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We study theoretically and experimentally the existence and behavior of the localized surface modes in

one-dimensional �1D� quasiperiodic photonic band gap structures. These structures are made of segments and

loops arranged according to a Fibonacci sequence. The experiments are carried out by using coaxial cables in

the frequency region of a few tens of MHz. We consider 1D periodic structures �superlattice� where each cell

is a well-defined Fibonacci generation. In these structures, we generalize a theoretical rule on the surface

modes, namely when one considers two semi-infinite superlattices obtained by the cleavage of an infinite

superlattice, it exists exactly one surface mode in each gap. This mode is localized on the surface either of one

or the other semi-infinite superlattice. We discuss the existence of various types of surface modes and their

spatial localization. The experimental observation of these modes is carried out by measuring the transmission

through a guide along which a finite superlattice �i.e., constituted of a finite number of quasiperiodic cells� is

grafted vertically. The surface modes appear as maxima of the transmission spectrum. These experiments are

in good agreement with the theoretical model based on the formalism of the Green function.

DOI: 10.1103/PhysRevB.74.035314 PACS number�s�: 41.20.Jb, 77.84.Lf

I. INTRODUCTION

Photonic crystals �PC� have been a subject of great inter-

est during the last decade because of their interesting prop-

erties in the development of new optical circuits.1,2 These

systems, constituted by periodic arrangements �cells� of di-

electric materials according to one �1D�, two �2D�, and three

�3D� dimensions, present characteristic areas in the disper-

sion curves where light can propagate �bulk bands� and areas

where light cannot propagate �gaps�. These structures present

unusual properties which can be exploited in the control and

the guidance of the propagation of light.3 However, in real

materials, the photonic crystals are often of finite size with

free surfaces. Consequently, the surface modes can exist in-

side the gaps4–8 as defect modes. The existence of surface

modes can directly affect the performance and the efficiency

of PC to prohibit the propagation of electromagnetic waves

in certain frequency regions.4,6 Therefore it is interesting to

study surface modes in PC. The study of surface electromag-

netic waves in 1D multilayer PC �or superlattice� was largely

developed both theoretically and experimentally.7–17 In par-

ticular, it was shown that surface waves in PC can present an

alternative to surface plasmons which are typical with metal

films. From the technological point of view, surface electro-

magnetic waves can present some applications in the design

of optical devices such as sensors and modulators.13–17

Photonic quasicrystals �PQC� are intermediate structures

between periodic and disordered systems.18 The study of the

propagation and the localization of light in 1D PQC was

largely developed during the last decade.18–28 Most of these

results concern the bulk properties of these structures, how-

ever, the study of surface modes has attracted less interest18

in particular from the experimental point of view. In a recent

paper29 we have briefly studied surface states in 1D photonic

band gap structures composed of a waveguide, along which

dangling side branches are grafted periodically. In this paper,

we focus on the study of the existence and the localization of

surface electromagnetic waves in quasiperiodic structures

formed by two blocks A �segment� and B �loop� �Fig. 1�
arranged according to the Fibonacci sequence. In particular,

we study the surface waves in periodic superlattices where

each cell is formed by loops and segments following the

Fibonacci sequence. Our objective is threefold: �i� We gen-

eralize to the case of quasiperiodic structures a rule about the

existence of surface modes, namely, when one considers two

semi-infinite superlattices obtained by the cleavage of an in-

finite superlattice, there is exactly a surface mode in each

gap. This mode is localized on the surface of one of the two

semi-infinite superlattices. We show that these surface modes

correspond to the modes of a single cell when their frequen-

cies fall inside the gaps of the infinite superlattice. �ii� We

show that in addition to the existence of surface modes re-

FIG. 1. Schematic representation of the blocks A and B consti-

tuting the Fibonacci structure. The block A is a simple coaxial cable

of length d=1 m and impedance Z=50 �. The block B is a sym-

metrical loop made up of two identical coaxial cables of the same

length d=1 m and of impedance Z=50 �.
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lated to the periodicity as in usual superlattices, there exists

new surface modes related to the quasiperiodicity of the

loops and segments inside each cell. �iii� We propose an

experimental method to observe these surface modes. How-

ever, before dealing with surface waves, it is helpful to dis-

cuss the band gap structures of infinite Fibonacci superlat-

tices and some related properties. This paper is organized as

follows: In Sec. II, we give a short summary of the theoret-

ical formalism and the main analytical results used in our

numerical calculations. Section III gives the principal nu-

merical and experimental results about bulk and surface

modes. The conclusions are summarized in Sec. IV.

