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Abstract. We investigate the acoustic selective focusing properties of time
reversal in a two-dimensional acoustic waveguide. A far-field model of the problem
is proposed in the time-harmonic case. In order to tackle the question of selective
focusing, we derive an asymptotic model for small scatterers. We show that
in the framework of this limit problem, approximate eigenvectors of the time
reversal operator can be obtained when the number of propagating modes of the
waveguide is large enough. This result provides in particular a mathematical
justification of the selective focusing properties observed experimentally. Some
numerical experiments of selective focusing are presented.
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1. Introduction

Since the first time reversal mirrors (TRM) were conceived about fifteen years ago by
the team of Mathias Fink (LOA Laboratory, France), acoustic time reversal has known
a significant growth of interest. One of the main reasons of this success lies in the
very wide range of applications of TRM (medical imaging, non destructive testing,
underwater communication...). The physical principle underlying the phenomenon
of time reversal is to use the reversibility of the wave equation in a non dissipative
unknown medium to back-propagate signals towards the sources that emitted them.
Today, the physical literature (cf. [11] for a detailed list of references) on this topic
is quite rich. Most of the mathematical papers dealing with time reversal deal with
the case of random propagation media (cf. [6] for more details). Among the very few
mathematical papers dealing with time reversal in deterministic media, let us mention
[5], [7] and more especially [13] and [15] for the case of time-harmonic waves considered
in the present paper.

In reference [13], the first mathematical analysis of the so-called D.O.R.T. method
(Decomposition of the Time Reversal Operator in french, see [12]) has been proposed.
This experimental method is used to achieve selective focusing on scattering obstacles
using TRM. In the case of time-harmonic waves, the way such mirrors work can be
described as follows: the TRM first emits an acoustic wave in a homogeneous and
non dissipative medium containing some unknown obstacles, and then measures the
diffracted field. The measured field is then conjugated (reversing time amounts to a
conjugation when the time dependence is of the form e~**) and re-emitted. The time
reversal operator T is the operator obtained by iterating this procedure twice. The
experimental results obtained in [12] show that for small scatterers, the number of
nonzero (or significant) eigenvalues of T is exactly the number of obstacles contained
in the propagation medium. Furthermore, the corresponding eigenvectors generate
incident waves that focus selectively on the scatterers, provided these scatterers
are distant enough from each other. A rigorous mathematical justification of this
phenomenon has been given in [13] when the propagation medium is the free space
R3. The present work is devoted to the analysis of the case where the propagation
medium is a two-dimensional waveguide Qo = R x (0,d). In our model, the TRM
is supposed to emit a superposition of propagating modes of the waveguide, and
measures the propagating part of the field diffracted by the scatterers. Our main
result is that selective focusing holds true for small scatterers, provided the number N
of propagating modes of the waveguide is large enough. In other words, and according
to relation (2.2) below, the case investigated in this paper is the one corresponding to
€ << X\ << d, where ¢ denotes the typical size of the scatterers and A\ = 27 /k denotes
the wavelength.

The paper is organized as follows. We start in Section 2 with the description
of the mathematical model used throughout the paper for the emission and reception
steps of the time reversal process. In particular, we define precisely the type of incident
waves used, namely superpositions of guided modes of the waveguide. This naturally
leads us to the definition of the scattering matrix S of the problem and the time
reversal matrix T. Section 3 is devoted to the analysis of some useful mathematical
properties of these two matrices. We show in particular that the time reversal operator
is selfadjoint. The selective focusing properties of the D.O.R.T. method are established
in Section 4, which constitutes the core of this paper. More precisely, we first study in
subsection 4.1 the asymptotic behavior of the matrices S and T for small scatterers.
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The proof of this asymptotic behavior, which is of independent interest, is given in the
Appendix. Subsection 4.2 is devoted to the proof of a technical result concerning the
asymptotics of a sum of exponentials. This result is used in subsection 4.3 to perform
the spectral analysis of the limit model obtained in subsection 4.1 when the number
N of propagating modes of the waveguide is large enough. Under this assumption, we
derive approximate eigenvectors of T and we prove that the incident field corresponding
to each approximate eigenvector selectively focuses on each scatterer. Finally, some
numerical experiments of selective focusing are presented in Section 5.

