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Abstract

In this work, we analyze a cerebral activity model proposed by Jirsa [3]. Using
a Galerkin approximation scheme, we prove existence and stability of global weak
solutions to a damped non-linear wave equation that generalizes the cerebral activity
equation. We prove uniqueness as well.

Key words: Neural fields, wave equation, Galerkin method, boundary value
problem
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1 Introduction

Non-invasive techniques such as functional Magnetic Resonance Imaging, Elec-
troEncephaloGraphy (EEG) and MagnetoEncephaloGraphy (MEG) provide
entry points to human brain dynamics for clinical purposes, as well as the
study of human behavior and cognition. Each of these observation technolo-
gies provides spatiotemporal information about the on-going neural activity in
the cortex, but unfortunately the results of measures are generally noisy, and
it is difficult to identify the equation which governs the dynamics of neural
activity. Several physicist [11,7,3,2] have formulated continuous models called
neural fields to predict neural activity, using brain anatomy.

Jirsa’s model [3], which we will analyze in section 4 of this paper, general-
izes the models [11,7], and leads to the following evolution problem that we
investigate in this paper:
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uy — aAu=a(u,p)uy + b(u,p,p;), €, ae t>0 (1.1)
u(0,-) = up in Q@ u,(0,-) = uy € L*(Q) in Q, .
u=0, on [0,4+00) x 0N (1.3)

where 2 is an open bounded domain in R"(n < 4) with sufficiently smooth
boundary 99, ug € H}(Q) and u; € L*(Q2). The notation wu; (respectively uy)
stands for the first (respectively second) partial derivative of u with respect to
time variable t and A is the Laplace operator. For simplicity, we assume that
a = 1. Equation (1.1) belongs to a class of non-linear damped wave equations
that have been studied by many mathematicians and engineers. In [1,8,9,12] ,
the authors study different kind of nonlinear equations with conditions (1.2),
(1.3), and using Galerkin method. The closest one to the above equation, has
been studied by Zhijian [12] who considered the equation

n

0
Uy — Au — Auy = Z %(O—l(ul‘z) + ﬁl(uﬂcu))

i=1 i

+F (u, up, Vu, Vug)  on [0,00) x €2 (1.4)

with initial and boundary conditions (1.2) (1.3). He proved that this problem
has a unique classical solution, assuming what follows on the initial data :

12 a(j;, (i(uz,(0)) + Bi(v2,(0))) + F(u(0), v(0), Vuu(0), Vo(0))[[ g <& (1.5)
i=1 "
[0 (O)[Fpsr + 0 () e + gHu(O)HHk+ <u(0),v(0) > <7y (1.6)

where 6 and v are two real numbers.

The right hand side in (1.1) is a particular case of the right hand side of (1.4),
with an input function p that we suppose to be regular enough. Now, the
question is : if the initial data does not satisfy (1.5) and (1.6), does problem
(1.1)-(1.3) admit a solution? If yes, is the solution unique and/or stable with
respect to initial data perturbations. In other terms, we look for the well-
posedness of the problem.

In this paper, we prove that problem (1.1)-(1.3) has a unique stable solution
under “realistic” assumptions. Indeed, these assumptions are motivated by the
underlying physical cerebral activity model that leads to an equation which
is a particular case of equation (1.1). From the physical point of view, these
assumptions mean that the brain activity remains “normal” if the initial data
are “normal”.

The outline of the paper is the following : existence results are stated in Section
2. Uniqueness and stability are discussed in Section 3. Finally in Section 4, we
present and analyze the cerebral activity model, and apply the general result.



2 Existence of weak global solutions

We denote ||.|| the L*(Q2) norm , ||.||oc the L®-norm, ||.||; the H'(Q) norm,
and (.,.) the L inner product.

Definition 2.1 u is a weak solution to problem (1.1),-(1.3) if
uwe L*([0,T), Hy(Q)),us € L*([0,T), H'(Q)),un € L*([0,T), L*(2))
and for almost every t > 0, Yw € H}(Q)

(u(t), w) + (Vu(t), Vw) = (a(u, p)(t)ui(t) + b(u, p, p)(t),w) (2.1)

From now, we do not indicate the dependence with respect to ¢ to make the

paper more readable. First we give an existence result of weak solutions to
problem (1.1)-(1.3).

