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POLARIZATIONS OF PRYM VARIETIES FOR WEYL GROUPS VIA
ABELIANIZATION

HERBERT LANGE AND CHRISTIAN PAULY

ABSTRACT. Let w: Z — X be a Galois covering of smooth projective curves with Galois group
the Weyl group of a simple and simply connected Lie group G. For any dominant weight A
consider the curve Y = Z/Stab(\). The Kanev correspondence defines an abelian subvariety
P, of the Jacobian of Y. We compute the type of the polarization of the restriction of the
canonical principal polarization of Jac(Y') to Py in some cases. In particular, in the case of
the group Fs we obtain families of Prym-Tyurin varieties. The main idea is the use of an
abelianization map of the Donagi-Prym variety to the moduli stack of principal G-bundles on
the curve X.

1. INTRODUCTION

In [KT] Kanev associated to a complex semisimple Lie algebra g, a rational map f: C — g
such that all but a finite number of elements f(&) are regular and semisimple, and a faithful
irreducible representation p : g — End(V), a spectral cover C' — P!. Moreover, denoting by W
the Weyl group of g, given a Z[W]-module L induced by the representation p, he constructed
a correspondence on the spectral curve C' which under suitable assumptions defines a Prym-
Tyurin variety in the Jacobian Jac(C') of the curve C. This is the case if g is of ADE-type, the
map f is sufficiently general, and the representation p corresponds to a minuscule weight.

In this paper we investigate Kanev’s correspondence and its associated Prym-Tyurin variety
in a different situation. Let G be a simple simply-connected complex Lie group and T' C G a
maximal torus. Let W denote the Weyl group of G and S, = Hom(T',C*) the weight lattice.
Let

T — X

be a Galois covering of smooth projective curves with Galois group W. For every dominant
weight A € S, consider the covering of curves

VY — X, with Y = Z/Stab(A).

Kanev’s construction generalizes to give a correspondence K » on the curve Y defining an abelian
subvariety

P, C Jac(Y).
Let Ly denote a line bundle defining the canonical principal polarization on the Jacobian
Jac(Y'). The aim of this paper is to compute the induced polarization Ly |Py under certain
assumptions. In fact, if ¢y denotes the exponent of the correspondence K and dy the Dynkin
index of A, our main result is the following theorem.

Theorem 1.1. Assume that the following holds:
o the W-covering m: Z — X 1s étale,
® g\ = d)\)
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e the group T'y = S, /A - Z[W] is trivial,
o the weight \ is minuscule or quasi-minuscule,
e the homomorphism ¢* : Jac(X) — Jac(Y') is injective.
Then
(1) there exists a line bundle M over Py such that
Ly| P\, = M®%.

(2) the type of the polarization M over Py equals

K(M) = (Z/mZ)®,  with m— deg(¥/X) |
ged(deg(Ky) — 1, deg(Y/ X))

and g denotes the genus of X.

For most Weyl groups of type ADE the assumptions of the theorem are valid. In fact, using
the notation of [Bd] for the weights we get as our main examples (see Corollary 8.2)

Corollary 1.2. In the following cases Ly |Py = M®% and the polarization M on Py is of type
K(M) = (Z/mZ)*:

‘ Weyl group of type ‘ weight \ ‘ g = dy H K(M) ‘
A, wi; (bn+1)=1| (7)) [ (Z/(n+1)2)%
D,; n odd Wn-1, Tn 2n=3 (Z.]A7)%
Es w1, We 6 (Z/37.)
E7 W 12 (Z/QZ)QQ
FEyg g 60 0

It is well known that the Weyl group of type Ej is closely related to the del Pezzo surface of
degree 9 —k for 5 < k < 8. In fact, a slightly modified lattice of the weight lattice is isomorphic
to the Picard lattice of the corresponding del Pezzo surface (see [KI], section 8.7]). Moreover,
for 4 < k < 7 the Kanev correspondence is given essentially by the incidence correspondence of
lines of the corresponding del Pezzo surface. For k = 8 there are multiplicities due to the fact
that the weight wy is only quasi-minuscule (see [KIJ}). Notice that in these cases the polarization
M on Py is of type (Z/dZ)?* where d is the degree of the correponding del Pezzo surface.

In particular in the case of W = W (Eg) we obtain a family of Prym-Tyurin varieties, i.e. the
pairs (Py, M) are principally polarized abelian varieties. It is easy to see that any curve X of
genus g > 4 admits an étale Galois covering with Galois group W (Eg) and we get a family of
Prym-Tyurin varieties of dimension 8(g — 1) of exponent 60. We plan to study this family in a
subsequent paper.

Probably there is an analogous result in the case that the Galois covering 7 : Z7 — X admits
simple ramification. Certainly the paper [DG] will be essential for this. We plan to come back
to it subsequently.

Note that our results are disjoint from the results in [KI)|. First of all, Kanev considers
only Galois coverings over P! which are necessarily ramified. Moreover, his correspondence
satisfies a quadratic equation and he uses his criterion ([KJ]) to show that the associated
abelian subvarieties are principally polarized. In our case the corresponding correspondence
satisfies a cubic equation (see Theorem B.9) and a quadratic equation only on the Prym variety
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Prym(Y/X) of the covering ¢ : ¥ — X. However, the abelian variety Prym(Y/X) is not
principally polarized and thus we cannot apply Kanev’s criterion [KZ] in order to compute the
polarization of Pj.

Instead we proceed as follows: We work out a general result on restrictions of polarizations to
abelian subvarieties (Proposition .I() roughly saying that, if the restricted polarization equals
the g-fold of a polarization, where ¢ is the exponent of the abelian subvariety, then its type can
be computed.

The main idea of the proof is then the use of an abelianization map

Ay : Prym(m, S,), — Mx(G),

(see Section 7). Here Prym(m,S, ), denotes a certain component of the Donagi-Prym variety
Prym(m,S,) = Homy (S, Jac(Z)) and M x(G) is the moduli stack of principal G-bundles over
the curve X. The fact, that the restricted polarization is the g¢,-fold of a polarization is a
consequence of the existence of a commutative diagram

Prym(7,S,), P, To(Py)

lAe ~ lw*
Mx(G) 25 My (SL(m))

(here ev, denotes evaluation at A, the map p, is induced by the representation with dominant
weight A\, and T, is a certain translation) together with a theorem of Laszlo-Sorger ([LY], [Bd)
saying that the pull-back of the determinant bundle on M x(SL(m)) by p, is the dy-fold of the
ample generator of of Pic(Mx(G)) and the assumption g, = d,.

The contents of the paper is as follows: In Section 2 we prove the result just mentioned
concerning restriction of a polarization to an abelian subvariety. In Section 3 we prove that
the Schur- and the Kanev correspondence belong to the same abelian subvariety. This was
shown in [LRd| for the special case X = P! and for a left action of the group. In Section 4
we compute the invariants of our main examples mentioned above. In Section 5 we introduce
the Donagi-Prym variety and derive the properties we need. Section 6 contains some results on
Mumford groups. In Section 7 we introduce the abelianization map and prove the commuta-
tivity of the above diagram. Finally, Section 8 contains the proof of our main result Theorem 1.1.

Finally one word to the group actions: The group W acts on the curve Z as well as on the
weight lattice S, and these actions have to be consistently either both left actions or both right
actions. Since traditionally principal bundles are defined via right actions, we are forced to use
right actions in both cases.

We would like to thank Laurent Manivel for a helpful discussion.

2. RESTRICTION OF POLARIZATIONS TO ABELIAN SUBVARIETIES

Let S be an abelian variety with polarization L and associated isogeny ¢ : S — S. Denote
as usual K (L) = ker py. We consider an endomorphism u € End(S) satisfying the following
properties
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e v is symmetric with respect to the Rosati involution, i.e.,

(1) CrLu=uepr,

A

where @ € End(S) is the dual endomorphism.
e there exists a positive integer ¢ such that

(2) u? = qu.
We introduce the abelian subvarieties of S
(3) A =1im(u) C ker(q — u) and P =im(q — u) C ker(u)

and we wish to study the induced polarizations Ly = L|A on A and Lp = L|P on P, ie.
determine the subgroups K(Lp) and K(L4).
In the sequel we use the following notation

ta:A— S, tp: P — S, w4 S — S/A, wp: S — S/P.
where the ¢’s are inclusions and 7’s are projections.

