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Connected Linear Groups as Differential
Galois Groups

C. Mitschi* M.F. Singer!
August 31, 1995

1 Introduction
In this paper we give a proof of the following

Theorem 1.1 Let C' be an algebraically closed field of characteristic zero,
G a connected linear algebraic group defined over C and k a differential field
containing C' as its field of constants and of finite, nonzero transcendence
degree over C', then G can be realized as the Galois group of a Picard-Vessiot
extension of k.

Previous work of Kovacic [17, 18] reduced this problem to the case of powers
of a simple connected linear algebraic group. Our contribution is to show
that one is able to realize any connected semisimple group as a Galois group
and, when k = C(z), 2’ = 1 to control the number and types of singularities
when one constructs a system Y’ = AY, A € M, (C(z)) realizing an arbitrary
connected linear algebraic group as its Galois group. More precisely we
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give a constructive, purely algebraic proof of the following. Let G be a
connected linear algebraic group and let R, be its unipotent radical and P
a Levi factor [26]. The group R,/(R., R,), where (R,, R,) is the (closed)
commutator subgroup, is a commutative unipotent group and so isomorphic
to a vector group C™. The group P acts on R, by conjugation and this action
factors to an action on R,/(R,, R,). Therefore we may write R,/(R,, R,) =
U @...@ U, where each U; is an irreducible P-module. We shall assume
that Uj is the trivial one dimensional P-module (and so allow the possibility
that ny = 0). We may write P = T - H, where T is a torus and H is a
semisimple group. Let m; = n; if the action of H on U; is trivial and let
m; = n; + 1 if the action of H on U; is nontrivial. Let N = 0 if H is
trivial and N = 1 if H is nontrivial. We define the defect d(G) of G to be the
number n; and the ezcess e(G) of G to be max{N, ma, ..., ms}. We note that
any two Levi factors are conjugate so that these numbers are independent of
the choice of P. Furthermore, one can show that d(G) is the dimension of

R./(G, R,) (see the Appendix ).

Theorem 1.2 Let G be a connected linear algebraic group defined over an
algebraically closed field C' of characteristic zero. Then G is the Galois group
of a Picard-Vessiot extension of C(x) corresponding to a system of the form

A A
Y= (. +249D LAY
r — Q1 T — Oéd(G)
where A;, i = 1,...,d(G) are constant matrices and Ay is a matriz with

polynomial entries of degree at most e(G). In particular, the only possible
singularities of this system are d(G) reqular singular points in the finite plane
and a (possibly irreqular) singular point at infinity.

For example, this result implies that for any connected reductive group
(G, there exists constant matrices A and B such that G is the Galois group
of an equation of the form Y’ = (A + zB)Y.

We now give a brief history of work on the inverse problem in differential
Galois theory. An early contribution to this problem is due to Bialynicki-
Birula [3] who showed that, for any differential field k of characteristic zero
with algebraically closed field of constants C, if the transcendence degree



of k over (' is finite and nonzero then any connected nilpotent group is a
Galois group over k. This result was generalized by Kovacic, who showed the
same is true for any connected solvable group. In [17], [18] Kovacic’s paper
introduced powerful machinery to solve the inverse problem. In particular he
made extensive use of the logarithmic derivative (see below) and he developed
an inductive technique that gave criteria to lift a solution of the inverse
problem for G/R, to a solution for the full group GG. Using this, Kovacic
showed that to give a complete solution of the inverse problem, one needed
only solve the problem for reductive groups (note that G/R, is reductive).
He was able to solve the problem for tori and so could give a solution when
G/ R, is such a group (i.e., when G is solvable). He also reduced the problem
for reductive groups to the problem for powers of simple groups. We will use
logarithmic derivatives and the inductive technique (in a very simple explicit
form) below.

When one considers specific fields, more is known. If K =C{z}[z7], the
quotient field of convergent series, Kovacic [17] showed that a necessary and
sufficient condition for a connected solvable group G to be a Galois group over
K is that the unipotent radical of the center of G/(R,, R,) have dimension
at most 1, where R,, is the unipotent radical of (G. Using analytic techniques,
Ramis showed that any connected semisimple group is a Galois group over
K (cf. [27]). Recently, Ramis extended this result to show that a necessary
and sufficient condition for a linear algebraic group to be a Galois group over
K is that it have a local Galois structure (cf. [28]), a condition expressed
in terms of the Lie algebra of the group. This condition was restated in
[25] in more group theoretic terms: a necessary and sufficient condition for
a linear algebraic group G to be a Galois group over K is that (i) G/G°
is cyclic, (i7) d(G°) < 1, and (i) G/G° acts trivially on R, /(R,,G"). For
connected groups this reduces to the condition that d(G) < 1. Ramis also
shows how solving the inverse problem over K is equivalent to solving the
inverse problem on the sphere where the differential equation has a regular
singularity at 0 and an arbitrary singularity at oo.

Tretkoff and Tretkoff [36] have shown that any linear algebraic group
is a Galois group over C(z) when C' = C, the field of complex numbers.
Their result depends on the solution of a weak version of the 21%* Hilbert



Problem L. For arbitrary C, Singer [33] showed that a class of linear algebraic
groups (including all connected groups and large classes of nonconnected
linear algebraic groups) are Galois groups over C'(x). Singer’s proof used the
result of Tretkoff and Tretkoff and a transfer principle to go from C to any
algebraically closed field of characteristic zero. Recently Magid [21] claimed
to prove that all connected groups having no subgroups of codimension one,
must be Galois groups over C'(x). In particular, this would have implied that
any connected semisimple group not having PSL(2, (') as a quotient could be
realized as a Galois group over C'(z). Regretably Magid’s proof is flawed.?
Finally, Ramis [28] has shown that any linear algebraic group defined over
C is the Galois group of a Picard-Vessiot extension of C(z). Ramis’s proof
relies on his solution of the inverse problem for the local field C{x}[z~!| and
a technique for glueing solutions of the local problem to form a solution of
the global problem. Ramis is also able to bound the number and type of
singularities.

Another approach to the inverse problem was given by Goldman and
Miller. In [10], Goldman developed the notion of a generic differential equa-
tion with group GG analogous to what E. Noether did for algebraic equations.
He showed that many groups have such an equation. In his thesis [22], Miller
developed the notion of a differentially hilbertian differential field and gave
a sufficient condition for the generic equation of a group to specialize over
such a field to an equation having this group as Galois group. Regrettably,
this condition gave a stronger hypothesis than in the analogous theory of
algebraic equations. This condition made it difficult to apply the theory and
Miller was unable to apply this to any groups that were not already known

ITretkoff and Tretkoff needed the fact that given a finitely generated group H of ma-
trices, there exists a homomorphism of the fundamental group of the sphere minus a finite
set of points onto this group and that this representation is the monodromy representation
of a fuchsian equation. Letting one of the generators be the identity matrix, and mapping
the homotopy classes of loops around distinct points to distinct generators, one can use
the classical solutions of Plemelj or Birkhoff to produce a system with simple poles (they
need one of the matrices to be diagonalizable to insure that all poles are simple yet a care-
ful examination of their techniques shows that their results still yield a fuchsian system,
without any hypothesis on the matrices (¢f. [1]). This is not in conflict with the recent
work of Bolibruch [1].

