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N ABSTRACT
o

O context. FUV radiation strongly fiects the physical and chemical state of molecular clouds) firotoplanetary disks to entire galaxies.
Q\l Aims. The solution of the FUV radiative transfer equation can bemiecated if the most relevant radiative processes suctussstattering
and gas line absorption are included, and have realistiz-@muiform) properties, i.e. if optical properties are degependent.
Methods. We have extended thepherical harmonicsnethod to solve for the FUV radiation field in externally oreimally illuminated clouds
taking into account gas absorption and coherent, nonceatser and anisotropic scattering by dust grains. The newtitation has been
implemented in thileudon PDR codand thus it will be publicly available.
LO) Results. Our formalism allows us to consistently includ:\arying dust populations and)gas lines in the FUV radiative transfer. The FUV
1 penetration depth rises for increasing dust albedo andmopy of the scattered radiation (e.g. when grains grovatds cloud interiors).
; Conclusions. lllustrative models of illuminated clouds where only thestipopulations are varied confirm earlier predictions f& FUV
penetration in dfuse clouds (4<1). For denser and more embedded sourcgs-(A we show that the FUV radiation field inside the cloud can
differ by orders of magnitude depending on the grain propertidggeowth. Our models reveal significantférences regarding the resulting
C physical and chemical structures for steep vs. flat exoncturves towards molecular clouds. In particular, we shuat the photochemical

and thermal gradients can be veryféeient depending on grain growth. Therefore, the assumpfiamiform dust properties and averaged
=== extinction curves can be a crude approximation to deterrfieeesulting scattering properties, prevailing chemisimd atomigmolecular
@ abundances in ISM clouds or protoplanetary disks.

= Key words. ISM: dust, extinction — ISM: lines and bands — Radiative $fan— Methods: numerical — planetary systems: protopéapelisks

o™
00 1. Introduction

Far-UV (FUV) radiation Ity <13.6 eV) strongly fiects the physical and chemical state of dusty moleculardslén many
C\J evolutionary stages: from star forming regios (Lequewad 1981, Stutzki et al. 1988, Bally et al. 1998) and protoptary
— disks {Johnstone et al. 1998, Aikawa et al. _2[002), to circaltas envelopes around evolved stgrs (Huggins & Glasstp8?,
Oova remnapts (Shull & McKee [1979y&ee & Fransson 1994). Thus, the accurate knowledge of the
O intensity of the FUV radiation field as a function of cloud tiejs of crucial importance in a plethora of astrophysicaliem-
—L_ ments. Penetration of FUV radiation strongly depends o gians properties through the scattering of photons, toallsb
® depends on the gas properties (chemical composition, tgieeis.) through the absorption of hundreds of discrettededc lines
-C from the most abundant species (Hs, land CO). This proccess is, in addition, dfiaent excitation mechanism for molecu-

lar species|(Black & van Dishoeck 19847, Sternberg & Dalgd®@9). Gas absorption lines reach extremely large opaditi,

due to saturation, they can be very broad and fully absorBthé continuum.

The so calledspherical harmonicsnethod, in which the specific intensity of the FUV radiatiogidiis expanded into se-
ries of Legendre polynomials, is affieient way to solve the plane—parallel radiative transfaragign if gas opacity is ne-
glected and if dust grains have uniform optical properiieg, the same extinction cross—section, albedo and dogtighnase
function (Flannery et al. 1980, Roberge 1983). Nevertlselastronomical observations over the full spectral donshiow a
more complex scenario, where dust grain populations evadyeending on the environmental conditions from polycyatic-
matic hydrocarbons (PAHs) and very small grains (VSGs) tméi grains (BGs) likely formed by accretion or coagulation
(Boulanger et al. 1988, Desert et al. 190, Joblin et al. [LP9&ine 200B| Dartois 2005). Also, the average extinctiom .g.,
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2 Goicoechea & Le Bourlot: The penetration of FUV radiation

[Cardelli, Clayton & Mathis 19849) is based on observatiomgtal low—extinction line of sights&, < 5), and it has been ques-
tioned by recent observations toward more embedded refdgns 15). A better knowledge of the extinction properties atéarg
Ay is critical. In particular, there is evidence that the reddg curve tends to flatten at high extinction depfhs (Moord.€2005),
consistent with grain growth and dust processing alongitteedf sight. Therefore, the attenuation of FUV radiatiofi dya-
matically depend on the (generally poorly understood)rgcaimposition and optical properties that, of course, d&ylito
change from source to source according to the interstdf) and circumstellar (CSM) dust life—cycle. In additiam this
dust—shielding, self-shielding through gas line absorptian result in anfcient protection of K and CO, and the starting
point of a rich chemistry even in irradiated media such asgmlanetary disks, translucent clouds, starbursts gedaoi, more
generallyphotodissociation regiond®DRs; se¢ Hollenbach & Tielens 1997 for a review).

The spherical harmonicsnethod also has been implemented to study the radiativefe@aand dust extinction in galax-
ies as a whole by associating the source function with thesgwity of a given distribution of stars through the galaxy
(di Bartolomeo et al. 199%: Baes & Dejonghe 2001). Uniforraigmroperties and the absence of gas line absorption are as-
sumed. For unidimensional problems, gpherical harmonicsnethod is found to be by far the modfieient way to solve for
the radiative transfer equation compared to Monte Carlaptnacing technique$ (Baes & Dejonghe 2001).

The detailed information provided by high angular resolutbbservations (e.g. Gerin et al. 2DP5, Goicoechea et )20
revealing fine dierences even between similar sources, should be followadbphistication in the radiative transfer modeling.
Inclusion of gas (discrete line absorption) and varyingrgpepulations (e.g. dierent extinction curves) as a function of cloud
depth requires a modification of the original methpd (Flayme al. 1980] Roberge 1983). In this work we present an aiden
of thespherical harmoniceethod for a radiative transfer equation with depth depetetadficients in plane—parallel geometry.
We used this method to solve for the radiation field in illuaiad clouds at wavelengths longer than Lyman cfiitap~912 A
taking into account gas absorption and scattering by dashgr The method can also include the source function foreeiadd
emission of photons, and therefore it can explicitly take sccount any source of internal radiation.

In Secs. 2 and 3 we present the formulation of the method whiecs. 4 and 5 we show several astrophysical applications
to understand the role of FUV penetration for the photockemof molecular clouds. In particular, we present a fewnepkes
including H Lyman lines, H electronic transitions within the Lyman and Werner band$ @@ electronic transitions together
with varying dust properties. The penetration of FUV raidiafor the typical conditions prevailing in afflise cloud (such us
£ Ophiuchi) and in higher extinction objects (such as the ©Bar or a strongly illuminated protoplanetary disk) arecdissed.

2. The equation of radiative transfer with variable coeffici ents

The specific intensity of radiatioh,(s, ), in plane-parallel geometry is a solution of the radiatieesfer equation:

(s p) _

WO o+ oo usm+ 242 [T Ris ) s+ 19 @

where the spatial scaleand the angl@ = cos'u are the independent variables and where the dependenceuitigs on
wavelengtht and onshas been explicitly written. In the most general problen{s) = aj’(s) +a;‘(s) is the line—plus—continuum
absorption cofficient,o,(S) is the dust scattering ciiient, j () is the emission cd&cient of any source of internal radiation
andRy(s u, i’) is the angular redistribution function (we assume thatr#ftBation field has azimuthal symmetry about normal
rays). In this work, the opacity is due to coherent (no eneeglstribution in the scattered photons), nonconserggtvraction

of photons are absorbed), anisotropic scattering by dastgeas well as to gas line absorption, that is:

dr = —(ay + 0,)ds (2)
(note thatr increases toward the decreasing directios)and the radiative transfer E([I (1) gets the more familiamfo

ol (r, wy(t +1 , Ny e
PP gy - % f R(r 0 ) ) S = Si(0h) = (e ) = Sl @

wherew, = o o section)
which tends to the pure dust albedo for Wavelengths fremes|ibut tends to O (true gas absorptlon) atthe line coresnhediate
values are found in the line wingS;; = mm " In
the following we assume th&;=0. Thus we ignore dust thermal emission (negligible in th&Far ISM clouds) or any other
source of internal illumination. Hence, our source funetimly corresponds to the external illumination photongtecad by
dust grains. However, inclusion &, in our method is trivial. The interested reader is refemtoeAppendixﬂ\.

