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Abstract. In this paper we study a simple non-local semilinear parabolic equation
with Neumann boundary condition. We give local existence result and prove global
existence for small initial data. A natural non increasing in time energy is associated
to this equation. We prove that the solution blows up at finite time 7" if and only
if its energy is negative at some time before T'. The proof of this result is based on
a Gamma-convergence technique.
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1 Introduction

1.1 Setting of the problem

In this paper, we consider a bounded domain Q in RY that is uniformly
regular of class C2, and we study the solutions u(z,t) of the following equa-
tion for some p > 1 (denoting the mean value ﬁ fQ by f qof for a general
function f):

ut—Au:|u|p—][ |ulP on £
Q

(1.1)

g—ZZO on 0N
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with the initial condition

u(z,0) =up(z) on
with ug =0 (1.2)
Q

It is immediate to check that the integral (or the mean value) of u is con-
served (at least once you precise the meaning of the solution).

Stationary solutions of Equation ([.1) are in fact critical points of the energy
functional

1 1
Eu) = [ |5|Vu* - P
(u) /9[2! ul p+1“‘“’

under the constraint that § ot is equal to a given constant.

Without loss of generality, we can assume that || = 1. Indeed, if u is
2

a solution of (LI)-(L.F) in © and A > 0, then v(t,z) = A\v—1 (A%, \z) is

a solution in A7'Q. Throughout the paper, we assume || = 1, except

when the volume || is explicitly mentioned to show the dependence of the
constants.

1.2 Motivation of the problem

A lot of work has been done on scalar semilinear parabolic equations whose
the most famous example is

u — Au = uP

and the problem of global existence or blow-up is quite well understood (see
for instance [[J, fl] for an energy criterion for blow-up, [Iq] for a study of
self-similar blow-ups; see also [BS, BJ] and the numerous references therein).
Of course, the Maximum Principle plays a fundamental role in the estab-
lishment of results in this setting. However, concerning the problem
of describing the blow-up set, very few results are known. For
instance, in dimension 2, the question of whether there exists a
solution whose blow-up set is an ellipse is still unanswered. Re-
cently, Zaag [B9Y] established the first regularity results for the
blow-up set, based on global estimates independent of the blow-
up point obtained by Merle and Zaag [R7] through the proof of a
Liouville theorem.

In the case of parabolic systems or non-local scalar parabolic equations,
even if some Maximum Principles may hold, it is often necessary to introduce
new techniques. Omne of the most famous examples is the Navier-Stokes
equation (see [R(]), which can be written on the vorticity w = curl u (with
u the velocity and e = 1(Vu +!Vu) the deformation velocity):

w—rvAw=—(u-Viw+e -w



where the right hand side is non-local and quadratic in w. If we consider this
equation on = R3\Z3, the following quantity is conserved by the equation

/Q w(t, z) da.

One of the simplest examples of non-local and quadratic equation is

1
ut—Au:u2—@/ﬂu2

with Neumann boundary condition on 0f2 so that the quantity fQ u(t,x) dz
is conserved. This equation is also related to Navier-Stokes equations on
an infinite slab for other reasons explained in [f]. Problem (L1))-(L.9) is a
natural generalization of this latter for which we provide a global existence
result for small initial data as well as a new blow-up criterion based on
partial Maximum Principles and on a Gamma-convergence argument.

1.3 Main results

In this subsection, we present our main results: local existence, global ex-
istence for small initial data, energetic criterion for blow-up of solutions
based on an optimization result of independent interest that we prove by
a Gamma-convergence technique. Furthermore we give a global existence
result in the case p = 2, expliciting the constants as a function of the geom-
etry of the domain.

First, let us mention that the classical semigroup theory enables us to
prove, more or less directly:

e local existence and uniqueness of solutions of ([.1)-([.9) for any initial

data up € C () (see the next section),

e global existence and exponential decay of solutions of ([1)-([.3) for
small initial data ug € C(2). That is, there exists some (implicit)
constant p > 0 depending on the geometry of €2, so that ||ug|/r~ < p
implies global existence and exponential decay of u: |Ju(t)|| e < Ce™

for some positive constants C' and «.

To prove results of this kind it suffices for instance to follow the argu-
ments of the proof of [}, Proposition 5.3.9]. See also [f] for a 1-dimensional
result in this direction.

Our main purpose is to give a natural energetic criterion for the blow-
up in finite time of solutions of ([L.I)-(L.2) in the case 1 < p < 2. Our
proof relies on the same main idea introduced by Levine [21]] and
Ball [{]] in the sense that the blow-up will follow from a nonlinear



differential inequality that we show to be satisfied by the L?-norm
of the solution.
First, it is quite easy to see that, Vp > 1, the energy
1 1
E(w) = [ =|Vul* - P 1.3
() = [ 5190l = —ulu (13)

of a solution u of ([.1)-(.9) is non increasing in time (see Proposition B.1]).
Our main result in this direction is the following

Theorem 1.1 (Energetic criterion for blow-up, case 1 <p <2)

Let us assume that p € (1,2] and let u be a solution of (L.1)-(.3) with
up € C(Q), up # 0. If the energy of ug is nonpositive, that is E(ug) < 0,
then the solution does not exist in L*(Q) for all t > 0. Moreover,

there exists T > 0 such that if u € L2 ([0,T); L*(2)), then

loc

i [lu(®)ll120) = +o0. (14)

Remark 1.2 Note that Theorem [I.] does not imply that the L*-norm of
u(t) blows-up in finite time. Indeed, the solution may simply not exist till
time T.

Recall that, for the semilinear heat equation u; = Au+ uP on a bounded
domain, the generic blow-up profile is given by (see [19] for details)

u(z,t) — u*(x) ast — T,

with

c-cul )

C(p) being a constant. Hence, the L?-norm stays generically bounded when-
everp > 1+ %, and blows-up when p < 1+ %.