2We had previously given a “proof” of Theorem 1.2 based on Magid’s ideas and, in
particular, on Proposition 7.13 of [21]. J. Kovacic showed us a counterexample to this
proposition invalidating our previous argument.



to be Galois groups.

Finally, many groups have been shown to appear as Galois groups for
classical families of linear differential equations. The family of generalized
hypergeometric equations has been particularly accessible to computation,
either by algebraic methods as in Beukers and Heckmann [2], Katz [14] and
Boussel [6], or by mixed analytic and algebraicmethods as in Duval and
Mitschi [8] or Mitschi ([23], [24]). These equations in particular provide
classical groups and the exceptional group Go. Other examples were treated
algorithmically, as in Duval and Loday-Richaud [7] or Ulmer and Weil [37]
using the Kovacic algorithm for second order equations, or in Singer and
Ulmer ([34], [35]) using a new algorithm for third order equations.

The rest of this paper is organized as follows. In section 2 we recall some
of the results of differential Galois theory and Kovacic’s program for solving
the inverse problem. In section 3 we present proofs of the Theorems 1.1 and
1.2.

We thank J. Kovacic for pointing out mistakes in a previous attempt at
proving Theorem 1.2 and showing us that Theorem 1.2 implies Theorem 1.1.
We also thank Jean-Pierre Ramis for stimulating conversations concerning
the inverse problem and for sharing his ideas with us.

2 Differential Galois theory and Kovacic’s
program

The material of this section comes from [17] and [18]. Let k be a differen-
tial field of characteristic zero with algebraically closed field of constants C'.
Given a connected C-group G we wish to construct Picard-Vessiot exten-
sions of k of the form k(g) where ¢ is a point of G. Such a field is called a
G-primitive extension of k. We say that a G-primitive extension is full if g is
a k-generic point of GG. Let V be a finite dimensional faithful G-module. We
denote by G C gl(V') the Lie algebra of G C GL(V). For any field extension
K of C we denote by G(K) the group of K-points of G and by G the Lie
algebra Liex (G) = Liec(G) ®@¢ K of G over K.

The following summarizes some of the material found in Chapters I and
II of [17].



Proposition 2.1 Let G,V and G be as above.

1. If k(g) is a G-primitive extension of k, then ¢'g™' € Gy and the Galois
group H of k(g) over k is an algebraic subgroup of G. The action of
H on k(g) is given by g — gh for any C-rational point h of H. In
particular, k(g) is a full G-primitive extension if and only if its Galois
group over k is G.

2. If A€ Gy Cgl(V)®c k, then there exists a G-primitive extension k(g)
of k such that g is a solution of Y' = AY.

Kovacic refers to the element ¢’g™! as the logarithmic derivative of g and

denotes it as [6(g). He, in fact, shows that if £ is a universal differential field
over (Y}, the field of constants of k, and g € G(k) then the map g — 15(g)
maps G onto G,. We shall only need the fact as stated in Proposition 2.1.
Note that 16(gh) = 16(g) + glo(h)g™".

We shall need the following corollary of this result in the next section.

Corollary 2.2 Let k = C(x) and G,V and G be as above. Let A € Gy. If
k(g) is a G-primitive extension of k having connected Galois group H C G
and g’ = Ag, then there exists an element § € G(k) such that

Al = 357"+ §AG ! € Hy
where H C G is the Lie algebra of H.

Proof: Since k is a cohomologically trivial field, one knows ([15], Corollary 1,
p. 426) that any Picard-Vessiot extension of k with connected Galois group
H is an H-primitive extension of k. Therefore, k(g) = k(h) for some point h
of H. The Galois group leaves g = hg™' fixed so g is a C'(x)-rational point
of G. Calculating (gg)'(gg)~" we have

9lAl=g'g7 + 3Ag™" = (99)'(g9)~ = WA~
Proposition 2.1.1 implies that ”h~! € H,,. 1

We now recall Kovacic’s program. Any connected linear algebraic group
can be written as a semidirect product R,x P where R, denotes the unipo-
tent radical of G and P is a maximal reductive subgroup of GG. This is called
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a Levi decomposition of G and P is called a Levi factor. Tt is known that
any connected reductive subgroup is contained in a Levi factor and that any
two Levi factors are conjugate (c¢f. [26]). Kovacic showed that one can make
several reductions of the inverse problem. First, he showed that one can
assume that R, is commutative and so must be of the form C™. Since P is
reductive and acts on C™, one can further write C" as a sum of irreducible
P-modules. Kovacic further reduced the inverse problem to the case where
R, is the direct sum of copies of a unique irreducible P-module. Secondly,
Kovacic gave a method for selecting a solution of the inverse problem for P
that will lift to a solution of the inverse problem for G = R,x P. In gen-
eral terms, he showed that a solution of the inverse problem for P will lift
provided that an appropriately chosen “inhomogeneous inverse problem” for
R, can be solved. Finally, Kovacic described the obstructions to solving this
inhomogeneous inverse problem for R,. Since we will need to keep a careful
accounting of the singularities we introduce in each of these reduction steps
in order to prove Theorem 1.2, we shall now describe these reductions in
detail. It is convenient to have the following:

Definition 2.3 A connected linear algebraic group G defined over an alge-
braically closed field C' of characteristic zero is realizable over a differential
field k whose field of constants is C' if there exists a full G-primitive extension
k(g) of k. Let A=16(g) € Gr. We say that A realizes G.

Note that Proposition 2.1 implies that given A € G, there is always a
G-primitive extension k(g) such that [§(g) = A. The above definition of
realizability requires that the Galois group be the full group G.

2.1 Reduction to commutative R,

Let G be a connected linear algebraic group defined over an algebraically
closed field C' and let G = G/(R,, R,), where (R,, R,) denotes the (closed)
subgroup of commutators of R,. Let G be the Lie algebra of G, G be the Lie
algebra of G and dm : G — G be the canonical map. Using the fact that the
only algebraic subgroup of G that maps surjectively onto G is G, Kovacic
shows (c¢f. [17] Lemma 2, [18] Lemma 7, Proposition 18):

Proposition 2.4 Let Ay,..., A, € G, fi,....fs € k and Ay,..., A, € G
satisfy dm(A;) = A;. If S A; @ f; realizes G over k, then > A; ® f; realizes
G over k.



2.2 Lifting solutions of the inverse problem

We shall assume that GG is a connected linear algebraic group defined over '
and that the unipotent radical of G, which we denote here by U, is abelian.
For any Levi decomposition G = Ux P we will describe Kovacic’s method
for lifting a solution of the inverse problem for the reductive group P to a
solution of the inverse problem for G.

