which proves equation Then, it is clear from the iterative definition of Wk v, for
k > 1, that the dependance of W,g‘i)l (p1, P P2, - - -, px) in p is a sum of integrals involving
only the following quantities:

dEjq(q1) (9)
Z Res —21\1 p w,? A-6
4 easj ](Q) (Qap) l+1(an2> >Ql) ( )

for some qi, ..., q'"°. Using equation [A=1l we have to compute:

q
ZZ[]R,_}GGS MB( )M/l(_i_ql(q7QQa"'7ql)

_ dEJq Q1) dz(q)dx(p)
o Zqua] ( ( )_ (p))z W/H-l(q?un'-'vql)

_ dEJq Q1) dz(q)dz(p)
B qui% (20) — =)
_ s dEJq (1) dz(q)dz(p) 9) (i

R ; ZP* w:(q) (@lg) —a(p)? @)

=0 (A-T)

<I/I/l+l(q qo, .. '7ql) + M/l(-‘f-])l(q7 q2, - - 'aq1))

where the second equality holds due to [A=2 the third equality holds due to equation
E=23, and the last equality holds because that last expression has no poles at the
branchpoints. This proves equation E=24. [

Theorem proof:

It is clearly a rational function of x(p) because it is a symmetric sum on all sheets.
From theorem EE2, the RHS may have poles at branch points, and/or at the poles of
some y(p'), and/or when z(p) = x(p;) for some [. Let us prove that the poles at branch
points actualy cancel.

Let us denote in this section:

U (a4, px) Z S Wi a, p )W (G pr ) + Wil (0. d pk). (A8)

m=0 JCK

From theorem B4, we have:
Z Ulgg) (qla qi> pK)

10Gince it may not be clear which branch point dE and w refers to, one indicates it with an index.
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_ _ZZU]gQ)(quqi’pK)

il
= —Uq.7.x) - U@ 0. 7x) Z Na.4'.px) + U@ ¢, pr))
75
(U a.px) + U (g Z > U2 q px)
9'#4.g q'#q,q 1#i,q'#4,9

(A-9)

and from theorem B4l and theorem 2], only the first two terms have poles at branch

points, and thus:

—ZZR U(g(q ¢, pK)
q—aj (.U]
= Z qlieas‘ ’7 (U].g )(Cb@ pK) + U]gg) (67 q7PK)>
dE
= 22 Res ]q( ) U]gg)(Q7qupK>

a—a; w;(q)

= 2Wéil<p,pK> (A-10)

where the last equality holds from the definition of W,gi)l. Thus we have:
dE; o
Wppx) = = quia ” <Z U;Eg)(ql,ql,px)> :
(A—11)
Then we rewrite it in terms of P,gg ) above:

W,iil<p,pK>

- 3T Re (P(g (#(a). ) (0
+QZCU k-i-)l(q PK))

_ ——Z e 2 dqu (p,gw(x(q),pmdx(qf+2y<q>dx<q>w,§?21<q,pK>

+2y< >dx< Wi, (@ pi) )
- D) Z q—’ll] (.U] (P(g)( ( ) K) dx(q)2

+2<y<q> y(@)de(@W, % (4,7
(A—12)

where we have used theorem 4 again. That gives
Wi (p.pxc)
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(A—13)
Let us compute that last integral:

Z Res dE;4(p) W, (¢, )

_ () ( 1 (9)
= - 5_‘?2 dEj4(p) Wk-i—l (¢,rK) + % Zi’el& B(p,q) %4‘ Wk-gu(qapK)

1 ]{ (9)
—— B(p,q fWg ¢.p
50 E - (p,q) g 1 (4, Px)

=i

= = Res dB;,(0) Wi (.px) + D dui(p) %4 Wi (2. px)

= — Res dEj7q(p) Wk(g-)l (Q7pK)

q9—p

= W (ppx) (A-14)

where we have deformed the contour of integration using Riemann bilinear identity,

and then we have used theorem F.3. Thus we have:

3 s T Pt el <0 (a15)

Since this holds for any p, we can write for any m > 0:

0 = RO~y ()~ a(e)" 3 Res L) PO a(q) ) dala)
= = Res Res TP 000 ) ((p) — w(a))™ P (2(0). i) (o)