The condition of nonpositivity of the energy in Theorem is also nec-
essary in the sense that, if the L?-norm of u(t) blows-up at a time T > 0,
then the energy FE(u(t)) needs to be negative at some time ¢ < 7. The
situation is even worse: the energy F(u(t)) needs to blow-up to —oo at a
time 7" < T. Moreover, this property is valid for any p € (1,4+00). Indeed,
we have the following

Theorem 1.3 (L% bound on u for bounded from below energy, p €
(1,+00))
Let p be any real number in (1,+00) and let u be a solution of ({L.1)-(L.3)

with ug € C(Q). If there exists a constant Cy > 0 and a time Ty > 0 such
that

E(t) > —Cy for tel0,Ty),
then there exists a constant C > 0 such that

[[u®)||r2) < C for t€0,Tp).



The case p > 2 is still not completely understood for us, however, we

believe that the blow-up phenomenon of Theorem [ occurs for any p in
(1,+00) and formulate the following conjecture:

Conjecture (Energetic criterion for blow-up, case p > 2)
For p > 2, we conjecture that if u is a solution of ([[.1)-(1.3) with E(ug) <0
and ug Z 0, then u(t) blows-up in finite time.

The proof of Theorem [[.1] is based, on one hand, on the use of maximum

principles, and, on the other hand, on the following estimate of independent
interest, proved by gamma-convergence:

Theorem 1.4 (Optimization under a L? constraint)
For p > 1, there exists 89 > 0 and C > 0 such that

inf / vlvlP +0|Vu|? > CVE (1.5)
veEA Jq

for all 6 € [0, 6], where

A::{UGLP+1(Q)‘ /U:O7 /v2:1andv2—1 onQ}.
Q Q

Let us mention that the profile of blowing-up solutions for this equation

seems to us an open problem in general. Besides an example given in [f]
of a profile of a blowing-up solution whose the positive part concentrates at
one point in the one-dimensional case, we do not know if it is possible to
build blowing-up solutions with different profiles.

Our next purpose is to focus on global existence results in the case p =

2. As mentioned previously, in usual global existence results, the constant
p that determines the smallness of the initial data should depend on the
geometry of the domain 2. It is interesting to understand this dependence.
That is precisely the aim of our Theorem [.§. In particular, we relax here
the assumption || = 1 to show the dependence on the volume |2|. We need
first to introduce the following two invariants:

e the first positive eigenvalue A;(€2) of the Laplacian in  under Neu-
mann boundary conditions. Recall that we have the following isoperimetric-
type inequality due to Szegd [B4] and Weinberger [B7):

M(Q)IQPN < ATV, (1.6)

where Aj(N) is the first positive Neumann eigenvalue of the N-dim-
ensional Euclidean ball of volume 1.



e the constant H(2) defined as the supremum over (0,+00) x Q of the
function tV?[K (t,z,z) — |—51)‘] where K (t,z,y) is the heat kernel asso-
ciated to the Laplacian in © with Neumann boundary conditions (see

(0] and section 2.2 for the precise definition of K and the existence
of H(f2)). Notice that one has (see remark [.9)

w2

H(Q) > (4m)~

It is also well known that the constant H () is closely related to the so-
called Neumann Sobolev constant C'(2) defined as the best constant in the
inequality : Vf € H'(2) such that [, f =0, we have [|f[|%x < C(Q)||V |3

N-2

(see, for instance, [B3, section 3] for results about this relationship).

Let us first remark that we have the following property for p = 2
. 3
if [fuollz=(@) < 5M1(Q),  then  E(ug) >0,

which may indicate (from Theorem [.]) that the corresponding solutions
may not necessary blow-up in finite time. This shows in particular that it is
natural to compare ||ug||Le (o) with the first eigenvalue A1(£2) as it can also
be seen from the scaling of the equation for p = 2.

The following theorem gives a global existence result under an explicit
smallness condition on the initial data, depending on A;(£2) on the one hand
and on N, and H(f2) on the other hand. For simplicity, we state it only for
p = 2 although a general version is possible.

Theorem 1.5 (Global existence for small initial data with explicit
constants, case p=2). Let p(Q2) be the constant given by

ff(gzﬂ)) = g -exp (SN ) ),
where
27
IN = N

For every ug € C(Q) satisfying fQ ug =0 and
luoll oo (@) < p(), (1.7)

the (unique) solution of the problem (1.1)-(I.3) is defined for allt and tends

to zero as t — oo.

Remark 1.6 We also provide an exponential decay (see Theorem [5.1).



Note that H(f2) is invariant by dilation of the domain €, and then that
p(AQ) = A72p(Q) < p(Q) for A > 1, but there is no reason in general to get
p() < p()if Q' C Q.

Remark 1.7 Actually, the volume of 2 being fized, one could reasonably
expect that the constant p(Q2) is mazimal when Q is a ball.

1.4 Brief review of the literature

Parabolic problems involving non local terms have been recently studied
extensively in the literature (see for instance [[[J, [[4, RJ]). For local exis-
tence and continuation results for general semilinear equations under the
Neumann boundary condition setting, one can see for example [} and [BJ].
In [B], Appendix A] Souplet gives very general local existence results for a
large class of non local problems in time and in space but in the Dirichlet
boundary condition setting. The problem treated in the present work has
been first considered by Budd, Dold and Stuart ([fj]) for p = 2 and in the
one dimensional case. They obtained a theorem like our Theorem [L.J as
well as a blow-up type result for solutions whose Fourier coefficients of the
initial data satisfy an infinite number of conditions.

Hu and Yin ([[[§]) considered slightly different problems. They showed in
particular blow-up result (see [[L§, Theorem 2.1]), based on energy criteria,
considering u|u|P~! instead of |u|P. They showed also (see [[§, Theorem 3.1
and 3.2]) global existence for positive solutions and p not too large. A radial
blowing-up solution for p large is also given.

Wang and Wang ([Bf]) considered a more general problem of the form

uy — Au = kuP — /uq (1.8)

with Neumann or Dirichlet boundary conditions and positive initial data.
They showed global existence and exponential decay in the case where p =
q, |2 < k and Neumann boundary condition. They also obtain a blow-
up result under the assumption that the initial data is bigger than some
”gaussian function” in the case where || > k.

