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Stability of the D-OSKIL Oscillation Suppression Mechanism
for Oil Well Drillstrings

Miguel A. Corchero, Carlos Canudas-de-Wit and Francisco R. Rubio .

Abstract— The presence of harmful stick-slip oscillations in
oil well drillstrings has attracted the attention of the control
community in recent years. In this paper, we present stability
proofs for new Weight on Bit (WoB) control law of the type
introduced in [3]. We show that the resulting feedback system of
the proposed law is globally asymptotically stable. Simulations
showing the typical response profiles obtained from the control
algorithm designed are also presented.

Index Terms— Stick-Slip, Oil Well Drillstring, D-OSKIL
control, Passivity, Lyapunov stability.

I. INTRODUCTION

Drillstring systems are used by the oil industry to extract
gas and oil from earth surface. Using a rotatory device, a
hole is made on the surface of the earth crushing the rock
formation. An exhaustive description of the process and the
system can be found in [10].

The occurrence of self-excited stick-slip vibrations as a
common and damaging phenomena in drillstring systems
has been exhaustively described and analyzed in last years,
attracting the attention of the control community (see [6],
[12], [17]). Among some other causes, these oscillations are
mainly due to the important friction torque produced by the
contact between the cutting device and the rock formation
[9].

The reduction and avoidance of such oscillations has
been proved to be very valuable in terms on money and
exploitation time [10].

Many ways of reducing these vibrations have been pro-
posed in literature, for instance, by manipulating some
drilling parameters (for example, [13] and [15]), by mod-
ifying the design of the drilling device (for example, [5]
and [14]), or by introducing a specific controller to avoid
oscillations (for example [4], [7], [16]).

However, few works have provided formal stability analy-
sis of their proposed control strategies. For instance, analysis
of the dynamical behavior of drillstring under vibrations has
been explored in [1] and linear approximations to stability
of controlled drillstring has been studied in [12].

The value of the system weight measured at the bottom
part, called Weight on Bit (WoB), has been proved to
be an important parameter in the occurrence and possible
avoidance of stick-slip oscillations (see [11] and [15]).
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The necessity of a high value of the WoB to carry
out a good performance drilling task and the fact that the
possibility of stick-slip occurrence is lower for low values of
WoB means that the introduction of a regulation strategy of
WoB value seems to be proper to maintain a good drilling
operation, and so, avoiding such oscillations (see [3] and
[12]).

Although these control algorithms have been shown to
work properly in simulation, and some analysis have been
carried out through approximated methods (such as the de-
scribing function analysis), stability studies fully supporting
the validity of such techniques are still missing. In this paper,
we present a formal stability approach to WoB controller
design presented in [3].

In Section II, the basic ideas of the stick-slip oscillation
avoidance problem are recalled. In Section III, a new control
strategy and its stability analysis is presented. In Section IV,
simulations are shown, and finally, Section V presents the
conclusions.

II. MODEL AND PROBLEM FORMULATION

Figure 1 depicts a diagram describing a commonly used
simplified model of drillstring torsional dynamics. The equa-
tions describing this model are:

Jrϕ̈r + c(ϕ̇r − ϕ̇b) + k(ϕr − ϕb) + drϕ̇r = v

Jbϕ̈b + c(ϕ̇b − ϕ̇r) + k(ϕb − ϕr) + dbϕ̇b = −ToB

where v is the control signal over the motor which moves
the rotatory, and the ToB is given by the product of µ(ϕ̇b),
which describes the normalized dimensionless torsional bit-
rock friction, and the normal force u usually called Weight
on Bit (WoB), which is the sum of the nominal weight of
the drillstring (u0) and the D-OSKIL control signal (ũ):

ToB = µ(ϕ̇b) · u , u = u0 + ũ (1)

The control variables are supposed to have the following
structure. First, the variable v will take the form:

v =

[
k1 +

k2

s

]
(ωd − ϕ̇r) − k3(ϕ̇r − ϕ̇b) (2)

whose gains k1, k2 and k3 have been computed following a
classic two-time-scales separation method. And secondly, the
control variable over WoB follows the adaptation law given
by:

˙̃u = P0
−u0

{−σũ + Φ(·)}

where P0
−u0

is a projector operator ensuring that solutions
of the above equation makes ũ stay in the range (−u0, 0],
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Fig. 1. Drillstring view and two-coupled masses model.

and Φ(·) is a nonlinear function which must be designed to
ensure system stability, that is:

ϕ̇r → ωd and ũ → 0

In order to make the presentation simpler, we will trop in
the sequel the explicit use of the projection operation P .
However, reader should keep in mind that ũ is a bounded
signals in the prescribed range.

A. State-space model

Under these assumptions, the system in state-space form
can be presented as follows:

ẋ = Aclx + Bclωd + Hclµ(x3)(u0 + ũ) (3)
˙̃u = −σũ + Φ(·) (4)

Acl =

⎛
⎜⎜⎜⎝

0 1 −1 0
−k
Jr

−(dr+c+k1+k3)
Jr

(c+k3)
Jr

k2

Jr

k
Jb

c
Jb

−(c+db)
Jb

0

0 −1 0 0

⎞
⎟⎟⎟⎠

Bcl =
[

0 k1

Jr
0 1

]T

Hcl =
[

0 0 −1
Jb

0
]T

with:

x1 = ϕr − ϕb

x2 = ϕ̇r

x3 = ϕ̇b

x4 =

∫ t

0

ωd dt − ϕr

The steady-state values of the states, considering
µ∗ = µ(x∗

3), are the following:

x∗
1 =

u0µ
∗ + dbωd

k
(5)

x∗
2 = ωd (6)

x∗
3 = ωd (7)

x∗
4 =

(db + dr)ωd + µ∗u0

k2
(8)

Therefore, rotatory table and bit velocities stabilize at the
desired rotational velocity, which reveals a proper feature in
our feedback control law.

-

-
Ψ

∆

G(s)

Γ

y

ũ2

ũ1

Fig. 2. Error system block diagram.

B. Error equations

Error equations can be obtained by applying the change
of coordinates e = x − x∗, and considering the steady-state
values µ(e3)ss = µ∗ and ũss = 0. This yields1:

ė = Acle + Hcl [µ(y)ũ + µ̃(y)u0] (9)
˙̃u = −σũ + Φ(y) (10)

y = Ce = e3 (11)

where the term µ̃(y) is defined as follows:

µ̃(y) = µ(y) − µ∗ (12)

and we assume that the update rule for ũ is designed on the
basis of the output y. The error system can be described by
the block diagram in Figure 2, with the following definitions:

G(s) : Ψ �→ y (13)

Γ : y �→ ũ1 = µ(y)ũ (14)

∆ : y �→ ũ2 = µ̃(y)u0 (15)

where Ψ = −(ũ1 + ũ2).

C. Error equation properties

1) PR condition on G(s): The map G(s) is:

G(s) = −C(sI − Acl)Hcl (16)

with C = [0 0 1 0], or equivalently:

G(s) =
s(a2s

2 + a1s + a0)

b4s4 + b3s3 + b2s2 + b1s + b0
(17)

The error equation and updating rule of ũ have been designed
such that the resulting map G(s) has relative degree one.
This condition is necessary to obtain PR and SPR functions.
For typical values of drillstring system model parameters
and v-control gains, it is possible to show that G(s) is a

1With an abuse of notation, we will use µ(y) to denote the expression
of µ(x3), in the shift coordinate y + ωd, i.e. µ(x3) = µ(y + ωd) = µ(y).
Note that at y = 0, we have µ(y = 0) = µ(ωd) = µ∗.