Remark 2.1. (i): For any abelian subvariety A of S there is an endomorphism u satisfying ([l])
and (B). In fact, this is valid for the composition

U =1Ly ’QZ)LA ta YL € EDd(S)

(see [BI, Lemma 5.3.1]). Here ¢, = g7 : A — A is an isogeny.

(i)): Let ¢» : Y — X be a degree d cover of smooth projective curves. If we identify the
Jacobians Jac(X) and Jac(Y) with their duals via the canonical polarizations, then the dual
¢ of the map ¢* : Jac(X) — Jac(Y") coincides with the norm map Nm : Jac(Y) — Jac(X).
Moreover the endomorphism

t =" Nm € End(Jac(Y))
satisfies () and (B) with ¢ = d. The abelian subvariety P = im(d — t) defined in (fJ) coincides
with the usual Prym variety (not necessarily principally polarized) of the morphism 1, which
we denote by Prym(Y/X), i.e.,
P = Prym(Y/X) = (ker Nm)j.

The endomorphism ¢ is induced by the trace correspondence T on Y — see section 3. We denote
the kernel ker ¢o* : Jac(X) — Jac(Y') by K. We also have the equality

im(¢*) = Jac(X)/K = im(t).

Since the norm map Nm is the dual of 1) we easily obtain that the group of connected compo-
nents of the fibre Nm™*(0) is isomorphic to K.

(iii): With u also u’ = ¢ — u satisfies () and (B)). Replacing u by v’ interchanges the abelian
subvarieties A and P. Hence for the following Lemmas it suffices to prove one of the two
statements concerning A and P and we will do so without further mentioning.

Recall that the addition map p of S satisfies = 14 + tp and that the following sequence is
exact

(4) 0—ANP —AxP 5 —0.

For any abelian variety B and any positive integer n let B,, denote the subgroup of n-torsion
points of B. Then we have, denoting by |M| the cardinality of a set M,
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Lemma 2.2. The finite subgroup AN P is contained in A, and P,.
Proof. Let x € AN P. Then u(z) = qx, since x € A and u(z) = 0, since € P. This implies

the assertion. U
Lemma 2.3. |K(LA)| - |K(Lp)| =|ANP]*- |K(L)|.
Proof. According to [BI, Corollary 5.3.6] the polarization p*(L) splits, i.e. @1y = @1, X QLp,
which gives
|[K(W"L)| = |K(La)| - [K(Lp)|.

On the other hand, (f]) implies deg(u) = |A N P| and thus

[K(u"L)| = |ker(uppji)| = deg(p)? - [ ker(pr)| = [AN P* - |K(L)].
Combining both equations gives the assertion. 0

Lemma 2.4. We have the following equalities of abelian subvarieties of S,
o (P)=S/AcS and ¢, (A)=5/PcCS&.

Proof. The endomorphism u factorizes as iq v with v : S — A. Taking the dual gives the
factorization o

0S5 A5 S,
from which we deduce that -

keriy = S/A C ker .

On the other hand we have P C keru and so ([]) implies ¢ (P) C ker 4. This gives the first
equality, since both abelian subvarieties are the connected component of the origin of ker 4, as
they are of the same dimension. O

We will give two descriptions of the subgroups K (Lp) (= ker(pp, : P -2 § £5 § 22, PY)
and K (Ly4). We observe that kerip = 5773 and, according to Lemma P-4, 5//73 = ¢ (A). Hence
we obtain

K(Lp)= |J (A+2)nP,
€K (L)
where A 4+ x denotes the image of A under translation by z. Similarly we have
KL= |J P+2)nA
z€K(L)

In particular,
ANPC K(Lp) and ANP C K(Ly).

For the second description consider the isogenies
a=mytp: P84 S/A with kerao =ANP
and
BZWPLA:AL%ASW%PS/P with ker 6 =ANP.
Moreover, define the isogenies
goP:P—>§]1\4 and goA:A—>§/TD

by the factorizations ¢ |P : P <5 5//74 — Sand ¢ |A: A4 5//73 — S of Lemma P4. With
this notation we have
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Lemma 2.5. The following sequences are exact
(5) 00— ANP — K(Lp) = ker(pp) — 0 with K(L)N P = ker(pp) C S/A,

6) 00— ANP < K(Ls) -2 ker(¢a) — 0 with K(L)NA=ker(pa) C S/P.
Proof. The dual isogeny of a factorizes as
Q: S/'/Tél ERY SN -

By the previous lemma ¢ (P) = §/71, which implies that

OLp =LlpPYLlp = QQLLp.
Hence ¢y, factorizes as ¢, : P “r, 5//1\4 4, p. Taking the dual and using ¢, = ¢, we
obtain the following factorization

oL, P - /A E5 F
which gives the exact sequence ([). The assertion on the kernel follows from ker(pp)
ker(pp) = K(L)N P.

O R

In particular we obtain
K(Lp) = [ANP|-[K(D) N P| and [K(La)| = AN P|- [K(L) N AL
Inserting this into Lemma B.3J we conclude

Corollary 2.6. |[K(L)NA|-|K(L)NP|=|K(L)|

Consider the finite groups
Gp =keru/P and Ga = ker(qg —u)/A.
They are the groups of connected components of ker u and ker(q — u) respectively.
Lemma 2.7. There are canonical exact sequences
0 —ANP— A, —Gp—0 and 00— ANP — P, — G4 — 0.

Proof. Since P C ker u the endomorphism u descends to an isogeny

u:S/P— A, with keru = Gp.
Moreover we know that u|A = ¢, which implies that the composite isogeny

AT 5/p 1 A

equals ¢. Taking kernels leads to the first exact sequence of the Lemma. O

We denote by
ug: Sy — A, and (¢—u),:S, — P,
the restrictions of v and ¢ —u to the g-torsion points S,. Note that u, and (¢—u), are nilpotent:
uz = (¢ —u)z = 0. Note moreover that Gp C (S/P), and G4 C (S/A),.
Lemma 2.8. We have the following equalities of finite groups
imu, =ANP, cokeru,=Gp and im(q—u),=ANP, coker(q—u),=Ga.
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Proof. First we claim that imu, C AN P. For the proof let a € imu,. Write a = u(s) with
s € S,. Then ¢s = 0 and therefore a = (u — q)(s) € P.
In order to show equality of these subgroups of A, we compute their indices. According to
Lemma P71 the index of AN P in A, is |Gp|. The index of imu, in A, equals
[Aql _ A

‘imuq‘ B ‘Sq|

| ker u,|
| ker u,| = :
Toop

Moreover since Gp C (S/P), the exact sequence
0— P —keru— Gp —10

remains exact after taking g-torsion points. This implies the first equality. The second equality
is obvious. O

Consider again the isogenies ¢p : S/A — P and ¢4 : S/P — A.
Lemma 2.9. We have the following equalities of subgroups of S/A and S/ P respectively:
ker op = ma(K(L)) and kerpq = mp(K(L)).
Proof. The inclusion w4 (K (L)) C ker ¢p follows from the commutative diagram

s L, g

lm Jap

S/A 22 P
So it will be enough to show that these two groups have the same order. We have, using (),
. [K(L)|
k =|K(L)NnP d K(L))| = ————.
ke | = [K(L)NP| and  [ra(K ()] = ety
Equality follows from Corollary P.6, O

The following proposition will be applied in the proof of the main theorem (section 8).

Proposition 2.10. (a): If Ly = MY for a polarization M on A, we have the following equality
of subgroups of A,

K(M) = u(K(L)),
(b): If Lp = NY for a polarization N on P, we have the following equality of subgroups of P,

K(N) = (¢ — u)(K(L)).
Note that L, = MY for a polarization M on A if and only if the polarization L4 is divisible

by ¢, meaning that A, C K(Ly4). In this case

K(M) = K(La)/Aq.
Proof. We take the quotient by A N P of the inclusion A, C K(Ly4). Since by Lemma B.1,
A,JAN P~ Gp and by Lemma R.5, K(La)/AN P = ker ¢4, this gives an inclusion

Gp C ker DA
Recall that Gp = keru/P and by Lemma .9, ker ¢4 = mp(K(L)). Therefore
K(M) = K(La)/Aqg =ker 4/Gp = ((K(L) + P)/P)/(keru/P)
= (K(L)+ P)/keru = u(K(L)).
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3. THE SCHUR AND KANEV CORRESPONDENCES

3.1. Representations of the Weyl group W. Let W be a Weyl group and let W denote
the set of its irreducible characters. It is known (see e.g [Bp] Corollary 1.15) that all irreducible
representations of W are defined over Q. Therefore any irreducible representation of W is also
absolutely irreducible. Given w € W we choose an irreducible Z[W]-module S, such that

Vw = Sw ®Z@

is the irreducible representation of W corresponding to w. As outlined in the introduction, we
consider every representation of W as a right-representation. In particular S, is a right-Z[W]-
module with action (A, g) — Ag for A € S, and g € W.