II. METHOD OF THEORETICAL AND NUMERICAL

CALCULATION

The Fibonacci superlattice is a simple periodic 1D struc-

ture where each unit cell is constituted by a quasiperiodic

structure built of two blocks A and B. For the structure con-

sidered here, the block A is formed by a simple coaxial cable

of length d=1 m characterized by its characteristic imped-

ance Z=50 � and its permittivity �=2.3, while the block B
is a symmetrical loop formed by two identical standard co-

axial cables of the same length d=1 m �Fig. 1�. It is easy to

show that each block B �loop� is equivalent to a coaxial cable

of length d=1 m and characterized by a half impedance

Z /2=25 �. This contrast between the characteristic imped-

ances of the two blocks A and B gives rise to the opening of

large gaps in the band structure of these serial loop

structures.30,31 The blocks A and B inside each cell of the

superlattice follow the Fibonacci sequence:

Sk+1 = SkSk−1 with S1 = �A�, S2 = �AB� . �1�

Consequently, the Fibonacci generations are: S1= �A�, S2

= �AB�, S3= �ABA�, S4= �ABAAB�, S5= �ABAABABA� , . . ..

The theoretical formalism used is based on the interface re-

sponse theory.32 In Ref. 33 El Boudouti et al. presented the

analytical expressions of the dispersion relations of surface

and interface transverse elastic waves in N-layer periodic

superlattices, i.e., a superlattice in which each cell is com-

posed of N different layers. The expressions of the displace-

ment fields and the local and total densities of states are also

given. These expressions also remain valid to study the wave

propagation in coaxial cables which are monomode

circuits;34 it is sufficient to replace the acoustic impedances

by the electromagnetic impedances and the elastic constants

by the dielectric permittivities. The calculation of the Green

functions of N-layer superlattice �Fig. 2�a�� can be carried

out by using the 2�2 transfer matrix:

T1,. . .,N = �N�N−1 ¯ �1, �2�

where

�i = �
Ci − jZiSi

jSi

Zi
Ci � , �3�

Si=sinh��idi� and Ci=cosh��idi�. �i=
−j���i

c , j=�−1, � is the

pulsation, �i the dielectric permittivity of the medium i, and

c the speed of light. In our case, the blocks A and B are

characterized by �A=�B=2.3 and ZA=2ZB=50 � and the N
layers �blocks� inside each cell respect the Fibonacci se-

quence �Fig. 2�a��. Consequently, the transfer matrices be-

come �Eq. �2��: T�1�=�A for S1, T�2�=�B�A for S2, T�3�

=�A�B�A for S3, T�4�=�B�A�A�B�A for S4 , . . .. Then, a re-

currence relation is obtained: T�k+1�=T�k�T�k−1� from which all

the matrices T�k� can be obtained where k is the number of

the Fibonacci generation. The number of the blocks in each

generation k is Fk=Fk−1+Fk−2 with F1=1 and F2=2. Let us

notice also the useful property of the transfer matrix valid for

any generation number k:

det T�k� = T11T22 − T12T21 = 1, �4�

where T11, T12, T21, and T22 are the elements of the transfer

matrix T�k� �Eq. �2��.

A. Dispersion relations and Green functions

The dispersion relation of an infinite superlattice �i.e., �
as a function of the wave vector Q�, is given by33

cos�QD� =
1

2
�T11 + T22� = � , �5�

where D=Fk �in meters� is the period of the superlattice.

Each period is a Fibonacci sequence of order k. The calcu-

lation of the elements of the Green function g�DD� in the

whole space of the superlattice requires first the knowledge

of the elements g�MmMm� in the restricted space of the in-

terfaces Mm �the index m indicates the block i belonging to

the cell n: m��n , i� and Mm represent the space of the two

interfaces of the block i: Mm= �n , i , ±
di

2
�, i=1,2 , . . . ,N�.

These elements are given by33

FIG. 2. a� Schematic representation of an infinite periodic su-

perlattice where each cell is composed of a Fibonacci generation

�for example, S4�. �b� Schematic representation of two semi-infinite

superlattices obtained by the cleavage of the infinite superlattice.

We notice RSL and LSL the right-hand side and the left-hand side

superlattices.
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g	n,i,−
di

2
;n�, j,−

d j

2

 =�

�T12�i,. . .,N,1,. . .,i−1

t�n−n��+1

t2 − 1
, i = j ,

�T12� j,. . .,N,1,. . .,i−1

t�n−n��+1

t2 − 1
+ �T12�i,. . .,j−1

t�n−n�−1�+1

t2 − 1
, i � j 	 N ,

�T12�i,. . .,N,1,. . .,j−1

t�n−n��+1

t2 − 1
+ �T12� j,. . .,i−1

t�n−n�+1�+1

t2 − 1
, j � i 	 N .


