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TWISTOR FORMS ON KAHLER MANIFOLDS

ANDREI MOROIANU AND UWE SEMMELMANN

ABSTRACT. Twistor forms are a natural generalization of conformal vector fields on
Riemannian manifolds. They are defined as sections in the kernel of a conformally
invariant first order differential operator. We study twistor forms on compact Ké&hler
manifolds and give a complete description up to special forms in the middle dimension.
In particular, we show that they are closely related to Hamiltonian 2-forms. This
provides the first examples of compact Kéhler manifolds with non—parallel twistor
forms in any even degree.

2000 Mathematics Subject Classification: Primary 53C55, 58J50.

Keywords: twistor forms, Hamiltonian forms, K&hler manifolds.

1. INTRODUCTION

Killing vector fields are important objects in Riemannian geometry. They are by
definition infinitesimal isometries, i.e. their flow preserves a given metric. The existence
of Killing vector fields determines the degree of symmetry of the manifold. Slightly
more generally one can consider conformal vector fields, i.e. vector fields whose flows
preserve a conformal class of metrics. The covariant derivative of a vector field can be
seen as a section of the tensor product A*M ® T'M which is isomorphic to A'M @ A'M.
This tensor product decomposes under the action of O(n) as

MM ANM=RoANM @ SIM,

where S2M is the space of trace-free symmetric 2-tensors, identified with the Cartan
product of the two copies of A'M. A vector field X is a conformal vector field if and
only if the projection on S3M of VX vanishes.

More generally, the tensor product A' M @ AP M decomposes under the action of O(n)
as

AM @ APM =2 AP7IM @ APPIM @ TP M,
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where again 77! M denotes the Cartan product. As natural generalizations of conformal
vector fields, twistor p-forms are defined to be p—forms 9 such that the projection of
V) onto 77! M vanishes.

Coclosed twistor p—forms are called Killing forms. For p = 1 they are dual to Killing
vector fields. Note that parallel forms are trivial examples of twistor forms.

Killing forms, as generalization of Killing vector fields, were introduced by K. Yano
in [20]. Twistor forms were introduced later on by S. Tachibana [[§], for the case of
2-forms, and by T. Kashiwada [[J], [[7 in the general case.

The composition of the covariant derivative and the projection A'MQAPM — TPL M
defines a first order differential operator 7', which was already studied in the context of
Stein-Weiss operators (c.f. [[0]). As forms in the kernel of T, twistor forms are very
similar to twistor spinors in spin geometry, which were first studied in [[l]. We will give
an explicit construction relating these two objects in Section 2.

The special interest for twistor forms in the physics literature stems from the fact
that they can be used to define quadratic first integrals of the geodesic equation, u.e.
functions which are constant along geodesics. Hence, they can be used to integrate the
equation of motion, which was done for the first time by R. Penrose and M. Walker in
[[4]. More recently Killing forms and twistor forms have been successfully applied to
define symmetries of field equations (c.f. [[], [§])-

Despite this longstanding interest in Killing forms, there are only very few global
results on the existence or non—existence of twistor forms on Riemannian manifolds. The
first result for twistor forms on compact Kéhler manifolds was obtained in [[[9], where it
is proved that any Killing form has to be parallel. Some years later S. Yamaguchi et al.
stated in [[[J] that, with a few exceptions for small degrees and in small dimensions, any
twistor form on a compact Kéahler manifold has to be parallel. Nevertheless, it turns
out that their proof contains several serious gaps.

In fact, we will show that there are examples of compact Kahler manifolds having
non—parallel twistor forms in any even degree.

For the convenience of the reader, we outline here the main results of the paper, as
well as the remaining open questions.

If ¢ is a twistor p—form on a compact Kihler manifold (M?™ w) with 2 < p <
n — 2 and p # m, then it turns out that ¢ is completely determined (modulo parallel
forms) by a special 2-form and its generalized trace (Theorem [I.]). Special 2-forms are
closely related to Hamiltonian 2—forms, recently introduced and studied in [f] and [f].
Hamiltonian forms arise for example on weakly Bochner—flat Kahler manifolds and on
Kahler manifolds which are conformally Einstein.

If p = m, the orthogonal projection of ¥ onto the kernel of J on m—forms can still be
characterized (up to parallel forms) by special 2-forms, but the complete classification
of non—parallel twistor forms can only be obtained up to the hypothetical existence of
special m—forms of type (m—1,1)+ (1,m —1). At this moment we have no examples of
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such forms for m > 2, and moreover we were able to show that they are automatically
parallel on compact Kahler—Einstein manifolds.

For m > 2, each special 2-form ¢ with generalized trace f (defined by df = )
determines an affine line {¢, = ¢ + xzfw} in the space of 2-forms, which contains

distinguished elements : ¢, is Hamiltonian for z = ﬁ, closed for x = m+r17 coclosed
m—2

for z = —1 and a twistor form for z = — 5T

For m = 2, the picture is slightly different since the generalized trace of a special 2—
form (and thus the affine line above) are no longer defined. The results are as follows :
every twistor 2—form is (up to parallel forms) primitive and of type (1, 1) (i.e. anti-self-
dual), and defines a special 2—form. This special 2-form induces a Hamiltonian 2—form
if and only if its codifferential is a Killing vector field. Conversely, a Hamiltonian 2—form
always defines the affine line above, and in particular its primitive part is simultaneously
a special 2—form and a twistor form. Thus, special 2—forms are, in some sense, less
restrictive than Hamiltonian 2—forms on Kahler surfaces.

