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HOLDER REGULARITY FOR OPERATOR SCALING STABLE RANDOM
FIELDS

HERMINE BIERME AND CELINE LACAUX

ABSTRACT. We investigate the sample paths regularity of operator scaling a-stable random fields.
Such fields were introduced in [6] as anisotropic generalizations of self-similar fields and satisfy the

scaling property {X(c”z);z € R%} (/2% {c" X (z);x € R} where E is a d x d real matrix and H > 0.
In the case of harmonizable operator scaling random fields, the sample paths are locally Holderian
and their Holder regularity is characterized by the eigen decomposition of R? with respect to E. In
particular, the directional Holder regularity may vary and is given by the eigenvalues of E. In the
case of moving average operator scaling random «-stable random fields, with o € (0,2) and d > 2,
the sample paths are almost surely discontinous.

1. INTRODUCTION

In this paper we consider operator scaling stable random fields as introduced in [6]. More precisely,
for E a real d x d matrix with positive real parts of the eigenvalues, a scalar valued random field
(X(x)),cpa is called operator scaling for E and H > 0 if for every ¢ > 0

(fdd)

(1) {X(FPz)z e ]Rd} {CHX(.T);Z‘ e R},

dd
where (fdd) means equality of finite dimensional distributions and as usual ¢ = exp(Flogc) with

exp(A4) = > 77, ‘2, is the matrix exponential. Let us remark that up to consider the matrix E/H,
we may assume, without loss of generality, that H = 1.

These fields can be seen as anisotropic generalizations of self-similar random fields. Let us recall
that a scalar valued random field (X (x))_cpa is said to be H-self-similar with H € R if

(X(cx);z € R YD (ol X (1), 2 € RY)

for every ¢ > 0. Then a H-self-similar field is also an operator scaling field for the matrix £ = I;/H,
where I is the identity matrix of size d x d. Self-similar random fields are used in various applications
such as internet traffic modelling [29], ground water modelling and mathematical finance, just to
mention a few. Various examples can be found for instance in the books [18, 1, 27]. A very important
class of such fields are given by Gaussian random fields and especially by the fractional Brownian
field By, where H € (0,1) is the so-called Hurst parameter. The random field By is H-self-similar

and has stationary increments, e.g. {By(x 4+ h) — By(h);z € R4} () {Bp(z);x € R} for any
h € R It is an isotropic generalization of the famous fractional Brownian motion, implicitely
introduced in [12] and defined in [19].

Nevertheless, Gaussian random fields are not convenient for some heavy tails phenomena mod-
elling. For this purpose, a-stable random fields have been introduced. A scalar valued random field
{X(ac)x € R?} is said to be symmetric a-stable (SaS), for a € (0,2), if any linear combination

E ar X (zy) is SaS. We address to the book [27] for a well understanding of such fields. The self-

sumlar a-stable fields with stationary increments have been extensively used to propose alternative
to Gaussian modelling (see [23, 29] for instance) and are isotropic.

However, certain applications (see, e.g., [5, 7] and references therein) require that the random
field is anisotropic and satisfies a scaling relation. This scaling relation should have different Hurst
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indices in different directions and these directions should not necessarily be orthogonal. To reach
this goal the authors of [6] propose a new class of random fields with an anisotropic behavior driven
by a d x d matrix E. More precisely, they introduce a-stable random fields which have stationary
increments and satisfy the operator scaling property (1). Two different classes of such fields are
defined and analyzed, using a moving average representation as well as an harmonizable one. In
the Gaussian case a = 2, according to [6] there exist modifications of these fields which are almost
surely Holder-continuous of certain indices. We give similar results here in the stable case a € (0,2)
for harmonizable operator scaling stable random fields. Actually, we obtain their critical global and
directional Holder exponents, which are given by the eigenvalues of E. In general, such fields are
anisotropic and their sample paths properties varies with the direction. In particular, in the case
where F is diagonalizable, for any eigenvector ¢; associated with the real eigenvalue A;, harmonizable
operator scaling stable random field admits H; = 1/\; as critical Holder exponent in direction 6;.
Let us point out that we establish an accurrate upper bound for the modulus of continuity. Such
upper bound has already been given in the case of real harmonizable fractional stable motions, which
are self-similar, in [14] and in the case of some Gaussian random processes in [13]. Then, in this
paper, we generalize these results to any dimension d and any harmonizable operator scaling stable
fields. From this upper bound, we can deduce the Holder sample paths regularity. Let us point out
that we also obtain this upper bound in the case of Gaussian operator scaling random field, which
improves the sample paths properties establishes in [6].

Furthermore, whereas in the Gaussian case o = 2, moving average and harmonizable fields have
the same kind of regularity properties, this is no more true in the case a € (0,2). In particular,
we show that for d > 2, a moving average operator scaling stable random field does not admit
any continuous modification. Remark that if d = 1, the sample paths regularity properties are
already known since the processes studied are self-similar moving average stable processes, see for
example [27, 14, 28].

One of the main tool for the study of sample paths of operator scaling random fields is the change
of polar coordinates with respect to the matrix E introduced in [22] and used in [6]. For X a Gaussian
operator scaling random field with stationary increments, using (1), we can write the variogramme
of X as

V(@) = E(X*(x)) = me(2)*"E(X?((p(2))),

where 7g(x) is the radial part of x with respect to E and ¢g(x) is its polar part. Therefore, in
the Gaussian case, the sample paths regularity depends on the behavior of the polar coordinates
(te(z),lg(x)) around x = 0. Such property also holds in the stable case a € (0,2). The Holder
regularity of the sample paths follows from estimates of 7g(x) compared to ||z||. These estimates are
given in Section 3 and their proof are postponed to the Appendix.

Furthermore, to study the sample paths in the stable case, the other main tool we use is a series
representation of harmonizable operator scaling a-stable random fields. Such representations in
series of infinitely divisible laws have been studied in [17, 16, 25, 24]. As in [14], our study is based
on a LePage series representation. Actually, the main idea is to choose a representation which is a
conditionnally Gaussian series.

