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Abstract. We consider the exact controllability of a hybrid system
consisting of an elastic beam, clamped at one end and attached at the other
end to a rigid antenna. Such a system is governed by one partial differential
equation and two ordinary differential equations. Using the HUM method,
we prove that the hybrid system is exactly controllable in an arbitrarily short

time in the usual energy space.
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61 Introduction. In this work we consider a hybrid system consisting
of an elastic beam of length L, clamped at one end and attached at the
other end to a rigid antenna, whereon are applied the dynamical controls
vo,v1. The vibration y(z,t) of the beam is governed by the Euler-Bernoulli
equation, and the oscillations y(L, t), y, (L, t) of the antenna are described by
the Newton-Euler equations through which the control dynamics are filtered :

Ytt + Yzzzz = 0 0O<z<L, t>0,
y(0,t) = y.(0,) = 0 t>0,
(1.1) 4 pya(Lot) — yaua(L,t) = vo(t) t>0,
JYzete(L,t) + yua (L, t) = vi(t) t>0,
y(z,0) =wo(x), wyi(z,0) =uyi(x) 0<ez<L

where p > 0 is the mass and J > 0 is the moment of inertia of the antenna.
For more details concerning the descriptions of the physical structure of the

system, we refer to Littman and Markus [3].



For smooth initial data : yo € H®(0,L),y1 € H*(0,L), the exact
controllability of the system (1.1) was demonstrated by Littman and Markus
[3]. Their method is based on the theory of semi-infinite beam. The existence
of the smooth open-loop controllers vg, vy for the finite beam system (1.1)
follows from a constructive cut-off approach.

But in the case of usual initial data : yo € H?(0,L),y1 € L*(0,L),
the regularity of weak solution is insufficient to define the traces y;(1,1)
and vz (1,t). In that case following an idea of Slemrod [15], the boundary
conditions involving the dynamical terms y(1,¢) and y,¢(1,t) can be treated
as two ordinary differential equations (with respect to the time variable t).
More specifically, denoting by u(z,t) = (y(z,t),y(L,t),y=(L,t)) the state of
the system (1.1) and by v = (0,vg, v1) the control, we transform the system
(1.1) into an abstract system

(12) Ut —I_ Au =0, U(O) = Uop, ut(O) = U

where A is a positive definite operator in the product space L%(0,L) x R2.
We obtain thus a weak formulation of the original system (1.1). Although
the system (1.2) is well posed in the sense of semi-groups of contractions, the
regularity of the weak solution is insufficient to define the traces of derivatives
of higher order y;(1,t) and yzu(1,¢). Accordingly, the exact controllability
of the hybrid system would appear to be impossible for usual initial data (see
p. 223 in [3]).

We know that the closed-loop system with the usual boundary feedback
v1 = y(1,t), w2 = yu(l,t) is not uniformly stabilizable (see [4], [12]),
because the usual feedback is compact in the corresponding energy space.
But this incomplete result gave a false impression that the Hilbert uniqueness
method (Lions [5] and [6]) couldn’t be adapted to such problems (see p. 984
in [7]). In fact, we established in [12] the uniform stability of the hybrid
system (1.1) by means of boundary feedback of higher order such that
V0 = Yraat(1,t), v1 = —yzee(1,t) which is necessarily non-compact. This
indicates that the system (1.1) could be exactly controllable by means of
singular controllers vg, vy.

Other hybrid systems were studied in [1], [2] and [8]. It was observed that
the solutions of hybrid systems gain one more degree regularity when crossing
the point mass. This property allows to define the trace at the point mass.
However the controllable initial data is not the whole usual space in which
the system was well-posed. It was also remarked that the hybrid systems have



non spectral cap condition and the observability inequalities were established
by means of non harmonic Fourier’s series, such as inequality of Ingham or
Ulrich. In all these works, the exact controllability was only proved for the
initial data which have one more degree regularity.

In this work (the results of which were announced in Rao [13]), we will
adapt the Hilbert uniqueness method to the exact controllability of the
abstract problem (1.2). The main difficulty in this approach consists in
establishing an inverse energy inequality, the direct energy inequality is easy
to establish for this kind of problem. Inspired from the uniform stability
results, we look for the estimates of the traces of higher order of the solution
of the associated homogeneous problem. This allows us to establish the exact
controllability of the abstract system (1.2) for usual initial data by means of
two singular controllers vg, vy.

Another interesting problem is to know whether the abstract problem
(1.2) is exactly controllable using only one control v;. We recall that this
problem was open even in the case of smooth initial data. Here guided by a
uniqueness result [10], we consider a beam of limited length L < 3. We prove
that the system (1.2) is exactly controllable by only one controller v; in an
arbitrarily short time for usual initial data.

