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Abstract:
We address the problem of measuring accurately and as quickly as possible a self-diffusion

coefficient by the so-called pulsed gradient stimulated echo experiment or, equivalently, by
using a sequence involving radio-frequency field gradients. The discussion deals with the
smallest diffusion coefficient which can be measured with a reasonable accuracy, possibly
taking into account the values of longitudinal and transverse relaxation times along with the
nature of gradients. It is shown theoretically and experimentally that the diffusion coefficient
can be measured accurately via only two experiments provided that the ratio of the signal

amplitudes lies in the range 0.2-0.6.



Classically, self-diffusion coefficients have been measured by NMR using the PGSE
(Pulsed Gradient Spin Echo) method [1] which employs two gradient pulses of duration &
inserted on each side of the 7 pulse in a spin echo sequence (see figure 1a, where gradients of
the static magnetic field By are employed). Many alternatives to this simple experiment were
proposed with the objective to improve the quality of spectra [2, 3]. Denoting by A the
separation between the two gradient pulses, by z half the echo-time, and by g the gradient

strength, one has for the measured signal

Spese (9°) = So (27 /T,)exp(—y*9°5°DA) @)
S, is the signal amplitude obtained after a simple /2 read pulse, ythe gyromagnetic ratio
of the considered nucleus, T, the transverse relaxation time and D the diffusion coefficient.

Moreover, it has been implicitly assumed in (1) that Ais much greater than 6. However,
because in many systems the transverse relaxation time T, may be much shorter than the
longitudinal relaxation time T, [4], the stimulated echo (STE) method, depicted in figure 1b,
is generally preferred [5]. Disregarding again the short periods during which the gradient
pulses are applied to transverse magnetization and recognizing that, during the diffusion
interval, the nuclear magnetization of interest is longitudinal, the measured signal is now of
the form
Ssre (9°) = (So/2)exp(—A/T,)exp(~y*g*5°DA) @

As indicated above, such an experimental procedure is generally more suitable as far as signal
attenuation by relaxation phenomena is concerned.

It has been known for some time that self-diffusion coefficients can also be measured using
gradients of the radio-frequency field ( B, gradients) [6]. The easiest experimental procedure
[7], depicted in figure 1c, is formally analogous to the STE method so that, if gradient periods

are not considered, equation (2) still applies.



Several approaches have been proposed to reduce the number of experiments
necessary for measuring self diffusion coefficients. For instance, one method uses both spin
echo and stimulated echo [8] while, in another [9], the Carr-Purcell-Meiboom-Gill pulse train
(employed generally for measuring the transverse relaxation train) is modified. Here, we shall
limit ourselves to the STE method (or to the B; gradient procedure) and we shall try to
determine the self-diffusion coefficient from only two measurements which differs by the two

gradient strengths, g, and g,. One has

S1,2 = (So /2) eXp(_A/Tl) eXp(_ P12 D)

3
with p,, = 7%g/,6°A @)
with p,, = 72912,252A
which leads to
1
D= (InS,-InS,) (4)
pz - pl

The problem is now to determine the relative uncertainty on the determination of D, denoted
in the following by éD/D . In the forthcoming discussion we shall further assume that S, is
close to the maximum, meaning that g, is relatively weak. In a general way, one has

1 (5,75, 4]
S, In(S,/S,)

oD/D = 5)

where 0Sis the uncertainty on the measurement of both signals S, and S,. Clearly, the

(r+1)
In(r)

function f(r)= with r=S,/S,has to be minimized. It is plotted in figure 2 from

which it is apparent that the signal corresponding to the second experiment must lie in the
range 20%-60% of the signal which would be obtained at zero gradient. This puts a lower

limit for the gradient strength with respect to the diffusion coefficient to be measured.