In Section 2, we recall the definition of harmonizable operator scaling random fields. Then, Sec-
tions 3 and 4 are devoted to the main tools we need for the study of the sample paths of these
fields. More precisely, Section 3 deals with the polar coordinates with respect to a matrix £ and
Section 4 gives the LePage series representation. In Section 5, the sample paths properties and the
Hausdorff dimension of the graph are given. Section 6 is concerned with moving average operator
scaling random fields.

2. HARMONIZABLE REPRESENTATION

Let us recall the definition of harmonizable operator scaling stable random fields, given by [6].
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Let E be a real d x d matrix. Let Aq,...,\; be the complex eigenvalues of E and a; = R(\;) for
each j =1,...,d. We assume that

(2) lgljlgd a; > 1.

Let 1) : R? — [0, 00) be a continuous, Ef-homogeneous function, which means according to Defini-
tion 2.6 of [6] that
Q/J(CEt.I‘) = c)(x) for all ¢ > 0.
We assume moreover that ¢(z) # 0 for x # 0. Such functions were studied in detail in [22], Chapter 5
and various examples are given in Theorem 2.11 and Corollary 2.12 of [6].
Let 0 < a < 2 and W,(d€) be a complex isotropic a-stable random measure on R¢ with Lebesgue

control measure (see [27] p.281). If o = 2, W, (d§) is a complex isotropic Gaussian random measure.
Let g = trace (E).

Definition 2.1. Since (2) is fulfilled, the random field
(3) Xa() =R [ (09~ 1)u(e) 0 Wo(de) 1z € R,
R4

is well defined and called harmonizable operator scaling stable random field.

From Theorem 4.1 and Corollary 4.2 of [6], X, is stochastically continuous, has stationary incre-
ments and satisfies the following operator scaling property

(4) Ve > 0, {Xa(cEx);x € Rd} (7dd) {ch(as);x € Rd}.
For notational sake of simplicity we denote the kernel function by
(5) S, = (=8 —1)u(e) .

Let us recall that f(z,-) € LYR?) for any € R? which is a necessary and sufficient condition
for X, to be defined.

Now, let us give some examples of such random fields.

Example 2.1. Let I be the identity matrix of size d x d, ' = I4/H (with 0 < H < 1) and ¢(z) =
||| with ||-|| the Euclidean norm. Then the random field defined by (3) is a real harmonizable stable
random field (see [27] for details on such fields). In this case, X, is self-similar with exponent H, i.e.

dd
Ve > 0, {Xa(cx);z € R Y2 (X, (2); 2 € RY).
Let us quote that, if @ = 2, X, is a fractional Brownian field and its critical Holder exponent is given
by its Hurst index H (see Theorem 8.3.2 of [2] for instance).

Example 2.2. Assume that F is diagonalizable. Then, all the eigenvalues of E are real given
by (a;)1<j<q- Let (6;)1<j<a be a basis of some corresponding eigenvectors and consider the function

1 defined by
1/2

d
Pla) =Y [z, o) | | zeR™
j=1

The function %) is clearly continuous and non negative on R%. Moreover, since (¢ z,0;) = (z,c"6;) =
% (z,0;), it is also E'-homogeneous. Finally, since (6;)1<j<4 is a basis of R? we have that 1(z) = 0
if and only if x = 0. Then we can define X, by (3) and in this case the operator scaling property (4)
implies that

Vi=1,...,d Ye> 0, {Xa(cth;);t € R} VL0 {cl/ajxa(wj);t c R}.

The random field X, is self-similar with Hurst index H; = 1/a; in the direction 6;. In particular, in
the Gaussian case (a = 2), (Xa(t0y)),p is a fractional Brownian motion with Hurst index H;. Then,
in this case, its critical Holder exponent is equal to H ;.
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The main tool in the study of operator scaling random fields is the change of coordinates in a kind
of polar coordinates with respect to the matrix . Then, before we study the sample paths of X,
we recall in the next section the definition of these coordinates and give some estimates of the radial
part.

3. POLAR COORDINATES

According to Chapter 6 of [22], since E is a real d x d matrix with positive real parts of the
eigenvalues there exists a norm || - ||z on R? such that for the unit sphere Sg = {z € R%: ||z|z = 1}
the map

Up: (0,00) x Sp — RI\ {0}
(r,0) — P

is a homeomorphism. Hence we can write any x € R\ {0} uniquely as = 7p(x)¥{p(x) for some
radial part Tg(z) > 0 and some direction ¢g(z) € Sg such that  — 7g(z) and x — fg(x) are
continuous. Observe that Sg = {z € R?: 75(z) = 1} is compact and set

(6) mp = min||z|| and Mg = max||z|.
SE SE

We know that 7p(z) — oo as ¢ — oo and 7g(x) — 0 as * — 0. Hence we can extend 7p(-)
continuously by setting 7£(0) = 0.
Let us recall the formula of integration in polar coordinates established in [6].

Proposition 3.1. There exists a unique finite Radon measure o on Sg such that for all f €
LY(R?, dx) we have

f)d = / T 1P0) op(de) o dr
R4 0 Sg

In the Gaussian case (o = 2), the variogramme of Xy can be rewritten as follows
vX(@) = mi(2)°E (X (C(2))%)

using the operator scaling property (4). Then, the Holder regularity of X, follows from estimates
of 7g(x) compared to ||z| around x = 0, e.g. the Holder regularity of 75 around 0, see [6]. Then,
in order to get an upper bound for the modulus of continuity (for any «), we need precise estimates
of Tr(x).

As done in [21] for the study of operator-self-similar Gaussian random fields we use the Jordan
decomposition of the matrix F to get estimates of 7. From the Jordan decomposition’s theorem
(see [10] p. 129 for instance), there exists a real invertible d x d matrix P such that D = P~'EP
is of the real canonical form, which means that D is composed of diagonal blocks which are either
Jordan cell matrix of the form

A1 .00
0 A
|
0 ... 0 X
with A\ a real eigenvalue of E or blocks of the form
AL, 0 ... 0
0 A I ; Lo
. . : _ a - —
(7) 0 WlthA—<b a>andlg—<0 1),
0O ... ... 0 A

where the complex numbers a £ ib (b # 0) are complex conjugated eigenvalues of E.
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Let us denote by || - || the subordinated norm of the Euclidean norm on the matrix space. Precise
estimates of g follow from the next lemma.

