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Abstract. We prove a general functional central limit theorem for weak dependent time series. A very large variety
of models, for instance, causal or non causal linear, ARCH(c0), bilinear, Volterra processes, satisfies this theorem.
Moreover, it provides numerous application as well for bounding the distance between the empirical mean and the
Gaussian measure than for obtaining central limit theorem for sample moments and cumulants.
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1. Introduction

In this paper, we consider the following empirical mean,
1 & 1 &
Sp = — h(zy) = — Y (1)
R T

where h : R* — R is a function and (zn)nez with values in RY is a stationary zero mean sequence
that satisfying certain conditions. We study the case (see the conditions below) where S,, converges
in law to a Gaussian distribution. More precisely, the aim of this paper will be to specify conditions
to obtain a decay rate to 0 of |A,(¢)| with

An(9) = E(¢(5n) — o(N)), (2)

for ¢ a C3(R) function with bounded derivatives up to order 3, where N is a Gaussian random
variable satisfying N ~ N(0,02) with 0% = Z Cov (h(z0), h(zk)).
kEZ

Let us precise now the different assumptions for the times series and functions considered in
(1). First, we have chosen to work in the frame of n-weakly dependent processes. This very general
class of dependent processes was introduced in the seminal paper of Doukhan and Louhichi (1999)
to generalize and avoid certain difficulties linked of strong mixing property. Indeed, this frame
of dependence includes a lot of models like causal or non causal linear, bilinear, strong mixing
processes or also dynamical systems. Secondly, this property of dependence is independent of the
marginal distribution of the time series, that can be as well a discrete one, Lebesgue measurable
one or else. Thirdly, non causal processes can be as well studied as causal ones with this property
of dependence, in contrary of strong mixing processes or martingales. Finally, these definitions of
dependence can be more easily proved and used in a lot of statistic contexts, in particular in the
case of functions of the time series, than the strong mixing one.
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The definition of such n-weak dependent property is the following. A process X = (X,,)nez with
values in R? is a so-called n—weakly dependent process when it exists a sequence (Mr)ren converging
to 0 satisfying:

(Cov (91(Xiy o X)), 92(Xjs o, X5,)) | < (w (Lipgr) - llgalloo + v+ (Lip go) - g1lloc) - 10 (3)

u,v) € N* x N*;

° (
o (i1,...,0y) €Z" and (j1,...,Ju) € Z" with i1 < -+ <y < iy +7 < j1 <+ < Ju;
for all of

HngOO < o0, HgQHOO < 0, Lipgl < 0o and Lipgz < 0.

A lot of usual time series are 7n-weakly dependent. Different examples of such time series will
be studied in the following section: strong mixing processes (see Doukhan and Louhichi, 1999),
GARCH(p, q) or ARCH(c0) processes (see Doukhan et al., 2004), causal or non causal linear
processes (see Doukhan and Lang, 2002), causal or non causal bilinear processes (see Doukhan et
al., 2005) and causal or non causal Volterra processes (see Doukhan, 2003). Now, we can specify
the different assumptions used in the general functional central limit theorem:

Assumptions A on the sequence (z,),:
(in the sequel, the norm is |(uy, ..., uq)| = max{|uyl,...,|ug|} for (ui,...,uq) € R?)

1. there exists m—th order moments for (x,), with m > 2;

2. (2 )nez is a n—weakly dependent process (defined from the inequality (3)) with values in R,
and the sequence n = (n,),en satisfies:

0<n=0(r"% forallr e N with a>0. (4)

Assumptions H on the function h:
1. E(h(zp)) = 0;
2. There exists a > 1 and A = A(d) > 1 such that for all u,v € R?,

{ [7(w)] < A(ful* v 1);
[A(w) = h(v)] < A((jul*" +[0]*™) V1) Ju—ol.

Using a Bernstein’s blocks technique, we prove here the following theorem:

THEOREM 1. Let h and (zp)nez satisfy respectively assumptions H and A, with m > 2a. If

2m —1 9 =
a > max (3, — 2@), then o = kzz_:oo Cov (h(zo), h(zk)) < oo, and for any Z ~ N(0,1) random

variable, for any ¢ € C3(R) with bounded derivatives, there exists ¢ > 0 such that:

a(m —2a) —2m +1
2(m+a—1+a-m)

B(6(Sn) = 6(o- 2)| <con™  with A= (5)
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A functional limit theorem for n-weakly dependent processes. 3

Even if this result may be not optimal in term of the conditions linking the moment assumption
with the decay rate of weak dependence of the time series, this however concerns a lot of models
and open new perspectives of treatments for non causal processes. Moreover, if  — co and m — oo
are large enough, then A\ — % In such an asymptotic case, the rate of convergence n=" is close to
the rate of sequence of i.i.d. random variables (that is 1/y/n).

