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A NASH-MOSER THEOREM FOR SINGULAR EVOLUTION
EQUATIONS. APPLICATION TO THE SERRE AND
GREEN-NAGHDI EQUATIONS

BORYS ALVAREZ-SAMANIEGO AND DAVID LANNES

ABSTRACT. We study the well-posedness of the initial value problem for a
wide class of singular evolution equations. We prove a general well-posedness
theorem under three assumptions easy to check: the first controls the singular
part of the equation, the second the behavior of the nonlinearities, and the
third one assumes that an energy estimate can be found for the linearized
system. We allow losses of derivatives in this energy estimate and therefore
construct a solution by a Nash-Moser iterative scheme. As an application
to this general theorem, we prove the well-posedness of the Serre and Green-
Naghdi equation and discuss the problem of their validity as asymptotic models
for the water-waves equations.

1. INTRODUCTION

1.1. General setting. We investigate in this paper the local in time well-posedness
of singular evolution equations of the form

Ou® + 1Es(t)gs + Fet,ut] = h°
5

3 — g
Q‘t:o - 207

(1)

where ¢ € (0,2¢) is a parameter, £¢(¢) is a linear operator, while F¢[t, -] is nonlinear.
Under appropriate assumptions, we prove that the initial value problems (IVP)
(o<-<e, admit a solution on a time interval [0, 7], with T > 0 independent of <.
Such a result is known in the case of quasilinear symmetric hyperbolic systems,
and provided that the linear (and singular) part %Es (t) is, say, a constant coefficient
anti-adjoint differential operator (see e.g. | for the case of classical symmetric
system, and [H] for an extension of these results).
In the quasilinear case for instance, an essential step is the study of the IVP associ-
ated to the linearization of () around any reference function u belonging to some
functional space X: if a solution v to this IVP can be found in X, and if an energy
estimate controls the norm of v in terms of the norm of u, then a solution to ()
can be constructed by a standard Picard iterative scheme.
Our goal here is to investigate situations where this general approach fails. In
particular, it sometimes happens that the energy estimate associated to the lin-
earized problem only controls v in a space strictly larger than X; when such a loss
of information occurs, the standard Picard iterative scheme cannot converge. It is
however possible, under certain assumptions, to use the iterative scheme developed
by Nash and Moser and used for the first time to solve the embedding problem for
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Riemannian manifolds [lj]. There exists now an extensive literature (e.g. [, })
showing that the technique of Nash and Moser can be used to prove an abstract
implicit function theorem.

The implementation of a Nash-Moser iterative scheme is however very technical,
and is only used as a last recourse to solve nonlinear evolution equations, though
some recent works show that it is a useful tool (e.g. [E, E, @, , , E]) We
develop here a Nash-Moser theorem specific to the general class of IVP ([I]), which al-
lows us to greatly simplify the general theory (at the cost, sometimes, of optimality
— see also ] for a simplified general Nash-Moser implicit function theorem). The
interest of these simplifications is twofold: i) we can state a general well-posedness
theorem for ([lf) under three assumptions easy to check on £2(t), F¢ and the lin-
earization of ([l]); i) we can also handle the presence in the equation of parameters
and singular terms. We also show how these results can be used for the justification
of asymptotic systems.

As an illustration, we solve the Serre and Green-Naghdi equations which are two
of the most widely used models in coastal oceanography ([E, E, and, for instance,
[@, E]) We also address the problem of the relevance of these models as asymptotic
models for the exact water-waves equations.

1.2. Organization of the paper. We start by giving the three assumptions of
our general well-posedness theorem for ([[) in Section @ Section E is devoted to
the main theorem: it is stated in Section and proved in Sections @ and E
In Section E, we give some generalizations and a corollary of the theorem. The
three main assumptions are weakened in Section where we allow a more com-
plex dependence of the energy estimate on time derivatives. In Section @, some
useful and easy generalizations are given: a slight weakening of the three main as-
sumptions (), the possibility of handling other parameters than ) and of
replacing the linearization of (%by an approximate linearization (B.2.3). Finally,
a corollary is given in Section B.3, which gives a stability property very useful for
the justification of asymptotics to ().

An application of the main theorem is given in Section E where the Serre and
Green-Naghdi equations are solved uniformly with respect to the so-called shallow-
ness parameter (Section [.2). The results of Section [ are then used in Section [.g
to address the justification of the Serre and Green-Naghdi models as asymptotic
models for the full water-waves equations.

1.3. Notations. - We generically denote by C(A1,A2,...) a constant depending
on the parameters A, Az, ...; the dependence on the \; is always assumed to be
nondecreasing.

- If X; and X, are two Banach spaces, we denote by £(X7, X5) the set of all
continuous linear mappings defined on X; and with values in Xs.

- If X is a Banach space and T' > 0, then X stands for C([0,T]; X), and we denote
by |- |x, its canonical norm.

- If X; and X3 are two Banach spaces and F € C([0,T]; C7(X1; X2)), we denote
by Fu, Fuu and F;) the first, second and j-th order derivatives of the mapping
u— F[-,ul.

- If X7 and X3 are two Banach spaces and F € C7([0,7T]; C(X1; X2)), we denote
by FU) the j-th order derivative of the mapping ¢ — FJt, -].

- We denote A := (1—A)Y?2 and H*(R?) (s € R) the usual Sobolev space H*(R%) =
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{u € 8'(RY), |u|gs < oo}, where |u|gs = |A%u|z2. We keep this notation if u is a
vector or matrix with coefficients in H*®(R?).
- We use the condensed notation

(2) AS = BS + <Cs>s>§
to say that Ay = B, if s < s and A;s = By + C if s > s.
0 0
- By convention, we take Z =0 and H =1.
j=1 j=1

1.4. Main assumptions. We state here three assumptions which imply the well-
posedness of (EI) The first one deals with the linear operator £¢, the second one with
the nonlinear term F¢, and the last one with the well-posedness of the linearization
of (). Throughout this article, we assume that (X*),cr is a Banach scale in the
following sense:

Definition 1. We say that a family of Banach spaces ((X?®),] - |s)ser is a Banach
scale if:

e Forall s <s,onehas X* € X*and ||, <|-|;
e There exists a family of smoothing operators S (6 > 1) such that

Vs<s, YueX®, |(1-38s)uls<Csub |uls
and
Vs<s, YueX® SpueX® and |Souls < 0875/98/_S|u|s;
e The norms satisfy a convexity property:
Vs <" <5, VYueX?, [l < O g g |l |ul57H,
where p is given by the relation us + (1 — p)s’ = s”.
The assumption made on the linear operator L° is the following:

Assumption 1. There exist T > 0, so € R and m > 0 such that:
(1) For all s > sg, one has LZ € C(R; £(X*T™; X?%)) and (L°(-))o<e<e, 18
bounded in C([0,T]; £L(X5T™; X)),
(2) One can define an evolution operator U¢(-) € C(R; £(X*, X?®)) (s > s¢) as

1
Vge X° Uf(t)g:=u(t), where O+ gﬁg(t)us =0, uf,_, =9,
and (U%())o<e<e, 48 bounded in C([—T,T]; £(X*, X*)).
We can now state our assumption on the nonlinear operator F*:

Assumption 2. There exist m > 0, T > 0, and so € R such that for all s > sy,
FeC(0,T);C*(Xst™ X*)) and:
(1) For allu € X5t™,

sup |Fe[t,u]ls < C(s, T |[ulsotm)|[t|s4m;
t€[0,T]

(2) For all u,v € X*T™ one has

sup |]:§[t,u]v|s < C’(S,T, |u|50+m)(|v|s+m + |U|S+m|v|50+m);
te[0,T)
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3) For all u,v1,ve € X*t™ one has
(

sup |f5u[t7u](vla U2)|s < C(Sa T, |U|50+m)(|v1|s+m|v2|50+m + |Ul|50+m|v2|s+m
t€[0,T
Jr|u|s+m|v1|504rm|v2|50+m)'
Remark 1. The estimates of the assumption are uniform with respect to ¢ € (0,¢0)

and called tame estimates after Hamilton [ff]: the dependence of the r.h.s. on the
norms involving the index s is linear.