Lemma 3.2. Let J be either a Jordan cell matriz of size | or a block of the form (7) of size 2l
associated with the eigenvalue A\ = a + ib. Then, for any t € (0,e~] U [e, +00)
¢ < ||t7] < V2et®logt| .
Proof. see the Appendix. O
Let us be more precise on the Jordan decomposition of E. Let us recall that the eigenvalues of
E are denoted by Aj, j = 1...d and that a; = R()\;) > 1 for j =1,...,d. There exist Ji,...,Jn,

where each Jj is either a Jordan cell matrix or a block of the form (7), and P a real d x d invertible
matrix such that

Ji 0 ... 0

g—p| ¥ 20 pL
S o0
0 ... 0 Jn

We can assume that each J; is associated with the eigenvalue \; of £ and that
l<ar <---<ay.

We also set H; = a;l and have

(8) 0<H,<---<H <1.

If \; € R, J; is a Jordan cell matrix of size [; = I; € N\{0}. If \; € C\R, J; is a block of the form (7)
of size l; = 2l; € 2N\{0}. Then for any ¢t > 0,

0 ... 0

wopl O t 0 pt
: .. 0
0 ... 0 t/m

We denote by (eq,...,eq) the canonical basis of R? and set f; = Pe; for every j = 1,....,d.
Hence, (f1,..., f4) is a basis of R%. For all j =1,...,m, let

Jj—1 J
(9) Wj:vect<fk;2l}+1<k<2l}).
=1 =1

Then, each W; is a E-invariant set and £ = PJ-, W;.

The following result gives bounds on the growth rate of T7g(x) in terms of the real parts of the
eigenvalues of F.

Proposition 3.3. For any r € (0,1) there exist c1,co > 0 such that for every 1 < jo < j < m,

c1 || o [log ||z]||~®io =DV i < 75 (z) < co|z]| T log ||| | Pios~HHs
holds for any x € @fc:jOWk with ||z|| <7 and pjy ; = jgg%éjlk-
Proof. See the Appendix. O

Then, we easily deduce the following corollary.
Corollary 3.4. For any r € (0,1) there exist c1,co > 0 such that for any x € W; with ||z|| < r
(10) erll]| ¥ Pog )| =4V < () < eafla] ™ flog [ D
and for any x € R with ||z| < r

—(I-1)H I—1)Hm
(11) cillz )| Jlog [l I < 7p(x) < eofl]) T flog [l
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where | = max ;.
1<j<m

Therefore we have precise estimates for the Holder regularity of the radial part. Let us remark that
we improve the first statement of Lemma 2.1 of [6] and that the second one can also be improved in
a similar way. From these estimates we deduce the Hoélder regularity of X, in Section 5. As already
mentionned, the study of the sample paths is based on a series representation. Then, before we state
regularity properties, it remains to give the LePage series representation of harmonizable operator
scaling random fields X, defined by (3).

4. REPRESENTATION AS A LEPAGE SERIES

An overview on series representations of infinitely divisible random variable without Gaussian part
can be found for example in [24, 26] and references therein. In particular, LePage series represen-
tation ([17, 16]) have been used in [15, 14] to study the sample paths regularity of some self-similar
a-stable random motions with a € (0,2). Here, this representation is also the main representation
we use in the case a € (0,2). Actually, in the Gaussian case o = 2, such representation does not hold.

Let us now introduce some notations that will be used throughout the paper. Let i be an arbitrary
probability measure equivalent to the Lebesgue measure on R% and let m be its Radon-Nikodym
derivative that is pu(d€) = m(&)d¢.

Notation Let (T5),51; (9n),>1 and (§,),,>; be independent sequences of random variables.
e T, is the nth arrival time of a Poisson process with intensity 1.

d) .
® (gn),>; is a sequence of i.i.d. isotropic complex random variables so that g, @ e, for any
0 € R. We also assume that 0 < E(|g,|%) < +o0.

® (&n),>1 Is a sequence of i.i.d. random variables with common law u(d€§) = m(§)d§.

According to Chapter 3 and Chapter 4 of [27], stochastic integrals with respect to an a-stable
random measure A can be represented as a LePage series as soon as the control measure of A is a
finite measure. The next proposition generalizes this to W, whose control measure is the Lebesgue
measure. It is a consequence of Lemma 4.1 of [15], which is a correction of Lemma 1.4 of [20]. This
proposition can also be deduced from [24, 25], concerned with series representations of stochastic
integrals with respect to infinitely divisible random measures.

Proposition 4.1. Assume that « € (0,2). Then, for every complex valued function h € LO‘(Rd), the
series

+oo
(12) Yh =3 em(g,) T h(En) gn
n=1

converges almost surely. Furthermore,

Cavh @ /]R h(E)Walde)

d

with

(13) o= B (5 [ loos )" ar) . (/ - M@W.

xa

Remark 4.1. According to Proposition 4.1, taking o € (0,2), the random measure

+oo
Ao(d€) = Co > Ty M m(€n) ™ g, (d€)
n=1

is a complex isotropic a-stable random measure.
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Proof. Let V,, = m(fn)_l/ah(fn)gn. Then, V,,, n > 1, are i.i.d. isotropic complex random variables.
By Lemma 4.1 in [15], Y converges almost surely and

vz eC, E(exp (m(zyh))) = exp (—0°|2|%)

with
% sin ()

dz.

0% = E(R(V1)[%) /

0 e
Since g; is invariant by rotation and independent with &7,

E(R(V)I") = E (m(&) ™ b)) E(IR(91)[%) = E(R(g1)|") /R RUGIK'3

Moreover, by definition of an isotropic a-stable random stable measure (see [27]),

Ve C,E(exp <m <z /Rd h({)M(df)))) — exp (=2 (R)|2])

1 ™
with ¢(h) = <— / |cos (ac)|ad3:> Jga |1(€)|*d€. Therefore, we have
T™Jo

Cayt @ /R h(E)Walde)

d

where C,, is defined by (13), which concludes the proof. O

From the previous proposition, we deduce the following statement which is the main series repre-
sentation we use in our investigation.

Proposition 4.2. Let o € (0,2). For every x € RY, the series

+00
(14) Ya(‘r) = C@R(Z Tn_l/am(gn)l/af(m’gn)gn> )

n=1

where C, is defined by (13), converges almost surely. Furthermore,
{Ya(x) cx € Rd} ([dd) {Xa(x) cx € Rd}.