The paper is organized as follows : In §2 we consider the associated
homogeneous problem. The direct and inverse energy inequalities are
established with the usual norm. In §3 we consider the exact controllability
of the abstract problem (1.1) with usual initial data. We first prove the
abstract system (1.2) is exactly controllable in an arbitrarily short time
by two controls vy € L*(0,T),v1 € (Hl(O, T))/ for usual initial data
yo € H*(0,L),y; € L*(0, L) with compatibility conditions. Next in the case
of a beam of limited length L < 3, we establish also the exact controllability
of the system (1.1) by means of only one singular controller (HI(O, T)),. In
84, extend the exact controllability results to the case of more regular initial
data yo € H*(0,L),y1 € H?*(0,L) with compatibility conditions. We will
prove that the abstract system (1.2) is exactly controllable in an arbitrarily
short time by means of two controls vg € H'(0,T),v; € L%*(0, L), or by means
of only one controller v; € L%*(0, L) for a beam of limited length L < 3.



§2. Homogeneous system. In this section we consider the homogeneous

problem :

(2.1) b1t + Preza =0 t>0, O0O<az<lL,
(22)  $(0,¢) = $(0,4) = 0 >0,

(2.3)  @u(L,t) = brea(L,t) =0 t>0,

(24)  GuutlL,t) + buo(L,t) = 0 t> 0.

Since the physical constants p,J are strictly positive, without loss of
generality, we will take p = J = 1 throughout this paper. We first write
formally the system (2.1)-(2.4) into

(2.5) (¢(z,t),d(L, 1), ¢u(L,t)),, + (breve(®,t), =brwa(L,t), duu(L,t)) = 0.

According to this formulation, we introduce the product space
(2.6) H=L*0,L) xRxR
endowed with the usual norm
L
@1 el = [ Cdere e, VB (6.6 €
0

We next define the linear operator A as follows

_ ®=(¢,&n) + ¢€HY0,L)
(2.8) D(A) = <¢(0) —6a(0) = 0; £ = (L), n:¢x(L)>’

(2.9) AP = (brsae, ~buza(L), $ua(L)), Y =(4,&n) € D(A).

Then setting

(2'10) 5(t) = ¢(L7t)7 U(t) = ¢I(L7t)7 (I)(:E7t) = (¢(I7t)7€(t)777(t))

we write the equation (2.5) into an evolutionary equation

(2.11) By + AP =0, ®(0)=do, &,(0) =,
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Proposition 2.1. The operator A defined in (2.8)-(2.9) is self-adjoint
and definite positive. Moreover A™! is compact in H.

Proof. We first prove that A is a symmetric operator in H. A
straightforward computation gives that

L
0

for any ¢ = (qb,f,n),% = (5,5,@ € D(A). In particular, using Poincaré’s
inequality we get

L L
(42.9)n = [ otdez of [*ar+ )+ 2D} = Clal

Now let N&) = (%,E,ﬁ) € D(A*), then there exists ®g = (¢o,&0,m0) € H
such that (®, A®) = (P, ®) for all @ € D(A). This means that

L N L

for all ¢ € H*(0,1) satisfying ¢(0) = ¢,(0) = 0. Then indeed a
straightforward computation shows that
6 € HYO,L) = 6(0) =6:(0) =0, E=0(L), 7=0u(L).

It follows that @ € D(A), therefore we obtain A* = A.
Finally let ® = (¢, ¢(L), ¢.(L)) € D(A) solve the equation A® = g for
@4 = (o, €0, m0) € H. Then we have

Graza = Po 0<a<L,
$(0) = ¢,(0) =0,
boa(L) =10,  Pwea(Ll) = —&o -
There exists a unique solution ¢ € H*(0, L) such that ||¢] g0,y < C|®ol -

We obtain thus the compactness of A™!. The proof is complete.

Since A is self-adjoint and definite positive, and since A™! is compact,
using the spectral decomposition theory, we can define the powers
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A?e ¢ E(D(Aa);D(A_a)) for any a € R, where the domain D(A?%) is

endowed with the norm
(2.12) 12 Daey = |A“@|I3, V@ € D(A”).
In particular, we have

(2.13) D(A”%:( ®=(¢,&,n) € H : $€ H*(0,L) )7

¢(0) = ¢x(0) = 0; 5 = Qb(L)an = Qbr(L)

L
(2.14) 123 = / Gode, VB =(g,6) € V.
0

For convenience, in the following we write V = D(A'/?).
The following result is classic (see [9]).

Proposition 2.2. Assume that (®q,®;) € D(A*T1/2) x D(A®). Then
the equation (2.11) admits a unique solution ®(t) such that

(2.15) d(t) € C°(R, D(A*T/?) n C' (R, D(A%)).

Moreover for any t € R :

(2.16) @) ac+r2) T 2B Diasy = 1ol paasiszy + 121l Dany.

