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Abstract

By means of global Carleman-type estimate, we study the stabilization problem of the
wave equations with potential and indefinite damping. The energy decay rate of the
system is given explicitly. Also, we obtain an upper bound estimate on the negative

damping to guarantee the energy of the system decays exponentially.
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1 Introduction

Let us consider the following wave equation
Y — Ay + [a(x) + b(2)|ys + c(z)y =0  in (0,00) x €,
y=20 on (0,00) x T, (1.1)
y(0) =yo, w(0) =y in Q,

where Q@ C R" is a bounded domain with C? boundary T, a(-) > 0, b(z) < 0 and ¢(z) > 0

are given functions. We denote by

E(t) = %/Q [193(t,2)? + 42(t, 7) + e(@)y?(t, 7)) da (1.2)

the energy of (1.1). It is easy to see that

E(T) — £(S) + /ST/Q[a(a:) 4 b(@)]y2(t, @)daedt =0, YT >8>0 (1.3)

The main purpose of this paper is to study the exponential decay rate for the energy of
(1.1), i.e., we hope to find g > 0 and M > 0 such that

E(t) < ME0)e M, Vit>0andV (yo,y1) € Hy(Q) x L*(Q). (1.4)

By (1.3), it is easy to see that if a(-) + b(-) < 0 a.e. in €, then (1.4) is impossible. Thus
it is reasonable to assume that a(-) + b(-) > 0 in a subdomain G of €. Further, by [1], we
know that in order to obtain the exponential decay for the energy of (1.1) we should assume
G has a “good” position in Q even if b(-) = 0 and ¢(-) = 0. Therefore, as usual, we assume
that G is a neighborhood of the “star-shaped” part of the boundary I' (see (H1) in Section
2).

In this work, we will allow a(x) + b(z) to change its sign in . This means that the
damping in (1.1) is indefinite. As far as we know, this sort of stabilization problem was first

posed in [3] for the one dimension wave equation
Yt — Yoo + d(x)yt =0 in (07 OO) X (07 ]-)7
y(t0) =yt 1) =0, L€ (0,00) (15)
y(0) =vo, %(0)=y  in(0,1).

In [3] it was conjectured that the energy of (1.5) decays exponentially if

1
/ d(x) sin®(nrz)dr > v > 0, n=1,2---. (1.6)
0

Later, it was found that ([4]) (1.6) is not enough to ensure the exponential stability of (1.5)

when [d(-)|ze(0,1) is large. Thus, [5] studied the following equation with a small parameter e:
Yt — Yoz + 5d($>yt =0 n (0* OO) X (0* 1)3

=0, t € (0,00), (1.7)
0)=y; in(0,1).

—_—
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It was proved in [5] that when d € BV(0, 1) and (1.6) holds, there exists an ¢y = £¢(d) such
that for all € € (0,ep) the energy of (1.7) decays exponentially. This result was extended in
2] to the case that the first equation in (1.7) is replaced by

Yt — Yoo T Ed(x)yt + C(x)y = 0.

More recently, [8] gave an abstract treatment of these results under the condition that
the norm of the (indefinite) damping operator is small enough and the condition that the
damping operator is uniformly effective on some set of eigenvectors. We remark that the
approaches developed in these works apply primarily to the one dimensional problems.

In this paper, we will work in any space dimension. Also, we do not need |a(-) +b(-)| (@)
to be small. Instead, we will assume that |b(-)|pe(q) is small compared to |a(:)|pe(q). Basi-

cally, we will view (1.1) as a perturbation of the following equation

uy — Au+a(z)uy + c(x)u =0 in (0,00) x £,

u=0 on (0,00) x I, (1.8)
u(0) = ug, u(0) =y in Q.
Denote by
e(t) = % [ [9ute o) + u(t,2) + clx?(e, ) da (1.9)

the energy of (1.8). First, we shall find the decay rate of e(t) under suitable conditions.
Then, by the classical perturbation result ([9]), we can find an upper bound estimate on
|b(-)| Lo () such that the energy of (1.1) decay exponentially. It is easy to see that the key
of our method is to give an explicit decay rate of e(t). We remark that, as far as we know,
this explicit decay rate is not available in the literature although it is not hard to show that
the energy of (1.8) does decay exponentially (under some conditions).