Proof. From Proposition 4.1, for any = € R?, the convergence of the series follows from the fact that
fx,-) e L* (Rd). The equality in distribution between X, and Y, is obtained by linearity of both
fields. O

Using LePage representation (14) of X, and the estimates given in Section 3, we give an upper
bound for the modulus of continuity of X, and obtain the critical Holder regularity of its sample
paths in the next section.

5. HOLDER REGULARITY AND HAUSDORFF DIMENSION

Throughout this section we fix K a compact set of R? and investigate the Holder regularity of the
sample paths of X, on K, with X, the harmonizable operator scaling stable random field defined
by (3).

Let us recall that for the Gaussian case o« = 2, according to Theorem 5.4 of [6], the Holder regularity
of X3 depends on the subspaces (W;),_,,, defined by (9) and associated to the eigenvalues of E.
More precisely, Theorem 5.4 of [6] implies that, when restricted to the subspace W}, the Gaussian
random field {Xs(z);x € W;} admits H; as critical Holder exponent. This follows from the fact
that the regularity of X5 is determined by the regularity of 7g around 0, which is given by H;
according to (10). Here, we give an upper bound for the modulus of continuity of X, in the general
case o € (0,2]. Then we prove that the critical Holder exponents are the same than in the Gaussian
case o = 2. Let us state our main result.



8 HERMINE BIERME AND CELINE LACAUX

Theorem 5.1. Let o € (0,2). There exists a modification X of Xo on K such that

[Xa(z) = XaW)|

(15) lim  sup 1/a+1/2+¢

30 zyeK Tp(x —y)|logTr(x — y)|
le—ylI<s

=0 a.s.

for any € > 0.

This result was proved in the case of harmonizable self-similar processes in [14], e.g. in the case
of Example 2.1 with d = 1. The main idea is to use the LePage series representation (14) where g,
n > 1, are Gaussian complex isotropic random variables. Furthermore, it remains to choose the
density distribution m of the £,. In [14], the authors choose

-9 e RO
") = g g € FMO

where ¢, > 0. A straightforward generalization in higher dimension d leads to choose

m(€) R\ {0}.

Cn
= , €
1€]|%|1og ||€]|]*+7

Remark that in this case (e.g. Example 2.1) the matrix E = I;/H = E' and that we can choose
Il gt = |l -||. Then, using classical polar coordinates, we obtain that for « # 0,

Tin(2) = | and £ ()

o
|zl
and therefore

_ Cn
) = O og e @

since ¢ = trace(F) = d/H. Then we choose this density in the general case. The advantage is that m
only depends on the radial part 7gt.

Proof of Theorem 5.1. We can assume without loss of generality that K = [0,1]¢. According to
Proposition 4.2 for every z € R?

+oo
Ya(x) = C@R(Z Tn_l/am(gn)l/af(m’gn)gn>

n=1

dd
converges almost surely and Y, (fdd) Xo. As already mentionned, we assume that g,, n > 1 are

Gaussian complex isotropic random variables and that the density distribution of £, is defined by

c
m(§) = . , £ e RI\{0},
7 (€)log Tze (€)'
where n > 0 and ¢, is chosen such that [p, m(§)d¢ = 1. In particular, conditionally to (T, &), Ya(2)
is a real-valued Gaussian random variable.

As in the proof of Kolmogorov-Centsov Theorem (see [11]), we first prove that almost surely
for 75 (x) — xp) small enough,

\Yo(zr) — Yalow)| < Cte(zr — 2pr)|log 7p(zr — :zk/)|1/o‘+1/2+5_

where (zj), is some countable dense sequence of K. Then, X, satisfies the same property.

Finally, we give a modification X* of X, for which (15) holds. In the first step, we construct the
sequence (), we use.

Step 1. For k € N\{0} let us choose v}, € N\{0} the smallest integer such that

CQde/227Vka |k log 2|(l_1)Hm < 27]“,

where ¢o and [ are given by Corollary 3.4 for » = 1/2. Remark that by definition, vy < vg41. Up to
change cs in Proposition 3.4, we can assume that

codHm/29=Hm [log 2](1_1)Hm > 1,



HOLDER REGULARITY FOR OPERATOR SCALING STABLE RANDOM FIELDS 9

which implies that vy > 1 for every k. Then, since 1 < v — 1 < vy,
codtm/29=Wh=DHm (), _ 1) ]og 2|(=DHm 5 9=k

and we have
—Hpn,

—Hp, Hp,
(16) 2*’“(2\/3) il < (2*% (3, log 2)“) < 2*’f(\/8> .
Let us remark that () k>1 is an increasing sequence and then that vy > k for every k. Furthermore,
taking the logarithm of (16), one easily proves that

lim i =H,,
which implies v, = O(k).
For every k € N\{0} and j = (j1,...,ja) € Z% we set
Ty = ;7k Dy, = {xk,j L jezino, 2”k]d} and Nj = card Dy = (2% + 1)
Then Dy, is a 2% net of K for 7x in the sense that for any « € K one can find T j € Dy, such that

TE(r—2) ;) < 27k Actually, by Proposition 3.4, it is sufficient to choose j such that j; < 2"k x; < j;+1

for 1 <qi<d.
+oo

Let us remark that the sequence (Dy), is increasing and set D = U Dy.

k=1
Step 2. Almost surely, for any z,y € D

400
Ya(‘r) - Ya(y) = 0043te (Z Tn_l/am(fn)il/a(f($’§n) - f(%fn))gn)y

n=1
where C,, is defined by (13). Since the sequences (1},),,, (§n),, and (gn),, are independent and (gy),,
is a sequence of i.i.d. Gaussian complex isotropic random variables

+oo
R(z,y) =Y _ T, *m(&n) M (f(2,€) — (Y. 6n))9n
n=1

is a Gaussian isotropic complex random variable conditionally to (7,,&,),. Remark that Y, () —
Yo(y) = CoX(R(z,y)) almost surely. Therefore, conditionally to (T7,&n),,, Ya(x) — Ya(y) is a real
centered Gaussian random variable with variance