2. TWISTOR FORMS ON RIEMANNIAN MANIFOLDS

Let (V, (-,-)) be an n—dimensional Euclidean vector space. The tensor product V* ®
APV* has the following O(n)-invariant decomposition:

V*Q APV = APV @ APHIVF o TRV

where 771 V* is the intersection of the kernels of wedge and inner product maps, which
can be identified with the Cartan product of V* and APV*. This decomposition imme-
diately translates to Riemannian manifolds (M", g), where we have

T*M @ APT*M = AP7'T*M @ APT'T*M @ TP T*M (1)

with 771 T*M denoting the vector bundle corresponding to the vector space 77!. The
covariant derivative Vi of a p—form v is a section of T*M ® APT*M. Its projections
onto the summands APHT*M and AP~'T*M are just the differential diy and the
codifferential 7). Its projection onto the third summand 77! T*M defines a natural
first order differential operator T', called the twistor operator. The twistor operator
T:T(APT*M) — T(TP'T*M) C T(T*M @ APT*M) is given for any vector field X by
the following formula

[TY]1(X) = [proa (VO)](X) = Vx¥ — ;5 Xodd + 5 X A0

p+1 n—p+1

Note that here, and in the remaining part of this article, we identify vectors and 1-forms
using the metric.

The twistor operator 7' is a typical example of a so—called Stein—Weiss operator and it
was in this context already considered by T. Branson in [[[(]. Its definition is also similar
to the definition of the twistor operator in spin geometry. The tensor product between
the spinor bundle and the cotangent bundle decomposes under the action of the spinor
group into the sum of the spinor bundle and the kernel of the Clifford multiplication. The
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(spinorial) twistor operator is then defined as the projection of the covariant derivative
of a spinor onto the kernel of the Clifford multiplication.

Definition 2.1. A p—form 1 is called a twistor p—form if and only if ¢ s in the kernel
of T, i.e. if and only if ¥ satisfies

Vx¢ = 5 Xoddp — 5 X Aoy, (2)
for all vector fields X. If the p—form 1 is in addition coclosed, it is called a Killing
p—form. This is equivalent to Vi € T(APHIT*M) or to X 1 Vxib = 0 for any vector

field X .

It follows directly from the definition that the Hodge star operator * maps twistor
p—forms into twistor (n — p)—forms. In particular, it interchanges closed and coclosed
twistor forms.

In the physics literature, equation (f]) defining a twistor form is often called the
Killing—Yano equation. The terminology conformal Killing forms to denote twistor
forms is also used. Our motivation for using the name twistor form is not only the
similarity of its definition to that of twistor spinors in spin geometry, but also the
existence of a direct relation between these objects. We recall that a twistor spinoron a
Riemannian spin manifold is a section 1 of the spinor bundle lying in the kernel of the
(spinorial) twistor operator. Equivalently, ¢ satisfies for all vector fields X the equation
Vxy = — % X - Dy, where D denotes the Dirac operator. Given two such twistor
spinors, 17 and 1), we can introduce k—forms wy, which on tangent vectors Xy, ..., X
are defined as

u)k<X1, N ,Xk) = <(X1 VANPIIAN Xk) . 1/}1,po> .
It is well-known that for £ = 1 the form w; is dual to a conformal vector field. Moreover,
if 11 and 1, are Killing spinors the form w; is dual to a Killing vector field. More
generally we have

Proposition 2.2. (cf. [[A]) Let (M",g) be a Riemannian spin manifold with twistor
spinors Wy and Yy. Then for any k the associated k—form wy is a twistor form.

We will now give an important integrability condition which characterizes twistor
forms on compact manifolds. A similar characterization was obtained in [[J]. We first
obtain two Weitzenbock formulas by differentiating the equation defining the twistor
operator.

V'V = S5ddd + g ddy + TTY, (3)
o(R)y = Jody + Zhdiy — T'Ty, (4)

where ¢(R) is the curvature expression appearing in the classical Weitzenbock formula
for the Laplacian on p—forms: A = dd + dj = V*V + ¢(R). It is the symmetric
endomorphism of the bundle of differential forms defined by

q(R) = Z ej N eiaRe, e, (5)
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where {e;} is any local orthonormal frame and R., ., denotes the curvature of the form
bundle. On forms of degree one and two one has an explicit expression for the action of
q(R), e.g. if £ is any 1-form, then ¢(R) & = Ric(§). In fact it is possible to define g(R)
in a more general context. For this we first rewrite equation (f) as

q(R) = Z (€j Ne 1 — e N €; )Rei,ej = Z (61' N 6]') [ ] R(el AN €j)0
i<j i<j
where the Riemannian curvature R is considered as element of Sym?(A%7,M) and e
denotes the standard representation of the Lie algebra so(7T,M) = A?T,M on the space
of p—forms. Note that we can replace e; Ae; by any orthonormal basis of so(7,M ). Let
(M, g) be a Riemannian manifold with holonomy group Hol. Then the curvature tensor
takes values in the Lie algebra hol of the holonomy group, i.e. we can write ¢(R) as

g(R) = > w;eR(w)e € Sym’(hol)

where {w; } is any orthonormal basis of hol and e denotes form representation restricted
to the holonomy group. Writing the bundle endomorphism ¢(R) in this way has two
immediate consequences: we see that ¢(R) preserves any parallel subbundle of the form
bundle and it is clear that by the same definition g(R) gives rise to a symmetric endo-
morphism on any associated vector bundle defined via a representation of the holonomy

group.
Integrating the second Weitzenbock formula () yields the following integrability con-
dition for twistor forms.

