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❆❜str❛❝t✳ ❚❤✐s ♣❛♣❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ tr❛❝❡ ❜♦✉♥❞s ❢♦r ❡❧❛st✐❝ ♠♦♠❡♥t
t❡♥s♦rs✳ ❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡❧❛st✐❝ ♠♦♠❡♥t t❡♥s♦r✱ ✇❡
❡st❛❜❧✐s❤ t❤❛t ✐ts tr❛❝❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ❛ s✉♠ ♦❢ ♠✐♥✐♠❛❧ ❡♥❡r❣✐❡s✳ ❲❡ t❤❡♥ r❡❝♦✈❡r
t❤❡ s♦✲❝❛❧❧❡❞ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s✱ ❛♥❞ s❤♦✇ t❤❛t t❤❡s❡ ❜♦✉♥❞s ❝❛♥ ❜❡ t✐❣❤t❡♥❡❞ ❢♦r
✐♥❝❧✉s✐♦♥s ✇❤✐❝❤ ❤❛✈❡ s♦♠❡ ❧♦❝❛❧ t❤✐❝❦♥❡ss✳ ❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ✈♦❧✉♠❡
♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② t❤❡ ❡❧❛st✐❝ ♠♦♠❡♥t t❡♥s♦r✳

✶✳ ■♥tr♦❞✉❝t✐♦♥

❚♦ ❡❛❝❤ ✐♥❝❧✉s✐♦♥ ✇❤✐❝❤ ♦❝❝✉♣✐❡s ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥ ✐♥ Rd✱ d = 2, 3✱ ✈❛r✐♦✉s
❣❡♦♠❡tr✐❝ q✉❛♥t✐t✐❡s ❛r❡ ❛ss♦❝✐❛t❡❞✿ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ t❤❡ ❝❛♣❛❝✐t② ❛r❡ ❛♠♦♥❣ t❤❡♠✳ ■♥ t❤✐s
♣❛♣❡r ✇❡ ❞❡❛❧ ✇✐t❤ ♦♥❡ ♦❢ s✉❝❤ q✉❛♥t✐t✐❡s✱ ♥❛♠❡❧②✱ t❤❡ ❡❧❛st✐❝ ♣♦❧❛r✐③❛t✐♦♥ t❡♥s♦r ♦r t❤❡
❡❧❛st✐❝ ♠♦♠❡♥t t❡♥s♦r ✭❊▼❚✮✱ ✇❤✐❝❤ ✐s ❛ ✹✲t❡♥s♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❧❛st✐❝ ✐♥❝❧✉s✐♦♥s✳ ❚❤✐s
♣❛♣❡r✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ❜♦✉♥❞s ❢♦r t❤❡ tr❛❝❡ ♦❢ t❤❡
❊▼❚✱ ❛♥❞ t♦ t❤❡ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❜♦✉♥❞s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❛rt✐❝✉❧❛r ❣❡♦♠❡tr② ♦❢ ❣✐✈❡♥
✐♥❝❧✉s✐♦♥s✳

❆s ✐ts ♥❛♠❡ ✐♥❞✐❝❛t❡s t❤❡ ❊▼❚ ✐s r❡❧❡✈❛♥t ✐♥ ♣❤②s✐❝s ✇❤❡♥ st✉❞②✐♥❣ t❤❡ ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s
♦❢ ❛ ❣✐✈❡♥ ♠❡❞✐✉♠✳ ❚❤❡r❡ ✐s ❛♥ ❛♥❛❧♦❣♦✉s ♥♦t✐♦♥ ✐♥ ❡❧❡❝tr♦♠❛❣♥❡t✐s♠ ❝❛❧❧❡❞ t❤❡ ♣♦❧❛r✐③❛t✐♦♥
t❡♥s♦r ✭P❚✮✳ ❚❤❡ P❚ ✐s ❛ ✷✲t❡♥s♦r ♦r d× d ♠❛tr✐①✱ ❛♥❞ s✐♠♣❧❡r t♦ ❞❡❛❧ ✇✐t❤✳ ❚❤✉s✱ ✐♥ ♦r❞❡r
t♦ ♠♦t✐✈❛t❡ ♦✉r ✇♦r❦ ✐♥ t❤✐s ♣❛♣❡r✱ ✇❡ s❤❛❧❧ ❜r✐❡✢② r❡✈✐❡✇ r❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts ✐♥ t❤❡ st✉❞②
♦❢ t❤❡ P❚ ❛♥❞ r❡❣❛r❞ t❤❡ ♣r❡s❡♥t ✇♦r❦ ❛s ✐ts ❛♥❛❧♦❣② ❢♦r t❤❡ ❊▼❚✳

❈♦♥s✐❞❡r ❛♥ ✐♥❝❧✉s✐♦♥ D ✐♥ Rd✱ ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥✱ ❜❡✐♥❣ ✐♥s❡rt❡❞ ✐♥t♦ ❛ ❤♦♠♦✲
❣❡♥❡♦✉s ♠❡❞✐✉♠ ♦❢ ❝♦♥❞✉❝t✐✈✐t② 1 ✐♥ ✇❤✐❝❤ t❤❡r❡ ❡①✐st❡❞ ❛ ✉♥✐❢♦r♠ ❡❧❡❝tr✐❝ ✜❡❧❞ E = −a✱
✇❤❡r❡ a ✐s ❛ ❝♦♥st❛♥t ✈❡❝t♦r✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♥❞✉❝t✐✈✐t② ♦❢ D ✐s k 6= 1✳ ❉✉❡ t♦ t❤❡
♣r❡s❡♥❝❡ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ t❤❡ ✉♥✐❢♦r♠ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ♣❡rt✉r❜❡❞ ❛♥❞ t❤❡ ♣❡rt✉r❜❡❞ ❡❧❡❝tr✐❝
✜❡❧❞ ✐s ❣✐✈❡♥ ❜② E = −∇u ✇❤❡r❡ t❤❡ ♣♦t❡♥t✐❛❧ u ✐s t❤❡ s♦❧✉t✐♦♥ t♦

✭✶✳✶✮

{
∇ ·
((

1 + (k − 1)1D

)
∇u
)

= 0 ✐♥ Rd,

u(x) − a · x = O(|x|1−d) ❛s |x| → ∞.

❍❡r❡ ❛♥❞ t❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r 1D ❞❡♥♦t❡s t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ♦❢ D✳ ❚❤❡ s♦❧✉t✐♦♥ u t♦
✭✶✳✶✮ ❤❛s ❛ ♠✉❧t✐♣♦❧❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❛t ✐♥✜♥✐t②✱ ✇✐t❤ ❛ ❞✐♣♦❧❛r ❧❡❛❞✐♥❣ t❡r♠✿

✭✶✳✷✮ u(x) = a · x +
1

ωd

〈a,Mx〉

|x|d
+ O(|x|−d), ❛s |x| → ∞.

✷✵✵✵ ▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✳ ✸✺❏✺✵✱ ✸✺❘✸✵✱ ✸✺◗✼✷✱ ✼✹◗✷✵✳
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❍❡r❡ ωd ✐s t❤❡ ❛r❡❛ ♦❢ t❤❡ d − 1 ❞✐♠❡♥s✐♦♥❛❧ ✉♥✐t s♣❤❡r❡ ❛♥❞ M ✐s ❛ ❝♦♥st❛♥t d × d ♠❛tr✐①
✐♥❞❡♣❡♥❞❡♥t ♦❢ a ❛♥❞ x✳ ❚❤❡ ♠❛tr✐① M = M(D) := (Mij) ✐s ❝❛❧❧❡❞ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ t❡♥s♦r
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥❝❧✉s✐♦♥ D✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t M ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ✐♥❝❧✉s✐♦♥ D
❛♥❞ ❝♦♥❞✉❝t✐✈✐t② ❝♦♥tr❛st k✳ ❙❡❡ ❬✸✱ ✷✹❪✳

❚❤❡ ❝♦♥❝❡♣t ♦❢ ♣♦❧❛r✐③❛t✐♦♥ t❡♥s♦r ❛♣♣❡❛rs ✐♥ ✈❛r✐♦✉s ❝♦♥t❡①ts s✉❝❤ ❛s t❤❡ t❤❡♦r② ♦❢
❤♦♠♦❣❡♥✐③❛t✐♦♥ ❬✷✵✱ ✷✹✱ ✷✻❪ ✭s❡❡ ❬✷✹❪ ❢♦r ❛♥ ❡①t❡♥s✐✈❡ ❧✐st ♦❢ r❡❢❡r❡♥❝❡s✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡
♥♦t✐♦♥ ♦❢ P❚ ❛♣♣❡❛rs ❛s t❤❡ ❧♦✇ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❧✐♠✐t ♦❢ t❤❡ ❡✛❡❝t✐✈❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞✐❧✉t❡
t✇♦ ♣❤❛s❡ ❝♦♠♣♦s✐t❡s ❬✽✱ ✷✶✱ ✷✷✱ ✷✺✱ ✷✼❪✳ ❚❤✐s ❝♦♥❝❡♣t ❛❧s♦ ❛♣♣❡❛rs ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✐♥✈❡rs❡
❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ✇❤❡r❡ ✐t ✐s ✉s❡❞ t♦ ❞❡t❡❝t ❞✐❛♠❡tr✐❝❛❧❧② s♠❛❧❧ ✐♥❝❧✉s✐♦♥s ❜② ♠❡❛♥s
♦❢ ❜♦✉♥❞❛r② ♠❡❛s✉r❡♠❡♥ts✳ ❖♥❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡❧② ❞❡t❡❝t✱ ❜② ❜♦✉♥❞❛r② ♠❡❛s✉r❡♠❡♥ts✱ t❤❡
❧♦❝❛t✐♦♥ ❛♥❞ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ t❡♥s♦r ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥✳ ❙✐♥❝❡ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ t❡♥s♦r ❝❛rr✐❡s
✐♠♣♦rt❛♥t ❣❡♦♠❡tr✐❝ ✐♥❢♦r♠❛t✐♦♥✱ s✉❝❤ ❛s t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ r❡❝♦✈❡r
t❤❛t ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ❜♦✉♥❞❛r② ♠❡❛s✉r❡♠❡♥ts✳ ■t ✇❛s ❋r✐❡❞♠❛♥ ✫ ❱♦❣❡❧✐✉s ❬✶✸❪ ✇❤♦ ✜rst
✉s❡❞ t❤❡ ♣♦❧❛r✐③❛t✐♦♥ t❡♥s♦r ❢♦r t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ s♠❛❧❧ ✐♥❝❧✉s✐♦♥s✳ ❆❢t❡r t❤❛t t❤❡r❡ ❤❛✈❡ ❜❡❡♥
♠❛♥② s✐❣♥✐✜❝❛♥t ❞❡✈❡❧♦♣♠❡♥t ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ❬✷✱ ✺✱ ✾✱ ✶✶❪✳ ❲❡ r❡❢❡r t♦ r❡❝❡♥t ❜♦♦❦s ❬✸✱ ✹❪
❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r r❡❝❡♥t ❞❡✈❡❧♦♣♠❡♥ts ♦❢ t❤✐s t❤❡♦r②✳

❘❡❝❡♥t❧②✱ t❤❡ ♥♦t✐♦♥ ♦❢ P❚ ❛ss♦❝✐❛t❡❞ ✇✐t❤ q✉✐t❡ ❣❡♥❡r❛❧ t②♣❡ ♦❢ ✐♥❝❧✉s✐♦♥s ❤❛s ❜❡ ❞❡✲
✜♥❡❞ ❬✶✶✱ ✶✷❪✱ t♦❣❡t❤❡r ✇✐t❤ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ tr❛❝❡ ♦❢ t❤❡ P❚ ❜❛s❡❞ ♦♥ t❤❡
✈❛r✐❛t✐♦♥❛❧ ❛r❣✉♠❡♥t ✐♥ ❬✶✽❪✳ ❚❤❡ s❛♠❡ ❜♦✉♥❞s ✇❡r❡ ❛❧s♦ ♦❜t❛✐♥❡❞ ❜② ▲✐♣t♦♥ ❬✷✵❪✱ ❢♦r t❤❡
❧♦✇ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❧✐♠✐t ♦❢ t❤❡ ❤♦♠♦❣❡♥✐③❡❞ ❝♦♥❞✉❝t✐✈✐t②✳ ❚❤❡s❡ ❜♦✉♥❞s ❛r❡ ❦♥♦✇♥ ❛s
❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s ✐♥ ❤♦♠♦❣❡♥✐③❛t✐♦♥ ❧✐t❡r❛t✉r❡✱ s❡❡ ❡✳❣✳ ❬✷✹❪✱ ❛❢t❡r t❤❡ ♥❛♠❡s ♦❢
t❤❡ s❝✐❡♥t✐sts ✇❤♦ ✜rst ❢♦✉♥❞ t❤❡ ♦♣t✐♠❛❧ ❜♦✉♥❞s ♦♥ t❤❡ ❡✛❡❝t✐✈❡ ❝♦♥❞✉❝t✐✈✐t② ♦❢ ✐s♦tr♦♣✐❝
t✇♦✲♣❤❛s❡ ❝♦♠♣♦s✐t❡s ❬✶✹❪✳ ❚❤❡ P❚ ❜♦✉♥❞s ❛r❡ ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿ ▲❡t |D| ❞❡♥♦t❡ t❤❡ ✈♦❧✉♠❡
♦❢ D✳ ❚❤❡♥