C2
(@) (Toséa),) = E(IRy)P] (Tus&a),,)
Co% 2 = -2/ -2/ 2
= ZE(l0l) YT mig) 0 @ -y,
n=1

since | f(z,&n) = f(y,&n)l = [f(z =y, &)l

We consider the set

Ef; =A{w: [Ya(zri) = Yalze )| > v((@ri 2g) | (Tns€n),) (7B (Thi — 205))}

where, as in [13],
1
(t) = 1/2C,dlog 7 t>0

and C, > 0 will be chosen later. Then, for every (k,1, ),

#() - 2(2u, 1 5501

We give in the following an upper bound of this probability for well chosen (k,1,j). Note that if Z
is a real centered Gaussian random variable with variance 1, we have

E<1E§“j | (Tn,gn)n> =P(|Z| > ¢(te(xk; — =k ;))) almost surely.
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Let us choose & € (0,1) and set for k € N\{0}, 6, = 2=(1=9% and

Ik: {(l,j) GZdﬂ[O 2”’“] (:L‘kZ a:k,j) Sék}
For every (i,j) € I, since ¢ is a decreasing function

P(1Z] > o(Te(xr: — 2r,5))) <P(Z] > @(0k)).
Then, we recall that
—u?/2
Yu > 0,P(Z > u) <

2
Therefore, for every k € N\{0} and (4, j) € I,

b (B \/56—902(%)/2 9—(1-0)kCyd
( ”) Vo (oK) V2C,d(1 = d)klog?2

3 k. ! S —(1=6)kCyd
> X p(eh) < /2Cd(1 — 0)log 2 ;2 o eard e

k=1 (Z’J)ejk
Since v, = O(k), the lower bounds of (16) and Corollary 3.4 leads to

Hence,

for any i € Z%N[0,2"]% Then one can find a finite constant C' > 0 such that

o) 1-6
Z Z ]P)(Ezk]) Z 3d0-1)o kd ——+H +(1— 5)05,,)7

k=1 (Z’J)ejk

which is finite for Cy, > H_2m — 71 and § small enough. By the Borel-Cantelli Lemma, almost surely
there exists an integer k*(w) such that for every k > k*(w),

Ya(z) = Ya(y)| < v((z,9) [ (Tn, n),) o(TE(2 = y))

as soon as x,y € Dy with 7g(x —y) < Jg.

Step 3. As in [14] let us give an upper bound of

o2 o= e
(@) (Tsa),) = 2E (I ) D2 T2 mign) ™| (@ =y, &)
n=1
with respect to 7g(z — y). By definition of f

2
P ((29)] (T 6),) < 2E(101?)o? (7l — ).

where for all A > 0

ZT 2/, 2/ o0 (ME HhEtﬁn ’ )21/)(5)—2—&;/@’

with Mg given by (6). For the sake of clearness we postpone the proof of the control of o2(h) in
Appendix and state it in the following lemma.

Lemma 5.2. For any 7 € (0,1) there exists a finite constant ¢ > 0 such that
+oo
E(o*(h) | (Tn),) < cz T2/ h2|log h| PR/ gimost surely

n=1

as soon as h <1 —r.



HOLDER REGULARITY FOR OPERATOR SCALING STABLE RANDOM FIELDS 11

Following [14] let us denote
b(h) = h|log h|F+M/e,
Then by Lemma 5.2,
too 29—k
o= (277)
E Z )
(e
Therefore by independence of (7},),, and (&,),,, almost surely
o?(27F)

im =

k——4o00 b2(27k)
Up to change the Euclidean norm || - || by the equivalent norm || - || z+ defined in Lemma 6.1.5 of [22]
the map h — HhEtg‘

(Tn)n> < +o0.

is increasing and so is 02. Also, one can conclude, as in [14], that almost surely

a°(h)
li =0.
w2 w2y
Therefore, up to change k* one can assume that for every k > k*(w), for every z,y € Dy,
(17) ’Ya(‘r) - Ya(y)’ <V 2dC¢TE($ — y)’]og TE(fL' — y)|(1+77)/04+1/2.

as soon as Tg(x —y) < Jk. Let

+o0
c=UN N {Xe@ - XaW)l < V2O~ y)llog rule —y)| 712}

n=1k>n z,y€Dy
T (x—y)<dy

Since X, and Y, have the same finite dimensional margins P(Q*) = 1.

Step 4. Let w € Q. By Step 3 there exists k*(w) > 1 such that X, satisfies (17) for
k> k*(w), z,y € Dy and 7g(z —y) < d.
Let us recall that by Lemma 2.2 of [6], there exists K > 1 such that for all 2,y € R?
TE(r+y) < K (te(z) + 18(Y)) -
Let us denote F(h) = /2dC, h|log R|IFM/@+1/2 3nd choose ko € N such that 2kog +1 > 3K%

and F' is increasing on (0, dx,]. Up to change k*(w), we can assume that k*(w) > ko.

Let ,y € D with x # y such that 3K47e(z —y) < Ok*(w)- Then there exists a unique k > k*(w)
such that 641 < 3K%7g(z —y) < d. Since z,y € D, there exists n > k + 1 such that z,y € D,,.
Moreover, by Step 1, for j = k,...,n — 1, we can choose :B(j),y(j) € D, such that

TE (95 - a:(j)) <277 and 75 (?J - y(j)> <279,

By construction 7g (x(k) — y(k)) < K%; (TE(.Z‘ —y)+ 22*’“). Let us point out that since k& > ko,
26541 > 2k05k0+1 > BK?E. Therefore, one easily sees that

E (l‘(k) — y(k)) < 3Ki7p(r —v).
Since 3K27g(x — y) < & we obtain by Step 3 on the one hand that

(1) - 00 . o).

On the other hand we can write

|
—

n

X)X, (+9) = 57 (3 (2691 — x5, (s9))

<
Il
Bl
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with 75 (l‘(j+1) - a:(j)) < 3K227U+1) < §;,; since j > kog. Moreover, note that 29 € D; C Dj4y
and then by Step 3

n—1

o) — X, (2®)] < e (20D _ 20)) < 7
[ Xa(@) = X )1<j§;F(E( )) < CFG)

+oo

where C' = Z (j + 1)(Hm/atl/2 d; < +oo. Using similar computations for X, (y) — X, (y(k)), we
=0

obtain that

[ Xo(z) — Xa(y)|

IA

F (TE (l‘(k) — y(k))) + 2CF(0g41)
< (1+20)F (3KgTe(z —v)).

