d ) ❛s |x| → ∞

♦♥t❛✐♥s ❛ s✐❣♥✐✜❝❛♥t ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✈♦•✉♠❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❝•✉s✐♦♥ ❬✶✷(✱ t❤✐s q✉❡st✐♦♥ ❤❛s ❛♥ ✐♠♣♦rt❛♥t ✐♠♣•✐❝❛t✐♦♥ ✐♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥❝•✉s✐♦♥❀ ❙❡❡ t❤❡ •❛st s❡❝t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r✳ ❚❤✐s q✉❡st✐♦♥ ❢♦r t❤❡ ✐♠♣r♦✈❡❞ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s ❢♦
•② r❡•❡✈❛♥t ✇❤❡♥ s♦♠❡ ❣❡♥❡r❛• ✐♥❢♦r♠❛t✐♦♥ ✐s ❦♥♦✇♥ ❛❜♦✉t t❤❡ s❤❛♣❡ ♦❢ t❤❡ ✐♥❝•✉s✐♦♥s✳ ❲❡ s❤♦✇ ❢♦r ❡①❛♠♣•❡ t❤❛t ✇❤❡♥ t❤❡ ✐♥❝•✉s✐♦♥ ❤❛s s♦♠❡ ❵t❤✐❝❦♥❡ss✬✱ t❤✐s ❛❞❞✐t✐♦♥❛• t❡r♠ •❡❛❞s ✉s t♦ ❛♥ ❡①♣•✐❝✐t str✐❝t ✉♣♣❡r ❜♦✉♥❞✳ ❲❡ ❞❡✜♥❡ t❤❡ t❤✐❝❦♥❡ss ♦❢ ❛ ❞♦♠❛✐♥ D ❛s ❛ ❞✐♠❡♥s✐♦♥•❡ss ♥✉♠❜❡r τ ∈]0, 1] ❣✐✈❡♥ ❜② ✭✶✳✺✮ τ = max |D| |B r (x)| ✇❤❡r❡ t❤❡ ♠❛①✐♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛•• r > 0 ❛♥❞ x ∈ R d s✉❝❤ t❤❛t D ⊂ B r (x)✳ ❍❡r❡ ❛♥❞ t❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r B r (x) ❞❡♥♦t❡s t❤❡ ♦♣❡♥ ❜❛•• ♦❢ r❛❞✐✉s r ❝❡♥t❡r❡❞ ❛t x✳ ◆♦t❡ t❤❛t τ = 1 ❢♦r ❛♥❞ ♦♥•② ❢♦r t❤❡ ❜❛••s✱ ❛♥❞ t❤❛t τ ✐s ❝•♦s❡ t♦ ③❡r♦ ❢♦r ✈❡r② t❤✐♥ ❞♦♠❛✐♥s✳ ❋♦r ❡①❛♠♣•❡✱ ❢♦r ❛♥ ❡••✐♣s♦✐❞ ✇✐t❤ d -1 ♠❛•♦r ❛①✐s ❡q✉❛• t♦ a ❛♥❞ ❛ ♠✐♥♦r ❛①✐s ❡q✉❛• t♦ b < a✱ τ = b/a✳ ❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦••♦✇s✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ s❡t ✉♣ s♦♠❡ ♥♦t❛t✐♦♥ ❛♥❞ r❡✈✐❡✇ ❜❛s✐❝ ❢❛❝ts ♦♥ t❤❡ ▲❛②❡r ♣♦t❡♥t✐❛•s✳ ❲❡ t❤❡♥ r❡✈✐❡✇ s♦♠❡ r❡s✉•ts ♦♥ t❤❡ ❊▼❚ ❢r♦♠ ❬✼( ❛♥❞ s❤♦✇ t❤❛t t❤❡ ❊▼❚ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛ s✉♠ ♦❢ ♠✐♥✐♠❛• ❡♥❡r❣✐❡s✳ ❙❡❝t✐♦♥ ✸ ✐s ❞❡✈♦t❡❞ t♦ ❞❡r✐✈❛t✐♦♥ ♦❢ ♣♦✐♥t✇✐s❡ ❜♦✉♥❞s ❢♦r ❊▼❚✱ ✇❤✐•❡ s❡❝t✐♦♥ ✹ ✐s ❢♦r ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s ✇✐t❤ ❛❞❞✐t✐♦♥❛• t❡r♠s✳ ■♥ s❡❝t✐♦♥ ✺✱ ✇❡ ❡st✐♠❛t❡ t❤✐s ❛❞❞✐t✐♦♥❛• t❡r♠ ✐♥ t❡r♠s ♦❢ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ✐♥❝•✉s✐♦♥✳ ❲❡ t❤❡♥ ❝♦♥❝•✉❞❡ t❤❡ ♣❛♣❡r ✇✐t❤ ❛♥ ❛♣♣•✐❝❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞s ❢♦r ❊▼❚ t♦ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✈♦•✉♠❡ ♦❢ t❤❡ ✐♥❝•✉s✐♦♥✳ ✷✳ ❊•❛st✐❝ ▼♦♠❡♥t ❚❡♥s♦r ❲❡ ❜❡❣✐♥ ❜② ✐♥tr♦❞✉❝✐♥❣ s♦♠❡ ❝♦♠♠♦♥ ♥♦t❛t✐♦♥✳ ■♥ R d ✱ d = 2, 3✱ •❡t I 2 := δ ij e i ⊗ e j , I 4 := 1 2 (δ ik δ jl + δ il δ jk )e i ⊗ e j ⊗ e k ⊗ e l . ❍❡r❡ ❛♥❞ t❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r t❤❡ ❊✐♥st❡✐♥ ❝♦♥✈❡♥t✐♦♥ ❢♦r s✉♠♠❛t✐♦♥ ✐s ✉s❡❞✳ I 2 ✐s d × d ✐❞❡♥t✐t② ♠❛tr✐① ♦r ✷✲t❡♥s♦r ✇❤✐•❡ I 4 ✐s t❤❡ ✐❞❡♥t✐t② ✹✲t❡♥s♦r✳ ❚❤❡ ❢♦••♦✇✐♥❣ ♥♦t❛t✐♦♥s ❛r❡ ❛•s♦ ❝♦♥✈❡♥✐❡♥t✿ Λ 1 := 1 d I 2 ⊗ I 2 , Λ 2 := I 4 -Λ 1 . ▲❡t a : b ❞❡♥♦t❡ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♦❢ t✇♦ ♠❛tr✐❝❡s a ❛♥❞ b✱ ✐✳❡✳✱ a : b = a ij b ij = tr(a T b) ✇❤❡r❡ tr(a) ❞❡♥♦t❡s t❤❡ tr❛❝❡ ♦❢ a ❛♥❞ a T ❞❡♥♦t❡s t❤❡ tr❛♥s♣♦s❡ ♦❢ a✳ ❙✐♥❝❡ ❢♦r ❛♥② d × d s②♠♠❡tr✐❝ ♠❛tr✐① a I 2 ⊗ I 2 (a) = (a : I 2 )I 2 = tr❛❝❡(a)I 2 ❛♥❞ I 4 (a) = a, ✹ (❱❊❙ ❈❆P❉❊❇❖❙❈◗ ❆◆❉ ❍(❊❖◆❇❆❊ ❑❆◆• ♦♥❡ ❝❛♥ ✐♠♠❡❞✐❛t❡•② s❡❡ t❤❛t ✭✷✳✶✮ Λ 1 Λ 1 = Λ 1 , Λ 2 Λ 2 = Λ 2 , Λ 1 Λ 2 = 0. ▲❡t D ❜❡ ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥ ✐♥ R d ✇❤✐❝❤ ♦❝❝✉♣✐❡s ❛♥ ✐s♦tr♦♣✐❝ ❡•❛st✐❝ ❜♦❞② ✇✐t❤ t❤❡ ▲❛♠é ❝♦♥st❛♥ts (λ, µ) s❛t✐s❢②✐♥❣ µ > 0 ❛♥❞ dλ + 2µ > 0 . ❚❤❡♥ t❤❡ ❡•❛st✐❝✐t② t❡♥s♦r ❢♦r D ✐s ❣✐✈❡♥ ❜② C := λI 2 ⊗ I 2 + 2µI 4 = dκΛ 1 + 2µΛ 2 , ✇❤❡r❡ κ = λ + 2µ/d ❞❡♥♦t❡s t❤❡ ❜✉•❦ ♠♦❞✉•✉s ♦❢ D✳ ❋♦r ❛ ❣✐✈❡♥ ❞✐s♣•❛❝❡♠❡♥t ✈❡❝t♦r u✱ t❤❡ str❛✐♥ ✐s ❞❡✜♥❡❞ t♦ ❜❡ E(u) := 1 2 (∇u + ∇u T ). ❚❤❡ ❡•❛st♦st❛t✐❝ s②st❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ▲❛♠é ❝♦♥st❛♥ts λ, µ ✐s ❞❡✜♥❡❞ ❜② ✭✷✳✷✮ L C u := ∇ • (CE(u)) = µ∆u + (λ + µ)∇∇ • u , ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦✲♥♦r♠❛• ❞❡r✐✈❛t✐✈❡ ∂u/∂ν ♦♥ ∂D ✐s ❞❡✜♥❡❞ t♦ ❜❡ ✭✷✳✸✮ ∂u ∂ν := CE(u)N = λ(∇ • u)N + µ(∇u + ∇u T )N ♦♥ ∂D , ✇❤❡r❡ N ✐s t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛• t♦ ∂D✳ ❚❤❡ ❑❡•✈✐♥ ♠❛tr✐① ♦❢ ❢✉♥❞❛♠❡♥t❛• s♦•✉t✐♦♥s Γ = (Γ ij ) d i,j=1 ❢♦r t❤❡ ▲❛♠é s②st❡♠ L C ✐s ❞❡✜♥❡❞ t♦ ❜❡ ✭✷✳✹✮ Γ ij (x) := AΓ 0 (x)δ ij -Bx j ∂Γ 0 ∂x i (x) , x = 0, ✇❤❡r❡ Γ 0 ✐s t❤❡ ❢✉♥❞❛♠❡♥t❛• s♦•✉t✐♦♥ ❢♦r t❤❡ ▲❛♣•❛❝✐❛♥✱ ✐✳❡✳✱ Γ 0 (x) =        1 2π log |x| , ✐❢ d = 2, - 1 4π 1 |x| , ✐❢ d = 3, ❛♥❞ ✭✷✳✺✮ A = 1 2 1 µ + 1 2µ + λ , B = 1 2 1 µ - 1 2µ + λ . ❚❤❡ s✐♥❣•❡ •❛②❡r ♣♦t❡♥t✐❛•s ♦❢ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ϕ ♦♥ D ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ▲❛♠é ♣❛r❛♠❡t❡rs (λ, µ) ❛r❡ ❞❡✜♥❡❞ ❜② ✭✷✳✻✮ S[ϕ](x) := ∂D Γ(x -y)ϕ(y) dσ(y) , x ∈ R d . ▲❡t D ❜❡ ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥ ✐♥ R d ✳ ▲❡t C 0 := λI 2 ⊗ I 2 + 2µI 4 ❜❡ t❤❡ ❡•❛st✐❝✐t② t❡♥s♦r ♦❢ R d \ D ❛♥❞ C 1 := λI 2 ⊗ I 2 + 2μI 4 ❜❡ t❤❛t ♦❢ D✳ ▲❡t κ ❛♥❞ κ ❜❡ ❜✉•❦ ♠♦❞✉•✉s ♦❢ R d \ D ❛♥❞ D✱ r❡s♣❡❝t✐✈❡•②✳ ■t ✐s ❛•✇❛②s ❛ss✉♠❡❞ t❤❛t ✭✷✳✼✮ µ > 0, dλ + 2µ > 0, μ > 0 ❛♥❞ d λ + 2μ > 0 . ❲❡ ❛•s♦ ❛ss✉♠❡ t❤❛t (λ -λ)(µ -μ) > 0 , ✐♥ ♦t❤❡r ✇♦r❞s✱ ❡✐t❤❡r C 1 > C 0 ♦r C 1 < C 0 ✳ ▲❡t L C 1 ❛♥❞ ∂u ∂ ν ❜❡ t❤❡ ▲❛♠é s②st❡♠ ❛♥❞ t❤❡ ❝♦✲♥♦r♠❛• ❞❡r✐✈❛t✐✈❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ( λ, μ)✱ r❡s♣❡❝t✐✈❡•②✳ ❲❡ ❛•s♦ ❞❡♥♦t❡ t❤❡ s✐♥❣•❡ •❛②❡r ♣♦t❡♥t✐❛• ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ( λ, μ) ♦♥ D ❜② S✳ ■♥ ❬✼(✱ t❤❡ ✜rst ♦r❞❡r ❡•❛st✐❝ ♠♦♠❡♥t t❡♥s♦r ✐s ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ ❉❡✜♥✐t✐♦♥ ✷✳✶ ✭❊•❛st✐❝ ♠♦♠❡♥t t❡♥s♦rs✮✳ ❋♦r i, j = 1, . . . , d✱ •❡t (f ij , g ij ) ❜❡ t❤❡ s♦•✉t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛• ❡q✉❛t✐♦♥ ✭✷✳✽✮      S[f ij ]| --S[g ij ]| + = x i e j ∂ ∂ ν S[f ij ] - - ∂ ∂ν S[g ij ] + = ∂(x i e j ) ∂ν ♦♥ ∂D, ✇❤❡r❡ t❤❡ s✉❜s❝r✐♣ts + ❛♥❞ -❞❡♥♦t❡ t❤❡ •✐♠✐t ❢r♦♠ ♦✉ts✐❞❡ ❛♥❞ ✐♥s✐❞❡ D✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡♥✱ t❤❡ ❊▼❚ M = (m ijpq ) ❛ss♦❝✐❛t❡❞ ✇✐t❤ D ❛♥❞ λ, µ, λ, μ ✐s ❞❡✜♥❡❞ ❜② ✭✷✳✾✮ m ijpq = ∂D
x p e q • g ij dσ , i, j, p, q = 1, . . . , d.