Finally, in [BI], Theorem 2.2], Souplet determines exact behavior of the
blow-up rate for equations of the form ([.§) with & = 1 and p # q.

1.5 Organization of the article

Our paper is organized as follows. In the second section we first set the space
under which problem ([L.1)-([.9) admits a unique local solution. Section 3
is devoted to the proof of Theorems [[.] and [.J. In section 4 we give
the proof of the optimization result (Theorem [[.4) which is based on a
result of Gamma-convergence of Modica [R5]. For the convenience of the



reader we provide in the appendix (section 6) a self-contained proof of the
corresponding Gamma-convergence-like result. In section 5, we give the
proof of Theorem [L.F.

2 Local existence result

We recall that €2 is bounded. The basic space to be considered in this paper
is the space C(Q) of continuous functions. Following the notations ! of
Stewart [BJ] denote for ¢ > N by

DY := {u € C(Q); ueWr(Q), Auc C(Q), and% = OonaQ} .
n

Set

D= U D1,

N <g<+o0

Then we have as a direct application of [B3, Theorem 2]:

Theorem 2.1 The operator —A with domain D generates an analytic semi-

group in the space C(§) with the supremum norm.

See Lunardi [PJ] for the definition of analytic semigroups.
Then we have

Theorem 2.2 (Local existence result, 1 < p < +o0)
For every ug € C(2) there is a 0 < typae < 00 such that the problem ([[.1)-
has a unique mild solution, i.e. a unique solution

u€eC ([O,tmax); C(ﬁ)) nct ((O,tmax); C(ﬁ)) NC ((0,tmaz); D)
of the following integral equation
t
u(t) = e®ug +/ et =B f(u(s)) ds
0

on [0, tmaz ), with
F(u(s) = [u(s)P - fﬂ\u@)v’.

Moreover, we have
/ u(t) =0 forall t€|0,tmar) (2.9)
Q

and if tymee < 00 then

tﬁf}n lu(®) Q) =X

!Since Q is bounded and 8Q € C?, we can easily check that D? is dense in C(9)



Proof of Theorem .2

First let us remark that the non linearity in (LI)): v € C(Q) — f(u) =
[ulP — £ o |ulP € C(Q) satisfies the hypothesis of 2§, Theorem 6.1.4], namely,
f is locally Lipschitz in u, uniformly in ¢ on bounded intervals of time.
Then a standard semigroups result ([B§, Theorem 6.1.4]) gives the local
existence result. Reminder to show (R.9). This comes from the simple
computation for t € (0, 4z ):

%(/Qu>:/gut:/QAu+/Qf(u):0

because of the definition of f, the integration by part on Au, and the Neu-

mann boundary condition % = 0. O

From this result, we see that the solution is a classical solution of equa-
tion ([.T) on (0, tmas) x  with initial condition ([[.3), and then from the
standard parabolic estimates (see Lieberman [R2]) and classical bootstrap
arguments, we get

u € C((0, timaz) X 2).

3 Blow-up: proofs of Theorems [I.1] and

As mentioned in the introduction, we follow the energetic method
introduced by Levine [R1] and Ball [ff. The main idea is to show
that the L?-norm of the solution satisfies some super-linear differ-
ential inequality which implies the finite time blow-up.

All along this section, we denote by u a solution of ([L.1)-([L.9) whose
initial data wg satisfies fQ ug = 0. Also, we will assume, without lack of
generality, that || =1 so that we have, in particular, f ju® = [, u*.

Let us recall the expression of the energy of the problem

Blu) = / IV’ -

p+1u]u\p.

Proposition 3.1 (Energy decay)
The energy E(t) := E(u(t)) is a non increasing function of t in (0,00).

Proof of proposition B.1]
A direct computation using ([L.1)-([.2) and the fact that [, u; = 0 yields

d
GE) = [ (~du=fupyu == [ ) <o



Lemma 3.2 (L? bound from below)
Let us define

F(t) = / u?(t)
Q
Then we have, Vp > 1,

%F’(t) =—(p+1)E@) + 1%1 /Q [Vul*.

In particular, we get

1 ~1
SF(8) = =(p+ DE(0) + = M(Q)F ().
Consequently, if E£(0) < 0, then
F(t) > F(0)eP~ DA @)t

Proof of Lemma 3.2
The lemma is a consequence of the following computation

%F’(t) :/uut
Q

— [ w@utfup)
Q

:/ —|Vul?® + ulul?
Q

=—(p+ 1)E(t)+p%1/ﬂ|Vu|2

Lemma 3.3 (L* bound from below when infy u(t) > —||ul[r2(q))

Let 0 < t; <ty < o0, p>1 and assume that

infu(t) > —|[ul[p2() for all t€ (t1,t2).

Then for all 5 € (2,p+ 1), there exists two constants Cz > 0 and A\g > 0

such that, for allt € (t1,t2), we have

lu@)|[2@) = Ass

and
1 +3

S F'(6) = —BE() + CaF(t)"T .

10



Proof of Lemma 3.3
Let us consider a parameter 3 € (2,p + 1). We have

1
0 :/—|Vu|2—|—u|u|p
2 )

_ Loyz_ 1t p-2 2 _ B
= 6(/92]Vu\ p+1u\u]p>+ 5 /Q]Vu\ —i—(l p+1>/ﬂu\u]p

= —BE(t) + p-;%;ﬁ (/Q u|uP +7|Vu|2>

with
6—2 p+1

X
2 p+1-p
Here we will use Theorem [1.4. To this end, we define

’)/ =
A= [ullz, v= %
Then Theorem [[.4 claims that

/ v|olP + 6|V > CVE, if 0<6<6,.
Q

Then we get
1 p+1—-p _

ZF'(t) = —BE(t p+1/ p 1-p 2
/(1) = =8B+ T2 [va + AT
p+1—0 _, 1 p+3

> —p[E({t)+ —Cvy2 )\ 2
> —BE(t) 1
if YAI7P < 6. O

Lemma 3.4 (L bound from below for 1 <p < 2)
Let p € (1,2], and let u be a solution of the problem ([[.1)-(1.3) with the
initial data u(t = 0) = wug satisfying the condition

ug > —|luol|z2(q),

and
E(up) <0 and wuy#0

Then for all t > 0 (where the solution ezists), we have

u(t) > —|[u()|r2(q)-

11



Proof of Lemma 3.4
Let us define the set for every T > 0

Sr={(z,t) €2x(0,T), ulz,t) <—|[ul®)lr2)},
and the function
v(z,t) = —[|u()||r2(@)-
If X7 # (), then the functions v and v satisfy (using the condition p < 2)