The cloud extends from = 0 to T = Tmax With a possibility thatrmax = c0. Boundary conditions requidg(r, i) to match the
incident intensity at = 0 andr = tmax Note the implicit sign convention g 8 = & points towards positive values of that
is u = —1 for a ray perpendicular to the cloud and penetrating intmin = = 0 (see Fig[ll). Thus, boundary conditions specify
x () = 1,(0,u) (u < 0) andy™ (1) = li(tmax i) (u > 0), wherey*(u) are the illuminating radiation fields reaching both cloud
surfaces (of course they can béfdient).
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Fig. 1. Adopted geometry and sign conventions for a cloud with erdbddsources of photor&*(«) and illuminated at both
surfaces by*(u).

Compared to other works where thpherical harmonicsnethod has been applied to solve for the FUV radiation fielgl. (e
Flannery et al. 198d; Roberge 1943; di Bartolomeo et al. [1B2@&s & Dejonghe 2001; Le Petit et al. 2006), the optical prop
erties in the radiative transfer equation (e.dteetive albedo and asymmetry parameter) are wavelength-cland depth—
dependent for the first time.

3. The spherical harmonics method for line and continuum tra nsfer
3.1. The P, approximation

In this method, the angular dependence of the radiation Ifield) is expanded in a truncated series of Legendre polynomials
P, (u) which form a complete orthogonal set within the range (-Ihivhich u varies:

L
(1) = ) (21 + 1) i(7) Pi(w) (4)
1=0

where the dependence aiis no longer shown. In the following sections we show thatrtfean intensity of the radiation field at
each depth poini(r) has the simple fornd(r) = fo(7), i.e. the first coficient of the expansion in E(ﬂ (4), which is often the only
guantity needed for the integration of radiation field—dejent physical parameters (e.g. photoionization and pliegociation
rates). This is one of the reasons why the method is so aveatétowever, a large number of expansion terms has to be used
in order to correctly sample the angular dependence of tiiatian field, we typically usé. + 1 = 2M = 20 (note that dust
scattering can be highly anisotropic at the considered lgag¢hs).

If the grain scattering phase functiqfr, cos®) only depends on the ang& between the incident and scattered radiation,
R(z, u, ') can also be expanded (see €.g., Chandrasekhdr[1960; RAI$&8E) as:

L

Rt i) = Y (2 + 1) or1(7) Pi(u) Pi() (5)
1=0

in terms of ther (1) codticients of the Legendre expansiongf, cos®):

L
p(r,cos®) = Z(2| + 1) (1) Py(cos®) (6)
1=0

The standard model of scattering by interstellar grdinsifldg & Greenstein 1941) assumes the simple scattering filnaston:

1-¢?

P(cos®) = (1+g?—-2gcosm)3?

(7)

which can be also expanded in Legendre polynomials in tefiiseo’g—asymmetry parameter=k cos® >) i.e., the mean

angle of the scattered radiatiog+£ 1/2 ffll,u p(u) du, with 4 = cos®). Here we adopt a-dependenienyey—Greenstein phase
function(other phase functions can be used if they can also be exgpidesrefore we write:

L
p(z, cos®) = > (2l + 1)gi(7) Pi(cose) 8)
1=0

whereg(r) = oy(r) andgo(r) = 1. Thus, the angular redistribution functi®r, u, ') has two obvious limiting caseg(r) = 0
(isotropic scattering) ang(7) = +1 with R(t, u, ’) = 6(u * ¢’) (pure backward or forward scattering).
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Substitution of Eqs.[{4) anc[|(5) into the transfer equatE))wa(nd using appropriate recurrence formulae leads to the fin
(L + 1) set of coupled, linear, first orderfiirential equations in the unknowifr) codficients, withl = 0, ..., L.

I () + (+ D) () = (2 + 1) [1 - w(m)o ()] fi(7) 9)

wheref’ = 9f /0r. We recall that compared to Roberge (1983) thisda constant cdécient equation so numerical integration
is necessary. In theP} approximation” a sficiently large odd L value has to be chosen to obtain an accurate solution of the
problem. The systenﬂ(g) can be written as:

f'(r) = A7 (D) f(x) (10)
with:

0 hyt

hyt 0 2nt
A= 2% 3?%1 (- DhY, -

' 0 Lht,
Lh? 0

where:
hi(7) = (2 +1) (1 - w(7)oi(7)) (12)

In summary, we have to solve for a linear boundary value mhbbith non constant céiécients with the additional diculty
of huge variations of the total opacityithin small variations in the wavelength and cloud positgrids, e.g. from1 in a
saturated line center ( ~107) to A in an adjacent (line free) continuum regian (10). In the following, we show an extension
of the spectral method of Flannery et al. (1980) and Robeirg@3) to solve for the FUV radiative transfer.

3.2. The eigenvalues solution
3.2.1. Numerical solution

TheA~%(r) matrix hasL + 1 = 2M eigenvalues which are real, non-zero and non-degenerditetzsioh occur in positive-negative
pairs, see Appendix A of Roberge (1983). Using a similar timtaas Roberge, ldtn(7), m = +1,---, +M be the eigenvalues
verifying k_m(1r) = —kn(7), andR(r) be the matrix of eigenvectors, that is:

D A Rin(7) = kn(7) Rin(7) (13)
i

which also verifies th&® _m(7) = (—1)' Rm(7) relation. The depth—-dependence of the eigenvaiyey and eigenvectoy,(7)
complicates the solution of the problem compared to they(datt) problem with uniform optical grain properties. Tlogrgpu-
tation ofkm(7) andRm(7) is given in Appendi{[C.

TheR(r) matrix of eigenvectors can still be used to define an auyikat of variableg(r) = R=(r) f(r), or:

-1 M

() = " Rin(?) Y(7) + D Rin(7) Yin7) (14)
-M 1

so that

' =AlRy (15)

Therefore, in terms of the ney{r) variables, Eq.@O) can be rewritten as:
y =RIAIRy-RIRYy=Ky-RIRY (16)

To write Eq. ) we have used the fact thRt tA1R);, = k 6im and thusk (1) is a diagonal matrix with th&y,(7) eigenvalues
of A7Y() on its diagonal. The fact th&®’(r) # O adds the last matrix term in Ed:k16) due to the depth—degrenedof the

1 For even values df, A is singular (e.g. Roberge 1983)

2 We also developed the formalism to solve (10) throiirgjte djﬁerences). For only dust continuum transfer, ltasu
are almost identical (withir-0.1%) to those obtained with thepherical harmonicsnethod (which is~2 times faster). However, when line
absorption is included, thinite djfferencenumerical solution always oscillate at the core of sataréitees and no optimal solution is found.
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codficients. This term is neglected in Le Petit et al. (2006). HmveR’ is not null neither when the grain optical properties
depend on the cloud depth (even if gas is neglected) nor wheriige absorption is included (even if grain properties are
uniform). Unfortunately, the system of Eqf.](16) is uncegpbnly if theR™* R’y term is null (as in Roberge 1983), otherwise
more manipulations are required to solve the problem cterdly. If we defineQ = R™'R’y = —Ly, then Eq. |C1|6) can be
simply written as:

Ym = Kn(7) Ym + [LY]m(7) (17)

form = 1, ..., +M. In order to solve this particular problem we turn the systdrdifferential equationﬂ?) into an integral
problem. To do that we first introduce the following integegliation:

Ym(7) =

Cm+ f " gl [Ly]m(t) dt (18)

wherean(r) is an arbitrary function so that,(r,)=0. The system of EqullS) represents a general set of ihtgrations that
verify ym(tm) = Cn, (to be found from the boundary conditions). If a given fuanty,, is a solution of the above equation, by
taking its derivative with respect toone gets:

Ym(7) = an(®)ym(7) + [LY]m(7) (19)

which means thay,, as defined in EqsmlS) is also a solution of the original systé differential Eqs.@?) if and only if
(1) = k(7). Therefoream(r) = f: km(t) dt. This demonstration shows that tkg eigenvalues oA~ (and no others) are the
right exponential factors that do attenuate the radiatild fivhich is consistent with the original problem descdibg Eqgs. ).
In the present work we solve EqE|(18) with an iterative safeand thus compute:

y‘r{]‘”)(r) _ effm km(t) dt [Cg‘]ﬂ) . fT o i Kt dt [Ly‘”)]m(t) dt (20)

Tm

by using an appropriate (physical) initial guess ﬁ;ﬂ? wheren is the iteration step. This iterative procedure shows that t

solution if forced, at any step, by the exponential faefor*® % to follow the behavior dictated by the "true” eigenvalue shadf
problem (i.e. those of the original coupling matAix?) that are known before the iteration procedure is startemdpendix[ﬁa
we give details on the error bound associated with the iteratheme and we show that the numerical solution derivethé&
FUV radiation field correctly satisfies the original systehtegs. (10).

At each iteration step we have to compute the integratiostemtsC,, by a convenient selection ef,. To ensure that only
exponentials with negative arguments appeatr, it is nepessaetr, = 0 form < 0 andry, = Tmax for m > 0. In order to have
easier to read equations, we now introduce some converogtions:

E. (1) = exp(ﬁr Km(t) dt) (m<0) or E (1) = exp(— fOT Kn(t) dt) (m>0) (21)

Note thatEZ,,(1) = E;(7), andE;(0) = 1. We also define:

Tmax Tmax

Ei(r) = exp( k() dt) (m<0) or Ei(r) = exp(— Kmn(t) dt) (m>0) (22)

T T

with Ef(Tmaxy) = 1 andE; (1) x Eq (1) = Ex(0) = Eq(Tmax)- Using the above notations, we have:
" En(®)

Ym(7) = Ep(7) Cn — f —— QOm(t) dt (m<0) (23)
0 Em(t)
Tmax E+
Ym(7) = Ef(7) Cm + f ET((:)) gm(t) dt (m> 0) (24)
T m
Note the change of sign in the second equation due to th&inweoff: . To further simplify these expressions, we define:
—y_ [TEx(®@)
Dp(7) = j(; E-) Om(t) dt (m<0) (25)
Tmax =+
050 = [ D amdt (m>0) (26)
- Ex(®)

which satisfyD(0) = 0 andD},(tmax = 0. Therefore, thg(r) variables are finally written compactly as:

Ym(7) = En(r) Cm = Dp(r) (M <0) (27)
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Ym(7) = E5(7) Cn + D}(7) (m>0) (28)

and the originalf|(t) terms in the Legendre expansion of the radiation fiétdu) are then given by:

-1

M

fi(X) = > Rn(t) (CnE(®) = D)) + D Rin(r) (Cm E(7) + Di(7). (29)
m=—M m=1

3.2.2. Boundary conditions: Clouds with two sides illumination

We consider a unidimensional plane—parallel cloud of figite with an external radiation field at both cloud surfaees Q and
T = Tmax) defined byy~(u) andy* (1) respectively (see Fid] 1). From Ef.}29) we have:

-1 M
i(0)= > Rm(0)Cm+ Y Rm(0) (Cm Ess(0) + D3(0) (30)
m=—M m=1
-1 M
fi(tmad) = D Rim(Tmas) (Cm Eq(tmas) — Din(Tmad) + D Rin(mas) Cn. (31)
m=—M m=1
At ther = 0 side, the solution must match, at eachhe incoming radiation field with < 0, i.e.1(0, ) = x~ (u), with
L
10.1) = Y (21 + 1) i(0) Pi(n) or: (32)
1=0
-1 L M L
10.1) = ) Cn Y (2 +DRm(0)Pi() + )~ (CmER(0)+ D(0)) Y~ (2! + 1) Rn(0) Pi(1). (33)
m=—M 1=0 m=1 1=0
At the T = Tax Side, the solution must match, at eahthe incoming radiation field with > 0, i.e.1 (Tmax &) = x* (1), with:
L
| (Tmase ) = ) (2 + 1) filrman) Pi(w) or ; (34)
1=0
-1 o0 M L
|(Tmax ) = D (CEn(tmad = DrTmad) Y (21 + 1) Rin(rmad Pi() + Y Crn D (21 + 1) Rin(Tma) Pi(w). (35)
m=—M 1=0 m=1 1=0

Nevertheless, since the ordeof the expansions is finite, the boundary conditidf@s 1) = y~ (1) and |l (tmax 1) = x (1) can
not be satisfied at all angles. In this work we uslarck’s® conditionsthat require (0, z < 0) andl (tmax ¢ > 0) to match the
incident radiation fields dt + 1 = 2M strategic angleg; given byP, ,1(u;) = 0, that is, the roots of the Legendre polynomial of
degred_ + 1. Note that in thesg.; (i = +1, ..., +M) angles, the solution of the radiation fidlt, »;) is "exact”.

To further simplify the boundary conditions relations, wawndefine:

Tim(0, 1) = 2(21 +1)Rm(0) Pi() (i < 0) (36)

Tim(Tmax 1) = Z(ZI + 1) Ren(tma) Pi(u) (i > 0) (37)

which gives:

10, ) = mle Crn Tim(0, 1) + i(cm Eqn(0) + Di(0)) Tim(0, 1) (38)
4 y

| (T ) = m;M (Crm E(7max) — Din(Tman)) Tim(Tmane i) + mzl Con Tim(Tmave £4) (39)

3 See e.g., Sen & Wilson (1990) for afidirent choice of boundary conditions.



Goicoechea & Le Bourlot: The penetration of FUV radiation 7

Therefore, the desired,, constants at each iteration step are solutions of Mex2M linear systemrf = 0 excluded):

M
> BumCn=H (40)
m=-M

with the B, codficients as define in Tabﬂa 1, and where

_ [17(0.) = Zng DH(0) Tim (0, 1) (ui < 0)
= { I (Tmax (i) + Z;}:—M D%(Tmax) Tim(Tmax i) (ui > 0) (41)

[Bim= | m<0 [ m> 0 |
Hi < 0 Tim(oyﬂi) Tim(07/'li) ErJIrW(O)
Hi > 0 Tim(TmaXa/li) E;](Tmax) Tim(TmaXa Hi)
Table 1. Biy, codficients for the two sides illumination boundary conditiom&ig. )

For semi—infinite cloudsra=00) with only one side illumination at=0 (u; < 0), boundary conditions have to be modified
to take into account theo radiationcondition atr=c0 (u; > 0). It is straightforward to show that th@&, constants are then
solutions of the same linear system shown in E (40) witrBhecodficients now defined as in Tatﬂa 2 and:

17 Om) (i <0)
Hi = { 0 (i > 0) (42)
| Bmn=]] m<0 | m>0 ]
i <0 || Tim(O, 1) 0
Hi > 0 0 Tim(TmaXa/li)

Table 2. Bi, codficients for the one side illumination boundary condition&m )