❲❡ ♥♦t❡ t❤❛t t❤✐s t❡♥s♦r ✐s ❡①❛❝t

•② t❤❡ ♦♥❡ ❞❡✜♥❡❞ ❜② ▼❛③✬②❛ ❛♥❞ ◆❛③❛r♦✈ ❢♦r ❤♦•❡s ✭s❡❡ ❬✼(✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✷✳✾✮ ❝♦✈❡rs t❤❡ ❝❛s❡ ✇❤❡♥ μ ✐s ♥♦♥③❡r♦ ❛♥❞ ✜♥✐t❡✳ ▲❡t ✭✷✳✶✵✮ C D := (1 -1 D )C 0 + 1 D C 1 , ✇❤❡r❡ 1 D ✐s t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥ ❢♦r D✳ ❋♦r ❛ ❣✐✈❡♥ d × d s②♠♠❡tr✐❝ ♠❛tr✐① a✱ •❡t u ❜❡ t❤❡ s♦•✉t✐♦♥ t♦ ✭✷✳✶✶✮ ∇ • (C D E(u)) = 0 ✐♥ R d , u(x) -ax = O(|x| 1-d ) ❛s |x| → ∞. ❚❤❡♥ ∇u r❡♣r❡s❡♥ts t❤❡ ❡•❛st✐❝ ✜❡•❞ ♣❡rt✉r❜❡❞ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ✐♥❝•✉s✐♦♥ D ✉♥❞❡r t❤❡ ✉♥✐❢♦r♠ •♦❛❞✐♥❣ ❣✐✈❡♥ ❜② ∇(ax)✳ ■t ✐s ❦♥♦✇♥ ❬✼( t❤❛t t❤❡ s♦•✉t✐♦♥ u ❤❛s t❤❡ ❢♦••♦✇✐♥❣ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥✿ ✭✷✳✶✷✮ u(x) = ax + d i,j,p,q=1 a ij ∂ p Γ kq (x)m ijpq + O(|x| -d ) ❛s |x| → ∞. ❚❤❡ ❊▼❚ ❛•s♦ ❛♣♣❡❛rs ✐♥ t❤❡ •♦✇ ✈♦•✉♠❡ ❢r❛❝t✐♦♥ •✐♠✐t ♦❢ t❤❡ ❡✛❡❝t✐✈❡ ❡•❛st✐❝ ♣r♦♣❡rt② ❬✻(✳ ❚❤❡ ❢♦••♦✇✐♥❣ ✐❞❡♥t✐t② ✐s ♣r♦✈❡❞ ✐♥ ❬✼(✳ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ❙✉♣♣♦s❡ t❤❛t µ = μ✳ •✐✈❡♥ ❛ ♥♦♥③❡r♦ s②♠♠❡tr✐❝ ♠❛tr✐① a = (a ij )✱ ❞❡✜♥❡ ϕ a ✱ f a ✱ ❛♥❞ g a ❜② ✭✷✳✶✸✮ ϕ a := (a ij )x = a ij x j e i , f a := a ij f ij , g a := a ij g ij . ▲❡t ✭✷✳✶✹✮ P (a) := κ + κ κ -κ Λ 1 (a) + μ + µ μ -µ Λ 2 (a) . ❚❤❡♥✱ ✭✷✳✶✺✮ P a : M a = D C 1 E( Sf a ) : E( Sf a )+ R d \D C 0 E(Sg a ) : E(Sg a )+ D C 0 E(ϕ a ) : E(ϕ a ) . ✻ (❱❊❙ ❈❆P❉❊❇❖❙❈◗ ❆◆❉ ❍(❊❖◆❇❆❊ ❑❆◆• ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✱ t❤❡ ❢♦••♦✇✐♥❣ s②♠♠❡tr② ✐s ♦❜t❛✐♥❡❞ ✐♥ ❬✼(✿ ✭✷✳✶✻✮ m ijpq = m ijqp , m ijpq = m jipq , ❛♥❞ m ijpq = m pqij , i, j, p, q = 1, . . . , d. ❚❤❡ s②♠♠❡tr② ✭✷✳✶✻✮ ✐♠♣•✐❡s t❤❛t M ✐s ❛ s②♠♠❡tr✐❝ •✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥ ♦♥ t❤❡ s♣❛❝❡ M S d ♦❢ d × d s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✳ ■t ✐s ❛•s♦ ♣r♦✈❡❞ t❤❛t M ✐s ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ✐❢ λ > λ ❛♥❞ μ > µ✱ ❛♥❞ ♥❡❣❛t✐✈❡✲❞❡✜♥✐t❡ ✐❢ λ < λ ❛♥❞ μ < µ✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t λ > λ ❛♥❞ μ > µ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✳ ▲❡t k j ✱ j = 1, . . . , N d := d(d+1) 2 ✱ ❜❡ ❡✐❣❡♥✈❛•✉❡s ♦❢ M ♦♥ M S d ❛♥❞ A j ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✲♠❛tr✐① ♦❢ t❤❡ ✉♥✐t •❡♥❣t❤✳ ❚❤❡♥✱ M ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✭✷✳✶✼✮ M = N d j=1 k j A j ⊗ A j . ▲❡♠♠❛ ✷✳✸✳ ❋♦r ❛♥② a ∈ M S d ✱ ✭✐✮ Λ 1 a : M a = a : Λ 1 M a = a : M Λ 1 a✳ ✭✐✐✮ Λ 2 a : M a = a : Λ 2 M a = a : M Λ 2 a✳ Pr♦♦❢✳ ❇❡❝❛✉s❡ ♦❢ ✭✷✳✶✼✮✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t M = A ⊗ A ❢♦r s♦♠❡ A ∈ M S d ✳ ❲❡ ✜rst ❣❡t Λ 1 a : M a = tr(a) d (I 2 : M a) = 1 d tr(a)tr(Ma) = a : Λ 1 M a. ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ M a = (A : a)A✱ ✇❡ ❣❡t Λ 1 M a = (A : a)(A : I 2 )I 2 . ■t t❤❡♥ ❢♦••♦✇s t❤❛t a : Λ 1 M a = (A : a)(A : I 2 )(I 2 : a) = a : ((A : I 2 )(I 2 : a)A) = a : M Λ 1 a. ❚❤✐s ♣r♦✈❡s ✭✐✮✳ ✭✐✐✮ ❢♦••♦✇s ✐♠♠❡❞✐❛t❡•② ❢r♦♠ ✭✐✮ ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣•❡t❡✳ ✸✳ ❆ ♣❛✐r ♦❢ ❡♥❡r❣② ❛♥❞ ❣❡♦♠❡tr② ✐♥❞❡♣❡♥❞❡♥t ♣♦✐♥t✇✐s❡ ❜♦✉♥❞s ❖❜s❡r✈❡ t❤❛t ϕ a , f a , g a ✐♥ ✭✷✳✶✸✮ s❛t✐s❢② t❤❡ ❢♦••♦✇✐♥❣ r❡•❛t✐♦♥✿ ✭✸✳✶✮      Sf a | --Sg a | + = ϕ a ∂ ∂ ν Sf a - - ∂ ∂ν Sg a + = ∂ϕ a ∂ν ♦♥ ∂D. ❉❡✜♥❡ v ❜② ✭✸✳✷✮ v(x) := Sf a (x) -ϕ a (x), x ∈ D, Sg a (x), x ∈ R d \ D. ❚❤❡♥ ♦♥❡ ❝❛♥ s❡❡ ❢r♦♠ ✭✸✳✶✮ t❤❛t v s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ tr❛♥s♠✐ss✐♦♥ ❝♦♥❞✐t✐♦♥ ❛•♦♥❣ ∂D✿ v| --v| + = 0 ❛♥❞ ∂v ∂ ν - - ∂v ∂ν + = ∂ϕ a ∂ ν - - ∂ϕ a ∂ν + ♦♥ ∂D, ❛♥❞ ✐t ✐s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ t♦ t❤❡ ❢♦••♦✇✐♥❣ tr❛♥s♠✐ss✐♦♥ ♣r♦❜•❡♠ ❢♦r t❤❡ ❡•❛st♦st❛t✐❝ s②st❡♠✿ ✭✸✳✸✮ ∇ • (C D E(v + ϕ a )) = 0 ✐♥ R d , v(x) = O(|x| 1-d ) ❛s |x| → ∞. ◆♦t❡ t❤❛t v(x) = O(|x| 1-d ) ❛s |x| → ∞ ❜❡❝❛✉s❡ ∂D g a dσ = 0✳ ❲r✐t✐♥❣ ✭✸✳✸✮ ✐♥ ✈❛r✐❛t✐♦♥❛• ❢♦r♠✱ ✇❡ ♦❜t❛✐♥ ✭✸✳✹✮ R d C D (E(v) + 1 D (I 4 -(C 1 ) -1 C 0 )a) : E(w)dx = 0 ❢♦r ❛♥② w ∈ H 1 (R d )✱ ❛♥❞ ❤❡♥❝❡ v ✐s t❤❡ ♠✐♥✐♠✐③❡r ✐♥ H 1 (R d ) ♦❢ t❤❡ ❡♥❡r❣② ❢♦r♠ ✭✸✳✺✮ R d C D (E(v) + 1 D (I 4 -(C 1 ) -1 C 0 )a) : (E(v) + 1 D (I 4 -(C 1 ) -1 C 0 )a)dx.