Fix a weight X of the lattice S, which is by definition (see [K1] page 158) a vector
A€V, such that \g — A €S, VgeW.

Let m: Z — X denote a Galois covering of smooth projective curves with Galois group W.
We consider the action of W on Z as a right-action (z,¢g) +— 29 for z € Z and g € W. Let
H := Stab(\) C W denote the stabilizer subgroup of the weight A € V,,. Then 7 factorizes as
follows

where Y denotes the quotient Z/H. Schur’s orthogonality relations induce a correspondence
on Z which we denote by Sy. On the other hand, Kanev [KI| defined in the case X = P! a
correspondence on the curve Y, which we denote by K. It is the aim of this section to generalize
Kanev’s construction to an arbitrary base curve X and to work out the relation between the
two correspondences Sy and K y.

3.2. Schur correspondence. Since V,, is an absolutely irreducible W-representation, there is
a unique negative definite W-invariant symmetric form (, ) on V, with

(1) (A p) € Z for all p €S,

(2) any W-invariant form on V,, satisfying (1) is an integer multiple of ( , ).
The Schur correspondence associated to the pair (S,, A) is by definition the rational correspon-
dence on Z over X defined by

Si=> (Mg, VT
geW

Here I'y € Z x Z denotes the graph of the automorphism g of Z. Note that (Ag, A) need not
be an integer. Considered as a map of Z into the group Divg(Z) of rational divisors on Z, Sy
is given by

Sa(2) = ) (Mg, M)

geW
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The correspondence Sy descends to a correspondence S, on Y in the usual way, namely
Sy=(p X p)Sy CY xY.

In order to express this correspondence as a map Y — Divg(Y), denote d = [W : H] and let
{91 =1,92,...,94} denote a set of representatives for the right cosets of H in W:

Proposition 3.1. For any y = ¢(z) € Y we have

d
Baly) = [H (g, M=),

Note that the left-hand side of this equality does not depend neither on the choice of the
point z in the fibre over y nor on the set of representatives {g;}.

Proof. Since H is the stabilizer of X, we have by definition of Sy,

Sx(y) =D Y (Mg \) Y oMM = HIY Y (Agi V() = [H| Y (Mg, o (29).

i=1 heH h'eH i=1 keH geW

Now, if {g;} is a set of representatives for the right cosets of H, then {g; '} is a set of repre-
sentatives for the left cosets of H. Hence for any pair (k,i) € H x {1,...,d} there is a unique
pair (h,j) € H x {1,...,d} such that kg; = gj_lh. Moreover, if kg; runs exactly once through
W, so do the elements g;lh. This implies, since (, ) is W-invariant and since H stabilizes A,

Saly) = [HI D > (g Mo ") = [H 30 3 (g Mg,

i=1 he H i=1 heH

This implies the assertion. U

3.3. Kanev correspondence. In order to define the Kanev correspondence on Y, let U C X
denote the complement of the branch locus of 7 and fix a point £, € U. Since H is the stabilizer
of A, the group W acts on the set {\ = A\g1, Aga, ..., A\ga}-

The group W also acts on the fibre 1) 71(&). Note that the group W does not act on the curve
Y, since the subgroup H is not necessarily a normal subgroup of W. However we can define
the action of W on the set ¥ ~1(&;) via the monodromy at the point &, as follows: consider the
fundamental group 71 (U, &) and let Uz = 7= (U) C Z and Uy = ¢~} (U) C Y. Choose a point
z € Z such that 7(z) = &. Then m(Uyg, z) is a normal subgroup of m; (U, &) and we have the
following exact sequence

0— 7T1(Uz,2) — 7T1(U, 50) — W — 0.
The monodromy of the cover ¢ : Uy — U at the point &, gives a homomorphism

p:m(U, &) — Aut(y™!(&)).

The kernel ker p equals N, (Uy, y) where y varies over the set =1 (&,). We note that m (Uy, z) C
71 (Uy, y) for any point y € ¥~*(&), hence 71 (Uy, 2) C ker p. Therefore the monodromy map p
factorizes over W

p:m(U,&) — W — Aut(y ' (&))-
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Notice that according to our definitions the monodromy action of (U, &) on the fibre 1) ~1(&)
is a right action.

Choosing an element in the fibre 1)7(&y) induces a bijection

{)‘gh SRR )‘gd} = w_1(£0)7

which is W-equivariant according to the definitions. In the sequel we identify the above sets,
i.e. we label the elements of ¥ ™1(&) by A = Agy, ..., Aga.
For every point £ € U choose a path ¢ in U connecting § and . The path defines a bijection

e E) = &) = {A = Agr, -, Aga}
in the following way: For any y € ¢~ *(£) denote by 7, the lift of v, starting at y. If Ag; € ¥ (&)
denotes the end point of 7, define
1(y) = Agj-
Define

Ky = {(z,y) € 071 (U) x ¢ (U)  ¥(2) = ¥(y), (), 1(y)) — (\,A) = 1> 0}
and let K, denote the closure of KyyinY xY.

Lemma 3.2. The divisor Ky is an integral symmetric effective correspondence on the curve
Y, canonically associated to the triple (m,S,, \).

Proof. For the first assertion it suffices to show that (Ag, \) — (A, A) — 1 is a non-negative integer
forall g € W\ H, since (, ) is a W-invariant scalar product. But (Ag, A) — (X, A) —1 is an integer,
since \ is a weight. Hence it suffices to show that (Ag, A) > (A, A) for every g € W\ H. For this
note that

(W) = (09, 3) = 5[0, 29) = 20, 3) + (X)) = 5 (A9 = A dg = ),

which implies the assertion, since () is negative definite and H = Stab(\) C W.

For the last assertion we have to show that the Ky, does not depend on the choice of &, the
path ¢ connecting £ and &. This is a consequence of the W-invariance of the form (, ) and the
above mentioned fact that the monodromy map p factorizes via the group W. U

We call K the Kanev correspondence associated to the weight A, since it was introduced by
Kanev in [KI]]. Considered as a map Y — Div(Y), it is given by

(7) Ka(y) =Y (g, my) — (AN = L~ (Agy) +v.

j=1

Note that y is added, since in the sum y appears with coefficient —1, because (Ag;, (y)) =
(A, A) if u(y) = Agi. We need the following description of K (y). According to our construction,
for any y € ¢»=!(U), there is a unique integer i,, 1 <4, < d such that u(y) = Ag,, -

Proposition 3.3. Ify € v'(U) with p(y) = Agi,, then

Ki(ly) = Z[(Agj, A) = (A A) = 1u (A9,

J
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Proof. By ([]) and using the W-invariance of (), we have

Kily) = A;()[(Agj,/w(y))—(%k)—1]/1I(Agj)
= Ag;zu(y)[(kgjgij, uy)g:,) = (A A) = 1™ (Agj)
- gjiy [(Agjgi,"s ) = (A ) = 1u (Agy)
Vv
- é[@gj, A) = (A A) =1 (Ag;95,)-

g

3.4. Relations between K, and S,. We want to work out how the Kanev correspondence
K, is related to the Schur correspondence Sy on the curve Y. For this we need a special choice
of the set of representatives g, ..., gq of the right cosets of the subgroup H of W. In the sequel
we choose a set of representatives {g1 = 1,...,ga} such that {g;',...,g;'} is also a set of
representatives of the right cosets of H in W. That there is always such a set, is a consequence
of the marriage theorem of combinatorics (see [H, Theorem 5.1.7]).