Theorem 2.3. Let ®(x,t) = (¢(x,t),p(L, 1), ¢z (L,t)) be the solution of
the equation (2.11). Then for any T > 0, there exist constants C; > 0 and
C3 > 0 depending only on T such that the following estimates hold

T
(2.17) 01/0 (I6e(L,t) = BE(L, 0)]* + ¢34( L)) dt < [|BollT + | @117

T
(218) [[Bol% + |21]% < O / (161(L,t) = Bé(L,O)P + &20(L 1)) dt

where (3 is an arbitrary real number that will be chosen later (8 = 0 in Thm.

3.1 and #=1in Thm.4.1).
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Proof. Since D(A*) x D(A) is dense in V' x H, we can assume that ¢
is sufficiently smooth. Then indeed, we have

L
(2.19) H¢MW%=L 2 (. t)de + (L, 1) + &2 (L. 1),

Therefore using (2.16) and (2.19), it is easy to verify that the direct inequality
(2.17) is equivalent to the following one

T
(2:20 Cr [ (Lt < |0ally + 81y
0

Now multiplying the equation (2.1) by 2z¢, and integrating by parts, we
obtain that

(2.21) /0 /0 (¢7(z,t) + 342, (2, t))dzdt
= - 2/0 [¢t$¢I]§dx + L/O <¢?(L7t) + ¢3:1:(L7t))dt

T
+ 2/ (za(L,t) — Logaa(L,t))ba(L,t)dt.
0
Using the boundary conditions (2.3)-(2.4), it follows that

(2.22) [ (@nnlLe8) - Lonea(L.0) (L)

:_/0 (duee(Lyt) + Lou(L, 1)) (L, t)dt
= — [($ut(L,t) + Léu(L,1)) bal(L, )] L

T
+ [ (0a(Let) + Lo L) (L 1)1
0
Inserting (2.22) into (2.21) and noting (2.4), we obtain

(2.23) L/OT (67(L,t) + ¢5(L,t)) dt

T L
:A A (6u(2,1)? + 362, (x,1)) dudt
T

—2A (Lo 8)bua(L,1) + 62(L, 1)) dt

n 2/0 [$i260]y do +2[(boi( Ly 1) + Loi(L,1)) 6u(L,1)] o -
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Using Cauchy-Schwartz inequality in (2.23), we deduce easily the direct
inequality (2.20). We next write (2.23) into

(2.24) /0 /0 (¢e(x,t)* +3¢2,(z,t))dadt
T / (63(L,1) + 62 (L, 1)) dt
= / ' (L +1)¢7(L,t) + L2, (L, t)dt)dt

T
b [ (B6(L0) + 2L L o Lot)
0
L
- 2/0 [qbtxcbz’] :dx -2 [<¢It(La t) + qut(L, t))qu(L, t)]g
On the other hand, a direct computation gives
T
(225) | 3220 + 2L L)L)
0
—[(2Ld(L, 1) + 362(L, 1)) ue L, 1)] o
T
—/ <3¢I(L,t) +2L¢(L,t))¢ztt(L,t)dt
0

Inserting (2.25) into (2.24) gives

(2.26) /O/O(qb?(x,t)—l—?)qbir(x,t))d:pdt

s [ L + )

— /T (L +1)¢7 (L, 1) + L3 (L, 1)) dt

T L T
—/0 (3¢4(L,1) +2L¢(L,t))q§m(L,t)dt—2/0 [rxde], dx

+ [(2L(L, 1) + 62 (L 1)) bar( Ly 1) — 2Lo( L, )i (L, )],



Now applying Cauchy-Schwartz inequality, we obtain that

T
(227) ‘ / <3¢I(L7t) + 2L¢(L7t))¢1’tt([’7t)dt‘
0
T
S/O G2 (L, 1) dt + Clll oo (0,71 (0.1))

L
228) | [ owssde] < RO + Clol o11-0.001

(2'29) |(2L¢(L7t) + ¢£(L7t))¢xt(L7t) - 2L¢t(L7t)¢I(Lvt)‘

< el|@u(t)l5 + Cell el 0,714 (0,1)-

provided 3/2 < s < 2.
Finally inserting (2.27)-(2.29) into (2.26) gives that

(2.30) 121 + 12l

T
<[ G20+ BTt + 1ol o 0.0

provided 0 < 6e < T and 3/2 < s < 2.
We will use a compactness-uniqueness argument of Zuazua [16] to prove

that the term of lower order HQbHZLoo(o T.H+(0,1)) €N be absorbed. Assume
that (2.18) fails, then there exists a sequence (®2,®") € D(A®) x D(A™)
such that

(2.31) 12" + 27l =1,  VteR,

T
@32 [ (6520~ BOLLOP + 8Lt 0
0
where ®"(z,t) = (qb"(a:,t), o™ (L, 1), qbZ(L,t)) is the solution of the following
equation
(2.33) O" 4 AG" =0,  O"(0)=dI, ®"(0)= O .