Let us first consider what happens when we have a full G-primitive ex-
tension K = k(g) of a differential field k& (with algebraically closed field of
constants). We may write g = up with u € U, p € P. Since U is normal in
G and k(G/U) = k(P) is the fixed field of U, we can use Galois correspon-
dence and Proposition 2.1 to show that k(p) is a full P-primitive extension
of k. Let G, U, P be the Lie algebras of G, U, P respectively. Note that
16(9) = Ag € Gy, and that [0(p) = Ap € Py. Calculating we find

16(g) = (up)(up)*
= (p-p'up)(p-p~lup)”
= pp '+ pé(p tup))p !

1

Kovacic shows that if p is an element of P such that k(p) is a P-primitive
extension of k with 16(p) = 16(p), then p(I6(p~— up))p~t = p(ld(p~tup))p~?.
We therefore define

Lap0(u) = p(1(p up))p

where p is any element of P such that [§(p) = Ap and the constants of
k(p) are the same as the constants of k. Note that U is left fixed by any
automorphism of G so l4,0(u) € U. The following result of Kovacic shows
that one can reverse this process (¢f. [17] Proposition 13, [18] Proposition
19).

Proposition 2.5 Let G be a connected linear algebraic group defined over
an algebraically closed field C' and let k be a differential field with constants
C. Assume that the unipotent radical U of G is abelian and let G = Ux P
be a Levi factor decomposition. Let Ap € Py, realize P and Ay € Uy, be such
that

1. there exists an element p € P with 16(p) = Ap such that k(p) is a full
P-primitive extension of k,



2. there exists an element uw € U with l4,0(u) = Ay, such that the field of
constants of k(u,p) is C,

3. the map o — p tuto(u)p is a C-isomorphism from the differential

Galois group Gal(k(up)/k(p)) onto U(C').
Then 16(up) = Ay + Ap and k(up) is a full G-primitive extension of k.

The condition l4,6(u) = Ay can be described in a simple way. To do this
note that U being a commutative unipotent group is the isomorphic image,
via the exponential map, of the vector group of its Lie algebra U (cf. [4], 7.3)
and it is easy to show that (expy) = 'expy for any v € U. This implies
that [0(expy) = +' and if we identify U with the vector group of U via the
exponential map, we have that (§(g) = ¢’ for all g € G(k).

The action of P on U by conjugation gives a representation p : P —
GL(U) and via the identification of U with ¢ we will also denote by p the
adjoint representation P — GL(U). Let dp : P — gl(U) be the associated
representation on the Lie algebras. For Ay, Ap, u, p as in Proposition 2.5, we
have

lap0(u) = p(lo(p tup))p
= p(p) - (pp™") - w)
= o' —1(p(p)) - u
= u' —dp(Ap) - u

!/

Example 1: Let k = C(z) where 2/ = 1 and C is algebraically closed. Let
G=0Cx(C*=

6 «
{<0 ﬁ_l |ﬁ7é07a60}
We identify the Lie algebra U of C' with

0 a
(5 4)1ace
and the Lie algebra P of C* with

(5 %) e
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We therefore seek elements Ay = ( 8 g ) and Ap = < 8 _Ob > a,b e C(x)

such that

L. there is a full C*-primitive extension k(p),p = ( g 601 ) where

0 . This is equivalent to demanding that the Galois

b
Z(S(p) = 0 —b
group of k() over k is C* where 3’ = bg.

«

2. there exists an element u = ( ) with 4,0(u) = Ay, such that

the field of constants of k(u,p) is C Note that

s (32 )((3 2T (GG )
Lo )0 )6 )
()G
_ (8 52(ﬂ0 >>
_ (8 a’—02ba>

Therefore the condition 14,d(u) = Ay is equivalent to o/ — 2ba = a.

-1 -1
3.themapa»—><g 501> (é ?) a((é Cf))(g 501)1841

Clisomorphism from Gal(k:(( - ) ( - p )) Jk(B)) onto U(C).

This latter condition is equivalent to the condition that the map o —
o(a) — a is a C-isomorphism of Gal(k(af3)/k(3)) onto C.

Therefore to realize G as a Galois group over C'(z), we must find a,b €
C(z) and (a, B) such that

§—b8 — 0

10



o —2ba = a

and such that k(3) is a Picard-Vessiot extension of k with Galois group C*
and k(af) is a Picard-Vessiot extension of k() with Galois group C. If we
let b =2 and @ = 1 then 3 = e*/2 and a = € [e™®". We will show in
the next section that this selection meets our needs and discuss how this
choice was made. Note that in this example the representation p is given by

p(B) = B> N

Kovacic is able to refine Proposition 2.5 in the following way. Since P
is reductive we may write U as a sum of irreducible P-modules. Grouping
isomorphic copies, we write U = U{* @ --- @ U!*, where the U; are noniso-
morphic P-modules. Let p; : P — GL(U;) be the representation of P on
each simple module and dp; : P — gl(U;) be the representations on their
Lie algebras. We denote by p;* and dp;* the representations on their powers.
As before, we shall identify each U; and its Lie algebra U; with some C™:.

Kovacic shows ([18], Proposition 19):

Proposition 2.6 Let G be a connected linear algebraic group defined over
an algebraically closed field C' and let k be a differential field with constants
C. Assume that G = (U{' @ --- @ Ul*)x P as above. Let Ap € Py and
A; € (U be such that

1. there exists an element p € P with 16(p) = Ap such that k(p) is a full
P-primitive extension of k,

2. there ezists an elements u; € U;* with v, — dp;*(Ap)u; = A;, such that
the field of constants of k(u;,p) is C,

3. the map o — pi*(p™')-(o(u;)—u;) is a C-isomorphism from Gal(k(u;p)/k(p))
onto U (C)).

Then for u =uj + ...+ ug, 0(up) = A1+ ...+ As+ Ap and k(up) is a full

G-primitive extension.

2.3 Selecting Ay and Ap

Let G = Ux P as above. We shall first show that the inverse problem can
be reduced to the case where P is a direct product 1" x H where 1" is a torus

11



and H is a semisimple group. We note that any connected reductive linear
algebraic group P is of the form T - H where T is a torus and coincides with
the center of P, H is semisimple and TN H is finite. We therefore have a
homomorphism 7 : T" x H — P with finite kernel. Let 7,H,P be the Lie
algebras of T', H, P respectively and let dw : 7 x H — P be the Lie algebra
homomorphism associated to 7.

Proposition 2.7 If Ay + Arn realizes a semidirect product Ux (T x H)
where Ay € Uy, Arp € (T @ H)g, then Ay + dn(Ar i) realizes Ux P over
k.

The proof of this proposition is contained in the proof of Proposition
9 in [17] (note that the condition concerning the kernel of 7 in this latter
proposition is not needed in the part of the proof that verifies the above
proposition). This proposition allows us to assume that our group is of the
form Ux (T x H). The next proposition shows that to realize T' x H, we
need only realize T" and H separately (cf. [17], Proposition 12).