Proposition 3.4. Let y € = (U) with u(y ) = Agi,. Then
= |H[? Z (Agj, M~ (Ng;9:,)-

Proof. According to Proposition B, Si(y) = |H|? ijl()\gj, )\)go(zgﬂ'_l), where z is a point in
the fiber p~!(y) C Z.
Suppose first that pu(y) = A, ie i, = 1. As W acts by right multiplication on the set

{Ag1, ..., Aga}, we have p(p(2))g = pu(e(z9)), and hence
e(2) = u (nle(2))g; ) = w7 gy )

for all j. Therefore we get, using the W-invariance of (, ),
d
= |H|” Z Agj, M~ Mgy ) = |H|? Z (Mg e g ) = [HIP D (Agg, Mt (Agy),
j=1

where for the last equation we used the fact that with {gi,..., g4} also {g; ', ..., g;'} is a set
of representatives of the right cosets of H.
Finally, if pu(y) # A, we have ,u(y)gl-_y ! = ). Hence we can apply the above equation to the

bijection g = 9@'_1 w7 HW(y)) — { g1, - .-, Aga}, which gives

d
|H|ZAgj, gy) = HPY (Mg, Nt (Agigi,)-
j=1

t

With the notation and identifications of above we can state the main result of this section
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Theorem 3.5. The Kanev and Schur correspondence Ky and Sy on the curve Y = Z/H
associated to \ are related as follows

Sy=|HP (Kx— A+ ((\A)+1DT),
where A denotes the diagonal in Y xY and T = 1*1, the trace correpondence of the morphism
.

Proof. Tt suffices to show that [Sy+|H[2(A—K\)|(y) = [(A\,\) +1]|H|*T(y) for all y € = 1(U).
But applying Propositions B.J and B.4 we have

d
Syt HEE K| = [HES (gpo N Mgsn,) + 9
7=1
d
=3 [(Agi, ) = (A A) = 1 (Agigs,)]
j=2
d
= [HP(AN+1)) n ' (Agjgs,)
J=1
But the right multiplication with g;, permutes only the elements Agi, ..., Agq, which implies
that ijl 1 (Ag;g:,) = ¥ (y) = T(y). This completes the proof of the theorem. O
Corollary 3.6. deg Ky =1—d((\\) +1).

Proof. Note first that deg Sy = > (A, A) = (X e Ag:A) = 0, since Y - Ag is W-
invariant and thus equal to 0 in V. This implies deg S = 0 and hence Theorem B.3 gives the
assertion, since deg A = 1 and degT = d. U

Corollary 3.7. We have the relations

(1) TSy = SaT = 0.
(2) K)\T TK,\—degKA T

Proof. To obtain (1) we consider T' = 7*m,, the trace correspondence of 7 and note that for all

z €4,

TS\(2) = > (Ag,NT() = > (Mg, A) - T(2) = deg Sy - T(z) = 0

geWwW geEW
and similarly S\T = 0. Now T = ﬁcp*T implies the assertion.
To obtain (2) we compute using AT =T, T’ = dT and Theorem B

_ 1 P _ .
e ST+AT — (MN+ )T =T —d(AMA) + )T =deg Ky - T,

where the last equation follows from Corollary B.6. Similarly Theorem B.§ gives the equation
K)\T =T K,. O
For the next theorem we need a lemma.

Lemma 3.8. §i =-S5, withe = % c Q.
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Proof. Schur’s orthogonality relations imply that py = = - S is an idempotent of the rational
group ring Q[W] or equivalently that S = e - Sy with e = %, see [CR]] Proposition 2.3.
Note that e < 0, since ( , ) is negative definite.

According to [[F] Proposition 16.1.2 (a), (¢ X ©).Sx - (¢ X ¢)«Sx = (¢ X ©)«(Sy - Sy), which
implies

1
e

5y = (X 9).(52) = (px@)le-5) B
= (e x @) (eA) - (¢ x ©).(S\) = |[H|eS.

Theorem 3.9. The Kanev correspondence Ky satisfies the following cubic equation

(Ko = A)(Kx + (gn — DA)(K) — deg Ky A) =0

: AW
with gy = — gy, € N.
Proof. Theorem B.5 and Lemma B.§ give
H*Ky —A+dl)* =¢elH|*(Ky— A +aT)
with a = (A, A) + 1. Applying Corollary Bq and T? = dT as well as AT = T, this implies that
there is a rational number ¢ such that

(Kx—A)?

(FA—Z)+CT:0

e
| H?
Multiplying this equation by K, — deg KA and using Corollary B.7 again, we get

(Ky—D)(Kr— A — ﬁm (Ky — deg K\R) = 0.
This completes the proof of the theorem. O
3.5. The Prym variety P,. We consider the rational correspondence s, = ﬁg)\. Then s,
satisfies the relation 53 = —¢\5) and by Theorem 3.5 we have
(8) Sx=Kyx—A+ (0N +1DT.

Hence we see that S, is an integral correspondence if and only if (A, A) is an integer. This
happens e.g. for Eg, but not for Fg or E7; — see the tables in section 4.

The correspondence 5, induces a rational endomorphism also denoted by 5y € Endg(Jac(Y)).
We introduce the following abelian subvariety of Jac(Y'), which we will also call Prym variety
Py :=im(ms,) C Jac(Y),

where m is some integer such that ms, € End(Jac(Y)). It is clear that P, does not depend on
the integer m.

Since K, — A is a correspondence on Y it induces an endomorphism v, € End(Jac(Y)). We
denote by
S =Prym(Y/X)
the Prym variety of the covering ¢ : ¥ — X, see Remark R.J(ii). Since by Corollary B.7
vt = tvy, we obtain that vy (S) C S. Hence v, restricts to a symmetric endomorphism

uy € End(95) with Uy = qruy.
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Proposition 3.10. We have an equality of abelian subvarieties of S
P)\ = 1m(u,\) CS.

Proof. Because of (B) the endomorphisms 5, and uy coincide on S up to a non-zero integer
multiple. Moreover the restriction of 5, to the subvariety ¢*Jac(X) is zero because Syt = 0
(Corollary B.7). The equality now follows since Jac(Y') and Jac(X) x S are isogenous. O

Remark 3.11. Note that the abelian subvariety Py, C S only depends on A € V, and not
on the lattice S, C V,,. Moreover we recall from [Md| Proposition 4.3 (1) that Py and Py are
isogenous for any A\, N € V..

Remark 3.12. If 1) : Y — X is étale, then the Kanev correspondence K, is fixed-point-free.
On the other hand we notice that the induced endomorphism vy does not satisfy a quadratic

equation — only its restriction uy to S — hence we are not in a situation where Kanev’s
criterion ([KJ] or [BI]] Theorem 12.9.1) applies.

4. EXAMPLES

As our main examples let us work out the invariants of the last section in the case of a Weyl
group W of ADE-type. Let 7 : Z — X be a Galois covering of smooth projective curves with
Galois group W. As weights A we choose the minuscule weights w; (with the notation of [BJ)
except in the case of type Fg, where we consider the quasi-minuscule weight A = wg. As above
let V) denote the corresponding absolutely irreducible Q-representation, H the stabilizer sub-
group of Ain W and Y = Z/H. If (, ) denotes the uniquely determined W-invariant negative
definite symmetric form on V) as defined in section 3.2, the following tables give the values for
the numbers (A, ), d = deg(Y/X), dimV), ¢, and the degree of the Kanev-correspondence
K . For the definition of the Dynkin index d see [[J] and also Proposition [.4. The case of a
Weyl group of type E is closely related to a del Pezzo surface (see [KI|). The last line of the
first table gives the degree of the corresponding surface.

‘ Weyl group of type H E,= Ay ‘ Es = Ds ‘ Eg ‘ E; ‘ Ey ‘
weight A wWo wy, w5 | W, We wr wg
()‘7 >‘) _% _% _% _% —2
d =deg(Y/X) 10 16 27 56 240
dim V) 10 16 27 56 248
g = dy 3 4 6 12 60
deg K ) 3 5 10 29 241
del Pezzo of degree 5 4 3 2 1
| Weyl group of type | A, | D, |
weight A wi, 1 <i<n Wn_1, Wn
A e —
d = deg(Y/X) (" 2n—1
dim V) " 2!
qr = dy (7)) 23
deg K On—(TH+1]2n3(n—4) +1
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Proof. The symmetric form ( , ) is given by the negative of the Cartan matrix. This gives the
value of (A, \) using the explicit form of A\ as outlined in [Bd]. The length of the orbit of A
under the action of W gives the degree of Y/ X. The dimension of V) follows from the fact that
A is a minuscule weight, respectively quasi-minuscule weight in the case of Eg. The values of ¢,
and deg K, are computed by Theorem 3.9 and Corollary 3.6. For the degree of the del Pezzo
surface see [KJJ|. For the Dynkin indices see [LY] Proposition 2.6. O

Remark 4.1. We note that in the examples of the tables gy = d,. This equality of the two
integers is a coincidence, as e.g. for (Ga,wy) : dy = 2, g, = 6 or for (Fy,wy) : dy =6, g\ = 12
see [LY] Proposition 2.6 and [KI] page 176.