✭✶✳✸✮ tr(M) ≤ |D|(k − 1)(d − 1 +
1

k
),

❛♥❞

✭✶✳✹✮ |D|tr(M−1) ≤
d − 1 + k

k − 1
,

✇❤❡r❡ tr ❞❡♥♦t❡s t❤❡ tr❛❝❡✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ P❚ ✐♥ t❤✐s ♣❛♣❡r ✐s (k − 1) t✐♠❡s
t❤❛t ✐♥ ❬✶✶❪✳

❚❤❡s❡ ❜♦✉♥❞s ❛r❡ ♦♣t✐♠❛❧ ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s ✐♥ t❤❡ s❡♥s❡ t❤❛t ❛♥② P❚ ✇✐t❤✐♥ t❤❡ ❜♦✉♥❞s
✐s r❡❛❧✐③❡❞ ❜② ❛ ❞♦♠❛✐♥✿ ❜② ❛ ❝♦❛t❡❞ ❡❧❧✐♣s❡ ❬✶✷❪ ❛♥❞ ❛ t❤✐♥ ❝r♦ss ❬✶❪✳ ■♥ ❜♦t❤ ✇♦r❦s✱ ❛s t❤❡
tr❛❝❡ ♦❢ t❤❡ P❚ ❛♣♣r♦❛❝❤❡s t♦ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✭✶✳✸✮✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞♦♠❛✐♥s ❣❡t t❤✐♥♥❡r✳
❚❤✉s ❛ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ✐❢ t❤❡ ❞♦♠❛✐♥ ❤❛s s♦♠❡
❵t❤✐❝❦♥❡ss✬✳ ❙✐♥❝❡ t❤❡s❡ ❡st✐♠❛t❡s ♦❢ t❤❡ tr❛❝❡ ♦❢ t❤❡ P❚ ❝♦♥t❛✐♥s ❛ s✐❣♥✐✜❝❛♥t ✐♥❢♦r♠❛t✐♦♥ ♦♥
❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❝❧✉s✐♦♥ ❬✶✷❪✱ t❤✐s q✉❡st✐♦♥ ❤❛s ❛♥ ✐♠♣♦rt❛♥t
✐♠♣❧✐❝❛t✐♦♥ ✐♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥❀ ❙❡❡ t❤❡ ❧❛st s❡❝t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r✳
❚❤✐s q✉❡st✐♦♥ ❢♦r t❤❡ ✐♠♣r♦✈❡❞ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s ❢♦r t❤✐❝❦ ❞♦♠❛✐♥s ✇❛s ❛♥s✇❡r❡❞
❛✣r♠❛t✐✈❡❧② ❜② t❤❡ ❛✉t❤♦rs ✐♥ ❬✶✵❪✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ✇❤✐❧❡ t❤❡ ✐♥t❡r✐♦r ♣♦✐♥ts ♦❢
t❤❡ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s ❝❛♥ ❜❡ r❡❛❧✐③❡❞ ❜② ✈❛r✐♦✉s s❤❛♣❡s ♦❢ ✐♥❝❧✉s✐♦♥s✱ ❡✳❣✳✱ ❝♦❛t❡❞
❡❧❧✐♣s❡s ❛♥❞ ✈❛r✐♦✉s t❤✐♥ ❝r♦ss❡s ❬✶❪✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✭✶✳✹✮ ✐s r✐❣✐❞✳ ■t ✐s ♣r♦✈❡❞ ✐♥ ❬✶✻✱ ✶✼❪ t❤❛t
✐❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✐s ❛tt❛✐♥❡❞ ❜② ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❞♦♠❛✐♥ D✱ t❤❡♥ D ♠✉st ❜❡ ❛♥ ❡❧❧✐♣s❡
✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s ❛♥❞ ❛♥ ❡❧❧✐♣s♦✐❞ ✐♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✳ ❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡
Pó❧②❛✲❙③❡❣ö ❝♦♥❥❡❝t✉r❡ ❬✷✽❪✱ ✇❤✐❝❤ ❛ss❡rts t❤❛t t❤❡ ✐♥❝❧✉s✐♦♥ ✇❤♦s❡ P❚ ❤❛s t❤❡ ♠✐♥✐♠❛❧
tr❛❝❡ t❛❦❡s t❤❡ s❤❛♣❡ ♦❢ ❛ ❞✐s❦ ♦r ❛ ❜❛❧❧✱ ❤❛s ❜❡❡♥ ♣r♦✈❡❞✳
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❲❤✐❧❡ t❤❡ P❚ ❞❡s❝r✐❜❡s t❤❡ ❞✐♣♦❧❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❞✉❡ t♦
t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥✱ t❤❡ ❊▼❚ ❞♦❡s t❤❛t ❢♦r t❤❡ ❡❧❛st✐❝ ✜❡❧❞✳ ❚❤❡ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ ❊▼❚ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❚❤❡ ❊▼❚ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ▼❛③✬②❛ ❛♥❞
◆❛③❛r♦✈ ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❢♦r ❡♥❡r❣② ❞✉❡ t♦ ❡①✐st❡♥❝❡ ♦❢ ❛ s♠❛❧❧ ❤♦❧❡
♦r ❝❛✈✐t② ❬✷✸❪✳ ❙❡❡ ❛❧s♦ ❬✶✾✱ ✷✻❪ ❢♦r ✈❛r✐♦✉s ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❊▼❚✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❊▼❚ ❤❛s
❜❡❡♥ ❡①t❡♥❞❡❞ t♦ ✐♥❝❧✉❞❡ t❤❡ ❝❛s❡ ✇❤❡♥ ✐♥❝❧✉s✐♦♥s ❛r❡ ♥♦t ❤♦❧❡s ♦r ❤❛r❞ ♦♥❡s ❛♥❞ ✉s❡❞ ❢♦r
r❡❝♦♥str✉❝t✐♦♥ ♦❢ ✉♥❦♥♦✇♥ ✐♥❝❧✉s✐♦♥s ✈✐❛ ❜♦✉♥❞❛r② ♠❡❛s✉r❡♠❡♥ts ❬✼✱ ✶✺❪✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✜rst ❞❡r✐✈❡ ❜♦✉♥❞s ♦❢ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ t②♣❡ ❢♦r t❤❡ ❊▼❚✳ ❚❤❡ ❡①❛❝t
❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s ❛r❡ ♥♦t ♥❡✇✿ t❤❡② ✇❡r❡ ❛❧r❡❛❞② ❞❡r✐✈❡❞ ❜② ▲✐♣t♦♥ ❬✷✵❪✳ ❲❡ s❤♦✇
❤❡r❡ t❤❛t ❛♥ ❛❞❞✐t✐♦♥❛❧ t❡r♠ ❝❛♥ ❜❡ ❛❞❞❡❞ t♦ t❤❡ ✉♣♣❡r ❜♦✉♥❞s✱ ✇❤✐❝❤ ✐s ❡s♣❡❝✐❛❧❧② r❡❧❡✈❛♥t
✇❤❡♥ s♦♠❡ ❣❡♥❡r❛❧ ✐♥❢♦r♠❛t✐♦♥ ✐s ❦♥♦✇♥ ❛❜♦✉t t❤❡ s❤❛♣❡ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥s✳ ❲❡ s❤♦✇ ❢♦r
❡①❛♠♣❧❡ t❤❛t ✇❤❡♥ t❤❡ ✐♥❝❧✉s✐♦♥ ❤❛s s♦♠❡ ❵t❤✐❝❦♥❡ss✬✱ t❤✐s ❛❞❞✐t✐♦♥❛❧ t❡r♠ ❧❡❛❞s ✉s t♦ ❛♥
❡①♣❧✐❝✐t str✐❝t ✉♣♣❡r ❜♦✉♥❞✳ ❲❡ ❞❡✜♥❡ t❤❡ t❤✐❝❦♥❡ss ♦❢ ❛ ❞♦♠❛✐♥ D ❛s ❛ ❞✐♠❡♥s✐♦♥❧❡ss
♥✉♠❜❡r τ ∈]0, 1] ❣✐✈❡♥ ❜②

✭✶✳✺✮ τ = max
|D|

|Br(x)|

✇❤❡r❡ t❤❡ ♠❛①✐♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ r > 0 ❛♥❞ x ∈ Rd s✉❝❤ t❤❛t D ⊂ Br(x)✳ ❍❡r❡ ❛♥❞
t❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r Br(x) ❞❡♥♦t❡s t❤❡ ♦♣❡♥ ❜❛❧❧ ♦❢ r❛❞✐✉s r ❝❡♥t❡r❡❞ ❛t x✳ ◆♦t❡ t❤❛t
τ = 1 ❢♦r ❛♥❞ ♦♥❧② ❢♦r t❤❡ ❜❛❧❧s✱ ❛♥❞ t❤❛t τ ✐s ❝❧♦s❡ t♦ ③❡r♦ ❢♦r ✈❡r② t❤✐♥ ❞♦♠❛✐♥s✳ ❋♦r
❡①❛♠♣❧❡✱ ❢♦r ❛♥ ❡❧❧✐♣s♦✐❞ ✇✐t❤ d − 1 ♠❛❥♦r ❛①✐s ❡q✉❛❧ t♦ a ❛♥❞ ❛ ♠✐♥♦r ❛①✐s ❡q✉❛❧ t♦ b < a✱
τ = b/a✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ s❡t ✉♣ s♦♠❡ ♥♦t❛t✐♦♥ ❛♥❞
r❡✈✐❡✇ ❜❛s✐❝ ❢❛❝ts ♦♥ t❤❡ ▲❛②❡r ♣♦t❡♥t✐❛❧s✳ ❲❡ t❤❡♥ r❡✈✐❡✇ s♦♠❡ r❡s✉❧ts ♦♥ t❤❡ ❊▼❚ ❢r♦♠
❬✼❪ ❛♥❞ s❤♦✇ t❤❛t t❤❡ ❊▼❚ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛ s✉♠ ♦❢ ♠✐♥✐♠❛❧ ❡♥❡r❣✐❡s✳ ❙❡❝t✐♦♥ ✸ ✐s ❞❡✈♦t❡❞
t♦ ❞❡r✐✈❛t✐♦♥ ♦❢ ♣♦✐♥t✇✐s❡ ❜♦✉♥❞s ❢♦r ❊▼❚✱ ✇❤✐❧❡ s❡❝t✐♦♥ ✹ ✐s ❢♦r ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s
✇✐t❤ ❛❞❞✐t✐♦♥❛❧ t❡r♠s✳ ■♥ s❡❝t✐♦♥ ✺✱ ✇❡ ❡st✐♠❛t❡ t❤✐s ❛❞❞✐t✐♦♥❛❧ t❡r♠ ✐♥ t❡r♠s ♦❢ t❤❡ t❤✐❝❦♥❡ss
♦❢ t❤❡ ✐♥❝❧✉s✐♦♥✳ ❲❡ t❤❡♥ ❝♦♥❝❧✉❞❡ t❤❡ ♣❛♣❡r ✇✐t❤ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞s ❢♦r ❊▼❚ t♦
t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥✳

✷✳ ❊❧❛st✐❝ ▼♦♠❡♥t ❚❡♥s♦r

❲❡ ❜❡❣✐♥ ❜② ✐♥tr♦❞✉❝✐♥❣ s♦♠❡ ❝♦♠♠♦♥ ♥♦t❛t✐♦♥✳ ■♥ Rd✱ d = 2, 3✱ ❧❡t

I2 := δijei ⊗ ej ,

I4 :=
1

2
(δikδjl + δilδjk)ei ⊗ ej ⊗ ek ⊗ el.

❍❡r❡ ❛♥❞ t❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r t❤❡ ❊✐♥st❡✐♥ ❝♦♥✈❡♥t✐♦♥ ❢♦r s✉♠♠❛t✐♦♥ ✐s ✉s❡❞✳ I2 ✐s d × d
✐❞❡♥t✐t② ♠❛tr✐① ♦r ✷✲t❡♥s♦r ✇❤✐❧❡ I4 ✐s t❤❡ ✐❞❡♥t✐t② ✹✲t❡♥s♦r✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s ❛r❡ ❛❧s♦
❝♦♥✈❡♥✐❡♥t✿

Λ1 :=
1

d
I2 ⊗ I2, Λ2 := I4 − Λ1.

▲❡t a : b ❞❡♥♦t❡ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♦❢ t✇♦ ♠❛tr✐❝❡s a ❛♥❞ b✱ ✐✳❡✳✱ a : b = aijbij = tr(aT b) ✇❤❡r❡
tr(a) ❞❡♥♦t❡s t❤❡ tr❛❝❡ ♦❢ a ❛♥❞ aT ❞❡♥♦t❡s t❤❡ tr❛♥s♣♦s❡ ♦❢ a✳ ❙✐♥❝❡ ❢♦r ❛♥② d×d s②♠♠❡tr✐❝
♠❛tr✐① a

I2 ⊗ I2(a) = (a : I2)I2 = tr❛❝❡(a)I2

❛♥❞

I4(a) = a,
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♦♥❡ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② s❡❡ t❤❛t

✭✷✳✶✮ Λ1Λ1 = Λ1, Λ2Λ2 = Λ2, Λ1Λ2 = 0.