Proposition 2.8 Let GG1 and G4 be connected groups such that the only com-
mon homomorphic image of both groups is the trivial group. If Ay and As
realize G and Gy respectively, then Ay + As realizes Gy X Gy (here we identify
the Lie algebra of G1 x Gy with the direct sum of the Lie algebras of G1 and
GQ.

Corollary 2.9 With notation as above, if Ay realizes T and As realizes H,
then A; + Ay realizes T x H.

Proof: 7" and H have no common homomorphic image other than the trivial
group. 1

We do not know a general criterion for realizing a semisimple group
over an arbitrary differential field, but in the next section we will show
how to realize such a group over C(x). The following is a criterion for
realizing tori over any differential field (¢f. [17] Proposition 15). It is a
consequence of the Kolchin-Ostrowski theorem (cf. [16]). If 7" is a torus
defined over C, we identify T(C) with the m-fold product C* x --- x C*
and the Lie algebra 7o of T(C') with the m-fold sum C @ --- @ C. With
this identification, the logarithmic derivative of an element in T° becomes

(ag,...,an) = (a)/og,....al [ag,).

12



Proposition 2.10 Let T be as above and F a differential field containing
C. Let (a1,...,an) € Tp = F™. A necessary and sufficient condition that
(@1,...,ay) realize T over F is that there exists no relation of the form
niay + ...+ npa, = f'/f with n; € Z not all zero and f € F.

Finally, Kovacic gives a criterion for finding elements satisfying Proposi-
tion 2.6. Let Ly, , : k™ — k™ be the map defined by L4, ,(v) = v'—dp(Ap)-v
and let 7 : k™ — k™ /L4, ,(k™) be the quotient homomorphism of C-vector
spaces. Kovacic shows (cf. [18], Proposition 20):

Proposition 2.11 With notations as in Proposition 2.6, assume that s = 1.
If Ap € Py satisfies condition 1. above, then Ay = (ay,...,a,) € U] satisfies
conditions 2. and 3. if and only if way, ..., ma, are linearly independent over

C.

Example 1 (bis) Propositions 2.10 and 2.11 allow us to verify the claims at
the end the exposition of Example 1. Using the notation of that example, we
apply Proposition 2.10 to b = z. Let nz = f'/f for some f € C(x). For any
finite zero or pole v of f, f’/f will have a simple pole at 7. Since nz has no
poles, we must have that f is a constant and so n = 0. Therefore z realizes
the torus C*. To use Proposition 2.11 we must show that o’ — 2xa = 1 has
no rational solutions o € C(x). Let a € C(z) be a solution. At any finite
pole of a, the order of o is larger than the order of 2za, so there can be no
cancellation. Therefore a must be a polynomial. Let n be the degree of this
polynomial. The degree of 2z« is larger than the degree of a so the degree
of the right hand side of this equation is larger than the degree of the left
hand side, a contradiction. ]

3 Proofs of the Theorems

3.1 Reductive Groups

We start by showing that any connected semisimple group can be realized
over C(z) by a system Y’ = AY where the entries of A are polynomials of
degree at most one.

Lemma 3.1 Let G be a connected semisimple linear group defined over C.
There exists a faithful finite dimensional G-module V' such that

13



1. 'V contains no one-dimensional G-modules.

2. Any proper connected closed subgroup H C G leaves a one-dimensional
subspace Wy C V' invariant.

Proof: Recall that Chevalley’s theorem (cf. [12], p. 80) states that for any
proper algebraic subgroup H C G there is a G-module V' such that H is the
stabilizer of a line Ly in V. Since G is semisimple, we can write V" as the sum
of irreducible G-modules. The projection of Ly into one of these irreducible
components (of dimension necessarily greater than 1) must be non-trivial,
so we can assume that H stabilizes a line in some irreducible G-module V.
Note that any subgroup conjugate to H will also stabilize some line in V.
Dynkin’s theorem [9] implies that there are only a finite number of conjugacy
classes of maximal proper connected closed subgroups in GG. Selecting a V; as
above for each of these we can now let V =V, &...®V,,. If need be, we can
take the direct sum of this with a faithful irreducible G-module of dimension
greater than 1 to assume that V' is faithful. 1

We will refer to a faithful G-module satisfying the conclusions of the above
Lemma as a Chevalley module for G. For example, if G = SL(2), then any
irreducible G-module is a Chevalley module for G since any proper connected
subgroup is solvable and will leave some line invariant.

Lemma 3.2 Let GG be a connected semisimple linear group with Lie algebra
G and let V be a Chevalley module for G. Let A € G ®@c Clz|. If C(x)(g) is
a G-primitive extension of C(x) with ¢ = Ag whose Galois group is a proper
subgroup of G then there existv € V., v # 0, ¢ € C(z) and g € G(C(x)) such
that

glA]-v=rc-v

Proof: Note that since A has polynomial entries the monodromy group is
trivial. Gabber’s Lemma (cf. [14], Proposition 1.2.5) implies that the Galois
group is connected®. Corollary 2.2 implies that there exists a § € G such
that g[A] € Hy, where H is the Lie algebra of H. Since V is a Chevalley
module for GG, there exists a line left invaviant by H and therefore by H. The
conclusion now follows. I

3Strictly speaking this is not an algebraic argument but it can be replaced by a tedious
algebraic proof.

14



Lemma 3.3 Let G' be a connected semisimple linear group with Lie algebra
G and let V be a Chevalley module for G. Let A € G ®@c Clx] and let t
be the mazimum degree of the polynomials appearing in A. If C(z)(g) is a
G-primitive extension of C(z) with ¢ = Ag whose Galois group is a proper
subgroup of G then there exists w € V ®@¢ Clz], w # 0 and ¢ € Clz] with
deg,c <t such that

w —(A=clhHw=0

Proof: By Lemma 3.2 we know that there exists v € V, v # 0, ¢ € C(x)
and § € G(C(x)) such that (g~ + gAg1)v = cv or, equivalently,

(097 +(gAG™ —cl))v=0

1

If we differentiate gg—! = I we get that §'g ! = —g(g!)’. Therefore we have

(=9(g7") +(§Ag™" —cl))v=0
If we let w = —g 'v we get
guw' — (§gA —clg))w =0
Multiplying through by g ! gives us an equation of the form
w—(A—chHhw=0

We now must show that there exists an equation of this form with w €
V ®c Clz], w # 0, and ¢ € Clz] with deg,c < t. We first will show that we
can assume that c is a polynomial. Let « be a finite pole of ¢ and write
c = cu(r—a)" +cpp(z—a)" 4.
W o= Wy(z—a)™ + Wppr(z — )™+

where n < —1, w; € V and ¢; € C. Substituting these expressions into

w' — (A — cl)w = 0 and comparing leading terms we see that n = —1 and
¢, = —m. Therefore we have that
c= +
2 z—a 't
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where p is a polynomial. Letting

wi =w-[[(z —a)"™

we have

wy—(A=phHw; = o -JJ[(z—a)™ +w-[[(z—a) ™
—(A-phw- [z —a)™™

(W' = (A=chw) [[(z — a)™™
= 0

_ma

)

r—Q

Therefore we may replace w by w; and assume that ¢ is a polynomial. Again
by comparing leading terms, we see that the entries of w have no finite poles.
Let c=co+cix+...+¢pz™ and w = wg+wiz + ... +w,x™. If m >t then
the term of highest power in z appearing in w’ — (A — c¢l)w is cpw,x™ ™,
which is not zero. Therefore, m <. ]