Theorem 2.1 Assume that for some T > 0

(A1) a,b € CYHR?,R) and C*(R3,R) respectively, and a, Va and Vb are (uni-
formly) bounded functions.

(A2) [b(u,p,q)(t,z)| < Cilu(t,z)|+Cy a.e. on [0,T) x Q where Cy and ,Cy
are nonnegative constants.

(Ay) p € H(0,T), 1(2).

(A2) (v 1) € HI(®) x L)

Then for problem (1.1)-(1.3) admits (at least) a weak solution u on [0,T) and

w e H2(0,T), L*(Q)) N H(0.T), H}(2))

Proof - We need several steps to prove this result. We use the Galerkin method

to construct a solution. Let {A\;}32, be a sequence of eigenvalues of —A in
Q. Let {wp}32, € HY(Q) N H?(Q) be the associated eigenfunction such that
{wi}32, a complete orthonormal system of L?(€2). We construct approximate
solutions u™ as following

n

u(t) =" dVF(t)wy

k=1

where d™* functions are determined by the ordinary differential equations
system

(upy, wi) + (Vu", Vwg) = (a(u”, p)uy + b(u™,p,pr),wr) k=1,...n. (2.2
" (0) =g, d"(0) = uf



with ub = (ug,wy,) and uf = (u1,wy). Now, (2.2) and (2.3) are equivalent to:

AVF 4+ Npd™ = F(dVF A k=1, .n, (2.4)
d"R(0) = uf,  dPF0) = ub (2.5)

where,
Fld* di* t) == (a(u”, p)up +b(u", p,py),wi)  ae. t>0.  (2.6)

Since (2.4), (2.5) is a second order nxn Cauchy system of differential equations
with continuous nonlinearities, it follows from the Cauchy-Peano Theorem
[10], that for every n > 1, the system has at least one solution d™* defined on
0, T5,], for some T, > 0. Moreover, for 1 < k < n, d** € C?[0,T,,].

Lemma 2.1 Functions (u,) satisfy

[ @ + [l (@)]ls < M(T)
where M(T) only depends on T'. In particular u™(t) can be extended to [0,T).
Proof - Multiply equation (2.2) by d* and sum over k=1,.. ., n, by assump-

tion A; and As we obtain

(ugy, ui') + (Vu", Vi) = (a(u”®, p)ui’ + b(u”, p, pr), uf)

=
< C(fuf| + Crfu| + Gy, [ug'])

Using Cauchy-Schwartz inequality we have

B + [l O 1] + [l @©)]])

CZ(Hut( B+ [IVu" @) < C(llug (¢) (t)
I + IO + llug A1 + g @] + 1)
) (t)
) (t

(
(fuf
(e O + " @) + 1)
(luf O + IVu"@©1* +1)

g’

/\/\/‘\ /\

IN A IA

C
C
C([Juyf

by Poincaré inequality, where C' denotes (here and in the sequel) a generic
constant. Applying Gronwall inequality yields:

Juf (O] + VU (@)[] < M(T) ; (2.7)
then by Poincaré inequality
[[ug ()] + [[u" (@) ]y < M(T) (2.8)

and



|f(d"’k, d?’k, t)] =1(a(u™, p)uy + b(u™, p,pt), wr)| a.e. t>0
<C(uf @ + [[u"(@)]*) < C

So f(d™*, d?’k, -) is a bounded function, and the solution can be extended to
[0,7") [10] . O

Lemma 2.2 The sequence of approrimated solutions u™ satisfies the follow-
mg:

(1) u™ is bounded in L>(]0,T),
(2) uy is bounded in L>(]0,T),
(3) uy, is bounded in L>([0,T),

(2)).
(2)).
(2)).

Proof - The first item is an immediate consequence of Lemma 2.1. Differen-
tiating (2.2) with respect to ¢ gives for k =1,...n

NO—O R

(g, wi) + (V' Vor) = (au(u”, p) (4 + ay(u”, p)peuy
+a(u", p)ug, + bu(u", p, po)uy + by(u”, p, pe)pe
+b,(u", p,pe)pu,wi) k=1,...n
< O((up)? + Jug | + lugy| + [ug] + M, |w]),

with assumptions A, A, and A3. Here a, and a, denote the partial derivatives
of a : (u,p) — a(u,p). Similarly, b,, b, and b, are the partial derivatives of

b : (uapa q) = b(u>p7 q)