Au—uy = ||u||ip(ﬂ) —lul” < ||u||1£’7(9) B ||u||§2(m =0

on X

o, — @)
Av vy = F(t)ZO

where we have used the fact that F’ > 0 if E(up) < 0 (see Lemma B.2).
Consequently we have for w = u — v:

Aw—w; <0 on Xp

w=0 on (0X)\{t=T}.

The maximum principle implies w > 0 on X7 which gives a contradiction
with the definition of Y7. Therefore Y7 = () for every T' > 0, and then w
satisfies

w>0 on Qx(0,+00).

From Lemma @, if F(0) <0 and ug # 0, then

— 1 )\ (p DA1(Q)
> /F =D} 2 >0,

Wiaoks
Then, if there is a point P = (x9,%9) € Q x (0, +00) such that w(P) = 0, we
have Aw(P) — wy(P) = — \/u < 0, and then there is a connected open

neighborhood op of P in  x (0,+00) such that
Aw—w; <0 on op
w>0 on op (3.12)

w(P) =0.

As a consequence of the strong maximum principle, we get that w = 0 on
op which does not satisfies the parabolic equation (B.13). Contradiction.
We conclude that

w>0 on Qx(0,+00)

12



Lemma 3.5 (Monotonicity of the infimum of u for p € (1,4+00))
Let us consider p € (1,+00). We assume that there exists 0 < t; < ta, such
that

irg}fu(t) < —u)l[zr) for all t € (t1,t2) (3.13)

and u € L2 ((0,t2); LP(Q2)). Then the infimum
m(t) = infu(t)
is nondecreasing on (t1,t2).

Proof of Lemma 3.5
For every to € (t1,t2), let us consider the solution g’ = g of the following
ODE:

J(0) =g — [u®l Ly on (to,t)

g(to) = m(to),
and the set

Y= {(z,t) € Ax (to,t2), u(z,t)<g"(t)}
If 3 # (), then u satisfies
Au—up < [[u(t)][7, — 9P = Ag™® — (¢), on X

u=g" on 9.

Therefore the maximum principle implies that u > g’ on X, which gives a
contradiction with the definition of ¥. Thus ¥ # () and u > g% on Qx (tg, t2),
which implies

m(t) > g'(t) forall t € (to,t2).

Now using (B.13), we get
() (1) = g O — a0 = [mOP — [[u@)Eyy 20 (3.14)
and then for ¢ satisfying t; < to < t, < t2, we get
m(ty) > g (to) > ¢ (to) = mfto) (3.15)
U

Proof of Theorem
We assume that E(t) > —Cp on (0,7p). Then we compute

;To)
%F’(t) —/ﬂuut
(/Qu2+u§>

(F(t) - E'(t))

| |
DO | =

DO =

13



We deduce
(F+E+Co)(t) <F()

< (F+E)(t) + Cy
Consequently for ¢t € (0,T") we get

F(t) < (F +E)(t) + Co < (F(0) + B(0) + Cop)e*

which proves that F(t) is bounded on [0,7). In particular F' can not blow
up at time 7. ]
Proof of Theorem [L.]]

We assume that E(ug) <0 and ug # 0.

First case: up > —||uol|p2(q)

Then by lemma B4, we get u(t) > —[|u(t)||;2(q) for all £ > 0. For some
B € (2,3), let us consider the real A3 given by lemma B.J. Then by lemma
B.2, there exists a time t5 > 0, such that [u(®)]|z2() = Ag > 0 for every
t > tz. Using lemma B.J (and the monotonicity of the energy E given by
proposition B.1]), we get for ¢ > lg

F'(t) > 2CF 1 (t)

which blows up in finite time T > 0.
Second case: infxug < —|[uo|[r2(q)
We know by lemma B.§ that m(t) = inf, u(t) is nondecreasing as long as

infu(t) < —|lu(®)l|L2@) < =lu®)llLr@)

because we have
p<2

Then
m(0) < m(t) < —Hu(tm%%m

Lemma B.2 proves that there is necessarily one time ¢y such that inf, u(tg) =
—||u(t0)||%2(ﬂ). We can then apply the first case with initial time ¢. O

Let us conclude this section with a partial result in the case p > 2:

Proposition 3.6 (L bound from below for p € (1,+00))
Let p € (1,400), and let u be a solution of the problem (1.1)-([[.3) with the
initial data u(t = 0) = ug satisfying

ug > —|[uol|Lr ()

and
E(up) <0 and wug #0.

14



Then for allt > 0 (where the solution ezists), we have

u(t) > — sup [|u(s)|[rr()-
s€[0,t]

Proof of Proposition B.§
The proof is similar to the proof of proposition B.4, where we use the function
v(z,t) = —sup,epoq ||u(s)]|zr(q), Which satisfies

Av—v,>0 on € x(0,400)

In the last part of the proof, we remark that w = 0 on op, and by connexity
of © x (0,400), we get w =0 on Q x (0,+00). The equation on u implies
u(z,t) = constant on Q x (0,+00) which is in contradiction with the fact
that [ u(t) =0 and ug # 0. O

4 Optimization by a gamma-convergence technique:
proof of Theorem [I.4

In this whole section we assume that 2 is a bounded domain.