2. The mathematical model

We consider a two-dimensional acoustic waveguide Qo = R x (0,d) characterized
by a wavenumber k£ > 0. The modes of the waveguide are defined as solutions of
the Helmholtz equation (A + k?)U = 0 in 4, with homogeneous Dirichlet boundary
condition. More precisely, let us introduce the eigenfunctions of the operator —d?/d¢?
with domain H?(0,d) N Ha(0,d) : for all m € N*, set

Om(€) = V/2/d sin(mn€/d), V&€ (0,d). (2.1)

The eigenfunction ¢,, is associated with the eigenvalue (mw/d)?, and the family
(¢m)men+ constitutes an orthonormal basis of L?(0,d). The usual scalar product
on L%(0,d) is denoted by (-,-) throughout the paper. We assume throughout the
paper that & is not a cutoff frequency, i.e. kd/m ¢ N*. The modes are then defined as
follows.

Definition 2.1. With the above notation, let N be the integer defined by
N =Card {m e N* | mn/d < k} = |kd/7]. (2.2)

Define the constants of propagation

k2 — (mm/d)? for 1 <m < N,
/Bm = 2 (23)
in/ (mm/d)” — k? for m > N.

The modes of the waveguide Qo = R X (0,d) are the functions defined for all m € N*
by
OE () = BE (21, 22) = exp (£iBmx1) Pm(x2). (2.4)

According to (2.3), the modes ® can be decomposed into

e a finite family (&), m<n Of propagating modes (or guided modes) propagating
towards the directions £; — 00, which corresponds to the case where 8,, € R.

e acountable family (®), . y of evanescent modes as 1 — F-0o which corresponds

to the case where £, € iR.

We are now in position to describe the mathematical model used for the emission
and the reception steps of the time reversal procedure. The time reversal mirror is
located on the boundary I'y = {z1 = 0,0 < 22 < d} (see Figure 1). We assume that
the waveguide {2, contains some scatterers located in the cell (¢, L) x (0,d), where
0 < ¢ < L. Let O be the open set occupied by the scatterers and I" be its boundary.
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X,= d

Figure 1. The waveguide, the scatterers and the time reversal mirror.

Denote by 2 = Q. \ O the exterior of the scatterers, ['g = {z1 = L,0 < x5 < d} and
I'ec = {xl =/4,0 < z9 <d}.

Throughout the paper, we assume that the time reversal mirror is located far
enough from the scatterers (i.e. that ¢ is large enough). Under this assumption, a
realistic model for the time reversal mirror is based on the emission and the reception
of the propagating modes of the waveguide. More precisely, we assume that during
the emission step the mirror generates an incident wave u! which is a superposition
of guided modes of the waveguide propagating towards the scatterers:

N
ul (z) = Z al @ (x), Vo = (21,22) € Qoo (2.5)
m=1
The vector X; = (af,--- ,ak)T € CV, where

ah = (u'[r ., én)

is the vector describing the “contribution” of each guided mode to the incident field.
We define the emission operator as the operator Kg : X; € CV — u! € H} . (),
where u! is given by (2.5). The diffracted field u” is the outgoing solution of the
following boundary value problem set in £2:

AuP + k2P =0 inQ,

u? = —u! onT, (2.6)

WP =0 on 0.

Here, the outgoing behavior of the diffracted field is imposed by assuming that there
exists complex coefficients (a2),,>1 and (b2),,>1 such that

For 27 < 0: u® (x) = Z al @ (),
meN*

For x1 > L : uP (z) = Z bP ot (x).
meN*

In other words, an outgoing wave denotes a wave that can be decomposed as
|z1| — +oo into a superposition of guided or evanescent modes. A rigorous justi-
fication of this definition can be obtained by proving a limiting absorption result,
which is beyond the scope of the present paper.

We assume that the scattering problem (2.6) admits a unique solution.



Time reversal in acoustic waveguides 5

Remark 2.2. [t is well known that the above problem is of Fredholm type. The
uniqueness of its solution, and thus its existence, is also known to hold except for
an at most countable family of singular values of the wavenumber k. In the case of
a single convex scatterer, it can be proved that the set of these singular frequencies
is empty (see for instance [17] where the case of a three dimensional waveguide is
considered). Nevertheless, some configurations of non uniqueness (trapped modes)
have been exhibited in the literature (cf. [10]), in particular in the case of Neumann
boundary conditions and symmetric scatterers (of arbitrary shape) about the centerline
of the waveguide.