Proposition 2.3. Let (M™, g) be a compact Riemannian manifold. Then a p—form ¢
1s a twistor p—form, if and only if

GR)Y = Fody + Frds (6)

For coclosed forms, Proposition .3 is a generalization of the well-known characteri-
zation of Killing vector fields on compact manifolds, as divergence free vector fields in
the kernel of A — 2Ric. In the general case, it can be reformulated as

Corollary 2.4. Let (M", g) a compact Riemannian manifold with a coclosed p—form
Y. Then ¥ is a Killing form if and only if

1
av = Pgmw

One has similar characterizations for closed twistor forms and for twistor m—forms on
2m—dimensional manifolds.

An important property of the equation defining twistor forms is its conformal invari-
ance (c.f. [B]). We note that the same is true for the twistor equation in spin geometry.
The precise formulation for twistor forms is the following. Let ¢ be a twistor form on
a Riemannian manifold (M, g). Then ¢ := @+ is a twistor p—form with respect to
the conformally equivalent metric § := e*g. Parallel forms are obviously in the kernel
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of the twistor operator, hence they are twistor forms. Using the conformal invariance
we see that for any parallel form 1, also the form QZ = ePtDA ) is a twistor p-form
with respect to the conformally equivalent metric g := e?*g. The form @ is in general
not parallel.

The first non trivial examples of twistor forms were found on the standard sphere.
Here it is easy to show that any twistor p—form is a linear combination of eigenforms for
the minimal eigenvalue of the Laplace operator on closed resp. coclosed p—forms. It is
shown in [[J] that the number of linearly independent twistor forms on a connected Rie-
mannian manifold is bounded from above by the corresponding number on the standard
sphere. Other examples exist on Sasakian, nearly Kéahler and on weak Gy—manifolds.
In some sense they are all related to the existence of Killing spinors. Up to now these
are more or less all known global examples of twistor forms.

In section g we will see that there are many new examples on compact Kahler mani-
folds. The examples include the complex projective space and Hirzebruch surfaces.

3. TWISTOR FORMS ON KAHLER MANIFOLDS

In this section we will consider twistor forms on a compact Kéhler manifold (M, g, J)
of dimension n = 2m. The case of forms in the middle dimension, i.e. forms of degree
m, is somewhat special and will be treated in the next section.

On a complex manifold the differential splits as d = 0 + 0. Moreover, one has the
following real differential operator

d°=i(0-09) => JeAV,,,

where {e;} is a local orthonormal frame. The formal adjoints of d and d° are denoted
by 6 and 0°. If w is the Kahler form then A denotes the contraction with w and L
the wedge product with w. Another important operator acting on forms is the natural
extension of the complex structure J on p—forms, defined as follows :

Ju ::ZJ(ei)/\eiJ u  Yue APM.

Notice that this is the Lie algebra extension of J acting as derivative, rather than the
group extension of J acting as automorphism. In particular, J acts on (p, ¢)—forms by
scalar multiplication with i(q — p).

These operators satisfy the following fundamental commutator relations

& = —[6,L] = —[d J], 6 = [dA]=—[dJ]],
d = [6L] = [d,J], &= —[dA]= [6&J].
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In addition, the following commutators resp. anti-commutators vanish
0 = [daL] = [dcaL] = [57A] = [567‘/\] = [Aa‘]] = [‘]7*]7
0 = 0d° + d6 = dd°+d°d = 66° + 0% = do° + d°d .

Using these relations we are now able to derive several consequences of the twistor
equation on Kéahler manifolds. We start by computing “u for a twistor p—form wu.

0‘u = —ZJeiJVeiu— ZJ@, eszu— np+1el/\5u)
= —m/\(du) — p+1 J(0u)
= —I%d/\( u) + méc — J(du)
= — L dA(u) + %J(éu). (7)

.From this we immediately obtain

06°u = —8%u = — 2P A (Sdu) . (9)

A similar calculation for the operator d° leads to

d°u = —Zei/\vkiu:—Zei/\(lﬁJeinu—nl ; A\ ou)
= i3 J(du) + L(ou) = 5 J(du) + =g 6(Lu) + = du
= ol J(du) + 25 6(Lu) . (10)
We apply this to conclude
0du = ooty (Jodu — 6du) . (11)

As a first step we will prove that for a twistor p—~form u the form AJ(u) has to be
parallel. Here we can assume p # 2, since otherwise there is nothing to show. It will
be convenient to introduce for a moment the following notation

r = JA(dou), a = do(JAu), a = 6%d(Au),
y = JA(ddu), b = dd(JAu), B = 6d°(Au) .
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Using the various commutator rules we will derive several equations relating the
quantities x, y, a, b, a and (. We start with

r = JA(déu) = J(doAu — §%u)
= do(JAu) + do°(Au) + d°6(Au) — Jo%u

2(n—p+1)

= a-a-0-gemYs

where we also used equation (f) to replace the summand Jé°du. Similarly we have
y = JA(ddu) = J(0d(Au) — 60°u)
= 0d(JAu) + §d°(Au) + 0°d(Au) — J60“u

o 2(n—p+1)
= b+t B+ a+ oY

Adding the two equations for x resp. y, we obtain that =z 4+ y = a + b, i.e. we can
express  and y in terms of a, b, & and [ as

n— 1
y = a(+a+ P, €1 = (n*p)((erIl)))(prJEn)prrl) ’ (12)

r = a+b—-y =a+ (1—-e)b—¢gla+p). (13)