5. THE DONAGI-PRYM VARIETY

5.1. Definitions and properties. Following [Dor] we introduce the compact commutative
algebraic group
Prym(n,S,) := Hompy (S, Pic(Z)),

which we call the Donagi-Prym variety associated to the pair (7,S,), where 7 : Z — X is a
Galois covering with group W and S, is a right-Z[W]-module. The elements of Prym(w,S,)
are W-equivariant homomorphisms ¢ : S, — Pic(Z); for an alternate description see Lemma
B.1. Tts connected component Prym(mw, S, ) containing 0 is an abelian variety. For any element
A € S, we consider the corresponding evaluation map

evy : Prym(w,S,) — Pic(Z2), ¢ — p(N).
Proposition 5.1. We have the equality
Homyy (S, Pic(Z)) = Homw (S, Jac(Z)).
In particular all connected components of the image evy(Prym(w,S,)) are contained in Jac(Z).

Proof. Consider a homomorphism ¢ € Homyy (S,,, Pic(Z)). The composite map dego¢ is a W-
invariant homomorphism from S, to Z. Since the dual lattice Homy(S,,,Z) is an irreducible
W-module, we obtain that dego¢ = 0. U

We denote by
I = Sw/<)‘ ' Z[WD

This is a finite abelian group since V,, =S, ®z Q is an irreducible W-module.
Proposition 5.2. The kernel of the evaluation map equals
ker evy = Homy, (T'y, Jac(Z)).

Proof. Let U denote the image of the natural map Z[W] % U 'S, defined by a(g) = Ag
for g € W. Then we have the exact sequence of right Z[W]-modules

O%ULSLU%F,\EO.

Now we apply the left-exact contravariant functor Homyy, (-, Jac(Z)) and we obtain the exact
sequence

0 — Homyy (T'y, Jac(Z)) — Homp (S, Jac(Z)) —— Homyy (U, Jac(Z)).
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We then apply the same functor to the surjective Z[W]-morphism a : Z[W] — U and we
obtain an injective morphism

a : Homyy (U, Jac(Z)) — Homy (Z[W], Jac(Z)) = Jac(Z).

Note that the composite morphism o ¢ equals the evaluation map ev, and that ker evy = ker:
because a is injective. O

5.2. The image of the evaluation map ev,. It is clear that
evy(Prym(w,S,)) C Jac(2),

where H = Stab(\) and Jac”(Z) denotes the subvariety of Jac(Z) parametrizing H-invariant
line bundles over Z. We recall the exact sequence of abelian groups ([[Dol] Proposition 2.2)

0 — H* — Pic(H; Z) — Pic"(Z) — H*(H,C*) — 0,

where Pic(H; Z) denotes the group of H-linearized line bundles over Z (see [Dol] section 1) and
H* = Hom(H, C*) denotes the group of characters of H. The map ¢ is the map which forgets
the H-linearization.

Proposition 5.3. We have the exact sequence
(9) 0 — H* — Jac(H; Z) — Jac(Z) — H?*(H,C*) — 0.

Proof. We denote by d the degree of the cover ¢/ : Y — X. Consider the following diagram, in
which the first line is obtained as the kernel of the degree morphism.

0 0 0
! ! !
0— Jac(Y)/H* — Jac’(Z) = H?*(H,C*)
! ! 1=
0 — Pic(Y)/H* — Pic"(Z2) & H?*H,C*) —0
L deg L deg Lo
0— Z <z S Z/dZ >0
! ! N 1=
0 —  Z/dZ =  ZJdZ  —0

The snake lemma now implies that the natural homomorphism ¢ : Jac”(Z) — H?*(H,C*) is
surjective. U

In section 6.5 we will show that for any A € S, the evaluation map ev, lifts to Jac(H; Z).
Finally we also recall the exact sequence

(10) 0 — Jac(Y) — Jac(H; Z) — €P Z/e,Z — 0,
z€Br(p)

where x varies over the branch divisor Br(p) of the Galois covering ¢ : Z — Y = Z/H and e,
denotes the ramification index of z.
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5.3. The group I'y. We now compute the finite group I'y in some special cases, which will
be worked out in detail in section 8. Given a simple Lie algebra g we take for S, the weight
lattice of g and denote by Ar C S, the root lattice. We use the notation of [B]. In particular
a; denote the simple roots and w; denote the fundamental weights of g.

Lemma 5.4. In the following cases the group 'y is trivial.
(].) W = W(Eg), A= ws.

2) W = W(E'y), A= wr.

) W:W(EG), )\:wl 07’)\:@6.

) W =W(D,) withn odd, A = w,_1 or A\ = w,.

) W =WI(A,), A = w; with i coprime ton+ 1.

Proof. In each case we have to show that \-Z[W]| =S,,. Let a € A be a root and let s, be its
associated reflection. We have

So(w) = w — (w]a)a Vw € S,,.

Note that for Lie algebras of type ADE all roots o have same length (aja) = 2. Here (+|-)
denotes the Cartan-Killing form on Ag.

(1) Clearly the elements wg and s, (wg) are in the lattice X - Z[W]. Moreover s,,(ws) =
ws — ag, hence ag € X\ - Z[W]. The Weyl group W acts transitively on the roots, which
implies that Agr C A - Z[W]. For g of type Fg, we have Ar = S, and we are done.

(2) As before wy, sq,(w7) € A-Z[W], hence oy € A - Z[W]. Since W acts transitively on the
roots, we have Ap C A - Z[W]. Here w; € X - Z[W], but w; ¢ Ag. Since [S,, : Ag] = 2,
this implies the assertion.

(3) The computations are similar to the previous case using (a;|w;) = (ag|ws) = 1 and
[Sw : AR] = 3.

(4) Since W acts transitively on the roots, we obtain as before that Az C A\ - Z[W]. Since n
is odd, we have that S, /Ag = Z/4AZ is generated by the class of w,, or w, _;.

(5) As before we obtain that Ag C A-Z[W]. The class of the fundamental weight w; in the
quotient S, /Ar = Z/(n + 1)Z equals the class of ¢ € Z/(n + 1)Z. The assertion then
follows.

g

6. MUMFORD GROUPS

6.1. Twisted Mumford groups. Let T be a torus and suppose we are given a left action of
the group W on T

o: W — Aut(T).
For any g € W we also denote the automorphism of 7" by g. This left action ¢ induces a right
action of W on the group of characters Hom(7,C*). We suppose that the representation of
W on Hom(T,C*) ®7 Q is irreducible, hence Hom(T', C*) is of the form S, for some w € w.
Conversely given a lattice S, there always exists a torus 7" with a left W-action such that

S, = Hom(T,C")

as W-modules. We recall that W acts from the right on the curve Z.

Let Ep be a principal T-bundle over Z. The group W then acts from the left on the set of
principal T-bundles in two different ways: g € W sends Er to
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(1) g*Er, the pull-back of Er under the automorphism g of Z.
(2) Er x:;f T, the T-bundle obtained from Er by extension of structure group from 7" to T,
where ¢ € T acts on T by left-multiplication with g(t) € T

Note that both actions commute. In this paper we will denote the combined left WW-action
on the set of principal T-bundles by
g.Er =g Er XZ T, for g € W.

Since the action of W on Z is a right action, we have (g192)*Er = gfg4 Fr. This implies that
the action (g, Er) — ¢.Er is a left action.

We say that a T-bundle Er is W-invariant if Er ~ g.Er for all ¢ € W. Here the symbol ~
denotes a T-equivariant isomorphism. Let T denote the sheaf of abelian groups on Z defined by
T(U) = Mor(U,T) for any open subset U C Z. The cohomology group H'(Z,T) parametrizes
isomorphism classes of T-bundles over Z. We denote by H'(Z,T)" the W-invariant subset,
where W acts both on the curve Z and on the torus 7.

Lemma 6.1. There are canonical bijections
HY(Z,T)W = {W-invariant T-bundles Ex on Z }
= Prym(n,S,).