Since [¢7(L,0)| < ||®7 ||z < 1 therefore there exists a subsequence ¢} (L, 0),
still indexed by n for convenience, that converges to a constant ¢ as n — +o0.
Hence it follows from (2.32)

T
(2.34) / (6L 1) + |6 (Lot) ) dt — BT
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On the other hand, from (2.31) it follows that

(2.35) 16" | 2o 0.7 112(0.1y) + 197 | T 0,7 220,27y < 1 -

Thanks to the compact embedding (see Simon [14]), there exists a
subsequence ¢", still indexed by n for convenience such that

(2.36) ¢"(t) = o(1)

strongly in L*°(0,7T; H*(0, L)) for 3/2 < s < 2. Then using (2.34) and (2.36)
in (2.30), we see that (CID"(t),CI)?(t)) is a Cauchy sequence in the space
L>(0,T;V x H). This implies that

(@"(1), @7 (1) = (B(1), Bu(1))

strongly in L*°(0,7;V x H). Then indeed passing n — oo in (2.31)-(2.32),
we deduce that ®(x,t) = (¢(x,t),d(L,t), ¢, (L, 1)) solves the equation

(2.37) D, (t) + A®(t) =0, ®(0) =Py, D,(0)=2,,
and satisfies the following supplementary conditions

(2.38) oL, t) = fe,  bunlLt) =0
(2.30) l2@I% + |8 ()3 =1,  VteR.

From (2.37)-(2.38), a straightforward computation gives

b1t + Grzae =0 t>0, 0O<z<lL,
#(0,t) = ¢.(0,¢) =0 t>0,

(2.40)
qbtt(Lat) = ¢1:1:17(L7t) =0 t> 0,

Now setting w = ¢y in (2.40), we find that w solves, in the sense of

distributions, the following equation :
Wit + Wezze = 0 t>0, 0<zx<lL,
w(0,t) = w,(0,¢t) =0 t >0,
w(L,t) = wy(L,t) = wga(L,t) = weee(L,t) =0, t>0.
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Applying Holmgren’s theorem (Lions [5]), we deduce ¢4 = 0. This implies in
turn that

QDIIII:O t >0, 0<$<L,
(241) QD(Ovt) = QDI(Ovt) =0 t>0,

Multiplying (2.41) by ¢ and integrating by parts, we deduce that ¢ = 0, this
contradicts (2.39). The proof is thus complete.

Theorem 2.4. Let ®(x,t) = (p(x,t),¢(L,t), ¢, (L, 1)) be the solution of
the equation (2.11). Assume that L < 3. Then for any 7' > 0, there exist
constants C'y depending only on 7', L such that the following estimate holds

T
(2.42) [0l + 18113 < Co [ S2(Lt)dr
0

Proof. Multiplying the equation (2.1) by ¢ and integrating by parts, it
follows that

(2.43) | [ @ - st dear
+ [ (T + L)

= /0 [¢¢t] gd? + [¢(L7t)¢t(L7t) + ¢I(L7t)¢1:t(L,t)]Z-
Combining (2.26) and (2.43), we get
(244) (1+ 5)/T /L o7 (z,t)dadt + (3 — 5)/T /L ¢2 ,(z,t)dzdt
(1) /T¢§(L,t)dt +(146) /Tgbit(L,t)dt
— [ (E2L0) ~ 36.(L.0) + 2L0(L. )bl L, 1)

L
+ / [(66 — 206y4] " da

+ [QLS(L. 1) + (1 + 8)¢a(L.1)) due( L. )] o
+ [(86(L,t) — 2L (L, ) bo(L,1)] , -
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Setting L < 6 < 3 and using the same computation as in (2.27)-(2.29), we
deduce from (2.44) the following estimate

T
2:45) 18I + 1901 < C( [ a0t + 16l m0.rm-0.00):

Using the same compactness-uniqueness argument as in Theorem 2.3, we

prove easily that the term of lower order H¢H%°°(O T.H+(0,1)) €A1 be absorbed.
In fact, if (2.42) fails, then the limit function ¢ satisfies the following

equation :

(2.46)

b1t + brzza =0 t>0, 0<z<lL,
#(0,t) = ¢,(0,¢) =0 t>0,
Gu(L,t) — Gpza(L,t) =0 t >0,
Gett(L,t) = ¢ra(L,t) =0 t>0.

Following an uniqueness result in Rao [10], we get that ¢ = 0. The proof is

thus complete.
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§3. Exact controllability for usual initial data. In this section, we
consider the exact controllability of the hybrid system (1.1) with usual initial
data. We first give the following direct and inverse inequalities.