 �6�

Here the different terms �T12� are obtained from Eq. �2�
with due account of the indices giving the order of the blocks

beginning from the first and ending by the last and t is de-

fined by

t = �
� + ��2 − 1�1/2, � � − 1,

� ± i�1 − �2�1/2, − 1 � � � + 1,

� − ��2 − 1�1/2, � 
 1.

 �7�

Inside the bulk bands �−1��� +1�, the sign � in the ex-

pression of t has to be chosen such that �t��2+ i����→0 will be

slightly smaller than one. The expression of the Green func-

tion between any two points of the infinite superlattice is

given by33

g�n,i,x;n�,i�,x�� = �nn��ii�Ui�x,x��

+
1

SiSi�
�sinh��i	di

2
− x
� ;

sinh��i	di

2
+ x
��g�Mm,Mm�

�

��sinh��i�	di�

2
− x�
�

sinh��i�	di�

2
+ x�
�
 , �8�

where

Ui�x,x�� = −
1

2Fi
exp�− �i�x − x��� +

1

2FiSi

��sinh��i	di

2
− x�
�exp�− �i	di

2
+ x
�

+ sinh��i	di

2
+ x�
�exp�− �i	di

2
− x
�� .

�9�

In Eq. �8� the last three terms are the product of a �1�2�
matrix by the �2�2�g�Mm ,Mm�

� matrix and by a �2�1�
matrix. g�Mm ,Mm�

� is the �2�2� matrix formed out of the

elements given by Eq. �6�, for m� �n , i , ±
di

2
� and m�

� �n� , i� , ±
di�

2
�. Now, by cutting an infinite superlattice be-

tween two cells, one obtains two semi-infinite superlattices.

We shall call them left superlattice �LSL� and right superlat-

tice �RSL� �Fig. 2�b��. The dispersion relation of a semi-

infinite superlattice with free surface �Fig. 2�b�� is given by

T21 = 0, �10�

where T21 is given by Eq. �2�, together with the condition

�T22� 
 1��T22� � 1� for the RSL �LSL� . �11�

This last condition ensures that the wave is decaying when

penetrating into the superlattice far from the surface. The

Green function in the space of the interfaces of the semi-

infinite superlattice is given by33

d	n,i,−
di

2
;n, j,−

d j

2

 = g	n,i,−

di

2
;n, j,−

d j

2

 +

tn+n�+1

t2 − 1

Y iY j

T21

,

�12�

where Y1=T22 for i=1, and Y i=−t�T11�1,. . .,i−1+ �T22�i,. . .,N for

i=2, . . . ,N.

The Green function in the whole space of the semi-infinite

superlattice is given by Eq. �8� by replacing g�Mn ,Mn�� �Eq.

�6�� by d�Mn ,Mn�� �Eq. �12��.

B. Density of states and displacement fields

The local density of states at a point x of the structure is

given by

n��;n,i,x� = −
1



Im d+��;n,i,x;n,i,x� , �13�

where d+���=lim�→0d��+ i��. The total density of states is

obtained by integrating over x and summing on n and i the

local density of states. We are particularly interested in the

total density of states of the semi-infinite superlattice �Fig.

2�b�� from which the contribution of the infinite superlattice

is substrated �Fig. 2�a��.
This variation �n��� can be written as the sum of the

variations of the densities of states �in��� in any block i of

the superlattice:

�n��� = �
i=1

N

�in��� , �14�

where
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�in��� = −
Zi



Im�

n=0

+� �
−di/2

di/2

�d�n,i,x;n,i,x� − g�n,i,x;n,i,x��dx ,

�15�

d and g are the Green functions of the semi-infinite and the

infinite superlattice, respectively. By replacing d and g by

their respective values, one obtains:

�i��� =
Zi�



Im

t

�t2 − 1�2	 1

�iSi
2T21


��Y i
2 + Y i+1

2 ��CiSi − �idi�

+ 2Y iY i+1��idiCi − Si��, i = 1,2, . . . ,N − 1, �16�

�N��� =
ZN�



Im

t

�t2 − 1�2	 1

�NSN
2 T21


��YN
2 + �tY1�2�

��CNSN − �NdN� + 2YNY1t��NdNCN − SN�� .

�17�

The electric field associated to the surface modes of the

semi-infinite N-layer superlattice �Eq. �10�� is given by33

Ei�n,x� �
1

Si
�Y i sinh �i	di

2
− x


+ Y i+1 sinh �i	di

2
+ x
�einqDi = 1,2, ¯ ,N − 1,

�18�

EN�n,x� �
1

SN
�YN sinh �N	dN

2
− x


+ tY1 sinh �N	dN

2
+ x
�einqD. �19�

III. NUMERICAL AND EXPERIMENTAL RESULTS

A. Bulk modes

Figure 3�a� shows the allowed and prohibited frequencies

�distribution of the bandwidths� of a Fibonacci superlattice

versus the generation number k going until the eighth gen-

eration �34 blocks�. Higher generations are shown in Fig.