3.3. Iterative procedure

At very large optical depths (e.g. deep inside the cloud thetore of saturated lines) the intensity of the radiatield fiends
to zero. Hence, the simplest way to initiate the iterativecpss is to s = R'R’y = 0. However, this may be far from the
real solution, and more realistic guesses should be tnegdctice, the assumptian— co may be too crude and one can add
the dfect of the external radiation perpendicular to the cloud pleaetrates deepest in the cloud, i.e. attenuated by thkestma
eigenvaluek.; (that associated with the radiation field in fe~ 1 direction). Thus, we guess a first setyg{r), that we call
y°,(7), from the linear system:

-1 M

D R(@) Yo + > Rn(®)¥h(7) = §27(7) (43)
m=—M m=1
with
577e) = 5100, -1) exphku(e) ) + 5 | (g 1) €XPK A1) (Tmax 7] (44

Note that only thé = 0 terms have to be considered. As noted by Flannery et al0jE9&l Roberge (1983), the presence of dust
scattering implies thdk.1| # 1, i.e.the radiation field attenuation factor at large depths is notsimply e™* but dominated by
the e factor. This conclusion obviously applies for the preserstecwith the dference thak.; is now depth—dependent and
includes line absorption. This important result can mottifyyintensity of the FUV radiation field inside optically¢kiclouds by
orders of magnitude depending on the dust grain opticalgrtigs. At lower optical depths (e.g.fllise clouds), the attenuation
factor still contains an important contribution from adatital terms K., K., ...).

Now that we have an educated guess foryihe) variables, we can estimate the new term in EIEE (16) carrgieglepth—
dependence of the gas and dustfiioents, i.e. the) = R* R’y term. Note thaR 'R’ need to be evaluated only once, so
numerical cost is limited. However, special care shouldalen for theR’ derivation. Details of th&R=! inversion andR’
derivation are given in AppendB D.
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We briefly describe the iterative computation@fwe start by usingQ® = R~IR’ Y° and then compute a first set@f, from
the boundary conditions. With these fi&# andQ® variables we can now use the general expressior{ Egy. (20)npuie a new
set ofyn(7) to derive a more refine® term, and start this proccess again until some prescribed ¢ convergence iQ is
reached. Thus, i is the iteration indexQ(™% is computed fronQ™Y = R-1 R’ Y™ with:

Y () = CVEL() - D"(1)  (m<0) o
Y@ = CRYEL + D) (m>0) o

Those expressions have to be computed at each iterationnhgrical integration.

3.4. Mean intensity and FUV photon escape probability

Once we have obtained the full depth and angular descrigtidhe intensity of the radiation fieltr, i) through thefi ()
codficients, we show here the simple form tldét) takes. The angular average of the specific intensity is elefs:

+1
J(T)zé f ) I (7, ) du (47)

From the expansion dfr, u) we have:
+1 +1
[ 1Emd= Y@ i@ [P (48)
-1 T -1

where the only no null sum correspondsﬁf}l Po(u) du = 2. Therefore, as anticipated in S 3.1, the mean inten§itlye
radiation field at each wavelength and depth reducdédp= fo(7), that is:

-1 M
I0)= D (CnEn(r) = Dp(1) + ) (CrE(r) + Di(@)) (49)
m=—M m=1

where we use the fact th&mn(7) = 1 for all m andr. Despite the simplicity of this relation, in many cases df@shysical
interest (e.g. a two sides illuminated cloud) one needsdtindjuish the fraction of the radiation field coming from lea@de of

the cloud. In this case, two half sums have to be computedphreAdix@ we give the analytic formulae to compute the mean
radiation intensityd*(r) coming from each side. The resultid§(r) values can be used to evaluate the escape probably of any
FUV photon emitted within the cloud, e.g. withipbHine cascades. In particular, the probability for a photonteed atr=1’
(inside the cloud) to reach=0 (or r=Tmay) is given by thel~(7")/J~(0) (or I*(z")/I* (tmax) intensity ratios. These probabilities
can then be further used to determine thdével detailed balance. We also note that in this method tset&irms of the intensity
expansion in Eq.|]4) are directly related to the momentsef#diation field, i.efo(r) = J(7), the mean intensityf; (r) = H(7),

the Eddington flux; and,(r) = 3K(r) — J(r) whereK(r) is theK—moment.

From the numerical point of view, themethodologydescribed in the previous sections has been implementebein t
Meudon PDR code a photochemical model of a unidimensional plane—paraflationary PDR [(Le Bourlot et al. 1993;
Le Petit et al. 2046 and references therein) and will be th¥ FFadliative transfer method used in the code. In the follawin
sections we illustrate several of the new possibilitiesgitme relevant astrophysical examples.
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Fig. 2. Radiative transfer models for a cloud with a total extinetid Ay=1 and a density ofiy=10° cm3, illuminated at both
sides by the mean ISRF. Part of the resulting FUV speet@d2-1300 A) close to the cloud surface is shown. The bluetspec
correspond to a model with RO in Eq. ) (depth dependence neglected), and the red anesponds to the new "exact”
computation.

4 Available athttp: //aristote.obspm.fyMIS/
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4. Applications: Comparison with previous approaches

In this section we compare the mairfdrences of the neexactcomputation versus the line—plus—continuum approgéh=(0)
used by Le Petit et al. (2006) in tieudon PDR codeSince the previous version of the code used a single—dostialand
g—asymmetry parameter with no wavelength or depth deperdand the extinction curve was not related to the grain ptigse
used in the model, here we just make the comparison by asgiiia 0 in the new computation, and limit ourselves to the
uniform dust properties case. In the following examples waieitely include all the H, H and CO electronic absorption lines
arising from rotational levels up tb=6 (for H,) andJ=1 (for CO). The FGK approximatiofn (Federman et al. 1979) jsliag for
the rest of levels. Note that the exact method allows onekmiteo account the overlaps between H,athd CO lines neglected
in more crude approaches.

Apart from having a radiative transfer method to consisyesttive for the dust grain varying populations problem (tﬁmﬂ),
the next largest dierence between the new computation compared to Le Petit(@0&I6) is the &ect of line—wing absorption
of back—scattered radiation. At line core wavelengths tq® penetrating into the cloud are purely absorbed by thegthe
effective albedo equals 0). Due to saturation and opacity lemiad, many absorption lines become very wide deep inside
the cloud. As a consequence, the FUV radiation field is masnaated than in the (only) dust continuum transfer case. At
continuum wavelengths free of lines, a fraction of photomsing from the external illumination sources can be absbihe
the dust (depending on the exact dust albedo value) or be-beattered (depending on the exgctalue) and provide an
additional contribution to the radiation field at the clowdface (about 10% of increase fgr=< cosf >~ 0.6). At line wing
wavelengths, where dust and gas opacities are of the sarae(ardi the ffective albedo is in between 0 and the grain albedo),
some of the back—scattered photons can again reach theesoffdne cloud while another fraction will be absorbed inwliegs.
Therefore, as shown by our calculations, line wings are "atcally more challenging”. The fraction of absorbed pimstin
the line wings depends on the wavelength separation to tigeclbore and on the transition upper level life time (becatise i
determines the resulting line profile broadening). To thate these dierences we consider a cloud with a constant density
ny=10° cm2 and a total extinction depth oky=1, illuminated at both sides by the mean interstellar réatiatield (ISRF,
x = 1) as defined bE Draine (1978). These physical conditiorenmete those of a diuse cloud such as partspOphiuchi (e.g.
Black & Dalgarno 1977). An uniform grain size distributiamdlar to that of Mathis et al. (1977) is assumed. Figﬂre 2Ashpart
of the resulting FUV spectra-©12-1300 A) close to the cloud surface. These spectra ylsholw that the fect of H; line wing
absorption of back-scattered photons is larger inetkeectcomputation compared to th = 0 approach|(Le Petit et al. 27J06).
Note that this is true only fdt, lines. Atomic hydrogen lines exhibit the opposifeeet, i.e. a decrease of the line wing absorption
of back-scattered photons compared to ie= 0 approach. FigurEjLO shows the impact of the same éwagtandR’ = 0,
computations in the resulting cloud structuleftf H/H, transition andight: H, photodissociation rate). In spite of thdférent
line profiles predicted by each type of model, the final clobtgigical conditions remain very similar. Therefore, we daode
that all computations made with the previous version ofMeidon PDR cod@_e Petit et al. 20(6), where line transfer was
computed (assuming’ = 0 and uniform dust properties), are consistent with thegimesxactcalculation. The largerfeect of
the H; line—wing absorptions in thexactcalculation increases the attenuation of the illuminataujation field, which results
in a H/H; transition layer slightly shifted to lower extinction dept This general result obviously applies to any FUV radéati
transfer model including gas line absorption compared thdy(dust) continuum models, i.e. the contribution of gasoapton
(H2 lines mostly) decrease the photoionization rate (of négaebon particularly) and the photodissociation rate afcsps
with thresholds close to the Lyman cut. An adventage of idiclg gas line absorption is that predicted spectra can leettjr
compared with spectral observations provided by FUV telpss.