The remainder of this paper is organized as follows. The following Section 2 is devoted to statistical
applications for different examples of n-weakly time series. Section 3 contains the main proof of
the general functional central limit theorem.

2. Applications of the functional central limit theorem

2.1. TIME SERIES SATISFYING THE ASSUMPTIONS A

Causal GARCH and ARCH(x) processes

The famous and from now on classical GARCH(¢/, ¢) model was introduced by Engle (1982) and
Bollerslev (1986) and is given by relations

/

q q
Xk = pr - & with p% :ao—l—zan]z,j-i-ZCjP%,j, (6)
J=1 J=1

where (¢/,q) € N?, ap > 0, a; > 0 and ¢; > 0 for j € N and (& )kez are i.i.d. random variables
with zero mean (for an excellent survey about ARCH modelling, see Giraitis et al., 2005). Under
some additional conditions, the GARCH model can be written as a particular case of ARCH(c0)
model (introduced in Robinson, 1991) that satisfied:

oo
Xi=pr-& with pf =bo+ > b X7, (7)
j=1

with a sequence (b;); depending on the family (a;) and (¢;) in the case of GARCH(¢, ¢) process.
Then,

PROPOSITION 1. [See Doukhan et al, 2005] Let h satisfies assumption H. Let X be a stationary
ARCH (o) time series following equation (7), such that it exists m > 2a satisfying E(|{o|™) < oo,
oo

with the condition of stationarity, ||&||?, - Z |bj| < 1. Then, if:
j=1
— it exists C > 0 and p €]0,1[ such that Vj € N, 0 < b; < C - u™, then X is a n-weakly
dependent process with n,. = (’)(6*0\/;) and ¢ > 0 (this is the case of GARCH(q',q) processes)
and (5) is satisfied.
3m —2a—1

m — 2a
s a n-weakly dependent process with 6, = O(T_V+1) and (5) is satisfied.

— it exists C > 0 and v > max (4 ; such thatVj e N, 0 <b; < C-j57Y, then X
j
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Causal Bilinear processes

Assume that X = (Xj)rez is a bilinear process (see the seminal paper of Giraitis and Surgailis,
2002) satisfying the equation:

o0 o]
szgk(a0+2ank_j) +00+ZCij_j for k € Z, (8)
j=1 j=1

where (&x)rez are i.i.d. random variables with zero mean and such that ||£|, < +oo with p > 1,
and aj, ¢, j € N are real coefficients.

PROPOSITION 2. [See Doukhan et al., 2004] Let h satisfies assumption H. Let X be a stationary
bilinear time series satisfying equation (8) with co = 0, E(|&|™) < oo and ||&o||m - ( 721 laj| +

> 521 ]cj\) < 1 with m > 2a. If:

B { dJ € N such that Vj > J, aj = c; =0, or, then X is a n-weakly de-

Ju €]0, 1] such that > ;|cjlp™7 <1 andVj €N, 0 <a; < p/
pendent process with n, = O(e=V"), constant ¢ > 0 and (5) is satisfied.

—Vj €N, ¢ >0, and 31 >2 and e > 0 such that a;j = O(F™), >,¢; < 1 and

> ¢ijtt < oo, then X is a n-weakly dependent process with 6, = O((l r )_d>, where
ogr
. ' vy -8 B I_chj ) 2m—1
d = min (m —1; m) and § = log (1 + W) Moreover, if d > max (3, p— 2a)’

then (5) is satisfied.