▲❡t ✭✸✳✻✮

G := I 4 -(C 1 ) -1 C 0 . ❖❜s❡r✈❡ t❤❛t G ✐s ✐♥✈❡rt✐❜•❡ ♦♥ M S d ✳ ■♥ ❢❛❝t✱ ✇❡ ❤❛✈❡ ✭✸✳✼✮ G -1 = (C 1 -C 0 ) -1 C 1 . ❲❡ ❝❛♥ ♥♦✇ r❡✇r✐t❡ ✭✷✳✶✺✮ ❛s ✭✸✳✽✮ a : P M a = R d C D (E(v) + 1 D a) : (E(v) + 1 D a)dx + (C 0 a : a) |D| . ❲❡ ♥♦✇ ❡①♣r❡ss t❤❡ ✐❞❡♥t✐t② ✭✸✳✽✮ ❛s ❛ s✉♠ ♦❢ ♠✐♥✐♠❛• ❡♥❡r❣✐❡s✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ ♥♦t❛t✐♦♥✿ ❢♦r ❛ ❞♦♠❛✐♥ D ❛♥❞ d × d s②♠♠❡tr✐❝ ♠❛tr✐① a✱ •❡t ✭✸✳✾✮ E (D, a) = min v∈H 1 (R d ) d R d C D (E(v) + 1 D Ga) : (E(v) + 1 D Ga) dx, ✇❤❡r❡ v ✐s ❞❡✜♥❡❞ ❜② ✭✸✳✶✮ ❛♥❞ ✭✸✳✷✮✳ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ❚❤❡ ❊▼❚ M s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ✐❞❡♥t✐t②✿ a : P M a = 1 2 κ + κ κ -κ + μ + µ μ -µ E (D, a) + 1 2 κ + κ κ -κ - μ + µ μ -µ (E (D, Λ 1 (a)) -E (D, Λ 2 (a))) + |D| C 0 + C 1 C 1 -1 C 0 a : a. ✭✸✳✶✵✮ Pr♦♦❢✳ ▲❡t a j = Λ j (a)✱ j = 1, 2✱ ❛♥❞ ❞❡✜♥❡ v j ❜② ✭✸✳✶✮ ❛♥❞ ✭✸✳✷✮ ✇✐t❤ a r❡♣•❛❝❡❞ ✇✐t❤ a j ✳ ❚❤❡♥ ❜② •✐♥❡❛r✐t②✱ ✇❡ ❤❛✈❡ v = v 1 + v 2 ✳ ❉❡❝♦♠♣♦s❡ G ✉♥✐q✉❡•② ❛s ✭✸✳✶✶✮ G = g 1 Λ 1 + g 2 Λ 2 . ❲❡ t❤❡♥ ❤❛✈❡ R d C D (E(v) + 1 D a) : (E(v) + 1 D a) dx = 2 i,j=1 R d C D E(v i ) : E(v j )dx + 2 R d C D 1 D a i : E(v j )dx + (C 1 a : a) |D| = 2 i,j=1 R d C D E(v i ) : E(v j )dx + 2 g i R d C D 1 D Ga i : E(v j )dx + (C 1 a : a) |D| . ❙✐♥❝❡ v i ✐s t❤❡ ♠✐♥✐♠✐③❡r ♦❢ t❤❡ ❡♥❡r❣② R d C D (E(v i ) + 1 D Ga i ) : (E(v i ) + 1 D Ga i ) dx ✽ (❱❊❙ ❈❆P❉❊❇❖❙❈◗ ❆◆❉ ❍(❊❖◆❇❆❊ ❑❆◆• ❢♦r i = 1, 2✱ ✇❡ ❤❛✈❡ R d C D 1 D Ga i : E(v j )dx = - R d C D E(v i ) : E(v j )dx, i, j = 1, 2. ❚❤✐s ✐♥ t✉r♥ ②✐❡•❞s R d C D (E(v) + 1 D a) : (E(v) + 1 D a) dx = 2 i,j=1 1 - 2 g i R d C D E(v i ) : E(v j )dx + (C 1 a : a) |D| , = - 1 g 1 - 1 g 2 R d C D E(v 1 ) : E(v 1 )dx - 1 g 2 - 1 g 1 R d C D E(v 2 ) : E(v 2 )dx - 1 g 1 + 1 g 2 -1 R d C D E(v) : E(v)dx + (C 1 a : a) |D| . ❯s✐♥❣ ❛❣❛✐♥ t❤❡ ♠✐♥✐♠✐③✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ v 1 ✱ v 2 ❛♥❞ v = v 1 + v 2 ✱ ✇❡ ❣❡t R d C D (E(v) + 1 D Ga) : (E(v) + 1 D Ga) dx = - R d C D E(v) : E(v)dx + R d C D (1 D Ga) : (1 D Ga) dx ❛♥❞ t❤❡ s❛♠❡ ✐❞❡♥t✐t✐❡s ✇✐t❤ v ❛♥❞ a r❡♣•❛❝❡❞ ✇✐t❤ v j ❛♥❞ a j ✱ j = 1, 2✳ ❙✐♥❝❡ C 1 ✐s ✐s♦tr♦♣✐❝✱ Λ i C 1 Λ j = 0 ✐❢ i = j✱ ❛♥❞ ❤❡♥❝❡ C 1 a : a = C 1 a 1 : a 1 + C 1 a 2 : a 2 . ■t t❤❡♥ ❢♦••♦✇s t❤❛t R d C D (E(v) + 1 D a) : (E(v) + 1 D a) dx = 1 g 1 + 1 g 2 -1 E (D, a) + 1 g 1 - 1 g 2 (E (D, Λ 1 (a)) -E (D, Λ 2 (a))) + (g 1 -1) 2 C 1 a 1 : a 1 |D| + (g 2 -1) 2 C 1 a 2 : a 2 |D| . ❋✐♥❛••②✱ ♥♦t❡ t❤❛t 2 i=1 (g i -1) 2 C 1 a i : a i = 2 i=1 (g i -1) 2 Λ i C 1 Λ i a : a = (GC 1 G -2C 1 G + C 1 )a : a = C 0 2 C 1 -1 a : a . ❙✐♥❝❡ g -1 1 -g -1 2 = 1 2 κ + κ κ -κ - 1 2 μ + µ μ -µ ❛♥❞ g -1 1 + g -1 2 -1 = 1 2 κ + κ κ -κ + 1 2 μ + µ μ -µ , ❛♥❞ t❤❛♥❦s t♦ ✭✸✳✽✮ ✇❡ ♦❜t❛✐♥ ✭✸✳✶✵✮✱ ✇❤✐❝❤ ❝♦♠♣•❡t❡s t❤❡ ♣r♦♦❢✳ ◆♦t❡ t❤❛t (C 0 + C 1 )(C 1 ) -1 C 0 = d(κ + κ) κ κ Λ 1 + 2 (μ + µ) µ μ Λ 2 , ✭✸✳✶✷✮ (C 1 -C 0 )(C 1 ) -1 C 0 = d(κ -κ) κ κ Λ 1 + 2 (μ -µ) µ μ Λ 2 . ✭✸✳✶✸✮ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ✇r✐t❡ ✐♥ ❝♦♥❞❡♥s❡❞ ❢♦r♠ κ -κ κ + κ (C 0 + C 1 )(C 1 ) -1 C 0 Λ 1 = (C 1 -C 0 )(C 1 ) -1 C 0 Λ 1 , μ -µ μ + µ (C 0 + C 1 )(C 1 ) -1 C 0 Λ 2 = (C 1 -C 0 )(C 1 ) -1 C 0 Λ 2 , ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦••♦✇✐♥❣ ❝♦r♦••❛r② ❢r♦♠ ✭✷✳✶✹✮✳ ❈♦r♦••❛r② ✸✳✷✳ ■❢ a = Λ 1 (a) ♦r a = Λ 2 (a)✱ ✇❡ ❤❛✈❡ a : M a = min v∈H 1 (R d ) R d C D (E(v) + 1 D Ga) : (E(v) + 1 D Ga) dx ✭✸✳✶✹✮ + |D| C 1 -C 0 C 1 -1 C 0 a : a. ❚❤❡ ❡♥❡r❣② ❢♦r♠✉•❛t✐♦♥ ✭✸✳✶✹✮✱ ②✐❡•❞s ❛ ♣r✐♦r✐ ❜♦✉♥❞s ♦♥ M ✳ ❈♦r♦••❛r② ✸✳✸✳ ❚❤❡ ❢♦••♦✇✐♥❣ ❜♦✉♥❞s ❤♦•❞ ✭✸✳✶✺✮ d|D|(κ -κ) κ κ Λ 1 ≤ Λ 1 M Λ 1 ≤ d |D| (κ -κ)Λ 1 , ❛♥❞ ✭✸✳✶✻✮ 2 |D| (μ -µ) µ μ Λ 2 ≤ Λ 2 M Λ 2 ≤ 2 |D| (μ -µ) Λ 2 . ◆♦t❡ t❤❛t ✉♣♣❡r ❜♦✉♥❞s ✐♥ ✭✸✳✶✺✮ ❛♥❞ ✭✸✳✶✻✮ ❛r❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❝❤♦✐❝❡ v = 0 ✐♥ ✭✸✳✶✹✮✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t ✭✸✳✶✺✮ ❛♥❞ ✭✸✳✶✻✮ ❤♦•❞ ❡✈❡♥ ✐❢ C 1 < C 0 ✳ ✹✳ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❇♦✉♥❞s ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛• t❡r♠ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤❛•• ✉s❡ t❤❡ s♦✲❝❛••❡❞ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ✈❛r✐❛t✐♦♥❛• ♠❡t❤♦❞✱ ❛s ❞❡✲ s❝r✐❜❡❞ ❜② ❑♦❤♥ ✫ ▼✐•t♦♥ ✐♥ ❬✶✽(✱ t♦ ♣r♦✈❡ ✐♥❡q✉❛•✐t✐❡s ♦♥ t❤❡ 4✲t❡♥s♦r M ❞❡✜♥❡❞ ❜② a : M a = min v∈H 1 (R d ) R d C D (E(v) + 1 D Ga) : (E(v) + 1 D Ga) dx ✭✹✳✶✮ + |D| C 1 -C 0 C 1 -1 C 0 a : a. ❲✐t❤ t❤❡ ❤❡•♣ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❛♥❞ ❈♦r♦••❛r② ✸✳✷ t❤✐s ✇✐•• ✐♥ t✉r♥ ②✐❡•❞ ❜♦✉♥❞s ♦♥ t❤❡ ❊▼❚✱ s✐♥❝❡ M = M ✐❢ a = Λ 1 (a) ♦r a = Λ 2 (a)✳ ▲❡t ✉s ✜rst ❞❡✜♥❡ ❛♥ ♦♣❡r❛t♦r ✇❤✐❝❤ ✇✐•• ❜❡ ✉s❡❞ ❛❢t❡r✇❛r❞s✳ ❋♦r w ∈ L 2 R d : M S d ✱ •❡t Φ ❜❡ t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ✐♥ H 1 R d : M S d t♦ L C (Φ) = ∇ • w, ❛♥❞ t❤❡♥ ❞❡✜♥❡ t❤❡ •✐♥❡❛r ♦♣❡r❛t♦r F C ❜② F C (w) := E (Φ) . ■♥ ♦t❤❡r ✇♦r❞s✱ F C ✐s ❞❡✜♥❡❞ ❜② ✭✹✳✷✮ F C (w) := EL -1 C (∇ • w). ❆s ❛ ✜rst st❡♣ ✐♥ ❞❡r✐✈✐♥❣ t❤❡ tr❛❝❡ ❜♦✉♥❞s ♦❢ ❊▼❚✱ ✇❡ s❡❡✱ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ C 0 ✇✐t❤ ❛ r❡❢❡r❡♥❝❡ ♠❡❞✐✉♠✱ t❤❛t t❤❡ ❡♥❡r❣② ❢♦r♠✉•❛ ✭✸✳✾✮ ❝❛♥ ❜❡ r❡❢♦r♠✉•❛t❡❞ ❛s ❛ ♠✐♥✐♠✉♠ ♦r ❛ ♠❛①✐♠✉♠ ♦❢ ❛ ❝❡rt❛✐♥ ❢✉♥❝t✐♦♥❛•✱ ❛s ✐t ✐s ❡①♣•❛✐♥❡❞ ❜② t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ▲❡t M ❜❡ ❣✐✈❡♥ ❜② ❢♦r♠✉•❛ ✭✹✳✶✮✳ ▲❡t C ❞❡♥♦t❡ ❛ ❝♦♥st❛♥t ✭✐s♦tr♦♣✐❝✮ ❡•❛st✐❝✐t② t❡♥s♦r ❣✐✈❡♥ ❜② C = 2µ c I 4 + λ c I 2 ⊗ I 2 ✳ ❋♦r ❛♥② s✉❝❤ t❡♥s♦r C < C D ✇❡ ❤❛✈❡✱ ✭✹✳✸✮ a : M a = |D| a : C 1 -C 0 C -C 1 -1 C -C 0 a + sup σ∈L 2 (R d :M S d ) W a (C, σ), ✇❤❡r❡ ✭✹✳✹✮ W a (C, σ) = R d σ : F C σ + R d (C -C D ) -1 σ : σ + 2 D σ : C 1 -C -1 C 1 -C 0 a. ■❢ C > C D ✱ ✇❡ ❤❛✈❡ ✭✹✳✺✮ a : M a = |D| a : C 1 -C 0 C -C 1 -1 C -C 0 a + inf σ∈L 2 (R d :M S d ) W a (C, σ). Pr♦♦❢✳ ❲❡ ❣✐✈❡ ❛ ♣r♦♦❢ ♦♥•② ✇❤❡♥ C 1 > C 0 ✳ ▲❡t C ❜❡ ❛ ❝♦♥st❛♥t ❡•❛st✐❝✐t② t❡♥s♦r ❣✐✈❡♥ ❜② C = 2µ c I 4 + λ c I 2 ⊗ I 2 ❛s ❜❡❢♦r❡ ❛♥❞ s✉♣♣♦s❡ t❤❛t C < C D ✳ ❚❤❡♥ ✇❡ ❤❛✈❡ R d C D (E(v) + 1 D Ga) : (E(v) + 1 D Ga) dx = R d (C D -C) (E(v) + 1 D Ga) : (E(v) + 1 D Ga) dx + R d C (E(v) + 1 D Ga) : (E(v) + 1 D Ga) dx. ❯s✐♥❣ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ C D -C ❛♥❞ t❤❡ ❝♦♥✈❡① ❞✉❛•✐t②✱ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ✐❞❡♥t✐t② ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s sup η∈L 2 (R d :M S d ) - R d (C D -C) -1 η : ηdx + 2 R d η : (E(v) + 1 D Ga) dx . ■♥t❡r❝❤❛♥❣✐♥❣ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ❛♥❞ ♠❛①✐♠✐③❛t✐♦♥ ✭s❡❡ ❬✶✽(✮✱ ✇❡ ♦❜t❛✐♥ min v∈H 1 (R d ) R d C D (E(v) + 1 D Ga) : (E(v) + 1 D Ga) dx = sup η∈L 2 (R d :M S d ) - R d (C D -C) -1 η : η - R d C -1 η : η + inf v∈H 1 (R d ) R d C E(v) + 1 D Ga + C -1 η : E(v) + 1 D Ga + C -1 η . ✭✹✳✻✮ ❖♥❡ ❝❛♥ ❡❛s✐•② s❡❡ t❤❛t t❤❡ ✐♥✜♠✉♠ ♦❢ t❤❡ •❛st t❡r♠ ✐♥ ✭✹✳✻✮ ✐s ❛tt❛✐♥❡❞ ❜② t❤❡ s♦•✉t✐♦♥ ✐♥ H 1 R d : M S d ♦❢ -∇ • (CE(v)) = ∇ • (1 D CG a + η) , ✐✳❡✳✱ ❜② ✭✹✳✼✮ v = -L -1 c ∇ • (1 D CGa + η) . ▲❡t σ := 1 D CGa + η✳ ❚❤❡♥✱ ❞✉❡ t♦ t❤❡ ♠✐♥✐♠✐③✐♥❣ ♣r♦♣❡rt② ♦❢ F C (σ)✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ ✐❞❡♥t✐t② R d CF C (σ) : F C (σ)dx = - R d σ : F C (σ)dx. ❈♦♥s❡q✉❡♥t•②✱ ✇❡ ❤❛✈❡ min v∈H 1 (R d ) R d C D (E(v) + 1 D Ga) : (E(v) + 1 D Ga) dx = sup η∈L 2 (R d :M S d ) - R d (C D -C) -1 η : ηdx + D CGa : Gadx +2 D η : Gadx + R d σ : F C (σ) = |D| a : GC(C -C 1 ) -1 CGa -|D| a : GCGa + sup σ∈L 2 (R d :M S d ) W a (C, σ), ✇❤❡r❡ W a (C, σ) = R d σ : F C σ + R d (C -C D ) -1 σ : σ + 2 D σ : C 1 -C -1 C 1 Ga = R d σ : F C σ + R d (C -C D ) -1 σ : σ + 2 D σ : C 1 -C -1 C 1 -C 0 a, ❛s ✇❛s ❣✐✈❡♥ ✐♥ ✭✹✳✹✮✳ ❙✐♥❝❡ |D| a : GC(C -C 1 ) -1 CGa -|D| a : GCGa + |D| C 1 -C 0 C 1 -1 C 0 a : a = |D| a : C 1 -C 0 C -C 1 -1 C -C 0 a, ✇❡ ❤❛✈❡ ♣r♦✈❡❞ ✭✹✳✸✮✳ ❚❤❡ ❝❛s❡ ✇❤❡♥ C > C D ❝❛♥ ❜❡ tr❡❛t❡❞ s✐♠✐•❛r•②✳ ❲r✐t✐♥❣ C D = -C + C D + C✱ ✉s✐♥❣ t❤❡ ♥❡❣❛t✐✈✐t② ♦❢ C D -C✱ ❝♦♥✈❡① ❞✉❛•✐t②✱ ❛♥❞ ✐♥t❡r❝❤❛♥❣✐♥❣ t❤❡ ♦r❞❡r ♦❢ ♠✐♥✐♠✐③❛t✐♦♥ ✇❡ ♦❜t❛✐♥ ✭✹✳✺✮✳ ❚❤✐s ❝♦♠♣•❡t❡s t❤❡ ♣r♦♦❢✳ ❲❡ ♥♦✇ ❞❡r✐✈❡ tr❛❝❡ ❜♦✉♥❞s ❢♦r ❊▼❚ ❢r♦♠ ✐❞❡♥t✐t✐❡s ✭✹✳✸✮ ❛♥❞ ✭✹✳✺✮✳ ❚♦ st❛t❡ t❤❡ ❜♦✉♥❞s✱ •❡t ✉s ✜① s♦♠❡ ♥♦t❛t✐♦♥✳ •✐✈❡♥ ❛ ❝♦♥st❛♥t ❡•❛st✐❝✐t② t❡♥s♦r C = 2µ c I 4 + λ c I 2 ⊗ I 2 ✱ •❡t F c ❞❡♥♦t❡ t❤❡ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ t❡♥s♦rs ❣✐✈❡♥ ❜② F C (•) = 1 |D| D F C (1 D •) dx, ✇❤❡r❡ F C ✐s ❞❡✜♥❡❞ ❜② ✭✹✳✷✮✱ ✐✳❡✳✱ ✭✹✳✽✮ F C (a) = 1 |D| D EL -1 c ∇ • (1 D a)dx, ❛♥❞ •❡t G C ❜❡ t❤❡ q✉❛❞r❛t✐❝ ❢♦r♠ ❣✐✈❡♥ ❜② ✭✹✳✾✮ G C a, a = 1 |D| R d \D C 1 -C 0 F C (1 D a) : F C (1 D a) dx ❢♦r a ∈ M s d ✳ ❚❤❡ ♠❛✐♥ r❡s✉•t ♦❢ t❤✐s ♣❛♣❡r ✐s ❛s ❢♦••♦✇s✳ ❚❤❡♦r❡♠ ✹✳✷✳ ▲❡t M ❜❡ t❤❡ ❊▼❚ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞♦♠❛✐♥ D✱ ❛♥❞ ( λ, μ) ❛♥❞ (λ, µ) ❜❡ ▲❛♠é ♣❛r❛♠❡t❡rs ♦❢ D ❛♥❞ t❤❡ ❜❛❝❦❣r♦✉♥❞✱ r❡s♣❡❝t✐✈❡•②✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ 1 |D| tr(Λ 1 M Λ 1 ) ≤ d(κ -κ) dκ + 2(d -1)μ dκ + 2(d -1)μ -d 2 (κ -κ) 2 tr (Λ 1 G C 1 Λ 1 ) , ✭✹✳✶✵✮ 1 |D| tr (Λ 2 M Λ 2 ) ≤ 2 (μ -µ) d 2 + d -2 2 -2 (μ -µ) d -2 2μ + d -1 dκ + 2(d -1)μ ✭✹✳✶✶✮ -d 2 (κ -κ) 2 tr (Λ 2 G C 1 Λ 2 ) , |D| tr Λ 1 M -1 Λ 1 ≤ 1 d(κ -κ) dκ + 2(d -1)µ dκ + 2(d -1)µ , ✭✹✳✶✷✮ |D| tr Λ 2 M -1 Λ 2 ≤ 1 2(μ -µ) d 2 + d -2 2 + 2 (μ -µ) d -2 2µ + d -1 dκ + 2(d -1)µ . ✭✹✳✶✸✮ ❍❡r❡ tr ❞❡♥♦t❡s t❤❡ tr❛❝❡ ❛♥❞ tr(Λ k G C 1 Λ k )✱ k = 1, 2✱ ✐s ❞❡✜♥❡❞ ❜② ✭✹✳✶✹✮ tr(Λ k G C 1 Λ k ) = d i,j=1 G C 1 Λ k E ij , Λ k E ij , ✇❤❡r❡ E ij := 1 2 (δ ik δ jl + δ il δ jk ) d k,l=1 ✳ ❆ ❢❡✇ ✇♦r❞s ♦♥ ❚❤❡♦r❡♠ ✹✳✷ ❛r❡ ✐♥ ♦r❞❡r ❜❡❢♦r❡ ♣r♦✈✐♥❣ ✐t✳ ❲❡ ✜rst ♥♦t❡ t❤❛t ✐❢ C 1 > C 0 ❛s ✇❡ ❛ss✉♠❡❞✱ t❤❡♥ G C 1 Λ k , Λ k > 0 ❢♦r k = 1, 2✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐♥❡q✉❛•✐t✐❡s ✭✹✳✶✵✮ ❛♥❞ ✭✹✳✶✶✮ ✐♠♣•② t❤❛t 1 |D| tr(Λ 1 M Λ 1 ) < d(κ -κ) dκ + 2(d -1)μ dκ + 2(d -1)μ , ✭✹✳✶✺✮ 1 |D| tr (Λ 2 M Λ 2 ) < 2 (μ -µ) d 2 + d -2 2 -2 (μ -µ) d -2 2μ + d -1 dκ + 2(d -1)μ . ✭✹✳✶✻✮ ❚❤❡ ❜♦✉♥❞s ✭✹✳✶✷✮✱ ✭✹✳✶✸✮✱ ✭✹✳✶✺✮✱ ❛♥❞ ✭✹✳✶✻✮ ❛r❡ ❝❛••❡❞ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s ❢♦r t❤❡ ❊▼❚✱ ❛♥❞ t❤❡② ✇❡r❡ ❞❡r✐✈❡❞ ❜② ▲✐♣t♦♥ ❬✷✵(✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ t❤✐s ♣❛♣❡r ②✐❡•❞s t❤♦s❡ ❛❞❞✐t✐♦♥❛• t❡r♠s ❢♦r t❤❡ ✉♣♣❡r ❜♦✉♥❞s ❛♥❞ t❤❡② ✇✐•• ♣r♦✈✐❞❡ ✉s ✇✐t❤ ✐♠♣r♦✈❡❞ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s ❢♦r t❤✐❝❦ ❞♦♠❛✐♥s ✭s❡❡ t❤❡ ♥❡①t s❡❝t✐♦♥✮✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ s❡❡ ✇❤❡t❤❡r t❤❡ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s ❢♦r ❊▼❚s ❛r❡ ♦♣t✐♠❛• ♦r ♥♦t✳ ■t ✐s ❡q✉❛••② ✐♥t❡r❡st✐♥❣ t♦ ✜♥❞ ❛ ❝•❛ss ♦❢ ❞♦♠❛✐♥s ✇❤♦s❡ ❊▼❚s ❛tt❛✐♥ t❤❡ •♦✇❡r ❜♦✉♥❞s ✭✹✳✶✷✮ ❛♥❞ ✭✹✳✶✸✮✳ ❋♦r t❤❡ P❚ t❤❡ •♦✇❡r ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s ❛r❡ ❛tt❛✐♥❡❞ ❜② ❛♥❞ ♦♥•② ❜② ❡••✐♣s❡s ❛♥❞ ❡••✐♣s♦✐❞s ❬✶✻✱ ✶✼(✳ ❚❤❡ s✐t✉❛t✐♦♥ ❢♦r t❤❡ ❊▼❚ ✐s ♠✉❝❤ ♠♦r❡ ❝♦♠♣•✐❝❛t❡❞✳ ❙✐♥❝❡ t❤❡ ❊▼❚ ❤❛s d(d+1) 2 ❡✐❣❡♥✈❛•✉❡s✱ t❤♦s❡ ❝•❛ss ♠✉st ❤❛✈❡ d(d+1) 2 ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠✱ ❛♥❞ ❛t t❤✐s ♠♦♠❡♥t ✐t ✐s ♥♦t ❝•❡❛r ✇❤❛t t❤✐s ❝•❛ss ♦❢ ❞♦♠❛✐♥s ♠✉st ❜❡✳ ❚❤✐s q✉❡st✐♦♥ ❤❛s ❛♥ ✐♠♣♦rt❛♥t ❛♣♣•✐❝❛t✐♦♥ ✐♥ t❤❡ ✐♥✈❡rs❡ ♣r♦❜•❡♠s t♦ ❞❡t❡❝t s♠❛•• ❡•❛st✐❝ ✐♥❝•✉s✐♦♥s✳ ❋♦r r❡•❛t❡❞ ✇♦r❦ ❢♦r t❤❡ ❡•❡❝tr✐❝❛• ✐♠♣❡❞❛♥❝❡ t♦♠♦❣r❛♣❤②✱ s❡❡ ❬✸✱ ✺✱ ✾(✳ ■❢ d = 2✱ t❤❡♥ ✭✹✳✶✷✮ ❛♥❞ ✭✹✳✶✸✮ r❡❛❞ |D| tr Λ 1 M -1 Λ 1 ≤ κ + µ 2(κ -κ)(κ + µ) , |D| tr Λ 2 M -1 Λ 2 ≤ 1 μ -µ + 1 2(κ + µ) . ■❢ D ✐s ❛ t✇♦ ❞✐♠❡♥s✐♦♥❛• ❞✐s❦✱ ✐t ✐s ♣r♦✈❡❞ ✐♥ ❬✺( t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❊▼❚ ✐s ✐s♦tr♦♣✐❝ ❛♥❞ ❣✐✈❡♥ ❜② M = 2 |D| (κ -κ)(κ + µ) κ + µ Λ 1 + 2 |D| 2(κ + µ)(μ -µ) 2κ + µ + μ Λ 2 . ❚❤✉s t❤❡ ❡q✉❛•✐t② ✐♥ ✭✹✳✶✷✮ ❛♥❞ ✭✹✳✶✸✮ ❛r❡ ❛tt❛✐♥❡❞ ❜② ❛ ❞✐s❦✳ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✳ ❙✉♣♣♦s❡ t❤❛t C 0 < C 1 ✳ ❋♦r C < C 0 ✱ ✉s✐♥❣ t❡st ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢♦r♠ σ = 1 D b✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ✭✹✳✸✮✱ a : 1 |D| M -C 1 -C 0 C -C 1 -1 C -C 0 a + 2a : C 1 -C 0 C -C 1 -1 b ≥ C -C 1 -1 b : b -b : F C b ✭✹✳✶✼✮ ❇❡❝❛✉s❡ ♦❢ ✭✸✳✶✺✮ ❛♥❞ ✭✸✳✶✻✮✱ 1 |D| M -C 1 -C 0 C -C 1 -1 C -C 0 ✐s ✐♥✈❡rt✐❜•❡ ♦♥ t❤❡ s✉❜s♣❛❝❡ s♣❛♥♥❡❞ ❜② I 2 ✱ ♦r t❤❛t ♦❢ t❤❡ tr❛❝❡✲❢r❡❡ ♠❛tr✐❝❡s✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ❡✐t❤❡r a = Λ 1 a ♦r a = Λ 2 a✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ b s♦ t❤❛t a = - 1 |D| M -C 1 -C 0 C -C 1 -1 C -C 0 C 1 -C 0 C -C 1 -1 b, ❛♥❞ ✭✹✳✶✼✮ ❜❡❝♦♠❡s 1 |D| M -C 1 -C 0 C -C 1 -1 C -C 0 -1 C 1 -C 0 2 C 1 -C -2 b : b ≤ C 1 -C -1 b : b + b : F C b. ❚❛❦✐♥❣ t❤❡ •✐♠✐t ❛s C t❡♥❞s t♦ C 0 ②✐❡•❞s ✭✹✳✶✽✮ 1 |D| M -1 b : b ≤ C 1 -C 0 -1 b : b + b : F C 0 b, ♦r ❡q✉✐✈❛•❡♥t•②✱ ✭✹✳✶✾✮ |D| Λ j M -1 Λ j ≤ Λ j C 1 -C 0 -1 Λ j + Λ j F C 0 Λ j , j = 1, 2. ❚❤❡r❡❢♦r❡✱ ✇❡ ♦❜t❛✐♥ |D| tr Λ 1 M -1 Λ 1 ≤ 1 d(κ -κ) trΛ 1 + tr (Λ 1 F C 0 Λ 1 ) , ✭✹✳✷✵✮ |D| tr Λ 2 M -1 Λ 2 ≤ 1 2(μ -µ) trΛ 2 + tr (Λ 2 F C 0 Λ 2 ) . ✭✹✳✷✶✮ ❙✐♥❝❡ trΛ 1 = 1 ❛♥❞ trΛ 2 = d(d+1)-2 2 ✱ ✭✹✳✷✵✮✱ ✭✹✳✷✶✮✱ ❛♥❞ ▲❡♠♠❛ ✹✳✸ ❜❡•♦✇ •❡❛❞ ✉s t♦ ✭✹✳✶✷✮ ❛♥❞ ✭✹✳✶✸✮✳ ❲❡ ♥♦✇ ♣r♦✈❡ ✭✹✳✶✵✮✲✭✹✳✶✶✮✳ ▲❡t U ❜❡ ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ R d ❞✐s•♦✐♥t ✇✐t❤ D✳ •✐✈❡♥ σ D ∈ L 2 R d : M S d ✇✐t❤ t❤❡ s✉♣♣♦rt ✐♥ D ❛♥❞ ❣✐✈❡♥ C > C D ✱ •❡t σ * ❜❡ ❣✐✈❡♥ ❜② σ * = -CF C (σ D ) , ❛♥❞ •❡t σ U = 1 U (C -C D ) C -1 σ * . ✶✹ (❱❊❙ ❈❆P❉❊❇❖❙❈◗ ❆◆❉ ❍(❊❖◆❇❆❊ ❑❆◆• ❚❤❡♥ ♦♥❡ ❝❛♥ ❡❛s✐•② s❡❡ ❢r♦♠ ✭✹✳✹✮ t❤❛t W a (C, σ D + σ U ) = W a (C, σ D ) + W a (C, σ U ) + 2 R d σ U : F C σ D , = W a (C, σ D ) + R d σ U : F C σ U - U C -1 (C -C D ) C -1 σ * : σ * . ❙✐♥❝❡ F C ✐s ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✱ t❤✐s ②✐❡•❞s t❤❛t W a (C, σ) ≤ W a (C, σ D ) - U C -1 C -C 0 C -1 σ * : σ * . ■❢ ✇❡ ✉s❡ t❡st ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❢♦r♠ σ D = 1 D b ✇❤❡r❡ b ∈ M S d ✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ✭✹✳✺✮✱ ❢♦r C > C 1 t❤❛t 1 |D| a : M a ≤ C 1 -C 0 C -C 1 -1 C -C 0 a : a -2 C 1 -C 0 C -C 1 -1 a : b + C -C 1 -1 -F C b : b - 1 |D| U C -1 C -C 0 C -1 σ * : σ * ✭✹✳✷✷✮ ✇❤❡r❡ F c ✐s ❣✐✈❡♥ ❜② ✭✹✳✽✮✳ ■❢ C(> C 1 ) ✐s s✉✣❝✐❡♥t•② ❝•♦s❡ t♦ C 1 ✱ t❤❡♥ C -C 1 -1 -F C ✐s ✐♥✈❡rt✐❜•❡✱ ❛♥❞ ❤❡♥❝❡ ✇❡ ❝❛♥ ❝❤♦♦s❡ b = C -C 1 -1 -F C -1 C 1 -C 0 C -C 1 -1 a = C 1 -C 0 -1 -C -C 1 C 1 -C 0 -1 F C -1 a. ❚❤❡♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✹✳✷✷✮ ❡q✉❛•s t♦ a : I 4 -C -C 0 F C b - 1 |D| U C -1 C -C 0 C -1 σ * : σ * . ❚❛❦✐♥❣ t❤❡ •✐♠✐t ❛s C t❡♥❞s t♦ C 1 ❣✐✈❡s b = C 1 -C 0 a ❛♥❞ σ * = -C 1 E (ũ)✱ ✇❤❡r❡ ũ ∈ H 1 R d : M S d s❛t✐s✜❡s -L C (ũ) = -∇ • 1 D C 1 -C 0 a . ❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t 1 |D| a : M a ≤ a : I 4 -C 1 -C 0 F C 1 C 1 -C 0 a - 1 |D| U C 1 -C 0 E (ũ) : E (ũ) . ❙✐♥❝❡ U ✐s ❛r❜✐tr❛r② ♦♣❡♥ s✉❜s❡t ♦❢ R d \ D✱ ✇❡ ❤❛✈❡ 1 |D| a : M a ≤ a : I 4 -C 1 -C 0 F C 1 C 1 -C 0 a -G C 1 C 1 -C 0 a, C 1 -C 0 a . ❙♦ ❢❛r ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❢♦r j = 1, 2✱ 1 |D| Λ j M Λ j ≤ Λ j C 1 -C 0 Λ j -Λ j C 1 -C 0 F C 1 C 1 -C 0 Λ j -G C 1 C 