To do the proof of Theorem [L.4, we first need to rewrite an integral as
follows:

Lemma 4.1 (Rewrite [, v|v|P as the integral of nonnegative func-
tion, forp >1)
Let us denote

A::{veL”“(Q); /v=0; /v2=1; vZ—lonQ}-
Q Q

Then there exists a function f € C?([—1,+00)) which satisfies
f>0 on (-1,1)U(l,40), and f(-1)=f(1)=0

such that for every v € A we have

/Qv\v\p:/gf(v) > 0.

Proof of Lemma [£.1]
Here we use the function

F(0) = volP — v+ 2(1 —?)

and use the fact that [,v = [,(1 —v?) = 0. The properties of this function
can be easily checked, computing

fw)y=@+DPP-—pv—1, f'(v)=pp-+1LvpP?-p

15



O
Proof of Theorem [L.4
To prove Theorem [[.4, we simply observe that for § = 2, and v € A, we
can write

/v|v|p +0|Vo|? = eJ(v)
Q

with )

/6|Vv|2+—f(v) if veAnHY(Q)

JE(v) = 0 ¢
+00 if vg AnHY(Q).

As € goes to zero, the minimizers of J¢ will concentrate on the minima of
the function f, namely on the values v = —1 or v = 1. We see formally
that at the limit, we will get discontinuous functions. To perform rigorously
the analysis, we need to introduce the space BV (Q2) of functions of bounded
variations on €.

For a function v € L'(2), we define the total variation of v as

|Vo|(R2) = sup{/Q—ngili, b= (¢1,..., 0n) € (CHQ))™, Z(bf <1 on Q}
i=1 ¢

i=1

Then the norm in BV(2) is defined by

Iollsvio) = [ lolde+[90i()
and the space BV (2) is naturally defined by
BV(Q)={ve L'(Q), |vlpy@ <+oo}

It is known that BV () is a Banach space.
Then Theorem is a consequence of the following result:

Proposition 4.2 (Limit inf of the energy)
Assume that 2 is a bounded domain and € > 0. Then the energy

€ _ 3 3}
F=r

satisfies
liminf I > 1% > 0
e—0
where 1Y is a constant.

We give the sketch of the proof of proposition [L.3 below, based on a
Gamma-convergence technique, but for the convenience of the reader, we
provide in the appendix a self-contained proof (see Proposition [6.1] and its
proof).
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Proof of Proposition
We remark that
inf J®(u) > inf J(u)
u€A u€Ag
where

ACAQ::{UELI(Q); /U:O; vZ—QonQ}
Q

with the function f extended on [—2,—1] by f(v) = |v+ 1|. Now we apply
the result of Modica [P§, Theorem I page 132, Proposition 3 page 138], with
W(it)=f(t—2),a=1,=3m=2,|Q =1, k=p+ 1. It is easy to see
that there exists a constant Iy > 0 as stated in Proposition [L.2. U

See also the overview of Alberti [], where the full Gamma-convergence
result is stated. The concept of Gamma-convergence has been introduced
by De Giorgi [[L1], and one of the first illustration of this concept was the
work of Modica, Mortola [2¢]. For an introduction to Gamma-convergence
and many references, we refer the reader to the book of Dal Maso [f.

5 Explicit global existence for p = 2 and proof of
Theorem [

In this section, in order to make clear the dependence on the volume [Q],
we do not assume |Q| = 1.

Theorem [L.J is actually a special case of the following more general result:

Theorem 5.1 (Global existence for small initial data with explicit
constants, case p = 2). Let r be any real number satisfying r > % and
r > 2. Let p,.(Q) be the constant given by

pr(@) = M exp (— (o, Oute)* j @) V).

T
YNy = 1%—76_1 orlp—%
P
2(1 - 3)

For every ug € C(Q) satisfying Jouo =0 and

where

ol oo (@) < pr(£2), (5.16)

the (unique) solution of the problem ([[.1)-([I-3) is defined for allt. Moreover
for all t > 1 the solution satisfies:

M@
()| L) < C) ol e+ 1,

17



where

O(r) =27 10 H@)" |1+ =%

T or

2uuouLoo]

To deduce Theorem [L.§, we simply apply Theorem .1 with » = 2N, and
2
use the fact that (yyon)¥ <y and the inequality ([L.0).

Proof of Theorem [.7]
Let us denote by K(t,z,y) the heat kernel associated to the Laplacian
in Q with Neumann boundary conditions?. That is

%K(t,x,y)—AxK(t,m,y):O, Vr,y € Q,t >0
agzK(t,x,y):O, VeedQ,ye N, t>0

K(t,z,y) — 0y(x) in D'(Q) ast — 0F, Vy e .

This function is related to the eigenvalues and eigenfunctions of the Neu-
mann Laplacian —A in € by the following identity:

K(t,a,y) => e D () frly) —i—Ze A £ () fr(y), (5.17)

k>0 ’ E>1

where {\z(Q2) ; k > 0} are the eigenvalues of —A and {fy ; k > 0} is an L%
orthonormal family of corresponding eigenfunctions (recall that Ag(Q2) =0
and fo = s L), Let us set Ko(t,z,z) := K(t,z,x) — \QI From the classical

results on heat kernels (see for instance [[L(}, Theorem 2.4.4]) we know that
the function /2K (t,2,2) is bounded on (0,1] x Q, and then the same is
true for tN/2Ky(t,z,x). On the other hand, it follows immediately from
(F-17) that eME=D Ky(t, z, x) is decreasing on [1,4+00) and then, for any
t>1,

Ko(t,z,z) < e_)‘l(Q)(t_l)Ko(l,x,x) < Che MO < o= N/2

for some constants Cy and Co. Hence, tN/2K(t, x, x) is bounded on (0, +-00) x
2 and we denote by H(Q) its supremum. Since for all ¢ > 0, K(t,z,y)
achieves its supremum on the diagonal of Q x Q, the constant H(Q) is ac-
tually the best constant in the following inequality

1
valid in (0, +00) x €2 x §2. Notice that, in contrast to the Dirichlet boundary
condition case, there is no universal upper bound to H(2) (even for domains
of fixed volume). Indeed, it is rather easy to see that, in the Dirichlet case,
the heat kernel is bounded above by (4mt)~N/2 whatever the domain is.