Theorem 3.1. Let ®(x,t) = (p(x,t),¢(L,t), d.(L,t)) be the solution of
the homogeneous equation (2.11). Then for any T' > 0, there exist constants

C1 > 0 and C3 > 0 depending only on 7' such that the following estimates
hold

T
B[ (ST T G < [l +
0
T
32) ol < Co [ (L) + (L)
0

Proof. Because of the density, we consider only (®g,®;) € D(A*) x
D(A®). Defining

(3.3) Py = —A"'®,, D, = By,
we have
(3.4) [@oll3 + |17 = 1DollF + |B11[3 -

Now let 5(;17, t) = (;(x, t), (g(L’ t), ;p'vI(L, t)) be the solution of the equation

(3.5) S+ AP =0,  B(0) =By, P(0) = .

Then applying the inequalities (2.17)-(2.18) (with 5 = 0) to the solution d
of the equation (3.5), it follows that

T
(3.6) al(&@w+%mamﬁsmwvwaﬁ,

T
BT Rl 1Bl < C [ @I+ Pl L))
0

On the other hand, since &)t(O) = 51 = Py, &)tt(()) = —A%(O) =&, it
follows that ®; = ®. Then replacing ¢; by ¢ in (3.6)-(3.7) and using (3.4)
gives the inequalities (3.1)-(3.2). The proof is thus complete.
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Theorem 3.2. Let ®(x,t) = (¢(x,t), (L, 1), ¢z (L,t)) be the solution of
the homogeneous equation (2.11). Assume that L < 3. Then for any 7' > 0,
there exist constants C'; > 0 depending only on 7', L such that the following
estimate holds

T
3:5) |ally + 1] < Ca [ 62200t
0

Proof. The proof is the same as that of theorem 3.1. It is sufficient to
apply the inverse inequality (2.42) to the solution ® of the equation (3.5).

Now we consider the following controlled problem

Yit + Yozzz = 0, 0<z<L,
y(0,1) = y.(0,¢) = 0,
(3.9) Yi(Lyt) = yuza(L,t) = vo(t),
Yout(Lyt) + Yza (L, 1) = vi(t),
y(2,0) = yo(x), yi(2,0) = yi(2).
Setting
(3.10) u(z,t) = (y(2,1),y(L, 1),y (L,t)), v =(0,v0,01)

we write the system (3.9) into the following form :
(311) Ut + Au = v, U(O) = Uop, ut(O) = Uj.

Let ® be a solution of the homogeneous problem (2.11). Multiplying the
equation (3.11) by ® and integrating by parts so that we obtain formally

(3.12) (uO,CI)l)H—(ul,CI)O)H—I—/O ('Uo(s)qb(L,s)—|—'Ul(3)gbI(L,3)>ds

= (u(t), @(t)) i — (uilt), 2(t)) 1.

Next defining the linear form L by setting

(3.13) L(®o, ®1) =(uo, ®1)vxv — (w1, Po)HxH

# [ (o(s)oE3) +01(5)6 (L. 5)) s,
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we obtain a weak formulation of the equation (3.11).

(3.14) L(®o, @1) = ((—ui(t), u(?)), S()(Po, @1)) Hrxv,mx v
where S(t) denotes the group of isometrics associated to the homogeneous
problem (2.11).

We first consider the exact controllability of the equation (3.11) for usual
initial data (®g, ®1) € V x H. We choose the controls as follows :

d .
(3.15) v € L*(0,T), v = — 20 € (H'(0,1))’

d
where the derivative 7 is defined in the sense of (Hl (0, 1))/

(3.16) /0 %fﬁl(t)x(t)dt = —/0 o1 (1) x¢()dt, Vx € H'(0,T).

Theorem 3.3. For any (ug,u;) € V x H and (vo,vy) € L*(0,T) x
(Hl((), T))/, the controlled equation (3.11) admits a unique weak solution u
such that

(3.17) u e C°0,T; V)n C([0,T]; H)

defined in the sense that the equation (3.14) is satisfied for all (®q, ®,) €
H x V' and all 0 <t < T. Moreover the linear application

(3.18) (uo,u1,v0,v1) — (U, uy)

is continuous for the corresponding topologies.

Proof. First using the definition (3.15) and the direct inequality (3.1), a
straightforward computation gives that

‘ /Ot (vo(s)@(L,s) +vi(s)da(L,s))ds

| /Ot (vo(5)@(L,s) + 01(5)bue(L, 5))ds

< C(|lvollLzco,7) + 101l 200,my) (1( L, )| 200,y + Nl Dat(Ly )l £2¢0,1))

<C(|lvoll 20,y + llv1ll 10,1y ) (IR0l 2 + (| 1] v7)-
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This implies that the linear form L is continuous in the space H x V.

