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Abstract

The objective of this note is to present a global optimality result on Riemannian mastiesdr? + (r2/c?)(G(¢)d6? +dg?).
This result can be applied to the averaged energy minimization coplanar orbit transfer pridbtEta this article: B. Bonnard,
J.-B. Caillau, C. R. Acad. Sci. Paris, Ser. | xxx (200x).

Résune

Un résultat d’optimalit & globale et son application en transfert orbital Cette note @sente unésultat d’'optimalié globale
pour les nétriques riemanniennes de la forehe = dr? + (r2/c?)(G(¢)d6? +dg?). Ce Esultat s'applique au prolne de la
minimisation de lenergie en transfert orbitdPour citer cet article : B. Bonnard, J.-B. Caillau, C. R. Acad. Sci. Paris, Ser. | xxx
(200x).

Version francaise abegee

Nous pesentons dans cette Note @sultat d’optimalié globale pour les Btriques riemanniennes de la forme
ds? = dr? + (r2/c?)(G(¢9)d6? + dg?). Ce ksultat a des applications eréganique spatiale, dans le cadre du
transfert orbital entre orbites kepleriennes. On sait en effet dans ce cas que le endyesystme hamiltonien
décrivant les transfer@énergie minimale [7] est riemannien [2], et qu'il existe des cooréesrorthogonales (voir
(1)). Par analogie avec les coord@es sphriques pour la i@trique plate en dimension trois, nous obtenons alors
la forme normale annoke qui joue ledle de compactification s\ d’une partie de la @trique de épart.

Nous \érifions l'integrabili& au sens de Liouville desatriques (2), et donnons un algorithme dégtation par
projection du systme sur la sous-vae riemannienne de dimension de{ix= c} ~ S?, en utilisant le fait que
la coordonier? est polynomiale en temps. Laatmique Esultant de la projection est uneetrique de Clairaut-
Liouville qui géréralise les ratriques obtenues en restreignant latmgue platea une surface deevolution [1].

Email addresseBernard.Bonnard@u-bourgogne.fr (Bernard Bonnardxaillau@n7.fr (Jean-Baptiste Caillau).
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L'intégrale prentire lintaire du sysme assoée a la coordonae cycliqued vérifie en particulier la relation
classique de Clairaut, et nous calcul@galement la courbure de Gauss dans le cas du transfert orbital, courbure
dont on montre gu’elle est maximadd’équateur.

Aprées en avoir 8duit une prengire estimation des temps conjé@égudu systme, nous caragetisons la ligne
de partage en dimension troisagea celle de la ratrique de Clairaut-Liouville. Nous montrons ensuite dans le
contexte du transfert que cetteétrique est conforma la restriction de la g&trique platea un ellipside oblat de
demi-petit axe 11/5, ce qui nous permet d’estimer le rayon d'injecéuvitans ce cas. Nous donnons alor&kitat
final sous la forme d’'une conditiorenessaire d'optimaktglobale pour les &triques riemanniennes de la forme
(2) portant sur le rayon d'injectivétde la neétrique de Clairaut-Liouville assd@®, et nous ené&tluisons finalement
I'existence de points de coupure pour laétngue compactiéie du transfert orbital.

1. Introduction

In our previous article [2], we presented preliminary results concerning the averaged energy minimization prob-
lem for the coplanar transfer between Keplerian elliptic orbits [7] (see also [3] for similar results in the single-input
case). The extremal curves are shown to be integral curves of the averaged Hamiltonian
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for which theorbital elements x (n, e, 8) (see [9]) define orthogonal coordinatas: a-%/2 is themean movement
(ais the semi-major axisg is theeccentricity and0 the argument of perigeerhese coordinates are singular for
e= 0, that is for circular orbits, and the singularity can be removed by the polar blowiag-tpgosd, e, = siné.

A crucial result in our analysis is the construction of a normal form. If we set

r= §n5/6 and ¢ = arcsire,
the metric is isometric to X
r
g:dr2+?(G((p)d62+d(p2) 2)
with c= /2/5 and where
5sirf ¢
GQ)= 2>+ |
(@) 1+4cog¢

A similar result is valid in the single-input case. This normal form captures the main properties of the orbital
transfer. Indeed, this metric decomposes igfe= dr? + r2dy? (with y = ¢/c) andg, = G(¢)d62 +d¢?. The
polar metricg, is isometric to the flat metric and associated to transfer towards circular orbits where the argument
of the pericenter can be set to zero. The magsibas to be analyzed to conclude about general transfers. It acts as
a compactification 0§? of the initial metric sinced and¢ can be interpretated as angular coordinates.