When t < 1, we can state the conclusion of this result even more con-
cretely. Let A = Ay + Aijx and ¢ = ¢y + c1x be as above. Any prospective
solution w of w’ — (A — ¢l)w = 0 is of the form w = w,,, ™ + ...+ wy where
the w; are in V. Substituting into w’ — (A — ¢I)w = 0 we have

0 = w—(A—-clw
= Mmwpr™ A+ (m— Dwpo 2™ 2+ .+ w
—(Ao+ A1 — (co + ) ) (W™ + ... + wo)
= (a — A wpx™ ™ + [(col — Ag)wy, + (e1] — A wpp—q]2™
+(col — Ag)Wpm—1 + (1] — AWy, o + mawy,]2™ !

+[(C()] — Ao)’wl + (61[ — Al)’wo -+ 2’11)2]55
+[(col — Ag)wo + w]

Therefore Lemma 3.3 states that if the Galois group is a proper connected
subgroup of GG then there exists a nonnegative integer m and constants ¢y,
c1 such that the above system has a solution (wp,,...,w) in V™ with

Wy, 7 0.
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Example 2: Consider the usual representation of SL(2) in GL(2). We have
already noted that this makes C? into a Chevalley module for SL(2). Let

10
v-(o4)
0 1
v (V)

For a given m let us consider the coefficients of 2™+, 2™ and 2™ ! in the
above system. The coefficient of z™*! must vanish so ¢; is an eigenvalue
and w,, is an eigenvector of A;. Let us assume that ¢; = 1 (the proof when
¢; = —1 is similar). Since we can multiply w by any nonzero element of C,
we can furthermore assume that w,, = (1,0)”. Let w,,_1 = (u,v)". Setting
the coefficient of 2™ equal to zero, we have

() 6) ) () (6)

Equating entries, we get ¢ = 0 and v = % Let w,,_o = (y,2)" and setting
the coefficient of 2™~! equal to zero, we have

()G ) o (o) (5)

This implies that m = %, contradicting the fact that m is an integer.
Therefore we can conclude that the Galois group of the differential system

yvi—(* 1y
I N -

is SL(2). |

o= L

Note that in the above example A; is a regular element of a Cartan
subalgebra of SI.(2) and Ay is the sum of generators of the root subspaces of
SL(2) with respect to this Cartan algebra. We shall now show how one can
generalize this example to deal with any connected semisimple linear group.
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Let G be a semisimple Lie algebra and let
g - H S5 H ga

where H is a Cartan subalgebra and G, are the root spaces. Let V be a
G-module and let

V= @ V/J’z'
i=1

where the 3; are distinct weights of H on V' and the Vj, are the corresponding
weight spaces. Let {v1,...v,,} be a basis of Vp,, and {v,, ,41....v,} be a
basis of Vg, for i =2,...,s (so dim(Vp,) = r; — r;_1 where rp = 0). We then
have that {v; }1<i<dim(v) is a basis of V.

Lemma 3.4 Let a be a root of G and X, € G, X4 # 0.

1. If B is a weight of H on V and vg is an element of Vs then X,(vg) €
Va+/8'

2. The matriz (z;5) of X4 with respect to {v;} has the property that z; ; = 0
foreachl, 0 <1 <s, 1 <i<r andr; <j<ry, that is, (z;5) has
s blocks of zeroes along the diagonal.

Proof: 1) We note that for any A € H we have a(A) X, = [A, X,|. Therefore
a(A) X, (vg) = AX,(vg) — XoA(vg) = AX,(vs) — B(A) X, (vs). This implies
that AX,(vg) = (a(A) + B(A))Xa(vg).

2) We know by 1) that X, (v; ;) lies in V4 for every 1 <1 <s, 1, <i,j <
ri41. Since a is a root, Voyp # Vj,. Therefore, the Vs -component of X, (v; ;)
must be 0. |

We now select two special generators of G. Let Ay = > X, where we
sum over all roots of G and each X, is a nonzero element of G,. Let V be
a G-module. Lemma 3.4 implies that the matrix of Ay with respect to the
basis {v;} of V, as before, has s blocks of zeroes along the diagonal. In gl(V)
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0 0 Al pi+1  voe e a1.n
0 0 Qpy pifl e o R
Ari41,1 -++ Qpy4lm 0 ce 0 Ari4+1r94+41 -+ Qri41n
Ao = : : . : : . : :
py 1 oo Qpypy 0 ... 0 N ¢ M

Let A; be a regular element of H such that distinct roots take distinct, non-
zero values on A; and furthermore distinct weights (of H in V') take distinct
values on A;. The set of such elements is Zariski dense in H. Note that there
are d; € C such that A; = diag(dy,...,d,) where dy = ... = d,,,d; 41 =
veo = dpy 41y, etc. We shall refer to such a pair (Ap, A1) as a regular pair of
generators of G. The fact that Ay and A; generate G is shown in ([5], Ch. 8,
Sec. 2, Ex. 8, p. 221).

Proposition 3.5 Let G be a connected semisimple linear algebraic group
and G its Lie algebra. Then there exists a faithful G-module V' and a reqular
pair of generators (Ag, A1) of the Lie algebra G C gl(V') such that

Y’ = (A() + AlI)Y
has Galois group G.

Proof: Let V be a Chevalley module for G and let (Ag, A1) be a regular pair
of generators of G. We will show that there exist nonzero ¢t € C' such that
the Galois group of Y = (tAy + A12)Y is G.