Moreover we have

(319) NI < (lwollv + Nurlla + Ivollzzo,my + ol o my )

From Riesz’s representation theorem, there exists a unique (U(t),U(t)) €

V x H such that

L(®o, ®1) = ((=Ue(t), U(?)), (P, ®1))mrxv,mrxv

for all (®q,®,) € H x V'. Then indeed setting

(—ud(t),u(?)) == S()(=U:(1), U(2))

we obtain the equation (3.14). Moreover from (3.19) it follows that

(3.20) [w(®)llv + [[we(t)]| m
< C(HUOHV + |l ||m + H’UOHL2(0,T) + H’UlHHl(o,T)')-

Now let vg € C*([0,T]),v1 € C*°([0,T]). We know that the equation
(2.11) admits a smooth solution u possessing the regularity (3.17). Since
C>([0,T]) is dense in L*(0,T) and in H'(0,T)’, by virtue of (3.20) we see
that the weak solution u satisfies also the regularity (3.17). The continuous
dependence of the application (3.18) follows also from (3.20). The proof is

complete.
Theorem 3.4. Let T > 0. Then for all (ug,u1) € V x H, there exist two

controllers vg € L*(0,T) and v; € H'(0,T)" such that the weak solution u of
the controlled problem (3.11) satisfies the final conditions

(3.21) u(T) = uy(T) = 0.

Proof. Let @ be the solution of homogeneous system (2.11) with the initial
data (®o,®1) € H x V'. We define the semi-norm

(3.22) (B0, @)1 = [ ((L.6)+ (L) .
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Thanks to the inequalities (3.1)-(3.2), we know that (3.22) defines an
equivalent norm in the space F = H x V.
Choosing the controllers vg, vy as follows

(3.23) vo(t) = ¢(L,t), vi(t) = —%qu(L,t).

According to the direct inequality (3.1), we have

(324)  Joleor + Nt Bragony < (1%l + 121]12.).
Next we solve the backward problem

(3.25) uy + Au = v, uw(T) = uy(T) = 0.

Thanks to theorem 3.2 we see that (3.25) admits a unique weak solution
possessing the regularity (3.17). In particular, we have

(3.26) (@l + Nl < C ool + sl ory).
Now defining the operator A as
(3.27) A(®o, ®1) = (ue(0), —u(0)), V(Po,®1) € H x V'
by virtue of the inequalities (3.26) and (3.24) we obtain that
[A(®o, @1)[lv xrr
< Cllvoll 2o,y +Hllvil zrvo,7y) < Cll (@0, P1) v
This proves that A is a linear continuous operator from H x V' into V' x H.

Now multiplying the backward equation (3.25) by ® and integrating by
parts so that we obtain that

t

(328) _(u07 (I)l)H + (ulv CI)O)H = / <¢2(L7 3) + Qbit(lﬁ S)>d3'
0

Interpreting (3.28) into the following form

(329) <A((I)07 (I)l)a ((I)Oa (I)l)>H><V,H><V’ = H(CI)07 (I)I)H%‘
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and using Lax-Milgram’s theorem, we deduce that A is an isomorphism from
H x V' onto H x V. Therefore given any (uy, —ug) € H x V, there exists a
unique (®g, ®1) € H x V' such that

(330) A(CI)(), CI)l) = (ut(()), —M(O)) = (ul, —‘uo).

This means precisely that the weak solution u of the backward problem
(3.25), with the right-hand side v given by (3.23), satisfies the initial value
conditions

(3.31) u(0) = ug, ue(0) = uy.

In other words, we have proved that the system (3.11) is driven to rest by

the singular controls vg, vy given in (3.23). The proof is thus complete.

In the following, we consider the exact controllability of (3.11) by means

of only one controller. We first give the following inverse inequality.

Theorem 3.5. Let L < 3 and T > 0. Then for any (uo,u1) € V x H
there exists a control vy € H'(0, 1)’ such that the solution u of the controlled
problem (3.11) satisfies the final conditions (3.21).

Proof. We first solve the homogeneous system (2.11) for (®q, ®1) € H xV'.
Defining the semi-norm

T
(3.32) (B0, )% = / 02 (L. )dt,
0

then thanks to the inequalities (3.1) and (3.8) we know that (3.32) defines an
equivalent norm in the space F = H x V.

Choosing the controllers vg, vy as follows

d
(333) Vo = 0, U1 (t) = _E(b“(L’t)
According to the direct inequality (3.1), we have

(3.34) il 0,1y < C (1 Roll7r + 1 al5).

Now we solve again the backward problem (3.25) with the control chosen
in (3.33). Recall that in that case theorem 3.3 remains valid. In particular,
we have

(3.35) lu@llv + lue@®)llg < Clloallaro,ry
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Next we define the operator A as in (3.25). Then from the inequalities
(3.34) and (3.35) we deduce that

|A(®o, @1)|lvxr < Clloillaro,ry < Cll(Po, @1)||mxV
Therefore A is a linear continuous operator from H x V' into V x H.