Non-causal (two-sided) linear processes

PROPOSITION 3. [See Doukhan and Lang, 2002, p. 3] Let h satisfies assumption H. Let X be a

stationary bilinear time series satisfying equation

[e.9]

Xk = Z a;jék—; for keZ, (9)

j=—00

with (ag)rez € R? and (&) ez a sequence of zero mean i.i.d. random variables such that E(|&|™) <

7 bm—2a—2
oo for m > 2a. Assume that a = O(|k|™") with p > max (5, %) Then X is a
m—2a

n-weakly dependent process with n, = O( and (5) is satisfied.

prved
REMARK 1. Despite the quite simplicity of this model, it exists very few results concerning the
dependence of the two-sided linear processes. The main reason of this is difficulty to use martingale
or mixing properties for a non-causal process. However, in Rosenblatt (2000, p. 52) a non-efficient
strong mixing property for two-sided linear processes was given, but under restrictive conditions
and with . The case of strongly dependent two-sided linear processes was also treated by Giraitis and
Surgailis (1990) or Horvath and Shao (1999) but only with ay, = O(|k|™®) for a fired —1 < a < 0.
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A functional limit theorem for n-weakly dependent processes. 9

Non-causal Volterra processes

Let X = (X¢)iez be the zero mean non causal (two-sided) and nonlinear time series, so called
a non-causal Volterra process, such that for ¢ € Z:

o
X, =Y v® with v = 3 jy,ogpCiin S (10)
p=1 J1<j2 <. <ijp
G1seens jp €Z
where (aj,,..;,) € R for p € N* and (j1,...,7p) € ZP, and (&)rez a sequence of zero mean i.i.d.

random variables such that E(¢3) = 02 < oo and E(|&|™) < oo with m > 0. Such a Volterra
process is a natural extension of the previous case of non-causal linear process.

PROPOSITION 4. [See Doukhan, 2003] Let h satisfies assumption H. Let X be a stationary
non-causal Volterra process, satisfying equation (10) with E(|&|™) < oo and

o0
S g 6lE < o

p=0 j1 <j2 <-- <ijp
Tlsewos jp €Z

Assume that the process is in some finite order chaos (there exists po € N such that aj, ... j, = 0 for

2a —1
m—l—ia)' Then X is a n-weakly

p > po) and Ajy,.ojp = (’)( max{|ji|_“}) with p > max (2 ; —

1<i<p

dependent process with n, = O( ) and (5) is satisfied.

S

Non-causal (two-sided) bilinear processes

As a natural generalization of causal bilinear process, Doukhan et al. (2005), Lemma 2.1, define
X = (Xi)tez a zero mean nonlinear time series, so called a non-causal (two-sided) bilinear process.
They proved the stationarity in L* (for any & €]0,00]) of such a bilinear process X = (Xz)iez
satisfying the equation:

X =& - (ao + Z ank,j), for k € Z, (11)
JEL*
where (§x)kez are i.i.d. random bounded variables and (ax)xez is a sequence of real numbers such
that A = [[€olloo - 2050 las] < 1.

PROPOSITION 5. [See Doukhan et al., 2005] Let h satisfies assumption H. If X is a stationary
non causal bilinear process, i.e. a solution of (11), such that || ollec - 2oj20 laj| < 1. Moreover,

3m —2a—1
assume that the sequence (ag)rez s such that: ap = O(|k|™") with p > max (4 ; %)
m — 2a
1
Then X is a n-weakly dependent process with n, = O(ﬁ) and (5) is satisfied.
T
Non-causal linear processes with dependent innovations
Let X = (X,)nen be a zero mean stationary non causal (two-sided) linear time series satis-

fying equation (9) with a dependent innovation process. Following the results of Doukhan and
Wintenberger (2005), if (&, )nez is a n-weakly dependent process, then X is an n-weakly dependent
process:
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6

PROPOSITION 6. Let h satisfies assumption H. Let X be a linear time series satisfying (9) with
(ap)rez € R” and (&)rez a n© -weakly dependent process with zero mean, such that E(]&|™) < o0

andm > 2a. Moreover, assume that a, = O(|k|™") and nq(ﬁ) = O(r7"). Then X is a n-weakly depen-

_ . r=2)(m=2)
dent process with n, = O(r v 0‘*1)(7”*1)) and (5) is satisfied if

)(m—2

2m —1

(k—2)(m —2)
(p—1)(m—1) m — 2a

-uZmaX(3;

2.2. APPLICATIONS OF THE FUNCTIONAL CENTRAL LIMIT THEOREM

1. The general functional theorem (1), which concerns the estimate of Dudley ’E(gb(Sn) —¢(0-N))

)

allows an interesting application: the majoration of a measure of the distance between Sy and
its Gaussian approximation. Indeed:

COROLLARY 1. Under the assumptions of Theorem 1, there exists some ¢’ > 0 such that:

sup|P(S, <t) = P(o- N <t)| < -n M forneN.
teR

Proof of Corollary 1. Arguing as in Doukhan (1994) we consider, in expression (2), a smooth
approximation ¢, of the indicator function ¢, (t) = lj;<,); this is possible to assume that

¢z < ez < Gpie and H¢§’%Hm < Ce™J for some constant C' and for j = 1,2 or 3. Then
the result may be specified and the bound may also be written with a constant ¢ = C -
(19 [loo + 18" ]loc + |¢”"|lo0) for some C which does not depend on ¢. With the notation (2),
we obtain the bound: A, (¢ ) < Ce™3n~* for some constant (still denoted) C' > 0 and each
z € R,e €]0,1], and n > 0. Using the relation sup,cg P(c - N € [u,u +¢)) < ﬁ, the above

mentioned expression is then bounded above for a suitable constant ¢ by ¢ (5_372_/\ + 5); the

choice € = n=** thus yields the result. §

REMARK 2. Unfortunately, this rate is far from being optimal as stressed by Rio (2000) which
obtains rate n=P for some p < 1/3 in the case of strongly mixing sequences. Here, in the best
cases (A — 1/2 when o — oo, that is for instance the case of GARCH(p,q)), we obtain the
rate n=" for some T < 1/8.

. The general functional theorem (1) could be applied for providing central limit theorems for

sample moments or cumulants. Here, we consider a real valued time series (X, )ncz satisfying
assumption A (with parameters a and m that will be specified above). Indeed, for k € N*,

denote p = (p1,...,px) € N¥, |p| = p1 + - -+ + pr and assuming that IE(X{M) < 00, define:
mP) = E(XP'XF? ... XP*),  the moment of order p

the sample moment of order p

n
~(p) _ l P1yvP2 ... vPk
my’ = n ZXi Xi+1 Xi+l<:—17
i=1

Then, the following results generalize the usual central limit theorems for strong mixing
processes (for instance, see a survey in Rosenblatt, 1985):

theobdl.tex; 17/02/2006; 14:29; p.6
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A functional limit theorem for n-weakly dependent processes. 7

COROLLARY 2. 1. Setk € N* andp = (p1,...,px) € N¥, |p| = p1+ -+ pi. Let (X,)nez be
1
a real valued time series satisfying assumption A with m > 2|p| and o > max (3; 72”)
m—zp
Then:
V() —m®) 2 N(0,0%)).

n—oo

with o*(p) = 3 (BOXP X -+ XPXPL - XPy) = (mP)?).

LETL
2. More generally, let I € N*, (kyi,...,kr) € (N9, and fori=1,...,1, pl) = (pgl), ,p,(;))
Let (X)) nez be a real valued time series satisfying assumption A with m > 2max(|p1], . \pjl)
2m —1
and « > max (3; ) Then:
m — 2max(|p1l, ..., [pr])
@) _ (i) D
\/ﬁ(mn m )1§i§1 njgo NI(Ovz(pla”'apI))’ (12)

(4) (€] (J)
with X(p1, ..., pr) (Z (E Xp1 X§2 .. .ka X?-sl-l ) Xé-i-k) (Pi)m(Pj))) )
ez 1<4,5<I

Proof. 1. Let x; = (Xiy..., Xisk—1) and h® : (z1,...,2;) € RF s 271202 2P — mm(P) that
satisfies Assumption H with @ = |p|. Indeed, it is possible to prove that |h(u)| < 2(m®) v |u|lP)
and |h(u) — h(v)| < 2PI(ju|PI=* 4 |o|PI=1) v 1) |u — v|. Then, theorem 1 can be applied.

2. Let k = max(ky,...,kr) and z; = (X;, ..., Xi1p_1). Let (A1,...,A\;) € R and h = Zle i

hP)) Tt is clear that h satisfies Assumption H with a = max(|py|, ..., |pr|) (indeed, if each h(P:)
satisfies Assumption H with coefficient a; = |p;|, then a linear combination of h(P)) satisfies
Assumption H with coefficient @ = max(|ay|, .. .,az)). Then Theorem 1 implies that >-7_; \; -

m%p i) satisfies a central limit theorem. It implies the multidimensional central limit theorem.