In fact for this section it suffices to consider a domain Q satisfying the extension
property (see E Section 1.7]).
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Remark 5.2 Notice that

with
tret® = (4rt) 2 {|Q| - ? (HN=1 (09)) t2 + o(t)] as t— 0%,
see [13], see also B, [A] and [24] for the dependance of \1(R?) on the geom-

etry of Q. This implies
H(Q) > (4m)~ N2,

The following property seems to be a standard one, we give it for com-
pleteness.

Lemma 5.3 (LP — L9-estimate for the linear heat equation)
Let vy € C(Q) be such that [yvo =0 and let

olt.a) = (2w) (2) = [ K(t.r.p)oo(w) dy
Q

be the solution of the heat equation with Neumann boundary condition and
vg as initial data. For any positive t and all 1 < p < q¢ < +00, we have

1.1
lo(®)llze < |27 HEQEN2] " oo o (5.18)
Proof. Since [, vy = 0 we have, for any p > 1 and any (¢,z) € (0,400) x Q,
’U(th)‘ = ‘/QKO(taxay) Uo(y) dy‘ < ”UOHLPHKO(taxa ')”LP’

: 1 1 _
with St = 1. Now,

|Kolt,, ), = /Q Ko(t,, )P dy

p—1
< [H@QYE" Kot )
with HKO(t’xV)HLl = fQ |K(7f,$,y) - |_§12‘|dy < fQ(K(t’x>y) + |_g12‘)dy = 2,
since K(t,z,y) > 0 and [, K(t,x,y)dy = 1. Hence, || Ko(t,x, -)lep, <
2[H(Q)t/2]" " and then,

/1 1

L A 4
lo(®)lz < 27 ool @) N2 = oo [ 277 (@]
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Now let us remark that

vz, = /le(t)lq_plv(t)l”

IN

o172l (OI1Z

q—

— a—-p
lwoll 7" [22 7 H ()t~ N2] 7 o t)] [

IN

We get finally the LP — L9 estimate of the lemma, using the contraction
property of the Heat equation with Neumann boundary condition (see 23,
Section 3.1.1]): |[v(t)||lzr < ||lvol|Le- O

The following elementary property will also be useful

Lemma 5.4 Let o, 3 > 1. For all f € L®t5(Q), we have

(Lism)- (L) <o [ 1,

Proof. Using Hélder inequality, the following holds

L < [ / |f|a+ﬂ )
_B_
Il [ / rfraﬂ 7 x |07

L [1ae <ol [ e

From now on, we denote by u a solution of ([[.1))-([.9) for p = 2 whose
initial data ug satisfies [, ugp = 0. The proof of Theorem is based on the
following a priori estimate:

IN

Thus

O

Lemma 5.5 (A priori estimate)
Let r > % satisfying r > 2, 0 < K < ;‘—7{, and assume that there exists
a positive T such that ||u(t)||p~ < K for all t € [0,T]. Then, for any

B € (0,1), we have

_1 1 1 _N
lu(D)llze < luolloo2' ™ H(Q)7|QU7 [BT] 72 x

1
(1= B /r—2K] (1~ 5)
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Proof of the lemma. For simplicity we will write A\; and H for A1 (£2) and
H(Q). Let ¢ > 2 be an even integer. For all t € [0, 7], we have |u|9T! < Ku?
and then, setting F,(t) := %fuq(t) dr > 0, [|u[*l < ¢KF,(t). Using

lemma 4 we also have
K/uql) (7[“2> = (/ Wl) (7[13) S/!u\q“ < qKF,(t).

Therefore, ' /uq g < / uq‘l) <]L“2>

Multiplying Equation ([.1]) (with p = 2) by u?~! and integrating over  we
get, after integrating by parts,

< 2qKFy(t).

-1
/uq_lut +4q—2 / |Vud/22 < 2¢K Fy(t). (5.20)
q

This implies that Fy(t) — 2¢KF,(t) < 0. Hence, for all ¢ € [0,T], we have
F,(t) < F,(0)e?45t, or equivalently

lu(®)]| s < [lu(0)]|Lae*™".
Making ¢ — oo, one can deduce that
Ju(t)||zee < [|uollLo €. (5.21)

On the other hand, we clearly have [wu(t) = 0 for all t. Poincaré’s inequality
gives, for all t € (0,7], [|Vul*> > A1 [v?. Taking ¢ = 2 in (5:20) we then
get, for all ¢t € [0, 7],

lu(®) | g2 < ol p2 e 2 < gl oo |02 2 e =25, (5.22)
By L? — L™ interpolation, we obtain, since 2 < r < 400
1 _ofM
lu(®) |- < Q17 [[uo||peoe™ 0~ (5.23)

Now, Equation ([.T]) leads to the following integral equation

u(t + to) = eoPu(t) + /to et0=)A f(u(t + ) ds,
0

with f(u) := u? — fu?. Taking to:= 8T and t = t; := (1 — 3)T and using
the L™ — L™ estimates (pb.1§) we get

to
[w(T) ||z = [lu(ts +to)|ne < [P u(ty)| pe +/ [eWo=9A f(u(ty + 5))|| L ds
0

IN

1=1 1 = o 11 N
2 r Hrtg > ||u(ty)l|pr + [ 277 v Hr(to—s)" 2 || f(u(ty + 5)) || ds.
0
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Using Hélder inequality for the first line and (f.23) for the second, we get

1S ()|

<
<

Slut) 2
5.24
210 g 2. =232 (5:24)

Setting oy = 2[)‘71 — K] > 0 and ag := 2[);—1 — 2K] > 0 we obtain using

(£2d) and (5:29):

[ ()|~

(2 7)