Note that ¢; is well defined since the denominator may vanish only in the case (n,p) =
(4,2), which we already excluded. Next, we contract equation (§) with the Kéhler form
to obtain an equation for «.

a = 6d(Au) = A(0°du)

=~ ooty (A (dou) + A(d*6u))

1
- (p—l)lz:;—pﬂ) (@ —f).
Contracting equation ([[I]) with the Kéhler form we obtain a similar expression for /.
B = §d(Au) = A(0d°u)

n—p+1
G =D Y — @) -

Replacing x and y in the equations for « resp. (3 leads to

a+ (1—-ea)b—-ala+p) = af + q, €0 = 7(1’_1)15_’;1”“)

€1 (b + o + ﬁ) = 60+ « €3 = _(p+711)—(7;4__—]12_1) .
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Finally we obtain two equations only involving a, b, « and [,
a+ (1 —€)b = (g —)a+ (¢ —1)0 (14)
ab = 1 —e)a+ (5 —€e)f. (15)

Considering equation ([[J) we note that b and 3 are in the image of 0, whereas « is in
the image of d. Hence, since the coefficient (1 —€;) is obviously different from one, we
can conclude that a has to vanish. Moreover, we have the equation €1b = (€3 — €1)0.
Applying the same argument in equation ([[4) we obtain that a has to vanish and that
(1 —€1)b = (e, — 1)8. Combining the two equations for b and 3 we see that also
these expressions have to vanish. Taking the scalar product of @ and b with JAu and
integrating over M yields that JAwu has to be closed and coclosed, hence harmonic.

Proposition 3.1. Let (M, g, J) be a compact Kihler manifold. Then for any twistor
form w the form AJu is parallel.

Proof. Let u be a twistor p—form. We have already shown that JAwu is harmonic, i.e.
A(JAu) = 0. Since A = V*V + ¢(R), the proof of the proposition would follow from
q(R)(JAu) = 0. For a twistor form u we have the Weitzenbock formula (f]) and the
argument in Section 2 shows that the curvature endomorphism ¢(R) commutes with A
and J. Hence, we obtain

AR (JAw) =y + 2,
with the notation above. Since a, b, @« and [ vanish, equations ([J) and ([J) show
that x, y vanish too. Hence, ¢(R)(JAu) =0 and the Weitzenbock formula for A and
integration over M prove that JAu has to be parallel. U

In the case where the degree of the twistor form is different from the complex dimen-
sion, this proposition has an important corollary.

Corollary 3.2. Let (M, g, J) be a compact Kdihler manifold of complex dimension m.
Then for any twistor p—form wu, with p # m, Ju is parallel.

Proof. We first note that the Hodge star operator * commutes with the complex struc-
ture J and with the covariant derivative. Moreover, it interchanges L and A. If u is
a twistor p—form, then xu is a twistor form, too, and by Proposition B, AJ x u is
parallel. Hence, also *AJxu is parallel. But *AJ*u = +LJu and it follows that L.Ju
is parallel. Since the contraction with the Kahler form commutes with the covariant
derivative we conclude that ALJu is parallel as well. Thus (m —p)Ju = ALJu— LAJu
is parallel. O

In the remaining part of this section we will investigate twistor forms w for which
Ju is parallel. The results below are thus valid for all twistor p—forms with p # m, but
also for twistor m—forms annihilated by J, a fact used in the next section.
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Proposition 3.3. Let (M, g, J) be a compact Kdhler manifold of dimension n = 2m.
Then any twistor p—form w for which Ju is parallel satisfies the equations

0w = pydAu, dv = pgéLu, ou = — puy dAu, du = —ped°Lu

2nptl  opd iy 1= 20t

with constants iy := — -Dn—p)—2 Pn—p—1)—2"

Note that this proposition is also valid for forms in the middle dimension.

Proof. The formula for 0°u follows from equation ([]) after interchanging J and ¢ and
using the assumption that Ju is parallel. Because of J§ = dJ + 6¢ we obtain

0u(l = poftory) = — 2 dA(u) + oty 0(Ju) = — A dA(u) .

— (p-D(n—p+l (p—1)(n—p+1
Since JAu is also parallel, the formula for du follows by applying J to the above

equation. Similarly we obtain the expression for d°u by using equation ([[0) and the
relation Jd = dJ + d°. This yields

c n—p+1 n—p+1
du(l - Ginsm) = Grnm AW + a5 0(lu) = 5= 0(Lu) -
Applying J to this equation yields the formula for du . ([l

As a first application of Proposition we will show that the forms du and du are
eigenvectors of the operator AL.

Lemma 3.4. Let u be a twistor p—form with Ju parallel. Then du and du satisfy
the equations

AL(du) = t(n—p—-2)(p+2)du, AL(bu) = 1 (n—p)pdu .
Proof. ;jFrom Proposition B.3 we have the equation du = —ps 6°Lu = —pa L6“u — piou.
This implies
(1 + po)du = —puoL(6°u) = — pq po LdAu = — pq po dLAu
= —ppzd(ALu — (m —p)u)
= —pipe (°Lu + ALdu — (m — p)du)
= prdu — pyps AL(du) + pype (m —p)du .

Collecting the terms with du we obtain

AL(du) = — 1+u27uL;ﬂZ1uz(mfp) du

where m denotes the complex dimension. Substituting the values for p; and puo given
in Proposition B-J, the formula for AL(du) follows after a straightforward calculation.