A natural and interesting example that generalizes usual central limit theorem under strong
mixing conditions is the following;:

EXAMPLE 1. Let (Xp)nez be a real valued time series satz’sfying assumptz'on A. For allm €

N*, 6y < -+ < by, € N, define R(£;) = E(XoXy,) and R, ( ZX +o.. Then
Va(Ba(t) - R(6:)) L N0, 5 (o b)), @ > max (35 1)
1<i<m n—oo I ) ’ I ) m — 4

with £(01, ... by) = (Z (B(XoXe, Xk Xte,) - R(fi)R(zj))) .
keZ 1<i,j<m

Moreover, the sample skewness and sample Kurtosis satisfy also central limit theorems from
the Delta-method applied to multidimensional theorem (12).
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More generally, another consequence of such a result is the central limit theorems satisfied
by the estimation of the k-th cumulant of X (obtained from the Taylor development of the
characteristic function logarithm), defined by:

k) = Cumulant(Xy, Xi,,..., X)), for p={1,dg,... 4} C{1,...,k}.

From Leonov and Shiryaev (1959), there is a relation between cumulants and moments, that
is:

k U
K — Z(—l)“_l(u -1) Z H mHi),
u=1 (W1 5eesth) J=1
where (p1,...,py) (in the sum) describe all possible partitions in u subsets of the subset p.

Then:

COROLLARY 3. Set k € N*, p = {1,ia,...,i,} C{1,...,k}. Let (Xn)nez be a real valued

2m — 1
time series satisfying assumption A with m > 2|p| and o > max (3; mim‘) Then it exists

m — 2|
7v2(p) > 0 such that:

V(R = £00) 25 N(0,4%(w),
n—oo
k u .
from the sample cumulant &M = Z(—l)“fl(u -1) Z H m¥),
u=1 (.u‘lznuu)]:l

3. Proof of Theorem 1

From now on, ¢ > 0 denotes a constant which may vary from one line to the other.

First, define a truncation in order to be able to use the previous dependence condition and make
Lindeberg technique work. For T' > 0, define fr(z) = (z AT)V (—T) for z € R. Then Lip fr =1,
| frlloo = T. For (u1,...,uq) € R%, we denote

Fr(uy,...,uq) = (fr(u1),..., fr(ug))

and
Yi=h(w), V" =h(Fr(@) -EhFr()], B =Y -y (13)
LEMMA 1. Let h and (zp)nez satisfy respectively assumptions H and A, with m > 2a. Then,
@) E[IEV ] <c A-T™ and E [(ET)?] < ¢ A% T2 ™ ;
b) for alli€Z, ]COU(YO(T),EZ-(T))] < E(]YO(T)]’ ’EZ(T)D <c-A?.T%m,

c) forallie€Z, |COU(Yb(T),Y;.(T))‘ <c- A2 T2y

theobdl.tex; 17/02/2006; 14:29; p.8



A functional limit theorem for n-weakly dependent processes. 9

Proof of Lemma 1. First note that for v > 1 such that ay < m, from assumptions on h,

E “h(:cg) — h(FT(ﬂUO))H < AV E U(|aco|“‘1 + | Fr(xo)|*™ 1) - |mo — FT(LL’O)\”
< (24)7-E Uﬁ?o!m ']I{\xo|ZT}}
< (2A)7 - p-T7*™ (Markov inequality). (14)
a) The assumptions on h lead to
E[IE"]) < E[Ih(Fr(xo)) — h(ao)]] +E [[h(Fr(xo))]
< 2E [|h(Fr(x0)) — h(zo)|]-

Now the relation (14) with v = 1 leads to E [|h(EFr(z0)) — h(zo)|] <2A - p-T* ™. Then,
E[[Yrol] <4A-p-T7™.
By the same arguments,

E[(E")?] < 4E[(A(Fr(z0)) — h(0))?]