3�b� for frequencies around the center of the spectrum. In

Fig. 3, the limits of the bulk bands are given by QD=0 and

QD=
 in Eq. �5� in such a way that one has an alterna-

tion from one band to another according to the sequence

0 ,
 ,
 ,0 ,0 ,
 ,
 ,0 , . . .. The number of the allowed bands

is equal to the number of blocks Fk in each generation for

f �100 MHz. Actually, it is sufficient to discuss the band

structure of the Fibonacci structure in the frequency

range f �100 MHz. Indeed, with our choice of the lengths

of the cables �d=1 m�, the whole spectrum of the Fibonacci

structure is repeated periodically every
�d��

c =
 �i.e.,

f �98.68 MHz�. One can notice that, as expected, the al-

lowed bands become narrower as far as k increases, showing

the localized character of the modes. Indeed, we have calcu-

lated the total width �k of the allowed bands and shown that

it is connected to the number of blocks Fk for each genera-

tion k according to the power law

�k = Fk
−�, �20�

with ��0.137. For higher values of k, �k �the Lebesgue

measure of the energy bands� tends towards zero, conse-

quently all the states become critical. This result, specific to

quasiperiodic structures, was found in other types of excita-

tions such as phonons or magnons.18 One can also notice in

Fig. 3�a�, the existence of stable gaps around f =22, 35, 65,

and 78 MHz �labeled Sg�, which appear for all the generation

numbers and transient gaps �labeled Tg� around the central

frequency fc=
�d��

c =



2
�i.e., fc=49.34 MHz� for

S2 ,S5 ,S8 , . . .,35 which appear every three generations. This is

illustrated in Fig. 3�b� where a large zoom of the bandwidths

around fc up to the 16th generation is sketched. In Figs. 3�a�
and 3�b�, one can notice that the width of the stable gaps

remains almost constant for all generation numbers, while

the width of the transient gaps decreases as the number of

generations increases. However, the widths of all these gaps

increase leading to a decreasing of the bulk bands widths

following the power law �Eq. �20��.
In order to show experimentally the bulk band fragmen-

tation versus the generation numbers, we measured the trans-

mission spectrum through finite periodic structures placed

between two semi-infinite waveguides34 for different genera-

tions. Figure 4 represents the theoretical �solid line� and ex-

perimental �open circles� transmission spectra for a periodic

Fibonacci structure made up of four cells. Each cell corre-

sponds to sequences S2, S3, S4, and S5. The horizontal solid

lines correspond to the bulk bands of an infinite periodic

Fibonacci structure. The transmission measurements have

FIG. 3. �a� Distribution of the bandwidths �vertical lines� as a

function of the generation number. Tg and Sg indicate the positions

of transient and stable gaps, respectively. Open circles and full tri-

angles correspond to the surface modes of two complementary su-

perlattices RSL and LSL �Fig. 2�b��, respectively �see discussion in

the text�. �b� Same as �a� but for high generations in the frequency

range �48.2,50.4� MHz around the central frequency fc=49.34

MHZ in order to show the positions of the transient gaps �Tg�
around fc which appear every three generations.

EL HASSOUANI et al. PHYSICAL REVIEW B 74, 035314 �2006�

035314-4



been realized by using the tracking generator coupled to a
spectrum analyzer in the frequency range up to 100 MHz.
The attenuation inside the coaxial cables was simulated by
introducing a complex relative dielectric permittivity ��=��

− j���. The attenuation coefficient �� can be expressed as

��=��� /c. On the other hand, the attenuation specification
data supplied by the manufacturer of the coaxial cables in the
frequency range up to 100 MHz can be approximately fitted

with the expression ln����=a+b ln���, where a and b are

two constants. From this fitting procedure, a useful expres-

sion for �� as a function of frequency can be obtained under

the form ��=0.017f−0.5 where the frequency f is expressed in

Hertz. The experimental results are very well fitted by the 1D

model using the Green’s function method. The results in Fig.

4 clearly show the fragmentation of the spectrum �subdivi-

sion of the bands� when one goes from a Fibonacci genera-

tion to a higher generation. Despite of the low number of

cells �four� used in the finite structure, the transmission spec-

tra describe very well the band structure of the infinite sys-

tem. The attenuation effect in coaxial cables induces a trans-

mission depletion, particularly at high frequencies. Also, this

effect limits the study of high generation structures where the

small gaps are not well-defined in the transmission spectra

�see Fig. 4�d��. For this reason, it is difficult to give an ex-

perimental verification of the power law �Eq. �20�� property

of the Fibonacci structures studied here.