Now multiplying the equation (3.25) by ® and integrating by parts, we
obtain that

T
(3.36) —(uo, @1)m + (u1, Po)u :/ $2i(L, s)ds.
0
Interpreting (3.36) into the following form

(337) <A((I)0, (I)l)7 ((I)07 (I)l)>H><V7H><V' = H((I)07 (I)l)”%'

and using Lax-Milgram’s theorem we deduce that A is an isomorphism from
H x V' onto H x V. Therefore given any (uy, —ug) € H x V, there exists a
unique (®g, ®1) € H x V' such that

(330) A((I)(), (I)l) = (ut(O), —M(O)) = (ul, —‘uo).

This means precisely that the weak solution u of the backward problem
(3.25), with the right-hand side v given by (3.23), satisfies the initial value
conditions

(3.31) u(0) = uo, ue(0) = uy.

In other words, we have proved that the system (3.11) is driven to rest by
the singular controls vg, vy given in (3.23). The proof is thus complete.
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84. Exact Controllability for smooth initial data. In the last section,
we will consider the exact controllability of the system (3.11) using regular
controls. To this end, we will choose a weaker norm || - || r (see pp.122-127 in
[5]). We first give the following estimates.

Theorem 4.1. Let ®(x,t) = (¢(x,t), (L, 1), dpx(L,t)) be the solution of
the equation (2.11). Then for any T > 0, there exist constants C; > 0 and
C3 > 0 depending only on T such that the following estimates hold

1) & [ {([ otmos) + gm0} < 1ol + 121l

(42) ol +@alpay <2 [ R / o(L,)ds) 4 L Y.

Proof. The proof is similar to that of theorem 3.1. For the sake of
completeness, we give a sketch of the proof. In fact, because of the density
we consider only the initial data (®¢,®1) € D(A*) x D(A*). Then indeed

we define
Do =-—A"1®y, O =-A"'d,.
It is easy to see that
(4.3) 1Boll} + 121117 = 1%l + 211D -
Let ® solve the equation
(4.4) D+ AP =0, B(0) =, () = (0).

Applying the inequalities (2.17)-(2.18) (with 8 = 1) to the solution EI;, we
obtain that

—~,

T
(4.5) Cl/ (I6e(L,t) = ¢u(L,0)1* + dpy(L, 1)) dt < || Dolly + [ @1l
0

T
(4.6) 3ol + |B4]1% < Cs / (u(Lt) = (L, )P + B2y( L)) dt .
0

On the other hand, since

~

D,,(0) = —AB(0) = By, Dy (0) = —AD,(0) = B,
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then we have @tt = &. [t follows that

(A7) eulLot) = du(Lot)  BLot) — B(L.0) = / O, 5)ds

Inserting (4.7) into (4.5)-(4.6) and using (4.3), we obtain the inequalities
(4.1)-(4.2). The proof is complete.

Theorem 4.2. Let ®(x,t) = (¢(x,t), (L, 1), dpz(L,t)) be the solution of
the equation (2.11). Assume that L < 3. Then for any 7' > 0, there exists

constant C; > 0 depending only on L,T such that the following estimate
holds

T
(45) |@alF+ 181y < Ca [ GEL )1
0

Proof. The proof is similar to that of theorem 4.1. It is sufficient to apply
the inequality (2.42) to the solution ® of the equation (4.4).

Now we consider the exact controllability of the equation (3.11) by means
of regular controls

(4.9) vg = — /Tt vo(s)ds € H'(0,T), vi(t) € L*(0,T).

For the wellposedness of the equation (3.11) with the controls (4.9), we
first interpret (3.14) into the following form

(4.10) L(®o, @1) = ((—ue(t),u(t)), S(t)(Po, P1))vxD(a), v’ x D(AY
where the linear form £ is defined by

4.11) L(Pg,Py) = | vo(s 8 L,7)dr )ds t'vswL,sds
(@11) £(@0,80) = [ (o) [ e(Lrar)s+ [ o(s)on(.s)

+ (u0, @1) peayxpay — (U1, Po)vxv.

Theorem 4.3. Let vg,v; be chosen in (4.9). Then for any (ug,u;) €
D(A) x V and (vg,v1) € H'(0,T) x L*(0,T), the equation (3.11) admits a

unique weak solution u such that

(4.12) u € C°([0,T]; D(A)) nC([0,T); V)
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defined in the sense that the equation (4.10) is satisfied for all 0 < ¢ < T and
all (®q,®,) € V' x D(A)'. Moreover the linear application

(4.13) (wo,u1,v0,v1) — (U, uy)

is continuous for the corresponding topologies.