<
< 16A% . p-T?%™™ (relation (14) with v = 2).

b) Analogously, relation (14) with Holder inequality yields

(Cov (Vg EEN < IV, - (BB |772]) ™ (Holder inequality)
< 2|a(Fr(@0))l,,, -2 (E (1h(z0) — A(Fr(ao))| 7))
< 24 - |||zol* V 1Hm/a A (Tfm(lfma*a))% (assumptions on h)

< C'A2'T2a_m.

c) Let A1) (u) = h(Fr(u)) — E [h(Fr(zo))] for u € R From assumptions on A, it can be shown
that ||h(7) || < 24 - T and Lip (") < 24 - T%1. Then the weak dependence inequality (3)
implies:

Cov (Y37, v )| < [Cov (BT (o), hT) (2,))]
< SA2 . 7201 i N

LEMMA 2. Let h and (xy)nez satisfy respectively assumptions H and A, with m > 2a and

oo m—2a
which implies Y 0"~ < oo. (15)
i=1

m—1
o >

m — 2a
Then:

a) The series 0 = Z Cov (h(x0)), h(z;)) = Z Cov (Y0, Y;) converges;

1=—00 i=—00

theobdl.tex; 17/02/2006; 14:29; p.9



10

P
b) With 012, = Var <Z YZ) , there is a constant ¢ > 0 such that
i=1
0'2 10gp (1 a(m—2a))
02—p§c-<—|—p ool ) (16)
p

Proof of Lemma 2. a) With T; > 0 for ¢ € Z, we write
Cov (Yo, Y;) = Cov (ES™ B + Cov (Y3 ™, EMY) + Cov (V" BT + Cov (v{ ™, v)).

7

From the prev1?us lemma, |Cov (Yp, Y;)| < ¢ A% (T2~ ™ 41201 ‘1}3))- Now, set TRemm = 72l il

then T; —77|| ' >0 and

m—2a

[Cov (Yo, Yi)| < cmy " . (17)

o0 o0 m—2a
As a consequence, Z |Cov (Yp,Y:)| < c- Z n," " and o? exists thanks to the assumption (15).

i=—00 1=—00

2
g
b) Decompose o” — ° = Dy + Dy with Dy = Sy, Cov (¥, ¥i) and Dy = § 35y i Cov (Yo, )

From assumption (15), we conclude as above with inequality (17), because:

m—2a (17(1(777, 2a))
[Di| <e-d mm "t <e-pt T mmT ) and
i>p
-1 1
m—2a 2u lfOé 2 2 . mj then |D2| < ng
B |D2|<7 > il ™ Now, 3y m—1 (1-atm=20)) -
lil<p if <a<2-——— then |Dy| <c-p T
m — 2a m — 2a

LEMMA 3. Leth and (xy)nez satisfy respectively assumptions H and A, with m > 2a. Forp € N*,
P

-2

define: Wy, = ZYl Then, if « > 3, for all 0 < 6 < u, there exists a constant ¢ > 0 such

; a

=1
that: - 0 5

E[Wp|2+5 <c-p"  with 2to Sr:2+5—u < 246.

2 m—1
Proof of Lemma 3. Let A =2+ 6 and m = a(2 + (). With inequality (14) and W( ) = [ }Q(T),
we obtain: -
IWolla < WP lla +plYo = Y lla < W la +c-p- T3

The Holder inequality provides:

B[O < (BIwDR) " (B

Now from c) of Lemma 1, we obtain E]W 2 <c.p-T?7! an Setting
1=0

u 4
Cov (H v, 11 Yf’)|

=1 i=u+1

C,r = max sup

u=1,2,3 Su+1—Su=T
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A functional limit theorem for n-weakly dependent processes. 11

where this supremum is set over s; < sy < s3 < s4, we obtain as in (77),

p—1 00 2
E|W;§T)|4 <c (p Z(k +1)%Crr + <p L2l Zm) ) .
k=0 i=0

We quote that Cpr < T4~ 1y, to derive
2
E|W1ET)’4 <ec <p . Téa—1 + (p . T2a71) ) )
Thus, from previous inequalities and with m = (2 + ()a,

E|Wp’A < ¢ (pA . TaA—m + (p . T2a—1) B

IN
o
9
g
N~
R
>
2
+
>
N
[N}
S
N
+
s
N
)
d
N

We now minimize this last inequality in p by setting 7' = p® with b > 0. With the condition § < a(,
we first show that it is necessary to have b < 1 and the optimal b is obtained by balancing of
pAT%0=C) and p - T*A~1. This value of b is:

1+06
b= ——
m—1’
a(¢—9)
that satisfies b < 1. We thus obtain E|W,|* < ¢- p?™ 7= | that implies the result of the lemma.
|
: m-—2a—a-0 1 : : o
3.0.0.1. Remark Noticethatr =249 — —Q—1 > ok contrarily to the classical Marcinkiewicz-
m p—

Zygmund inequalities.