45th IEEE CDC, San Diego, USA, Dec. 13-15, 2006 WeIP9.4

1847



Positive Real (PR) function. Consequently, from the Kalman-
Yacubovich-Popov Lemma [8], the following property holds:
∃P = PT , > 0, Q = LT L ≥ 0 such that:

AT
clP + PAcl = −Q = −LT L ≤ 0 (18)

PHcl = −C (19)

Therefore, as a consequence we have the following two
properties for the linear map G(s):

• G(s) is passive relative to V (e) = eT Pe, and
• G(s) has finite L2-gain: γ2(G) = supω |G(jω)| < ∞

2) Boundedness of signal Ψ(t): From the definitions of
ũ1 and ũ2 in Equations (14) and (15), together with the
assumption that the adaptation mechanism yields values in
the range ũ ∈ (−u0, 0], it follows that both signals, ũ1 and
ũ2, are bounded, that is:

||ũ1||∞ = sup
t≥0

|ũ1| ≤ u0 < ∞, (20)

||ũ2||∞ = sup
t≥0

|ũ2| ≤ 2 · u0 < ∞. (21)

Hence ||Ψ(t)||∞ ≤ 3 · u0.

3) Boundedness of the output y(t): Since G(s) : Ψ �→ y

is a lineal stable map, the output signal y is also bounded,
i.e.

Ψ ∈ L∞ ⇒ y ∈ L∞ (22)

4) Sector condition on ∆: With regard to the Figure 2,
the output of the map ∆ can be seen as a disturbance acting
on the closed loop system resulting from the operators G(s)
in feedback connection with nonlinear operator Γ.

ϕ̇b

µ(ϕ̇b)

vs

µS

µC

Fig. 3. Normalized friction function.

Figure 3 shows the memoryless friction map used for this
study. Note that as the steady-state rotatory bit speed (ωd) is
in general much bigger than the Stribeck velocity vs, we can
then assume that µ∗ = µC . Therefore, taking into account
that y = e3 = ϕ̇b − ωd, the output of block ∆ will have
the profile shown in Figure 4. This operator belongs to the
cone sector [a, b] as displayed in the same Figure (see [18]
for further discussion on sector definitions). Formally this is
stated as follows.

The nonlinear operator ∆(y) belong to the sector [a, b] if
the following hold:

• ∆(0) = 0

• a ≤ ∆(y)
y

≤ b , ∀y ≥ 0, or equivalently,
• ay2 ≤ y∆(y) ≤ by2 , ∀y ∈ 


∆

y

ay
by

Fig. 4. ∆(y) belonging to interval [a, b].

In our case, the values for a and b are:

a = −
µS − µC

ωd

u0 (23)

b =
µS + µC

ωd

u0 (24)

and consequently, the map ∆ has also finite L2-gain, which
is bounded by:

γ2(∆) ≤ max[|a|, |b|] (25)

5) Block transformation: As it can be seen in Figure 4,
the map ∆ is almost passive, since almost the whole diagram
is within the first and third quadrant. This characteristic is
generic as the difference between break-away and Coulomb
friction levels is in general small (a is small when compared
to b).

Figure 5 shows a possible block transformation, where the
following new operators, ∆∗, and Γ∗ are defined:

∆∗ : y �→ (ũ2 + εy)

Γ∗ : y �→ (ũ1 − εy)

With this transformation, it can be easily proved that the
map ∆∗ is passive if the value of ε is taken such that ε = |a|,
as can be seen in Figure 6.

ε = |a| ⇒

∫ t

0

y(ũ2 + εy)dt ≥ 0 (26)

D. Problem statement

With this new feedback configuration, the problem of
designing a stable update law for ũ(t) is equivalent of finding
a function Φ(y), and parameter conditions, such that the
transformed operator Γ∗ defines a passive map. This design
strategy results from well known properties of feedback
interconnected passive systems.

The next Section uses such result to demonstrate the
stability properties of one possible candidate update rule.

III. D-OSKIL UPDATING LAW

Under the premise that the complete form of the update
law should also include a suited projection operator ensuring
that the variation of ũ is limited to the admissible parameters
range, the following updating rule will be analyzed.
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Fig. 5. Modified Block Diagram.

y

∆∗

ε

Fig. 6. Profile of map ∆∗.