Then one can find a constant C' > 0 such that for 3KZ7p(z — y) < O+ (w)

(18) ’Xa(x) - Xa(y)l < CTE(:L‘ — y)’log TE(fL' — y)|(1+77)/04+1/2'

We now give a modification of X,. For x € D, we set
Xo(@)(w) = Xo(z)(w).

For z € K let 2™ € D such that lim,_ . 2™ = z. In view of (18), (X2 (x(”))(w))n is a Cauchy
sequence and then converges. We set

X*(z)(w) = lim X7 (x(”))(w).

n—-+o00

Remark that this limit does not depend on the choice of (a:(”)). Moreover, since X4, is stochastically
continuous, X is a modification of X,.
By continuity of 75, we easily see that

| X5(2) () = X5 (2) (@)] < Crip(e —y)log Tp(x — y)| /T2
as soon as SK?ETE(:L‘ —¥) < Op+(w), Which concludes the proof. g

Following the same lines as the proof of Theorem 5.1 we obtain a similar result in the Gaussian
case (o = 2) for more general fields. Let us remark that Y, is not defined for « = 2. However, in
Step 2 of the proof, let us replace Y, by X a centered Gaussian random field and v*((z,y) | (T}, &n),,)
by the variance of X (z) — X(y)

V(@) = E((X (@) - X))

Furthermore let us replace Step 3 by the assumption that for some 5 € R and § > 0 there exists a
finite constant C' > 0 such that for x,y € K with 7g(z —y) < ¢

(19) E((X(2) - X(1))*) < Cri(a — y)*log ra(x - y)|”.
Then Step 1, Step 2 and Step 4 yields the following proposition.

Proposition 5.3. Let X be a centered Gaussian random field satisfying (19). There exists a modi-
fication X* of X on K such that

(20) lim sup X" (2) = X" (y)]

010 zyeK Tp(x — y)|log TE(x — y)|
[le—yl[ <o

=0 a.s.

1/24+8+e

for any € > 0.
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Let us point out that if X5 is an operator scaling Gaussian random field as defined in [6], then

E((X2(x) = X2(1)?) = 7 - 9B (Xa(tu(e — ))*)

and Xy satisfies (19) with 3 = 0 by (5.2) of [6]. Therefore this result is more precise than one could
expect from the Theorem 5.1, replacing « by 2.

Let us also mention that Marianne Clausel gives a different proof of a similar result for some
Gaussian operator scaling random fields with stationary increments in [8].

Now, as in [6], we are looking for global and directional Holder critical exponents of the harmo-
nizable stable random field X,. These exponents have been introduced in [7] in the Gaussian realm
but can be defined for any random field. Following Definition 5.1 of [6], H € (0,1) is said to be the
Hélder critical exponent of a random field (X (x)),cga if there exists a modification X* of X such
that for any s € (0, H), the sample paths of X* satisfy almost surely a uniform Holder condition of
order s on K, that is there exists a finite positive random variable A such that almost surely

(21) X (@) = X*)] < Allz — y|* forall o,y € K
while for any s € (H, 1), almost surely (21) fails. Note that the Hélder critical exponent, if exists,
is well defined since any continuous modification of X and X* are indistinguishable. Moreover,
according to Definition 5.3 of [6] we say that X admits H(u) as directional regularity in direction

u € S9! with S?°! the Euclidean unit sphere, if the process (X (tu)),cp admits H(u) as Holder
critical exponent on K N Ru.

Forall j =1,...,m we set K; = KN @izl Wp. Let us remark that K, = K.
Corollary 5.4. Let o € (0,2]. There exists a modification X} of X, on K such that for all j =

1,...,m . .
lgfg sup e \Xa(x)_— XI%%?LHBH/HE =0 as.
ek 1z =yl log flo =
for any € > 0, where p; = éll?;cjlk, B=1/aifa#2 and =0 if a = 2.
Proof. It follows from Theorem 5.1 and Corollary 3.3, since a; < aq for any j =1...d. O

Corollary 5.5. Let a € (0,2]. The random field X has locally H-Hélder sample paths on R? for
every H € (0, Hp,).

Now let us give the directional and global Holder critical exponents of X,.

Proposition 5.6. The random field X, admits H,, as Hélder critical exponent.
Moreover, for any j = 1,...,m, for any direction v € W;, the field X, admits H; as directional
reqularity in the direction u.

Proof. For Z a real SaS random variable we let
|Zlle = (—log (E(exp (i2))) /"
Then, for any z,y € R,
X5 (2) = X5(W)lla = Calle(z —y))TE(T — Y)
where for all 8 € Sg
. « 1/a 1 ™
Co(8) = (ca / 08 _ 1‘ 1/;(5)—@—%5) and ¢, = — / |cos(t)|*dt.
Rd 27T 0

From Lebesgue’s Theorem, the function C', is continuous on the compact set Sg with positive values.
Let us denote my = ;nisn Cu(0) > 0. According to (10) in Corollary 3.4, for any j =1,...,m and u
€SE

a direction in W),

X2 (tu) — X2 (su)||o > maer [t — s [log |t — | =G~V
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Therefore, for any s > Hj, it implies that w

is almost surely unbounded as |t —s| | 0
so (21) fails almost surely on K N Ru.

Moreover, Corollary 5.4 implies that (X (tu)),cp satisfies (21) on K NRu for any s < H; and thus H;
is the directional regularity of X, in the direction w.

Moreover, one can find a direction v € S~ in which almost surely (X7 (tu)),cp does not satisfy (21)
on K NRu for any s > Hy,. Therefore, almost surely (X;(x)),cge can not satisfy (21) on K for
any s > Hp,. Then, by Corollary 5.5 X, admits H,, as Holder critical exponent.

O

Remark 5.1. In the diagonalizable case (see Example 2.2), the W, are the eigenspaces associated
with the eigenvalues of E. In particular, for §; an eigenvector associated with the eigenvalue \; = a;,
the critical Holder exponent in direction §; is H; = 1/a;.