Before stating the assumption made on the linearization of (fl}), let us define the
space Xy (j €N) and F* as

J J
B Xp = (OMOTEXT, g, = 600 ulgy o
k=0 k=0
@ P = CUOTEX) X X [(fig)lee =l + gl
and, for all (f,g) € F* and t € [0, 7],
t
(5) T(t, £,9) = gl + / sup |f(t")]dt’.
0 0<t’<t’

Assumption 3. Let so,m and T be as in Assumption @ There exist di,dy] > 0
such that for all s > sg +m, u® € X(Sl"’)'d1 and (f¢,¢°) € Fs"‘d/l, the IVP
1
(6) v + Eﬁa(t)ve + Fo[t, ufv® = f°, v,_, =9,
admits a unique solution v¢ € C([0,T); X?®) for all € € (0,£9), and
[v°|xs < Cleo,s, T, |U5|X(310)+m+d1)

« (Ierd/l (t, fs,gs) + |'UJE|X(51+)d1150+m+d,1 (t, fs,gs)).

Remark 2. The above energy estimate exhibits a loss of d; derivatives with respect
to the reference state u® (and of d} derivatives with respect to the source term
and initial data) in the sense that a control of v® in X% requires a control of 4 in
X%*'dl, This loss of information makes a standard Picard iterative scheme useless
to find a solution to (EI) However, since the energy estimate is tame, one can
perform a Nash-Moser type iterative scheme. The fact that the energy estimate is
also uniform with respect to e € (0,2¢) is essential to obtain an existence time T'
independent of €.

2. A NASH-MOSER TYPE THEOREM

2.1. Statement of the theorem. We state here the main theorem of this article
(a generalization is also given in Theorem El’ below). In the following statement,
we use the notations

§ := max{dy,d;+m}, q:=D-m—d, and Pp, = 5+§(\/5+, /2(6 + q))2,

and we also recall that F*TF = ([0, T]; X*+F) x xstP+m,
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Theorem 1. Let T > 0, sg, m, di and d} be such that Assumptions E-E are satis-
fied. Let also D > 8, P> Prin, s > so+m and (h®,u§)o<c<e, be bounded in F5+F.
Then there exists 0 < T < T and a unique family (u)o<e<e, bounded in C([0,T]; X5+D)
and solving the IVPs (E)O<€<50.

2.2. Proof of the theorem. With the evolution operator U¢(-) defined in As-
sumption EI, one can define a nonlinear operator G¢[t, -] as
vt € [-T,T), Yue X*ot™ GE[t,u] == U (—t)Fe[t, U= (t)u].
The next lemma shows that one can reduce the study of ([) to the study of
ot + Gt u’] = U (—t)h®
. {2+ e =)

Uy = U5
and also states that G° has the same properties as F°.
Lemma 1. i. If @ € C([0,T]; X*) solves ([I) then u € C([0,T]; X*) solves (1),
where u®(t) = U (t)us(t).
ii. Assumption E still holds if one replaces F¢ by G¢.

Proof. Assumption [] shows that if 4 € C([0,7]; X*) then u® € C([0,T]; X*).
Remark now that if u° solves ([]), then

0, (U= (1)) = %ﬁ(t)m(t)af — US()G°[t, @] + b

since U¢(t)Ge[t,u®] = Fe[t,Uc(t)uc], the first point of the lemma follows. The
second point is a direct consequence of Assumptions [ll and E (I

Defining the space F* as in ({{) and E* as C([0,T]; X*) N C'([0,T]; X*~™) en-
dowed with its canonical norm (which makes E* different from X (51)), we can use
Lemma [l], to check that finding a solution u° to (f]) is equivalent to finding a root
u® of the equation ®¢(u) = 0, where

ES — Fs—m
. u o~ (Ot G [ u] = hu),_, — uf),

=P (u)

for all s > so+m and ¢ € (0,0), and with he(t) := U= (—t)h(t).
We seek a root 4 to the equation ®°(4€) = 0 as the limit of a Nash-Moser type
iterative scheme, namely,

(8) Ujqy = up, + SkvE,
with Sj := Sp,, for some ), > 0 to be determined, and where v; solves

(9) { (%’Uz + gi[ta Ui]“i = 7q)1(ui)v

’Ulgc [t=0 — 26 - Ui [t=0"
The following lemma shows that the above IVP can be solved and that the knowl-
edge of uj, thus determines vj,.

Lemma 2. Suppose that Assumptions Eﬁ are satisfied, and let s > sg+m. Assume
also that u§, € E*+4 and ®°(u) € F3+h.
Then there exists a unique solution vy € E° to (@) and

[viles < Cleo, s, T, uf] peotm+an) (1% (uR)| poray +|2%(uf)

Fotmtd] k| s+ ) :
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Proof. From Assumption E, we know that there is a unique solution wj, of the IVP
{ dywi, + LLE(wg + Felt, Us(tuglwg = —U=(t) 1 (uf),
wi\t 0 :ng’ui‘t 0

as in the proof of Lemma [J, it is easy to check that v§ := Us(—t)w§ solves (f).
Since Assumption [[ implies that [U# (- uk|xr) < Cleo)|ul|gr (r > so+m), one can
deduce from the estimate of Assumption E and Assumption |l I that
(10)

[vklxy < Cleo,, T, fuf| prosmerar ) (19 (uR) ] gy + |9 (uf)
with 7 = s, this is the control we need on |vf|x:; to conclude the proof, we must
therefore show that the same bound holds for |0;v5)| Xam From the equation one

Feot+mtd] |U2|ET+d1 ) 3

has 9§ = —G2[t, us|vg — ®1(us), so that using Lemma i, one gets
|at'U]i|X;—m S C(S, jﬂ’7 |Uk|X;0+m) (|’Uk|X% |'Uk.|X;0+m |uk|X%) + |@1(uk_)|X;—m.
and one can conclude with ([Ld) (with 7 = s and r = s¢ +m). O

Let us now state the three lemmas which form the heart of the proof, and whose
proof is postponed to the next subsections for the sake of clarity.

Lemma 3. Let D > m +d} and s > sg + m. If, for some M > 0, one has
[u|gerp < M (j=k,k+1), then

[0 (uf 1) e, < OO, M) (G5 4 [of | povn) o oo
with C(s, T, M) independent of .

Lemma 4. Let D > dy and s > so+m. If, for some M >0, one has |uj_|gs+p <
M, then

|’Uli+1 Es S 0(507 S, Ta M)|(I)E(ui+1)|FS+d’1 )
with C(eg, s, T, M) independent of .

Lemma 5. Let 6 := max{dy,(d} + m)}, P> D >§ and s > so +m. If, for some
M >0, one has |uf|gs+p < M and |(h®,uf)|ps+p-m < M, then

|ui+1|E5+P < C(EOa SaT’M)(l + 92)(1 + |ui|ES+P)-

If moreover |ug, || gs+p < M, then one also has

|UI&;+1|E5+P*5 < 0(505 S, Tv M)(l + |ui+1

ES+P).

We can now proceed with the proof of the theorem, which is a typical Nash-Moser
iterative scheme : Lemmas f| and [ provide a control of |05, 1| Es in terms of [vf| ga+p,
thus exhibiting a loss of D derivatives but providing a rapid decay of |v |gs,
while Lemma [ control the growth of |vf ;| gs+r-s. A control of |vf|gs+o is then
recovered by the interpolation formula

(11) Ve lpern < Cst |vp gy [ |vi+1|;fﬁp,5,

with p =1 — P P=5-
Before entering the heart of the proof, let us define the sequence (6;); used for

the smoothing operators as 6541 = 6}, (k € N), for some r > 1 defined below.