Proof. The first equality follows from the definition of H'(Z, T)". For the second equality note
that the map

® : {T-bundles Er on Z} — Hom(S,,, Pic(2))

D(Er) = (6: S, — Pic(2), 6(A) = By x1 C")
is bijective. The inverse map is given by mapping ¢ € Hom(S,, Pic(Z)) to Ep = L1 @ -+ - ® L,
where L; = ¢(\;), A1, ..., A, being a Z-basis of S,. One can easily show that the inverse map
does not depend on the choice of the Z-basis.

We have to show that ¢ = ®(Er) is W-equivariant if and only if Er ~ g.Ep for all g € W.
Since W acts from the right on S, and Z, the map ¢ is W-equivariant if and only if
(11) ¢(Ag) = (97")"d(N)
forall A € S, and g € W. But
p(Ag) = Er x5, C* = (Bp x! T) x} C*
and
(97)"6(\) = (97" (Br x5 C7).

Hence ([)) is valid for all X € S,, if and only if (¢7")*Er ~ Ep x] T, which is the case if and
only if B ~ g*FEr xg T=g.Er. U
Definition 6.2. Given a W-invariant T-bundle Er over Z we define the o-twisted Mumford
group of Er by

G7(Er) ={(v.9) | g€ W, v: Er — g.Er},
where v is a T-equivariant isomorphism. The composition law in G7(Er) is given by

(7:9)-(1.9') = ((g-1) © 7, 99"),
where g.u: g.Er — g.(¢'.Er) = (9¢). Er denotes the isomorphism obtained by applying g. to
L.
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Since the automorphism group Autr(Er) equals T, we obtain that the group G7(Er) fits
into the exact sequence

(12) 1 —T—G(Er) —W —1,

where the second map is the map which forgets the isomorphism . We note that the induced
action by conjugation of W on the normal subgroup T coincides with o. To simplify notation
we denote the o-twisted Mumford group G?(Er) by N.

Proposition 6.3. Let Er be a W-invariant T'-bundle over Z with projection p : Epr — Z. Then
the natural T'-action on Er extends canonically to a N-action on the variety Er preserving the
fibers of mop: Er — X, i.e. there exists a morphism over X defining a group action

p: bBp X N — FEr,
which extends right-multiplication of T on Er.
Proof. Given n = (y,g) € N we first define
V= By 0%,

where 3, is the pull-back of g : Z — Z via the projection map p : Er x:;f T — Z. This is
summarized by the diagram

Er
Lo N
g (Br xIT) 2% EpxTT
! Lo
A e,z

In order to define the morphism g, it suffices to define for any n = (v,g9) € N the right-
multiplication with n on Erp

(13) fn : Ep — Ep satisfying Lnt = byt © f, Vm,mn' € N.
The set of morphisms { i, }nen is related to the set of “twisted” morphisms {1, },en by com-

position

i Ep 25 Ep x; T 2% Er, with «, [(e,t)] =eg (1)

Here (e, t) denotes the class of (e,t) € Ep x T in the quotient Ey x} T := Ep x T/T. Note
that we use the equality etn = eng™!(t) for e € Ep, n = (v,9) € Nand t € T.

It is now straightforward to check that the set {u, tnen satisfies ([3J). O
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6.2. The relative case. In order to construct the abelianization map (see section 7.3) we need
to define the twisted Mumford group for families of W-invariant T-bundles.

Let S be a scheme and let £ be a family of T-bundles over Z parametrized by S, i.e. a
T-bundle over the product Z x S. Let g : Z xS — S denote projection onto the second factor.
We say that Ep is W-invariant if for any g € W and any closed point s € S there exists an
isomorphism

(14) Er\zxisy = 9-€T\zx (s}
The following lemma is the analogue of the see-saw theorem for 7-bundles (see [Mu]).

Lemma 6.4. Let Ar be a family of T-bundles over Z parametrized by S. Suppose that for any
closed point s € S the T-bundle Ar|z. (s 1s trwial. Then there exists a T-bundle M over S
such that Ap ~ w§M.

Applying the preceding lemma to ([[4)) we obtain that for any g € W there exists a T-bundle
M, over S such that

Ep >~ g.Er @ mgM,,.

Moreover the map W — H'(S,T), g — M, is easily seen to be a group homomorphism.

We now define the o-twisted Mumford group of the family £ by
g0<gT) = {(77.9) ‘ g < W7 v ST — ggT & Tr;Mg}7

where 7 is a T-equivariant isomorphism over Z x S. We easily see that the relative Mumford
group fits in the exact sequence

1 — Mor(S,T) — G7(&r) — W — 1.

If S is complete and connected, then Mor(S,7) = T and for any closed point s € S the
restriction map

(15> ress : ga<5T> — gU<ET)7 (77g) = (ress(’y),g)

is an isomorphism. Here Ep := 7|z, (s}

6.3. Non-twisted Mumford groups. Let G be an affine algebraic group.

Definition 6.5. Given a principal G-bundle Eg over Z we define the (non-twisted) Mumford
group of Fg by

G'(Ee) ={(7,9) | g €W, v: Egc — ¢"Ec},
where v is a G-equivariant isomorphism. The composition law in G!(Eg) is given by
(v:9)-(1:9") = (97 (1) © 7, 99").
As before, the group G(FEg) fits into the exact sequence
(16) 1 — Aut(Eg) — G'(Eg) — W — 1.
The induced action by conjugation of W on Aut(Eg) is trivial.



21 Version February 2, 2007

Proposition 6.6. Let Ep be a W-invariant T-bundle over Z and denote N = G°(Er). Let
Ey = Ep xT N be the principal N-bundle obtained by extending the structure group from T to
N. Then the exact sequence (L) for En

1 — Aut(Ey) — GHEy) — W — 1
splits canonically.

Proof. By Proposition the variety Ep admits a canonical N-action. Given e € Ep and
n = (v,9) € N we denote their product by en. We consider the morphism

®, : Er xI' N — Er xT N, D, [(e, f)] = (en,n=1f)

with e € B and f € N. Then one easily checks that ®,, is well-defined and that it makes the
following diagram commute

Er xTN -2, B . xTN

l l
z 2  Z
Hence ®,, is a lift of the automorphism ¢ to the principal N-bundle E7 xT N and we may view

®,, as an element of G'(Ey). Moreover ®,,, = ®,, o ®,, and ®; = id for all n,n’ € N and all
t € T. Hence the morphism ®,, only depends on g € W. This gives the canonical splitting. [

6.4. Mumford groups and descent. We recall the relation between the non-twisted Mum-
ford group G'(Eg) and descent.

Definition 6.7. Let Eqg be a G-bundle over Z. A W -linearization of the G-bundle Eg is a
splitting of the exact sequence (L)
G'(Eg) — W.
Descent theory gives in the usual way (see [GrJ])

Proposition 6.8. Let Eqg be a W -linearized G-bundle over Z. There exists a G-bundle Fg over
X such that

Eq ~7n*Fq

if and only if for any ramification point z € Z of the covering 7 : Z — X the stabilizer subgroup
W, C W of z acts trivially on the fiber (Eg).,.

Corollary 6.9. If the covering m : Z — X 1is étale, then given Eg over Z there is a bijection
between the set of W-linearizations on Eg and the set of G-bundles Fg over X such that
FEq ~ 1Fg.

Remark 6.10. We can rephrase Proposition f.§ by saying that the N-bundle Ey := Ep xT N
admits a canonical W-linearization. The conditions for descent of F to X given in Proposition
then translate into certain conditions on the W-invariant 7-bundle E7 — for the case of
cameral coverings, see [DG].
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6.5. The evaluation map ev, lifts.

Proposition 6.11. For any A € S, the evaluation map evy lifts to Jac(H; Z); i.e. there is a
commutative diagram

Jac(H; Z)
s /" Lt

Prym(m,S,) — Jac?(Z2).