▲❡t D ❜❡ ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥ ✐♥ Rd ✇❤✐❝❤ ♦❝❝✉♣✐❡s ❛♥ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❜♦❞②
✇✐t❤ t❤❡ ▲❛♠é ❝♦♥st❛♥ts (λ, µ) s❛t✐s❢②✐♥❣

µ > 0 ❛♥❞ dλ + 2µ > 0 .

❚❤❡♥ t❤❡ ❡❧❛st✐❝✐t② t❡♥s♦r ❢♦r D ✐s ❣✐✈❡♥ ❜②

C := λI2 ⊗ I2 + 2µI4 = dκΛ1 + 2µΛ2,

✇❤❡r❡ κ = λ + 2µ/d ❞❡♥♦t❡s t❤❡ ❜✉❧❦ ♠♦❞✉❧✉s ♦❢ D✳ ❋♦r ❛ ❣✐✈❡♥ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r u✱ t❤❡
str❛✐♥ ✐s ❞❡✜♥❡❞ t♦ ❜❡

E(u) :=
1

2
(∇u + ∇uT ).

❚❤❡ ❡❧❛st♦st❛t✐❝ s②st❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ▲❛♠é ❝♦♥st❛♥ts λ, µ ✐s ❞❡✜♥❡❞ ❜②

✭✷✳✷✮ LCu := ∇ · (CE(u)) = µ∆u + (λ + µ)∇∇ · u ,

❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦✲♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ∂u/∂ν ♦♥ ∂D ✐s ❞❡✜♥❡❞ t♦ ❜❡

✭✷✳✸✮
∂u

∂ν
:= CE(u)N = λ(∇ · u)N + µ(∇u + ∇uT )N ♦♥ ∂D ,

✇❤❡r❡ N ✐s t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ t♦ ∂D✳
❚❤❡ ❑❡❧✈✐♥ ♠❛tr✐① ♦❢ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s Γ = (Γij)

d
i,j=1 ❢♦r t❤❡ ▲❛♠é s②st❡♠ LC ✐s

❞❡✜♥❡❞ t♦ ❜❡

✭✷✳✹✮ Γij(x) := AΓ0(x)δij − Bxj

∂Γ0

∂xi

(x) , x 6= 0,

✇❤❡r❡ Γ0 ✐s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ▲❛♣❧❛❝✐❛♥✱ ✐✳❡✳✱

Γ0(x) =





1

2π
log |x| , ✐❢ d = 2,

−
1

4π

1

|x|
, ✐❢ d = 3,

❛♥❞

✭✷✳✺✮ A =
1

2

(
1

µ
+

1

2µ + λ

)
, B =

1

2

(
1

µ
−

1

2µ + λ

)
.

❚❤❡ s✐♥❣❧❡ ❧❛②❡r ♣♦t❡♥t✐❛❧s ♦❢ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ϕ ♦♥ D ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ▲❛♠é
♣❛r❛♠❡t❡rs (λ, µ) ❛r❡ ❞❡✜♥❡❞ ❜②

✭✷✳✻✮ S[ϕ](x) :=

∫

∂D

Γ(x − y)ϕ(y) dσ(y) , x ∈ Rd .

▲❡t D ❜❡ ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥ ✐♥ Rd✳ ▲❡t C0 := λI2 ⊗ I2 + 2µI4 ❜❡ t❤❡ ❡❧❛st✐❝✐t②
t❡♥s♦r ♦❢ Rd \ D ❛♥❞ C1 := λ̃I2 ⊗ I2 + 2µ̃I4 ❜❡ t❤❛t ♦❢ D✳ ▲❡t κ ❛♥❞ κ̃ ❜❡ ❜✉❧❦ ♠♦❞✉❧✉s ♦❢
Rd \ D ❛♥❞ D✱ r❡s♣❡❝t✐✈❡❧②✳ ■t ✐s ❛❧✇❛②s ❛ss✉♠❡❞ t❤❛t

✭✷✳✼✮ µ > 0, dλ + 2µ > 0, µ̃ > 0 ❛♥❞ dλ̃ + 2µ̃ > 0 .

❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t

(λ − λ̃)(µ − µ̃) > 0 ,



■▼P❘❖❱❊❉ ❍❆❙❍■◆✲❙❍❚❘■❑▼❆◆ ❇❖❯◆❉❙ ❋❖❘ ❊▼❚❙ ✺

✐♥ ♦t❤❡r ✇♦r❞s✱ ❡✐t❤❡r C1 > C0 ♦r C1 < C0✳ ▲❡t LC1 ❛♥❞ ∂u
∂ν̃

❜❡ t❤❡ ▲❛♠é s②st❡♠ ❛♥❞ t❤❡

❝♦✲♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ (λ̃, µ̃)✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❛❧s♦ ❞❡♥♦t❡ t❤❡ s✐♥❣❧❡ ❧❛②❡r

♣♦t❡♥t✐❛❧ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ (λ̃, µ̃) ♦♥ D ❜② S̃✳
■♥ ❬✼❪✱ t❤❡ ✜rst ♦r❞❡r ❡❧❛st✐❝ ♠♦♠❡♥t t❡♥s♦r ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✷✳✶ ✭❊❧❛st✐❝ ♠♦♠❡♥t t❡♥s♦rs✮✳ ❋♦r i, j = 1, . . . , d✱ ❧❡t (fij ,gij) ❜❡ t❤❡ s♦❧✉t✐♦♥
♦❢ t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥

✭✷✳✽✮





S̃[fij ]|− − S[gij ]|+ = xiej

∂

∂ν̃
S̃[fij ]

∣∣∣∣
−

−
∂

∂ν
S[gij ]

∣∣∣∣
+

=
∂(xiej)

∂ν

♦♥ ∂D,

✇❤❡r❡ t❤❡ s✉❜s❝r✐♣ts + ❛♥❞ − ❞❡♥♦t❡ t❤❡ ❧✐♠✐t ❢r♦♠ ♦✉ts✐❞❡ ❛♥❞ ✐♥s✐❞❡ D✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡♥✱ t❤❡ ❊▼❚ M = (mijpq) ❛ss♦❝✐❛t❡❞ ✇✐t❤ D ❛♥❞ λ, µ, λ̃, µ̃ ✐s ❞❡✜♥❡❞ ❜②

✭✷✳✾✮ mijpq =

∫

∂D

xpeq · gijdσ , i, j, p, q = 1, . . . , d.

❲❡ ♥♦t❡ t❤❛t t❤✐s t❡♥s♦r ✐s ❡①❛❝t❧② t❤❡ ♦♥❡ ❞❡✜♥❡❞ ❜② ▼❛③✬②❛ ❛♥❞ ◆❛③❛r♦✈ ❢♦r ❤♦❧❡s ✭s❡❡
❬✼❪✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✷✳✾✮ ❝♦✈❡rs t❤❡ ❝❛s❡ ✇❤❡♥ µ̃ ✐s ♥♦♥③❡r♦ ❛♥❞ ✜♥✐t❡✳

▲❡t

✭✷✳✶✵✮ CD := (1 − 1D)C0 + 1DC1,

✇❤❡r❡ 1D ✐s t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ❢♦r D✳ ❋♦r ❛ ❣✐✈❡♥ d × d s②♠♠❡tr✐❝ ♠❛tr✐① a✱ ❧❡t u ❜❡
t❤❡ s♦❧✉t✐♦♥ t♦

✭✷✳✶✶✮

{
∇ · (CDE(u)) = 0 ✐♥ Rd ,

u(x) − ax = O(|x|1−d) ❛s |x| → ∞.

❚❤❡♥ ∇u r❡♣r❡s❡♥ts t❤❡ ❡❧❛st✐❝ ✜❡❧❞ ♣❡rt✉r❜❡❞ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ D ✉♥❞❡r
t❤❡ ✉♥✐❢♦r♠ ❧♦❛❞✐♥❣ ❣✐✈❡♥ ❜② ∇(ax)✳ ■t ✐s ❦♥♦✇♥ ❬✼❪ t❤❛t t❤❡ s♦❧✉t✐♦♥ u ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣
❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥✿

✭✷✳✶✷✮ u(x) = ax +

d∑

i,j,p,q=1

aij∂pΓkq(x)mijpq + O(|x|−d) ❛s |x| → ∞.

❚❤❡ ❊▼❚ ❛❧s♦ ❛♣♣❡❛rs ✐♥ t❤❡ ❧♦✇ ✈♦❧✉♠❡ ❢r❛❝t✐♦♥ ❧✐♠✐t ♦❢ t❤❡ ❡✛❡❝t✐✈❡ ❡❧❛st✐❝ ♣r♦♣❡rt② ❬✻❪✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t② ✐s ♣r♦✈❡❞ ✐♥ ❬✼❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ❙✉♣♣♦s❡ t❤❛t µ 6= µ̃✳ ●✐✈❡♥ ❛ ♥♦♥③❡r♦ s②♠♠❡tr✐❝ ♠❛tr✐① a = (aij)✱ ❞❡✜♥❡
ϕa✱ fa✱ ❛♥❞ ga ❜②

✭✷✳✶✸✮ ϕa := (aij)x = aijxjei , fa := aijfij , ga := aijgij .

▲❡t

✭✷✳✶✹✮ P (a) :=
κ̃ + κ

κ̃ − κ
Λ1(a) +

µ̃ + µ

µ̃ − µ
Λ2(a) .

❚❤❡♥✱

✭✷✳✶✺✮ Pa : Ma =

∫

D

C1E(S̃fa) : E(S̃fa)+

∫

Rd\D

C0E(Sga) : E(Sga)+

∫

D

C0E(ϕa) : E(ϕa) .
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❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s②♠♠❡tr② ✐s ♦❜t❛✐♥❡❞ ✐♥ ❬✼❪✿

✭✷✳✶✻✮ mijpq = mijqp , mijpq = mjipq , ❛♥❞ mijpq = mpqij , i, j, p, q = 1, . . . , d.

❚❤❡ s②♠♠❡tr② ✭✷✳✶✻✮ ✐♠♣❧✐❡s t❤❛t M ✐s ❛ s②♠♠❡tr✐❝ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥ ♦♥ t❤❡ s♣❛❝❡ MS
d

♦❢ d × d s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✳ ■t ✐s ❛❧s♦ ♣r♦✈❡❞ t❤❛t M ✐s ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ✐❢ λ̃ > λ ❛♥❞
µ̃ > µ✱ ❛♥❞ ♥❡❣❛t✐✈❡✲❞❡✜♥✐t❡ ✐❢ λ̃ < λ ❛♥❞ µ̃ < µ✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t λ̃ > λ ❛♥❞ µ̃ > µ ❢♦r

❝♦♥✈❡♥✐❡♥❝❡✳ ▲❡t kj ✱ j = 1, . . . , Nd := d(d+1)
2 ✱ ❜❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ M ♦♥ MS

d ❛♥❞ Aj ❜❡ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✲♠❛tr✐① ♦❢ t❤❡ ✉♥✐t ❧❡♥❣t❤✳ ❚❤❡♥✱ M ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

✭✷✳✶✼✮ M =

Nd∑

j=1

kjAj ⊗ Aj .

▲❡♠♠❛ ✷✳✸✳ ❋♦r ❛♥② a ∈ MS
d ✱

✭✐✮ Λ1a : Ma = a : Λ1Ma = a : MΛ1a✳
✭✐✐✮ Λ2a : Ma = a : Λ2Ma = a : MΛ2a✳

Pr♦♦❢✳ ❇❡❝❛✉s❡ ♦❢ ✭✷✳✶✼✮✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t M = A ⊗ A ❢♦r s♦♠❡ A ∈ MS
d ✳ ❲❡ ✜rst ❣❡t

Λ1a : Ma =
tr(a)

d
(I2 : Ma) =

1

d
tr(a)tr(Ma) = a : Λ1Ma.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ Ma = (A : a)A✱ ✇❡ ❣❡t

Λ1Ma = (A : a)(A : I2)I2.

■t t❤❡♥ ❢♦❧❧♦✇s t❤❛t

a : Λ1Ma = (A : a)(A : I2)(I2 : a) = a : ((A : I2)(I2 : a)A) = a : MΛ1a.

❚❤✐s ♣r♦✈❡s ✭✐✮✳ ✭✐✐✮ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ✭✐✮ ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳ �

✸✳ ❆ ♣❛✐r ♦❢ ❡♥❡r❣② ❛♥❞ ❣❡♦♠❡tr② ✐♥❞❡♣❡♥❞❡♥t ♣♦✐♥t✇✐s❡ ❜♦✉♥❞s

❖❜s❡r✈❡ t❤❛t ϕa, fa,ga ✐♥ ✭✷✳✶✸✮ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥✿

✭✸✳✶✮





S̃fa|− − Sga|+ = ϕa

∂

∂ν̃
S̃fa

∣∣∣∣
−

−
∂

∂ν
Sga

∣∣∣∣
+

=
∂ϕa

∂ν

♦♥ ∂D.