—
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Fig. 3. Impact of the new ’'exact’ radiative transfer computatiommpared to an alternative approach that assuRie®
(Le Petit et al. 2006). Grain properties are uniform in a# tioud (MRN).Left panel:H/H, transition.Right panel:H, pho-
todissociation rate as a function of cloud depth. A cloudhvaitdensity oy =10° cm™3, a total extinction depth of ¢=1 and
illuminated at both sides by the mean ISRF is consideredsd hesults show that for the case of uniform dust grain pitigser
theerror associated witfR' =0 assumption is small.
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5. Applications: Grain growth, varying dust populations

With the method presented in SEk:. 3, we can now consistexpilpre the &ect of more realistic (non—uniform) dust properties
in the FUV penetration into more embedded objects e.g.,edardecular clouds or protoplanetary disks. As a repretieata
example, we present several models for a dense and strdlnghjriated cloud (with an ionization parametengiy = 1 cn?)
with grain radii varying dust populations. From the cherhjpaint of view we only concentrate here on thegts that the
different FUV attenuation depths have on the classigal,Fand C/C/CO layered structures predicted by PDR models. In
particular, we consider a cloud with a constant density= n(H) + 2n(H2)=10° cm™3 and a total extinction of,=20 which is
illuminated at both sides by 2@imes the ISRF. These physical conditions resemble thoaalehse PDR such as the Orion Bar
(e.gTielens & Hollenbach 19B5) or a photoevaporating diglund a massive star (e.g. Johnstone, Hollenbach, & Baggi

At any depth we consider that dust grains follow a size distiondn = n, dagiven by:

(D)= ) i) = ) Am@arda  a_(r)<alr) <a.() (50)

where a refers to the grain radius distribution lower and upperta@ndi = 1, ..., n refers to each component of the grain
mixture. In EqQ. ) we have explicitly particularized fowetsimple power—law case, although more complicated pnublaay
require other prescriptions of, (e.g. such as those |n Weingartner & Draine 2001). Grain gntigs were taken from Laor &
Draine (1993) for silicates and graphite. With these tatiiria we compute the optical parameters of the grain miXtureach
wavelength and cloud depth. In particular, we computeQhg, Qsca and Qex: efficiencies and the grain albe@@ca/ Qext. We
finally use arg,—asymmetry factor averaged over the grain distributiorsas €.g., Wolfire & Cassinelli 1986):

[0 3 nagi(a, 4,7) Qacd@ A,7) nai(7) da
fazg) Yima2Qscd@, 1, 7) Ngi(r) da

ai(r) = (51)

a_

Afterwards, theextinction curve A1, 7)/Av(7) and the absolute dust extinction tfﬁmientaj'(r) are determined at each depth
and used to settle the total line—plus—continuum opaciydgfined in Eq|:|2) and thefective albedo. The dust extinction
codficient (cn?) is given byaq(4, ) = ngma? Qex, Whereng is the number of dust grains (per &nThus, we compute:

a, (1) )
aq(r) = f na? [Z QL@ DA nu(r) & |da (52)

a ()

The A(r) grain codficients are determined at each depth position assuminghthaas—to—dust mass ratio has to be constant
(~100) in the whole cloud (i.e., the number of grains is redu€eplain sizes increase). However, in order to keep the grain

<COS>

albedo{A)

Qsca{;\)

T3 10 T 0 1 10" 10 1o
A {um) A ()
Fig. 4. Grains mixture optical parameters as a function of wavdleagd cloud depth (the red curve corresponds to the illumi-

nated cloud edgew=0 and the blue curve to the center of the cloud @+A0) for the’MRN to BGs” (left) and"VSGs to MRN”
(right) examples respectively. The shaded region shows the apesggion taken into account in the FUV radiative transfer.
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Fig.5. Resulting extinction curves as a function of wavelengtHydine FUV range is shown) and cloud depth (the red curve

corresponds to the cloud edgg+#0 and the blue curve toA=10) for the”"MRN to BGs” (left) and"VSGs to MRN" (right)
examples respectively.

mixture homogeneous, thesf{Acr, ratio is kept fixed. Contribution of discrete absorptiorebni.e. the contribution ofj’(r),
is included in similar fashion as described in Le Petit e{2006; Sec. 4.3). The total opacity at each depth is themdive

a%)\ A(1) @]\ (Exv 1
dra = (1+ ad) A dry = (1+ By Ry + 1) dry (53)

where all the variables are depth dependent and where weaBauened that, in the visible band, the extinction is onlylpoed
by dust and therefore we use, = ( ) dry = ad dsto relate the spatial scale with extinction depth. Note taicompute the
extinction curve, at each cloud posmon dlrectly from tregived grain properties.

For this "grain growth example” we consider that grain ramliirease as a function of the cloud depth according to:

802 (7) = .(0) + [a1a(re) - 3.(0)] (—) i (54)

wherea; ..(0) defines the grain radii at the edge of the clouer (0) anda; . (rc) refers to the grain radii at the center of the cloud.
We chosey.=2/3. Obviously, this is just an illustrative example since veentbt explicitly solve for the grain nucleati@rowth
(e.g[Salpeter 1974) nor the erosigputtering problem (e.§. Barlow 1978), which depends orpréicular type of source. The
crucial point here is to provide a method to consistentlysdbr the FUV radiative equation if, as suggested by obsiens,
the grains size distribution changes toward embedded sifore et al. 2045) arior if spatial fluctuations of the gas to dust
ratio do exist along the line of sight (Padoan et al. 2006).

In the following, grains follow a power—law distribution sfzes given by Eq@O) wit3;=3.5 at each cloud position. A
mixture of silicates and graphite grains defined Ay/Acra = 1.1 and witha_(Ay = 0)=5 nm,a,(Ay = 0)=250 nm and
a (Ay = 10=50 nm,a,(Ay = 10)=2500 nm was selected. Therefore, the grain mixture @t@\corresponds to the size
distribution proposed by Mathis, Rumpl & Nordsieck (197fistsize distribution is called MRN hereafter) to fit the mean
galactic extinction curve (see also Fitzpatrick & Massad)9@t Ay=10 grains have grown by a factor 10 and we call them
Big Grains(BGSs). In the second example we only change the size diitibto a_(Ay = 0)=1 nm,a,(Ay = 0)=50 nm and
a_(Ay = 10)=5nm,a,(Ay = 10)=250 nm. Thus, the grain mixture at,A0 corresponds taery small graingVSGs). At A,=10
grains have grown by a factor of 5 and follow a MRN distribategain. The third final example considers a uniform graia siz
distribution (MRN) in the whole cloud. The resulting optipaoperties, extinction curves, dust opacitiescAdficients and radii
distributions for these examples are shown in Fily§| &, 5 dffateft pane), respectively.