A. Update law

Let us consider the nonlinear function Φ(y):

Φ(y) = λ y sgn(µ(y)) λ ≥ 0 (27)

Note that this choice is conditioned to the ability of
computing the sign of µ(y). Considering the form of the
friction model for this study, the sign of µ(y) = µ(ϕ̇b−ωd),
can be computed if ϕ̇b can be measured, or at least, observed
(see [2] for an example of observer design). We proceed
under this hypothesis in what follows.

B. Stability analysis

Lemma 1: Let ρ > 0 be an arbitrarily positive constant,
and λ, σ be such that the following design inequality holds,

λ

σ
≥

(
µS

µC

− 1

)
u0

ωd

+
σ

µC

ρ (28)

where µS

µC
≥ 1. Then map Γ∗ : y �→ (µ(y)ũ − εy) is strictly

input passive, i.e.

I =

∫ t

0

(µ(y)ũ − εy)y ≥ ρ

∫ t

0

y2 − β0 (29)

with β0 = ymax

σ
2u0 > 0.

Proof: Let I define the integral of the input-output
product of the operator Γ∗, i.e.

I =

∫ t

0

(µ(y)ũ − εy)y =

∫ t

0

µ(y)ũy −

∫ t

0

εy2

Substituting ũ from Equation (10) in the above expression
gives,

I =
1

σ

∫ t

0

µ(y)Φ(y)y −
1

σ

∫ t

0

µ(y)y ˙̃u −

∫ t

0

εy2

From sections II-C.2, and II-C.3, signals y and µ(y) have
been shown to be bounded. Let note these bounds as:
|y| < ymax, |µ(y)| < 1. Therefore,

I ≥
1

σ

∫ t

0

µ(y)yΦ(y) −

∫ t

0

εy2 −
ymax

σ

∣∣∣∣
∫ t

0

˙̃u

∣∣∣∣
Taking now Φ(y) = λ y sgn(µ(y)), gives

I ≥
1

σ

∫ t

0

(
λ

σ
|µ(y)| − ε)y2 −

ymax

σ
|ũ(t) − ũ(0)|

≥
1

σ

∫ t

0

(
λ

σ
|µ(y)| − ε)y2 −

ymax

σ
2u0

≥
1

σ

∫ t

0

(
λ

σ
µC − |a|)y2 − β0

where the last inequality is obtained by using the lower
bound on |µ(y)|, i.e., |µ(y)| ≥ µC , the definition of ε =
|a| (with a as given in Equation (23)) and the constant
β0 = ymax

σ
2u0. Finally, introducing the condition (28) in the

above expression, gives the following lower bound on I:

I ≥
1

σ

∫ t

0

(
λ

σ
µC − |a|)y2 − β0 ≥ ρ

∫ t

0

y2 − β0

which proves the lemma.

Remark 1: The condition (28) exhibits several interesting
practical features; it relates the design parameters (σ, λ) as a
function of physical drillstring system characteristics such as
the nominal WoB (u0), the rock friction features (µS −µC),
and the desired rotational velocity (ωd). The parameter ρ as
shown latter, provides a measure of the convergence rate of
the output y to zero.

We are now in position to establish the main stability
result.

Theorem 1: Consider the closed-loop system of Figure 5
with G(s), Γ∗, ∆∗ holding the following properties:

(i) G(s) is a PR operator satisfying (18)-(19)
(ii) ∆∗ is a passive map satisfying (26)
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(iii) Γ∗ is a strictly input passive map satisfying (29), i.e.
design parameters are such that the condition (28) holds.

Then, (e∗, ũ∗) = (0, 0) is a globally asymptotically stable
equilibrium of the considered closed-loop system.

Proof: Let us take the following scalar function:

V (e, ũ) =
1

2
eT Pe +

∫ t

0

y(ũ2 + εy) +

+

[
I(ũ, y) + β0 − ρ

∫ t

0

y2

]
(30)

From (26) and (29), we have that V (e, ũ) is semi-positive
definite.