❉❡✜♥❡ v ❜②

✭✸✳✷✮ v(x) :=

{
S̃fa(x) − ϕa(x), x ∈ D,

Sga(x), x ∈ Rd \ D.

❚❤❡♥ ♦♥❡ ❝❛♥ s❡❡ ❢r♦♠ ✭✸✳✶✮ t❤❛t v s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥ ❛❧♦♥❣ ∂D✿

v|− − v|+ = 0 ❛♥❞
∂v

∂ν̃

∣∣∣∣
−

−
∂v

∂ν

∣∣∣∣
+

=
∂ϕa

∂ν̃

∣∣∣∣
−

−
∂ϕa

∂ν

∣∣∣∣
+

♦♥ ∂D,

❛♥❞ ✐t ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s♠✐ss✐♦♥ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❡❧❛st♦st❛t✐❝ s②st❡♠✿

✭✸✳✸✮

{
∇ · (CDE(v + ϕa)) = 0 ✐♥ Rd ,
v(x) = O(|x|1−d) ❛s |x| → ∞.
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◆♦t❡ t❤❛t v(x) = O(|x|1−d) ❛s |x| → ∞ ❜❡❝❛✉s❡
∫

∂D
gadσ = 0✳ ❲r✐t✐♥❣ ✭✸✳✸✮ ✐♥ ✈❛r✐❛t✐♦♥❛❧

❢♦r♠✱ ✇❡ ♦❜t❛✐♥

✭✸✳✹✮

∫

Rd

CD(E(v) + 1D(I4 − (C1)−1C0)a) : E(w)dx = 0

❢♦r ❛♥② w ∈ H1(Rd)✱ ❛♥❞ ❤❡♥❝❡ v ✐s t❤❡ ♠✐♥✐♠✐③❡r ✐♥ H1(Rd) ♦❢ t❤❡ ❡♥❡r❣② ❢♦r♠

✭✸✳✺✮

∫

Rd

CD(E(v) + 1D(I4 − (C1)−1C0)a) : (E(v) + 1D(I4 − (C1)−1C0)a)dx.

▲❡t

✭✸✳✻✮ G := I4 − (C1)−1C0.

❖❜s❡r✈❡ t❤❛t G ✐s ✐♥✈❡rt✐❜❧❡ ♦♥ MS
d ✳ ■♥ ❢❛❝t✱ ✇❡ ❤❛✈❡

✭✸✳✼✮ G−1 = (C1 − C0)−1C1.

❲❡ ❝❛♥ ♥♦✇ r❡✇r✐t❡ ✭✷✳✶✺✮ ❛s

✭✸✳✽✮ a : PMa =

∫

Rd

CD(E(v) + 1Da) : (E(v) + 1Da)dx + (C0a : a) |D| .

❲❡ ♥♦✇ ❡①♣r❡ss t❤❡ ✐❞❡♥t✐t② ✭✸✳✽✮ ❛s ❛ s✉♠ ♦❢ ♠✐♥✐♠❛❧ ❡♥❡r❣✐❡s✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿ ❢♦r ❛ ❞♦♠❛✐♥ D ❛♥❞ d × d s②♠♠❡tr✐❝ ♠❛tr✐① a✱ ❧❡t

✭✸✳✾✮ E (D, a) = min
v∈H1(Rd)d

∫

Rd

CD (E(v) + 1DGa) : (E(v) + 1DGa) dx,

✇❤❡r❡ v ✐s ❞❡✜♥❡❞ ❜② ✭✸✳✶✮ ❛♥❞ ✭✸✳✷✮✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ❚❤❡ ❊▼❚ M s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t②✿

a : PMa =
1

2

(
κ̃ + κ

κ̃ − κ
+

µ̃ + µ

µ̃ − µ

)
E (D, a)

+
1

2

(
κ̃ + κ

κ̃ − κ
−

µ̃ + µ

µ̃ − µ

)
(E (D,Λ1(a)) − E (D,Λ2(a)))

+ |D|
(
C0 + C1

) (
C1
)−1

C0a : a.✭✸✳✶✵✮

Pr♦♦❢✳ ▲❡t aj = Λj(a)✱ j = 1, 2✱ ❛♥❞ ❞❡✜♥❡ vj ❜② ✭✸✳✶✮ ❛♥❞ ✭✸✳✷✮ ✇✐t❤ a r❡♣❧❛❝❡❞ ✇✐t❤ aj ✳
❚❤❡♥ ❜② ❧✐♥❡❛r✐t②✱ ✇❡ ❤❛✈❡ v = v1 + v2✳ ❉❡❝♦♠♣♦s❡ G ✉♥✐q✉❡❧② ❛s

✭✸✳✶✶✮ G = g1Λ1 + g2Λ2.

❲❡ t❤❡♥ ❤❛✈❡∫

Rd

CD (E(v) + 1Da) : (E(v) + 1Da) dx

=

2∑

i,j=1

(∫

Rd

CDE(vi) : E(vj)dx + 2

∫

Rd

CD1Dai : E(vj)dx

)
+ (C1a : a) |D|

=

2∑

i,j=1

(∫

Rd

CDE(vi) : E(vj)dx +
2

gi

∫

Rd

CD1DGai : E(vj)dx

)
+ (C1a : a) |D| .

❙✐♥❝❡ vi ✐s t❤❡ ♠✐♥✐♠✐③❡r ♦❢ t❤❡ ❡♥❡r❣②∫

Rd

CD (E(vi) + 1DGai) : (E(vi) + 1DGai) dx
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❢♦r i = 1, 2✱ ✇❡ ❤❛✈❡
∫

Rd

CD1DGai : E(vj)dx = −

∫

Rd

CDE(vi) : E(vj)dx, i, j = 1, 2.

❚❤✐s ✐♥ t✉r♥ ②✐❡❧❞s
∫

Rd

CD (E(v) + 1Da) : (E(v) + 1Da) dx

=

2∑

i,j=1

(
1 −

2

gi

)∫

Rd

CDE(vi) : E(vj)dx + (C1a : a) |D| ,

= −

(
1

g1
−

1

g2

)∫

Rd

CDE(v1) : E(v1)dx −

(
1

g2
−

1

g1

)∫

Rd

CDE(v2) : E(v2)dx

−

(
1

g1
+

1

g2
− 1

)∫

Rd

CDE(v) : E(v)dx + (C1a : a) |D| .

❯s✐♥❣ ❛❣❛✐♥ t❤❡ ♠✐♥✐♠✐③✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ v1✱ v2 ❛♥❞ v = v1 + v2✱ ✇❡ ❣❡t
∫

Rd

CD (E(v) + 1DGa) : (E(v) + 1DGa) dx

= −

∫

Rd

CDE(v) : E(v)dx +

∫

Rd

CD (1DGa) : (1DGa) dx

❛♥❞ t❤❡ s❛♠❡ ✐❞❡♥t✐t✐❡s ✇✐t❤ v ❛♥❞ a r❡♣❧❛❝❡❞ ✇✐t❤ vj ❛♥❞ aj ✱ j = 1, 2✳ ❙✐♥❝❡ C1 ✐s ✐s♦tr♦♣✐❝✱
ΛiC

1Λj = 0 ✐❢ i 6= j✱ ❛♥❞ ❤❡♥❝❡

C1a : a = C1a1 : a1 + C1a2 : a2.

■t t❤❡♥ ❢♦❧❧♦✇s t❤❛t∫

Rd

CD (E(v) + 1Da) : (E(v) + 1Da) dx

=

(
1

g1
+

1

g2
− 1

)
E (D, a) +

(
1

g1
−

1

g2

)
(E (D,Λ1(a)) − E (D,Λ2(a)))

+ (g1 − 1)
2
C1a1 : a1 |D| + (g2 − 1)

2
C1a2 : a2 |D| .

❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t

2∑

i=1

(gi − 1)
2
C1ai : ai =

2∑

i=1

(gi − 1)
2
ΛiC

1Λia : a

= (GC1G − 2C1G + C1)a : a

=
(
C0
)2 (

C1
)−1

a : a .

❙✐♥❝❡

g−1
1 − g−1

2 =
1

2

κ̃ + κ

κ̃ − κ
−

1

2

µ̃ + µ

µ̃ − µ

❛♥❞

g−1
1 + g−1

2 − 1 =
1

2

κ̃ + κ

κ̃ − κ
+

1

2

µ̃ + µ

µ̃ − µ
,

❛♥❞ t❤❛♥❦s t♦ ✭✸✳✽✮ ✇❡ ♦❜t❛✐♥ ✭✸✳✶✵✮✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ �
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◆♦t❡ t❤❛t

(C0 + C1)(C1)−1C0 = d(κ̃ + κ)
κ

κ̃
Λ1 + 2 (µ̃ + µ)

µ

µ̃
Λ2 ,✭✸✳✶✷✮

(C1 − C0)(C1)−1C0 = d(κ̃ − κ)
κ

κ̃
Λ1 + 2 (µ̃ − µ)

µ

µ̃
Λ2 .✭✸✳✶✸✮

❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ✇r✐t❡ ✐♥ ❝♦♥❞❡♥s❡❞ ❢♦r♠

κ̃ − κ

κ̃ + κ
(C0 + C1)(C1)−1C0Λ1 = (C1 − C0)(C1)−1C0Λ1 ,

µ̃ − µ

µ̃ + µ
(C0 + C1)(C1)−1C0Λ2 = (C1 − C0)(C1)−1C0Λ2 ,

❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ❢r♦♠ ✭✷✳✶✹✮✳

❈♦r♦❧❧❛r② ✸✳✷✳ ■❢ a = Λ1(a) ♦r a = Λ2(a)✱ ✇❡ ❤❛✈❡

a : Ma = min
v∈H1(Rd)

∫

Rd

CD (E(v) + 1DGa) : (E(v) + 1DGa) dx✭✸✳✶✹✮

+ |D|
(
C1 − C0

) (
C1
)−1

C0a : a.

❚❤❡ ❡♥❡r❣② ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✶✹✮✱ ②✐❡❧❞s ❛ ♣r✐♦r✐ ❜♦✉♥❞s ♦♥ M ✳

❈♦r♦❧❧❛r② ✸✳✸✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞s ❤♦❧❞

✭✸✳✶✺✮ d|D|(κ̃ − κ)
κ

κ̃
Λ1 ≤ Λ1MΛ1 ≤ d |D| (κ̃ − κ)Λ1,

❛♥❞

✭✸✳✶✻✮ 2 |D| (µ̃ − µ)
µ

µ̃
Λ2 ≤ Λ2MΛ2 ≤ 2 |D| (µ̃ − µ)Λ2.

◆♦t❡ t❤❛t ✉♣♣❡r ❜♦✉♥❞s ✐♥ ✭✸✳✶✺✮ ❛♥❞ ✭✸✳✶✻✮ ❛r❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❝❤♦✐❝❡ v = 0 ✐♥ ✭✸✳✶✹✮✳
❲❡ ❡♠♣❤❛s✐③❡ t❤❛t ✭✸✳✶✺✮ ❛♥❞ ✭✸✳✶✻✮ ❤♦❧❞ ❡✈❡♥ ✐❢ C1 < C0✳

✹✳ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❇♦✉♥❞s ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ t❡r♠

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤❛❧❧ ✉s❡ t❤❡ s♦✲❝❛❧❧❡❞ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞✱ ❛s ❞❡✲

s❝r✐❜❡❞ ❜② ❑♦❤♥ ✫ ▼✐❧t♦♥ ✐♥ ❬✶✽❪✱ t♦ ♣r♦✈❡ ✐♥❡q✉❛❧✐t✐❡s ♦♥ t❤❡ 4✲t❡♥s♦r M̃ ❞❡✜♥❡❞ ❜②

a : M̃a = min
v∈H1(Rd)

∫

Rd

CD (E(v) + 1DGa) : (E(v) + 1DGa) dx✭✹✳✶✮

+ |D|
(
C1 − C0

) (
C1
)−1

C0a : a.

❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❛♥❞ ❈♦r♦❧❧❛r② ✸✳✷ t❤✐s ✇✐❧❧ ✐♥ t✉r♥ ②✐❡❧❞ ❜♦✉♥❞s ♦♥ t❤❡

❊▼❚✱ s✐♥❝❡ M = M̃ ✐❢ a = Λ1(a) ♦r a = Λ2(a)✳

▲❡t ✉s ✜rst ❞❡✜♥❡ ❛♥ ♦♣❡r❛t♦r ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ❛❢t❡r✇❛r❞s✳ ❋♦r w ∈ L2
(
Rd : MS

d

)
✱ ❧❡t Φ

❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥ H1
(
Rd : MS

d

)
t♦

LC (Φ) = ∇ · w,

❛♥❞ t❤❡♥ ❞❡✜♥❡ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r FC ❜②

FC(w) := E (Φ) .