_N to N
<t () o + /O (o — )" 5| f (ultr + 8)) o ds

<

IN

IN

IN

IN

1 _N
|7 luo| oty *r

e—altl

1 to N
+2|Q|;HUOH%OO / (t(] — 5)_56_042('514-8) ds
0

1 _N
|27 [[uol ooty *

1
+2{Q 7 [|ug||7e

e—altl

to
—o2t / (to — 5)7% ds
0

f o~ toe— o2t
7 g oty ™ et +2HuoHLoo°_7ﬂ]
L 2r

1 _
|27 [luol| ety *

1 _N
|7 [luol| oty *r

1
| [[uol o= (BT

N
L =35

[ —aa(1-8)T
5 | mon(-gr . 2uollL~fTe > ]

gen-gr | 2Bluollze sup <Te—az(1—B)T>]
1 N

- T2 T>0
3 |ean-pr y 20 ol 1}
1-g a(l-p)
0

End of the proof of Theorem b.1]
First step: Global existence.
Let u be a solution of ([.T)-([[.q) whose initial data ug satisfies (f.1). Let
us suppose, for a contradiction, that the maximal time of existence T4, of

A1

w is finite. Put K = e in the last lemma. Let T be the maximal time such

that ||u(t)||r~ < K in [0,T]. Hence (see (f.21)))

K = u(T)

e < lluoll =257 (5.25)

From the assumption (5-19), we have |jug|| = < ajl = oK, with

N\~
a = exp —<7N7TH]Q]A12> < 1
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After replacing into (f.2F), this gives

In«
T>———. 5.26
Y (5.26)
Applying Lemma .5 with 8 = 1, we get:
r—=1 .1 1 _N _3Mp 26_1||UOHLoo
HU(T)HL‘X’ <2 Hr |Q|T(T/2) 2r Hu0||L°° e 4+ m
T 2r

Since ||ugl|r~ < a% = aK, it follows that

-1
R < 2Tr1Hilﬂli<T/2)£a[e?fT+—e ; )]

H_;i;1
N
2(1- )

-3
. —1 "
o HT Q| <( no‘)>

r—

< 2 H|QF(T)2) =

IN

N
T

=

T

N N
_ (wrmﬂw <—1na>2>
= 1

which shows that
[w(T)|[Le < K.

This contradicts the definition of 7.
Second step: Exponential decay.

Note that, since K = i‘—;, estimate (5.29) becomes
1 3
lu(t) e < 190 ol e~ 5
for all ¢ € [0, +o0[. Using again the integral equation, we have
1
u(t +1) = e®u(t) + / eU=)A f(u(t + ) ds.
0

Using the same computation as in the proof of Lemma [5.5, we obtain for all
t>0

r—1 __1\—1 1 N
(25 H?)  lult+ Dl < Ju®ller + /O (1= 5) 5 |l f (ult + 9))l1- ds

IN

1
1 A N
0 ol ¥ |14 2l [ (1= 98]
0

IN

r—1 1 -1 A
(2 ; H?) C () |luo| e 7.
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6 Appendix : proof of a Gamma-convergence-like
result

We give here the following result which is more precise than proposition [£.3,
and propose a self-contained proof.

Proposition 6.1 (Limits of the energy of the minimizers)
Assume that Q is a bounded domain. Then for every e > 0, there exists at
least one minimizer u® of the following problem

£ __ £
P

and
lim inf 1 > JOw®) >1°>0
E—
More precisely, there exists a subsequence (u'f/)a/ such that
' —u® in LNQ)

and u° € B, where
B:= {uGBV(Q); u==1 a.e. inQ /u:O}
Q

and

1° = inf J°
A

where

1
JO(u) = ¢|Vu|(R)  with c:/1 V f(s)ds.

To prove proposition [.1, we will use the following classical compactness

result in BV (Q).

Proposition 6.2 (Compactness in BV (Q), [[7])
Let Q be a bounded domain. For every sequence (v"),, bounded in BV (),
there exists a subsequence (v ), and v>° € BV () such that

’

v — 0™ in LY(Q)

and
liminf Vo™ [(Q) > [Vo™|(Q).

n/—400
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Proof of Proposition
The proof of this proposition is done in the following steps.

Step 1: there exists a minimizer u°.
It is easy to see that there exists a constant C' > 0 such that

WPt +C > f) > Pt = C for v>—1. (6.27)

Therefore, for £ > 0 fixed, every minimizing sequence of J€ in A is bounded
in H'(Q) N LPY(Q). From the compactness of the injection H'(2) —
L%(9), it is classical to get the existence of a minimizer u® € A of J¢.

Step 2: there exists Cy > 0 such that J¢(u®) < Cj for ¢ small enough.
Here for € small enough we will build a function w® € A such that J¢(w®) <
Co.

Let us consider the direction z; and assume that the hyperplane {x; = 0}
separates {2 in two equal volumes:

QN {z1 <0} =[QN{z; > 0}.
For 9 > 0, we define the function
-1 if r < —€

v5(x1) = % if —e<z <e(1+9)

1+ if x;>e(l+9).
Next we define the translation of v9, for a small parameter a € R:
V(1) = °(z1 — a).

Then for a close enough to zero and fixed, there is a unique § = §(a) > 0

such that
[ iep =1,
Q

In particular, this implies that

/ﬂm{m>a+e} (12 1) = /m{a_a<m<a+e} (1127

and then

1

3 | (1 —o(|a| + e(1 + 9))) ((1 +6)? — 1) < 2¢(diam(Q))"*
i.e. for a close enough to zero, there exists a constant C' > 0 such that

d(a) <Ce <1 for e small enough.
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Then we consider the map

a+— ®(a) = / v,
Q

We have ®(—2¢) > 0. On the other hand, because the open set 2 is con-
nected, there exists a constant Cy > 0 such that Q2N {0 <z <n}| > Caon
for n > 0 small enough. Therefore ®(a) < [2|/20(a) — C2(a — €) and then
P(e(1+ CIQ2]/C2)) < 0. Using the continuity of the map ®, we deduce that

Ja € (<22, (14 CIY/C)e) [ o =0,
Q

We set w® = v3® € A and estimate J¢ (w®) as follows

/QE‘VwSP < (24 6(a))(diam ()"

1 1
“f(wf) < <sup f) 2(diam(Q)" ! +[Q]= sup f.
Q€ [—1,1] € [1,146(a)]

We then remark that

sup_f < 2 (1)(0) + o)
[1,144]

because f(1) = f’(1) = 0. We deduce that

Lo i)t o)
€ [1,146(a)] 2

Putting all together we get the existence of a constant Cy > 0 such that for
€ small enough we get
JE(w®) < Cp.