B. Surface modes: Numerical results

Some years ago, El Boudouti et al.33 have shown theoreti-

cally in the case of the transverse elastic waves that the cre-

ation of two semi-infinite superlattices from an infinite

N-layer superlattice enables the creation of one surface mode

by gap for any value of the wave vector parallel to the inter-

faces. This result was confirmed experimentally in a two-

layer metallic superlattice Ag/Al.36 Recently,

Djafari-Rouhani et al.29 confirmed these results in a comb-

like photonic structure made out by resonators grafted peri-

odically along a guide. In this section, we present an exten-

sion of this work to the case of a semi-infinite Fibonacci

superlattice. In particular, as in our previous works, we con-

sider two complementary semi-infinite superlattices obtained

by the cleavage of an infinite superlattice �Fig. 2�b��. One

can notice that when one goes from generation to generation,

the surface terminations of these two superlattices do not

behave in the same way. For example, the cleavage of an

infinite superlattice corresponding to the fourth Fibonacci

generation . . .�ABAAB �ABAAB �ABAAB �ABAAB�. . .. gives

rise to what we have called LSL and RSL semi-infinite super-

lattices:

. . . �ABAAB�ABAAB� and �ABAAB�ABAAB� . . . . �21�

In the same way, one obtains for the fifth Fibonacci genera-

tion:

. . . �ABAABABA�ABAABABA� and

�ABAABABA�ABAABABA� . . . . �22�

These results show that the terminations of the RSL remain

unchanged, whereas, the terminations of the LSL change

from generation to generation. However, the LSL termina-

tions remain similar for even generations �with block B at the

surface� and odd generations �with block A at the surface�.
In Fig. 3�a�, we represented the surface modes for two

complementary semi-infinite superlattices for various gen-

erations until the eighth generation. The open circles give the

surface modes of the RSL and the full triangles those of the

complementary LSL. These modes are obtained from the dis-

persion relation �Eqs. �10� and �11��. One can notice the

existence of one surface mode per gap, this mode is associ-

ated with the surface of one of the two semi-infinite periodic

structures. To explain the origin of this result, we illustrated

in Fig. 5 the variation of the density of states between the

semi-infinite superlattice and the same volume of an infinite

superlattice �Eqs. �16� and �17�� for both superlattices RSL
�Fig. 5�a�� and LSL �Fig. 5�b�� corresponding to the fourth

generation. The localized surface modes appear as delta

peaks of weight unity. These peaks are enlarged artificially

FIG. 4. Transmission spectrum as a function of the frequency

for a finite periodic structure made up of four cells. Each cell is a

Fibonacci generation Sk �k=2,3 ,4 ,5�. Solid lines and open circles

represent theoretical and experimental results, respectively. The

horizontal lines correspond to the bandwidths of the infinite super-

lattices �Fig. 3�a��.
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by adding a small imaginary part to the frequency �. At the

bulk band edges appear delta peaks of weight −
1

4
, these

peaks do not display exactly the same weight because of the

divergences which exist at the bulk band edges in the density

of states of 1D systems. Now, when one considers together

the two complementary superlattices �Fig. 5�c��: �i� the varia-

tion of density of states presents a loss of one half-mode at

the limit of each band, i.e., one mode by band. �ii� The varia-

tion of density of states vanishes inside the bulk bands of the

two complementary structures. These two results associated

with the necessary conservation of the total number of modes

show that a surface mode of weight unity by gap must exist

�Fig. 5�c�� to compensate the loss of one mode by band. It is

worth noticing that the analytical expression giving the fre-

quencies of the surface modes for two complementary semi-

infinite superlattices �Eq. �10�� is exactly the same as that

giving the standing waves of one unit cell with free

surfaces.33 In Fig. 3�a�, one can distinguish two types of

surface modes.

�i� The modes falling inside the stable gaps. These modes

appear almost at the same frequency for all the generations

of the RSL �open circles� and for one generation over two of

the LSL �full triangles�. This result is understandable since,

as mentioned above, the terminations of the RSL remain un-

changed as a function of the generation number, while the

terminations of the LSL changes in an alternating way for

even and odd generations. This result is well illustrated in

Fig. 6 where we have magnified Fig. 3 in the frequency

intervals �10,30� MHz �Fig. 6�a�� and �40,60� MHz �Fig.