■♥ ♦t❤❡r ✇♦r❞s✱ FC ✐s ❞❡✜♥❡❞ ❜②

✭✹✳✷✮ FC(w) := EL−1
C (∇ · w).
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❆s ❛ ✜rst st❡♣ ✐♥ ❞❡r✐✈✐♥❣ t❤❡ tr❛❝❡ ❜♦✉♥❞s ♦❢ ❊▼❚✱ ✇❡ s❡❡✱ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ❜❛❝❦❣r♦✉♥❞
♠❡❞✐✉♠ C0 ✇✐t❤ ❛ r❡❢❡r❡♥❝❡ ♠❡❞✐✉♠✱ t❤❛t t❤❡ ❡♥❡r❣② ❢♦r♠✉❧❛ ✭✸✳✾✮ ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞
❛s ❛ ♠✐♥✐♠✉♠ ♦r ❛ ♠❛①✐♠✉♠ ♦❢ ❛ ❝❡rt❛✐♥ ❢✉♥❝t✐♦♥❛❧✱ ❛s ✐t ✐s ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ▲❡t M̃ ❜❡ ❣✐✈❡♥ ❜② ❢♦r♠✉❧❛ ✭✹✳✶✮✳ ▲❡t C ❞❡♥♦t❡ ❛ ❝♦♥st❛♥t ✭✐s♦tr♦♣✐❝✮
❡❧❛st✐❝✐t② t❡♥s♦r ❣✐✈❡♥ ❜② C = 2µcI4 + λcI2 ⊗ I2✳ ❋♦r ❛♥② s✉❝❤ t❡♥s♦r C < CD ✇❡ ❤❛✈❡✱

✭✹✳✸✮ a : M̃a = |D| a :
(
C1 − C0

) (
C − C1

)−1 (
C − C0

)
a + sup

σ∈L2(Rd:MS

d )
Wa(C, σ),

✇❤❡r❡

✭✹✳✹✮ Wa(C, σ) =

∫

Rd

σ : FCσ +

∫

Rd

(C − CD)
−1

σ : σ + 2

∫

D

σ :
(
C1 − C

)−1 (
C1 − C0

)
a.

■❢ C > CD✱ ✇❡ ❤❛✈❡

✭✹✳✺✮ a : M̃a = |D| a :
(
C1 − C0

) (
C − C1

)−1 (
C − C0

)
a + inf

σ∈L2(Rd:MS

d )
Wa(C, σ).

Pr♦♦❢✳ ❲❡ ❣✐✈❡ ❛ ♣r♦♦❢ ♦♥❧② ✇❤❡♥ C1 > C0✳ ▲❡t C ❜❡ ❛ ❝♦♥st❛♥t ❡❧❛st✐❝✐t② t❡♥s♦r ❣✐✈❡♥ ❜②
C = 2µcI4 + λcI2 ⊗ I2 ❛s ❜❡❢♦r❡ ❛♥❞ s✉♣♣♦s❡ t❤❛t C < CD✳ ❚❤❡♥ ✇❡ ❤❛✈❡

∫

Rd

CD (E(v) + 1DGa) : (E(v) + 1DGa) dx

=

∫

Rd

(CD − C) (E(v) + 1DGa) : (E(v) + 1DGa) dx

+

∫

Rd

C (E(v) + 1DGa) : (E(v) + 1DGa) dx.

❯s✐♥❣ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ CD −C ❛♥❞ t❤❡ ❝♦♥✈❡① ❞✉❛❧✐t②✱ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡
♦❢ t❤❡ ❛❜♦✈❡ ✐❞❡♥t✐t② ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

sup
η∈L2(Rd:MS

d )

[
−

∫

Rd

(CD − C)
−1

η : ηdx + 2

∫

Rd

η : (E(v) + 1DGa) dx

]
.

■♥t❡r❝❤❛♥❣✐♥❣ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ❛♥❞ ♠❛①✐♠✐③❛t✐♦♥ ✭s❡❡ ❬✶✽❪✮✱ ✇❡ ♦❜t❛✐♥

min
v∈H1(Rd)

∫

Rd

CD (E(v) + 1DGa) : (E(v) + 1DGa) dx

= sup
η∈L2(Rd:MS

d )

[
−

∫

Rd

(CD − C)
−1

η : η −

∫

Rd

C−1η : η

+ inf
v∈H1(Rd)

∫

Rd

C
(
E(v) + 1DGa + C−1η

)
:
(
E(v) + 1DGa + C−1η

)]
.✭✹✳✻✮

❖♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t t❤❡ ✐♥✜♠✉♠ ♦❢ t❤❡ ❧❛st t❡r♠ ✐♥ ✭✹✳✻✮ ✐s ❛tt❛✐♥❡❞ ❜② t❤❡ s♦❧✉t✐♦♥ ✐♥
H1
(
Rd : MS

d

)
♦❢

−∇ · (CE(v)) = ∇ · (1DCGa + η) ,

✐✳❡✳✱ ❜②

✭✹✳✼✮ v = −L−1
c ∇ · (1DCGa + η) .
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▲❡t σ := 1DCGa + η✳ ❚❤❡♥✱ ❞✉❡ t♦ t❤❡ ♠✐♥✐♠✐③✐♥❣ ♣r♦♣❡rt② ♦❢ FC(σ)✱ ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t② ∫

Rd

CFC(σ) : FC(σ)dx = −

∫

Rd

σ : FC(σ)dx.

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡

min
v∈H1(Rd)

∫

Rd

CD (E(v) + 1DGa) : (E(v) + 1DGa) dx

= sup
η∈L2(Rd:MS

d )

[
−

∫

Rd

(CD − C)
−1

η : ηdx +

∫

D

CGa : Gadx

+2

∫

D

η : Gadx +

∫

Rd

σ : FC(σ)

]

= |D| a : GC(C − C1)−1CGa − |D| a : GCGa + sup
σ∈L2(Rd:MS

d )
Wa(C, σ),

✇❤❡r❡

Wa(C, σ) =

∫

Rd

σ : FCσ +

∫

Rd

(C − CD)
−1

σ : σ + 2

∫

D

σ :
(
C1 − C

)−1
C1Ga

=

∫

Rd

σ : FCσ +

∫

Rd

(C − CD)
−1

σ : σ + 2

∫

D

σ :
(
C1 − C

)−1 (
C1 − C0

)
a,

❛s ✇❛s ❣✐✈❡♥ ✐♥ ✭✹✳✹✮✳ ❙✐♥❝❡

|D| a : GC(C − C1)−1CGa − |D| a : GCGa + |D|
(
C1 − C0

) (
C1
)−1

C0a : a

= |D| a :
(
C1 − C0

) (
C − C1

)−1 (
C − C0

)
a,

✇❡ ❤❛✈❡ ♣r♦✈❡❞ ✭✹✳✸✮✳
❚❤❡ ❝❛s❡ ✇❤❡♥ C > CD ❝❛♥ ❜❡ tr❡❛t❡❞ s✐♠✐❧❛r❧②✳ ❲r✐t✐♥❣ CD = −C + CD + C✱ ✉s✐♥❣

t❤❡ ♥❡❣❛t✐✈✐t② ♦❢ CD − C✱ ❝♦♥✈❡① ❞✉❛❧✐t②✱ ❛♥❞ ✐♥t❡r❝❤❛♥❣✐♥❣ t❤❡ ♦r❞❡r ♦❢ ♠✐♥✐♠✐③❛t✐♦♥ ✇❡
♦❜t❛✐♥ ✭✹✳✺✮✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ �

❲❡ ♥♦✇ ❞❡r✐✈❡ tr❛❝❡ ❜♦✉♥❞s ❢♦r ❊▼❚ ❢r♦♠ ✐❞❡♥t✐t✐❡s ✭✹✳✸✮ ❛♥❞ ✭✹✳✺✮✳ ❚♦ st❛t❡ t❤❡ ❜♦✉♥❞s✱
❧❡t ✉s ✜① s♦♠❡ ♥♦t❛t✐♦♥✳ ●✐✈❡♥ ❛ ❝♦♥st❛♥t ❡❧❛st✐❝✐t② t❡♥s♦r C = 2µcI4 + λcI2 ⊗ I2✱ ❧❡t Fc

❞❡♥♦t❡ t❤❡ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ t❡♥s♦rs ❣✐✈❡♥ ❜②

FC(·) =
1

|D|

∫

D

FC (1D·) dx,

✇❤❡r❡ FC ✐s ❞❡✜♥❡❞ ❜② ✭✹✳✷✮✱ ✐✳❡✳✱

✭✹✳✽✮ FC(a) =
1

|D|

∫

D

EL−1
c ∇ · (1Da)dx,

❛♥❞ ❧❡t GC ❜❡ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠ ❣✐✈❡♥ ❜②

✭✹✳✾✮ 〈GCa, a〉 =
1

|D|

∫

Rd \D

(
C1 − C0

)
FC (1Da) : FC (1Da) dx

❢♦r a ∈ Ms
d ✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ♣❛♣❡r ✐s ❛s ❢♦❧❧♦✇s✳
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❚❤❡♦r❡♠ ✹✳✷✳ ▲❡t M ❜❡ t❤❡ ❊▼❚ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞♦♠❛✐♥ D✱ ❛♥❞ (λ̃, µ̃) ❛♥❞ (λ, µ) ❜❡
▲❛♠é ♣❛r❛♠❡t❡rs ♦❢ D ❛♥❞ t❤❡ ❜❛❝❦❣r♦✉♥❞✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡

1

|D|
tr(Λ1MΛ1) ≤ d(κ̃ − κ)

dκ + 2(d − 1)µ̃

dκ̃ + 2(d − 1)µ̃
− d2(κ̃ − κ)2tr (Λ1GC1Λ1) ,✭✹✳✶✵✮

1

|D|
tr (Λ2MΛ2) ≤ 2 (µ̃ − µ)

[
d2 + d − 2

2
− 2 (µ̃ − µ)

(
d − 2

2µ̃
+

d − 1

dκ̃ + 2(d − 1)µ̃

)]
✭✹✳✶✶✮

− d2(κ̃ − κ)2tr (Λ2GC1Λ2) ,

|D| tr
(
Λ1M

−1Λ1

)
≤

1

d(κ̃ − κ)

dκ̃ + 2(d − 1)µ

dκ + 2(d − 1)µ
,

✭✹✳✶✷✮

|D| tr
(
Λ2M

−1Λ2

)
≤

1

2(µ̃ − µ)

[
d2 + d − 2

2
+ 2 (µ̃ − µ)

(
d − 2

2µ
+

d − 1

dκ + 2(d − 1)µ

)]
.

✭✹✳✶✸✮

❍❡r❡ tr ❞❡♥♦t❡s t❤❡ tr❛❝❡ ❛♥❞ tr(ΛkGC1Λk)✱ k = 1, 2✱ ✐s ❞❡✜♥❡❞ ❜②

✭✹✳✶✹✮ tr(ΛkGC1Λk) =

d∑

i,j=1

〈GC1ΛkEij ,ΛkEij〉 ,

✇❤❡r❡ Eij := 1
2 (δikδjl + δilδjk)d

k,l=1✳

❆ ❢❡✇ ✇♦r❞s ♦♥ ❚❤❡♦r❡♠ ✹✳✷ ❛r❡ ✐♥ ♦r❞❡r ❜❡❢♦r❡ ♣r♦✈✐♥❣ ✐t✳ ❲❡ ✜rst ♥♦t❡ t❤❛t ✐❢ C1 > C0

❛s ✇❡ ❛ss✉♠❡❞✱ t❤❡♥ 〈GC1Λk,Λk〉 > 0 ❢♦r k = 1, 2✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐♥❡q✉❛❧✐t✐❡s ✭✹✳✶✵✮ ❛♥❞
✭✹✳✶✶✮ ✐♠♣❧② t❤❛t

1

|D|
tr(Λ1MΛ1) < d(κ̃ − κ)

dκ + 2(d − 1)µ̃

dκ̃ + 2(d − 1)µ̃
,✭✹✳✶✺✮

1

|D|
tr (Λ2MΛ2) < 2 (µ̃ − µ)

[
d2 + d − 2

2
− 2 (µ̃ − µ)

(
d − 2

2µ̃
+

d − 1

dκ̃ + 2(d − 1)µ̃

)]
.✭✹✳✶✻✮

❚❤❡ ❜♦✉♥❞s ✭✹✳✶✷✮✱ ✭✹✳✶✸✮✱ ✭✹✳✶✺✮✱ ❛♥❞ ✭✹✳✶✻✮ ❛r❡ ❝❛❧❧❡❞ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s ❢♦r t❤❡
❊▼❚✱ ❛♥❞ t❤❡② ✇❡r❡ ❞❡r✐✈❡❞ ❜② ▲✐♣t♦♥ ❬✷✵❪✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ t❤✐s ♣❛♣❡r ②✐❡❧❞s t❤♦s❡ ❛❞❞✐t✐♦♥❛❧
t❡r♠s ❢♦r t❤❡ ✉♣♣❡r ❜♦✉♥❞s ❛♥❞ t❤❡② ✇✐❧❧ ♣r♦✈✐❞❡ ✉s ✇✐t❤ ✐♠♣r♦✈❡❞ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥
❜♦✉♥❞s ❢♦r t❤✐❝❦ ❞♦♠❛✐♥s ✭s❡❡ t❤❡ ♥❡①t s❡❝t✐♦♥✮✳