Similarly we could prove the formula for AL(du) by starting from the equation d“u =
o 0 Lu. Nevertheless it is easier to note that xu is again a twistor form (of degree n—p).
Hence, 4AL(d*u) = (p—2)(n —p+ 2)d * u and we have

(p—2)(n—p+2) xdxu = 4xAL(d*u) = 4 LAxdxu = 4 ALxdxu — 4 (m—p+1)*xdxu .
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Hence,
4AL(0u) = [(p—2)(n—p+2) +4(m—p+1)]du = (n—p)pou.
U

In order to use the property that du resp. du are eigenvectors of AL we still need
the following elementary lemma.

Lemma 3.5. Let (M?™,g,J) be a Kihler manifold and let o be a p—form on M, then
(A, L]la = s(m—p—s+1) L 'a.

Moreover, if « is a primitive p—form, i.e. if A(a) =0, then « satisfies in addition the
equation

rrs _ slim—p—s+r)! 7s—r
NIDPa = (s—r)!(m—p—s)! L a

where r, s are any integers.

Proof. In the case r = 1 we prove the formula for the commutator of A and L by
induction with respect to s. For s = 1 it is just the well-known commutator relation
for A and L. Assume now that we know the formula for s — 1, then

[A, L¥]la = (AoL*—L*oA)a = Ao L (La) — L* Y (LoA)a
= L 'oA(La) + (s=1)(m—(p+1)—(s—1)+1) L *(La)
—L* oA (La) + (m—p) Ll
= (s=1(m—-p—s) + (m—-p) L

= s(m—p—s+1)L° 'a.

The formula for A"L® in the case » > 1 then follows by applying the commutator
relation several times. O

4. TWISTOR FORMS VERSUS HAMILTONIAN 2—FORMS

On a Kahler manifold, any p—form u with p < m has a unique decomposition,
w = ug + Luy + ...+ L'y, where the u;’s are primitive forms. This is usually called the
LePage decomposition of u. From now on we suppose that p < m, otherwise we just
replace u by its Hodge dual *u. Applying AL and using the Lemma B.J in the case
r =1 we obtain

ALu) = (m—p)ug + 2(m—p+1DAuy + ... + ((+1)(m—p+1) Ly .

It is easy to see that coefficients in the above sum are all different. Indeed, (s+ 1)(m —
p+s)=(r+1)(m—p+r)if and only if (s—7)(m—p+1+s+r) = 0, and recall that we
assumed that p < m. Hence, a p—form u with p < m is an eigenvector of AL if and



12 ANDREI MOROIANU AND UWE SEMMELMANN

only u = Lia, for some primitive form « and in that case the corresponding eigenvalue
is (i 4+ 1)(m —p+1).

Lemma B.4 thus implies that du = Lv and du = L"w for some primitive forms v
and w, and moreover (2m —p—2)(p+2) =4(s+1)(m—p+s—1) and p(2m —p) =
4(r+1)(m —p+r+1), which have the unique solutions 2s = p and 2r = p—2. Hence,
denoting p = 2k, we have

du = L*v du = L lw

for some vectors v and w. Moreover, we see that the LePage decomposition of u has
the form w = ug + ...+ L*uy, where wu; has to be a function.

Lemma 4.1. Let u be a 2k—form with Ju parallel and such that du = L*v and du =
LFw, for some vectors v and w. Then

k@m-2k+1) 5

w = 2%+l

U.
Proof. Applying J to the equation du = LFv leads to d°u = Jdu = L¥(Jv). Thus,
contracting with the Kahler form yields
A(du) = d°Au + du = ALF(Jv) = k(m —k)LF " (Jv) .
i From Proposition B.3 we have the equation du = —pud°Au. Hence,
du = (1 — )" k(m —k)L* " (Jv)
which proves the lemma after substituting the value of ;. O

In the next step we will show that in the LePage decomposition of u only the last
two terms, .e. LF'uy_, and L*u;, may be non-parallel. Indeed we have

VXu = VXuQ + L(qul) + ...+ Lk(VXuk)

_ 1 k, 1 k—1
= p+1XJL'U n_p+1X/\L w

k=1 _k k
= L (mJX/\v—n_;HX/\w)—i-L(ﬁ(x,v})

= Lkil w1 -+ LkWQ s

for some primitive forms wy, wy. Hence, comparing the first line with the last, implies
that the components wug, uq,...,ur_s have to be parallel. But then we can without loss
of generality assume that they are zero, i.e. for a twistor p—form u, with Ju parallel,
we have

w = Ly + Lruy
where wu;_; is a primitive 2-form and wu, is a function, i.e. p = 2k.

Our next aim is to translate the twistor equation for w into equations for uj_; resp.
ug. This leads naturally to the following definition, which we will need for the rest of
this paper.
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Definition 4.2. A special 2-form on a Kahler manifold M is a primitive 2—form ¢ of
type (1,1) satisfying the equation

waszJX—JvAX—ly(X)w, (16)

for some 1-form v, which then necessarily equals 50m S -0 0p
Recall that a 2—form u is of type (1,1) if and only if Ju = 0. As a first property of

such special forms we obtain

Lemma 4.3. If ¢ is a special 2—form on a compact Kahler manifold M of dimension
m > 2, then 0y is exact.