We define the diffraction operator Kp : u! € H} . (Qw) — uP € H . (Q),
where u” is the unique solution of (2.6). Let us introduce the decomposition of the
trace uD‘FA in the orthonormal basis (¢, )men+ of L2(0,d):

uPr, (22) = Z aj dm(T2), (2.7)
meN*
where
a‘??L = (’U’D‘FA7¢1’TL) . (28)

We assume that the mirror measures the coefficients of the modal decomposition
of the trace u” jr, corresponding to the guided modes, i.e. the coefficients ab

for 1 < m < N in (2.7). The reception operator Kp is therefore defined by

Kr :uP € HL . (Q) — Xp = (aP,---,aR,)T € CN. We define the scattering
operator § € L ((CN, (CN) as the linear operator associating to X; = (af,--- ,af\,)T
the vector Xp = (aP,--- ,ak)T so that

XD - S (X[) - (ICR o K:D o KE) (X]) .

The time reversal experiment corresponds to two cycles, each cycle involving an
emission step, a reception step and conjugation step (since time reversal amounts
to a phase conjugation in the time-harmonic case). The time reversal operator
T € L (CN,C) is thus defined as follows:

T(X) = S(S(X)), VX eCV.
IfS = (Smn)icmmen a0d T = (Tin)i<,, <y denote respectively the matrices

representing the linear operators S and 7 in the canonical basis (e, )1<m<n of Cch,
then we have B
T =SS. (2.9)

Remark 2.3. Let u? be the diffracted field corresponding to the incident wave
up(2) = Kpen(x) = exp (iBn21) ¢n(22).

Then, the elements Sy, of the column n of S are exactly the N first coefficients of
the modal decomposition of the trace u2|p, in the orthonormal basis (¢m)men+ of

L2(0,d): S = (f 1,1+ 6m )-
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3. Properties of the scattering and time reversal matrices

We start this section by recalling some classical results on the Green’s function of the
Helmholtz operator in the two-dimensional waveguide Qo = R x (0,d). For more
details, we refer to [8].
Proposition 3.1. For all x = (x1,22) € Qu, let G(x,-) be the outgoing Green’s
function of A +k? in Qu:

AG(z,) + k*G(z,") = 6, in Quo,

G(z,) =0 on 00,

G(z,-) outgoing.

Then, G admits the modal decomposition

Glz,y) = Y L exp (iBl1 — 11]) Gm(22) dm(32), (3.1)

meN* 2iﬂm

where the functions ¢, and the coefficients B, are respectively defined by (2.1) and
(2.3).

Remark 3.2. Note that G can be decomposed into a propagating part and an
evanescent one : G = GP™P 4 GV where

N
Gor(a,y) = Y oz el o1 = ) G2 o (ae).
m=1 m
GV (z,y) = Z 28 exp (—[Bm| |21 — y1]) dm(22) dm(y2).
m=N+1 m

We also recall the following classical integral representation formula: given a
bounded domain U contained in 2., and u satisfying

Au+ku=0 inQy\U,
u=0 on 0Q,
u outgoing.

then, if v denotes the unit outgoing normal to Q. \ U, we have

we) = [ (Gt u) Gl o)) d Vee @\ (2

Using these preliminary results, we can prove the next Proposition which provides an
integral representation of the coefficients of the scattering matrix S.

Proposition 3.3. The coefficients (Sm")1<m7n<N of the scattering matrix S are given
by the formula -

oul
S = — / Gunly) S (y)dy,  V1<mun<N (3.3)
r ov

where ul = ul +uP is the total field corresponding to the incident wave
Uy (1) = Kpen(z) = exp (iBnw1) dn(@2) (3.4)
and where 1
Gm(y) = (G, Y04 Om) = = exp (iBmy1) dm(y2)- (3.5)

2iBm
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Proof. Fix some integer n in {1,--- , N} and some point z € Q. \ O. Since
Aul + k*ul = AG(z,-) + k*G(x,-) = 0 in O, Green’s formula shows that

I
0=A(8waﬁd@%4%mw%j@0d% Vo e Ou\D.

Ovy

On the other hand, by applying the integral representation (3.2) to the diffracted field

D corresponding to ul, we obtain that for all z € Q. \ O, there holds

Unp,

w2) = [ (5E i)~ B ) an

By adding the last two relations and using the boundary condition v’ = uf, +u2 =0
on I', we obtain that

uw) =~ [ 6o G- (36)

Since the coefficients S,,,, for 1 < m < N, are nothing but the coefficients of the
modal decomposition of the trace uZ|r, (see Remark 2.3), relation (3.6) shows that
they can be derived from the corresponding coeffcients (G, (¥)); <<y of G(-,y) and
relation (3.3) is thus proved. The expression (3.5) of the coefficents (G, (¥))1<,m<n
follows then from (3.1). |

In the following Lemma, we prove a symmetry property for the scattering matrix.