Proof. We have to show that the line bundle L = evy(Er) = Er xI C* admits a canonical
H-linearization. We denote by A = Aq,..., A\g € S, the W-orbit of the element A € S,,, with
d = [W : H] and by L; := Ep x3 C* € Jac(Z) the line bundle obtained through \; for
i =1,...,d. As before we denote N = G°(Ey) and we consider V = Ind¥(C,) the induced
representation of N from the representation 7" — GL(C,) given by A € Hom(7,C*). The
restricted representation decomposes as a T-module ([Sd] Proposition 15)

d ®[H|
De.
=1

which implies that the vector bundle Ey x™ V decomposes as [@le L;

Resr(V) =

. Moreover by
N

}EBHI

Proposition f.6 Ey admits a canonical W-linearization, hence the decomposable bundle Ey X
V' also does. Since the subgroup H C W preserves the direct summand L = L, we are done. [

In section 7.3 we will need the next lemma. First we introduce some notation. Given \ € S,
we denote by A = Ay, ..., \g € S, the W-orbit of A and by L; := Er xi C* the associated line
bundles fori = 1,...,d. Werecall (see ([0)) that if 7 : Z — X is étale, then Jac(Y') = Jac(H; Z)
and we denote by M € Jac(Y') the line bundle defined by the relation

©*'M = L, = evy(Er).

Lemma 6.12. The direct sum EB?ZI L; admits a canonical W -linearization and, if m: Z — X
is étale, then the W -linearized vector bundle @7, L; equals 7 (. M).

Proof. We have already seen in the proof of Proposition p.1]] that @?:1 L; admits a canonical
W-linearization. If 7 : Z — X is étale, then there exists a vector bundle A over X such that
™A = @?:1 L; as W-linearized vector bundles. By adjunction for the morphism ¢ : ¥ — X
we have Hom(A, ¥, M) = Hom(¢)*A, M) and since 7 is étale, we have

d
Hom (A, M) = Hom(m* A, " M)" = Hom(EP Li, )",
=1

where the exponent H denotes H-equivariant homomorphisms. The last space contains the
projection onto the first factor, which is H-equivariant. This gives a nonzero homomorphism
a:A— M.

Similarly one can show using the isomorphism Hom(y, M, Ox) = 1.(M~') that
Hom(¢, M, A) = Hom(G}fz1 L7t LY. As before projection onto the second factor gives a
nonzero homomorphism 3 : ¥, M — A and one easily checks that avo 3 = idy, »s. Hence a is an
isomorphism and we are done. O
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6.6. Relation between the Prym variety P, and the Donagi-Prym Prym(r,S,). By
Proposition there exists a morphism

evy : Prym(m,S,) — Jac(H; Z)
and because of the exact sequence ([[(]) the connected component Prym(m,S,)o containing 0 is
mapped by ev, into Jac(Y).
Proposition 6.13. We have an equality of abelian subvarieties of Jac(Y)
evy (Prym(m, S, )o) = P\ C Jac(Y).
Proof. We consider the natural map of Z-algebras
¢: € End(S.) — Z[W].
weW
Note that ¢ ®z Q is an isomorphism of Q-algebras @5 End(V,,) = Q[W]. Taking the tensor

product over Z[W] with the Z[W]-module Jac(Z) induces an isogeny decomposition of Jac(Z)
(see also [Dorj] Formula (5.3))

¢ : €P S. @z Prym(r,S,) — Jac(Z) @z ZIW] = Jac(Z).
weW
Moreover the restriction of ¢ to A - Z @z Prym(w,S,) is the evaluation map ev, (section 5.1).

With the notation of Lemma B.§, the multiplication with the idempotent py = 15, € Q[W]

corresponds under ¢, Q to the projection onto the Q-vector space A-QxqV,; C @, End(V,)

(see e.g. [Md] section 4.4). The proposition now follows immediately from the definition of the
Prym variety Pj. U

7. THE ABELIANIZATION MAP: THE ETALE CASE

7.1. Grothendieck’s spectral sequence. In this subsection we recall some facts related to
Grothendieck’s spectral sequence [Grl:

Let W be any finite group — not necessarily a Weyl group, let Z be a curve with a right
W-action with quotient 7 : Z — X and let A be an abelian algebraic group, which is also a
W-module. Let A denote the W-sheaf of abelian groups defined by A(U) = Mor(U, A) for an

open subset U C Z. Consider the following two left-exact functors
['y : {W-sheaves over Z} — {W-modules}, I'z(A) =T(Z, A) = global sections of A,
' . {W-modules} — {abelian groups}, (M) = MY = W-invariant elements of M.

Consider the composite functor I'Y = I'V o I',. Its n-th derived functor, which we denote by
H"(Z;W;-), is computed by Grothendieck’s spectral sequences

EY' = H'(W,H'(Z,A)) = E'"=H"(Z;W;A)
'ERT = HY(X, k7Y (4)) = EPY = HPT(Z; W A)

and the associated exact sequence of low degree terms of the first spectral sequence is

C

(17) 0— By’ - E'— E' 5 F2Y — E2
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In the case W acts on a torus A = T with S, = Hom(7, C*) this exact sequence becomes
using Lemma [.]]

(18) 00— H'(W,T) —» H'(Z;W;T) — Prym(r,S,,) = H*W,T) — H*(Z;W;T)
One can work out the following description of the homomorphism c. Here we omit the details.

Proposition 7.1. For any T-bundle Er € Prym(,S,) the cohomology class c(Er) € H*(W,T)
equals the extension class ([3) of the twisted Mumford group G°(E7r) of Er.

Lemma 7.2. If the covering 7 : Z — X s étale, then H*(Z;W;T) = 0.

Proof. We use the second spectral sequence 'E5?. First we observe that the sheaves R}V (T)
and R?7YY (T) are supported on the ramification divisor of 7 : Z — X by [Gr1] Théoreme 5.3.1.
Hence 'Ey' =" E9? = 0.

Next we claim that 7*(7V (T)) = T: let V C Z be a sufficiently small open subset such that

*

g(V)NV =10 for any g € W and g # e — here we use the analytic topology on Z. Then
the open subset 7~'(7(V)) decomposes as a disjoint union [[ ¢, g(V). Now the elements of

(7 (T))(V) correspond to W-equivariant morphisms Mor" (7= (7 (V)), T'). The restriction

*

to V' gives a canonical bijection
Mor" (] 9(V),T) = Mor(V,T) =T (V),
geW
which proves the claim.

Finally we observe that T 2 (C*)" and since H?*(Z,C*) = 0 — this easily follows from the
exponential exact sequence 0 — Z — Oz — 0% — 0, we obtain that H*(Z,T) = 0. We now
conclude that 'Ey° = H*(X, 7V (T)) = 0, since H*(X,nV(T)) identifies with the W-invariant
subspace of H*(Z,T). O

For any A € S, = Hom(7T,C*) let H = Stab(\) C W and let 5\ be the composite map
By H2(W,T) "8 H*(H,T) - H2(H,C*).
If the covering 7 : Z — X is not necessarily étale, we can say the following on the image of c.
The next proposition will not be used in the sequel as we will concentrate on the étale case.

Proposition 7.3. We have a commutative diagram
Prym(r,S.) —— HXW,T)

[ [

Jac(Z) —%— H(H,C¥)
and Byoc=0 for any A € S,.
Proof. In order to prove that the diagram commutes it is sufficient to combine the three exact
sequences ([[7) obtained in the three cases (W, T),(H,T) and (H,C*) — here the first factor
denotes the finite group and the second the abelian algebraic group A on which the finite group

acts. We leave the details to the reader. The claim 8y oc = ¢ o evy = 0 is an immediate
consequence of Proposition f.11] and (). O
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7.2. Moduli stack of G-bundles. Let G be a simple and simply-connected algebraic group
and let 7" C G be a maximal torus, 7' C N(T') the normalizer of the torus and W = N(T)/T
the Weyl group of G. Let S, := Hom(7', C*) be the weight lattice of G.

We denote by My (G) the moduli stack parametrizing principal G-bundles over the curve
X. We recall some results from [CJ] and [Sd| on line bundles over Mx(G): let A € S, be
a dominant weight and p, : G — SL(V)) the associated irreducible representation. Then p,
induces a morphism of stacks

ﬁ)\ : MX(G) — Mx<SL(m)), EG — EG XG V)\.

Here m = dim V). We denote by D, = p;D the pull-back of the determinant line bundle D over
Mx(SL(m)). The next proposition is proved in [LY] and [Bd].

Proposition 7.4. For any simple and simply-connected algebraic group G we have
(1) There exists an ample line bundle L over Mx(G) such that

Pic(Mx(G)) =2 Z- L.
(2) For any dominant weight A € S,,, the integer d defined by the relation
Dy = LN
equals the Dynkin index of the representation py of G.