Proof.  First using the direct inequality (4.1), a straightforward
computation gives that

‘ /Ot (750(3) /05 qb(L’T)dT)dS + /Ot‘v1(8)¢I(L,s)d3

T s
< (ol eom + 13ls0m) [ ([ 165 7)Pdr + oL, )R ) as

2

<C(lvoll 20,7y + llv1llp2c0,1)) ([ ®ollve + @1l D ay)-

This implies that the linear form £ is continuous in the space V' x D(A)".
Moreover we have

(4.14) I1£]| < C(HUOHD(A) + urllv + [Jvoll zro, ) + H‘UlHL(o,l))-

From Riesz’s representation theorem, there exists a unique (U(t),U(t)) €

D(A) x V such that
(415) 'C((I)07 @1) = <(_Ut(t)7 U(t))a (CI)O 9 ¢1)>H><V,H><V’
for all (®q,®,) € H x V'. Then indeed setting
(—ui(t), u(t)) := S()(=U:(t), U(2))
we get the equation (4.10). Moreover we have
(4.16) [l peay + [lw(@)]lv

< C(HUOHD(A) + lutllv + llvoll z20,7) + H‘UlHL(o,l))-

Using the same argument as that at the end of the proof of theorem 3.1,
we prove the regularity (4.11) of the weak solution and the continuous
dependence of the application (4.13).
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Theorem 4.3. Let T > 0. Then for all (ug,u;) € D(A) x V, there exist
two controls vg € H'(0,T) and vy € L*(0,T) such that the weak solution u
of the problem (3.11) satisfies the final conditions (3.21).

Proof. Let ® be the weak solution of the homogeneous equation (2.11)
with the initial data (®o,®1) € V' x D(A)". Defining the semi-norm

am peeii= [ ([ otz e

then thanks to the inequalities (4.1)-(4.2) we know that (4.17) defines an
equivalent norm in the space F =V’ x D(A)".
Taking the controllers vg, vy as follows

(4.18) vo(t) = — /Tt /05 ¢(L, 7)drds, v1(t) = ¢ (L, t).

from the direct inequality (4.1), we have

(4.19) lvollr 0,7y + 1v1 12207y < C IR0l + 1 11lDay)-

Next we solve the backward problem (3.25) with the right-hand side given
by (4.18), and define the operator A as in (3.25). By virtue of (4.12), (4.16)
and (4.19) we see that A is a linear continuous operator from V' x D(A)’ into
D(A) x V.

Now multiplying the equation (3.25) by ® and integrating by parts, we
obtain that

T t 2
(4.20)  —(uo, ®1)g + (uy, Bo) g = / {(/ ¢'(L,s)ds> + ¢§(L,t>}dt.
0 0
Interpreting (4.20) into the following form

(4.21) (A(®0, 1), (Po, ®1))v xD(a), v xDay = ||[(Ro, 1) 7

and using Lax-Milgram’s theorem we deduce that A is an isomorphism from
V' x D(A)" onto V x D(A). Therefore given any (uy,—ug) € H x V, there
exists a unique (®g, ®,1) € H x V' such that

(4.22) A(®o, B1) = (us(0), —u(0)) = (u1, —uo).
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This means precisely that the weak solution u of the backward problem
(3.25), with the right-hand side v given by (4.18), satisfies the initial value
conditions (3.31). On other word, we have proved that the system (3.11) is
driven to rest by the singular controls vg, vy given in (4.18). The proof is thus
complete.

Theorem 4.4. Let L < 3 and T > 0. Then for any (ug,u;) € D(A) x V
there exists a controller v; € L?(0,T) such that the weak solution u of the
controlled problem (3.11) satisfies the final conditions (3.21).

Proof. Let ®(t) be the solution of the homogeneous equation (2.11). We
define the semi-norm

T
(4.21) (o, @1)|1% = / uu(L, 1) 2.
0

Thanks to the inequalities (4.1) and (4.8), we know that (4.21) defines an
equivalent norm in the space F =V’ x D(A)".
We next solve the the backward problem (3.25) with the following controls

(4.22) vo = 0, v1(t) = ¢.(L,t) € L*(0,T).

Defining the operator A as in (3.25), then by virtue of (4.16) and (4.19) we
see that A is a linear continuous operator from V' x D(A)" into V x D(A).

Multiplying the equation (3.25) by ® and integrating by parts so that we
obtain that

(4.23) (A(@o, ®1), (o, ®1))v x D), vixpay = [|[(Ro, ®1)||%-

Therefore A is an isomorphism from V' x D(A)" onto D(A) x V. Using
the principle of the HUM, we conclude that for any (u;, —ug) € V x D(A)
there exists a controller v; € L?(0,T) such that the weak solution u of the
backward problem (3.11) satisfies the final conditions (3.21). The proof is
thus complete.
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