6�b�� and going until the 11th generation. Let us notice that

the frequency region �70,90� MHz is equivalent to

�10,30� MHz since the frequency spectrum of Fig. 3�a� is

symmetrical around the central frequency fc. Let us mention

that similar results were found for magnetostatic modes in

Fibonacci structures made of magnetic and nonmagnetic

layers.37

�ii� The modes falling inside the transient gaps around fc
�Fig. 3�b��. These modes appear at the same frequency each

six generations according to the splitting pattern presented in

Fig. 7 for the RSL. It is seen that one “central” frequency is

formed after six generations out of which two surface modes

are formed in the transient gaps �Fig. 3�b�� after two genera-

FIG. 5. �a� Variation of the total density of states �in arbitrary

unit� between the semi-infinite superlattice RSL �Fig. 2�b�� and the

same volume of the infinite superlattice �Fig. 2�a�� as a function of

the frequency for the fourth generation. Positive � peaks indicate

the positions of surface modes, while the negative −
1

4
� peaks cor-

respond to the limits of the bulk bands. �b� Same as �a� for the LSL
superlattice. �c� Same as �a�, but for the two complementary

superlattices.

FIG. 6. Same as in Fig. 3, but enlarged in the range of frequen-

cies �10, 30� MHz �a� and �40 ,60� MHz �b� in order to illustrate

clearly the positions of the different surface modes in the stable and

transient gaps. The positions of these gaps are indicated by arrows

on the right side of these curves.
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tions. Then the splitting pattern repeats. The same diagram is

obtained for the LSL where a surface mode appears between

two surface modes of the same frequency of the RSL.

An analysis of the electric field or equivalently the local

density of states �Fig. 8�, enables us to study the spatial lo-

calization of the two types of surface modes discussed above.

The localization length is defined as �=
1

��� where � is the

imaginary part of the wave vector Q obtained from Eq. �5�.
The surface modes falling inside the stable gaps present al-

most the same localization length ��8 m�, as it is illustrated

in Figs. 8�a� and 8�b� for the modes labeled 1 and 2 in Fig.

6�b� for the generations S6 and S8, respectively. On the other

hand, the modes inside the transient gaps present a localiza-

tion length proportional to the period D. Indeed, one can

show analytically that �=D / log 2 for the modes falling at

the central frequency fc=98.34 MHz. The same expression

was found also by Zijlstra et al.38 for surface states in Fi-

bonacci superlattices using a tight binding model. We check

numerically that this value remains almost the same for the

surface modes in the transient gaps lying at the vicinity of fc
�Fig. 7�. This result shows that, contrary to the modes in the

stable gaps, the localization length of the modes in the tran-

sient gaps increases with the generation number as it is illus-

trated in Figs. 8�c� and 8�d� for the modes labeled 3 and 4 in

Fig. 7 for S8 and S14, respectively. The spatial localization of

the two types of surface modes discussed above present dif-

ferent behaviors as a function of the space position x. The

surface modes in the stable gaps decrease from the surface

while penetrating into the bulk of the superlattice �Figs. 8�a�
and 8�b�� as in ordinary periodic superlattices. However, the

modes in the transient gaps present an important localization

at the middle of each cell and a self-similar behavior of order

six �see Figs. 8�c� and 8�d� for S8 and S14, respectively�.
These results show that the electric field around the central

frequency is neither extended nor localized. These spectra,

which are due to the quasiperiodicity of the blocks A and B
inside each unit cell, can be characterized by the multifractal

analysis. This concept has been successfully used to under-

stand the critical wave functions in the Fibonacci tight bind-

ing model39 and k-component Fibonacci quantum

waveguide.40 However, as far as we know, this concept has

not been applied for localized surface modes lying in the

transient gaps.

The multifractal analysis enables us to describe the statis-

tical properties of measure. If one covers the support of the

measure by a partition of boxes of size � and one denotes by

FIG. 7. Splitting pattern of surface modes inside the transient

gaps of Fig. 3 for the RSL superlattice around the central frequency

fc=49.34 MHz �i.e.,
�d��

c = 
 � 2 �.

FIG. 8. �a� and �b� Modulus of the electric field as a function of

the space position for the modes labeled 1 and 2 in Fig. 6, respec-

tively. �c� and �d� Same as in �a� and �b� for the modes labeled 3 and

4 in Fig. 7, respectively.
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pi��� the probability �integrated measure� in the ith box, an

exponent �singularity strength� �i can be defined as

pi��� � ��i. �23�

If we count the number of boxes N���d� where the probabil-

ity pi has singularity strength between � and �+d�, then

f��� can be defined as the fractal dimension of the whole set

of boxes of singularity strength � as

N���d� � �−f���d� . �24�

Several models based on the calculation of the general-

ized fractal dimension Dq were elaborated41–43 to calculate �
and f��� using a Legendre transform. However, the applica-

tion of this method presents several difficulties with the

Legendre transform itself in particular when f��� exhibit

discontinuities.44 To solve this problem, a new precise math-

ematical method was proposed by Chabra et al.45 It allows

the calculation of f��� with an excellent numerical precision.