Computing the time-derivative of V (e, ũ), and using the
properties (i) − (iii) of the theorem, results in:

V̇ (e, ũ) = −
1

2
eT LT Le − ρy2 ≤ 0 , ∀e, ũ (31)

Therefore, from last Equation, we have that y → 0 with a rate
depending on the value of ρ. The rest of the proof follows
from the application of the LaSalle’s invariance principle.
From Equation (10), we can see that if y → 0, together with
the fact that σ is a positive constant and Φ(0) = 0, gives
that ũ → 0. Finally, this implies that the two last terms in
Equation (9) also tends to zero, i.e.

lim
t→∞

[µ(y)ũ + µ̃(y)u0] = [µ(0)0 + µ̃(0)u0] = 0

since µ(0) = µ∗ = µC , and µ̃(0) = µ(0)−µ∗ = µ∗−µ∗ = 0.
Therefore, this results in

ė = Acle + Hcl lim
t→∞

[·] = Acle

So it can be concluded that e → 0, and hence that e∗ = 0,
and ũ∗ = 0 are a globally asymptotically stable equilibria.

IV. SIMULATION EXAMPLE

In order to demonstrate the behavior of the proposed
adaptive law, simulations of the drillstring system controlled
under the D-OSKIL mechanism designed in Section III are
shown in Figures 7 and 8. The values2 for system model
parameters used in the simulations are presented in Table
I. In these Figures, the typical profiles in terms on rotatory
velocity, both in surface and downhole, and system WoB are
shown.

As it can be observed, with the nominal weight
u0 = 40000N , the system is under a sustained oscillation
regime. The D-OSKIL mechanism is activated at t = 50s,
and in both cases, the controller is able to extinguish such
oscillations, although the WoB profiles obtained are quite
different. In the two simulations, the stabilization time for
the value of WoB is similar, and thus the range of variation
obtained in the WoB.

On the other hand, in Figure 8 (with control parameters
λ = 4 ·104 and σ = 5), the WoB response is much smoother

2The numerical values of the drilling system parameters according to a
2000m long drillstring have been taken from [16].

than the one obtained in Figure 7 (with control parameters
λ = 6.6 · 103 and σ = 1). However, the transition from
oscillation regime to stabilization period is faster in Figure 8.

This issue is due to the λ value, since the bigger value of
λ is chosen, the sharper WoB value transition is obtained in
the switching instant of time (in our simulations t = 50s).

From the practical point of view and in order to avoid
oscillations in the control signal, the parameters values
proposed in Figure 8 seems to be more proper.

TABLE I

PARAMETER VALUES USED IN SIMULATION OF FIGURE 7.

Parameter Value Unit
Jr 2122 [Kg.m2]
Jb 374 [Kg.m2]
k 473 [Nm/rad]
c 23.2 [1/s2]
dr 425 [1/s]
db 50 [1/s]
µC 0.3 [-]
µS 0.35 [-]
vs 0.01 [rad/s]
u0 40000 [Kg.m/s2]
ωd 5 [rad/s]
k1 15725 [Nm/rad/s]
k2 30576 [Nm/rad]
k3 194 [Nm/rad/s]
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Fig. 7. Simulation of D-OSKIL scheme with σ = 1 and λ = 6.6 · 103.

V. CONCLUSIONS

In this paper, we have presented a stability analysis of
a variant of the D-OSKIL control mechanism, introduced
in [3], to remove stick-slip oscillations in drillstring sys-
tems. The presented stability analysis based on passivity has
shown that this algorithm is globally asymptotically stable.
Simulations applying such an algorithm showed that stick-
slip oscillations can be effectively eliminated.

The implementation of the proposed control algorithm
requires the sign of a friction torque on the bit, µ(y), which
can be computed if the sign of rotational velocity measured at
the bit is known. Therefore, the measurement of this velocity
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Fig. 8. Simulation of D-OSKIL scheme with σ = 5 and λ = 4 · 104.

is necessary, but this limitation can be undertaken by the
proper design of an observer. A construction of a scaled
drillstring platform to carry in-house laboratory experiments
is under development.
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