The method is similar to the one used in the previous Lemma. Replace now
wi, by uj(t)

(i OI + Vg (@)]F) < C(H(U?(t))2|! + [lu O + ez (1] + M) [z (B

< C(ICuy O Mugy N + llur Oug (0] +
g I + [z (1)

< Ol OPI7 + Nlun O + llup @)1 +
gy ) + [l ()1 + [y (0] + 1)

< Oy OPI + Ny O + [l O + 1)

a
dt

Using Sobolev-Poincaré inequality [6],
[ ()| 2+ < Clluf ()]l

and Poincaré inequality, we get



(Z(HUZ(UHZ + Va1 < Cllug (O + llui )17 + 1)
<O(lug I + [IVur @)I* + 1) -

Then by Gronwall inequality we obtain
[ ()l + [lufy (D) < M(T)  ae. te[0,T[, (2.9)
and the lemma is proved. a

Thanks to estimations (2.8) and (2.9), we may extract subsequences of {u"}
(denoted similarly in the sequel) such that

u" — u weakly star in L°([0,T), Hy(2)) and weakly in L*([0,T), Hy(52))
(2.10)
ul — u;  weakly star in L=([0,T), Hy(2)) and weakly in L*([0,T), Hy())
(2.11)
uli — uy  weakly star in L°°([0,T), L*(2)) and weakly in L*([0,T), L*(2))
(2.12)
With classical compactness results [5]
u" — u strongly in  L*([0,T), L*(Q)) (2.13)
And then by (2.13), (2.11) we can extract subsequences {u"} such that
u'(t,x) — u(t,x)a.e. (t,x)€[0,T) x (2.14)
u'(t,x) < g(t,x)a.e. (t,x)€[0,T) x (2.15)
uy (t) — w(t) weakly in HJ () (2.16)
Now, by continuity of a and b, (A1), and (2.14) we obtain
a*(u"(t, ), p(t, x)) — a*(ult, @), p(t, ) (2.17)
b(u" (L, ), p(t, =), pe(t, ) = blu(t, x), p(t, ), pi(t, ) (2.18)

for almost every (t,x) € [0,7) x Q. Using Lebesgue theorem by (2.17) and
(A1) we obtain

a(u™(t),p(t)) — a(u(t),p(t))inL*(Q) a.et € [0,T) (2.19)

and by (2.18), (2.15) and (As) we obtain

b(u"(t), p(t), pe(t)) — b(u(t), p(t), pe(t)) mL*(Q) a.et € [0,T) (2.20)



On the other hand, for all v € L?, we have
|(a(unap>u?_a(uap)ut7 U)‘ = ’(CL(unap)u?_&(uap)u?—i_a(uap)u?_a<u7p)ut7 U)|

< [(a(u", p) — a(u, p))ui’, v)| + [(a(u, p)(w" — w), v)|
< [la(u”, p) = aluw, p)|pallui | llvfl + [(w — w, a(u, p)v)l
< Clla(u”, p) = alu, p)||alluf [ vl + [(w" = ur, alu, p)v)]
Using (2.19), (2.9) and (2.16) we obtain for almost every ¢ € [0,T)

a(u™(t), p(t))ul(t) — a(u(t), p(t))u,(t) weakly in L*(Q) (2.21)
Then, using (2.20) and (2.21), and letting n — oo in (2.2) we obtain that

the limiting function v € H*([0,T), L*(Q))NH([0,T), H}(Q2)) and for almost
every t € [0,7),

(u, w) + (Vu, Vw) = (a(u, p)us + b(u, p, pr),w) Vw in Hy(Q) (2.22)
u(0) =upin Hy(Q), ue(0) =u; in L*(Q) (2.23)

Corollary 2.1 If we suppose that conditions of theorem 2.1 are fulfilled, for
every T > 0, then u is a globally weak solution of problem (1.1), (1.2), (1.3).

3 Stability and uniqueness of 1D-solution

In this part we suppose n=1.