Proposition 5.6 compared to Theorem 5.4 of [6] shows that the operator scaling stable field, defined
through an harmonizable representation share the same sample paths properties as the Gaussian ones.
Therefore it is natural to have also the same result of Theorem 5.6 [6] for the box- and the Hausdorff-
dimensions of their graphs on a compact set. We also refer to Falconer [9] for the definitions and
properties of box- and the Hausdorff-dimension and keep the notations of [6]. More precisely, we fix
a compact set K C R? and consider G(X)(w) = {(z, X} (z)(w)); x € K} the graph of a realization of
the field X over the compact K. We denote dimyG(X}), resp dimgG(X), the Hausdorff-dimension
and the box-dimension of G(X}), respectively.

Proposition 5.7. Almost surely
dimy G(X}) =dimg G(X}) =d+1— H,,.

Proof. The proof is very similar to those of Theorem 5.6 [6]. It also uses same kinds of arguments as
in [4]. For sake of completeness we recall the main ideas. Corollary 5.5 allows as usual to state the
upper bound

dimpG(X}) < dimpG(X}) <d+1— H,,, as.

where dimpg denotes the upper box-dimension. The lower bound will also follows from Frostman
criterion (Theorem 4.13 (a) in [9]). One has to prove that the integral I

_ * * —5/2
L= [ E[((Xa) - X2 + o= yl?) "] dedy,

is finite to get that almost surely dimyG(X}) > s. In our case, the fundamental lemma of [3] allows
us to write this integral using the characteristic function of the SasS field X . Actually, when one
remarks that, using Fourier-inversion, (£2 4+ 1)~%/2 = 5= [ €5 fs(t)dt, where f, € L®(R) N L*(R),

one gets
1 e IXa@-Xawlly
IS:/ —||x—y”_s/e [EXS fs(t)dt dl’dy
KxK \2m R

By a change of variables, as fs € L>°(R), one can find C' > 0 such that
Lo< O eyl X ) - X)), de dy
KxK

< Cmg! lz =yl StE(z —y) " 'da dy,
KxK

. o 1/a
where mg = grlqun (ca Jga !e“e’f) — 1! ¢(£)_a_qd§) as introduced in the proof of Proposition 5.6.
€5E
Since [4, x|z — yll'*7e(z — y)"'dz dy is proved to be finite as soon as s < d + 1 — H,y, in [6],
dimpG(X}) > dimyG(X}) > d+1— Hy,, as.

and the proof is complete.
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Harmonizable operator scaling stable random fields share many properties with Gaussian operator
random fields. In particular, they have locally Hoélder sample paths and critical directional Hoélder
exponent depending on the directions. In the Gaussian case (o = 2), [6] establishes such properties in
the framework of harmonizable and moving average Gaussian operator scaling random field. However,
for stable laws, harmonizable and moving average representations do not have the same behavior as
we see in the next section.

6. MOVING AVERAGE REPRESENTATION

Let us recall the definition of moving average operator scaling stable random fields introduced
in [6]. Let 0 < o < 2. We consider M,(dy) an independently scattered Sa.S random measure on RY
with Lebesgue control measure, see [27] for details on such random measures. Let us recall that, as
before, ¢ = trace(E). Let ¢ : R? — [0,00) be a continuous E-homogeneous function. We assume
moreover that there exists 3 > 1 such that ¢ is (8, E)-admissible. According to Definition 2.7 of [6]
it means that ¢(x) # 0 for x # 0 and that for any 0 < A < B there exists a constant C' > 0 such
that, for A < |ly|| < B,

(22) lo(z +y) — oly)| < Crp(x)’

holds for any 7z(z) < 1.

Definition 6.1. Since 8 > 1, the a-stable random field

(23) Zal@) = [ (la =)' = o)) Ma(dy) .o € R

is well defined and called moving average operator scaling stable random field.

From Theorem 3.1 and Corollary 3.2 of [6], it is stochastically continuous, has stationary increments
and satisfies the following operator scaling property

Ye > 0, {Za(cEm);:U € Rd} (74 {cZa(x);x € Rd},
as the harmonizable field X,,.

In the Gaussian case (o = 2), the variogramme of Z3 is similar to the one of the harmonizable
field X5. Then, [6] proves that Zy and Xy admit the same critical Holder sample paths properties.
However, when « € (0,2), let us recall that moving average self-similar a-stable random motions
does not have in general continuous sample paths (see [27]). The next proposition states the same
property for Z,.

Proposition 6.1. Assume a € (0,2) and d > 2. Then, the random field Z, is almost surely
unbounded on every open ball.

d
Proof. Let us remark that ¢(0) = 0 by continuity and E-homogeneity and ¢ = > a; > d > «, as
j=1
soon as d > 2. Then, for any U open set, since U* = U N Q% is dense in U, for any y € U

F1(U"y) = sup |ipla =)' — p(—y) 1% = oo,
zeU*

Then [pq f*(U*,y)%dy = +oco and the necessary condition for sample boundedness (10.2.14) of
Theorem 10.2.3 p.450 of [27] fails. We conclude the proof by Corollary 10.2.4 of [27]. O
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7. APPENDIX

Proof of lemma 3.2. The lower bound is straightforward. Actually, for any ¢ > 0, t* is an eigenvalue
of the matrix ¢/ and therefore t* =

Let us prove the upper bound. First, let us assume that J is a Jordan cell matrix of size [. In this
case A =a € R and

1 0 ... 0

J logt 1 0 :
" : 0
(log 1) 1 logt 1

(=)

Let us recall that the norm defined for a matrix A = (a45)1<ij<a by ||Allc = max, E] 1 laij] is the

subordinated norm of the infinite norm ||z||s = ma<xd|a:i| for € RY. By definition, we can deduce
1=

that [|t7]o t“Z “Ogt' . Then,
1711
J#/]) < VAl < Vieehos ('S~
j=0

for any t € (0,e7 1] U [e, +00). Therefore, for any ¢ € (0,e~!] U [e, +00), we have
1t7]] < Viet® logt|"*.