Proof. Taking the wedge product with X in ([6) and summing over an orthonormal
basis yields dy = 2%’1[/7 = mLHLéﬁp. It follows that Ldd‘p = 0 and, since L is
injective on 2-forms, we conclude that 6°p is closed. Hence, d°¢ = h + df for some
function f and a harmonic 1-form h. We have to show that h vanishes. First, note
that h is in the kernel of d° and ¢§° since the manifold is Kéhler. Computing its
L?-norm we obtain

(h,h) = (h, h+df) = (h, 6%) = (dh, @) = 0.
0

Definition 4.4. The function f given by the lemma above will be called the generalized
trace of the special 2-form ¢. It is only defined up to a constant.

We can now state the main result of this section

Theorem 4.5. Let u be a form of degree p on a compact Kdhler manifold M*™ and
suppose that n — 2 > p > 2 and p # m. Then u is a twistor form if and only if there
exists a special 2—form ¢ whose generalized trace s f and a positive integer k such that
p =2k and

— [y — p(% Pl)ka + parallel form.

The same statement is valid for p = m under the additional assumption that Ju is
parallel.

Proof. Consider first the case p < m. Using the notations from Lemma [L.1], the twistor
equation for u reads

VX’LLk—l + LVX’LLk = karl (17)

An equality between 2—forms is equivalent with the equality of their primitive parts and
that of their traces with respect to the Kahler form. The equality of the primitive parts
in ([7) is equivalent to

JXANv — X Aw) — LAGCETIX Av = ﬁX/\w)w

Vixtg-1 = (p-i-l n—p+1 p+1 n
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where w is the Kahler form. Now, A(JX Av) = —(v,X) and A(X Aw) — (Jw, X) so
we obtain

Vxug-1 = 35 nll (,ﬁ (v, X) — p+1 (Jw, X)) w
1 k(n—p+1) 1 k(n—p+1)
p+1 JXNv — n—ptl  ptl XANJv + ( (+1) - m(n—p+l)  p+l ) (v, X)w
2k
p+1 JX Nv — mX/\JU + e (0 X)w

= ANJX — JyANX — %7(X)w

where v is the 1-form defined by v(X) = —m@ X). Contracting with JX shows
that v = mécuk,l, SO v = (f’+21)”f)5cuk,1.

The second part of ([[7]) consists in the equality of the traces, which is equivalent to

X(ug) = — (v, X) + (v, X) = X v,

(p+1) p+1 m(p+1)

1.€.

dur = AV = Tpmren0 Yhel
We have shown that w is a twistor form if and only if u;_; is a special form and wuy is

—m times its generalized trace.

A priori, this only proves the theorem for p < m, but because of the invariance of
the hypothesis and conclusion of the theorem with respect to the Hodge duality, the
theorem is proved in full generality. O

Specializing the above result for £ = 1 yields the following characterization of twistor
2—forms also obtained in [f[]. Note that the result that we obtain is more complete than
that of [[]] since we do not assume the fact that the 2-form u is a (1, 1)—form.

Lemma 4.6. Let (M*™, g, J, w) be a Kdhler manifold. Then a 2—form u is a twistor
form if and only if there exists a 1-form v with

Vxu = yANJX — JyAX — v(X)w. (18)

The 1-form v is necessarily equal to v = 5 L Moreover, v = — —=d (u,w)

provided that m > 2.

Proof. First of all we can rewrite equation ([§) as Vxu = —=X 4 (y Aw) + X A J7.
Contracting (resp. taking the wedge product) in ([§) with X and summing over an
orthonormal frame {e;} we obtain

ny:—le_léu and fy/\w:—%du.

Substituting this back into ([[§) yields the defining equation for a twistor 2—form, i.e.:
VX u = 3
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Conversely, Theorem [L.F shows that u = ug + Lf, where
Vxug = (WAJX — JyANX) — %7(X)w ,

and df = 2&%50 = _(m= 2)7, so clearly u satisfies ([[§). O

This characterization of twistor 2—forms in particular implies that for m > 2 special
forms are just the primitive parts of twistor 2-forms and vice versa. In the remain-
ing part of this section we will describe a similar relation between twistor forms and
Hamiltonian 2—forms. Using the results of [[]] we can thus produce many examples of
non—parallel twistor forms.

Definition 4.7. A (1,1)—form 1 is called Hamiltonian if there is a function o such
that

Vxt¢ = L (doNJX — Jdo A X)

for any vector field X. When m = 2 one has to require in addition that Jgrad(o) is a
Killing vector field.

It follows immediately from the definition that do = d(i,w). Hence, one could
without loss of generality replace o with (¢, w).

Any special 2—form ¢ with generalized trace f defines an affine line ¢ + R fw in the
space of 2—forms modulo constant multiples of the Kahler form. Lemma [.§ shows
that this line contains a twistor 2—form and it is not difficult to see that it contains a
unique closed form and also an unique coclosed form. Indeed, for some real number z,

d(p+zfw) = 0is equivalent to ——L50<p+:chf =0,ie = ?, and 0(p+zfw) =0

is equivalent to dp = zd°f = def = xJé% = —x5g0, i.e. x = —1. The following
proposition shows that this affine line also contains a Hamiltonian 2—form.

Proposition 4.8. Let (M?™, g, J, w) be a Kihler manifold with a Hamiltonian 2-form
Y. Then u := 1 — >w is a twistor 2-form. Conversely, if u is a twistor 2-form
and m > 2, then 1 :=u — <m72> w is a Hamiltonian 2—form.