Let A = tAy+ Ajx, with t # 0. Lemma 3.3 implies that if the Galois
group of Y/ = AY is not G, then there exists ¢ = ¢q + 1z, ¢; € C and
w = wypr™ + ...+ wy where the w; are in V and w,, # 0, such that w' —
(A — cl)w = 0. Substituting into this equation we have

0 = w—-A-clhw
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= mwyr™t + (m— Dwy, 2™ 2.+ w
—(tAg + A1 — (co + 1)) (wpx™ + ... 4+ wp)
= (al — A)wpa™ ™ + [(cod — tAg)wy, + (c1] — ADwp,—1]2™
+H(eol — tA) W1+ (c1] — A W2 + mwp,|z™ *

+[(CQI — tAO)w1 + (Cll — Al)wo + 2/11}2]55
+[(col — tAg)wo + wi]

Setting the coefficients of 21, 2™ and ™! equal to zero, we have

(] — AD)w,y, = 0 (1)
(C()[ — tA())’wm + (61[ - Al)wm_l = 0 (2)
(CQ[ — tAQ)’U}m_l + (01] - Al)wm_g + mw,,, = 0 (3)

Equation (1) implies that w,, is an eigenvector of A;. We will assume
that ¢; = d;. Since any constant multiple of w is again a solution of w’ —
(A —clw = 0, we can assume that w,, = (1,0,...,0)". Substituting this
into equation (2) and letting Ay be as above, w, 1 = (u1,...,u,)?, and
r =11, we have

Co 0 ce 0 —tal’r+1 .. —taln 1
0 Co ... 0 —tCLQ’T+1 ce —tagvn 0
0 0 ... (O —tar,T+1 . —taln
—tar+171 e e e ce . tCLT+1’n
—tap1 ... ... ... v tagg, O
0 0 0 0 Uy
0 ... 0 0 .0 ue |
+ 0 ... 0 dl_dr+1 0 Upr4-1 =0
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This yields the system of equations:
co+0up =
0+ 0U2 =

0+0u, = 0
—tari10 + (di — dr1)tppr = 0

—t(ln’l + (d1 — dn)un = 0

This implies that ¢y = 0. Since each d; — d; # 0 for ¢ > r, we also have that

w ta;
"ody—d;
fori =r+1,...,n. We now consider equation (3)

0 0 ce 0 —ta17r+1 Ce —taln U1

0 0 cen 0 —ta27r+1 Ce —tag’n Uz

0 0 N 0 —ta,r77-+1 Ce —taln
—tar+1’1 e eee e ce ce tar_{_]_’n

—tany tann u
0 0 0 0 * m
A : : : 0
0 ... 0 0 o 0
1o 0 dy—dpyy ... 0 * =0

0 v ver 0 dy—d, x 0

The first row of this matrix equation is
—ta1 p41Upg1 — ... — ta1pU, +m =0
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Substituting the values for u; we have:

Ary1,1 an1
(A1 A ) =0
(@ +1d1_dr+1 “ dl_dn) "
If a a
r+1,1 nl
Qoo —ttBL =0
M~ d "d, - d,

then we must have that m = 0. This means that w € V. Since 0 =
w — (A —chw = (cI —tAy — Ayx)w, this implies that Ay and A; have a
common eigenvector and since Ag and A; generate G, this contradicts the
fact that V is a Chevalley module. Therefore, we have that

Ar41,1 a

nl
Cll,r+1d +---+G1,n7d # 0
1~ - Up

dr—|—1 dl

and again we get a contradiction if we select ¢t € C' such that

a a

2 r+1,1 n,1

—n g e g )
1 — Wpr41 1 — Un

is not an integer. The set of such ¢ in @, the algebraic closure of the rationals,
is a dense open set. For these ¢ the Galois group of Y’ = (tAy + A;x) must
be G. |

The above result gives a very simple system that realizes a connected
semisimple group. In order to realize a Levi factor of a connected linear
algebraic group in such a way that we may utilize Propositions 2.5 and 2.11,
we may need a system with polynomial entries of higher degree.

Proposition 3.6 Let G be a connected semisimple linear algebraic group
and G its Lie algebra. Let n > 1 be an integer. Then there exists a faithful
G-module V' and a regular pair of generators (Ao, A1) of the Lie algebra G C
gl(V') such that

Y/ = (AO + AlIn)Y

has Galois group G.

Proof: We again let V' be a Chevalley module for G and (A, A1) be a regular
pair of generators of G. If the Galois group of Y’ = (Ay + A;2™)Y is not G,
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then Lemma 3.3 implies that there exists c(x) = ¢,a™ + ...+ ¢o € C[z] and
W(x) = wpa™ + ... wy € V @ Clz] such that

w' = (Ag+ A12" — c)w =0
We shall deal with three cases:
n > m: Setting the coefficients of ™" ... 2™ equal to zero we have:
(enl — ADwy,, = 0
(cpd — ADwy—q + ¢y lw,, = 0
(Cn] - Al)wm72 + Cn72lwm71 + Cnfllwm = 0

(CnI — Al)wl -+ Cn,1]w2 + ...+ Cn,m+1]wm =
(cod — Ay)wo + o lwy + ...+ e lw,, = 0

The first equation implies that ¢, is an eigenvalue of A; and w, is an
eigenvector of A;. Let W denote the c,-eigenspace of A;. We have that the
image of (c,I — A;) intersects W trivially. Therefore the second equation
implies that c¢,—; = 0 and that w,,—y € W. Considering each equation in

turn, we have that ¢,_1 = ... =c¢,_,, = 0 and w,,,...,wyg € W. We now set,
the coefficients of "%, ... 2™ equal to zero:
cn,llwo + ...+ cn,m,lfwm = 0
cm+1lw0 + ...+ cllwm =0

Cmlwy + ...+ (col — Ag)w,, =

Considering all but the last of these equations in order, we see that ¢, _,,_1 =

. = ¢y = 0. The final equation then implies that w,, is an eigenvector of

Ag. This implies that A; and Ay have a common eigenvector a contradiction.
n < m: Setting the coefficients of ™" ... 2™ equal to zero we have:

(cnd — ADwy,, = 0
(cnd — ADWy—1 + cpylwy, =
(cn[ - Al)wm—2 + Cn—2lwm—1 + Cn—llwm -

(CnI — Al)wm—n + Cn—llwm—n—l—l + ...+ (COI - Ao)wm =0
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The first equation implies that ¢, is an eigenvalue of A; and w, is an
eigenvector of A;. Let W denote the ¢,-eigenspace of A;. Arguing as above
we see that ¢,_.;1 = ... = ¢, = 0 and w,,, ..., w,_,, € W. Using the form
of Ay established in Lemma 3.4, the last equation implies that ¢ = 0 as
well. Note that unlike the situation in Proposition 3.5, we can conclude at
this point that w,,_; € W. We use here the fact that n > 1. Setting the
coefficient of 27! equal to zero we have that

MWy, + (cpd — A Wy—p—1 + (col — Ap)Wp—1 = 0

Since wy, 1 € W and ¢y = 0, we have that the W—component of (¢ol —
Ap)Wp,—1 = Aoy, 1 18 0. Furthermore, the W—component of (¢, /— A1 )Wy, pn-1
must also be 0. Therefore this latter equation implies that m = 0. This con-
tradicts the fact that m >n > 1.

m = n: Setting the coefficients of ™" ..., 2™ equal to zero we have:

(cnl — ADwy,, = 0
(Cn[ — Al)wm,1 + cn,lfwm —
(Cn] - Al)wm—Q + cp—odlWy—y + ot lwy,, = 0

(CnI — Al)’UJO + cn_llwl + ...+ (Co[ — Ao)wm = 0

As before we can conclude that ¢,_; = ... = ¢y = 0 and w,,,...,wy € W.
Setting the coefficient of 2™ 1 equal to zero we have that

mw,, + (col — Ap)wy—1 = 0

Since ¢y = 0 and the W-component of Aqw,,_ is 0, we must have that m = 0.
This contradicts the fact that m = n > 1. I

We now turn to the case of a torus. Let T be a torus of dimension r and
7 its Lie algebra. We identify 7'(C') with (C*)" and 7 (C') with C".