1 -C 0 Λ j , C 1 -C 0 Λ j . ✭✹✳✷✸✮ ■▼P|❖❱❊❉ ❍❆❙❍■◆✲❙❍❚|■❑▼❆◆ ❇❖❯◆❉❙ ❋❖| ❊▼❚❙ ✶✺ ❙✐♥❝❡ C 1 ❛♥❞ C 0 ❝♦♠♠✉t❡ ✇✐t❤ Λ j ✱ j = 1, 2✱ ❛♥❞ Λ 1 (C 1 -C 0 ) = d(κ -κ)Λ 1 ❛♥❞ Λ 2 (C 1 - C 0 ) = 2(μ -µ)Λ 2 ✱ ✐t ❢♦••♦✇s ❢r♦♠ ✭✹✳✷✸✮ t❤❛t 1 |D| tr (Λ 1 M Λ 1 ) ≤ d(κ -κ) [trΛ 1 -d(κ -κ)tr (Λ 1 F C 1 Λ 1 )] ✭✹✳✷✹✮ -d 2 (κ -κ) 2 tr (Λ 1 G C 1 Λ 1 ) , 1 |D| tr (Λ 2 M Λ 2 ) ≤ 2(μ -µ) [trΛ 2 -2(μ -µ)tr (Λ 2 F C 1 Λ 2 )] ✭✹✳✷✺✮ -4(μ -µ) 2 tr (Λ 2 G C 1 Λ 2 ) . ❍❡r❡ ❛❣❛✐♥✱ s✐♥❝❡ trΛ 1 = 1 ❛♥❞ trΛ 2 = d(d+1)-2 2 ✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ ❡st✐♠❛t❡s ❢r♦♠ ✭✹✳✷✹✮✱ ✭✹✳✷✺✮✱ ❛♥❞ ▲❡♠♠❛ ✹✳✸ ❜❡•♦✇✳ ❚❤✐s ❝♦♠♣•❡t❡s t❤❡ ♣r♦♦❢✳ ❲❡ ♥♦✇ ❝♦♠♣✉t❡ t❤❡ tr❛❝❡ ♦❢ t❤❡ s②♠♠❡tr✐❝ ♦♣❡r❛t♦r F C ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✳ ❲❡ ✐♥❝•✉❞❡ ❛ ❞❡t❛✐•❡❞ ❝♦♠♣✉t❛t✐♦♥ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣•❡t❡♥❡ss✱ ✭s❡❡ ❬✷✹( ❢♦r ❡①❛♠♣•❡ ❢♦r ❛♥♦t❤❡r ♣r♦♦❢ ✮✳ ▲❡♠♠❛ ✹✳✸✳ ▲❡t C = 2µ c I 4 + λ c I 2 ⊗ I 2 ✳ ❲❡ ❤❛✈❡ tr(F C ) = 1 λ c + 2µ c + d -2 2µ c |D| , ✭✹✳✷✻✮ tr(Λ 1 F C Λ 1 ) = 1 d (λ c + 2µ c ) |D| , ✭✹✳✷✼✮ tr(Λ 2 F C Λ 2 ) = d -1 d (λ c + 2µ c ) + d -2 2µ c |D| . ✭✹✳✷✽✮ Pr♦♦❢✳ ❇② t❛❦✐♥❣ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✱ ✇❡ ♦❜t❛✐♥ L C u(ξ) = -(µ c |ξ| 2 I 2 + (λ c + µ c )(ξ ⊗ ξ))û(ξ). ▲❡t ξ 1 := ξ/|ξ| ❛♥❞ ξ j ✱ j = 2 . . . d✱ ❜❡ ✉♥✐t ✈❡❝t♦rs s✉❝❤ t❤❛t {ξ 1 , . . . , ξ d } ❢♦r♠s ❛♥ ♦rt❤♦♥♦r✲ ♠❛• ❜❛s✐s ❢♦r R d ✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ I 2 = d j=1 ξ j ⊗ ξ j . ■t t❤❡♥ ❢♦••♦✇s t❤❛t L C u(ξ) = -|ξ| 2   (λ c + 2µ c )ξ 1 ⊗ ξ 1 + µ c d j=2 ξ j ⊗ ξ j   û(ξ), ❛♥❞ ❤❡♥❝❡ L -1 C u(ξ) = - 1 |ξ| 2   1 λ c + 2µ c ξ 1 ⊗ ξ 1 + 1 µ c d j=2 ξ j ⊗ ξ j   û(ξ) = - 1 |ξ| 4 1 λ c + 2µ c - 1 µ c ξ ⊗ ξ + |ξ| 2 µ c I 2 û(ξ). ▲❡t a ❜❡ ❛ d × d s②♠♠❡tr✐❝ ♠❛tr✐①✳ ❚❤❡♥✱ E(L -1 C ∇ • (1 D a))(ξ) = - i 2 ξ ⊗ L -1 C ∇ • (1 D a) + L -1 C ∇ • (1 D a) ⊗ ξ = 1 2|ξ| 4 ξ ⊗ 1 λ c + 2µ c - 1 µ c ξ ⊗ ξ + |ξ| 2 µ c I 2 aξ 1 D + 1 λ c + 2µ c - 1 µ c ξ ⊗ ξ + |ξ| 2 µ c I 2 aξ 1 D ⊗ ξ .
❙✐♥❝❡ a ✐s s②♠♠❡tr✐❝✱ ✇❡ t❤❡♥ ❣❡t

1 D a : E(L -1 C ∇ • (1 D a)) = | 1 D | 2 a : ξ ⊗ 1 λ c + 2µ c - 1 µ c ξ ⊗ ξ |ξ| 4 + 1 µ c |ξ| 2 I 2 aξ = | 1 D | 2 1 λ c + 2µ c - 1 µ c (aξ • ξ) 2 |ξ| 4 + |aξ| 2 µ c |ξ| 2 . ❲❡ ♥♦✇ ❤❛✈❡ R d 1 D a : F C (1 D a)dx = 1 (2π) d R d 1 D a : F C (1 D a)dξ = 1 (2π) d 1 λ c + 2µ c - 1 µ c R d | 1 D | 2 (aξ • ξ) 2 |ξ| 4 dξ + 1 (2π) d µ c R d | 1 D | 2 |aξ| 2 |ξ| 2 dξ. ❚❤❡♥ tr(F C ) = d i,j=1 R d 1 D E ij : F C (1 D E ij )dx = 1 (2π) d 1 λ c + 2µ c - 1 µ c d i,j=1 R d | 1 D | 2 (ξ i ξ j ) 2 |ξ| 4 dξ + 1 (2π) d µ c d i,j=1 R d | 1 D | 2 (ξ 2 i + ξ 2 j ) 4|ξ| 2 dξ = 1 λ c + 2µ c - 1 µ c |D| + d 2µ c |D| = 1 λ c + 2µ c + d -2 2µ c |D| . ❚♦ ♣r♦✈❡ ✭✹✳✷✼✮✱ ✇❡ ❛♣♣•② t❤❡ ❛❜♦✈❡ ❢♦r♠✉•❛ t♦ a = I 2 ✱ ❛♥❞ ✭✹✳✷✽✮ ❢♦••♦✇s ❢r♦♠ ✭✹✳✷✻✮ ❛♥❞ ✭✹✳✷✼✮✳ ❚❤✐s ❝♦♠♣•❡t❡s t❤❡ ♣r♦♦❢✳ ✺✳ ■♠♣r♦✈❡❞ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❇♦✉♥❞s ❢♦r ❚❤✐❝❦ ❉♦♠❛✐♥s ❲❡ ♥♦✇ ❡st✐♠❛t❡ t❤❡ tr❛❝❡ ♦❢ G C ✱ ✐♥ ♣❛rt✐❝✉•❛r✱ t❤❡ ❜✉•❦ ♣❛rt tr(Λ 1 G C Λ 1 ) ❢♦r t❤✐❝❦ ❞♦♠❛✐♥s✳ ❲❡ ✜rst ❤❛✈❡ t❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛✳ ▲❡♠♠❛ ✺✳✶✳ ▲❡t C = 2µ c I 4 + λ c I 2 ⊗ I 2 ✳ ❲❡ ❤❛✈❡ ✭✺✳✶✮ tr(Λ 1 G C Λ 1 ) = 2 (μ -µ) 1 ω d (2µ c + λ c ) 2 K (D) , ■▼P|❖❱❊❉ ❍❆❙❍■◆✲❙❍❚|■❑▼❆◆ ❇❖❯◆❉❙ ❋❖| ❊▼❚❙ ✶✼ ✇❤❡r❡ ✭✺✳✷✮ K (D) = 1 |D| d i,j=1 R d \D D 1 d δ ij - (x i -y i ) (x j -y j ) |x -y| 2 dy |x -y| d 2 dx. Pr♦♦❢✳ ❋♦r ❛ ❣✐✈❡♥ ❝♦♥st❛♥t s②♠♠❡tr✐❝ ♠❛tr✐① a✱ F C (1 D a) ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛• s♦•✉t✐♦♥ Γ ♦❢ t❤❡ ▲❛♠é s②st❡♠ L C ✳ ■♥ ❢❛❝t✱ •❡t Φ ∈ H 1 R d : M S d ❜❡ t❤❡ s♦•✉t✐♦♥ ♦❢ L C (Φ) = ∇ • (1 D a) . ❚❤❡♥✱ ❢♦r ❛•• i ∈ {1, . . . , d}✱ Φ i (x) = d j=1 R d Γ ij (x -y) d k=1 ∂ ∂y k (1 D (y)a jk ) dy = - d j,k=1 R d ∂ ∂y k Γ ij (x -y)1 D (y)a jk dy = d j,k=1 ∂ ∂x k R d Γ ij (x -y)1 D (y)a jk dy . ■❢ ✇❡ ❞❡✜♥❡ ✭✺✳✸✮ ϕ(x) = D Γ(x -y)dy, ✇❡ ❤❛✈❡ Φ i = j,k ∂ ∂x k (ϕ ij a jk )✱ ❛♥❞ (F C (1 D a)) ip = j,k E ip jk (ϕ) a jk , ✇❤❡r❡ E ip jk (ϕ) = 1 2 ∂ϕ ij ∂x p ∂x k + 1 2 ∂ϕ pj ∂x i ∂x k . ▲❡t ω d ❜❡ t❤❡ s✉r❢❛❝❡ ❛r❡❛ ♦❢ t❤❡ ✉♥✐t s♣❤❡r❡ ✐♥ R d ✱ ✐✳❡✳✱ ω 2 = 2π ❛♥❞ ω 3 = 4π✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ω d |x| d ∂ 2 ∂x k ∂x l Γ ij (x) = Aδ ij δ kl -d x k x l |x| 2 -B (δ ik δ lj + δ jk δ il ) + dB |x| 2 (δ ik x j x l + δ jk x i x l + δ il x j x k + δ jl x i x k + δ kl x i x j ) - d(d + 2)B |x| 4 x i x j x k x l . ✶✽ (❱❊❙ ❈❆P❉❊❇❖❙❈◗ ❆◆❉ ❍(❊❖◆❇❆❊ ❑❆◆• ■♥ ♣❛rt✐❝✉•❛r✱ ✐❢ j = l✱ t❤❡ ❡q✉❛t✐♦♥ s✐♠♣•✐✜❡s ✐♥t♦ ω d |x| d ∂ 2 ∂x k ∂x j Γ ij (x) = Aδ ij δ ik -d x k x i |x| 2 -Bδ ik (1 + δ ji ) + dB x i x k |x| 2 (2δ jk + δ ij + 1) + dB δ ik -(d + 2) x i x k |x| 2 x 2 j |x| 2 . ❈♦♥s❡q✉❡♥t•②✱ ✇❡ ♦❜t❛✐♥ d j=1 ∂Γ ij ∂x k ∂x j = 1 |x| d (A -B) ω d δ ik -d x k x i |x| 2 = 1 |x| d 1 ω d (2µ c + λ c ) δ ik -d x k x i |x| 2 . ▲❡t θ(x) = x |x| ❢♦r x = 0✳ ❙✐♥❝❡ Λ 1 (a) = tr(a) d I 2 ✱ ✇❡ ❤❛✈❡ F C (1 D Λ 1 (a)) ij (x) =
tr(a)