9—0i p—=¢g  Wj (q)
= — fieci dz(q) (z(q) — x(a;))™ Pég) (z(q), pK)
(A— 16)

which proves that P]gg)(x(q),pK) can have no pole at ¢ = a;.
[

Theorem proof:
Assume this is proved for h < g, and at g, it is proved for [ < k. Then we have:

Wi (py, p2)

= dEy(p1) m (g—m (-1 —
- Zf{fasz “o(g) [;Wz (g, p2) W1~ (@) + Wy (q,q,pz)]
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@ Y B(q, p2) W9 (q)

dFE
= Z Res q(p )
— qg—a;

dE Pl dEz Pz m/—
+3 R D Res St [z% W)
g 1 9~ 1 ’ r_q
+2 Z Wi <a>W§m— (¢.7 0)+2Y W (g, ¢ W V()
m'=0

+4Z ZW2 (¢ QW™ @)W (@) + Wi (g q’,aﬁ')]
m=1m’/=0

(A—17)

and Wég) (p2,p1) is given by the same integral except that the order for computing
residues is reversed, the residue in ¢ is computed before ¢’. The difference is thus
obtained by pushing the contour of ¢’ through the contour of ¢, and is obtained as the
residue at ¢ = ¢’. Notice that only WQ(O) (¢,q') has a pole at ¢ = ¢/, all the other Wk(g)
have no poles at ¢ = ¢’ from theorem Thus we have:

Wz(g) (p1,p2) . W2(g) (pz,]h) _ Z Res ar dEq(p1) B(g,p2)

w(q)

—dEq(p2) B(g,p1) Wl(g) (G)

dE4(p1) AE,(
— ZZ Res q—a; ReS q'—q w(E]I; ) o (qp2 ( )
W @)W (@) + 2 V()] (A-18)
dE _
= 22 Res, o, Ry qué) > M(i?i’ Bla.q) U @.7)
q ’( ) _
= >, Res,q Resyy di(g;l) — (ql,); B(q,q') (Uéy (¢,¢) + U (g, ’))

where we have used the notation of theorem EAl

Similarly, for higher values of k, we find:

Wéik(plap%PK) Wz(ik(pmpl PK)
_Z Res Ea(p1) B(a,p2) — dEy(p2) B(g, p1)
4 w(q)

dE,(p1) dEy —
= ) Res Res o(p1) (, )B(q,q) (Uég (q,q,pKHU;ﬁg)(q,q’,pK))
— 4—ai ¢'—g w(q)  wild)

W @, px)

Then it gives:

Wz(i)k(plapmpK) - Wg(g_)k(p%plvpK)
B Z Res Ea(p1) B(a, p2) — dEqy(p2) B(g. 1)
g—a; w(q)

dE (pl) qu’(p2) g / 9) (= =
- Z tf{faz w(q) t ( wi(q) <U’£ )(q’q Pre) + U"g )(q’q ’pK))>
(A — 20)

W, (@, px)

/I —

qa=q
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and by integrating half of it by parts we get:

Wil (b1, P2, pic) — Wil (p2, p1, pic)

- _ ZZ Res ol B(q7p1)qu(m)—)fg(q,m)qu(m) (Uég)(q’ q7pK) + U}gg) (G, 7, pK)> (A—21)

w(q

+ Zz Res o dEQ(pl)B(47P2u)}(—ql§Eq(P2)B(q,p1) ngi)l @7 pK)

Now we use the following Lemma:

Lemma A.1 If f(q,q') is localy a bilinear differential near a branchpoint a;, with no

poles, and symmetric in q and G, and in ¢' and ', then:

R B(q,p1)dEy(p2) — B(q, p2)dE,(p1)
€S
g—a; w(q)?

flg,q) = 0.

Proof of the Lemma:
The residue is a simple pole, and we can use formula [A=3 that gives:

B(q, p1)dEq(p2) — B(q, p2)dEq(p1)

i w(q)? f(g.q)
_ o B(q,p1)B(q,p2) — Blq, p2)B(q, p1)
_ (‘?’ “ w(q)dy(q)dz(q) f(a,q)

Using this Lemma, as well as theorem EEH, we get:

Wz(i)k (P1, D2, PK) — W2(j]-)k (p2,p1,PK)

B(gq,p1)dE, —B(q,p2)dE, _
= =Y, Res g, 2eptfae2plardBae) (y(g) — y(g))da(q) W5, (4. pr)

+3, Res g, qu(pl)B(vaii(—ql;Eq(pQ)B(q,pl) ngi)l (@ pic)
= 0.