In order to estimate the decay rate of the energy of (1.8), we need an explicit observability

inequality (see Theorem 2.1 in Section 2) for the following wave equation:

wy — Aw + c(x)w =0 in Q,
w=0 on X, (1.10)

w(0) = wo, we(0) =wy 0L

where Q £ (0,7) x Q and % = (0,7) x T', T is a fixed time duration. We will derive the
desired observability inequality by means of the Carleman-type estimate developed in [7], [6]
and [10].

The rest of this paper is organized as follows. In Section 2, we will state our main results.
In Section 3, we show some preliminary results. Sections 4-5 are devoted to prove the main

results.



2 Statement of the main results

To begin with, let us introduce some notations. For any M C R™ and ¢ > 0, we put O.(M) =
{lyeR"| |y—=z| <e,x € M}. Fixazy € R"\ Q, we put [ = {r el | (x—mx)- v(x)> 0},
where v(z) denotes the outward unit normal to Q at = € I and - denotes the scalar product
in R".

Throughout this paper, we assume that
(H1) G =QnN0s,(T) for some fixed §y > 0;
(H2) a(-) € L=(;R") and a° 2 infyeq a(z) > 0; and
(H3) T >2max,eq |z — 0| and c(-) € L®(Q; RT).

Let us fix
&, € (0,8) and 6 € (61, 6p) (2.1)
and denote
Ry 2 min |z —x0|, Ri 2 max |z — xo]. (2.2)
z€Q\Os, (To) z€Q\Os, (To)
It is obvious that
0<Ry< Ry <T)2. (2.3)

On the other hand, it is well-known that one can find a function & € C?(€); [0, 1]) such that

E=1 on 2\ O5(Ly); (2.4)
£E=0 on 2N Os, (Ty) '
and a function ¢ € C'(; 0, 1]) such that
(=1 on QN O5(Iy); (2.5)
(=0 on O\ G. '
We denote
Ky = max (sup|VE[2, sup|AE[%, sup|V¢[). (2.6)
xeQ) e €N
We fix a
S € (2R, T) (2.7)
and denote
ap 2 o al1- R—g
0 — 2 ) - 4R%,
LA B o s B a5 (2.8)
"Tura ' 2Tal TP eT
T,2T/2—eT, T.2T/2+&T, (i=0,1,2).
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Further, we need the following notations.

Co = sup{|f[720y | f € Hy() with [V f]12(q) = 1}(< (diam Q)?),
C = 2(53 — 5%)’2T’4 max ]{(t — T1)2(t — Tl')2 +2Cy(2t - T — Tl’)2},

te[Tr, 1]

Coy 2 2{5(n —1+0a)S +2a85? +4Rf/a},

(2.9)
Cas 2 105(02S? + 2R2) + CuS%[8a2 + dn + (n + a — 1),
Cy 2 25%[2(4a + Cy + Coa) B2 + Cy(1 + a)a?5?,
Cy = (1 — a)(T] = T1)(T} — T) /Ch.
Finally, let us denote
2 _1)2 N
- Y
a)a
0 aopy/2(1 + «) (2.10)
A 1+20032|C(')|%°o(9) Ay 2 Ca s 20y Ao 2 6C5;
20 — 03 ) 21 — 03(1(2) ) 22 — 03(1% I 23 — O3a8 .
The energy of (1.10) is defined by
JAN 1 2 2 2
B(1) = /Q IVw(t,2)? + wl(t, 2) + c(a)uw?(t,2)|de. (2.11)

A key estimate in this paper is the following.

Theorem 2.1 Let (H1) and (H3) hold. Then there exists a constant K > 0 such that the
weak solution w(-) € C([0,T]; H}(2)) N CH[0,T]; L*(R)) of (1.10) satisfies

EO0) <K /0 ' /G widedt, ¥ (wo,w) € HL(Q) x LA(S). (2.12)

Furthermore, the constant K is given by

31° (1 8+ T4K,

A 2_ 2
K = K (1%1_0’0)A -
o 2T2(T — 1)

igfjﬂﬁﬁﬂ441—®»%wﬂ—ﬂn,@im

where A é maX()\Qo, )\21, )\22, )\23, )\1 -+ 1)

Remark 2.1 We remark that the observability inequality like (2.12) is already known. In
fact, in [10], the author actually obtained such an inequality even for any c(-) € L*(Q2) (In
this general case, of course the energy is defined by E(t) = 5 [o[|Vw(t,z)|? + wi(t, z)]dz).
The novelty in Theorem 2.1 is the explicit expression (2.13) on the observability constant K
in (2.12). We note that all the constants in K are computable.
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A proof of Theorem 2.1 will be given in Section 4. By Theorem 2.1, we can find the
decay rate of the energy of (1.8) as follows.