Proof. Let ¢ be a Hamiltonian 2—form and let u be defined as u := ¢ — W “) v, then
Vxu = Vx¢ — %d<w,w>(X)w
= L(doNJX — JdoANX) — do(X)w

Thus, the (1,1)-form wu satisfies the equation (I§) of Lemma [£g with, v :=  do, and
it follows that wu is a twistor 2—form. Conversely, starting from a twistor 2-form « and
defining ¢ :=u — fuw) w, we can use the characterization of Lemma [£.6 to obtain

m—2
Vit = YAJX — JYAX .

Since for m > 2 we have 7 = ——=d(u,w) = 3d(¢,w), which implies that ¢ has to
be a Hamiltonian 2—form. O
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The situation is somewhat different in dimension 4. If v is a Hamiltonian 2—form
then u = ¢ — @w = wug is an anti-self-dual twistor 2—form (or equivalently, of type
(1,1) and primitive). Conversely, if we start with an anti-self-dual twistor 2-form
and ask for which functions f is the (1,1)-form ¢ := uy + fw a Hamiltonian 2—form
we have

Lemma 4.9. Let (M*, g, J) be a Kdhler manifold with an anti-self-dual twistor 2
form wug. Then ¢ :=ug+ fw is Hamiltonian 2-form if and only if

Suy = —3.Jdf (19)

and dug s dual to a Killing vector field. In particular, this is the case on simply
connected Einstein manifolds.

Proof. Since f = @ we conclude from the definition that ¢ is a Hamiltonian 2—
form if and only if Vxv = df A JX — Jdf A X for any vector field X. On the other
hand wg is assumed to be a twistor (1,1)-form. Hence, from Lemma [L.§ u, satisfies
Vxup=—XJ(yAw)—JyAX, where v = +Jdug. This implies that ¢ = ug + fw is
a Hamiltonian 2—form if and only if

—Xi(YAw)=JyANX = dfNIX —Jdf ANX —df (X )w = =X 5 (df Nw) — Jdf N X.

This is the case if and only if v = df , or equivalently if duy = — 3 Jdf. If the complex
dimension is 2, the definition of Hamiltonian 2—forms made the additional requirement
that Jdo, which here is proportional to dug, is dual to a Killing vector field. Hence,
it remains to show that on simply connected Einstein manifolds the equation ([J) has
a solution such that dug is dual to a Killing vector field. Let X be any Killing vector
field on an arbitrary Kéhler manifold, then

0 = Lyw=dX_w+ Xidw =dJX,

i.e. the 1-form JX is closed. Hence, since the manifold is simply connected, there
exists some function f with JX = df and also X = —Jdf. Finally, it is easy to see
that on Einstein manifolds, for any twistor 2—form wug, the 2—form dug is dual to a

Killing vector field (cf. [[LF]). O
Hamiltonian 2—forms have the following remarkable property (c.f. []). If ¢ is Hamil-
tonian, and if oy,...,0,, are the elementary symmetric functions in the eigenvalues of

¢ with respect to the Kéhler form w, then all vector fields K; = Jgrad(c;) are Killing.
Furthermore, the Poisson brackets {o;,0;} vanish, which implies that the Killing vec-
tor fields Ki,..., K,, commute. If the Killing vector fields are linearly independent,
then the Kahler metric is toric. But even if they are not linearly independent one has
further interesting properties, which eventually lead to a complete local classification
of Kéhler manifolds with Hamiltonian 2—forms in [[]. The most important sources of
Kahler manifolds with Hamiltonian 2—forms are weakly Bochner—flat Kahler manifolds
and (in dimension greater than four) Kéhler manifolds which are conformally—Einstein.
A Kahler manifold is weakly Bochner—flat if its Bochner tensor is coclosed, which is the
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case if and only if the normalized Ricci form is a Hamiltonian 2—form. The examples
include some Hirzebruch surfaces and the complex projective spaces.

5. THE MIDDLE DIMENSION

In this section we study twistor forms of degree m on compact Kahler manifolds of
real dimension n = 2m. This case is very special thanks to the following

Lemma 5.1. Let A"M = L1 @ ... ® L, be a decomposition of the bundle of m—forms
in parallel subbundles and uw = uy + ...+ u, be the corresponding decomposition of an
arbitrary m—form u. Then u is a twistor form if and only if u; is a twistor form for
every .

Proof. In the case of m—forms on 2m-dimensional manifolds Proposition . provides
a characterization of twistor forms similar to that of Killing forms. A m—form u is a

twistor form if and only if
m+1

Au = TQ(R)U (20)
Given a decomposition of the form bundle A" M into parallel subbundles we know that
the Laplace operator A as well as the symmetric endomorphism ¢(R) preserve this
decomposition. Hence, equation (R0) can be projected onto the summands, i.e. (20)
is satisfied for v = u; + ... + u, if and only it is satisfied for all summands w;, which
proves the lemma. O

In Section [J we defined special 2—forms, which turned out to be the main build-
ing block for twistor p—forms with p # m. In dealing with twistor m—forms on 2m—
dimensional Kéahler manifolds we have to introduce the following

Definition 5.2. A special m—form on a 2m—dimensional Kahler manifold is a m—form
¥ of type (1,m — 1) + (m — 1, 1) satisfying for all vector fields X the equation

Vxt = XAJT — m—=1)JXAT — (m—1)(X17)Aw, (21)

for some 1-form T, which then necessarily equals m21_150w.

Note that for m = 2, we retrieve the definition of special 2-forms on 4—dimensional
manifolds (Definition [£.2).

Proposition 5.3. Let u be a m—form on a compact Kihler manifold M*™. Then u is
a twistor form if and only if m = 2k and there exists a special 2—form ¢ and a special
m~—form 1 such that

w = LFY¢ + ¢ + parallel form.