Theorem 3.1 Assume n = 1 and Theorem 2.1 hypothesis for some T > 0.
Let u,v be two solutions of problem (1.1)-(1.3) corresponding to initial data
(ug,u1) and (vo,v1) € Hg () x L*(Q). Then for almost every t € [0,T)

lue(t) — v (O + [Ju(t) = v@®IF < M(T)([lur — 0a]* + luo = voll7),
where, M(T) is a positive constant depending on T
Proof - Let u and v be two solutions of problem (1.1), (1.2) (1.3) corresponding

to initial data (ug,u;) and (v, v1). We set w = u—v and w; = u; —v;, i =0, 1;
then w satisfies for all p € H}(Q) :

(wit, ) + (Vw, Vi)

w

a(u, p)uy — a(v, p)ve + b(u, p,pr) — b(v, P, pr), )
0,on [0,T) x 09

w(0,2) =wy, w(0,2) =wq,in



Replacing ¢ by 2w; (u; and v, € H(Q2)) gives

2(Wth wt) + 2(vw7 th) = (CL(uap)ut - CL(UJP)Ut + b(uapapt) - b(vvpapt>7 2wt>

and
LI + IVl =
(el g, AN 5 ) (P ),

where ((t,z) — (B1(t, ), Bo(t, x), p(t,x)) and ~ are vector functions between
(u, ut, p), (v, v, p) and (u, p, pt), (v, p, pt) respectively. By (A1), (As) and Cauchy-
Schwartz inequality

d

T @I + @) < Cllee@I” + @@l + (Ba0, 20))]

< Cllwr®N1* + llwe @@ + 182 lwe () [ (t)llc)
On the other hand, as in the proof of (2.9) we have

|lue(t)]l1 and  |joe(t)|l1 < M a.e.on [0,T). (3.1)

Therefore, as (¢, x) is between w;(t, x) and vy (¢, x) then ||F2(t)]| < M and we
obtain by Sobolev embedding theorem (||w(t)]|co < C|lw(?)]]1, since n = 1).

— (w1 + w®F) < M(Jwr@)] + w@)fF),  ae t€[0,T). (3.2)
Applying Gronwall inequality to (3.2) we get

)2 + @I < MT)Y(e(0, )2 + (0, 2)[3), ae.te[0,T) (33)
This achieves the proof. a

Corollary 3.1 Assume theorem 2.1 assumptions are fulfilled and n = 1,
problem (1.1)- (1.8) admits a unique weak solution w € H?([0,T), L*(2)) N
H'Y([0,T), Hy(2))

4 Application to cerebral activity model

Let us present now a cerebral activity model stated by V. Jirsa [3]. This model
equation is a particular case of equation (1.1). We mathematically justify this
model.

The elementary unit of the nervous system is the neuron (Fig ?7?), which is
divided into three basic components [2]: dendrites, cell body and axons. A



neuron communicates with others at synapses and there are mainly two kinds
of synapses [2]: excitatory or inhibitory types.

basal dendrites
Lrigger zone

eleclrodeo :

OUTPUT SIDE myelinated axon

Figure 1: Dendritic trees form thousands of synapses. Excitatory current
flows inwardly at excitatory synapses and outwardly at the trigger zone.
Inhibitory loop current flows in the opposite direction (Figure from Freeman
[1992]).

The information transfer between two neurones A and B can be described as
follows

e a pulse (electrical signal) arrives to dendrite of neurone A (under potential
action) and acquits neurotransmitters (chemical substances) so that it is
transformed to a wave. According to [2] this conversion is a linear operation
between neural sheets.

e then the waves reaches the so-called “trigger zone” (Figure 1. ) and is con-
verted to pulse again. Now the conversion law is sigmoidal .

Let us describe and justify the conversion operations at the synapses and the
trigger zone of neural ensembles, and derive a nonlinear partial differential
field equation describing the spatio-temporal behavior of brain activity.

The pulse and wave variables are classified in two sub-variables according
to their excitatory or inhibitory characters: excitatory pulse E(x,t) and in-
hibitory pulse I(x,t), excitatory wave 1. (z,t) and inhibitory wave ¢;(x,t).We
can view the wave as:



o, ) = /F fule, X)H, (2, X, 1) dX (4.1)

il t) = /F i, X) Hylx, X, 1) dX . (4.2)

Functions Hg(z, X, t) are conversion operations outputs and functions fi(z, X)
are the corresponding depending on the spatial connectivity distributions. I'
denotes the neural sheet set ( at the brain surface which supposed continuous).
We assume that, the connectivity functions have the following form:

1 _lz—x

felz, X)= 5o e e (4.3)
1 ==X

filz, X) = 5 € (4.4)

where o, and o; are excitatory and inhibitory connectivity parameters (respec-
tively). Moreover o; << 1, since the corticocortical connections (connections
between two distant neurons via corticocortical fibers) are only excitatory.
On the other hand, the information propagation along corticocortical fibers,
. . o |$7X‘ . .
implies a delay ¢t = =, where v, and v; are the propagation speed excitatory

J
and inhibitory respectively. Thus we obtain

H(x, X, 1) = aeE<X, ol X') (4.5)

Ve

Hi(z, X, t):aiI(X,t— ‘x_X|> (4.6)

(%

where a, and q; are constants.
Replacing (4.5) and (4.6) in (4.1) and (4.2) respectively, we obtain:

|z — X|
v

Ye(x,t) =a, /1“ fe(z, X)E(X, t—

wi(x,t):/rfi(x,X)Hi(m,X, £)dxX
~ fi(x,x)H;(x,z,t) = a;I(x,t) (because o; << 1) (4.8)

)dX (4.7)

The pulse value is calculated from the wave value and the external input in
the neural tissue (Fig ?7?); it has a sigmoidal form :

E(x,t) = Selthe(x, 1) — i(, 1) + pe(x, 1)] (4.9)
I(x7t>:Si[¢e(xat) _wi(mvt)+pi(xat>] (410)



where p;(z,t) is the external input. The sigmoid function S; is the following

1 1
Si(n.) = -
() 1+ exp(—vjn;) 2

When n; is small enough, we have a third order approximation of \S; :

3
J

Sj(n;) = n; — (4.11)

3
iy
48
Inserting (4.9) in (4.7) and (4.10) in (4.8) we obtain

+pe<X,t— |x;X|)]dX (4.12)

wl(xvt) = a’lSl[we(xat) - wl(xvt) +pl(x7t)] (413>
Because »* = 100, we take only the linear part of (4.11) in consideration,

replacing it in (4.13) we obtain:

a;v
4+az v

vi(x,t) = (Ye(z,t) + pi(z, 1)) (4.14)

Inserting (4.14) in (4.12), we obtain the following equation for the dynamics
of the excitatory synaptic activity:

Yol 1) = ae/rfe(x,X).Se [fwe <X,t _ "””;X|> —l—p<X,t _ M)]dX

(%

a;V;
4+ a;v;
We suppose hereafter that I' is one-dimensional, that is we connect all the
neuron sheets by a line (see [4]). On the other hand, we may assume 1.(0,¢) =
e(L,t) =0 as in [4], and f.(x, X) is an exponential function depending only
on the distance between two neural sheets. Therefore

- aeéfe(x,X).Se[ﬁ¢e<X,t— ’x;X’) +p(X,t— ‘x_X’)}dX .

v

where p(x,t) = pe(x,t) —

pi(z,t), and p=1—

Let us set: p(X,T) = a.S.(p0(X,T) + p(X.T) ) and

p: LH{RxR) — R

e o <pp>= / h@)e(z, |Ux|)dfr
R

11



with h(z) = e =
px p(z,t) = /Rh(X)g(X,pvﬂ)dX with g(X,T) = f(z — X, t = 1T)

_ /Rh(X)p(x — Xt — T)dX

|z = X]
v

= /ﬂ@f&ﬁC,X)p(X,t— )dX

and
ok p(z,t) = Ye(x, 1)
The extended Fourier transform gives: 171\6 = p.
Now, we prove that i = Ty, f € L}, .(R X R). Let ¢ € D(R x R).

X
<fig>=<pp>= [ MR Max
R v

_ / h(X ( / / (i, £)e2im@ X+ )dxdt>dX
R

:/R/R</Rh(X)e_2”(””X+tv)dX>g0(a:,t)dxdt
:/R/Rf(:c,t)@(x,t)dxdt

1 )
with f(z,t) = /6_%6_2’”($x+t%)dX.
R

Oe
Then:
Ye(x,t) = f(z,t)p(x,t) V(x,t) € R xR (4.15)
As: . )
et ge = 4.16
/0 ‘ ¢ a+ix ( )
supposing wy = Z; we obtain
1 1 1
(jle—l—z(f) —x) 1e+z<+a:)
} Wo 1 Wo
2 Lwy —H(t —2v)  wy+i(t+av)
t
[t e nmxm
(wo + it)? 4 2202
Equation (4.15) becomes
—~ 2 4 jwot
Gela,t) = [( LU, P (4.17)

wo + it)? + x20?