Theorem 2.2 Let (H1), (H2) and (H3) hold. Then the energy e(t) of (1.8) defined by (1.9)
satisfies

e(t) < Moe(0)e ot Vt>0 andV (ug,u1) € Hy(2) x L*(£2), (2.14)
where (recall (H3) for T)

My = —— —1 2.15
TR - T TR (2.15)
and (recall (H2) and (2.13) for a® and K respectively)
1
Ky = ZK[E +la() =@ (" = 1)]. (2.16)

A proof of Theorem 2.2 will be given in Section 5. Once Theorem 2.2 is known, then
by Theorem 1.1 in Chapter 3 of [9] (pp. 76), it is easy to estimate the energy decay rate of
(1.1) and give an explicit upper bound estimate on the negative damping b(-) to guarantee
solutions of (1.1) decay exponentially. Our result reads

Theorem 2.3 Let (H1), (H2) and (H3) hold. Assume that b(-) € L>*(Q) satisfies b(-) < 0
a.e. in Q and (recall (2.15) for My and po)

16(-)| oo (@) < 54_00 (2.17)
Then the energy E(t) of (1.1) defined by (1.2) satisfies
E(t) < MyE(0)e M, Vit>0andV (yo,y1) € Hy(Q) x L*(Q), (2.18)
where
p=po — Mo|b(-)| (- (2.19)

3 Preliminaries

In order to prove Theorem 2.1, we need the some preliminaries.

In what follows, we use the notations

fzfz(x)Aagix)*ZLZ*;na ZAia Zé zn:
v 1= i,J

i i,j=1

The following lemma is a special case of LEMMA 1 at pp. 124 in [7].
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Lemma 3.1 Let A >0, € (0,1), and

90:90(757373?) = |J§—5L’0|2—ﬂ(t—T/Q)Q—ﬂ(S—T/Q)Q’ (3 1)
=230, 0=e" U= (n—1+pF)\ '

Let v =v(t,s,z) € C*(R x R x R"). Then
02 (vy + vgs — Av)?
> 2(1 — B)N?(vf +v2 + Zqﬂ + 0*>Bv®
+{292 [nt(vt +v? — Zv 20, (Meve 4+ Msvs — Y 105)

(
0 — 24+ (4, — 2 42]), (32)
+{292 [ns(vt + 02 — Z ) 205 (Ve + Msvs — 225 M)
+( — 2A>’USU + 2775 v }}s
— Z {292 {772 (vf +v2 — Zv ) = 20; (e + 505 — Y 1505)
j
(U= 24)00 4 (A — 2, A)e v’}

where
A= N2[B2(t = T/2)* + (s — T/2)* = |z — mo|?] (3.3)
and
B = 4(1+ B)N[|z — aol? — B%(t — T/2)* — B*(s — T/2)?]
—[88% +an + (n — 1+ B)2|A?

Next, we need the following result.

Lemma 3.2 Let Ty, T}, Ty and T] be given in (2.8), and c(-) € L=(;R™). Then for any
weak solution w(-) of (1.10), it holds

1} 1
/ ° / Vw2 + e(z)w?dedt < O, / : / widadt, (3.5)
To JO n Jo
where C is the constant in (2.9).