Remark 3. One has 0 = 96k, so that (if » > 1), >, .0, ¢ =: 8 converges if and
only if 8y > 1. Moreover, § can be made arbitrarily small provided that 8 is chosen
large enough.
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We are now set to control the sequences (u,)ren and (vj)ren by induction. For
some M > 0 such that

(12) |(h€,gg) Fs+P—-m < M and |u8|E5+D < M/2,
we define the properties (i) -(iii) as
(i)k: |ui Es+P S 9%;

[ ]

(] (ll)k : |UZ|E5+D S M;

o (iii)p: [vf|gs+n < 0,7, with g=D —m—d; >0.
Proof of (i)k+1-(11)k+1 assuming (i) - (1) . Since one has |uf|gs+p < M by (i),
|uf| gs+r < 0 by (1) and |(h%, uf)|ps+r-m < M by definition of M, one can apply
Lemma f to obtain
perr < Cleo,s, T, M)(1+60)(1+65)

= f(EO,S,T,M,k) g+1a

|U2+1

with

f(eo, s, T, M, k) = Cleo, s, T, M)(1+ 02)(1 + 67)0, "
Assuming that
(13) 0—a(r—1) <0,
it follows from the explicit expression of f(eq,s, T, M, k) that f(eg,s, T, M, k) <1
for all k € N provided that 6 is chosen large enough. This proves (i)g41 -
Recalling that uj,, = uj + Skvg, one has uj,, = uf + Z?:o Sjv5, and thus
|ug 1| parp < M/2+Z§:0 0, ?. As seen in Remark ], one then gets (ii)41 provided
that 6y is chosen large enough.

In order to prove (iii)11 , remark first that it follows from Lemmas [ and f| and
the choice of the sequence (6i)ren that

(14) |05 41| e < Cleo, s, T, M)G 23"

We can also use the second assertion of Lemma E to obtain

(15) |Vfy1|ps+r—s < Cleo, s, T, M)(1+05,,).

It follows therefore from ([L1), (4) and ([[3) that

g < Cleo,s, T, M0 (1408, )1+

= g(EO,S,T,M, k)ek_fla

|vi+1

with g(eo, s, T, M, k) := C(eo, s, T, M)6; 4Y"(1 + 62, 1)1 7#62, . Choosing r such
that

2pq
q+a(l—p)
one gets that g(eo,s,T, M, k) < 1 for all ¥ € N, provided that 6y is chosen large
enough.
It follows from the lines above that in order to complete the proof of the heredity of
the induction property, we just have to take 6, large enough, and to prove that one
can choose a, r and P such that the conditions ([[J) and ([[d) are satisfied. This is
done in the following lemma:

Lemma 6. Let o =6+ /25(0 +q); if P> 0 + %(\/g—i— V2(8 + q))?, there emists
r> 1 such that conditions (1) and (L§) are satisfied.

(16) l1<r<
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Proof. Let us denote r := %. Quite obviously, () and ([ld) are satisfied

with 7 =1 — e (e > 0 small enough), provided that r — 1 > §/«, that is,
Cq+)p—(g+a) 0

> —,
q+a(l—p) o
or equivalently, if
q(1—-46/a
o =0/a) onin(0)
2+a+0

The value of « given in the statement of the lemma corresponds to the minimum
of fimin(c). One then computes that fimin(a) =1— m, and the lemma

then follows from the observation that g > pmin(@) is equivalent to P > § +
D
. O

1_Hm,in

Proof of (i)o-(iii)o. We have to construct here the first term of the sequence u§ in
such a way that (i)o-(iii)o and ([.J) are satisfied for some M > 0 and 6, > 0. We
need the following lemma:

Lemma 7. For all s > so +m and (h®,u5) € F5tF there exists u§ € ETF such
that ug|,_, = u§ and such that

|ug|lgs+p < C(s, T, |(h%,ug)|ps+p)  and  |uy|gs+r < C(s,T,|(h%, ug)

F5+P),

and
|‘I)E(U8>|F3+D+d’1 <TC(s, T, |(h€,ﬂ(€))|ps+D+d’1+m>-

Proof. Let us define u§ € C([0,T]; X**F) as

u(t) = uf + / (R () — G°1F )t

From Lemmaﬂl and the definition of | - |gs, one gets for all r > 0,

(17) gl perr < [hlotr + C 8, T, |glsorm) (1A% [xstr + [1glstrim)s

the estimates on u§ given in the lemma are thus a consequence of (@), with r =D
and r = P.
By definition of ®¢, one also has

*(u5) = (G°[ug] — 9[- ugl, 0)
= (/01 Gl 1 + 2(uf — uf)] (uf — u)dz, 0),
so that one deduces from Assumptions [I] and f that
|(I)E(U(€J)|F5+D+d’1 <C(s,T, |u8|X;+D+d’l+ma |ﬂg|s+D+d’1+m)|u8 - 28|X;+D+d'1+m,
and the estimate on ®°(u§) of the lemma follows easily. O

Thanks to the lemma, taking M = M (s, T, |(h%, u§)|rs+p ) large enough, one gets
|u§|gs+p < M/2, which proves (ii)g. Choosing 0y = 0o(s, T, |(h®,uf)|ps+r) large
enough, one also gets (i)o from Lemma [l In order to prove (iii)o, remark first
that Lemma [ yields [v§] perp < C(e0, 8, T, M)| % (uf)| o+ pray (1 + 05 ). 1t follows
therefore from the lemma that, taking a smaller T if necessary, (iii)o is satisfied,
which ends the induction proof of properties (i)x, (i) and (iii).
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The end of the existence part of the proof of the theorem is now straightforward:
it follows from (i), (ii), and (iii), that the series ug + >, Skvj, converges to some
u® € BT and taking the limit k¥ — co in Lemma [} shows that ®¢(u¢) = 0.

In order to conclude the proof of the theorem, we must now prove that the
solution constructed above is unique. Assuming that u®J € E**tP (j = 1,2) are
both solutions to ([l), we show that w := u®? — u®! is identically 0. Let us remark
that w solves the IVP

{ Orw + 1L (H)w + Felt,u™?w = H,

W—g = 0,
with H := Fe[t,us] — Fe[t, us?] — Felt, u?|(us! — us?).
A direct application of Assumption E yields

t
00 < Clen T i) [ sup [HE syt
&) 0 0<tr <t/

and since |H(t')|so1mya; < C(s, T, |u8’2|X;0+m+a)|w(t')|80+m by Assumption E(E),
a Gronwall argument shows that w=0.

2.3. Proof of Lemmas , E, E

2.3.1. Proof of Lemma [}. In order to give an upper bound for | (Ufy 1) potay > We

need to control ®;(uf, ) in X;+d1 and [ug |,y — Ulstd +m-
First remark that a second order Taylor expansion of ®;(uj ) yields

D1 (ufy) = Pului) + P (uf) (upqr — ui)
1
+/ (1 = 2)@Y (uf, + 2(uj 1 — ui)) (Uhyr — Uk, Ufyy — ug)d2.

0
Since by (@’ one has ug_ , — uj, = Spvy, and since by definition ®;(uj) = duj, +
Ge[-,u] — he, it follows that
(18) D1 (upyr) = E1 + B,
with

B, @y (uf,) + Oy, + Gy [ ug]vy

1
[ 0= DGl 4 20k — ) (Sih Seof s
0

1
(19) = [ U=+ 2k~ ) Su S
(the last equality stemming from the fact that vf solves (f])), and
(20) By = (Sk — 1)0pvi + Go -, ui] ((Se — 1)vg).-

Since by Lemma m.ii, G°¢ satisfies Assumption E(E), and since s +d} + m < s+ D,
one can control F; as

|E1] avar

Xp

IN

C(s, T, ugl oo [uf g1 o o) SR s

(21)

IN

C(Sv Ta M)|’Uli|§(;+D .
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Since Lemma .ii also ensures that G¢ satisfies Assumption E(H), one gets

IGE Ui]((sk — 1)UE)|XS+d/1 < C(s, T,M) sup [(Sk — 1)v(t)]sqm+d;-
T te[0,T]

It is then a consequence of the properties of the regularizing operators (recall that
Sk = Sek), that

|Ea| avar

m~+d, —D
X Cst 0, " (|at'U]i|X;+D—m +C(s, T, M)|UE|X’;+D)

IN

(22) C(s, T, MOy P g | s
It is then a simple consequence of ([I§), (1) and (£3) to conclude that

m-~+d)—D
(23) i)l sy < O T M) (O 4 o s e oo
T

IN

g 3 o 3 [Sp— 1>
We now turn to control [uf, ; |,_o —uf|sta;+m- Since ug|,_,—us = (Sk—1)v§ |, _,»
one gets

m+d, —D
Ukt o — Uplstajtm < Cst O sup |vg(t)]s+p
t€[0,T]
(24) < Cst 0P g | pern.
The lemma follows directly from (R3) and (£4).