12



Developing equation (4.17), we obtain

_ 5, 5%, 929, o
wgwe(x, t) + 2wp (;i (x,t) + 8z§ (z,t) —v* 8;/)2 (x,t) = W + woa.p(x,t)

Applying the inverse Fourier Transform, we formally obtain the following par-
tial derivative equation :

0?1 2 0 e

2+ (W) = Vo) + 2w S = (W] + wo (4.18)

@)-P
with
ol 1) = acS. (el t) + pl, )

Developing (4.18) and summing the similar terms gives

Prpe 0% 2 e
o2 —-v Ox2 - (aewOpSe(pwe +p) - 2(-‘)0) ot

— withe + aewy Se(Pthe + p) + acw§SL(pe + p)pe . (4.19)

We complete this equation with v.(¢,0) = 1.(t, L) = 0, and Cauchy initial
condition.

Equation (4.19) is a particular case from equation (1.1), with
a(u, p) = a.wipS,(pu + p) — 2wy,

and

b(u, p, pr) = Wi + acwg Se(pu + p) + acwg S.(pu + p)p.
If we suppose p € H*([0,T), L>(f2)), it is easy to view that a and b functions
verify Theorem 2.1 conditions and consequently by (2.22), (3.3) the above
equation has a unique weak solution.

5 Conclusion

In this paper, we prove the existence and uniqueness of solution to a new
form of wave equation motivated by brain activity modeling. We have proven
the stability of solution with respect to the initial data : this means that the
responses to small perturbations are small as well, which is coherent from a
physical point of view. We have simplified the model assuming that:

e the geometry of brain area is 1D. The 2D geometry is more consistent but
introduces additional difficulties,

13



e the connectivity function (4.3), (4.4) between the neural sheet is homoge-
neous. In fact more than 50 % of neural sheet have heterogeneous connec-
tions, so we should add another term representing the heterogeneity,

e the input p belongs to H*([0,T), L°°(€2)). In reality p maybe less smooth or
non local.

In our future work, we will try to generalize our model in order to satisfy the
general constraints which are introduced above.

References

[1] Ebihara Y., On some nonlinear evolution equations with the strong dissipation,
Journal of Differential Equations, 30, 1978, 2, pp. 149-164

[2] Freeman W.J, Tutorial on neurobiology: From single neurons to brain chaos,
J. Int. J.Bifurcation and chaos, 2, 1992, pp. 451-482

[3] Jirsa V.K. and Haken H., Field theory of electromagnetic brain activity,
Physics Review Letters, 77, 1996, pp. 960-963

[4] Jirsa V.K, Connectivity and Dynamics of Neural Information Processing.
Neuroinformatics, Neuroinformatics, 2, 2004, pp. 183-204

[5] Lions, J.-L., Quelques méthodes de résolution des problémes aux limites non
linéaires, Dunod, 1969, pp. xx+554

[6] Matsuyama T. and Ikehata R., On global solutions and energy decay for
the wave equations of Kirchhoff type with nonlinear damping terms, Journal of
Mathematical Analysis and Applications, 204, 1996, 3, pp. 729-753

[7] Nunez P.L., The brain wave equation : A model for the EEG, Mathematical
Biosciences, 21, 1974, pp. 279-297

[8] Park J.-Y and Bae J. J, On solutions of quasilinear wave equations with
nonlinear damping terms, Czechoslovak Mathematical Journal, 50(125),2000, 3,
pp- 565585,

[9] Pitts D. R. and Rammaha M. A., Global existence and non-ezistence
theorems for nonlinear wave equations, Indiana University Mathematics Journal,
51, 2002, 6, pp. 1479-1509

[10] Queffélec H. and Zuily C., Eléments d’analyse, Dunod, Paris, 2002

[11] Wilson H.R. and Cowan J.D. , Excitatory and inhibitory interactions in
localized populations of model neurons, Biophysical Journal, 12, 1972, pp. 1-24

[12] Zhijian Y. , Initial boundary value problem for a class of non-linear strongly
damped wave equations, Mathematical Methods in the Applied Sciences, 26,
2003, 12, pp. 1047-1066

14