Proof: Denote ¢(t) = (t — T1)(1] — t). Multiplying both sides of the first equation in
(1.10) by ¢*w, integrating it in (71, T}) x €2, using integration by parts, we get

/ /¢ Vul? + c(a)w? dedt = / /¢ 2 4 9(¢w)(¢yw,)|dud. (3.6)
11
However (recall (2.9) for Cj)

/ / (6202 + 2(gw) (dw,)|ddt
< 200 /n / Swdzdt + / / +200¢t)wfd:cdt (3.7)

< — 5 .
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Thus, combining (3.6) and (3.7), we get

/T{/ &*[|Vw|* + c(z)w?|dzdt <2 max (¢* + 2C, ¢2)/T{/ widxdt (3.8)
n Ja - O Ja ! ' '

te[T,17]

On the other hand,

Ty T
/T1 /Q¢2[|Vw|2 + c(z)w?|dzdt > /TO /Q¢2[|Vw|2 + c(z)w?|dzdt

7 (3.9)
> (ed — 8?)2T4/ / [[Vw|? + cw?|dxdt.
1 O
Thus, combining (3.8)—(3.9), we obtain the desired estimate. O
Finally, we need the following well-known result.
Lemma 3.3 Let c(-) € L®(Q;RY). Then (recall (2.11) for E(-))
E(t)=E(0), Ytelo,T) (3.10)

4 Proof of Theorem 2.1

This section is devoted to prove Theorem 2.1. The proof is divided into several steps.
Step 1. Let us introduce some notations and some transformations. Recall (2.8) for ay,
a, g, T; and T! (i =0, 1,2). First of all, denote

Qéﬂ\asx o), Q= (0,7)x < (0.7) x 9, S2(0,T) % (0,T) xT, w1)
Q; = (T, T)) x (T, T)) x Q, & = (T, T!) x (T1, T)) x 6, '
where 47 is given in (2.1).
Recall (2.2) for Ry and Ry. By (2.3) and (2.7), it is easy to show that
R < aj +a(S/2)% (4.2)
For any b > 0, put
o(t,s,x) = | —zo)* — a(t — T/2)* — a(s — T/2)?, (4.3)
<> {(t,5,2) € (0,7) x (0,T) x Q| p(t, s, 2) > b}, '
By (4.2), it is easy to check that
Q(ag) C Qo. (4.4)
By (4.3), (4.1) and (4.2), we have
o(Ty, s,2) = Ty, 8,x) = |x — x0|* — a(S5/2)* — a(s — T/2)? (4.5)

< R? —a(5/2)% < a?, V(s,z) € (0,T) x (.
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Similarly,

o(t, Ty, ) = @(t, Ty, x) < a3, Y (t,z) € (0,T) x Q. (4.6)
Also
o(t,s,r) > Ry — 2aeiT? = R5/2 = 2a;, V(t,s,z) € Q. (4.7)
Next, denote
y(t.2) Ewit.z),  (tz)€Q, (4.8)

where w(-) € C([0,T); H3(2)) N CH([0,T); L*(2)) is the weak solution of (1.10). Thus by
(1.10), we see that y(-) solves
Y — Ay + c(z)y =0 in @,
y=20 on X, (4.9)
y(O) = Wi, yt(o) = A’LUO - C(m)wﬂv in (.

We need the following simple transformation. Put

At
2(t, s, x) :/ y(r,z)dr, V(t,s,z)€ Q. (4.10)
Then z(-) satisfies
2y + 2ss — Az + c(x)z =0 in 9, (411)
z2=0 on S.
Put
v=uo(t s x)=Ex)z(t s,x), (tsx)€Q, (4.12)

where ¢ is given by (2.4). Then by (4.11), it is easy to check that v(-) satisfies

Uy + Vss — Av = —c(x)v — (A€)z — 2(VE) - (Vz2) in Q,
v=0 on S, (4.13)
v=0 in (0,7) x (0,7) x (2N O, (Ty))-

Step 2. Let us use inequality (3.2) in Lemma 3.1 with ¢ given in (4.3) and v given
by (4.12) respectively. Integrating (3.2) on Qy (recall (4.1) for Qs), by (4.13) and using

integration by parts, we get

2(1 — a))\/ 0% (v 4+ v2 + > v7)dadtds + / 0> Bv*dxdtds
Q2 : Q2

i (4.14)

< /Q 0%|c(x)v + (AE)z + 2(VE) - (V2)[2dwdtds + I + I,

where 0 and B are given in (3.1) and (3.4) respectively (with 3 replaced by «), I; and Iy are
given by

T3
L =-2 ds/ dﬁU{QZ [nt(vtz + U? - ZUJQ) — 20y (v + MV — anvj)
T Q j J (415)
=T}

+(U — 24)v0 + (A, — 2 A)?] ||

t=Ty "'
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T/
]2 = -9 ; 2 dt/{;zdl'{gz |:775(U§ + ’Ut2 — Z’U?) — 21}8("752}5 + vy — ZT]]U])
2 J J

!
s=T}

(4.16)
+(¥ = 24)0,0 + (A, — 2n,A)°] }

s=T )
where 17 and U are given in (3.1), and A is given by (3.3) (with 5 replaced by «).