Some time ago, Sandell & Mattila (1975) emphasized that lteda and anisotropy of dust grain scattering have importan
effects on photodissociation rates for ISM molecules.Thegmtesomputation of the FUV radiation field (continugtimes)
at each cloud position (see F@. 8 for the resulting FUV gpeat diferent A/) allows an explicit integration of consistent C
photoionization rates together withpland CO photodissociation rates. Once the FUV radiation fieklbeen determined and
the photo rates calculated, steady-state chemical abaagane computed for a given network of chemical reactianalll, we
compute the thermal structure of the cloud by solving thara between the most important gas heating and coolinggses
(Le Bourlot et al. 1993; Le Petit et al. 2006 and referencesdiin).

Depending on the grain properties these examples show Fdidti@n fields that change by orders of magnitude at large
Av (Fig. [f right pane). Note that the mean radiation intensity at the cloud serf{6) cannot be larger than the illuminat-
ing radiation field itself, i.e.,J(0)/x < 1. The exact ratio depends on the particular dust scatt@rogerties £0.53-0.54 for
these models of optically thick clouds). The influence of diféerent grain distributions in the attenuation of FUV radiati
is obvious, the FUV penetration depth is larger when dudtteséag is more #icient, i.e., when grain albedo and scattering
anisotropy increase (as dust grains grow toward biggengyaNote that the only flierence between models is the change of
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Fig. 6. Dust mass absorption ciheients (per gas gr) as a function of wavelength and cloudnd@pée red curve corresponds
to the cloud edge $=0 and the blue curve to A=10) for the"MRN to BGs” (left) and"VSGs to MRN” (right) examples
respectively. The diierent grain material Acodficients required to keep a constant gas—to—dust mass ratalsar shown as a
function of Ay in the small insets.
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Fig. 7. Left Adopted grain averaged radii distribution for tHdRN to BGs” (left) and"VSGs to MRN" (right) examples
respectivelyRight Resulting mean intensity of the FUV continuum dt132 A) as a function of the cloud depth for the three
different varying grain populations discussed in the text. Tidénate shows the mean intensity normalized by the illuriiga
radiation field ¢=10° in Draine’s units).

grain size distributions across the cloud. Therefore, #simption of uniform dust properties and averaged extinaturves
can be one of the crudest approximations made to determineetiulting cloud physical and chemical state. Fi(ﬂJre 9 show
the impact of the dferent grain growth curves on the resulting cloud structkireetic temperature, Hphotodissociation rate,

C photoionization rate and CO photodissociation raltefs ¢olumr), H/H; transition, and €/C/CO abundancesi@ht columr).

The diferent intensities of the FUV radiation field for each dustydapion result in very dferent photoionization and photodis-
sociation rates which ultimately determine the prevaithgmistry. This conclusion qualitatively agrees with ieadalculations

for ISM diffuse clouds{(Roberge, Dalgarno & Flannery 1981) and shoutktesmded to more embedded objects where there are
observational evidences (eﬂOOS) of flatténetion curves (consistent with grain growth). ThgH4 and C/C
layered structures in our models ar&elient even in similar sources (same density and illumingifagrain properties signif-
icantly disagree, or if dust grains vary along the obseregion. Ditferent ionization fractions, molecular ions enhancements,
and C/C/CO abundances should thus be observed. In particular, giveraistry can still be important at largey A anisotropic
scattering of the illuminating radiation isfeient (e.g., "MRN to BGs” model). In this case, CO photod@ation and carbon
ionization still dominate the CO destruction and formation respectively deeper inside the cloud. As a resiudt predicted
abundance of neutral and ionized carbon @£A0 is enhanced compared to standard MRN dust models (s@)Fig.

Secondly, the intensity of the FUV radiation field also deti@es much of the thermal structure of the cloud through the
efficiency of the grain photoelectridfect, the dominant heating mechanism (e.g. Draine 19783eStV radiation penetrates
deepest when dust grains are bigger, the photoelectrilmigeatte is kept high deeper inside the cloud. Thus, a largetibn
of the gas is maintained warm at large extinction depthsnWatemperatures alsdfact the rates of chemical reactions with
activation energy barriers. For the smallest dust graitB/ Bttenuation is so high that photoelectric heating sootolrees
inefficient and the gas is colder at large extinctions depths. Nhatiesince grain ionization is very large in the surface &f th
cloud (due to the high illumination in the selected examphe maximum #iciency of the photoelectridkect, i.e. the maximum
temperature, is reached deeper inside the cloud wheredireignization has decreased. The geneffalats described here must
play a significant role in illuminated sources where graiovgh takes place, specially in protoplanetary disks, cirstellar
envelopes around evolved stars and dense molecular claatsHu regions. In these cases, the FUV penetration depth is
increased if dust grains evolve toward bigger grains, legth larger photochemically active regions.




Goicoechea & Le Bourlot: The penetration of FUV radiation 13

BE |
e =0 Y s |
E l-e: oo Sl
B8 4 i
% B —
£ . Pl
o 1 B 2 o~
el o /f n from MREN L0 BGa
; Lo [ a from V30s Lo MREN
@ = B
950 1000 1050 1100 1550 1200 1260
&5
— Ay=0.1
=L e
2T ) e
£ 9 2 = 3
@ = = i | PE—
2 - . ! I
§ 2 o .L..-__ i— Y A R 1
Q50 1000 1060 1100 1150 1200 12E0
o Bl =2
&l
o " only dust ebsorpilon
T B | i
£ 9 pos ot
2 5 Il
> @ ; I [
2. : ; ¢l il
;‘.: (=] } ! il ': '.| [ v | i
& = _Lj[.é J_ I._u 11. J.J RLll i1 o gl R
950 1040 10e0 L1003 1160 1200 1250
0.03 rr e :
Ay=1
3 - | & from MRN Lo BGs
o 0.0 | a from Y305 Lo MRN
ol
o @ I |
- B oom ,
Eow ! | i
E o ! | [
» .__r; J‘._I'i-J" "ll Ll FAREDIEH) 1 810 8]

850 1000 LOGo 1100 1150 1200 1250

wavelenglh |-‘|,

Fig. 8. Radiative transfer models for a cloud with a total extinetid Ay,=20 and a density afiy=10° cm~3, illuminated at both
sides by 1Btimes the mean ISRF. Part of the resulting FUV spect@1@-1300 A) at dierent extinction depths:A=0 (cloud
surface), A=0.1, Ay=2 and A,=3 are shown in each box. In each panel, the red (blue) curvesmmonds to theMRN to BGs”
("VSGs to MRN") example.

Conversely, molecular species such as CO will be more almiimdaradiated regions where the smallest grains domithegte
extinction dficiency. Figurﬂo shows théfects of grain growth in a ffuse cloud (A=1), with a density ohy=10° cm3, and
illuminated by the mean ISRF. Although the resulting vaoias are not so large compared to optically thick cloudsdifterent
photoionization and photodissociation rates also tramétao diferent atomic and molecular abundances.

In particular, the C/C and C/CO abundance ratios change up to a faetb® depending on the assumed grain properties.
Note that for optically thin clouds, the mean intensity at@urface can have a significant contribution from the otid® s
illumination (that increases with the scatterinfj@ency). As an example, the mean intensity =R in the "MRN to BGs”
grain model §(0)/x~0.63; red curves in FigEIlO) is a facteR0% larger than in the "VSGs to MRN” model (blue curves). This
effect slightly modifies the dissociation and ionization ratethe cloud surface.