O

Corollary H1] proof:
For any rational function R(x) with no pole at z(a;) we have:

R&QS R(I(p))W]gz_)l(pvpla cee apk)

1

5 I%G(?S R($(p)) (Wéi)l(pmb s apk) + ngz-)l(]_% Py - apk))
= 0

due to theorem E41

For m = 0,1 compute

> Res ()" y ()W (p, i)
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_ __Z 553 dm ( y(p)dx(p )Wéi)l(p,px)Jr

h —h -1
+ Z > W @ p)WE L (0 i) + WS )(p,p,px))

h=0 ch
_ 1 z(p)™ »
- 2PBZPK dz(p) ( y(p)dz(p)W%, (b, pic)+
—l—Z Z |I|+1 (p, D)W, 15 \1\11(1’ PK/1) + V(/'kJr2 (p P, pK))
h=0 ICK

k
_ %Z Res dx ( (p,pj)Wég)(p,pK/{j})>
33 R o

+Z Z |I|+1 (P, D)W, 15 m)+1(P PE/1) + WM (p p,pK))

h=0ICK
T r2(p)™ W (px)
- 2 dej ( dx(p;) )

1 z(p)"
720 Res s (= 200)da ()WL, (0. prc) +

( y(p)da(p) W) (. pic) +

g
—h -1
30 W 0 )W e (0 prcs) + WSS )(p,p,px))

= > e ‘;fj’()"; (— 2 @)W, (7. px) +

1)
+Z Z |]|+1 p p[ k( \I\ll(p pK/I) _'_WkiZ ( 7p7pK>)

h=0ICK
_1g m W (i)
B 2; ( d:c (pj) )
1
1

> Res iy (P @) piia* )

_|_

1¢ )" Wi (px)
- 2 ; d, ( dx(p]) )
(A — 26)

due to theorem O

Theorem E.7] proof:
The case k =1, g = 0 is easy:

Res ®(p)B(p1,p2) = d®(p2) = y(p1)dz(py). (A-27)

p2—p1
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We prove the theorem by recursion on g and k. Suppose it is proved for all k' for
g <g—1l,andfor k' <k—1if¢g =g. Wewrite K ={1,...,k}and K’ ={1,... k—1}.
Then we have from Eq. ([E=9):

Res (I)(pk)Wk(i)l(pvpla <o >pk)

Pr—a
E
= Res Res ®(py) 4Ey(p) (

pr—a g—a w(q)

g
Z Z M/](—TZ) (qa bJ, Pk)Wéz;m) (67 pK’/J)

m=0 JCK'

+ Z S W a.p) W @ presas i) + W,ﬁi}”(q@pw,pk))
m=0 JCK'

(A 28)

Then we exchange the contours of integration:

Res Res = Res Res + Res Res . (A-29)
pPr—a g—a q—a pp—a q—a pr—4q,9
Thus
p]i{gs <I>(pk)W;§il(p D1y Dk)
dE,(p
= Res Res ®(py) a(?) ( Z Z +2 (¢, PJ,pk)W,E —j (‘LpK’/J)
A A w(q) m=0 JCK'
9
+ Z Z WJ(TI) (qva>W]§!i;:-n1) (67 pK’/vak) + ng—gl—gl) (q7qu pK’7pk))
m=0JCK’
dE,(p) - (m) (9-m) (-
Res Res @ el Wi (g, pr PO W™ (@ prc
g 00 B (S W
g
0> Wil p) Wi @ s o) + Wils" (0.3 pic, pk))
m=0JCK'
(A —30)

The first term is computed from the recursion hypothesis, and the second term can
exist only if the correlation function containing p, has poles at p, = ¢ or p,. = @, and

from theorem L2 this can happen only if the correlation function containing py is a
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Bergmann kernel. That gives:

Res p,—a ®(pe) W2, (0, 11, ., k)

= Resqoa D0 (Y00 Y ce@m o+ (1) = W 0 p) WAL @ picr )
+ 320 0 Y erer(2(g = m) + (k= §) = W q, p) W™ (@ prcrss)
+2g = 1) +k+ 1= 20 0, p))