In the second case, let us assume that J is a block of the form (7) of size 2l associated with the
eigenvalue A = a + ib for b # 0. Then t7 = t*R(t)N(t) where

Ry(t) 0 ... 0
— 0 Ry(t) 0 : . [ cos(blogt) —sin(blogt)
R(t) - - - 0 with Rb(t) - < Sln(blogt) COS(blOg t) R
0 0 Ry(t)
and
Iy 0 0
[log t|’ 0
No=| M B0 with N;(t) = 7' }
. 0 0 |1o§!t|
Nl—l(t) Nl(t) _[2
Hence,

[/ < e IRO NG
Since R(t) is an orthogonal matrix, ||R(¢)|| = 1. Furthermore, N(¢) is a (20) x (2]) matrix and

o J
N < VEING) Z“ c
7=0

Therefore, we also obtain that
[t7]] < V2l et® |logt|
for any t € (0,e7] U [e, +00).
O

Proof of Proposition 3.4. Let v € (0,1). One can find rg € (0,7) such that for any ||z[| < rE we
have 7p(z) < e . Let x € @j_;, Wi, with [[z]| < rp. Thenz = Te(z)PlE(2) and lp(z) € @) _ oW
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We first establish the lower bound of Proposition 3.4. Let us write [g(z) = Y ;" l;(z) where each
lg(x) € W. Let Lj be the coordinates of Ix(z) in the basis (fzk_lljﬂ, e ,fzk 1[') of Wy. Hence,
=1 " 1=1"
by definition of P,

L1 TE(J:‘)JlLl
P lp(z) = : and © = 1p(x)Plp(z) = P :
Ly, TE(J:‘)JmLm
Since Ip(z) € @_;, Wi, Lr =0 for k & {jo,....j},
. 1/2 . 1/2
. J 2 . T2 2
lel < 0PI Y fre@ ]| ) < 0PI Y2 ||ret) |1
k=jo k=jo
By Lemma 3.2,
1/2

J
]l < V2e|| Pl [ Y terp(@)® log mp(a)* ™ V|| Ly

k=jo
since 7g(x) < 1/e. Hence, since 7g(z) < 1, [log7p(x)| > 1, ar > aj, and Iy < pj,; = Il’éa}<{ll <d,
JOSTS]
@i (p' .71) j 2 1/2
loll < V2de]| Pllmip(a)™o log mi(a)] o0~ (S 1 Lil1?)

< V2de|| Pllri(x) "o flog 7 ()] Pioi =V || P12 |
Then,
(24) lel| < V2deMg||P||| P~ 5(z) 0 log 74 () Pios )

where Mg is defined by (6).
Let us take the logarithm of this equation. Choosing r¢p < min(1,7g) small enough, one can find
C > 0 such that

(25) | log 7(2)| < C|log [||| for ||z < ro.
Using in (24), we obtain that there exists C' > 0 such that for ||z| < rg

]| oo log [J[||~ o (Pios=Y) < Crp(a).

By continuity of the map,

€T — ”x“HJO |10g ||$H |—Hj0 (pjo,j—l)TE(x)

on {a: eR?/0 < ||z]| < 1}, up to change C, the previous inequality holds for ||z|| < r, which gives
the lower bound in (11).

Let us now establish the upper bound in (11). We write z = >"}" | ) with each zj, € Wj. We then
denote by X}, the coordinates of x in the basis (fzfz—ll [yt ,fz§:l l}) of Wi. Since x € GBi:jo Wi,
Xj =0 for every k ¢ {jo,...,j}. Hence, by definition of P,

X1 TE(.T)iJIXl
Pz = : and lp(z) =7p(x) Pe=P :
Xm TE(a:)f‘]’"Xm
1/2

J 2
Then, [lLp(@)]| < 1P| Y |ri(e) x|
k=jo
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The Lemma 3.2 yields
; 1/2
ls(@)| < V2e| Pl | D lire(z) "> log a(z) "V X |
J=jo
since TE(a:)fl > e. Hence, since TE(a:)fl >e>1, ap <ajand I < pj 4,

0<mp < V2de|P|||P~Y |7 ()~ [log mr(z)[Poo /3000 1 Xkl
< \/ﬁeHPHHP_lHTE(a:)*aj|logTE(z)]ij’leP_la:H.
Then, using (25) and ||P~'z|| < ||[P~||||||, there exists a constant C' > 0 such that

m5(z) < C||z||"7|log ||$H|Hj(pjo,j—1)
for ||z|| < rp. By continuity of the map

TE(I‘)

€T —
]| log ||| (Psos=1)

on {z € R /0 < ||z|| < 1}, up to change C, the previous inequality holds for ||z| < r, which gives
the upper bound in (11) and concludes the proof.
O

Proof of Lemma 5.2. 1t is sufficient to consider

I(h) = ]E(m(gn)ﬂ/a min (ME HhEtfn ’2> Qw(é_n)_Q—?q/a)

By definition,
2
1) = [ mle) () min (Mg |[n7¢| 2) d.
Rd
Using the formula of integration in polar coordinates with respect to E, see Proposition 3.1,

I(h) = /S t /OJFOO m(rEtH) 172/a¢(TEt9> Al min (ME H(hr)EtH

Since 1 is E*-homogeneous,

= [ [ vt min (e o

2
,2) 4 dro g (d6).

2
, 2) T'_2+q_1_2q/ad7’O'Et (df)

2
.2) 73 log(r) (/D e (df).

1-2 oo ¢
= ¢ /a/ / ()22 min (ME H(hr)E 0
Sy Jo
By the change of variable p = hr, I(h) is equal to

e [ oy o] 2 s (2)[ st

For any v € (0,1), there exists A, such that for every p > 0 and every h <1 — 7,
p
log ()] = og () — 1og (h)] < A, l10g(p)] + 1| log (A

Since 2/a > 1,
I(h) < A3/ ey h? log ()| (1 + 1)

n—t
S

with
+oo
D(0) 229 e (d6) / p~3[log (p)] + 1| Ee=N g

Et 1
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and

1 ) o
= MEME [ w0 o) [0 [ o (o1 11050,
Et

where Mg and Mp: are defined by (6). Since 1 is continuous with positive value on the compact
set Sg,

$(0) 2726 (d) < +oo.
Spt

Hence I} < +o0.
It follows from Proposition 3.4 that for any ¢’ € (0,1), there exists a constant c¢§ > 0 such that

t 1—
1™l < Cp [log |l

for all p < ¢’. Hence, since a; > 1,

1 2
= [Foios o+ 109Dy < oo
and Iy < +o00, which concludes the proof. O
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