By (3.1), (4.3) and (2.8), using Cauchy inequality, we have
=1}
02 { — Z v? + 2, Z njvj} ‘t=T2
J J
’ O[S
= A\ ?(T25:) [7 ZUJZ-(Té, s,x) + 2u(Ty, s,2)(x — x0) - (Vo(Ty, s, x))}
j

S

+ e (12:52) [% Y 02T, s, ) — 20T, s, @) (2 — x0) - (VT s, x))}

g J (4.17)

> AM(Ths) [0‘7 S vl(T3,5,7) — 2R |ui(T3, 5,7) || V(T3 5, )]
J

S
A (Tes) [0‘7 S"03(Ta, 5,2) — 2R |v (T, 5,)| [ Vo (T, 5,2) ]
J

2R? /
> —)\a—Sl [eAW(T2’S’w)vt2(T2’, s, 1) + AU s a:)]

Similarly

— + T}
2 [nt(vf + v2) — 20 (mvg + Msvs) + (U — 2A) v + (A, — QmA)Uz] T
— T;

92[ nevi 4+ nv? — 20, + (U — 2A)v0 + (A — 21 4)1}2} T,2

: S S
= )\e’\“"(TT‘S’x){%vf(TQ', s, ) — %vg(Té, s, ) + a2s — T)v(Ty, s, x)vs(Ty, s, )

a2 52

+{n —l4+a-— 2)\( +a*(s —T/2)* — |z — x0|2)}vt(T2’, s, 2)v(Ty, s, )
0282 (4.18)
+a*(s —T/2)* — |z — I0|2>}02(T2', S, :r)}

v (Ty, s, 7) — a—jvf(Tg, s,x) — a(2s — T (Ty, s, x)vs(T, s, x)

+a*(s=T/2)* — |z — x0|2)]vt(T2, s, x)v(Ty, s, )

+)\aS[a + A(

+)\e/\90(T2757x) { OC_S
2

a?S?

—[n—1+a—2)\<

a?S?

—l—)\aS[a—F)\( +a?(s —T/2)* - |a:—a:0|2)]v2(T2,s,a:)}.

However, for any (s,z) € (Ty,T}) x Q, we have
- / ' _@ 2 (it 2t
a(2s — T)v(Ty, s, x)vs(Ty, s, ) > 5 (vt (13, s, z) + v (TQ,S,I)), (4.19)
and
asS 9
—a(2s — Ty (T3, 8, 2)vs(T, 8, 2) > —7(vt (Ty, 8, x) + v; (13, s,x)), (4.20)

10



and
232
{n —l4+a-— 2/\( L T (s —=T/2)* - |z — x0|2)]vt(T2', s, 2)v(Ty, s, x)
> [ 14t A(025 1 288) | T 5, 2)u(Th s, ) (.21)
1
> —3 [n —1+a+Aa?S* + QR%)} (UE(TQI, s,x) +v*(Ty, s, x))
and
2 G2

4
1
> -5 [n —1+a+ Aa?S* + 2R§)} (vf(Tg, s,x) + v*(Ty, s, fL’))

—[n—l—l—a—Q)\(a

+a*(s—T/2)* — |z — $0|2)]Ut(T2’ 5, 2)v(12, 5, 2) (4.22)

Now, by (4.18)(4.22), we get

T2
6 [m(vf +v2) = 2up (s + ns5vs) + (U — 2A) v + (A — 277tA)v2] .