+ Res g Resy o @) 22 ( Blo, )W (@ prcr) + Wi (0, p1c) B(@, )

dE, m —m) —
= (294 k — 3) Res ., Zolr) ( 0 2K Wj(+1)(q,pJ)W,§‘(ij (@ prrya)

w(q)
+WI§1_11)(qaq> pK’))
+ Res q a2 (y(q)Wéﬁl(q pir) +y@W (g, pz«))

y(9)—y(@)

=29 +k—=3)Wi(p,p1...,Pk-1)

+ Res g a 50 (y(a) (W @ prer) + W2 (g, i) + (4(@) — y(@)W (g, i)

=29 +k—=3)Wi(p,p1.-.,P6-1)

+ Res g 122 (y() — y() Wi (g, prcr)

= (29+k —3)Wi(p,p1 - pe-1) — Res goa dE,(p) W9 (q, pxcr)

= (29 +k—3)Wi(p,p1- - 1) + 5 ResgadS,,(p) W (g, prcr)
—1 Res y—a dSq.0(p) W (¢, px7)

= (29 +k = 3) Wi(p,p1- -, Pr1) + & ResgadSyo(p) W (g, prcr)
—1 Res gadS,,(p) W (G, px)

— (294 k = 3)Wi(p,p1 .., pr_1) + Res ga dS,.0(p) W (¢, px)

= <2g k= 3) Wilp,pr ... Pi- 1) — Res gy dSy.0(p) W (g, prcr)

—5= > (fB (0:0) $4 W, (g, pir) — $4, Ba:p) $5. W (q, pK’))

= (29+k—3) Wk<p,p1 o 1) = Res gy dSg.o(p) Wi (g, picr)

—du'(p) ((1 +57) $a W (a0, prc) — 5§ Wi (q ,pK/))

= (29 +k - 3) Wk<p,p1 . ,pk_1> — Res ., dS,.(p) W (4, picr)
—du'(p fA q,PK’)

= (29 +k - 3) Wk<p,p1 o Ph1) — Res oy dS,0(0) W (g, prcr)

=29 +k—-2)Wi(p,p1--.,P6-1)

(A-31)
]

B Variation of the curve

In this appendix, we proove the theorems stated in sections (H) and section (E1]).
Lemma (.1 proof:
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Dq, (ZJ Res ¢q; dfgq(f) f(%@) (o)
= 3, Res g, 220 Do (£(4,7)),) — X ReS gy 2220 ((q) — (@) £(0,7)
+23 Resy g, »; Res, g, dfr(‘;’ Q(r) dffé;) f(q,9)
=3 Resga, 20 Do (£(0,7)),00) — 22, ReS e, 228 0(g) £(g.7)

+23 Resg g, ), Res, .y, dfz(;”) Q(r) dffq(;) f(4,9)

=32, Res gma, S Do (f(0,0))q) — 25, Res ga, Res,g CUITHEO(r) f(g,7)
+23; Resga, i Res ., 8 0(r) 2245 £(q,7)

= > Resgq dfz‘q(f) o (f(4, 7)),

+237, Res,a, 25 Res g, S8 Q(r) 282 £(g,7)

(B-1)
0

Theorem B.1] proof:
This theorem straightforwardly comes from the diagrammatic rules described in the

preceding paragraph except for the variation of F(1

Let us prove it for F) with Q(p) = [, B( . One has
dEy(p)A _
— [ WP O)A(P) = — Res,_a %Bw B2
o Jo dEq(p)A(p)dzi(g)dzi () 1 -
= ~Resa g [(z<q> @ T 598 )]

where z; is a local variable near the branch point a; and Sp is the corresponding
Bergmann projective connection. Since the last term has a simple pole at the branch

point a;, one can write

 Res JedEap)AP)dzi(g)dz(7) 1 o B
lt;{ﬁa w(q) 6SB(q> B Zdy a;) q_)al dr(q)

1
= —§5an7'3x.

(B—-3)

On the other hand, one can express the first term thanks to the local variables z;
and compute

B AR @@ 1
TG e e
(B-4)

provided that z;(q) — z:(q) = 2z;(¢). O

Theorem (B5.3]) proof:
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Using theorem B, we have:
(2 —29)F9 = — Res oWl (B-5)

and using eqB=63] we can choose for any arbitrary o’:

== Res VodSpo + Y ta / ’ dSpo + Y & 7{ S, » (B-6)
ed “ ey B B;

which implies:

(2—2¢9)F9 = — Resa(IDVV1
= Y0 Respoa Res oo Val@)dSyo (W17 (0) = Yo ta Res o [, S0 (@)W1 (0)
—> i€ Respa fqe& dSPvO’(q>W1(g) (p)-
(B-7)
Since the poles o and the branch points a; do not coincide, one can exchange the order
of integration. Then, one can move the integration contours for p in order to integrate
only around the last pole p — ¢:

(2—29)F9
= Yo ta S, Res g dS, o ()W) (D) = 32, Res oo Res g Va(q)dS,.0 (@)W (p)
+ 325 $em, Res pg dSp0 ()W (p)

=Y. Res oo Val@W1”(0) = Sota i, Wi (g) = X6 §,0 Wi(0).
(B-8)
]

Theorem (G.1]) proof:
We have

um (2im)? (du;(p1)du;(p2) + du;(pa)du;(pr))

_ 7{74 B(py,7)B(pa, 5) + B(ps, ) B(py, 5)).
(B-9)

— N

W(O) ’ _

Thus the theorem holds for K =2 and ¢ = 0. And by integration we get

0
— 2im— Do dE,(p) =

2(im)* (dui(p) (u;(q) — u;(@)) + duy(p) (uiq) — ui(@)))

74 p,7)AE,(s) + B(p, s)dE,(r)).
reBB; JseB;

@

l\DI}—t



2im 52 Wi (. )
dFE,
= 2271‘8 Res 4—a (y(q)_yt(lg))dm(q) <WI§+2 )(q G pr) + 2 ]+1(q pJ)WligJ+1(QapK/J))
_ 1 B(p,r)dE4(s)+B(p,s)dEq( (g—1)
= 2 fre& fsezsj Res ga ==050 ())5:2((1) o (Wk+2 (4.7 px)
_'_Z +1(q pJ>Wk j+1(q7pK/J)>

+ Res qﬁa(i% 2i7TaiW1§+2 )(q q, PK))

)
dEq(p)
)

Gaia (2 2m g W @ p) Wil S @ picy)

+Resqéa% X W +1(q PJ)QWaH ngngr)l(qapK/J)
= 3 freB fseB ( (p,7 ngj]-l(s px) + B(p, )ng+)1(7“ pK))
+3 $es, fses» Resq—ﬂ% <Wk(+4 (4,9, px,7, 9)
+2W(+3(q q;py,T )Wéggi—lh)(pK/J, s) + Wj+2(q DI, T )Wk Tita (q,pK/J,s))
+3 freB 55563 Resqﬁa% > W k ]+1(q PK/I) X
X (W](ﬁ?, (¢, ps,7y8) +23 W, l+2 (q pL,T )Wé i 1).|.1(pK/(JUL)75))

dE
q(p)dx( ZJ Wkgg+1(q pK/J)

1
+3 fT’EBi fsij Res g—a (y(a)—y(@))
h—1),_
X (VVJ'(+3 "@.psrs)+ 25 W@ e )W (0 son). 3))

(B-11)

+ Resy—a

We regroup together all terms with 2 W’s and all terms with 3 W's:

2im Wil (0. prc)
= 3 freB fseB ( Wk+1(SvPK) + B(p, S)Wk(i)l(rapK))

dE (h—1) (g—h) /—

+ frEBi fsij Res q—a (y(q)—yt(l(gj))dm(q ZJ Wj+3 (q pj,T, S)Wkgj—l—l(qapK/J)
dE,(

+ $ren, fues, Resq*am <Wa+2(q’pJ= W (qvpK/JvS))

1 dE,(p) (9-2)( =
+5 $.e5 fsij Resga (y(ggE—%z)ag))dx(q) Wl (4, 4, pxcs s )
+ frep, $cs, Res wamx
h—
X<ZJ LW @, )W (0 ony, WM (g, pK/J)>

dEq(p)

s, e, RS o—a guymnam
m h—m —h) —

X ( 021 Wz(+2)(qapL7 T>WI§—j—l)+1(pK/(JUL) S)W/gg j+)1(q PK/J)>
1 dq(p) (h) (o = (g—1=h)
+§ fT’EBi fsij Res g—a m <2M/}+3(Q>q>pJ>r)Wk —j+1 (pK/J> ))
(B-12)
We recognize the recursion relation eqHB=9 in lines 2 to 5, and in lines 6 to 8, and this
gives the theorem.