Proposition 3.7 Let {c1,...,¢,} C C be linearly independent over Q. For
any n > 0, the element (c12™, ..., c,a™) € T(C(x)) realizes T over C(x).

Proof: By Proposition 2.10, it is enough to show that if niciz"+...n,.c.a™ =
f'/f withn; € Z and f € C(x), then all the n; = 0. If such a relation exists,
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let f=T1I(x—d;)™, d; € C, m; € Z. We then have that f'/f = > -

r—d;°
Therefore, each m; = 0. Since the ¢; are Q-linearly independent, we have
that each n; = 0. ]

We now combine Propositions 3.6 and 3.7 with Proposition 2.4, Proposi-
tion 2.7 and Corollary 2.9 to yield:

Proposition 3.8 Let G be a connected reductive linear algebraic group. Let
m > 1 be an integer. Then there exists a differential equation of the form

Y'=(A+ Ba™)Y
A, B constant matrices, with Galois group G.

For later use, we recall that if G = T" x H, where T is a torus and H is
a semisimple group, then we can select B = D + E where (A, D), for some
A, is a regular pair of generators of the Lie algebra of H and F is a diagonal
matrix whose non-zero entries are linearly independent over Q. Note that
we can select a basis so that both D and £ (and therefore B) are diagonal.

3.2 Proof of Theorem 1.2

In order to use the lifting results of Kovacic we will need the following tech-
nical lemma.

Lemma 3.9 Let A, B be sx s square matrices with entries in an algebraically

closed field C. Assume that
1. B is diagonal

2. If (C%)g is the eigenspace of B corresponding to eigenvalue 0, then for
any w € (C%)g the (C*)g-component of Aw is zero

3. A and B share no nonzero eigenvectors

Then for any integer m > O there exists a nonzero subspace V' of C* such
that if ¢p_a,...,co0 €V and

Y' — (A+Bz™)Y = cpox™ 24 ...+ (4)

has a solution' Y € (C(x)®) then ¢p—o = ... = ¢y = 0.
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Proof: Note that by comparing the orders of poles, one can see that any
solution Y of (4) must lie in (C[z])*. Now assume that (C*¥)y = {0} and let
V =0C% Let Y =w,2" + ...+ wy, w; € C* be a solution of (4). Comparing
coefficients of 2" we see that Bw, = 0 so w, = 0. Therefore Y = 0 and
SOCm_QZ...:C():O.

Now assume that (C*¥)y # {0} and let V = (C*¥)y. Let Y = w,z™ + ...+
wy, w; € C*,w, # 0 be a solution of (4). We will deal with three cases:
m > n: Comparing coefficients of 2™ in (4) we see that Bw, = 0 so w, €
(C*)y. Comparing coefficients of =" in (4), we see that Aw, = —¢,. Since
¢, € (C%)p and the (C®)g—component of Aw, is 0, we have that ¢, = 0
so Aw, = 0. Therefore w, would be a common eigenvector of A and B, a
contradiction.
m = n: Comparing coefficients of 2" = z*™ in (4) we see that Bw,, =
0. Similarly, comparing coefficients of ™=t = z?"=1 in (4) we see that
Bw,,_; = 0. Comparing coefficients of z™~! in (4) we see that Aw,,_; +
mw,, = 0. Since w,, € (C*)y and the (C®)s-component of Aw,, 1 is 0, we
must have m = 0, a contradiction since m > 0.
m < n: Considering the coefficients of z™*" and z as above, we see
that w,, w, 1 € (C?®)y. Comparing coefficients of 2" ', we see that nw, +
Bwy, 1 4+ Aw, 1 = 0. Since the (C®)g-component of Bw,, ,, 1 and Aw, 1
is 0, we have that n = 0, contradicting that n > m > 0. 1

m—+n—1

n—1

We now give the proof of Theorem 1.2. Let G be a connected linear
algebraic group defined over C' with defect d and excess e. Proposition 2.4
implies that we may assume that R, is commutative (note that the defect
and excess of the groups G and G/(R,, R,) are the same). Furthermore,
Proposition 2.7 implies that we may assume that G = Ux (T x H) where
U is a commutative unipotent group, 7" is a torus and H is a semisimple
group (note that e and d are unchanged under id x 7). We identify the Lie
algebra 7 (C) of T(C) with C' and let (i, ..., ¢) € T(C), where the ¢; are Q-
linearly independent. Proposition 3.7 implies that (c;z°, ..., ¢z) realizes T
over C'(z). If (Ag, Ay) is a regular pair of generators of H(C), the Lie algebra
He of H(C'), then Propositions 3.5 and 3.6 imply that Ay + 2°A; realize
H. Therefore Corollary 2.9 implies that Ap = (c12%, ..., qx) + Ay + A,
realizes T' x H. We shall now use Propositions 2.6 and 2.11 to realize GG. Let
U=U*®...®U! be the unipotent radical where each U; is an irreducible
P =T x H-module and assume that U; is the one dimensional trivial module.
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Fix some ¢ and let U = U;, r = r; and p = p;. Proposition 2.11 implies
that it is sufficient to show that for the above choice of Ap, there exists
(a1,...a,) € UL(x) such that if v/ — dp(Ap) -v = awas + ... + a,a, has a
solution v € C(z), for some «; € C, then all a;; must be zero.

Let us first assume that ¢ = 1, i.e., that U is the trivial one dimensional
module and r = d. In this case dp = 0. Let 71, ...74 be distinct elements of
C. If any v € C(z) satisfies

o =4 . ad
r—m T —Yd

1 1
T—y1’ T w—q

then clearly each a; = 0. Therefore 4; = (
tion 2.11.

We now consider the case where ¢ > 1. In this case U is a nontrivial
irreducible T x H-module. Since T' is diagonalizable and H commutes with
T, we have that H preserves each eigenspace of T'. Therefore, each element
of T acts as a constant matrix on U. This furthermore implies that U is an
irreducible H-module. We now consider two subcases.

The first is the case when U is the one dimensional trivial H-module. In
this case, dp(Ay) = dp(A;) = 0 and dp(c12°, ..., qx°) = (q1c1 + ... + qey)x®
for some integers ¢;, not all zero. Note that our assumptions on the ¢; imply
that this latter expression is nonzero. Let a; = 1,...,a, = 2" ! and note
that » — 1 < e. We must show that if

) satisfies Proposi-

V= (et qe)atv=a1 ..+ ot

has a solution v € C'(x), then all the a; = 0. To see this note that a solution
v cannot have finite poles and so must be a polynomial. Comparing degrees
we get 7 = 0s0 A; = (1,...,2"" 1) satisfies Proposition 2.11.