- 2

> —éeA‘p(T ”){ {n —1+a+Aa?S* + 2R2)]Ut2(T2', s, 1) + 2a5v2(Ty, 8, )
+{n—1+a+)\( 262 L 2R2 )+2)\2aSR2]v2 T,s,ﬂv)} (4.23)

2

(
——eP2A N n — 1+ a4+ AMa“S* 42 $, ) + 2050 5T
A Ap(T: sx){[ )\( 25’2 RQ)] (T2 ) S ?(TQ, 5 )
+{n_1+a+)\( 25’2+2R2)+2)\2aSR2] ATy, s, )}

Then, by (4.5), and (4.15)—(4.17) and (4.23), we get

> 4R? 7
a2\ 2 2 2 2t
Ilg)\eo{[n—l—i-a—l—as—l—/\( S +2R1)}/T ds/ﬁ(vt(TQ,s,x)

+07 (Ty, s, x))dm—l—?aS " ds/ v2(Ty, 8, 1) + v2(Th, s, I))d.T (4.24)

+{n— 1+ a+ Ma?S? 4+ 2R3) +2)\20zSRﬂ / ds/ 2Ty, s, 2)
+02(Ty, s,x))dx}.
However, by (4.8), (4.10) and (4.12), and using Lemma 3.3, we see that (recall (2.11) for
E(-))
/ ds/ v2(Ty, s, 2) + vi(Th, s, 7) x</ / 2Ty, x) 4+ y* (T, ))dxds
7, 7, (4.25)
— S/Q W3 (T3, 2) + wi(Th, ) )de < 25(E(T3) + E(Ty)) = 4SE(0).

Similarly,
/ ds/ 2(Ty,s,2) +v (Tg,s x))dx
1>

dt/ Wit 2)de < 4 [ Bt = 4SE(0)

1>

(4.26)
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and

/ ds/ Tg',s ) + v?(Ty, s, x))dm

< ds/
T2

= ds/ ‘
T2 T2

:/ / lw(Ty, z) —w(s,x)|* + |w(Ty, x) — w(s, )| )dxds
Ts

< 2/ / 2Ty, 2) + w?(Ty, x) + 2w2(3,x))dacds < 16SE(0).
15

T:ch ‘/ TLL’dT‘)dCL’

wT T l‘)dT’ )dx

TxdT

Now, combining (4.24)—(4.27), we obtain

2

2 4
I < 48P [5(n — 1+ @) + 208 + a%l +5M(aS? + 2R}) + 8X\*a SR} | E(0).

Similarly, we have

AR?
I < 49X [5(n — 1+ @) + 208 + a—sl +5A(a?S? + 2RY) + 8\*aS B3| E(0).

On the other hand, by (2.4), (2.6) and (4.3), we have
/Q 02|c(z)v + (AE)z + 2(VE) - (V2)[2dwdtds
<2 /Q N8z +2(VE) - (V2)Pdrdtds + 2oy /Q v dedds

Ty 1y
< 4K0/ / / 02(2? + 4|V2)|?)dxdtds
To Ty QQOS(F())

+2|e(+) |30 Q)/ GQUdedtds+2|c(-)|%oo(Q /Q\Q( )92U2d$dtd8
2 ao

< 4K e A/ / / (2% + 4|V2)[2)dwdtds
75 JONO;(To)
+2/e(-) 2y / 620> dadids + 2]c(-) 2 ™ / VAdzdtds.
Q(aop) Q2
Further, by (3.4), we get
B(= B(t,s,)) > 4(1 + @)agh® - [80” + 4n + (n+a — 1)’|\°, ¥ (t,5,2) € Q(ag)
and
|B| <2(1+ a)<2R§ + a252>)\3 + [8042 +4n+ (n+a— 1)2])\2, Y (t,s,x) € Qs.
Taking A > Ay + 1, where A; is given in (2.10), we get

B > 4(1 + a)ag\> (A — \y) > 2|c(-)|%oo(9), V (t,s,x) € Qao).
12

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)



Thus, by (4.32) and (4.33), for any A > A + 1, we have

0? Bv*dxdtds = (/ +/ 0 Bv?dxdtds
Q2 ao) Q2\9Q(ao
> / 0> Bv*dxdtds — eag)‘/ | Blv*dxdtds
Q(ao) Q2\Q(ao)
> 2|c(-)|im(9)/ 0*v?dxdtds — eag)‘{Q(l + a) <2R§ + a252>)\3
Q(ao)
+[80% + dn + (n+ a — 1| %) / Vidxdtds.
Q2
Now, combining (4.14), (4.30) and (4.34), we arrive at