The theorem for the free energies, is easy obtained using theorem 1 [J
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C Proof of the symplectic invariance of F(") and F'(V)

ca1 r®

Let us study how F( is changed under the exchange of the roles of z and y. For this
purpose, we define the images of F() and Wl(l)(p) under this transormation, i.e.

1) = — Res
Witp) == Res 5r0) =2 @) s (@)

B(q,q) (C-1)

and . .
FO = —5nTsy - ﬂzn];[xf(bj) (C-2)

where b denotes the set of y-branch points, ¢ is the only point satisfying y(q) = y(q)

and approaching a branch point b; when ¢ — b;, 7, is the Bergmann tau function
dz(b;)

dz;(bs)
the curve, the variation of the free energy reads

associated to y and 2'(b;) = According to theorem Bl for any variation € of

P = [T AG) (C3)
Thus, the variation of the difference between the two ”free energies” reads
g (P - FO0) = / (W) + W ) A). (C-1)
In order to evaluate this quantity, one needs the following lemma:

Lemma C.1 For any choice of variable z:

(1) =) B 1 1 x//y// SL’”2 IW y//2 y///
W)+ 0 = gy | (28000 + 20+ 20 - T V] (e

where the derivatives are taken with respect to the variable z and Sp, denotes the

Bergmann projective connection associated to z.

proof:

From the definitions , one easily derives that

(1) W () — Res B(p,q) ]
W)+ W) = Be 20 ) — 5@ (¢6)

Let us now expand the integrand in terms of an arbitrary local variable z when

p — q. The different factors read

Bp.a) _ 1 1 Cp) —2) e
0@~ ol —agr TeoEw S5 (0) +O(((p) — 2(0))*) (C-7)
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and

! 1 ,
Wy GO @) [1”—2<z<p>m )y
Hetp) — ) (L5 - L
(z(p) —=(@)” (g™ "y 3y
T s e T )

(C-8)

Inserting it altogether inside Eq. (C=d), one can explicitly compute the residues and

one recognizes the formula O

We can now prove the following theorem stating the symmetry of F®) under the

exchange of x < y:

Lemma C.2 The two free energies transform in the same way under any variation of

the moduli of the curve:
oM = 5o FW

proof:
We already know that

1 1
—d = (255,
/peC 2477 Lv’y’ ( Se:(p)

for an arbitrary variable z.

1,01

Ty
a:’y’

5e ( PO _ ﬁ(l))

(C-9)

1'//2

l,/// y//2 y///
= T )| A

(C-10)

We just have to check that this quantity vanishes for the transformations corre-

sponding to varying the moduli of the curve. Because

the function inside the differ-

ential wrt p vanishes at the poles of ydx, one can check that it is indeed the case.

O
Thus the first correction to the free energy satisfies

symplectic transformations:

the following variation under

Theorem C.1 F does not change under the following transformations of &:

e y — y + R(x) where R is a rational function.

oy —cyandx — %:E where ¢ s a non-zero complex number.

e v — =+ R(y) where R is a rational function.

ey —xandx —y.

FO s shifted by a multiple of iw /12 when € is changed by x — —x.
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proof:

The first transformation is obvious from the definition since neither In7g, nor y'(a;)
changes.

The second one follows from theorem 2 in [37] for f = 2 and g = £ which shows
that the variations of In(7z,) and 3/(a;) compensate.

The fourth one is nothing but lemma (C2) and it gives the third one when combined
with the first.

The last transformation holds because Intp, is left unchanged and y'(a;) changes
sign.

O

c.2 r©

Theorem C.2 F© does not change under the following transformations of &:
e y — y+ P(x) where P is a polynomial.
oy —yandxr — —.
oy —cyandx — %:E where ¢ is a non-zero complex number.
e v — x+ P(y) where P is a polynomial.

ey —xandx —y.

proof:

The second and third transformations come from the structure of F(© which is
bilinear in objects proportionnal to ydzx.

One can obtain the last one following the same method as for F(: we compute
the variation of the difference of the two free energies under the changes of the moduli
of £ and show that they vanish.

Let us now show the first invariance. In this case, the variation of the free energy

is 0p(z)awt’ ©), Since P(xz) is a polynomial one can write it
P(a(p)) = Res B(p, ¢)Q(z(q) = — > Res B(p, q)Q((q)), (C-11)

where Q(x) is also a polynomial in x. Then, theorem (EJI) implies the invariance of
F© under this transformation.