2.3.2. Proof of Lemma . Since |uj,y,|ps+a; < M, one gets therefore from Lemma
B (at step k + 1),

(25) |Vk+1
and the lemma is proved.
2.3.3. Proof of Lemma ﬂ Thanks to Lemma [ll.ii, one has, for all r > s,
(26) 1% (u)|pr < C(lulpsotm)|ulprem + Cst [(R°,u5)] s

remark also that since ug,,; = uj, + Skv, one can use the properties of the regu-
larizing operator S, = Sy, to obtain

p: < C(eo,s,T, M)|(I)E(ulsc+1)|Fs+d’17

(27) |u2+1|E5+P < |ui|E5+P + Cst 92|’U;|E5+P—5.

From Lemma E, one deduces

pers < Cle0, 5, T, M) (1095 | g o [

vk Es+P + |¢E(ui)|Fs+P7m)

so that, using (P§) with r = sg +m + d} and r = s + P — m, and the assumption

made on (h®,u), one obtains

(28) [vp|ps+r—s < C(eo,s, T, M)(1+ |ujf,

Together with (R7), this last estimate shows that
[ufsr|gorr < Cleo, s, T, M)+ 02)(1+ [ug|gosr),

so that the proof of the first assertion is complete.
The last part of the lemma is exactly @) with the index k replaced by k + 1.

Es+P).

3. FURTHER RESULTS

We propose in this section a more general version of Theorem [l| and some remarks
extending its range of validity. We also a stability property very useful for the
justification of asymptotic models for instance.
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3.1. A more general version of Theorem . The aim of this section is to prove
a result similar to Theorem [If when the energy estimates of Assumption B involve
p+1 (p>1) time derivatives of the reference solution u® (such a situation occurs
for instance with the water-waves equations). With this goal in mind, we replace
the three assumptions —E by generalizations to the case p # 0. We first generalize
the spaces E® and F® used in the proof of Theorem El as follows:

ptl P
By =) CH0, T X7, gy =) ([0, T]; X¥7™) x X+t
i=0 =0

endowed with the norms

p
= |'U/|X; + |8tu|X;7m + Z |(58t)zatu|X;—(i+l)m,
=1

P
|(fag)|F(5p) = |f|X75, + |g|s+m + Z |(€8t)1f|X;7im

i=1

and we also define for all (f, g) € F;, and t € [0,T7,

|u|E(Sp+1)

t P
Ti(t.0) = laleen+ [ 30 sup 1600 F )it

o o<t
(so that E(Sl), F(%) and I(SO) coincide with E*, F'* and Z° respectively).
Assumption 1°. Assumptionl] holds with (ﬂ) replaced by the stronger condition
(when p >1):
(M) For all s > so, one has L5 € CP(R; £(X**™; X*)) and for all i = 0,...,p,
(Ei(j—&£5(~))0<5<80 is bounded in C([0,T]; £(X5T™; X9)).
Assumption 2’. Assumption E holds with (ﬂ)-(ﬂ) replaced replaced by the stronger

conditions: For all0 <i<pand0<i+j<p+2, and for all s > so +im, one
has F¢ € C*([0,T]; CI(XsT™ X57m)) and

sup_[e"F [t u](vr, 07 [smim < C(5,T, [l st i 1)m)
te[0,T]
J J
(D 1oklstm [T lotlsorciemym + [ulorm TT 10rlsose1ym)-
k=1 I#k k=1

Assumption 3’. There exists p € N such that for all s > so+m, u® € X(S;fll) and

(f,9°) € F(‘;’)_d/l, the IVPs (§)occce, admit a unique solution v € C([0,T]; X*),
and

vt € [OvT]ﬂ |’U€|X% S 0(50757Tﬂ |uE|X30+m+d1)
(p+1)
s+d) e & e so+m+d} e e
X (Z(p) (t, f5,9°) + |u |X(sp++dl1)z(p) (t,f% 9 ))
Theorem [|| then admits the following generalization (with § and P, as defined
in Theorem [l]):

Theorem 1°. Let p € N, T > 0, s9, m, di and d} be such that Assumptions E’—B’
are satisfied. Let also D > 8§, P > Ppin, $ > so+ (p+ 1)m and (h%,u)o<c<e, be

bounded in FS1T.
(p)



12 BORYS ALVAREZ-SAMANIEGO AND DAVID LANNES

Then there exists 0 < T < T and a unique family (u)o<c<e, bounded in C([0,T]; X*TP)
and solving the IVPs (E)O<a<ao-

Proof. The proof is a generalization of the proof of Theorem m, and we just sketch
the adaptations to be done.

The second property of Lemma m can be generalized as follows:
Lemma 1°. Assumption @’ still holds if one replaces F¢ by G°.
Proof. Let us first prove the following fact (recalling that the normed space X (Si) is
defined in ({)): for 0 <i <pand s > so + im,
(29) Ve X3y, U()feXp and [US()flxg <CCsT)If|xe s

indeed, from the definition of the evolution operator U¢(-), one can check that
(e0:)" (U=(-)f(-)) is a sum of terms of the form

(Ds)ozo (Eatﬁa)al o (Ei—lazflﬁa)aiq UE(-)((Eat)Bf),
with ag+2a1+- - -+ia;_1+83 = i, so that (@) is a direct consequence of Assumption
From the definition of G%, one has, for all 0 <i+4j < p+ 2,

eI ul(v, . vy) = (200) (US(=)£(),

with f(t) = F, [t, US(t)u](US(t)v1, . .., U%(t)v;) so that one deduces directly from
(@) that for all s > sg + im,
(30) |(€at)ig(8j)[" u](vla te >’Uj)|X;*im < C(Sa T)|f|X(5i)'
Writing u := U®(-)u and v, := U®(-)vy, one has f = }“(Ej)[t,g](yl, ..,2;) and for
all 0 <1 <14, (¢0;)! f is a sum of terms of the form

o FLD (€00 (00 g (O™ [(e0) ™),

with lo+l1+---+1; +v1 +2y +---+ v = [, and where [(gat)lg]w stands for the
y-uplet with (£9;)'u on each component. It follows therefore from Assumption E’
that

|(€8t)lf|quflm < C(S, T, |Q|Xso+(1+1)m)

J

(31) X(Z |X(5Jm H |U 50+(l+1)m + |U|Xs+m H |_q X(sg)+(z+1)m)

and since (R9) implies that for all 7 > s + Im, |u|Xr < C’(r T)|ulxy = C(r,T)lul,
and |vq|Xr <C(r,T)lvglxy = C(r,T)|vglr (¢ =1,...,j), one deduces

Vo <1<, |(58t) le’?—lm, < C(S,T, |U|50+(l+1)m)
J J

X(Z |UQ|5+m H |Uq’|50+(l+1)m + |u|s+m H |'Uq|50+(l+1)m)-

q=1 q'#q g=1
Together with (B{), this shows that G° satisfies Assumption [. O

Lemma E can then be generalized as follows:
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Lemma 2°. Suppose that Assumptions E’-E” are satisfied, and let s > so+(p+1)m.

s+d; s+d
Assume also that uj, € E(:H) and ®*(uf) € Foy

Then there exists a unique solution vy, € E(SPH) to (@) and
681510y SO0, T ] g rmes) (1070 oo H1OZ D) g o] gy )