The normal form also reveals thaits integrable by quadratures and gives an algorithm to integrate the extremal
flow. The first step is to compute the evolutionrofvhich is independent of the other variables. Then, we derive
the evolution of6 and ¢ using a reparameterization depending upoiThe computation of the geodesics of
g, = G(¢)d6? +de? is then standard. Besides, such geodesics share properties with geodesics on a surface of
revolution wherep is the angle along a meridian, aficalong a parallel (see [5,1]).
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In this note whose objective is to provide a refined analysis of the averaged energy minimization problem, we
present a global optimality result for metrics of the given normal fatri+ (r?/c?)(G(¢)d6? + d¢?), related to
the construction of spheres for metri@ép)d62 + de?. In this construction, one needs to make an estimate of the
conjugate and cut loci of such metrics so as to compute the injectivity radius. Another key point in our analysis is
to put in correspondence the geodesics of our problem with geodesics of the flat metric in spherical coordinates,
that isdr? + r2(sir? od6? + dg?).

2. Geometric preliminaries

An important step in our analysis is to integrate the geodesics flow of the rdetriedr? + (r?/c?)(G(¢)d6? +
d¢?) using the following algorithm. The associated Hamiltonian is decomposed into

1, ¢ 1/ 2
H—épr+r7H2, HZ_Z(G((p)er(p y

and the Liouville integrability is a consequence of the following lemma.

Lemma 2.1 The Hamiltonian vector fieltH admits three independent first integrals in involution, H,dthd p,.
To compute a complete parameterization, we rewrite the extremals according to

2 2
oS CoH,
~r2ap,’ Po = 1230
c? oH, _ c? oH,

= rap, PTGy
Considering the equations associated wathp, ), the result hereafter is obvious.
Lemma 2.2 The function f is a degree two polynomial in time, and
r2(t) =t +2rgprot +r3
on the level sefH = 1/2}.
An important observation is that the solution depends pand p,, not on the functiorG. The remaining

equations are then integrated using the reparameterizitienc?dt/r2, and correspond to integral curvesﬁfz.
Lemma 2.3 Setting p, = sina, (and excluding g, = +1),

2
c
T(t,rg, Pro) = ——— [arctan( +tanoc0> - oco} .

4 COS0t, o COS0t,

To conclude the computation, we must integrﬁ)tgby guadratures. We introduce the followiad hocgeomet-

ric concept.
Definition 2.4 We call Clairaut-Liouville a two-dimensional metric normalizable to

ds® = G(¢)d6% + de?.

Such metrics were obtained by Darboux [5] when restricting the flat metric to a surface of revolution. In this
case 0 is the angle along the equator apdalong meridians. Conversely, in order to interpret so a meisic=
G(¢)de?+de?, we proceed as follows. The surface is parameterized by

x=F(p)cosd, y=F()sing, z=nh(g),
whereF = /G. One has
A +dy? +dZ = G(9)do? + (W2(9) +F'(9))de?,
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so we must imposk’? + F’2 = 1. Hence we get the compatibility conditi¢i’| < 1 which is not always fuffilled.

In particular, it is clearly not satisfied in the transfer case. Nevertheless, the integrability is a consequence of the
classical Clairaut relation on a surface of revolution.

Lemma 2.5 The linear first integral g verifies

pp = COsp/G

where¢ is the angle with respect to a parallel of a geodesic parameterized by arc length.
Lemma 2.6 The only local covariant of a Clairaut-Liouville metric(@)d6? + d¢? is the Gauss curvature, K.
For G(¢) = 5sirf¢/(1+4cog ¢),

_ 5(1—-8cog¢)

~ (14+4cog¢)?
and K< 5. Hence the curvature is maximum on the equagos(rr/2), and the distance to the first conjugate point
is greater than or equal ta/+/5.

3. Global optimality result in orbital transfer

We recall the following standard concepts of Riemannian geometry (see [6,8]) which shall be used in the sequel.
Definition 3.1 Let(M,g) be a Riemannian manifold. Ifbelongs to M, we denote by(%;) the conjugate locus
formed by the set of first points conjugate jokheseparating lingl(x,), is the set of points where two minimizing
extremals departing frompintersect, and theut locus Cut(x,), is the set of points where extremals starting from
X, cease to be globally optimal. IfX,) stands for the distance betwegpand its cut locus, thanjectivity radiusis

I(X) = X;QfM i(Xo)-
Proposition 3.1 Assume the Riemannian manifold complete. Then, the following properties hold.
(i) A cut pointis either on the separating line or a conjugate point.
(i) If x, is a point that realizes the distance frogto its cut locus, then either;Xs conjugate to x, or there are
two minimizing geodesics joining fo x; and forming the two halves of a same closed geodesic.
(i) The distance ;) is the smallest radius for which the sphere is not smooth.