The fourth transformation is a combination of the first and the last one.
O

81



D Matrix model with an external field

We consider the matrix model with external field defined in section ([4):

Z(A) = / dM e~ NTr(V(A)—MAR) (D-1)

where we assume that A is the diagonal matrix:

ni na Ns
K = diag(xl,. .. ,/):1,/):2, .. .,/)\\2,. . -7/):59- .. ,/):8) (D—2)
and V'(x) is a rational fraction with denominator D(z): V'(x) = %
In particular, the polynomial S(y) := [[;_,(y — i) is the minimal polynomial of A.
We define the correlation functions Wy (x1,...,x;) = NF2 <Hf:1 tr ﬁ> and
their 1/N? expansion
_ — 1 _u
Wh(xx) = ) 7 O (Xi0)- (D-3)
h=0
We also define the auxiliary functions
(o ys) o NI (e L S) = S ﬁ't 1 (D-4)
YR Yy X ) = R y—A L rxiT—M
and
| K|
- Vi(z) — V(M) S(y) — S(A) 1
P . — NIKI-L [y . (D-
k(x7y7xK) < r r— M y_A Etrx”_M ( 5)

Notice that @y, (z,y; Xk ) is a polynomial in y of degree s — 1, and D(z)Py(z, y; Xk)
is a polynomial in z of degree d — 1 and in y of degree s — 1 (note that P, corresponds

to P in Eq. ([I=6Y)).

It is convenient to renormalize those functions, and define:

up(r, y; X)) = Uk(2, Y5 Xi) — 0,09(y) (D-6)
and
- k2
wk(xK) = wk(xK) + m (D-?)
D.1 Loop equations
Consider the change of variables
_ 1 S-S5
oM = —r =% (D-8)



You get the loop equation

1

Az (@ yia) = Vi(@)to(z, y) = Polw, y) —yuo(z, y) + S (y)wn (w) (D-9)

m1 (l’)HO(l’v y) +-=

(y+w (2) =V (2)) (@0 (2, y) =S5 (y)) + 15T

We define the polynomial both in x and y

uy(z,y;x) = (V'(2)—y)S(y)—Polx,y). (D-10)

Buteat(,) = (V'(2) = 9)S(y) — Po( ) D(@) (D-11)
and
Y(2) = V'(z) — W (). (D-12)
The loop equation thus implies:
(v — Y (@), y) D(x) + g (2, :)D(x) = Bue(r,y)  (D-13)
and in particular
Buteae(, Y (2) = szt (2, Y (2); 2) D(). (D-14)

The leading order of the topological expansion reads
Ejfra(,Y (1)) = 0 (D-15)

which defines an algebraic curve.

D.2 Leading order algebraic curve

Let us study the curve Epren(z,y) = ](\%mt(:c,y) = 0 defining a compact Riemann

surface ¥ and two functions = and y defined on it.

Because y is a solution of a degree s + 1 equation, Eyere(,y) has s + 1 x-sheets.
The sheets can be identified by their large x behavior:

e in the physical sheet, we have Y (z) ~ V'(x) — 1/z + O(1/2?)

e in the other sheets, Y (z) ~ A; + mlyo(1/4%)

Let us note by p* € ¥ with ¢« = 0...s the different points of the curve whose
x-projection are x(p), i.e.

Vi, j x(p') = 2(p)). (D-16)

The superscript 0 corresponds to the point in the physical sheet.

From the correlation functions previously defined on the x and y projections, one

defines the corresponding meromorphic 1-forms on the curve as follows:
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and
Ur(p, y; Px) = ur(x(p), y; X(Px)) dz(p)dz(p1) - - - dz(p) (D-18)

as well as there topological expansions

[e.9] [e.9]

Wilpk) = Y N> W " (px) and Ui(p,y;px) = Y N> UM (p,y; px).
h=0 h=0 (D-19)
D.2.1 Filling fractions and genus
The curve has a genus g < ds — 1 and we work with fixed filling fractions
1
€= ” ydx. (D-20)

D.2.2 Subleading loop equations

Consider the topological expansion of the loop equation Eq. (D=I4)). It reads, for h > 1:
EW(y) = D@y~ Y@)u(r.y) + D(@ywiy(a)uy’ (z,y)
+D(z) Z iy (@)ug™" (.y) + Doy (. y: ),
(D —21) "
where E™(z,y) is the h’th term in the A%-expansion of the spectral curve.