d d k=1 E kk ij (ϕ) = tr(a) dω d (2µ c + λ c ) D (δ ij -dθ i (x -y)θ j (x -y)) dy |x -y| d . ❚❤✐s •❛st ❢♦r♠✉•❛ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s F C (1 D Λ 1 (a)) (x) =
tr(a) 

ω d (2µ c + λ c ) 1 d D dy |x -y| d I 2 - D θ(x -y) ⊗ θ(x -y) dy |x -y| d . ◆♦t❡ t❤❛t F C (1 D Λ 1 (a)) (x) ✐s tr❛❝❡ ❢r❡❡✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ (I 2 ⊗ I 2 )F C (1 D Λ 1 (a)) = 0. ❈♦♥s❡q✉❡♥t•②✱ ✇❡ ❤❛✈❡ (C 1 -C 0 )F C (1 D Λ 1 (a))(x) = 2(μ -µ)F C (1 D Λ 1 (a))(x) s✐♥❝❡ C 1 -C 0 = ( λ -λ)I 2 ⊗ I 2 + 2(μ -µ)I 4 ✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ G C Λ 1 (a), Λ 1 (a) ✐s ♥♦✇ str❛✐❣❤t❢♦r✇❛r❞✳ ■❢ ✇❡ s❡t ✭✺✳✹✮ C = 2(μ -µ) 1 ω d (2µ c + λ c ) 2 , t❤❡♥ G C Λ 1 (a), Λ 1 (a) = 1 |D| R d \D (C 1 -C 0 )F C (1 D Λ 1 (a)) : F C (1 D Λ 1 (a)) = Ctr(a) 2 |D| d i,j=1 R d \D D 1 d δ ij -θ i (x -y)θ j (x -y) dy |x -y| d 2 dx, ✇❤✐❝❤ ✐♥ t✉r♥ ②✐❡•❞s ❢♦r♠✉•❛ ✭✺✳✶✮✳ ❲❡ ♥♦✇ ❞❡r✐✈❡ ❛ •♦✇❡r ❜♦✉♥❞ ❢♦r K(D) ❞❡♣❡♥❞✐♥❣ ♦♥ s❤❛♣❡ ♦❢ D✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢❡❛t✉r❡ ♦❢ t❤❡ s❤❛♣❡ t❤❛t ✇❡ s❤❛•• ✉s❡ ✐s ✐ts t❤✐❝❦♥❡ss✳ ❙✉♣♣♦s❡ t❤❛t D ✐s ♦❢ ❣✐✈❡♥ t❤✐❝❦♥❡ss τ ❛s ❞❡✜♥❡❞ ✐♥ ✭✶✳✺✮✳ ❚❤❡♥ D ✐s ❝♦♥t❛✐♥❡❞ ✐♥ B r (x 0 ) ❢♦r s♦♠❡ x 0 ✇❤❡r❡ ✭✺✳✺✮ r = d |D| τ ω d 1 d . ❖♥❡ ❝❛♥ ❡❛s✐•② s❡❡ t❤❛t |D| K(D) = d i,j=1 R d \D D 1 d δ ij -θ i (x -y)θ j (x -y) dy |x -y| d 2 dx = R d \D   d i,j=1 D θ i (x -y)θ j (x -y) dy |x -y| d 2 - 1 d D dy |x -y| d 2   dx. ❆ s✐♠♣•❡ ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ ✐♥t❡❣r❛♥❞ ♦❢ t❤❡ ❛❜♦✈❡ ✐♥t❡❣r❛• ✐♥ x ✐s ♥♦♥✲♥❡❣❛t✐✈❡✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ ❞❡✜♥❡ X i := θ 2 i (x -y) dy |x -y| d , i = 1, . . . , d, t❤❡♥ d i=1 X i = D dy |x -y| d , ❛♥❞ ✇❡ ❤❛✈❡ ✐♠♠❡❞✐❛t❡•② d i=1 D θ 2 i (x -y) dy |x -y| d 2 ≥ 1 d D dy |x -y| d 2 . ❚❤❡r❡❢♦r❡✱ ❛ •♦✇❡r ❜♦✉♥❞ ♦♥ K(D) ✐s ♦❜t❛✐♥❡❞ ❜② r❡❞✉❝✐♥❣ t❤❡ ❞♦♠❛✐♥ ♦❢ ✐♥t❡❣r❛t✐♦♥✱ ✐✳❡✳✱ ✭✺✳✻✮ |D| K(D) ≥ R d \Btr(x0)   d i,j=1 D θ i (x -y)θ j (x -y) dy |x -y| d 2 - 1 d D dy |x -y| d 2   dx, ✇❤❡r❡ t > 1 ✐s ❛ ♣❛r❛♠❡t❡r t♦ ❜❡ ❝❤♦s❡♥ •❛t❡r✳ ◆♦t❡ t❤❛t d i,j=1 D θ i (x -y)θ j (x -y) dy |x -y| d 2 = d i,j=1 D×D θ i (x -y)θ j (x -y)θ i (x -y ′ )θ j (x -y ′ ) dydy ′ |x -y| d |x -y ′ | d = D×D x -y, x -y ′ 2 |x -y| d+2 |x -y ′ | d+2 dydy ′ . ❙✐♥❝❡ D ⊂ B r (x 0 )✱ ✇❡ ❤❛✈❡ x -y, x -y ′ ≥ t 2 -1 t 2 + 1 |x -y||x -y ′ | ✷✵ (❱❊❙ ❈❆P❉❊❇❖❙❈◗ ❆◆❉ ❍(❊❖◆❇❆❊ ❑❆◆• ❢♦r ❛•• x ∈ R d \ B tr (x 0 ) ❛♥❞ y, y ′ ∈ D✱ ❛♥❞ ❝♦♥s❡q✉❡♥t•② d i,j=1 D θ i (x -y)θ j (x -y) dy |x -y| d 2 ≥ t 2 -1 t 2 + 1 2 D dy |x -y| d 2 . ❲❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ t❤❛t ✭✺✳✼✮ |D| K(D) ≥ t 2 -1 t 2 + 1 2 R d \Btr(x0) D dy |x -y| d 2 dx. ◆♦✇ r❡♠❛r❦ t❤❛t ✭✺✳✽✮ 1 |x -y| ≥ t t + 1 1 |x -x 0 | ❢♦r ❛•• x ∈ R d \ B tr (x 0 ) ❛♥❞ y ∈ B r (x 0 ). ■t t❤❡♥ ❢♦••♦✇s ❢r♦♠ ✭✺✳✼✮ ❛♥❞ ✭✺✳✺✮ t❤❛t ✭✺✳✾✮ K(D) ≥ (t 2 -1) 2 t d t 2 + 1 2 (t + 1) 2d ω d d 2 τ. ❲❡ ♥♦✇ ❝❤♦♦s❡ t t♦ ♦♣t✐♠✐③❡ ❡st✐♠❛t❡ ✭✺✳✾✮✱ ❛♥❞ s❡t ✭✺✳✶✵✮ C d := max t>1 (t 2 -1) 2 t d t 2 + 1 2 (t + 1) 2d ■♥s❡rt✐♥❣ t❤✐s r❡s✉•t ✐♥ ✭✹✳✶✵✮ ❛♥❞ ✭✺✳✶✮ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❢♦••♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ t❤✐❝❦♥❡ss ♦❢ D ✐s τ ✳ ❚❤❡♥ ✭✺✳✶✶✮ 1 |D| tr(Λ 1 M Λ 1 ) ≤ d(κ -κ) dκ + 2(d -1)μ dκ + 2(d -1)μ -δτ, ✇❤❡r❡ ✭✺✳✶✷✮ δ := C d d 2 (μ -µ) κ -κ dκ + 2(d -1)μ 2 . ✻✳ ❙✐③❡ ❊st✐♠❛t✐♦♥ ❢♦r ❛♥ ■♥❝•✉s✐♦♥ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞✐s❝✉ss ♦♥❡ ✐♠♣♦rt❛♥t ❛♣♣•✐❝❛t✐♦♥ ♦❢ t❤❡ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s✳ ❙✉♣♣♦s❡ t❤❛t ❛♥ ❡•❛st✐❝ ❜♦❞② ♦❝❝✉♣✐❡s ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω ✐♥ R d ✇❤♦s❡ ❜♦✉♥❞❛r② ∂Ω ✐s ▲✐♣s❝❤✐t③✳ ❙✉♣♣♦s❡ t❤❛t Ω ❝♦♥t❛✐♥s ❛♥ ✐♥❝•✉s✐♦♥ D ♦❢ s♠❛•• ✈♦•✉♠❡✳ ❆ss✉♠❡ t❤❛t D ✐s ♦❢ t❤❡ ❢♦r♠ D = ǫB + z, ✇❤❡r❡ t❤❡ s♠❛•• ❝♦♥st❛♥t ǫ r❡♣r❡s❡♥ts t❤❡ s♠❛••♥❡ss ♦❢ t❤❡ ✈♦•✉♠❡ ♦❢ D✱ B ✐s ❛ r❡❢❡r❡♥❝❡ ❞♦♠❛✐♥✱ ❛♥❞ z r❡♣r❡s❡♥ts t❤❡ •♦❝❛t✐♦♥ ♦❢ t❤❡ ✐♥❝•✉s✐♦♥✳ ❙✉♣♣♦

  ♥♦t❡s t❤❡ tr❛❝❡✳ ■t s❤♦✉•❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ P❚ ✐♥ t❤✐s ♣❛♣❡r ✐s (k -1) t✐♠❡s t❤❛t ✐♥ ❬✶✶(✳ ❚❤❡s❡ ❜♦✉♥❞s ❛r❡ ♦♣t✐♠❛• ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s ✐♥ t❤❡ s❡♥s❡ t❤❛t ❛♥② P❚ ✇✐t❤✐♥ t❤❡ ❜♦✉♥❞s ✐s r❡❛•✐③❡❞ ❜② ❛ ❞♦♠❛✐♥✿ ❜② ❛ ❝♦❛t❡❞ ❡••✐♣s❡ ❬✶✷( ❛♥❞ ❛ t❤✐♥ ❝r♦ss ❬✶(✳ ■♥ ❜♦t❤ ✇♦r❦s✱ ❛s t❤❡ tr❛❝❡ ♦❢ t❤❡ P❚ ❛♣♣r♦❛❝❤❡s t♦ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✭✶✳✸✮✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞♦♠❛✐♥s ❣❡t t❤✐♥♥❡r✳ ❚❤✉s ❛ ♥❛t✉r❛• q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ✐❢ t❤❡ ❞♦♠❛✐♥ ❤❛s s♦♠❡ ❵t❤✐❝❦♥❡ss✬✳ ❙✐♥❝❡ t❤❡s❡ ❡st✐♠❛t❡s ♦❢ t❤❡ tr❛❝❡ ♦❢ t❤❡ P❚ ❝