2(1 — a))\/ 02(v2 + 02 + va)dxdtds
< 4 e / / / (22 + 4|V2)[2)dzdtds + I, + I
1, Jonos (1)
% {2(1 )<2Rf + QQSQ))\S [804 +4dn+ (n+a— 1)2} 22
+2|c(-)|§oo(m}/ Vdedids, YA > M+ L.
Qo
However, by (4.8), (4.10) and (4.12), and using Lemma 3.3, we get

/ vidadtds < | Zdadtds = / (w(t, x) — w(s,a:))dedtds
Q2 Q2 Q2

Ty (T3 2
< t,x)— dxdtd
_/T2 /T2 /Q(w( , ) w(s,x)) xdtds
T, Ty T
:2/2/2/w2t:cdxdtds—2/ /2wt$dt>2da:
1o Ts 1>
T
/ / (t, 2)dzdtds < 2CoS / / Vuw(t, z)*dzdt
< 4C,S / t)dt = 4C,S2E(0),

where Cj is the constant in (2.9).
On the other hand, by (4.1), (4.7) and (4.10), we get

/ 0 (v? 4+ v2 + Z v})dxdtds > / 02 (v? + v?)dxdtds

Q2 ;

> 62“0’\/ (v? + v2)dadtds > *0> / / / (v + v2)dxdtds
n Joa

= ¢ / / / (22 + 22)dxdtds = 2e*N (T — TY) / / 2(t, x)dxdt.
n o Joe

Consequently, combining (4.35), (4.28)—(4.29) and (4.36)—(4.37), we end up with
(1— Q)Ae™NT! —Ty) / / 2(t, x)dxdt

< KyelR=d) / / / (2% + 4|Vz?)dadtds + CoE(0),
Ty QNO;3(To)
13

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)



where
Co = Co(N) 2 20652[c(-) |2 + ConA + CazA? + Cag?, (4.39)

where Ca1, Coy and Coag are given in (2.9).
Step 3. We now estimate “ fTI;Z f:,T; Jonos(ro) |Vz|?dzdtds”. Denote

h=h(t.s) 2T —t)s(T — s). (4.40)
By (4.11), and noting that c(-) > 0, we get (recall (2.5) and (2.6) for ¢ and K, respectively)
0= / CPhzlzy + 255 — Az + o) 2]dxdtds
_ / [z4(haz + hz) + 2y(haz + hz,)|dadtds + /Q Chezdzdtds
+ / |V 2dedtds + 2 / Ch(V2) - (V¢)zdzdtds
> /Qc [21(hz + hz) + 2y (hz + hzy)|dedtds (4.41)

1 9 0 T4 T T )
+—/ 2|V 2| dedtds — —KO/ / / 2dedtds
2Jo 8 o Jo Ja
= —/ ¢* [Zt(htz + hz) + zs(hsz + hzs)]dxdtds
Q

TXT -T2 (T [T T T
it / / / V2|2 dadtds — — K, / / / 2dadtds.
2 To To Qﬂo;(ro) 8 0 0 G

Thus we get
/ / / |V z|*dzdtds
Ts Ts QﬂO Fo)
= T2(T ) / / / |z¢(hez + hzy) + 25(hez + hzg)|dvdtds (4.42)
L, / / / “dadtds).
8 o Jo Ja
Note that

T T
/ / / |z¢(hez + hzy) + zs(hsz + hzg)|dzdtds
o Jo Ja

T T
< 2/ / / (|hizez| + hz})dxdtds
o Jo Ja

T rT T rT (443)

< / / / 2dedtds + / / / (h? + 2h)22dwdtds
0 0
T rT

< / / / 2dmdtds+— / / / 2dadtds.
0 0

Combining (4.42)—(4.43), we get
/ / / |V z|?dxdtds
#n03(To) (4.44)

3T4 )
_TQ(T 7 ///zdxdtds+ 2+ KO / // dadtds).
1

4



Hence by (4.38) and (4.44), we end up with
(1= a)Xe"NT, = T7) / / 2(t, z)dxdt

<K6(R%_“0)/\ 3T / / / 2dxdtds (4.45)
=0 2T2 (T = T3)? '

{1+ Tf +TT4£° / / / Adadtds| + C,E(0).
However, by (4.8) and (4.10), we see that
/ / / 2dacdtds-/ / / / w, (T, dT) dxdtds
</ / / |t—s|\/ (r, 2)dr| dedtds (4.46)
<T / / / / (. 2)drdedtds < T / / widad.