Proof. Following the same steps as in the proof of Lemma E, one can prove that
[vg] Ef, is bounded from above by the r.h.s. of the estimate given in the statement
of the lemma. The lemma thus follows by finite induction: we just have to prove
that the desired estimate on v}, holds in E€l+1) (1 <1< p)ifit holds in E(Sl”rl)’ for
By T |(€5t)18tvi|X;u+1)m, we are reduced

all I’ < I. Since moreover |UZ|E(SL+1) < v
to prove that this latter term is bounded from above by the r.h.s. of the estimate
given in the lemma. From the equation one gets

(32)

|(58t)l(')tv,§|xsf(z+1>m S |(58t)l(gj [t, Ui]?}iﬂxsf(lﬁ»l)yn + |(58t)l<1>1(ui)|xsfu+1>m.
T T T
Proceeding exactly as for the obtention of @) (with j = 1) — but replacing F¢ by
G¢ (which is possible thanks to Lemma ), u by uj, and v, by vy — one gets
(33)
(600! (G5 6 uE ) g < O, T g asnn) (v, kg [0 g w0500

It follows therefore from (B) and (B3) that |(c0;)'9pvs] yi—(+nm is bounded from
T
above by

C(eo, 8, T, |ug,

JobN S (A PR

Ef{%“”””m”i 0 0

[l g ) + 92 i m
and using the induction property thus gives the result. (I

Similarly, Lemmas H— must be replaced by the following generalizations to the
case p > 0; for Lemma B, this is done in the following lemma.

Lemma 3. Let D > m +d} and s > so + m. If, for some M > 0, one has
|u§ pstp <M (jzk/’,k—f—l), then

(p+1)

m~+d, —D
|¢8(u2+1)|F<5:)d/1 < Cleo,s, T, M) (0,7 + |U2|Ef;+Dl>)|vi|E<S;ﬁ)'

Proof. One must add to the proof of Lemma Pl a control of |(d;)¢; (uiﬂ)lx;“i*m
(i < p). Owing to ([.), we are reduced to control ' E; and 9} E5 in X;erlfim.
From the explicit expression of F; given in (@) and since Lemma m’ allows us to
use Assumption E’ with F¢ replaced by G°, one gets

|(€8t)iE1 |Xs+d/17im < C(Eo, S, T, M)|’Uk|2E(3§D;
T i

similarly, one gets from (P0) that

. d —
(200 Bal ooy im < Cleo, s, T, M)OL P o
T

s+D
Bl

and the lemma follows. O

The generalization of Lemma E is straightforward thanks to Lemma E’:
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Lemma 4°. Let D > dy and s > so + (p + 1)m. If, for some M > 0, one has

€
|uf 1| petp < M, then
(p+1)

< 0(507 SvTa M)|(I)E(ui+1)|FS+d’1 .

e
|vk+1 E(Sp+1) -
(p)

Finally, Lemma E is generalized as follows:

Lemma 5°. Let P> D > § and s > so+ (p + 1)m. If, for some M > 0, one has
|ug| ps+p < M and |(h/5,ﬂ8)|F(s+P—m, < M, then,
(p+1) p)

1
[0l rr < Cleo, s, T, MY(1+0)(1+ [uf o ).

If moreover |uj, | gs+p < M, then one also has
(p+1)

|U18c+1|E(3;+Pl)*5 < C(eo,s, T, M)(1 + |u2+1|E(5;+Pl))-
Proof. Thanks to Lemma []' one can generalize (R) for all r > s¢ + pm as

1% (u)|py ) < C(u

£ £
peotp)lulgren + Ost |(h%,u5) |y,

while @) can be straightforwardly replaced by

e 3 51,
u gs+P < |u ps+P + Cst 65 |v ps+P—6.
| k 1| (p+1) | k| (p+1) k| k (p+1)

Using Lemma E’ instead of Lemma E, one concludes as in the proof of Lemma E (]

The rest of the proof of the theorem is similar to the proof of Theorem fil. O

3.2. A few remarks.

3.2.1. Dependence on other parameters. The mappings £° and F*¢ which appear in
the IVP () may also depend on other parameters than e. Theorems [I] (or [[') still
hold, with an existence time independent of all these parameters as soon as all the
constants which appear in Assumptions m—ﬁ (or m’—ﬁ’) are uniform with respect to

these parameters (see Remark [] below for such an example).

3.2.2. Restricting the range of the assumptions. It sometimes occurs that Assump-

tions [ (resp. B ) does not hold for all u € X5*™ (resp. u € Xa;fll)) but only

for u € g, with Qg an open subset of X*+ (resp. X(SI:;Dl)). If for all 6y one
can find u§ € Qo such that conditions (i)g, (ii)o and (iii)g of the induction proof
of Theorems EI and EI’ are satisfied, then these theorems remain true. Indeed, by

choosing 6y large enough, one can make |vf|ps+o (k € N) small enough to have
(p+1)

uf, = uf + 3 Sivf € Qo
In particular, the theorems still hold if the ug provided by Lemma n belongs to .

Ezample 1. For the Serre and Green-Naghdi equations below, such restrictions on
the range of validity of Assumptions P and E are imposed by the “nonzero depth
condition” (Bg). The comment above shows that these restrictions are without
consequence provided that ) is initially satisfied.
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3.2.3. Approximate linearization. The linear initial value problem (ﬂ) considered
in Assumption E is the exact linearization of (m) One could replace it by an
approximate linearization in the following sense (using the same notations as in

Theorem [l and with R[t,u] := dyu + LLe(tyu + Fo[t, u] — he):

Proposition 1. Let L € C([0,T] x XstP; £(X+t™ X*)) (s > so+m) be such that
for all t € [0,T) and u,v € X**P one has

‘]:5 [t,ulv — Lt, U]U’ stay < C(s, T, |uls+p)|RIt, UHXS*D |'U|X5+D'
Xr T T
Then Theorem E still holds if the IVP (ﬂ/ is replaced in Assumption E by
1
Opv® + gﬁe(t)va + L[t, u®|v® = f°, vl,_, = 9"

Remark 4. In other words, the proposition states that one can replace the derivative
of F¢ in Assumption E by another linear operator, provided that the difference
between both operators vanishes on the set of solutions of (fl). This trick can
sometimes simplify the computations (see for instance [§] and Remark [ below).

Proof. In the proof of Theorem , we only use once the fact that the IVP (E) is
the exact linearization of ([]): in the derivation of ([I9) (otherwise, we only use the
estimate provided by Assumption [l). Replacing F2[t,u¢] by L[t, u¢] in Assumption
B thus implies the following modification of ([L§):

@ (ujyq) = E1 + Eo + Es,
where E; and E, are the same as in ([1§), while E3 is given by
By = Gol uplvg — Gl uplog,  with - Gl ug] := US(=t)L[, US(f)ug].
From Assumption [ll and the assumption made on L, one gets

(s ey, < O, T, M) (uf) o [0 v
T

where M is as in Lemma . Therefore, the result given in Lemma E remains valid
provided that |®q(uf)|ps+0 < C(s, T, M)0, ?, with ¢ = D —m —d}. This point can
be added without difficulty to the induction proof of Theorem EI:

e The property is true for k = 0 if T is small enough (Lemma ﬁ),

e If the property is true for some k € N, then we just saw that Lemmaﬂ

ray <O, T, M0, = O(s, T,m)0, 24"

remains true, so that |®;(uf)| ol

XT
We also get that |@1(Ui+1)|X;+P7m < C(s, T, M)05,, (from (i)gy1);

The estimate |®1(uj )|+ < C(s, T, M)0,, is then recovered by inter-
T

polation between the two estimates above.

It follows therefore that the proof is not affected by replacing F;, by its approxima-
tion L in (H), which proves the proposition. (]

3.3. A stability property. We prove here a stability property for the IVP (EI)
which is very useful for the justification of asymptotic approximations of the exact
solution. More precisely, assume that there exists an approximate solution ug,, to
(I]) in the sense that

1
(34) { O, + Eﬁa(t)uzpp + FElt, ugypl = b + e RF

€ — € g
Uapp |1mo = Ug + LT,
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with ¢ > 0 and (R®,7%)p<c<e, bounded in some appropriate space. Our goal here
is to prove that there exists an exact solution u® to () and that the error made

by the approximation, namely u® — ug,,, remains “small”. An application of the

following corollary is given in Theorem B below.