7.3. The abelianization map Ay. From now on we assume that the Galois covering 7 : Z —
X is étale with Galois group equal to the Weyl group W = N(T')/T. We denote by n € H*(W,T)
the extension class of N(T"). Note that by Lemma [(.3 and by ([§) the homomorphism

c: Prym(w,S,) — H*(W,T)
is surjective. We denote by Prym(mw,S, ), a connected component of the fibre of ¢ over n. Note

that all connected components are isomorphic to each other.

As in section 6.2 we consider a universal family & of T-bundles over Z x Prym(n,S,), —
note that & is W-invariant — and we choose an isomorphism

6:G°(&r) = N(T)

inducing the identity on the subgroups T' of G?(Er) and N(7T') and on the quotient W. The
existence of 6 follows from ([[§) and the fact that Prym(m,S,), lies in the fiber of ¢ over n, the
extension class of N(T').

Proposition 7.5. Given an isomorphism 0 there exists a morphism
Ay : Prym(m,S,), — Mx(G),
such that for any Er € Prym(w,S,), the G-bundle Ng(ET) satisfies
™ Ag(Er) = Er xT G.

The map Ag is called the abelianization map.
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Proof. The existence of the morphism Ay will follow from the existence of a family of N(7')-
bundles over X parametrized by Prym(m,S,),, or equivalently from the existence of a family of
N(T)-bundles over Z with a W-linearization parametrized by Prym(n,S,),. But this follows
from the relative version of Proposition .6, which says that the N(T)-bundle & x7 N(T')
admits a canonical W-linearization — here we use the isomorphism 6. O

Remark 7.6. (i): Note that Ay factorizes through M x(N(T)).

(ii): A priori Ay depends on the choice of #. Two different choices of # differ by an element in
Aut’(N(T)), the group of automorphisms of N(T) inducing the identity on 7" and W. Note
that T C Aut®(N(T)) and that Aut’(N(T))/T = H*(W, T). The cohomology groups H'(W, T)
and H*(W,T) have been computed in [Md].

7.4. Direct images of line bundles. Consider a dominant weight A € S, and let V), denote
the associated irreducible representation of G. We consider the weight space decomposition

Vi= P v
HEO(N)

where V)" denotes the weight space of V), associated to the weight u € S,,. The Weyl group W
acts on the set ©(\) of all weights p such that V' # {0} and decomposes it into k orbit spaces

ON)=0,UBU...UB.

For each j =1,...,k we choose a weight \; € ©;, i.e. ©; = A;.W. We introduce for each j the

subgroup H; = Stab()\;) C W and the quotient ¢; : Z/H; =Y; — X. Let n; = dim V)\)‘j. Note

that n; = dim V' for any p € ©;, that A\; = X and n; = 1.

Since 7 is étale, we have Jac(H;; Z) = Jac(Y;) and by Proposition f.17] there exist morphisms

vy, - Prym(7, S,) — Jac(Y)).

For convenience of notation we introduce the product and the map

Jac(Ys) := Jac(Y7) x Jac(Y3) x -+ x Jac(Yy), €U 1= (€U, €V, - . ., EVY, ),

and the direct image morphism
k
Yo 1 Jac(Ys) — Mx(GL(m)), (My, My, . .., = @ [0 ()] .
7j=1

Proposition 7.7. We assume 7 étale. Then we have a commutative diagram
Prym(m,S,), e, Jac(Ys)
> |
Mx(G) =2 Mx(GL(m))

Proof. Let Er € Prym(w,S,),. The rank-m vector bundle py [Ag(Er)] pulls back under 7 to
the decomposable W-linearized vector bundle over Z

k
ETXTV)\: @ETXTVM:@ @ETXIZ;C

reEO(A) j=1 | peo;

®n;
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Clearly the W-linearization preserves the direct summands €9
and by Lemma we have the equality

P Er x| C = 7" (. (M),

He®;

He@jET ngforj =1,...,k

as W-linearized vector bundles. Here M; = ev;(Er). This proves the claim. O

Remark 7.8. Note that the composite map 1), © €0, = py 0 Ay takes values in M x(SL(m)).

8. PROOF OF THE MAIN THEOREM

For the convenience of the reader we recall the set-up of our main result. Let G be a simple
and simply-connected algebraic group and 7' C G a maximal torus. Let W := N(T')/T denote
the Weyl group of G and S, := Hom(T', C*) the weight lattice. Let 7 : Z — X be an étale Galois
covering of smooth projective curves with Galois group W. For a dominant weight A € S, we
consider the Prym variety (see section 3.5)

P, C Jac(Y)

with Y = Z/H and H = Stab()). Let K, denote the Kanev correspondence on the curve Y.
Let Ly be a line bundle over Jac(Y’) representing the principal polarization. Then we can prove
our main result.

Proof of Theorem 1.1. (1) If 7 is étale, Proposition gives a morphism
evy : Prym(m, S,) — Jac(H; Z) = Jac(Y).

Moreover by Proposition we have evy(Prym(m,S,)o) = P\. Since we have assumed that
') is trivial, the evaluation map ewv, is injective by Proposition f.3. Hence the map ev, is also
injective and induces isomorphisms by restriction

evy : Prym(m,S,)o — Py C Jac(Y), evy : Prym(m,S,,), — To(Py) C Jac(Y),
where T, (P,) denotes the translate by an element o € Jac(Y') of the Prym variety Py. In order
to show (1) it suffices to show that Ly |T,(Py) is divisible by gy.

We first consider the case A\ minuscule, i.e. Kk = 1 with the notation of section 7.4. In that
case the commutative diagram of Proposition [7.] simplifies

Prym(7,S,), S, T, (P)
[ |-
Mx(G) 2 My (SL(m)).
With the notation of section 7.2 we know that p;D = L%, Hence the line bundle
vy (1)) = Aj(BD) = (A5L)%

is divisible by dy = ¢,. Since the first horizontal map ev, is an isomorphism, we deduce that
(1.)*D = Ly|T,(Py) is also divisible by gj.
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In the case A is quasi-minuscule, we have k = 2 and Ay = 0. Hence H, = Stab(0) = W and
e =1id : Yo = X — X. Moreover evy : Prym(w,S,), — Jac(X) is the constant zero map and
the commutative diagram of Proposition [[.7 simplifies

Prym(7,S,), S, T (Py
S
Mx(G)  —2— Mx(SL(m)),

with ©e(M) = h1.(M) ® O%" for M € Jac(Y). We then conclude as in the case of a minuscule
weight.

)

(2) Let S denote the usual Prym variety Prym(Y/X). Then we recall from section 3.5 that
Py = im(uy) C S and that the endomorphism u, € End(S) satisfies the relation u3 = gyu,.
Hence we can apply Proposition (a), which says that the type of the polarization K (M)
is given by

K(M) = ux(K(Ly|S5)),
where Ly|S denotes the restriction of the line bundle Ly to S. Since ¢* : Jac(X) — Jac(Y)
is injective, we have — see Remark P.1] (ii) — the equalities S = Prym(Y/X) = im(d — ¢)
and 1*Jac(X) = im(¢), where ¢t € End(Jac(Y")) denotes endomorphism associated to the trace
correspondence of ¢ : Y — X. By [BI], Corollary 12.1.4] or Lemma -] we obtain that

K(Ly|S) = K(Lyl|Jac(X)) = Jac(X) N S.

Moreover K (Ly|Jac(X)) = ¢* [Jac(X )4 = (Z/dZ)*, with d = deg(Y/X). We deduce from
Corollary B7(2) that uyt = (deg(K,) — 1)t and since K (Ly|S) C im(t) = *Jac(X) we obtain
that uy(K(Ly|S)) equals the image of the multiplication by deg(K ) —1 in the group (Z/dZ)*.
This proves the assertion (2). O

We deduce from Lemma .4 and from the two tables of section 4 the following list of examples
satisfying the 5 conditions of Theorem [L]].

Corollary 8.1. The type K(M) = (Z/mZ)* of the induced polarization Ly|p, = M®™ on the
Prym variety Py is given by the table.

‘ Weyl group of type ‘ weight H g = dy ‘ m ‘
A, wi; (in+1)=1| (7)) [n+1
D,; n odd Wn_1, Tn on—3 4
Eg w1, We 6 3
E7 w7 12 2
Eg ws 60 1

Proof. We only have to check that ¢* : Jac(X) — Jac(Y) is injective in the cases mentioned
in the table. This follows from the formula ker ¢)* = ker(W* — H*), where W* and H* denote
the groups of characters of W and H, and from a straightforward case-by-case study. g
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