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ s❡❡ ✇❤❡t❤❡r t❤❡ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s ❢♦r ❊▼❚s ❛r❡ ♦♣t✐♠❛❧ ♦r
♥♦t✳ ■t ✐s ❡q✉❛❧❧② ✐♥t❡r❡st✐♥❣ t♦ ✜♥❞ ❛ ❝❧❛ss ♦❢ ❞♦♠❛✐♥s ✇❤♦s❡ ❊▼❚s ❛tt❛✐♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞s
✭✹✳✶✷✮ ❛♥❞ ✭✹✳✶✸✮✳ ❋♦r t❤❡ P❚ t❤❡ ❧♦✇❡r ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s ❛r❡ ❛tt❛✐♥❡❞ ❜② ❛♥❞ ♦♥❧②
❜② ❡❧❧✐♣s❡s ❛♥❞ ❡❧❧✐♣s♦✐❞s ❬✶✻✱ ✶✼❪✳ ❚❤❡ s✐t✉❛t✐♦♥ ❢♦r t❤❡ ❊▼❚ ✐s ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳

❙✐♥❝❡ t❤❡ ❊▼❚ ❤❛s d(d+1)
2 ❡✐❣❡♥✈❛❧✉❡s✱ t❤♦s❡ ❝❧❛ss ♠✉st ❤❛✈❡ d(d+1)

2 ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠✱ ❛♥❞
❛t t❤✐s ♠♦♠❡♥t ✐t ✐s ♥♦t ❝❧❡❛r ✇❤❛t t❤✐s ❝❧❛ss ♦❢ ❞♦♠❛✐♥s ♠✉st ❜❡✳ ❚❤✐s q✉❡st✐♦♥ ❤❛s ❛♥
✐♠♣♦rt❛♥t ❛♣♣❧✐❝❛t✐♦♥ ✐♥ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s t♦ ❞❡t❡❝t s♠❛❧❧ ❡❧❛st✐❝ ✐♥❝❧✉s✐♦♥s✳ ❋♦r r❡❧❛t❡❞
✇♦r❦ ❢♦r t❤❡ ❡❧❡❝tr✐❝❛❧ ✐♠♣❡❞❛♥❝❡ t♦♠♦❣r❛♣❤②✱ s❡❡ ❬✸✱ ✺✱ ✾❪✳

■❢ d = 2✱ t❤❡♥ ✭✹✳✶✷✮ ❛♥❞ ✭✹✳✶✸✮ r❡❛❞

|D| tr
(
Λ1M

−1Λ1

)
≤

κ̃ + µ

2(κ̃ − κ)(κ + µ)
,

|D| tr
(
Λ2M

−1Λ2

)
≤

1

µ̃ − µ
+

1

2(κ + µ)
.
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■❢ D ✐s ❛ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❞✐s❦✱ ✐t ✐s ♣r♦✈❡❞ ✐♥ ❬✺❪ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❊▼❚ ✐s ✐s♦tr♦♣✐❝
❛♥❞ ❣✐✈❡♥ ❜②

M = 2 |D|
(κ̃ − κ)(κ + µ)

κ̃ + µ
Λ1 + 2 |D|

2(κ + µ)(µ̃ − µ)

2κ + µ + µ̃
Λ2.

❚❤✉s t❤❡ ❡q✉❛❧✐t② ✐♥ ✭✹✳✶✷✮ ❛♥❞ ✭✹✳✶✸✮ ❛r❡ ❛tt❛✐♥❡❞ ❜② ❛ ❞✐s❦✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✳ ❙✉♣♣♦s❡ t❤❛t C0 < C1✳ ❋♦r C < C0✱ ✉s✐♥❣ t❡st ❢✉♥❝t✐♦♥s ♦❢ t❤❡
❢♦r♠ σ = 1Db✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ✭✹✳✸✮✱

a :

(
1

|D|
M̃ −

(
C1 − C0

) (
C − C1

)−1 (
C − C0

))
a

+ 2a :
(
C1 − C0

) (
C − C1

)−1
b ≥

(
C − C1

)−1
b : b − b : FCb✭✹✳✶✼✮

❇❡❝❛✉s❡ ♦❢ ✭✸✳✶✺✮ ❛♥❞ ✭✸✳✶✻✮✱
(

1
|D|M̃ −

(
C1 − C0

) (
C − C1

)−1 (
C − C0

))
✐s ✐♥✈❡rt✐❜❧❡ ♦♥

t❤❡ s✉❜s♣❛❝❡ s♣❛♥♥❡❞ ❜② I2✱ ♦r t❤❛t ♦❢ t❤❡ tr❛❝❡✲❢r❡❡ ♠❛tr✐❝❡s✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ❡✐t❤❡r a = Λ1a
♦r a = Λ2a✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ b s♦ t❤❛t

a = −

(
1

|D|
M̃ −

(
C1 − C0

) (
C − C1

)−1 (
C − C0

)) (
C1 − C0

) (
C − C1

)−1
b,

❛♥❞ ✭✹✳✶✼✮ ❜❡❝♦♠❡s

(
1

|D|
M̃ −

(
C1 − C0

) (
C − C1

)−1 (
C − C0

))−1 (
C1 − C0

)2 (
C1 − C

)−2
b : b

≤
(
C1 − C

)−1
b : b + b : FCb.

❚❛❦✐♥❣ t❤❡ ❧✐♠✐t ❛s C t❡♥❞s t♦ C0 ②✐❡❧❞s

✭✹✳✶✽✮

(
1

|D|
M̃

)−1

b : b ≤
(
C1 − C0

)−1
b : b + b : FC0b,

♦r ❡q✉✐✈❛❧❡♥t❧②✱

✭✹✳✶✾✮ |D|ΛjM
−1Λj ≤ Λj

(
C1 − C0

)−1
Λj + ΛjFC0Λj , j = 1, 2.

❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥

|D| tr
(
Λ1M

−1Λ1

)
≤

1

d(κ̃ − κ)
trΛ1 + tr (Λ1FC0Λ1) ,✭✹✳✷✵✮

|D| tr
(
Λ2M

−1Λ2

)
≤

1

2(µ̃ − µ)
trΛ2 + tr (Λ2FC0Λ2) .✭✹✳✷✶✮

❙✐♥❝❡ trΛ1 = 1 ❛♥❞ trΛ2 = d(d+1)−2
2 ✱ ✭✹✳✷✵✮✱ ✭✹✳✷✶✮✱ ❛♥❞ ▲❡♠♠❛ ✹✳✸ ❜❡❧♦✇ ❧❡❛❞ ✉s t♦ ✭✹✳✶✷✮

❛♥❞ ✭✹✳✶✸✮✳
❲❡ ♥♦✇ ♣r♦✈❡ ✭✹✳✶✵✮✲✭✹✳✶✶✮✳ ▲❡t U ❜❡ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ Rd ❞✐s❥♦✐♥t ✇✐t❤ D✳ ●✐✈❡♥

σD ∈ L2
(
Rd : MS

d

)
✇✐t❤ t❤❡ s✉♣♣♦rt ✐♥ D ❛♥❞ ❣✐✈❡♥ C > CD✱ ❧❡t σ∗ ❜❡ ❣✐✈❡♥ ❜②

σ∗ = −CFC (σD) ,

❛♥❞ ❧❡t

σU = 1U (C − CD) C−1σ∗.
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❚❤❡♥ ♦♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ ❢r♦♠ ✭✹✳✹✮ t❤❛t

Wa(C, σD + σU ) = Wa(C, σD) + Wa(C, σU ) + 2

∫

Rd

σU : FCσD,

= Wa(C, σD) +

∫

Rd

σU : FCσU −

∫

U

C−1 (C − CD) C−1σ∗ : σ∗.

❙✐♥❝❡ FC ✐s ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✱ t❤✐s ②✐❡❧❞s t❤❛t

Wa(C, σ) ≤ Wa(C, σD) −

∫

U

C−1
(
C − C0

)
C−1σ∗ : σ∗.

■❢ ✇❡ ✉s❡ t❡st ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢♦r♠ σD = 1Db ✇❤❡r❡ b ∈ MS
d ✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ✭✹✳✺✮✱ ❢♦r

C > C1 t❤❛t

1

|D|
a : M̃a ≤

(
C1 − C0

) (
C − C1

)−1 (
C − C0

)
a : a − 2

(
C1 − C0

) (
C − C1

)−1
a : b

+
((

C − C1
)−1

−FC

)
b : b −

1

|D|

∫

U

C−1
(
C − C0

)
C−1σ∗ : σ∗✭✹✳✷✷✮

✇❤❡r❡ Fc ✐s ❣✐✈❡♥ ❜② ✭✹✳✽✮✳ ■❢ C(> C1) ✐s s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ C1✱ t❤❡♥
((

C − C1
)−1

−FC

)

✐s ✐♥✈❡rt✐❜❧❡✱ ❛♥❞ ❤❡♥❝❡ ✇❡ ❝❛♥ ❝❤♦♦s❡

b =
((

C − C1
)−1

−FC

)−1 (
C1 − C0

) (
C − C1

)−1
a

=
((

C1 − C0
)−1

−
(
C − C1

) (
C1 − C0

)−1
FC

)−1

a.

❚❤❡♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✷✷✮ ❡q✉❛❧s t♦

a :
(
I4 −

(
C − C0

)
FC

)
b −

1

|D|

∫

U

C−1
(
C − C0

)
C−1σ∗ : σ∗.

❚❛❦✐♥❣ t❤❡ ❧✐♠✐t ❛s C t❡♥❞s t♦ C1 ❣✐✈❡s b =
(
C1 − C0

)
a ❛♥❞ σ∗ = −C1E (ũ)✱ ✇❤❡r❡

ũ ∈ H1
(
Rd : MS

d

)
s❛t✐s✜❡s

−LC (ũ) = −∇ ·
(
1D

(
C1 − C0

)
a
)
.

❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t

1

|D|
a : M̃a ≤ a :

(
I4 −

(
C1 − C0

)
FC1

) (
C1 − C0

)
a −

1

|D|

∫

U

(
C1 − C0

)
E (ũ) : E (ũ) .

❙✐♥❝❡ U ✐s ❛r❜✐tr❛r② ♦♣❡♥ s✉❜s❡t ♦❢ Rd \ D✱ ✇❡ ❤❛✈❡

1

|D|
a : M̃a ≤ a :

(
I4 −

(
C1 − C0

)
FC1

) (
C1 − C0

)
a −

〈
GC1

(
C1 − C0

)
a,
(
C1 − C0

)
a
〉
.

❙♦ ❢❛r ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❢♦r j = 1, 2✱

1

|D|
ΛjMΛj ≤ Λj

(
C1 − C0

)
Λj − Λj

(
C1 − C0

)
FC1

(
C1 − C0

)
Λj

−
〈
GC1

(
C1 − C0

)
Λj ,

(
C1 − C0

)
Λj

〉
.✭✹✳✷✸✮
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❙✐♥❝❡ C1 ❛♥❞ C0 ❝♦♠♠✉t❡ ✇✐t❤ Λj ✱ j = 1, 2✱ ❛♥❞ Λ1(C
1 −C0) = d(κ̃− κ)Λ1 ❛♥❞ Λ2(C

1 −
C0) = 2(µ̃ − µ)Λ2✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✹✳✷✸✮ t❤❛t

1

|D|
tr (Λ1MΛ1) ≤ d(κ̃ − κ) [trΛ1 − d(κ̃ − κ)tr (Λ1FC1Λ1)]✭✹✳✷✹✮

− d2(κ̃ − κ)2tr (Λ1GC1Λ1) ,

1

|D|
tr (Λ2MΛ2) ≤ 2(µ̃ − µ) [trΛ2 − 2(µ̃ − µ)tr (Λ2FC1Λ2)]✭✹✳✷✺✮

− 4(µ̃ − µ)2tr (Λ2GC1Λ2) .

❍❡r❡ ❛❣❛✐♥✱ s✐♥❝❡ trΛ1 = 1 ❛♥❞ trΛ2 = d(d+1)−2
2 ✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ ❡st✐♠❛t❡s ❢r♦♠

✭✹✳✷✹✮✱ ✭✹✳✷✺✮✱ ❛♥❞ ▲❡♠♠❛ ✹✳✸ ❜❡❧♦✇✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ �

❲❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ tr❛❝❡ ♦❢ t❤❡ s②♠♠❡tr✐❝ ♦♣❡r❛t♦r FC ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ t❤❡
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✳ ❲❡ ✐♥❝❧✉❞❡ ❛ ❞❡t❛✐❧❡❞ ❝♦♠♣✉t❛t✐♦♥ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ✭s❡❡
❬✷✹❪ ❢♦r ❡①❛♠♣❧❡ ❢♦r ❛♥♦t❤❡r ♣r♦♦❢✮✳

▲❡♠♠❛ ✹✳✸✳ ▲❡t C = 2µcI4 + λcI2 ⊗ I2✳ ❲❡ ❤❛✈❡

tr(FC) =

(
1

λc + 2µc

+
d − 2

2µc

)
|D| ,✭✹✳✷✻✮

tr(Λ1FCΛ1) =
1

d (λc + 2µc)
|D| ,✭✹✳✷✼✮

tr(Λ2FCΛ2) =

(
d − 1

d (λc + 2µc)
+

d − 2

2µc

)
|D| .✭✹✳✷✽✮

Pr♦♦❢✳ ❇② t❛❦✐♥❣ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✱ ✇❡ ♦❜t❛✐♥

L̂Cu(ξ) = −(µc|ξ|
2I2 + (λc + µc)(ξ ⊗ ξ))û(ξ).