(6)



The above considerations have been verified by proton experiments which were
carried out on octanol at 23°C with a Bruker DRX 300 spectrometer equipped with a home-
made probe possessing B; gradient facilities. About 20 measurements were performed
according to the sequence of figure 1c for gradient values ranging from 3.9 up to 31 G/cm
(gradient strength has been calibrated by means of a series of conventional experiments on a
water sample, each of them corresponding to a different output of the power amplifier feeding
the B, gradient coil). Results of the determination of self-diffusion coefficients D according to
the method described in the previous section are displayed in figure 3. Each data point (except
the first one) of the decay curve (denoted S,) is actually compared to the experiment
performed with the smallest gradient strength (which provides S,) in order to deduce D
through equation (4). It can be seen that the relative error on D is small (and quite acceptable)
provided the ratio S, /S, is between 0.2 and 0.6 (as predicted by the theory) and that the plot
of deviations with respect to the expected value is qualitatively the same as the error curve
shown in figure 2. These results validate therefore the new procedure.

The next step was to check this procedure under extreme relaxation conditions. This was
achieved with a sample of water doped with CuSQO, in such a way that the two relaxation
times T, and T, drop toward ca. 2 ms (see figure 4). This means that the diffusion interval A
must be shortened and becomes of the same order of magnitude as the gradient pulse duration
o, since the latter must lie around one or several milliseconds due to the available values of
the gradient strength (and the necessity that each gradient pulse completely defocuses the
sample nuclear magnetization). In addition, relaxation takes place during gradient pulses
according to T, if By gradients are employed or to T,, in the case of B; gradients, with

1/T,, = @/2)1/T, +1/T,), so that formula (3) must be substituted by (T, possibly in place of

T, according to the nature of the gradients employed)



S, = (So/2)exp(=A/T,)exp(=26/T,) exp(=p, ,D)

.
with p,, = 7297,6°(A+2513) @

As can be seen from figure 4, measurements are still possible even using the strategy defined
above (two appropriate data points to determine D) provided that A is not too long with
respect to T, (in practice, one should not exceed 3T;) and that & is lower than 2T».

We have thus defined the limits beyond which self-diffusion coefficient
determinations become dubious. Moreover, we have shown in this paper that, rather than a
complete decay curve, a properly chosen experiment (yielding amplitude in the 20%-60%
range with respect to a reference spectrum) is quite sufficient for deducing an accurate value
of the self-diffusion coefficient. Finally, it can be specified that the present strategy applies to
free diffusion and is different from the one of de Sousa et al. [10] which aims at determining,
in a minimal measuring time, the apparent self-diffusion coefficient (varying as a function of

A) in case of restricted diffusion.
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Figure captions

Figure 1. Experiments for measuring self-diffusion coefficients. Simple PGSE sequence (1a).

Stimulated echo sequence (1b). B; gradients (1c).

Figure 2. Plot of the function associated with the uncertainty on the self-diffusion
measurement. r is the ratio of the amplitudes of the signal amplitudes produced by two

different experiments.

Figure 3. Plot of the relative error (in module) of the measured self-diffusion coefficient of
octanol ( D= 1.42 10® cm?/s, determined through classical ways) as a function of the ratio

S,/S,. S, can be considered as arising from a reference experiment while S, values are

obtained by means of experiments performed with increasing gradient strength.

Figure 4. Plot of the logarithm of the signal amplitude showing an acceptable decay as a
function of the square of the gradient strength (in G%/cm?) for a CuSO,4 doped water sample
with T;=2 ms and T,=1.7 ms. The sequence of figure 1c was used with 6 =2 ms and A=6 ms.
The displayed data points represent an average of four different experiments (with 128 scans

each).



(/2)y (),

LA
A
G(By) —g g
0 o)
) (), (w2 (n2),
‘ ‘ ‘ /\V/\VAVAV

5 5
(1/2)
© 6(8) o) |
R /\
N ] ™
T |1

Figure 1



£(r)

45 ~

40 A

35 A

30 -

25 A

20 -

15 A

10 A

0.1

0.2

0.3

0.4

0.5
1/r

Figure 2

0.6

0.7

0.8

0.9



™~
o

T
©
o

w ¥ © o
o o o o
|a uo 1ou18 annejal|

1.2

1.0

0.6 0.8

S2/S1

0.4

0.2

0.0

Figure 3

10



In(S)

3.05

3.00 -

2.95 4

2.90 -

2.85

2.80

2.75 4

2.70

2.65 -

2.60

400

500

600

700

Figure 4

800
gZ

900

1000

1100

1200

11