Corollary 1. Let the assumptions of Theorem E’ be satisfied and s > so+ (p+1)m

Assume moreover that (ug,,)o<e<e, and (R, 7°)o<c<e, are bounded in X&;’;P and
F (SPJ)FP respectively.

There exist 0 < T < T and a unique family (u)o<c<e, bounded in C([0,T]; X*+P)
and solving the IVPs (ﬂ)0<€<50. Moreover, one has

£

|Q - |X5+D < Cst Le,

app

and one can take T =T if 1. is small enough.

Proof. Let us seek an exact solution u® under the form u® = + tc€%, which is

equivalent to solving the IVP
{ Ove + LLo(t)ef + Eo[t,e"] = —R®

app

£

= -7,

|t 0
with
Folt,u] =1 _1(.7-"6[15 Uy, + teu] — Fo[t, ug ])

app

Lemma 8. The mapping F° satisfies Assumption @’for all s such that the family
(luipp|X5+(i+1)m)O<g<go s bounded.
(p)

Proof. Let us first prove that F° satisfies the estimates given in Assumption E’
when j = 0. For all 0 < i < p, one computes that &' 7" [t,u] is a sum of terms of
the form

k k 7 a;
SHEFCN [ ug,, + reu] — e F T us, 1) ((E00)us,, 1 - (00 s, 1),
with k+ a1 + - +ia; = and 7/ = a1 + - - - + «;, so that we can use Assumption

B to get
sup &' EED [t u]|s—im < C(s, t, |u2pp|x(s+)(i+1>m)|u|s+m,
P

t€[0,T]
which proves the case j = 0 since we assumed that (|u§pp|x(5£(i+1>m)o<5<go is
bounded.
Since for all 7 > 1 one has
Efj)[uu](?}l? 'U]) - L(j 1) (])[ pr+LEu](U1,...,Uj>,
the case j > 1 of the Assumption follows easily. (I

Thanks to the lemma and to the assumptions made in the statement of the
corollary, one can use Theorem m’ with F¢ replaced by F°, and the first part of the
corollary is proved.

We now prove that it is possible to take 7' = T when ¢, is small enough. Instead
of taking the first iterate uf of the converging sequence (u5,)r as given by Lemma
fl, we can take uf = Ugpp- Instead of shrinking 7' to prove the first step of the
induction as in the proof of Theorem ﬂ, one must restrict to ¢ small enough. This
shows that an exact solution to (f]) exists over [0,7]. In order to prove the error
estimate, one proceeds as for the uniqueness part of Theorem . (Il
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4. APPLICATION TO THE GREEN-NAGHDI AND SERRE EQUATIONS

This section is devoted to the proof of a well-posedness and stability result for
the Green-Naghdi and Serre equations, which are among the most commonly used
models in coastal oceanography.

4.1. The equations. The Green-Naghdi and Serre equations describe the motion
of a layer of incompressible and irrotational fluid under the influence of gravity and
under some assumptions on the physical regime considered. Defining the dimen-
sionless parameters p and € as

N{E

the Green-Naghdi and Serre regimes can be characterized as follows:

mean depth surface and bottom variations
= . and ¢€:= )
typical wave-length mean depth

e Green-Naghdi regime: © < 1 and € ~ 1;

e Serre regime: u < 1 and € ~ VH-
A rigorous derivation of the Green-Naghdi and Serre models is performed in [E],
to which we refer for more details. In nondimensionalized variables, the surface is
parameterized at time t by (¢, X) (X € R?), while the bottom is parameterized
by b(X). Denoting by V(t, X) € R? the vertically averaged horizontal component
of the velocity field at time ¢, the equations read (with ¢ = 1 for the Green-Naghdi
equations and ¢ = /it for the Serre equations):

(h + pT[h,eb))d,V + hVC + he(V - V)V
(35) +us[§v(h3pvdiv(x/)) n Q[h,sb](V)} -0
HC+ V- (hV) =0,

where h := 1+¢(¢ —b) while the linear operators 7 [k, b] and Dy and the quadratic
form Qlh, b](-) are defined as

T[h,b]V = —%V(lﬁV-V)—k%[V(hQVb-V)—hQVbV-V]+thVb-V,
Dy = —(V-V)+div(V)
Olh,b)(V) = %V(hQ(V-V)Qb)+h(gDvdiv(V)+(V-V)2b)Vb.

4.2. Well-posedness of the Serre and Green-Naghdi equations. Under the
“nonzero depth condition”

(36) o >0, infh>ho,  (h=1+e(¢~b)

and after defining the spaces

(37) X¢:={(V,¢) € H*(R*)? x H*(R?), such that |V - V|ys < oo},

endowed with the norm

@38)  (ViQlxe = [IVIls + [Clms, with V][5 := [V]ms + /ulV - Ve,

one can prove the following well-posedness result on the Serre (¢ = /) and Green-
Naghdi (e = 1) equations:

Theorem 2 (Well-Posedness of the Serre and Green-Naghdi equations). Lettg > 1,
e =/ (Serre) or e =1 (Green-Naghdi), and s > to + 2.

Let also (V', ¢ )o<p<1 be bounded in X*+3% and satisfy (34).
Then there exists T > 0 such that the Serre or Green-Naghdi equations @) admat
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a unique family of solutions (V*,(")o<pu<1 bounded in C([0,L]; X*+*) and with
initial condition (Vy, Co)o<p<1-

Remark 5. The spaces X*+3®% and X*** correspond to the spaces X*T* and X*+P
of Theorem m (one can check that D = 4, P = 38 is an admissible choice when
m=dy; =2 and d} =0).

Remark 6. For 1D surface waves, flat bottoms (b = 0) and in the Green-Naghdi
scaling (¢ = 1), Y. A. Li [LJ] uses precise estimates on the inverse operator (h +
uT [h,eb])~t to obtain a well-posedness result in H5t1(R)? x H*(R), with s > 3/2
by a standard fixed point technique. It is not clear whether these techniques can
be adapted to the 2DH case: the identity X* = H**1(R%)? x H*(R?) is false when
d = 2, and the smoothing properties of (h+uZ [h,eb])~! can only be used to control
the derivatives of V' which are in divergence form.

Proof. We only prove the theorem in the Serre scaling (¢ = /i), which is the most
difficult one because the existence time provided by the theorem is “large” (of order
O(1/¢e)). The modifications to prove the theorem in the Green-Naghdi scaling are
straightforward.
For the sake of simplicity, we write ¥ instead of h+ pT [h,eb] when no confusion is
possible. It can be remarked that the operator ¥ is L? self-adjoint; since moreover,
one has
(h + WTTh, B)V, V) = (hV, V)
h V3 h V3
+ p(h(—

3 %
V-V—=2Vb-V),—=V-V—=2Vb-V)+5(hVb-V,Vb- V),
V3 2 )\/5 2 )+ )

and using the assumption that infgz h > hg, one deduces that
(39) (TV,V) > Bleb(V)?,
with B(V)? = holV[72 + puho| 5V -V = <2Vb - VL, + ulp [ Vb VL.

It follows that T has a self-adjoint, positive, inverse bounded on L?(R?)? and
the equations (BJ) can be recast under the form

(40) Owu+ Lu +eFu] =0,

0 Vv

. _ T _
with u = (V, () ’ﬁ_(div 0

). #H = G AT and
Filu] = %(S‘lh ~ 1)V TRV V)V
+ uz—l[%v(iﬁmdivw)) + Q[h, eb](V)],

Fslu] = V~((§fb)v).

The existence result stated by the theorem gives a time interval [0, %] for ([td).
Rescaling time as t ~~ t/¢, this is equivalent to solve the following equation on the
time interval [0, I:

1
(41) Opu + gﬁu + Felu] = 0;

this latter formulation is of the form (), and the result thus follows from Theorem
EI, provided that Assumptions EI-E are satisfied. The rest of the proof is devoted to
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check that these assumptions are satisfied in the Banach scale X* defined in (@),
with sg = tg, m = dy =2, and d} = 0.