Proof of Theorem 1. We use a Bernstein blocks method for this proof. Consider three sequences of
positive integers p = (p(n))nen, ¢ = (¢(n))nen and k = (k(n))nen such that:

o lim P _ 4y, 40 _o.
n—oo n, n—00 p(n)
n
° k‘n:{} thus lim k(n) = c0).
N TR ] B e
These sequences are chosen as
p(n) = [nﬂ}, q(n) = [n"], with 0 < v < (B < 1,

the exponents § and v will be chosen below. We form the blocks Iy, ..., I and define the random
variables Uy, ..., U such that:

L= {G =100 +am) +1,..., G = D(p0) +q(n) +pn)} for j=1,....kn);

U; = ZYi, for j=1,...,k(n).
i€l

theobdl.tex; 17/02/2006; 14:29; p.11



12

Then expression (2) is decomposed as:

3
An = Z Aé,ny
/=1

where we set, for a standard Gaussian N ~ N (0, 1),

k
le,n =E ‘ﬁ(éim) _"ﬁ 1n/j£: [(i) ) s
j=1
Aoy = E|¢ if:Uj —o [ Nop/E) ]
’ \/ﬁ]:1 n
Asn, = E gf)(NUp\/E) —gb(aN)).

Term A, ,. Using assumption (15) and a Taylor expansion up to order 2:

n

k . + i [e%s) = m—2a)/(m—

PPN COROESIONBLIES W
=0
S c- (nﬁ*1 + n'Y*ﬂ) . (18)
Term As,. Now, Taylor formula implies:
k k 1 k
0 (Napﬁ) = 6(0) + Nap\/;ﬁ’(m + NG (),
1

¢ (No) = ¢(0) + Nog¢'(0) + 5N%ng”(vg),

with V1 and Vs two random variables. Then, with Lemma 2,

k(n
800 < 1l [F 02 o2

n p(n) n

_ _am=20)  ¢(n

Sc-(logpn -p1n+pn1 e >
(p(n)) (n) +p(n) o)
o:B:(m—2a)
and therefore ’Agm‘ < c- (n_ﬁ -logn + nP T + Tﬂ_ﬁ) . (19)

Term As . Let (N;)1<i<p(n) be independent N (O, 012,) —Gaussian random variables, independent

of the process (z;);ez (such variables classically exist if the underlying probability space is rich

k(n)
1 1 .
enough). We define ¢;(t) = E ((]ﬁ(\/ﬁt + \/ﬁigjﬂ Nl)> for j = 1,...,k(n). In the sequel,

theobdl.tex; 17/02/2006; 14:29; p.12



A functional limit theorem for n-weakly dependent processes. 13

for simplicity, empty sums are set equal to 0. Then:

1 k) k(n
(G ORIE)
1 L o
(gﬁ(ﬁ?_}“ﬁi e szz ))
k(n)
= ZEujn,
7j=1

with v, = ¢; (Z; +Uj) = ¢; (Z; + Nj) and Z; = Y171 U;
Moreover, H(;SE«DHOO < n2)|¢Y)| 5 for £ = 0,1,2,3. Making two distinct Taylor expansions

(up to order 2 and 3 respectively) we obtain the two following expressions with some random
variables L; for j = 1,2,3,4:

(@D (L1)U3 — ¢ (La)ND)

[(¢](Ls) — ¢(Z;)U}
—(¢(La) — ¢(Z;))N?]

1 2 A2 U OGP NN
vin — [04(Z)(U; = Nj) + 597(Z;)(U; _Nj))H < C( At AN

Vin — |83(Z)(U; = Nj) + ¢ (Z)(U] ~ N})| =

| = =

< U540+ NG 1)

1+6/2(
because the sequence (N;); is independent of the sequence (x);, and thus independent of the
sequence (Uj);, and with the two relations EU2 = 0' = EN2 and s2 A s3 < 5279 with 6 € [0, 1]

(that is valid for all s > 0). Now with the inequality E|N; ]2+5 (EU2)1+5/2E]N(O D)|* < ¢ RB|U; >
we derive

1
[Bvjn| < [Cov (9(Z), Us)l + 5 - [Cov (¢ (2)), UJ)| + 1+5/2 - E|U; .
Thus, using Lemma 3, with C; = ’COV (qb;-(Zj),Uj)‘ and C} = ‘Cov (97(Zy), U2)
Bon| < 3 (Cj+Clten02)
j=1
k(n)
< con 02yl y Z(Cj +C7), (20)
j=1