▲❡t ξ1 := ξ/|ξ| ❛♥❞ ξj ✱ j = 2 . . . d✱ ❜❡ ✉♥✐t ✈❡❝t♦rs s✉❝❤ t❤❛t {ξ1, . . . , ξd} ❢♦r♠s ❛♥ ♦rt❤♦♥♦r✲
♠❛❧ ❜❛s✐s ❢♦r Rd✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡

I2 =
d∑

j=1

ξj ⊗ ξj .

■t t❤❡♥ ❢♦❧❧♦✇s t❤❛t

L̂Cu(ξ) = −|ξ|2


(λc + 2µc)ξ

1 ⊗ ξ1 + µc

d∑

j=2

ξj ⊗ ξj


 û(ξ),

❛♥❞ ❤❡♥❝❡

L̂−1
C u(ξ) = −

1

|ξ|2


 1

λc + 2µc

ξ1 ⊗ ξ1 +
1

µc

d∑

j=2

ξj ⊗ ξj


 û(ξ)

= −
1

|ξ|4

[(
1

λc + 2µc

−
1

µc

)
ξ ⊗ ξ +

|ξ|2

µc

I2

]
û(ξ).



✶✻ ❨❱❊❙ ❈❆P❉❊❇❖❙❈◗ ❆◆❉ ❍❨❊❖◆❇❆❊ ❑❆◆●

▲❡t a ❜❡ ❛ d × d s②♠♠❡tr✐❝ ♠❛tr✐①✳ ❚❤❡♥✱

̂E(L−1
C ∇ · (1Da))(ξ) = −

i

2

[
ξ ⊗ ̂L−1

C ∇ · (1Da) + ̂L−1
C ∇ · (1Da) ⊗ ξ

]

=
1

2|ξ|4

[
ξ ⊗

((
1

λc + 2µc

−
1

µc

)
ξ ⊗ ξ +

|ξ|2

µc

I2

)
aξ1̂D

+

(((
1

λc + 2µc

−
1

µc

)
ξ ⊗ ξ +

|ξ|2

µc

I2

)
aξ1̂D

)
⊗ ξ

]
.

❙✐♥❝❡ a ✐s s②♠♠❡tr✐❝✱ ✇❡ t❤❡♥ ❣❡t

1Da : ̂E(L−1
C ∇ · (1Da)) = |1̂D|2a : ξ ⊗

[(
1

λc + 2µc

−
1

µc

)
ξ ⊗ ξ

|ξ|4
+

1

µc|ξ|2
I2

]
aξ

= |1̂D|2

[(
1

λc + 2µc

−
1

µc

)
(aξ · ξ)

2

|ξ|4
+

|aξ|
2

µc|ξ|2

]
.

❲❡ ♥♦✇ ❤❛✈❡∫

Rd

1Da : FC(1Da)dx =
1

(2π)d

∫

Rd

1̂Da : ̂FC(1Da)dξ

=
1

(2π)d

(
1

λc + 2µc

−
1

µc

)∫

Rd

|1̂D|2
(aξ · ξ)2

|ξ|4
dξ +

1

(2π)dµc

∫

Rd

|1̂D|2
|aξ|2

|ξ|2
dξ.

❚❤❡♥

tr(FC) =

d∑

i,j=1

∫

Rd

1DEij : FC(1DEij)dx

=
1

(2π)d

(
1

λc + 2µc

−
1

µc

) d∑

i,j=1

∫

Rd

|1̂D|2
(ξiξj)

2

|ξ|4
dξ

+
1

(2π)dµc

d∑

i,j=1

∫

Rd

|1̂D|2
(ξ2

i + ξ2
j )

4|ξ|2
dξ

=

(
1

λc + 2µc

−
1

µc

)
|D| +

d

2µc

|D|

=

(
1

λc + 2µc

+
d − 2

2µc

)
|D| .

❚♦ ♣r♦✈❡ ✭✹✳✷✼✮✱ ✇❡ ❛♣♣❧② t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛ t♦ a = I2✱ ❛♥❞ ✭✹✳✷✽✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✹✳✷✻✮
❛♥❞ ✭✹✳✷✼✮✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ �

✺✳ ■♠♣r♦✈❡❞ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❇♦✉♥❞s ❢♦r ❚❤✐❝❦ ❉♦♠❛✐♥s

❲❡ ♥♦✇ ❡st✐♠❛t❡ t❤❡ tr❛❝❡ ♦❢ GC ✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❜✉❧❦ ♣❛rt tr(Λ1GCΛ1) ❢♦r t❤✐❝❦
❞♦♠❛✐♥s✳ ❲❡ ✜rst ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✺✳✶✳ ▲❡t C = 2µcI4 + λcI2 ⊗ I2✳ ❲❡ ❤❛✈❡

✭✺✳✶✮ tr(Λ1GCΛ1) = 2 (µ̃ − µ)

(
1

ωd(2µc + λc)

)2

K (D) ,
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✇❤❡r❡

✭✺✳✷✮ K (D) =
1

|D|

d∑

i,j=1

∫

Rd \D

(∫

D

(
1

d
δij −

(xi − yi) (xj − yj)

|x − y|
2

)
dy

|x − y|
d

)2

dx.

Pr♦♦❢✳ ❋♦r ❛ ❣✐✈❡♥ ❝♦♥st❛♥t s②♠♠❡tr✐❝ ♠❛tr✐① a✱ FC (1Da) ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡
❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ Γ ♦❢ t❤❡ ▲❛♠é s②st❡♠ LC ✳ ■♥ ❢❛❝t✱ ❧❡t Φ ∈ H1

(
Rd : MS

d

)
❜❡ t❤❡

s♦❧✉t✐♦♥ ♦❢

LC (Φ) = ∇ · (1Da) .

❚❤❡♥✱ ❢♦r ❛❧❧ i ∈ {1, . . . , d}✱

Φi(x) =
d∑

j=1

∫

Rd

Γij(x − y)

[
d∑

k=1

∂

∂yk

(1D(y)ajk)

]
dy

= −

d∑

j,k=1

∫

Rd

∂

∂yk

Γij(x − y)1D(y)ajkdy

=

d∑

j,k=1

∂

∂xk

(∫

Rd

Γij(x − y)1D(y)ajkdy

)
.

■❢ ✇❡ ❞❡✜♥❡

✭✺✳✸✮ ϕ(x) =

∫

D

Γ(x − y)dy,

✇❡ ❤❛✈❡ Φi =
∑

j,k
∂

∂xk
(ϕijajk)✱ ❛♥❞

(FC (1Da))ip =
∑

j,k

E ip
jk (ϕ) ajk,

✇❤❡r❡

E ip
jk(ϕ) =

1

2

∂ϕij

∂xp∂xk

+
1

2

∂ϕpj

∂xi∂xk

.

▲❡t ωd ❜❡ t❤❡ s✉r❢❛❝❡ ❛r❡❛ ♦❢ t❤❡ ✉♥✐t s♣❤❡r❡ ✐♥ Rd✱ ✐✳❡✳✱ ω2 = 2π ❛♥❞ ω3 = 4π✳ ❚❤❡♥✱ ✇❡
❤❛✈❡

ωd|x|
d ∂2

∂xk∂xl

Γij(x) = Aδij

(
δkl − d

xkxl

|x|
2

)
− B (δikδlj + δjkδil)

+
dB

|x|
2 (δikxjxl + δjkxixl + δilxjxk + δjlxixk + δklxixj)

−
d(d + 2)B

|x|
4 xixjxkxl.
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■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ j = l✱ t❤❡ ❡q✉❛t✐♦♥ s✐♠♣❧✐✜❡s ✐♥t♦

ωd|x|
d ∂2

∂xk∂xj

Γij(x) = Aδij

(
δik − d

xkxi

|x|
2

)
− Bδik (1 + δji)

+ dB
xixk

|x|
2 (2δjk + δij + 1)

+ dB

(
δik − (d + 2)

xixk

|x|
2

)
x2

j

|x|
2 .

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ♦❜t❛✐♥

d∑

j=1

∂Γij

∂xk∂xj

=
1

|x|
d

(A − B)

ωd

(
δik − d

xkxi

|x|2

)
=

1

|x|d
1

ωd(2µc + λc)

(
δik − d

xkxi

|x|2

)
.

▲❡t θ(x) = x
|x| ❢♦r x 6= 0✳ ❙✐♥❝❡ Λ1(a) = tr(a)

d
I2✱ ✇❡ ❤❛✈❡

FC (1DΛ1(a))ij (x) =
tr(a)

d

d∑

k=1

Ekk
ij (ϕ)

=
tr(a)

dωd(2µc + λc)

∫

D

(δij − dθi(x − y)θj(x − y))
dy

|x − y|
d
.

❚❤✐s ❧❛st ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

FC (1DΛ1(a)) (x) =
tr(a)

ωd(2µc + λc)

(
1

d

∫

D

dy

|x − y|d
I2 −

∫

D

θ(x − y) ⊗ θ(x − y)
dy

|x − y|d

)
.

◆♦t❡ t❤❛t FC (1DΛ1(a)) (x) ✐s tr❛❝❡ ❢r❡❡✱ ✐♥ ♦t❤❡r ✇♦r❞s✱

(I2 ⊗ I2)FC (1DΛ1(a)) = 0.

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡

(C1 − C0)FC(1DΛ1(a))(x) = 2(µ̃ − µ)FC(1DΛ1(a))(x)

s✐♥❝❡ C1 − C0 = (λ̃ − λ)I2 ⊗ I2 + 2(µ̃ − µ)I4✳
❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ 〈GCΛ1(a),Λ1(a)〉 ✐s ♥♦✇ str❛✐❣❤t❢♦r✇❛r❞✳ ■❢ ✇❡ s❡t

✭✺✳✹✮ C = 2(µ̃ − µ)

(
1

ωd(2µc + λc)

)2

,

t❤❡♥

〈GCΛ1(a),Λ1(a)〉

=
1

|D|

∫

Rd\D

(C1 − C0)FC(1DΛ1(a)) : FC(1DΛ1(a))

=
Ctr(a)2

|D|

d∑

i,j=1

∫

Rd\D

(∫

D

(
1

d
δij − θi(x − y)θj(x − y)

)
dy

|x − y|
d

)2

dx,

✇❤✐❝❤ ✐♥ t✉r♥ ②✐❡❧❞s ❢♦r♠✉❧❛ ✭✺✳✶✮✳ �
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❲❡ ♥♦✇ ❞❡r✐✈❡ ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r K(D) ❞❡♣❡♥❞✐♥❣ ♦♥ s❤❛♣❡ ♦❢ D✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝
❢❡❛t✉r❡ ♦❢ t❤❡ s❤❛♣❡ t❤❛t ✇❡ s❤❛❧❧ ✉s❡ ✐s ✐ts t❤✐❝❦♥❡ss✳ ❙✉♣♣♦s❡ t❤❛t D ✐s ♦❢ ❣✐✈❡♥ t❤✐❝❦♥❡ss
τ ❛s ❞❡✜♥❡❞ ✐♥ ✭✶✳✺✮✳ ❚❤❡♥ D ✐s ❝♦♥t❛✐♥❡❞ ✐♥ Br(x0) ❢♦r s♦♠❡ x0 ✇❤❡r❡

✭✺✳✺✮ r =

(
d |D|

τωd

) 1

d

.

❖♥❡ ❝❛♥ ❡❛s✐❧② s❡❡ t❤❛t

|D| K(D) =
d∑

i,j=1

∫

Rd\D

(∫

D

(
1

d
δij − θi(x − y)θj(x − y)

)
dy

|x − y|
d

)2

dx

=

∫

Rd\D




d∑

i,j=1

(∫

D

θi(x − y)θj(x − y)
dy

|x − y|d

)2

−
1

d

(∫

D

dy

|x − y|d

)2

 dx.

❆ s✐♠♣❧❡ ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ ✐♥t❡❣r❛♥❞ ♦❢ t❤❡ ❛❜♦✈❡ ✐♥t❡❣r❛❧ ✐♥ x ✐s ♥♦♥✲♥❡❣❛t✐✈❡✳
■♥❞❡❡❞✱ ✐❢ ✇❡ ❞❡✜♥❡

Xi :=

∫

D

θ2
i (x − y)

dy

|x − y|d
, i = 1, . . . , d,

t❤❡♥
d∑

i=1

Xi =

∫

D

dy

|x − y|d
,

❛♥❞ ✇❡ ❤❛✈❡ ✐♠♠❡❞✐❛t❡❧②

d∑

i=1

(∫

D

θ2
i (x − y)

dy

|x − y|d

)2

≥
1

d

(∫

D

dy

|x − y|d

)2

.