This method was applied successfully for several elementary

excitations in 1D systems,18,40 and it is the method used here.

In this method, the first step in multifractal characterization

is the probability measure pi. In our case, we choose the

probability pi as the weight of the electric field in the density

spectrum, i.e.,

pi =
�Ei�

2

�
j=1

N

�E j�
2

, �25�

where N=Fk is the total number of blocks considered in one

cell of the generation k and �Ei� is the mean electric field in

the block i. Then, we construct a partition function:

Z�q� = �
i=1

N

pi
q, �26�

where the parameter q provides a microscope for exploring

the singular measure in different regions. The mulifractal

spectrum f��� is obtained by varying the parameter q in Eq.

�26� and calculating40

� = −
1

log N

Z��q�
Z�q�

, �27�

f��� =
1

log N
�log Z�q� − q

Z��q�
Z�q�

� �28�

with

Z��q� =
dZ

dq
= �

i=1

N

pi
q log pi.

The f��� singularity spectrum gives a precise description of

the distribution of the electric field in the structure. Indeed, it

is well established39 that f��� is reduced to a single point

f��=1�=1 for extended modes and f��=0�=0 and f��=��
=1 for localized modes. However, for self-similar modes,

f��� is expected to have a smooth function defined in a finite

region ��min ,�max�.

The numerical results of f��� for the electric field associ-

ated to the modes labeled 4 and 5 in Fig. 7 are sketched in

Fig. 9. These results clearly show that the modes lying in the

transient gaps are neither extended nor localized but possess

multifractal properties which are characteristic of self-similar

modes. In Fig. 9, �min and �max characterize the scaling prop-

erty of the most concentrated and most rarefied regions of

the density measure respectively.18 The quantity ��=�max
−�min can be used as a parameter reflecting the randomness

of the intensity measure. Contrary to localized modes lying

in transient gaps, the electric field associated to surface

modes lying in the stable gaps �Figs. 8�a� and 8�b�� exhibit

FIG. 9. The f��� curve for the distribution of the modulus of the

electric field corresponding to the modes labeled 4 �solid line� and 5

�dashed line� in Fig. 7. The generations of these modes are 14th and

16th, respectively.

FIG. 10. �a� Finite superlattice made up of four cells, each cell is

a Fibonacci generation Sk. �b� Finite superlattice attached vertically

to a horizontal guide.
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the property of localized waves, namely �min�0 and �max
increases rapidly with the increasing generation number.

C. Surface modes: Experimental results

In order to give experimental evidence of the existence of

surface modes in Fibonacci superlattices, we propose a

method that consists of vertically attaching a finite periodic

Fibonacci structure to a horizontal waveguide �Fig. 10�. In-

deed, the transmission coefficient through such a structure

may give us information on all the eigenmodes of the finite

structure with free surfaces. Let g−1�MM� be the inverse of

the Green function of the finite structure in the space of the
interfaces M = �0,1� �Fig. 10�a��. g−1�MM� can be written in

the form:

g−1�MM� = 	g−1�0,0� g−1�0,1�

g−1�1,0� g−1�1,1�

 . �29�

If one grafts vertically this structure to two semi-infinite

waveguides of impedances Zs on the site �0� �Fig. 10�b��, one

obtains the Green function of the final system on this site as

follows:29,34

d�0,0� =
g−1�1,1�

�g−1�0,0�g−1�1,1� − g−1�0,1�g−1�1,0�� − 2jg−1�1,1�/Zs
. �30�

The site �0� is the point where it is carried out the reflection

and the transmission of an incident wave launched from the

left semi-infinite waveguide �−� ,0� �Fig. 10�b��. The trans-

mitted wave in the right semi-infinite waveguide �0, +�� is

given by

t =
− 2jg−1�1,1�/Zs

�g−1�0,0�g−1�1,1� − g−1�0,1�g−1�1,0�� − 2jg−1�1,1�/Zs
.

�31�

The eigenmodes of the finite structure with free surfaces

�Fig. 10�a�� are given by det g−1�MM�=g−1�0,0�g−1�1,1�
−g−1�0,1�g−1�1,0�=0 �Eq. �29��. Consequently, the trans-

mission coefficient �Eq. �31�� becomes equal to unity. This

result shows that all the eigenmodes of the finite structure

can be obtained from the maxima of the transmission coef-

ficient of the same structure grafted vertically on a horizontal

guide. Some transmission spectra for the generations S3 and

S4 corresponding to one and four grafted cells are presented

in Fig. 11. Theoretical results �solid lines� are in good agree-

ment with experimental curves �open circles�. As mentioned

before, these curves present minima and maxima. The fre-

quencies corresponding to the maxima of these curves give

the eigenmodes of the finite structure with free surfaces.