Remark 7. In the Green-Naghdi scaling (¢ = 1), the parameter p cannot be ex-
pressed in terms of €. As seen in Section , in order for the theorem to be
valid uniformly with respect to u € (0,1), we must check that Assumptions ﬂﬂ are
satisfied uniformly in p € (0,1).

Remark 8. We always assume implicitly that the nonzero depth condition (Bf) is
satisfied. As explained in Section B.2.9, this is implied by the assumption that (36])
is satisfied at t = 0.

It follows immediately from the definition of £ (independent of time here) that

Assumption [lf is satisfied. In order to check the other assumptions, we need some
preliminary results.
The next lemma gathers some general estimates; the first one is a classical Moser
tame product estimate, the second one is a generalized Kato-Ponce commutator
estimate (note that the estimate depends on f only through its gradient, see Ths.
3 and 6 of ), and the last one is a classical “quasilinear type” estimate (e.g.
Chapter 11.C of [fl}).

Lemma 9. Let to > d/2 and s > 0.
i. For all f,g € H* N H"(RY), one has, using notation (@),
|falas S 1 flmolglas + (| f|me gl )s>tos
ii. Letr € R be such that —tg < r < to+ 1. Then, for all f € Hot1 N H3+"(RY)
and v € H'o N {371 (RY),
|[Asa f]u|Hr S AV flao [ul grssr—1 + <|Vf|HS+T*1|U|Ht0>s>to+1—r'
iii. Let N € N, and P be a first order differential operator on L*(R%)N with
anti-adjoint principal part: P := 2?21 P;(x)9; + Py(x), with P;(z) symmetric for
j=1,...,d and x € R%. Then, for all U € H* N H'o+t1 (RN,

(AP, A S (IPllgross ULz + (NP e Uleo o) U1,

S>t0+1)
. d
with |P|| gs := Zj:o | Pj| frs -

The following lemma gives some properties on T~! which are necessary to check
Assumption [ (recall that the norm || - ||s has been defined in (Bg)).

Lemma 10. The following estimates hold for all s > 0 and uniformly with respect
tope (0,1) (ande =1 ore = /1):

L 1TV < co([VIas + ((1Blas + VOl )Vt ) oy 1)

i ulTT Ve < co(|Clme + (Bl + [Vbla)[Claot) oy i)

1
iii. E|(E_1h — 1)V|HS < Co(|V|H5+1 + <(|h|H5+1 + |vb|Hs+l)|V|Ht0+1>

S>t0);

. . 1
where cq is a constant depending only on 3, |h|greo+1 and |VO| greo+1.

Proof. i. Remark first that

1 1
(42) VI < h—OE[Eb](V)2 and |V -V}, < C(h_o’ V0| ) E[eb] (V)
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replacing V' by T~V in the above expressions and using @) shows that
1 1
o h—(v, TW) and pV-TTWE, < C(h—, |Vb| o) (V,T1V).
0 0
A simple Cauchy-Schwartz inequality thus yields

{ [T~ | L2(r2)2—L2@2)2 < 7=

0

\/,l_LHV ' ‘I_lllL?(Rz)zaL?(R?) < C(h_lg’ |vb|Loo).
Using the fact that ! is self-adjoint, one has (S_1V)* = -V -%7! and thus

(43)

_ 1
(44) \//_LH(S 1V||L2(]R2)—>L2(]R2)2 < C(h—o, |Vb|Loo)
We can now prove the following inequality
(45) Eleb](A*T1V) < CO(|V|H5 + <(|h|Hs + |V )|V | 1o >s>t0+1),

which, together with ([g), obviously implies the first point of the lemma. From
(BY), one gets the relation

EE(A*T'V)? < (AV, AT V) + (A, TV, ATV
(46) = (AV, ATV — (A% BTV ATV — p([A°, TSV ATV,
Replacing 7 by its expression and integrating by parts, one gets therefore
EE(A*T'V)? < (A*V,A°T'V) — ([A%, hT 1V, A1)
1 _ . _
=3 (AP - S71V), AN (VAV - T71Y))
- \éﬁ([AS, RVHT 1TV A (VY - TY))

+4 ([A%, R2VB(ViV - T71V), ATV 4 p([A%, hVOVBT TV, AT 1Y),

Applying Cauchy-Schwartz’s inequality to every component of the r.h.s. of the
above expression, and using Lemma [lii and (B9), one gets directly

1
E[Eb](As‘Z—l‘/) < C(—h , |h|Htg+1, |Vb|Ht0+1)
0

X (|V|Hs + B[b) (A1) + ((|hl g + |Vb|Hs)E[ab](At"V)>s>t0+1),
from which one deduces ([f).
ii. Remark that

VANTIVC, < VAITTAR, + VAT T,

1
(47) < Ol Vbl lcla + V| (A%, TVC,

A

where we used (i) to control the first term of the r.h.s. For the second term,
remark that [A®, T71] = —T71A* T]T71, so that

A%, 271 = —g7YAS R+ %(ﬁs—lww, R (Vv - 7Y
—g(\/ﬁrlww, h2Vb] - T+ @S”[AS, Vbl (/v - T
—uZ A, VLT |T
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It follows that |[A®,T~1]V(|z2> can be controlled using Lemma [ii, the estimates
on [T 1|22 and /|| T~V 12— 12 given by (i) and ([i4), and the estimate on
1T fre—ms and \/u||V - T s s given by i. Together with (i17), this proves
ii.
iii. Just remark that 1 — T~ 'h =T YT — h) = uT~17, so that

1

La—s g < YE ps v ..
5 5
Since \/ji/e < 1, the result follows from the first two points and Lemma El (I

A direct consequence of Lemmas [9}.i and E.i and .iii, and of the definition of F¢,
is that the first part of Assumption P holds with s = tg and m = 2.
Remarking that

de(¢ =T = =T el + pde (¢ — Th,eb])C) T,

and using Lemmas i and [L0.i and .ii, one can check that the conditions on the
first and second derivative of F¢ made in Assumption J are also satisfied.

In order to check Assumption E, we must study the Cauchy problem associated to
the linearization of ([t)) around some reference state u := (V, ¢):

1
(48) Oyu + gﬁu + Filuju = f, Uy = 95

with f = (F1, f2)" and g := (G1,92)".
From the explicit expression of £ and F¢ given in (), and writing h := 1 +e(¢—0),
T :=Tlh,eb], and I := h + u7, one gets that (1)) is equivalent to

(49) (b +pD)oV (N Ne VY _ ([ +uDE

e N3 Ny ¢ f2 ’
with initial condition (V,()|,_, = (G1, g2), and where the linear operators Nj (j =
1,...,4) are given by

NV = Q(Z~V)V+Q(V~V)Z+%V[E(DZ(VW/%LD\/(V'Z))],
+4Qlh, eb](V, V),

NoG = THYC+bC + 4V (ha),

A év.(@x/),

Ni( = V- (V),
with
i= ehDy(V-V)+ (V- V)’ — (Vb—hV) - (V¢ +eFiu)),
= e(V- V)V —eFi[u] + paVo,

and with Qlh,eb|(-, ) standing for the bilinear symmetric form canonically associ-
ated to Qlh, eb].

[l=at=

Remark 9. Thanks to Proposition I, one can replace V¢ +eFi[u] by —€0:V in the
definition of a and —eFf[u] by €0;V + V(¢ in the definition of b. It follows that
Vitlalgs and |b|gs are bounded from above by

C(¢lmo, 1V It 41, 1l o+, 1€0:V 14, ) (1€

#e + [Yllorr + €0V ][5 + [bl o).
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The following lemma end the proof of the theorem since it implies that Assump-
tion E is also satisfied with sg = tg, m = 2, dy = 2 and dj = 0 (recall that the
notation Z° is defined in (f)):

Lemma 11. Let T > 0, f = (F1, f2) € C([0,T];X®), g € X* and u = (V,() €
X%‘H be such that Oyu € X3. Then for all s > 0, there exists a unique solution
u=(V,¢) € X5 to (f{§) and for all0 <t <T,

u(t)xs < i (Z°(t f.9) + ((ulxarr + €0l x5 ) TOT (E £,9)) o0y i1)

with ¢, = C(T, hLo’ |Q|X;0+2, |58tg|XfT,0+1, |b] greo+2, [b] grs+2).