Because w® € A, and u° is a minimizer of J¢ on A, we deduce that
JE(u®) < J5(w®) < .
This ends the proof of Step 2.

Step 3: there exists C; > 0 such that ||[v®||gy(q) < C1 for ¢ small
enough.
We define

/S VIR dt o if s> —1
G(s) = -1
0 if s<-—1
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and

From (B.27), we get for t > —1
7)< v+
and then there exists some constants C,C’ > 0 such that (using p > 1)
G(s) < C <|s|¥ + 8|+ 1) <O (sl + s+ 1) (6.28)

To estimate |[[v°]|L1(q), we will first estimate HUEHLI(Q) and [|u®|[Lr+1(q)-
Because [, uf = 0, we remark that [,(u®)T = [, (u®)” <[] and then

U]l 0) < 2/€2.

From Step 2, we have J¢(u®) < Cj, and then because of (§.27), we get
/ WP Q) < Coe
Q

which gives
1
[[u]|p+1(0) < (Ol + Cog) 7+1 .
Putting all together we deduce from ([f.2§):
1
1012y = G ey < € (11 gy + e llzagey + 1921)

To estimate the whole norm in BV (Q2) we only need to estimate |Vv®|(€2).
This is done, using the following classical trick of Modica [RF] for every
u€ AN HY(Q) (and a® + b% > 2ab)

J# () = /g\vmu 0 /zyvu\\/— /zyvc (6.29)

Applied to v¢, we get

1 1
[ vl = [ V6] < 3 w) < 56
Q Q 2 2
This proves the expected inequality and ends Step 3.

Step 4: I1° > 2|V°|(9).
Let us define
I1° = liminf J¢ (uf).

e—0

Then we extract a subsequence (uf )./ such that

J= () — 11°.
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From (p.29), we have

7 () z/zyvc(uf’)\ :/2\%6’\ — 2]V ().
Q Q

From Step 3 and the compactness result in BV (proposition .9), up to
extract a new subsequence, we can assume that there exists v° € BV(Q)
such that

/

v* — % in LY(Q) (6.30)

and

liminf Vo5 [(Q) > |[V°|(Q)

e’—0
so that
I1° > 2|V%|(Q).

Moreover from (6.30), and the converse Lebesgue theorem, up to extraction
of a subsequence, we can assume that

5J

v (z) — () for ae. z€Q. (6.31)

Step 5. u®’ — u® in LP*1(Q) and u® = £1 a.e. in Q.
From Step 2, we have

/ fw) <eJ*(u®) < Ce
Q
and then

f(u®) — 0 in LYQ).

Then from the converse Lebesgue theorem, there exists a function h € L'(€),
that we can always choose satisfying A > 1, such that there exists a subse-
quence (u").r with

1"

fw® (z)) < h(x) forae. xz€Q

and
fw (z)) — 0 forae. zeQ. (6.32)

Our goal is now to prove that there exists a subsequence of (us" ). which is
convergent to some v’ in LPT1(Q), and u® = +1 a.e. in Q.

We remark that from (6.27), we have for v > 1, f~*(jv|P™! — C) < v, and
then setting h = |[v|[PH! — C, we get

F7UR) < |h+ o
This proves that f~!(h) € LPT1(Q), and

s | <14 f71(h) € LPTH(Q). (6.33)
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Now from (p-31]) and the continuity of G on (0, 4+0c), we have
v =G ) — G W) = forae. z €.

Moreover from (f.33), we deduce that u® € LP1(Q) and

1

v —u® in LPTHQ). (6.34)

Consequently from (6.32)), we deduce

and then
uw(z) =+1 forae zeq.

This ends the proof of Step 5.

Step 6: [ou® =0, u’ € BV(Q2) and \VVOI/(/Q) = %]Vuol(ﬂ).
(i) From (p.34), we get in particular that v — u" in L'(Q), and then
0= fQ ut — fQ u? which proves that

/uozo.
Q

(i) We have v° = G(u®) € BV(Q) and v® = 41 a.e. in Q. Therefore

0 = G(£1) ae. in Q. Moreover, because each of these two functions

0

only takes two values, we can express u’ as a function of v°, i.e. (using

G(=1) = 0)

Thus v € BV(Q) and |[Vu'|(Q) = %|V@O|(Q). This ends the proof of
Step 6. Consequently we get

I1° > J%(u®) with «° € B.
Step 7: inf,ep JO(w) > 0.
First notice that I = inf,ep J'(w) < +oo, because JO(u’) < I1° < Cp <
~+00.
Let us assume that I = 0. Then we can consider a minimizing sequence

w* € B such that J°(w*) — 0. By definition of the BV-norm, of B and
of JY, we see that the sequence (w¥)y is bounded in BV (Q):

Co

1
[t Ny < lwtll @ + 1Vt @ = 9]+ 27 w") < 102]+ ==

From the compactness result for BV (proposition @), up to extract a sub-
sequence, we get the existence of a function w> € BV (), such that

wh — w>® in LYQ) (6.35)
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and
0= lkim}_nf |Vw®|(Q) > |[Vw™|()

Therefore w™ is constant on €, and because of (6.35) and [, w* = 0, we

have
/ w>® =0
Q
and then w* =0 on .

On the other hand, because of (b.35), up to extract a subsequence, we have
wh(x) — w>®(z) ae. in Q

and then w™(z) = +1 a.e. in Q. Contradiction.
Then inf,ep JO(w) > 0. This ends the proof of proposition p.1. O
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