Now, we can write the random variables U, U?, ¢(Z;), ¢/{(Z;) as functions G : (RY)"* — R
of z;,,...,z;,. The important characteristics of such G are drlven by the following respective
orders:
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Random variable Order w IG oo LipG
Ug@ p(n) O (A~ p(n)T*) O (A~ p(n)T" ")
Dy2 p(n) O (A2 p(n)?T%) O (A2 p(n)>T1)
(7 > <n < 2¢ oo O(A-T*"n™)
¢//( ) <n < n_IHQS”Hoo O (A . Ta_ln_3/2>

In order to use the weak dependence device for these two random variables C; and C’j’-, we

have to use truncation U; (™) obtained by replacing Y;’s by Yi(T) and then,
p(n
¢y < O 41910 &ﬁ) 5B with o7 =|Cov (9 <ZJ>,U;T>>;
2
T T
¢ < Ot e T By - () with €T = L [Cov (6(2), 0]

From the previous bounds, we Obtain:
O < e A% (p(n) TR ¢ o p(n)? T ) g,
C < e A% (p()? T3 2 6o - p() - T2 ) g,

j =

For this, one should mention that if s € N*, the function Ggf) defined on R? as Ggf) (uy,...,us) =
[T5—1 (h(Pr(u;)) — E[h(Fr(z0))]) satisfies |G} [|oc < T°* and LipGY) < c- A*- 75071,

Thus,
Cj < c A (p(n)‘T“er (p(n)-TQ“1 P e )%(n))s
pZ\/Z) p*(n) . ( ) .
cggc.-A3<n-T2“—m+<\/ﬁ ety B e 1>'nq(n>>v

from relation (17), and because with inequalities (13),
ENYG ~ (v <EIE P + 2B (1" [BGV]) < e T

Now, those bounds have to be minimized in n by choosing T as a function of n. We assume

ay—1/2 . .
B < 1/2 and hence C; and C’;» are minimized by selecting T' = natm-1 , that implies:

C; < oo A3 A 1/2)<m+aa1),

m—2a
Ch < ot Y 2)(’”“‘1)7

1 1
under the conditions %0 <y < pB< 3 Finally, from (20), we obtain the following bound:
!

|A2,n} < c.A3'<n5(T*1)*5/2+n1/2 (ay— 1/2)(m+a”1) +nﬁ—(m—1/2)<$+f_“1)>' (22)

theobdl.tex; 17/02/2006; 14:29; p.14



A functional limit theorem for n-weakly dependent processes. 15

1 1
Therefore, inequalities (18), (19), (22) and condition 20 <7< B < 3 provide:
a

p=p (1 —a: %_2{1)

p2 =70

|An| < ¢ A3 praxELppepas)  with p3 = p3 (1 +0— (%ﬂ)) —0/2 (23)
= 1/2— (ay —1/2)(;252;)

ps = f—(ay— 1/2)(7?@2—&1)

We have the possibility to make varying §, 3, v (with certain conditions) for:
1. obtaining conditions on « and m, such that it exists 9, 3, v satisfying max(p1, p2, p3, pa, p5) < 0;

2. minimizing max(p1, p2, p3, P4, p5) with an optimal choice of §, 3, v under the previous condi-
tions.

-2
To solve 1., the condition ps < 0 implies [ < % with the optimal choice 6 = m/a — 2.
m-—a
- . . 1 /2m—1
Moreover, condition psy < 0, implies v > o\ —a ) As a consequence, max(pi, p2, P3, P4, P5) <
a\m-—a

0 is satisfied when:

-2 2m —1
)<7<6<ma = a>-""_ (24)

20\ m—a 2(m —a) m—2a

1 <2m -1
To solve 2., fist we show that only coeflicients po, ps and ps4 have to be considered for the mini-
mization (under conditions (24), coefficients p; and ps are smaller than po, ps and py). Then, the
optimal choice for v and ¢ is provided by the resolution of the system: ps = p3 and pa = p4, that
implies to:
m+2a— 14 a(m — 2a) 3m +2a — 2
and 7= ;
2(m+a—1+a-m) 2(m+a—1+a-m)

and therefore, we obtain the optimal rate:

Bo =

a(m —2a) —2m +1

|An| < ¢ A3 p™  with A= .
2(m+a—-14a-m)
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