Proof. We only prove the energy estimate, since the existence/uniqueness of a solu-
tion to the linear Cauchy problem (@) can be classically obtained by regularization
techniques. Multiplying the first equation of (@) by TA*T ! and the second by
A?, and taking the scalar product with A*V and A°( respectively, one gets

SHTAVATY) 4 Z0,(A°C,A°0) = ~(AATV A'Y) — (AN, A)

—[(A°N2G A°V) + (A*N3V, A%Q)]
(A ZETMVATY) + (A% ZETNGATY)
1
(50) H(EAF,ANV) 4 (A° f2, A°C) + 5(&2/\5‘/, A°V);
we now prove that (with u = (V, (), u = (V, (), f = (F1, f2), and | - [x+ as defined
in (Bg))
O (ZAV,A°V) + 0, (A°C, A°Q)

G < a(lulxe +1Flxe + ((ulxn + ledulx)lulxw) oy 4o lulxe.
We thus check that all the components of the r.h.s. of @) are bounded from above

by the r.h.s. of (1)).
e Control of (AN V,A%V). Let us first rewrite

(NNIVATV) = ol + (AAV,AY) + p(AB(Y V), AV V)
(52) +u(ASCV, A% (V - V) + u(A*D(V - V), A°V)
with
AV = WV -V)(V+pu(V-Vb)Vb) +h(V - V)(V + u - Vb)Vb)
~GHA(V - V)(V - V)V,
B = f%@?’pz—%f(v.z),
OV = LWV -V)(V-V) - JHA(V V)V VD)
+[RP(V V) + (BP(V V)] VbV
D = K’VH(V-V),

and I := ([A*,R°Vb(V - V)|V - V,A*V) + ([A%, h*(V - V)(VbT)]V,A°V - V). One
can check that pf is bounded from above by the r.h.s. of (@) by applying Cauchy-
Schwartz’s inequality to its two components, and then using @) and Lemma E.ii.
Remarking also that A and B are first order differential operators with anti-adjoint
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principal part, one can use Lemma E.iii and () to check that the second and third
component of (§J) are bounded from above by the r.h.s. of (F1)). Finally, we can
prove that the same control holds on the last two components of (@) by using
Cauchy-Schwartz’s inequality and Lemma E.i (remark that C and D are simple
matrix and scalar valued functions).

e Control of (A*Ny¢,A%¢). From the explicit expression of A, and Lemma E.iii,
one obtains directly that this term is controlled by the r.h.s. of (F1)).

e Control of (ASN(, ASV) + (ASN3V, A5C). Integrating by parts, one gets imme-
diately that

(A*NoG, A°V) + (A°N3V,A%C) = (A%(BC), A°V) — (A*(R(VEa)C), uA®Y - V)
([A®, RV AV + é(V[AS,Q]V, A%Q).

M | =

+

The first two components can be controlled by a Cauchy-Schwartz inequality and
Lemma E.i, and the last two by Cauchy-Schwartz and Lemma E.ii (note that the
commutator estimate provided by this lemma depends only on h through Vh =
€V(¢ — b) and provides therefore the € necessary to compensate the singular term
1/€). Together with the estimates of Remark [, this shows that this term also is
controlled by the r.h.s. of (51)).

e Control of ([AS,§]§_1N1V, ASV). Let us remark that A7V can be written as
(53) MV =ZH + P,V + Py(uV - V),

with H := [(V- V)V — 3(V - Vb)V], and where P and P; are both first order
differential operators, and whose coefficients are polynomial expressions of /i, h,
Vh, /uV -V, V(,/iV - V) and of the vectors V and Vb and their first derivatives
(the exact expression of Py and P2 is of no importance). One has therefore

A, ZIT MV = [A%ZH 4 [A%,Z]T 1 (P1V + Pa(y/uV - V)
= [A%,BJH + [A*, W T (P1V + Po(/uV - V)
A TIH + p[A*, TIZ ™ (P1V 4 Po(/uV - V)
= L+ 1+ I3+ 14

One deduces directly from Lemmas H.ii and E.i and the definition of H, P; and
PQ that

alge + alze < e (Vs + (V0 + Bl + 98IV Ieo1) o 1)
and a simple Cauchy-Schwartz inequality shows that scalar products (11, A*V') and
(I2, A*V) are controlled by the r.h.s. of (1. Proceeding exactly as for the control
of the third term of (fi6)), one can check that the same control holds for (I3, A*V)
and (I, A°V).
e Control of ([A*, Z|T TN, ASV). Using the explicit expression of £ and Lemma
E, and proceeding as for the control of the third term of (@), one can bound this
term from above by the r.h.s. of (FI).
e Control of the last three terms of (p0)). Controlling these terms by the r.h.s.
of (Ell) follows directly from a Cauchy-Schwartz inequality (and an integration by
parts for the O(p) component of ¥ and 9;%).
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We can now conclude the proof of the lemma. Recalling that from (BY), (£2)
and the definition (Bg), one has

(TAV,AV) + (A°C,A%C) < C(|hlpes, [Vb| L) ul%.
1
ulk. < Clog [VUE=) EATV ATV) + (A°C, AC),

A

one can integrate (51) with respect to time to obtain, for all t € [0, 77,

t
lu(t)|x« < ¢ [|'UJ(0)|XS+/ (lulxs +1f e+l xerr + |edeul x+)
0

Using this identity with s = tg + 1 shows that

u|Xt0+1>S>t0+1)}'

t
(54) [u(t)] x0+1 < ¢ [|“(0)|Xf0+1 +/0 (|U|Xfo+1 + |f|Xfo+1)]a

and Gronwall’s lemma thus yields, for all ¢ € [0, 7],

t
uOlxns < (uOLxn + [ sup 1))
0

o<t <t

(recall that ¢, is a generic notation whose value can change from one line to another);
plugging this expression into (54) thus ends the proof of the lemma. O

O

4.3. Justification of the Serre and Green-Naghdi models. As said above, the
Serre and Green-Naghdi are both asymptotic models which describe the dynamics
of the water-waves equations. It is not known however whether these asymptotics
are correct, in the sense that the exact solutions to the asymptotic models provide a
correct approximation to the exact solutions of the water-waves equations. This is
what we show below: if solutions (V/,,, (%,,) to the water-waves equations exist and
approximately solve (@), then their asymptotic behavior (as u — 0) is correctly
described by the Serre (¢ = (/i) or Green-Naghdi (¢ = 1) models.

Theorem 3 (Justification of the Serre and Green-Naghdi models). Let to > 1,
e = /1 (Serre) or e =1 (Green-Naghdi), and s > to + 2.

Let also T > 0 and (Vapp, fop)o<u<1_be bounded in C([0, ] XsT10) and assume
that hly,, = 1+ e(Cl,, —b) satisfies (3d) at t = 0. If moreover
(hhpp + WT[RE,,, €0]))0 Vi, + B,V +ehl, (VE, -

V)V
e 10 (1 D, iv(Vi) + QUM 81V )| = 2
aCapp+v (h V )_IU’QTQ)

app ¥ app
with (RY,75)o<p<1 bounded in C([0, ] X5¥38) then there exists 0 < T < T and a
unique solution (V*,(*)ocpc1 € C’([O T/e] : X5t to (B]) with initial conditions
(Vitop lior Chipp 11—o)- Moreover, one has
2
OiltlgT\(V“,C“) (Vs Chop)| S 12/,

uniformly with respect to 0 < p < 1. Restricting to small enough values of u, one
can moreover take T = T.

Remark 10. The existence of a family (VA

dops Chop)o<u<1 having the properties as-
sumed in the theorem is established in |
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Proof. Since Assumptions El—ﬂ have been checked in the proof of Theorem , the

res

ult is a direct consequence of Corollary EI O
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