These modes are shown by small horizontal lines and open

circles in Fig. 12�a� for one and four cells, respectively, in

each generation. The vertical solid lines represent the bulk

bands of the infinite structure �Fig. 3�a��. One can notice that

the eigenmodes of one cell with free surfaces falling inside

the forbidden bands of the superlattice coincide with the sur-

face modes of two complementary semi-infinite superlattices

�Fig. 3�a��. These experimental results confirm the theoreti-

cal results shown in Ref. 33 and recalled in Sec. II A, namely

the standing modes of one cell with free surfaces and falling

inside the forbidden bands of the infinite superlattice are ex-

actly the surface modes of two complementary semi-infinite

superlattices. In the case of four cells, one obtains besides the

surface modes falling in the gaps, four modes in each band

corresponding to the four cells constituting the finite struc-

FIG. 11. Transmission spectrum of a finite periodic structure

grafted vertically to a guide. The finite structure is made up of one,

�a� and �b�, and four, �c� and �d�, cells. The blocks A and B in the

unit cell respect the Fibonacci generation Sk �k=3,4�.
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ture. These results show again the fragmentation of the bands

when the generation number increases. An analysis of the

local density of states as a function of the space position

�Fig. 12�b�� enables us to distinguish the modes associated

with the surrounding surfaces of the finite structure. For ex-

ample, in the case of four cells, the modes labeled 1 and 2

�Fig. 12�a�� are associated with the surface grafted on the

guide, while the mode 3 is associated to the other free sur-

face. Despite the small number of cells �four�, the spatial

localization of the surface modes is analogous to that of sur-

face modes in semi-infinite superlattices.

IV. SUMMARY AND CONCLUSION

In this paper, we have presented theoretical results of bulk

and surface electromagnetic modes in 1D quasiperiodic su-

perlattices of Fibonacci type. The blocks A and B constitut-

ing these structures are formed by coaxial cables in the shape

of loops and segments. Different properties related to the

bulk bands such as the fragmentation of the frequency spec-

trum and the power law are analyzed and discussed. We gen-

eralize a theoretical rule on the existence of surface modes in

the quasiperiodic superlattices, namely when one considers

two semi-infinite superlattices obtained by the cleavage of an

infinite superlattice, one obtains as many surface modes as

minis-gaps. Two types of surface modes are found.

�i� The modes inside the stable gaps. These modes fall at

the same frequency for the superlattice having its surface

termination unchanged every generation. However, the sur-

face modes of the complementary superlattice fall at two

different stable frequencies as their terminations are not the

same for odd and even generations. These modes are very

localized at the surface and present almost the same localiza-

tion length. They are related to the periodicity of the struc-

ture.

�ii� The modes inside the transient gaps. These modes

appear each six-generations following a well-defined profile

�Fig. 7� and their spatial localization shows the properties of

self-similarity of order six and multifractality which are re-

lated to the quasiperiodicity of the structure.

Experimentally, we have shown the existence of the al-

lowed and prohibited bands in Fibonacci superlattices by

measuring the transmission through a finite periodic structure

embedded horizontally between two semi-infinite

waveguides. Moreover, we have proposed an original

method to detect the surface modes by measuring the trans-

mission through a guide along which the finite structure is

attached vertically. Because of the absorption in the cables,

we did not give an experimental verification of all the theo-

retical results in particular for high generations. However, for

small generations below the fifth generation, the experimen-

tal results agree very well with the theoretical predictions.

Finally, let us mention that our theoretical model can be ap-

plied to the study of other quasiperiodic structures such as

Cantor, Thue-Morse, and double period.18 Even though these

structures present different band gap structures,18 one can

expect similar results to those presented here about surface

modes, namely the existence of one surface mode per gap for

two complementary semi-infinite superlattices as well as the

different localization properties of surface modes in stable

gaps and transient gaps.
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FIG. 12. �a� Same as in Fig. 3�a�. The small horizontal lines

represent the eigenmodes of the finite structure �one cell� obtained

from the maxima of the transmission spectra. The open circles rep-

resent the modes corresponding to four cells instead of one. �b�
Analysis of the local density of states as a function of the space

position enables one to distinguish between the modes associated to

the two surfaces of the finite structure. For example, the modes

labeled 1 and 2 in Fig. 12�a� are associated with the surface grafted

on the guide, while mode 3 is associated with the other free surface.
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