Proof. Lemma .1 shows that we can assume u = LFu;, for some primitive form uy.
Suppose k > 1, then it follows from Proposition B-] that JAu = JAL*u; = 0. Thus
Lemma B.j implies JL* 'y, = 0. Since LF~! isinjective on A™ 2% we get Juy = 0 and
eventually Ju = 0. For twistor forms annihilated by .J, the conclusion of Theorem [I.]
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also holds in the case p = m. Hence, u = L*'¢ + parallel form, where ¢ is a special
2—form.

It remains to treat the case k = 0, i.e. the case where u is a primitive m—form.
Contracting the twistor equation with the Kahler form yields

X6 + JX1o6u = 0 (22)

for all vector fields X. After wedging with X and JX and summing over an orthonormal
basis, this gives

Jou = (m—1)6u and Jéu = —(m—1)0u . (23)

Now, *u is again a twistor m—form and the above argument shows that we can suppose
*u to be primitive. (Otherwise, *u = L*~1¢ + parallel form, for a special 2-form ¢,
which in particular is self-dual, i.e. u = L¥"'¢ + parallel form). Applying the Hodge
star operator to A(xu) = 0 immediately implies Lu = 0. This shows that du = —Ld“u,
so the twistor equation becomes

1 c
= (CUX AU - LX) 4 — X AT
= m—|—1 u 10U m—1 u),

which is just the defining equation (RI)) of a special m—form with 7 = ——=0°. Ac-
cording to our definition of special m—forms, we still have to show that (up to parallel
forms) w is of type (m — 1,1) + (1,m — 1). Equivalently we will show this for V xu,
where X is any vector field. Recall that w is of type (m —1,1) + (1, m — 1) if and only
if J?u = —(m — 2)?u. We will compute J*(Vxu) using the twistor equation. Equa-
tion (B3) implies that du is of type (m —1,0) + (0,m — 1), i.e J?(du) = —(m — 1)%du.
Moreover, using (Bg) and (B3) we obtain

(X ANou) = (-1=(m-=1)HXAdu + 2JX A Jou

= (-1-(m—-1D)XA6u + 2(m—1)JX Adu
and similarly

JAH(X L2 Léu) = (=1 —(m—1)*) X1 Léu + 2JX 1 JL6u
= (-1-(m-1*X_JLé — 2(m—1)JX 4 Lu

= —(m—2XJLé + 2(m—1)XAdu — 2(m—1)JX AU .

Adding these two equations implies J?(Vxu) = —(m — 2)?V xu after using the twistor
equation as written in (£4). O

As an application of Proposition p.3 we see that any twistor 2—form on a 4-dimensional
Kéhler manifold has to be of type (1,1) and primitive, i.e. any twistor 2—form has to
be a special 2-form. In this case we know from Lemma [[.9 that any Hamiltonian 2-
form gives rise to a twistor 2-form and vice versa, under some additional conditions.
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This clarifies the situation of twistor 2—forms in dimension 4 and shows in particular
that one can exhibit many examples. Moreover, one can show that any special m—form
(m > 3) on a Ké&hler-Einstein manifold has to be parallel. Nevertheless for the moment
it remains unclear whether these forms have to be parallel in general.

6. TWISTOR FORMS ON THE COMPLEX PROJECTIVE SPACE

In this section we describe the the construction of twistor forms on the complex
projective space (c.f. [l]). Let M = CP™ be equipped with the Fubini-Study metric
and the corresponding Kahler form w. Then the Riemannian curvature is given as

RxyZ = —(XAY + JXAJY)Z — 2w(X,Y)JZ

for any vector fields X,Y,Z. This implies for the Ricci curvature Ric = 2(m + 1)id.
Let K be any Killing vector field on CP™. Then there exists a function f with
Af=4(m+1)f and K = Jgrad(f), i.e. f is an eigenfunction of the Laplace operator
for the first non—zero eigenvalue. Now, consider the 2—form ¢ := dK = dJdf = dd°(f).
Since K is a Killing vector field it follows:

Vx¢ = Vx(dK) = 2Vx(VK) = 2V% K = —2R(K, X)
= —2(dfAJX — JAfAX) — 4df(X)w .

It is clear that ¢ is a (1,1)~form and an eigenform of the Laplace operator for the
minimal eigenvalue 4(m + 1). A small modification of ¢ yields a twistor 2—form.

Indeed, defining ¢ := ¢ + 6fw one obtains
Vxd = =2(df NJX — Jdf AX) + 2df(X)w .

Using Lemma [L.§ for 7 := —2df one concludes that gZA> is a twistor 2—form. It is not
difficult to show that indeed any twistor (1,1)-form on CP™ has to arise in this way.
Summarizing the construction one has

Proposition 6.1 ([fl]). Let K = Jgrad(f) be any Killing vector field on the complex
projective space CP™ then

~

¢ = dd*(f) + 6fw = (dd°(f))o + 2 fw

~

defines a non—parallel twistor (1,1)—form. Moreover, in dimension 4, ¢ is a primitive

(1,1)-form, i.e. ¢ = (dd°(f))o.

There are examples of twistor 2—forms on 4-dimensional manifolds which do not come
from Hamiltonian 2-forms [[]. The complete local classification of Hamiltonian 2—-forms
was obtained in [B] for m = 2 and in [[] in the general case. The same references contain
examples of compact Kéahler manifolds with non—parallel Hamiltonian 2—forms.
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