  r t❤✐❝❦ ❞♦♠❛✐♥s ✇❛s ❛♥s✇❡r❡❞ ❛✣r♠❛t✐✈❡•② ❜② t❤❡ ❛✉t❤♦rs ✐♥ ❬✶✵(✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ✇❤✐•❡ t❤❡ ✐♥t❡r✐♦r ♣♦✐♥ts ♦❢ t❤❡ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s ❝❛♥ ❜❡ r❡❛•✐③❡❞ ❜② ✈❛r✐♦✉s s❤❛♣❡s ♦❢ ✐♥❝•✉s✐♦♥s✱ ❡✳❣✳✱ ❝♦❛t❡❞ ❡••✐♣s❡s ❛♥❞ ✈❛r✐♦✉s t❤✐♥ ❝r♦ss❡s ❬✶(✱ t❤❡ •♦✇❡r ❜♦✉♥❞ ✭✶✳✹✮ ✐s r✐❣✐❞✳ ■t ✐s ♣r♦✈❡❞ ✐♥ ❬✶✻✱ ✶✼( t❤❛t ✐❢ t❤❡ •♦✇❡r ❜♦✉♥❞ ✐s ❛tt❛✐♥❡❞ ❜② ❛ s✐♠♣•② ❝♦♥♥❡❝t❡❞ ❞♦♠❛✐♥ D✱ t❤❡♥ D ♠✉st ❜❡ ❛♥ ❡••✐♣s❡ ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s ❛♥❞ ❛♥ ❡••✐♣s♦✐❞ ✐♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✳ ❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ Pó•②❛✲❙③❡❣ö ❝♦♥•❡❝t✉r❡ ❬✷✽(✱ ✇❤✐❝❤ ❛ss❡rts t❤❛t t❤❡ ✐♥❝•✉s✐♦♥ ✇❤♦s❡ P❚ ❤❛s t❤❡ ♠✐♥✐♠❛• tr❛❝❡ t❛❦❡s t❤❡ s❤❛♣❡ ♦❢ ❛ ❞✐s❦ ♦r ❛ ❜❛••✱ ❤❛s ❜❡❡♥ ♣r♦✈❡❞✳ ❲❤✐•❡ t❤❡ P❚ ❞❡s❝r✐❜❡s t❤❡ ❞✐♣♦•❡ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ ❡•❡❝tr✐❝ ✜❡•❞ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ✐♥❝•✉s✐♦♥✱ t❤❡ ❊▼❚ ❞♦❡s t❤❛t ❢♦r t❤❡ ❡•❛st✐❝ ✜❡•❞✳ ❚❤❡ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❊▼❚ ✇✐•• ❜❡ ❣✐✈❡♥ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❚❤❡ ❊▼❚ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ▼❛③✬②❛ ❛♥❞ ◆❛③❛r♦✈ ✐♥ r❡•❛t✐♦♥ t♦ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ❢♦r ❡♥❡r❣② ❞✉❡ t♦ ❡①✐st❡♥❝❡ ♦❢ ❛ s♠❛•• ❤♦•❡ ♦r ❝❛✈✐t② ❬✷✸(✳ ❙❡❡ ❛•s♦ ❬✶✾✱ ✷✻( ❢♦r ✈❛r✐♦✉s ❛♣♣•✐❝❛t✐♦♥s ♦❢ ❊▼❚✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❊▼❚ ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ ✐♥❝•✉❞❡ t❤❡ ❝❛s❡ ✇❤❡♥ ✐♥❝•✉s✐♦♥s ❛r❡ ♥♦t ❤♦•❡s ♦r ❤❛r❞ ♦♥❡s ❛♥❞ ✉s❡❞ ❢♦r r❡❝♦♥str✉❝t✐♦♥ ♦❢ ✉♥❦♥♦✇♥ ✐♥❝•✉s✐♦♥s ✈✐❛ ❜♦✉♥❞❛r② ♠❡❛s✉r❡♠❡♥ts ❬✼✱ ✶✺(✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✜rst ❞❡r✐✈❡ ❜♦✉♥❞s ♦❢ ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ t②♣❡ ❢♦r t❤❡ ❊▼❚✳ ❚❤❡ ❡①❛❝t ❍❛s❤✐♥✲❙❤tr✐❦♠❛♥ ❜♦✉♥❞s ❛r❡ ♥♦t ♥❡✇✿t❤❡② ✇❡r❡ ❛•r❡❛❞② ❞❡r✐✈❡❞ ❜② ▲✐♣t♦♥ ❬✷✵(✳ ❲❡ s❤♦✇ ❤❡r❡ t❤❛t ❛♥ ❛❞❞✐t✐♦♥❛• t❡r♠ ❝❛♥ ❜❡ ❛❞❞❡❞ t♦ t❤❡ ✉♣♣❡r ❜♦✉♥❞s✱ ✇❤✐❝❤ ✐s ❡s♣❡❝✐❛•

  s❡ t❤❛t t❤❡ ❜❛❝❦❣r♦✉♥❞ Ω ❤❛s t❤❡ ✐s♦tr♦♣✐❝ ❡•❛st✐❝✐t② t❡♥s♦r C 0 = 2µI 4 + λI 2 ⊗ I 2 ✱ ✇❤✐•❡ t❤❛t ♦❢ t❤❡ ✐♥❝•✉s✐♦♥ ✐s C 1 = 2μI 4 + λI 2 ⊗ I 2 ✳ ❲❡ ❛ss✉♠❡ t❤❛t ❡✐t❤❡r C 1 > C 0 ♦r C 1 < C 0 ✳ ❚❤❡♥ t❤❡ ❡•❛st✐❝✐t② t❡♥s♦r ❢♦r Ω ✇✐t❤ t❤❡ ✐♥❝•✉s✐♦♥ ✐s ❣✐✈❡♥ ❜② C = 1 Ω\D C 0 + 1 D C 1 . ❲❡ ❝♦♥s✐❞❡r ❛♥ ✐♥✈❡rs❡ ♣r♦❜•❡♠ t♦ ✐❞❡♥t✐❢② t❤❡ ✉♥❦♥♦✇♥ ✐♥❝•✉s✐♦♥ D ❜② t❤❡ tr❛❝t✐♦♥✲ ❞✐s♣•❛❝❡♠❡♥t ♠❡❛s✉r❡❞ ♦♥ ∂Ω✳ •✐✈❡♥ ❛ tr❛❝t✐♦♥ g ♦♥ ∂Ω✱ t❤❡ ❞✐s♣•❛❝❡♠❡♥t u ǫ ✐s t❤❡ s♦•✉t✐♦♥ t▲❡t u ❜❡ t❤❡ s♦•✉t✐♦♥ ✇✐t❤♦✉t t❤❡ ✐♥❝•✉s✐♦♥✱ ✐✳❡✳✱ ∇ • (C 0 E(u)) = 0 ✐♥ Ω ❛♥❞ ∂u ∂ν = g ♦♥ ∂Ω✳ ❚❤❡♥ ✐t ✐s ♣r♦✈❡❞ ✐♥ ❬✼( t❤❛t ✐❢ g = ∂u ∂ν ❢♦r ❛ •✐♥❡❛r ❞✐s♣•❛❝❡♠❡♥t u = ax ❢♦r s♦♠❡ d × d s②♠♠❡tr✐❝ ♠❛tr✐① a✱ t❤❡♥ ✭✻✳✷✮ u ǫ (x)u(x) + d i,j,p,q=1 a ij ∂ p N kq (x -z)m ijpq + O(ǫ 2d ), x ∈ ∂Ω., ✇❤❡r❡ M = (m ijpq ) ✐s t❤❡ ❊▼❚ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♥❝•✉s✐♦♥ D ❛♥❞ N ✐s t❤❡ ◆❡✉♠❛♥♥ ❢✉♥❝t✐♦♥ ❢♦r L C ♦♥ Ω✳ ■t t❤❡♥ ❢♦••♦✇s t❤❛t ✐❢ b ✐s ❛♥♦t❤❡r d × d ♠❛tr✐①✱ t❤❡♥ ✭✻✳✸✮ ∂Ω [u ǫ (x)u(x)] • ∂(bx) ∂ν dσ = a : M b + O(ǫ 2d ) ❚❤❡ ❢♦r♠✉•❛ ✭✻✳✸✮ s❛②s t❤❛t t❤❡ ❊▼❚ M ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s✐♥❣•❡ ✐♥❝•✉s✐♦♥ D ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ♠❡❛s✉r❡♠❡♥t u ǫ ♦♥ ∂Ω✳ ❲❡ t❤❡♥ ♦❜t❛✐♥ t❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠ ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ❚❤❡♦r❡♠ ✻✳✶✳ ▲❡t M ❜❡ t❤❡ ❊▼❚ ❞❡t❡❝t❡❞ ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ♠❡❛s✉r❡♠❡♥t ✈✐❛ t❤❡ ❢♦r✲ ♠✉•❛ ✭✻✳✸✮ ❛♥❞ •❡t κ 1 , κ 2 , κ 3 , κ 4 ❜❡ t❤❡ ❝♦♥st❛♥ts ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡s ♦2 M -1 Λ 2 ) ♣r♦✈✐❞❡❞ t❤❛t C 1 > C 0 ✳ ■❢ ✇❡ ❦♥♦✇ ❛ ♣r✐♦r✐ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ t❤❡ t❤✐❝❦♥❡ss ♦❢ D✱ s❛② r✱ t❤❡♥ ✇❡ ❤❛✈❡ ✭✻✳✺✮ tr(Λ 1 M Λ 1 ) κ 1 -δτ ≤ |D| ≤ ♠✐♥ κ 3 tr(Λ 1 M -1 Λ 1 ) , κ 4 tr(Λ 2 M -1 Λ 2 ) , ✇❤❡r❡ δ ✐s ❞❡✜♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳ ■❢ C 1 < C 0 ✱ t❤❡♥ ✐♥❡q✉❛•✐t✐❡s ❛r❡ r❡✈❡rs❡❞✳ ❲❡ ♥♦t❡ t❤❛t ✭✻✳✹✮ ❛♥❞ ✭✻✳✺✮ ❛r❡ ✐♠♣r♦✈❡❞ ❡st✐♠❛t❡s ♦❢ t❤❡ s✐③❡ ♦❢ D ♦✈❡r t❤♦s❡ ✐♥ ❬✼✱ ✶✺(✳ ❆❝❦♥♦✇•❡❞❣❡♠❡♥t✳ ❲❡ t❤❛♥❦ •r❛❡♠❡ ❲✳ ▼✐•t♦♥ ❢♦r ♣♦✐♥t✐♥❣ ♦✉t t♦ ✉s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ▲✐♣t♦♥✬s ✇♦r❦ ❬✷✵(✳ |❡❢❡r❡♥❝❡s ❬✶( ❍✳ ❆♠♠❛r✐✱ (✳ ❈❛♣❞❡❜♦s❝q✱ ❍✳ ❑❛♥❣✱ ❊✳ ❑✐♠✱ ❛♥❞ ▼✳ ▲✐♠✱ ❆tt❛✐♥❛❜✐•✐t② ❜② ❙✐♠♣•② ❈♦♥♥❡❝t❡❞ ❉♦♠❛✐♥s ♦❢ ❖♣t✐♠❛• ❇♦✉♥❞s ❢♦r P♦•❛r✐③❛t✐♦♥ ❚❡♥s♦rs✱ ❊✉r♦♣❡❛♥ ❏✳ ❆♣♣•✐❡❞ ▼❛t❤✳ ✶✼✭✷✮ ✭✷✵✵✻✮✱ ✷✵✶✕✷✶✾✳ ❬✷( ❍✳ ❆♠♠❛r✐ ❛♥❞ ❍✳ ❑❛♥❣✱ ❍✐❣❤✲♦r❞❡r t❡r♠s ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ♦❢ t❤❡ st❡❛❞②✲st❛t❡ ✈♦•t❛❣❡ ♣♦t❡♥t✐❛•s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝♦♥❞✉❝t✐✈✐t② ✐♥❤♦♠♦❣❡♥❡✐t✐❡s ♦❢ s♠❛•• ❞✐❛♠❡t❡r✳ ❙■❆▼ ❏✳ ▼❛t❤✳ ❆♥❛•✳✱ ✸✹✭✺✮ ✭✷✵✵✸✮✱ ✶✶✺✷✕✶✶✻✻✳ ❬✸( ✖✖✖✖✖✖✲✱ |❡❝♦♥str✉❝t✐♦♥ ♦❢ ❙♠❛•• ■♥❤♦♠♦❣❡♥❡✐t✐❡s ❢r♦♠ ❇♦✉♥❞❛r② ▼❡❛s✉r❡♠❡♥ts✱ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ✶✽✹✻✱ ❙♣r✐♥❣❡r✱ ✷✵✵✹✳ ❬✹( ✖✖✖✖✖✖✕✱ P♦•❛r✐③❛t✐♦♥ ❛♥❞ ▼♦♠❡♥t ❚❡♥s♦rs ✇✐t❤ ❆♣♣•✐❝❛t✐♦♥s t♦ ■♥✈❡rs❡ Pr♦❜•❡♠s ❛♥❞ ❊✛❡❝t✐✈❡ ▼❡❞✐✉♠ ❚❤❡♦r②✱ ❙♣r✐♥❣❡r✲❱❡r•❛❣✱ t♦ ❛♣♣❡❛r✳ ❬✺( ❍✳ ❆♠♠❛r✐✱ ❍✳ ❑❛♥❣✱ ❊✳ ❑✐♠✱ ❛♥❞ ▼✳ ▲✐♠✱ |❡❝♦♥str✉❝t✐♦♥ ♦❢ ❝•♦s❡•② s♣❛❝❡❞ s♠❛•• ✐♥❝•✉s✐♦♥s✳ ❙■❆▼ ❏✳ ◆✉♠❡r✳ ❆♥❛•✳✱ ✹✷✭✻✮ ✭✷✵✵✺✮✱ ✷✹✵✽✕✷✹✷✽✳