Consequently by (4.45)—(4.46) and (4.8), we get

T/
(1 — a)Ae®™MNT! — Tl)/ 1 / w?(t, x)dxdt
n Joe

4.47)
37 8 + T4K, T (
o (T L . S— | —0T3// 2dwdt + CoE(0).
< Koo [QTg(T—T2)2+( +T22(T_T2)2) ] | widedt + CoE(0)

Thus .

(1= )N T! —T) / ] / w(t, ) dzdt

T JQ
- 375 8 + T*K,
< KB 1o o o yos 4.48
< {KoelMias [QTQQ(T—Tz)2+< +T22(T_T2)2) | (4.48)

T
(1 — a)etN (T — Tl)}/ / wldzdt + CoE(0).
0o Ja
Step 4. Let us complete the proof. By Lemma 3.2, we have (recall (2.8) for 7 and 7))
Tl
/ / Vwl? + e(x)w?]dzdt < O, / 1 / widzdt, (4.49)
7 Jo

where C1(> 1) is given in (2.9). Hence, by (4.49) and (4.8), we get

2ddt>// 2zt —// . dedt
/Tl /wt x o o i +201 . [[Vw|? + c(z)w?]dx

4.50)
T, —To (
> — E(t)dt = E(0).
= [ pwn =1 Tm)
Combining (4.48) and (4.50), we arrive at (recall (2.9) for Cs)
37° 8+ TK,
Y a2\ E < IlK (RZ—a)\[__ 24+ 1 _orT 4 o T3
(Cade® = o) B(0) < {Koe ™78 [QTQQ(T—TQ)2 +( +T22(T—T2)2) | (4.51)

, T
+(1 — @) Xe®N(T] — Tl)}/ / widxdt.
0 JG
15



However, by (4.39) and the elementary inequality e” > 1+x + % + m—; (V2 > 0), we have

03)\6(1(2))\ - 02 > Cg)\ - 20082|C()|%oo(9) + (Cga?))\ - Cgl))\

Cgag
6

032“3A — O ) A%+ (500 — G ) %,

+

Now, we take
= max (Ao, Ao, A22, Aoz, A1 + 1),

where A1, Ao, A21, Asa, Aoz and A3 are given in (2.10). Then one gets
C3/\€a(2)>\ —Cy > 1.

Finally, the desired result follows from (4.51) and (4.54) immediately.

5 Proof of Theorem 2.2

This section is devoted to give a proof of Theorem 2.2. Let p and ¢ solve

P — Ap + c(at)p =0 in Q,
p=0 on X,
p(0) = ug, p(0) =y in Q

and
G — Aq + c(z)qg = —a(z)uy in @,
q=0 on X,
q(0) = q:(0) =0 in Q

respectively. Then it is easy to see that
u=p-+gq.
Applying Theorem 2.1 to equation (5.1), we get
T
e(0) < K/ / pidadt.
0o Ja
By (5.3)-(5.4) and (H2), we have
1
0) < 2K [ alw)uidudt + [ gidudt].
e(0) < [ao Qa(:l:)ut xdt + th x }
However, concerning (5.2), using the usual energy estimate, one gets

/ gidzdt < |a(-)| oo (e’ — 1)/ a(x)uidrdt.
Q Q

16

(4.52)

(4.53)

(4.54)

O

(5.1)

(5.2)



Thus, we get
e(0) < K, /Q a(z)uldedt, (5.7)

where K is the constant in (2.16).

On the other hand, similar to (1.3), concerning the solution u(-) of (1.8), we have
—e( +/ x)ul(t, z)dzdt = 0. (5.8)

Combining (5.7) and (5.8), we get

1
e(T) < (1- ?)6(0). (5.9)
Noting that (1.8) is time-invariance, therefore we arrive at

e(nT) < (1 - Ki)”e(()), VneN. (5.10)

1

Now, for any t € [T, o), we choose an integer n € IN such that n7 <t < (n+1)7. From
(5.10) and noting that e(t) is decreasing, we get

1 \£-1
e(t) < (1- E) e(0), Vit>0,
which is exactly the desired result. |
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