D.3 Diagrammatic rules for the correlation functions and the
free energy

In this section, one proves that the correlation functions’ and the free energy’s topologi-
cal expansion of this model do coincide with the Elgh)’s and F"’s defined following the
definitions of Eq. (=IH) and Eq. ([E=I4) for the classical spectral curve Eprert(z,y) = 0.

D.3.1 The semi-classical spectral curve

Let us reexpress the semi-classical spectral curve (i.e. the whole formal series

Enrert(x,y)) in terms of the classical one E](\E)[)ext(x, Y).

Theorem D.1
Byen(w,y) = —D(@)* (TToly = V/((p) + % Tr s5)) (D-22)

= D(z)[(V'(z) = y)S(y) — Py(z,y)]
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and

s

Unlp.y) = —* <H<y ~V'(a(p) + 5 Tr M>> (D-23)

where “ < . >" means that one replace Wy by wy in the expansion.

proof:

One proves that the ﬁ—expansions of

B(x.y) = ~D(x) <H<y ~V/(a(p) + 5 T M>> (D-24)

and
S

U(p.y) = ~D(x) <H<y ~V/(a(p) + 5 Tr ﬁ>> (D-25)

pe () —
coincide with the expansion of Eys..¢(x,y) and Uy(p,y).

Let the topological expansions be

E(x,y) =Y NE9(z,y) , Ulpy) =Y N2U(py). (D-26)

Expanding the expressions of E (x,y) and U (p,y) into cumulants, one recovers

EVy) = =Y@)D@H" @y + Dy’ @0 (.y)
+D(2) Y wy™ (@) () + D)0 (w,50),

m=1

(D - 27)

which coincides with Eq. ([D=21]).
One easily proves that this system of equations admits a unique solution thanks to
the polynomial properties of U (p,y) and that the leading orders h = 0 coincide. The

proof is extremely similar to that for the 2-matrix model (cf. theorem 1 in [19]). O

D.3.2 Diagrammatic solution

One has:
W3 (pr. p2) = B(pi.p2) (D-28)

where B is the Bergmann kernel of the algebraic curve Eyreyy.
The coefficient of y° of Eq. ([0=22), divided by D(z), is:

V() + Z A= Z Y (p). (D-29)
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It implies that

PR o NTW i q) and VR > 1, Y W q) =0, D-30

ie. .
Da(p,q) + Y _wa(p',q) = 0. (D-31)

i=1

The coefficient of y*~ is:
N T N 1 V'(z) - V(M)

SV 0) + eslr) = V) S A ¢ (o A=),
(D-32)

Notice that:

3 <Y(pi)Y(pf) + %m(pi,p"))

Thus:

V'(2)? + ;Af - % <tr Vl(”ii — ]‘\/4’1(M1)> => (Y(pi)2 + %@(pi,p")) . (D-34)

Notice that the LHS is the ratio of a polynomial in z and D(z): £

D(z
A V'(z)-V'(M
Zi 22 J%,<t1 (:2:—1\41( 1)>-

The topological expansion of this equation reads for A > 1

|
S
—
ok
(V]

+

~

2%y )WL () da(p)

d h— m i h—m i do Tr7(h—1) i g (M) (g 2(p)?
= SR S L W W () + 2 Wy (0, p) + 29—

(D-35)
From now on, following the lines of [I9], one multiplies these equations by %yd(gpf;g),
takes the residues when p — p, and sums over all the branch points and obtains:

Lip - =1 7+ h-l W oy =) (5
sz)(q)zzpfiiiz p,p(Q)( 2,0 (p,D) Zm—l 1,0 (p) 1,0 (P))

(y(p) — y(P))dz(p) (D-36)
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Differentiating wrt the potential V'(z;), one can finally write down an expression
for the correlation functions:

(h) _ 3dEp 5(q) (h=1)¢ =
Wk+1,0(q7pK) = > o Respp, (y(pz_yé)p))dx(p) (Wk+17o (p, PP )+
m h—m) /—
+ Zj,m VVj(+1),0(p>pJ) Wk(+1—j),0(p>pK—J)> .

(D-37)

This coincides with the reccursive definition B=TH and ensures the equality of the
correlation functions with the former defined special ”loop functions”.

Keeping on following [19], one finds that the topological expansion of the free energy
also coincides with the special free energies defined on E=I8, that is the 7-function of

the algebraic curve.
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