In summary, as gas photodissociation and heating determirgh of the chemistry in FUV irradiated gas, the resulting
source structure is severely altered by the assumed (on@uiegrain properties. Therefore, understanding dugigmntees and
grain variations in individual sources is a crucial stepatetimine the source physical and chemical state.
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Fig. 9. Impact of the diferent FUV radiative transfer models on the kinetic tempeeatH, photodissociation rate, C photoion-
ization rate and CO photodissociation rdeft(column), H/H, transition and €/C/CO column densitiegight column. A cloud
with a density ofny=10° cm3, a total extinction depth of $=20 and illuminated at both sides by°limes the mean ISRF is
considered. Although not clearly seen in these boxes, giiphl parameters show an horizontal tangent a:A0, consistent
with their null variation with respect to the depth positmrhalf cloud (as expected for a symmetrically illuminatéxid).
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Fig. 10. Same as Figurg 9 for a cloud witfy=10° cm™3, a total extinction depth of ¢=1 and illuminated at both sides by the
the mean ISRF. Dust grains grow according to d. (54) wijsA08675=0.5.
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6. Summary and conclusions

1. An extension of the spherical harmonics method to solvéhiradiative transfer equation with depth dependenfticients
in plane—parallel geometry has been presented. The me#mlecused to solve for the FUV radiation field in externally or
internally illuminated clouds, taking into account gasapsion and coherent, nonconservative and anisotropitestgy by
dust grains. Our extended formulation thus allows to caestly include {) gas lines andii() varying dust populations.

2. We have shown that the penetration of FUV radiation is ieavluenced by dust properties. According to the dust ISM
and CSM life—cycle, such properties likely change from seup source but also they change within the same object. The
FUV penetration depth rises for increasing dust albedo amgbaopy of the scattered radiation when grains grow aear
Av (as suggested observationally). Therefore, the modelgdiqgdi and chemical state of illuminated molecular clouds,
protoplanetary disks or entire galaxies can be alteredrgg Itactors if a more realistic treatment of the interacbetween
radiation and matter is considered.

3. The new formulation has been implemented in Mheudon PDR codand thus it will be publicly available. Particular
examples where only the dust populations are changed shewsities of the FUV radiation field thatftér by orders
of magnitude at large A Therefore, the resulting photochemical and thermal sires of molecular clouds can be very
different depending on the assumed grain properties and growth.
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Appendix A: Inclusion of embedded sources of emission ( S*#0)

In this appendix we give the recipe to include the true emisbly "embedded sources of photons” in the method described i
sectiorﬂS. In this case the source function includes theesaag of photons by dust grains plus a non r&ijl= %k‘m term (see

Eq.[3 and Fig[]1), wherg(s) is the emission cdicient (line or continuum) of any source of internal radiatio
Firstly, the angular dependence$f(r, u) has to be also expanded in a truncated series of LegendnequoialsP,(u) as:

L
S'(rp) = Y (21 + 1) (1) Pi(w) (A1)
1=0

where the dependence withis omitted. The inclusion of Eq@.l) into the transfer atipn @) leads to an additional term in
the set of coupled, linear, first ordefidirential equations in the unknowiyfr) codficients:

I (D) +(+Df (7)) = @2+ 1) [1- w@)oi()] fi(r) - (2 + 1) s(r) (A.2)
Therefore, the system of equatiofis (A.2) is now non-homegesiand can be written as:
(1) = A7) f(r) + AH (1) g() (A.3)

whereg(7) = —s(7)/(1 - w(7) o (7)). Although the method can be easily used for anisotropicafunctions, in most practical
applications, the embedded sources of photons emit iSoaiypand therefore the terms in the expansiorsdfr) in Eq. )
reduce tos(r) = S*(r) 610, and thusg(r) reduces tap(r) = —S*(7)/(1 — w(7)) with g(r) = 0if | # 0. Using the same set of
auxiliary variableg/(r) = R™(1) f(7), Eq. ) is now written as:

y =Ky -RIR'y+KRlg (A.4)
Note that by insertinRR~* betweenA~! andg, we have simplifiecR™* A~ g asK R~*g. This result is particularly usefyl
since it avoids computing ! completely. Hence, the last matrix produ,= K R ! g, makes the system non—-homogeneous:

Yin = k() Ym + [LY]m(7) + Gm(7) (A5)
Eq. @) can also be solved with the iterative scheme desdiin secti0|ﬂ3 by including the additiortgl term, i.e.,

YD) = el kmmdt[cggﬂu f & o SOOI (1L y O],(1) + (D) ot

Tm

(A.6)

Itis straightforward to show that thig(7) terms in the Legendre expansion of the radiation fi¢id) are still given by Eq.[(39).
The only change compared to t8é=0 case is that thqy(z) variables in thé;,(r) andD;(7) integrals (Eqg. 45 arfd 26) have to
be substituted bygm(t) — Gm(7), that is:

D) = [ 23 ) -Tul®) e (m<0) (A7)
0i) = [ B -G &t (m>0) (a9

The iterative procedure can now be initiated taking intcoact that at large optical depths the intensity of the raaliefield is
isotropic and tends to the ratio of the true emission to the &bsorption:
S*(r
(@) Sio
1- (1)
In practice, the assumptian— oo may be too crude. We have computed that by adding fileeteof the external radiation that

penetrates deepest into the cloud, the iterative schemeris rabust. Therefore, the first setyf(r) variables in the iterative
procedurey? (7), are computed from the linear system:

+M
3 Rt = 7o = 20
m=—M

(A.9)

I(t — o0) =

- 10,-1) expEku(r) ] + 31 (s 1) €XPK 1)~ 0] (A.10)
—w(r) 2 2
where only thé = 0 terms are considered.

We have successfully applied the above method by assagftito thermal emission of dust. These kind of computations
are useful if the radiative transfer calculation is extehtiethe IR domain{ > 1 um), where scattering of IR photons by dust
grains is still significative. In the FUV domai8; can represent any source of internal illumination. In arfefpaper we plan to
include "secondary” line photons in the embedded sourcetfom. Thisline FUV radiation fieldarises from the kiradiative de-
excitations that follow the Hexcitation by collisions with electrons and cosmic rdysafad & Tarafdar 1983) and is generally
poorly treated. However, it constributes to molecular pdatsociation deep inside molecular clouds wherecti@inuum FUV
radiation fieldhas been attenuated.

5 This is true whatever the isotropy properties of the souncetion are, and not only for the isotropic case.
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Appendix B: Numerical solution and error limits

In Sec[3.2]1 we turn the system offerential equationd (17) into and integral problem (Egk.th&) we solve numerically
through an iterative scheme (E 20). In this appendix weige a bound on the error associated with this procedurenend
verify that the derived solution satisfies the original eysof equationﬂO).

Given a numerical approximati(yﬂ}) to the true solutioryy,, we investigate if our iterative proccess converges for ahd
Ay of the wavelength and cloud depth grids. Thus, we compute:

YR () = e [C$2+”+ f ) e-am“)[Ly("’]m(t)dt] with — [Ly®] (1) = 22y L Y™ ) (B.1)

and write the error in step+ 1 asAlTD = Ym — y(n?*l) wherem = +1, ..., +M. Note that this is the dlierence between the tryg

(unknown) and our numerical approximation at step1. Since the above equations are lined} ™ reduces to:

+M

AR (r) = e 3 ( f "0 L) A () dt) (B.2)

i=—M

because the boundary conditions tef@, ¢ C,({,”l)? is small and damped almost everywhere by the exponential {@s shown
numerically). If we now definai(“)"\’IAX = max |Ai(“ (t)I, the maximum error at iteration stepn the Legendre expansion of order
i (i=0,1,...,L)at any depth position, then:

+M T
AMDMAX Z Ai(”)’MAX ( f glan(r)-an(t)] Lmi(t)dt) (B.3)
i=—M m

By taking the maximum error at iteration stegt any depth position and at any Legendre ordé¥MAX = max;, ADMAX \ve
arrive to a severe upper limit to the error between the triigtiso and the numerical approximation at step 1.