❚❤❡r❡❢♦r❡✱ ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ K(D) ✐s ♦❜t❛✐♥❡❞ ❜② r❡❞✉❝✐♥❣ t❤❡ ❞♦♠❛✐♥ ♦❢ ✐♥t❡❣r❛t✐♦♥✱ ✐✳❡✳✱
✭✺✳✻✮

|D| K(D) ≥

∫

Rd\Btr(x0)




d∑

i,j=1

(∫

D

θi(x − y)θj(x − y)
dy

|x − y|d

)2

−
1

d

(∫

D

dy

|x − y|d

)2

 dx,

✇❤❡r❡ t > 1 ✐s ❛ ♣❛r❛♠❡t❡r t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✳ ◆♦t❡ t❤❛t

d∑

i,j=1

(∫

D

θi(x − y)θj(x − y)
dy

|x − y|d

)2

=

d∑

i,j=1

∫

D×D

θi(x − y)θj(x − y)θi(x − y′)θj(x − y′)
dydy′

|x − y|d|x − y′|d

=

∫

D×D

〈x − y, x − y′〉2

|x − y|d+2|x − y′|d+2
dydy′.

❙✐♥❝❡ D ⊂ Br(x0)✱ ✇❡ ❤❛✈❡

〈x − y, x − y′〉 ≥
t2 − 1

t2 + 1
|x − y||x − y′|
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❢♦r ❛❧❧ x ∈ Rd \ Btr(x0) ❛♥❞ y, y′ ∈ D✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②

d∑

i,j=1

(∫

D

θi(x − y)θj(x − y)
dy

|x − y|d

)2

≥

(
t2 − 1

t2 + 1

)2(∫

D

dy

|x − y|d

)2

.

❲❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ t❤❛t

✭✺✳✼✮ |D| K(D) ≥

(
t2 − 1

t2 + 1

)2 ∫

Rd\Btr(x0)

(∫

D

dy

|x − y|d

)2

dx.

◆♦✇ r❡♠❛r❦ t❤❛t

✭✺✳✽✮
1

|x − y|
≥

t

t + 1

1

|x − x0|
❢♦r ❛❧❧ x ∈ Rd \ Btr(x0) ❛♥❞ y ∈ Br(x0).

■t t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ✭✺✳✼✮ ❛♥❞ ✭✺✳✺✮ t❤❛t

✭✺✳✾✮ K(D) ≥
(t2 − 1)2td

(
t2 + 1

)2
(t + 1)

2d

(ωd

d

)2

τ.

❲❡ ♥♦✇ ❝❤♦♦s❡ t t♦ ♦♣t✐♠✐③❡ ❡st✐♠❛t❡ ✭✺✳✾✮✱ ❛♥❞ s❡t

✭✺✳✶✵✮ Cd := max
t>1

(t2 − 1)2td
(
t2 + 1

)2
(t + 1)

2d

■♥s❡rt✐♥❣ t❤✐s r❡s✉❧t ✐♥ ✭✹✳✶✵✮ ❛♥❞ ✭✺✳✶✮ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ t❤✐❝❦♥❡ss ♦❢ D ✐s τ ✳ ❚❤❡♥

✭✺✳✶✶✮
1

|D|
tr(Λ1MΛ1) ≤ d(κ̃ − κ)

dκ + 2(d − 1)µ̃

dκ̃ + 2(d − 1)µ̃
− δτ,

✇❤❡r❡

✭✺✳✶✷✮ δ := Cdd
2(µ̃ − µ)

(
κ̃ − κ

dκ̃ + 2(d − 1)µ̃

)2

.

✻✳ ❙✐③❡ ❊st✐♠❛t✐♦♥ ❢♦r ❛♥ ■♥❝❧✉s✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞✐s❝✉ss ♦♥❡ ✐♠♣♦rt❛♥t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s✳
❙✉♣♣♦s❡ t❤❛t ❛♥ ❡❧❛st✐❝ ❜♦❞② ♦❝❝✉♣✐❡s ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω ✐♥ Rd ✇❤♦s❡ ❜♦✉♥❞❛r② ∂Ω ✐s
▲✐♣s❝❤✐t③✳ ❙✉♣♣♦s❡ t❤❛t Ω ❝♦♥t❛✐♥s ❛♥ ✐♥❝❧✉s✐♦♥ D ♦❢ s♠❛❧❧ ✈♦❧✉♠❡✳ ❆ss✉♠❡ t❤❛t D ✐s ♦❢
t❤❡ ❢♦r♠

D = ǫB + z,

✇❤❡r❡ t❤❡ s♠❛❧❧ ❝♦♥st❛♥t ǫ r❡♣r❡s❡♥ts t❤❡ s♠❛❧❧♥❡ss ♦❢ t❤❡ ✈♦❧✉♠❡ ♦❢ D✱ B ✐s ❛ r❡❢❡r❡♥❝❡
❞♦♠❛✐♥✱ ❛♥❞ z r❡♣r❡s❡♥ts t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❜❛❝❦❣r♦✉♥❞ Ω
❤❛s t❤❡ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝✐t② t❡♥s♦r C0 = 2µI4 + λI2 ⊗ I2✱ ✇❤✐❧❡ t❤❛t ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ✐s
C1 = 2µ̃I4 + λ̃I2 ⊗ I2✳ ❲❡ ❛ss✉♠❡ t❤❛t ❡✐t❤❡r C1 > C0 ♦r C1 < C0✳ ❚❤❡♥ t❤❡ ❡❧❛st✐❝✐t②
t❡♥s♦r ❢♦r Ω ✇✐t❤ t❤❡ ✐♥❝❧✉s✐♦♥ ✐s ❣✐✈❡♥ ❜②

C = 1Ω\DC0 + 1DC1.

❲❡ ❝♦♥s✐❞❡r ❛♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠ t♦ ✐❞❡♥t✐❢② t❤❡ ✉♥❦♥♦✇♥ ✐♥❝❧✉s✐♦♥ D ❜② t❤❡ tr❛❝t✐♦♥✲
❞✐s♣❧❛❝❡♠❡♥t ♠❡❛s✉r❡❞ ♦♥ ∂Ω✳



■▼P❘❖❱❊❉ ❍❆❙❍■◆✲❙❍❚❘■❑▼❆◆ ❇❖❯◆❉❙ ❋❖❘ ❊▼❚❙ ✷✶

●✐✈❡♥ ❛ tr❛❝t✐♦♥ g ♦♥ ∂Ω✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t uǫ ✐s t❤❡ s♦❧✉t✐♦♥ t♦

✭✻✳✶✮




∇ · (CE(uǫ)) = 0 ✐♥ Ω,

∂uǫ

∂ν
= g ♦♥ ∂Ω.

▲❡t u ❜❡ t❤❡ s♦❧✉t✐♦♥ ✇✐t❤♦✉t t❤❡ ✐♥❝❧✉s✐♦♥✱ ✐✳❡✳✱ ∇ · (C0E(u)) = 0 ✐♥ Ω ❛♥❞ ∂u

∂ν
= g ♦♥ ∂Ω✳

❚❤❡♥ ✐t ✐s ♣r♦✈❡❞ ✐♥ ❬✼❪ t❤❛t ✐❢ g = ∂u

∂ν
❢♦r ❛ ❧✐♥❡❛r ❞✐s♣❧❛❝❡♠❡♥t u = ax ❢♦r s♦♠❡ d × d

s②♠♠❡tr✐❝ ♠❛tr✐① a✱ t❤❡♥

✭✻✳✷✮ uǫ(x) − u(x) +

d∑

i,j,p,q=1

aij∂pNkq(x − z)mijpq + O(ǫ2d), x ∈ ∂Ω.,

✇❤❡r❡ M = (mijpq) ✐s t❤❡ ❊▼❚ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥❝❧✉s✐♦♥ D ❛♥❞ N ✐s t❤❡ ◆❡✉♠❛♥♥
❢✉♥❝t✐♦♥ ❢♦r LC ♦♥ Ω✳ ■t t❤❡♥ ❢♦❧❧♦✇s t❤❛t ✐❢ b ✐s ❛♥♦t❤❡r d × d s②♠♠❡tr✐❝ ♠❛tr✐①✱ t❤❡♥

✭✻✳✸✮

∫

∂Ω

[uǫ(x) − u(x)] ·
∂(bx)

∂ν
dσ = a : Mb + O(ǫ2d)

❚❤❡ ❢♦r♠✉❧❛ ✭✻✳✸✮ s❛②s t❤❛t t❤❡ ❊▼❚ M ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s✐♥❣❧❡ ✐♥❝❧✉s✐♦♥ D ❝❛♥ ❜❡
❞❡t❡❝t❡❞ ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ♠❡❛s✉r❡♠❡♥t uǫ ♦♥ ∂Ω✳ ❲❡ t❤❡♥ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠
❢r♦♠ ❚❤❡♦r❡♠ ✹✳✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳

❚❤❡♦r❡♠ ✻✳✶✳ ▲❡t M ❜❡ t❤❡ ❊▼❚ ❞❡t❡❝t❡❞ ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ♠❡❛s✉r❡♠❡♥t ✈✐❛ t❤❡ ❢♦r✲
♠✉❧❛ ✭✻✳✸✮ ❛♥❞ ❧❡t κ1, κ2, κ3, κ4 ❜❡ t❤❡ ❝♦♥st❛♥ts ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡s ♦❢ ✭✹✳✶✵✮✲✭✹✳✶✷✮
❝♦♥s❡❝✉t✐✈❡❧②✳ ❚❤❡♥

✭✻✳✹✮ ♠❛①

(
tr(Λ1MΛ1)

κ1
,
tr(Λ2MΛ2)

κ2

)
≤ |D| ≤ ♠✐♥

(
κ3

tr(Λ1M−1Λ1)
,

κ4

tr(Λ2M−1Λ2)

)

♣r♦✈✐❞❡❞ t❤❛t C1 > C0✳ ■❢ ✇❡ ❦♥♦✇ ❛ ♣r✐♦r✐ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ t❤✐❝❦♥❡ss ♦❢ D✱ s❛② r✱
t❤❡♥ ✇❡ ❤❛✈❡

✭✻✳✺✮
tr(Λ1MΛ1)

κ1 − δτ
≤ |D| ≤ ♠✐♥

(
κ3

tr(Λ1M−1Λ1)
,

κ4

tr(Λ2M−1Λ2)

)
,

✇❤❡r❡ δ ✐s ❞❡✜♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ■❢ C1 < C0✱ t❤❡♥ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ r❡✈❡rs❡❞✳

❲❡ ♥♦t❡ t❤❛t ✭✻✳✹✮ ❛♥❞ ✭✻✳✺✮ ❛r❡ ✐♠♣r♦✈❡❞ ❡st✐♠❛t❡s ♦❢ t❤❡ s✐③❡ ♦❢ D ♦✈❡r t❤♦s❡ ✐♥ ❬✼✱ ✶✺❪✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥t✳ ❲❡ t❤❛♥❦ ●r❛❡♠❡ ❲✳ ▼✐❧t♦♥ ❢♦r ♣♦✐♥t✐♥❣ ♦✉t t♦ ✉s t❤❡ ❡①✐st❡♥❝❡
♦❢ ▲✐♣t♦♥✬s ✇♦r❦ ❬✷✵❪✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❍✳ ❆♠♠❛r✐✱ ❨✳ ❈❛♣❞❡❜♦s❝q✱ ❍✳ ❑❛♥❣✱ ❊✳ ❑✐♠✱ ❛♥❞ ▼✳ ▲✐♠✱ ❆tt❛✐♥❛❜✐❧✐t② ❜② ❙✐♠♣❧② ❈♦♥♥❡❝t❡❞ ❉♦♠❛✐♥s
♦❢ ❖♣t✐♠❛❧ ❇♦✉♥❞s ❢♦r P♦❧❛r✐③❛t✐♦♥ ❚❡♥s♦rs✱ ❊✉r♦♣❡❛♥ ❏✳ ❆♣♣❧✐❡❞ ▼❛t❤✳ ✶✼✭✷✮ ✭✷✵✵✻✮✱ ✷✵✶✕✷✶✾✳

❬✷❪ ❍✳ ❆♠♠❛r✐ ❛♥❞ ❍✳ ❑❛♥❣✱ ❍✐❣❤✲♦r❞❡r t❡r♠s ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ st❡❛❞②✲st❛t❡ ✈♦❧t❛❣❡
♣♦t❡♥t✐❛❧s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝♦♥❞✉❝t✐✈✐t② ✐♥❤♦♠♦❣❡♥❡✐t✐❡s ♦❢ s♠❛❧❧ ❞✐❛♠❡t❡r✳ ❙■❆▼ ❏✳ ▼❛t❤✳ ❆♥❛❧✳✱
✸✹✭✺✮ ✭✷✵✵✸✮✱ ✶✶✺✷✕✶✶✻✻✳

❬✸❪ ✖✖✖✖✖✖✲✱ ❘❡❝♦♥str✉❝t✐♦♥ ♦❢ ❙♠❛❧❧ ■♥❤♦♠♦❣❡♥❡✐t✐❡s ❢r♦♠ ❇♦✉♥❞❛r② ▼❡❛s✉r❡♠❡♥ts✱ ▲❡❝t✉r❡ ◆♦t❡s
✐♥ ▼❛t❤❡♠❛t✐❝s✱ ✶✽✹✻✱ ❙♣r✐♥❣❡r✱ ✷✵✵✹✳
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