The second case is the case when the action of H on U is non-trivial. In
this case, both dp(Ay) and dp(A;) are non zero and the matrices A = A,
and B = dp((c1,...,¢)) + dp(A) satisfy the hypotheses of Lemma 3.9. Let
a;=1,...,a, = 2”7 Since r — 1 < e — 2, Lemma 3.9 implies that Ay, =
(1,...,2"') satisfies Proposition 2.11.

In all cases we have introduced no more than d finite simple poles and
polynomials of degree at most e. 1

Example 3 Consider the group G = (C' x C')x C*, where the action of G
on the first factor of C' x C' is trivial and the action of ¢ € C* on the second
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factor is given by multiplication by ¢?. In concrete terms this is the group:

1 5 0 0
01 0 0

{ 0 0 a b | a,b1,bo € Coa # 0}
0 0 0 at

The unipotent radical is C' x C and d = 1 and e = 1. We can let A; =
1,A; =1 and Ap = x. In terms of matrices, we see that

010 0
000 O
00 x 1
000 —x

Y' = Y

realizes this group. The solution of this equation is
log x
1
ew2/2 f e—az2
67m2/2

Y:

We end this section by showing that the bound of d(G)+1 singular points
is sharp. We do not know if the bound on the degrees of the entries of A,
is sharp.

Proposition 3.10 If G = C", then d(G) = r and G cannot be realized by a
differential equation over C(x) with fewer than r 4+ 1 singular points.

Proof: Assume not and let £ = C(z) and K be a Picard-Vessiot extension
corresponding to the system. We know that K = k(G) so we can write
k(G) = k(t1,...,t,) where the action of the Galois group is given by o(t;) =
ti + c;y for 0 € G and ¢;; € C. This implies that each ¢ is left invariant by
the Galois group GG and so must be in k. Therefore each ¢; is of the form
ti = >; cijlog(f;) + gi. where f;, g; € k. The assumption on the singularities
implies that any element in k(G) has singularities (except for poles) in some
fixed set {p1,...,pr—1,pr}. Making a change of variables we can assume that
pr = 00. Therefore we may write log(f;) = 202} ni;log(z —p;). This gives us
r linear equations in the » — 1 logarithms and so the ¢; will be algebraically
dependent over C(z), a contradiction. ]
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3.3 Proof of Theorem 1.1

Theorem 1.1 follows from the following proposition, whose statement and
proof are due to Kovacic [19]. In [18] he attacked the inverse problem for
arbitrary connected (not necessarily linear) algebraic groups. He showed that
one could reduce this problem to the inverse problem for connected linear
groups and for abelian varieties. Kovacic also showed that if G is an abelian
variety and F' is a differential field of finite but nonzero transcendence degree
over its algebraically closed field of constants, then there exists a strongly
normal extension of I’ whose differential Galois group is G (strongly normal
generalizes the notion of Picard-Vessiot, ¢f. [15, 17, 18|; a strongly normal
extension whose Galois group is linear is a Picard-Vessiot extension). The
following proposition is stated and proved in such a way that it holds in this
generality but so that readers unfamiliar with strongly normal extensions
can restrict themselves to Picard-Vessiot extensions and follow the proof as
well. In general, a connected algebraic group is realizable over F' if there is
a strongly normal extension K of F' whose Galois group is isomorphic to the
given group.

Proposition 3.11 Let H be a connected C-group such that for any natural
number n, H" is realizable over C(x). Then for any differential field I of
finite but non-zero transcendence degree over C, the group H is realizable
over F'.

Proof: Choose any x in F' not in C' and note that x is transcendental over
C. Let d be the derivation d = (dz)~'d, where d is the derivation on F.
Then any d extension K (a differential extension of C, with derivation d) is
also a d-extension K. We also have that K is strongly normal if and only if
K is, and Gal(K/F) = Gal(K/F). Thus we may replace d by d and thereby
assume that C(z) C F.

Let n be the transcendence degree of F' over C'. Choose an extension K of
C'(z) that realizes H™ (K need not contain F'). Since C'(x) is cohomologically
trivial, there exists a = (ay,...,a,) € H" such that K = C(z)(a) and lda €
Liec(z)(H™). Note that trdeg(C(x)(a)/C(z)) = ndimH.

Choose b = (by,...,b,) € H™ such that 10b = lda and such that the field
of constants of F(b) is C. Then there exists ¢ in H(L)" (where L is the
field of constants of some universal differential field) with b = ac. Since
Gal(C(z)(a)/C(z)) = H™, there is a differential isomorphism, o, of C(z)(a)
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over C(z) such that ¢ = ato(a). So b = o(a). Thus trdeg(C(z)(b)/C(z)) =
ndimH.

Evidently, for each i, F'(b;) is a strongly normal extension of F. We
claim that Gal(F(b;)/F) = H for at least one i. Suppose not. Then tr deg
F(b)/F < dimH — 1, for all i = 1,...,n. So tr deg F(b)/F < ndimH —n
and tr deg F(b)/C(z) < ndimH — 1 (since tr deg F//C(z) = n —1). But
C(z)(b) C F(b) and tr deg C(z)(b)/C(x) = ndimH. This contradiction
proves the theorem. 1

Corollary 3.12 Let F' be of finite, but non-zero, transcendence degree over
C. Let G be any connected C-group. Then G is realizable over F.

4 Appendix

Let GG be a connected linear algebraic group and let R, be its unipotent
radical and P a Levi factor. We shall verify that d(G) is the dimension
of R,/(G,R,). We shall use the notation of the introduction and write
R./(Ry, R,) = U @®...® U where each U; is an irreducible P-module and
U is the trivial one dimensional P-module. Since (R,, R,) C (G, R,) we
have a canonical surjective homomorphism 7 : R, /(Ry, R,) — R./(G, R.).
We shall show that the kernel of this homomorphism is Uy? & ... ® Ul* and
so d(G) =ny; =dim R,/(G, R,).

First note that the kernel of 7 is is (G, R,)/(R., R,) and that this lat-
ter group is (P, R,)/(Ry, R,). To see this second statement note that for
g € G we may write g = pu, p € P,u € R,. For any w € R,, gwg~lw™! =
puwup~ ™ = pluwupH(uw T u ) (uwu T w ™). Therefore (G, R,,)/(Ru, R.) C
(P, R,)/(Ry, R,). The reverse inclusion is clear.

Next we will show that (P, R,)/(Ry, R.) = Uy* @ ... ® U. The group
(P, R,)/(Ry, R,) is the subgroup of U @...@® U generated by the elements
pup ! —v where p € P,v € U @ ... ® U, Since the action of P on U; via
conjugation is trivial, we see that any element pvp ! — v as above must lie
in Uy? @...® Ur. Furthermore, note that for each i, the image of the map
P x U; — Uj; given by (p,u) — pup™' —u generates a P-invariant subspace of
U;. For ¢ > 2, this image is nontrivial so, since U; is an irreducible P-module,
we have that the image generates all of U;. This implies that the elements
pvp~' — v, where p € Pv € U @ ...® U, generate all of U2 & ... & U
and completes the proof.
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