+M T
AMDMAX _ A (0).MAX Z ( f gam(t)-am(t)] Lmi(t)dt) = AMMAX - 7 (B.4)
i=—M \WTm

Therefore, convergence is guaranteed ik 1 asAMDMAX o AMMAX g0 Opviously convergence occurs also for less restrictive
conditions but this is harder to constrain. In our compautaiwe findA < 1 for almost all wavelengths and depth positions. Only
at some specific locations in th&Y) grid (those associated with some line wing#)can take values: 10. However, a close
look at successive variations Aﬁ}*l) - Aﬁﬂ) at those locations shows thafﬂ*l) - Aﬁﬂ) is effectively null after a few iterations.

A final test to validate our numerical solution is to compuite humerical derivative of our solution and compfvéth Af’
(see Eq.|(110)). Although grain properties are kept unifdmolusion of gas absorption mak&$(r) # 0 and thusL’(r) # 0
in Eq. (7). Figurd BJ1 shows a typical example for a test@laith Ay = 1 andny = 300 cn1?, illuminated by the standard
radiation field on both sides. In particular, we comparefttfe=0) component of with Af” at1 = 91426 A, a H line wing with
a total optical depth of 80. Hence, variations of physicalditons along the cloud are large. It can be seen that treeaggnt is
excellent. In a continuum "free of lines” wavelength ranggreement is perfect, and there is nothing to show. Hene@&gtived
numerical solution is a very good approximated solutiorhtoradiative transfer problem.

Appendix C: Eigenvalues and eigenvectors of ~ A™1(7)

We describe here our method to compute the eigenvalues genveictors of thé~1(r) matrix (see Eq[(33)). Note that(r) and
A~1(7) have the same eigenvectors, kijt(r) andky(7) eigenvalues respectively.

A first trick is to turn this diagonalization problem to a symmc problem. Let us calRm(r) an eigenvector oA(r) with
Rm(7) components ank;}(7) eigenvalues. ThuR(z) is the matrix formed by th&ny(r) eigenvectors and we can write:

1
O e ) ( R Rom
1 1 le le
2h£l o . . . Rom 1 Rom
- N . . =k, (1)
3h;t . (L-Dhtl, : :
0 LA, Ra—l,m Ra—l,m
Lh[l 0 Lm Lm
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with hy(r) = (2| + 1) (1 - w(r)o(7)). If we now defineG(r) as diagonal matrix withy (r) = h'/%(7), left-multiplication of the
previous equation bg(7) and insertion of the identity matrix+ G=(r) G(r) betweerA(r) andR(7) gives:

1 \/@ 2 ’ ’ ’ h1/2 h1/2
vhohy vhih, ’ ’ gf/zR 9/2R
5 A %/2 im %/2 im
A O ' ' Rem 9 Rom
. L I = Ol €.1)
vhahg Vhi2h 1 ’ ) i
. 0 L ht/,leL—l,m hi/,leL—l,m
L VhLdth ht/ZRLm ht/ZRLm
vhe_1hg

This new symmetric matrix is calle8(z), andﬁ(r) is the matrix of its eigenvectors. THhe(r) matrix has the same eigenvalues
k() asA(r), although the eigenvectoR{(r) andR(z) are diferent but related bRR(r) = G(7) R(r). These symmetric matrixes
are easier to diagonalize numerically. Eigenvectors angpeed by the recurrence relation:

Rom(7) = 1
Rim(7) = (1 — w(7))/km(7)

Rim(7) = [h-1(7) R-1m(7) = (I = 1) kn(7) R—2.m(7)] (C.2)

Ik()

where, compared to Roberge (1983fr) is ar—dependentféective albedo including line absorption.

Appendix D: Inverse and derivative of  R(1)

Here we show hovR () is computed. Unfortunatelf(7) is not a symmetric matrix, so th& () # R"(r). However, we
can apply the same method as above to RTH(r) into RT (7). SinceA(r) is symmetric, the matrix formed with its eigenvectors
is orthogonal. Thus, using the same notations, we have:

RT(7)R(r) = J(7) = (G(r) R(7))" G(r) R() (D.1)
whereJ(7) is a diagonal matrix withly () = ||Ii|(r)||2 elements. Hence:
R7(r) = I7Y(r) RT(v) G?(7) (D.2)

The inclusion of the depth dependence in the spherical hesineamethod unfortunately forces to calculate®{e) derivative
respect tar. Ideally, we could start to derivate tiRg, () recurrence relations shown in ElﬂC.Z) to get:

Rom=0

6 Left-multiplication by a diagonal matrix multiplies rowy la constant, and right multiplication multiplies columns.

A=91426A-1=0

107 107® 104 v 10% 102 01 05

T T T T T T

Fig. B.1. Comparison of andAf’ for I=0 andl = 91426 A. The abscissa correspondsridfor the upper scale and tqne for
the lower scale.
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o’ 1- w)k
R
Rin = —l% [h-1R-1m = (I = DkmRi-2m] + % [M_1R-1m + haR g = (= 1) (KR -2m + kR o )| (D.3)
with
hi(7) = -(2 + 1) [0 ()0 (7) + w(7)o((7)] (D.4)

Unfortunatelyw’, o andky, have to be computed also numerically, which is quite unetabthe most external cloud positions
due to the large variations af, at line wing wavelengths (where the line opacity becomesparable to the dust opacity)
compared to deeper inside the cloud wherat the same wavelength becomes saturated (the dust opacdynles insignificant
respect to the line opacity). Besides, a symmetritedénce scheme does not provide satisfactory results tméagéj—f only
gives an approximation to’ att = ™5™ which, in general, is not,. We solved this problem by derivating directly the
computed values d®(t). To avoid irregular steps in, a second order polynomial was fit Ry, (7i—2), Rm(7i) andRm(ris2), and
the value of its analytical derivative was then used. Theltieg derivativeR’(r) is smooth enough to be applied in the numerical
computation.

Appendix E: Mean radiation field intensity

In section[3.4 we deduced the simple form that the mean iityetakes in the spherical harmonics method, 3r) = fo(7).
However, in some cases of astrophysical interest (e.g. aittes asymmetrically illuminated cloud) one needs tomtigtish the
fraction of radiation field coming from each side of the clobmdthis case, two half sums have to be computed. Here we lgéve t
analytical expressions that we use to complite). For radiation coming from the = 0 side we have:

_ 1 1 0
=3 Ll(w) di=5 @+ L Pi(u) (E1)
And for radiation coming from the = s« Side we have:
1 +1 1 +1
r@=; [ 1endi=; Y@+ 010 [ Awd €2)
0 ] 0
If we define@ = 7 Py(u) du, with:
1 =0
Q = {0 | evenand> 0 (E.3)
P,_1(0
Y | odd

parity givesfi Pi(w) du = (-1) Q = —Q (using@ = 0 for | even). Inserting Eq[(29) in Eqf (F.1) afd (E.2) we get:

-1 L M L
J (1) = % m;M (CmEnL (1) — Dy(7)) [1 - ;(ZI +1)Q le(r)] + % mZ:l(Cm En(r) + Di(7)) [1 - ;(ZI +1)@ le(T)] (E.4)

L

-1 L M
() = % > (CnEn(®) - D)) (1 + Y @+1Q R.,m(r)) + % > (CmEx(1) + D(0) (1 Y@ +1)Q RIm(T)] (E.5)
m=1

m=—M 1=1 1=1

Taking into account the fact th& = 0 if | is even, andR _, = —Rin if | is odd, we now define (fam > 0)

Sn(r) = > (2 + 1)@ Rin(7) (E.6)
lodd
to write:
1 -1 1 M
Y@ =3 D CnEn(t) = Dp() (1+Sm(0) + 5 > (CmEx() + D()) (L~ Sm(1) (E7)
m=—M m=1
1 -1 1 M
F@=5 >, CnEn(d) = D) (1-Sn() + 5 Y (CnEn(0) + D) (1+Sn(®) (E8)
m=—M m=1

Therefore, the fraction of the mean intensity coming froroheside of the cloud can be easily determined at each dep#h. Th
resultingJ*(r) values can then be used to evaluate the escape probably Bt Ahphoton emitted within the cloud.