Consider a metric of the forais® = dr? + (r2/c?) (G(¢)d6?% +de?). We fix as before the parameterization to arc
length by restricting to the level séH = 1/2}. Letx,; andx, be two extremal curves starting from the same initial
pointx, and intersecting at some positize/Ne get three relations, () =r,(), 6, () = 6,(T), ¢,(T) = ¢,(), and
deduce from Lemma 2.2 the following.

Proposition 3.2 Both extremals xand x, share the same;gand, for each t, {(t) =r,(t).

If we consider now the integral curves b, in the fixed induced levelH, = r2(1— p;2)/(2c2)}, and parame-
terize these curves usimy = c2dt/r?, we deduce the following characterization.
Proposition 3.3 The following are necessary and sufficient conditions to characterize the separating line of the
metric dP + (r?/c?)(G(¢)d82 +dg?) :

0,(7) = 0,(7), @,(T) = 9,(7),
with the compatibility condition that

2
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for some positivé.



The objective of this section is to get a global optimality result that we can apply to our orbit transfer problem.
To this end, we interpret the extremals of the Clairaut-Liouville as extremals of a global metric on the sphere. This
is possible in our case since we have compactified the original metric by settirging, thus defining global
coordinateg8, @) on S? with the usual singularities at the poles. As previously noticed in Lemma 2.6, the lowest
bound for conjugate times is/+/5, and this bound is the sharpest. Indeed, the eqgeter /2 is an integral curve
of the HamiltoniarH, on which the curvature is constant and maximum, equal to 5.

More generally, the conjugate locus can be computed using the algorithms described in [4], and is related to the
Gauss curvature. Though the curvature takes negative values, it can be related to the restriction of the flat metric
on the sphere, or more precisely on an appropriate ellipsoid. Write indeed the metric as

1
sir? pd6? + E, (9)dg?
E.(p) o ? u(@)de”)
whereE, (¢) = u?+ (1— u?)cog ¢ andu = 1/1/5. The metric sifpdd? + E, (¢)dg? is the restriction of the
flat metric to the oblate ellipsoid of revolution with unit semi-major axis and semi-minonexésnbedded iR3
according to
X=sinpcosh, y=sinpsind, z= cosy.

Proposition 3.4 The Clairaut-Liouville metric of the transfer is conformal to the flat metric restricted to the cor-
responding ellipsoid witlu = 1/+/5.
We now compare properties of both metrics. The curvature in the flat case is

u2

= 2T (A 12 cod )2

and the maximum Au? is reached on the equatar,= ©/2. Hence the first conjugate point has length/5, as

in the transfer case. The respective lengths of the periodic solutions corresponding to the equator or the meridians
are the following : Z for the flat case versusi2/5 for the orbit transfer along the equator. As for meridians, the
length is given by the elliptic integral

/0 (1?4 (1 p?) c0d 9)2dg

in the flat case, clearly greater thayiy/5, and Z for the transfer. Those estimates have to be used to evaluate the
distance to the cut locus.
Lemma 3.2 In both cases, on the ellipsoid with= 1/+/5, the injectivity radius ist/+/5. It corresponds to the
length of the first conjugate point along the equator.

To conclude on global optimality, we use the fact that the cut locus on a two-dimensional Riemannian manifold
is obtained as the closure of the separating line, and get the following.
Theorem 3.3 A necessary global optimality condition for a metric normalized to

ds® =r?+ (r2/c?)(G(¢)d6? + dg?)

onR? x & is that the injectivity radius be greater than or equal toen {r = ¢} ~ S?, the bound being reached
by the flat metric in spherical coordinates.

In orbital transfer, the injectivity radius is/\/5 < ./2/5, and there are cut points on the compactified metric.
For a given initial condition, we make numerical simulations to evaluate the distance to the conjugate locus on
the ellipsoid so as to estimate the injectivity radius. If it is less m@%, the sphere is not smooth and singu-
larities propagate along the cut locus. Since the compactification augments the initial domain of trajectories with
the parabolic boundane= +1, corresponding to the equator), the final analysis requires to check wether such
singularities remain in the domain of elliptic trajectories or not.
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