Lemma 3.4. Assume that CV is endowed with the inner product

N
<Xv Y>,3 = Z B Xm ﬁ7 (37)

m=1

where the positive constants B, for 1 < m < N, are defined by (2.3). Then, the
scattering matriz S satisfies

(X,SY)s = (SX,Y)s, VX, Y € CV. (3.8)
Proof. Let us start by introducing some additional notation. Set
X:(a{v"'anIV)T7 Y:(ALaA{V)T

Let u! = KgX (respectively v/ = KgY) denote the incident field generated by X
(respectively Y), and let u” = Kpu! (respectively v = Kpv!) be the corresponding
diffracted field. The associated total fields are then defined by

ul = ul +uP, v =l 40P, (3.9)

We also introduce the corresponding measurements Xp,Yp € CV defined by:
Xp=(aP, - ,aR)T =SX, Yp = (AP, AD)T = §Y.

T = T = 0 on the boundary I of the scatterers, we obviously have:

o, pouT
A(auvz‘ay)&

Since u
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a B

Inserting (3.9) into the above equation and setting R*? = / <88uv5 - u”‘?) for
T 1% v

a, € {I, D}, we obtain that

R+ RPP 4 RIP 4 RPT =, (3.10)
Since u! and v! satisfy the Helmholtz equation inside the scatterers, we have
R =0. (3.11)

Let us show that
RPP =o. (3.12)

We apply Green’s formula to u” and v”, which satisfy the Helmholtz equation in
the domain U = {z € ;0 < x1 < L} with boundary 0 = ToUT UT' 4 UTp, where
o = {z=(21,0);0 <21 < L} U{z = (21,d);0 < 21 < L}. Since u” and v vanish
on I'g, we obtain

du® ovP
pD _ b pOWP\ _ b . o
" a /FAUFB ( Ov v “ ov ) jA(u U ) jB(U , U ); (313)

where we have set

ou® P
Ty (u®,v") /F7 ( e v’ —u 8V>7 a,B€{l,D}, ve{A, B}.

If we introduce the modal decompositions of the traces u? T, in the orthonormal basis

(¢m)men= of L2(0,d) : uP|p, (22) = Z a2 ¢ (22), then one can easily check, since

meN*

uP is outgoing, that

uP (z) = Z aP exp (—ifmr1) Om(x2), vV <O0.

meN*
Therefore, we have
du” . D D
v . = Z 1By, dm = L(u"r,)
A meN*

where £ : H'/2(0,d) — H~'/2(0,d) denotes the Dirichlet-to-Neumann operator:

L ( > am¢>m> = > iBmntmbm. (3.14)

meN* meN*

In a similar way, if

VP, = Y AD b, (3.15)
meN*
then DD
v .
o = Z B AL . (3.16)
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Consequently, we have J4(u?,vP) = Z (zﬁmaDAD - zﬁmaDAD) = 0. One can
meN*
show similarly that Jg(u”,v?) = 0 and we finally get (3.12) by using (3.13).
Let us now deal with the terms R'P and RP!. Since u! and v” satisfy the
Helmholtz equation in ¢ and vanish on I'y, we have:

RIP = — Ta(ul,vP) — Tp(ul,vP). (3.17)

Let us consider first the term Ja(uf,v?). The definition (2.5) of u! shows that

ou! al
., Zﬁm
ov |p, z:l
D
Using for v”p, and % the modal decompositions (3.15) and (3.16), we get that
v,
N
Ta(ul,vP) = =" 2ipnal, AL, (3.18)
m=1

Similar computations show that the term corresponding to I'p is
Je(ul,vP) = 0. (3.19)

Relations (3.17), (3.18) and (3.19) imply that

N
= 2ifmal, AL, (3.20)
m=1
By symmetry, we have
N
> 2B Alal. (3.21)
m=1

By adding relations (3.11), (3.12), (3.20) and (3.21), relation (3.10) yields
N

Z ﬁma AD Z B Al ™ m, or equivalently

<X’Y7D>5 = <XD7Y>5'

Since Xp = SX and Yp = SY, the above relation shows that (X,SY)s = (SX,Y)s
for all X,Y € CV and the proof is thus complete. |

Let (€m)1<m<n be the following orthonormal basis of CN for the scalar product
(-,-) defined by (3.7):

~ 1

R/

Lemma 3.4 implies then the following result.

V1< m<N. (3.22)
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Proposition 3.5. Let S = (§mn) denote the matrix representing the scattering
operator S in the orthonormal basis (€m)1<m<n of CV defined by (3.22). Then,

S is a symmetric matriz, and thus

~

S =S§. (3.23)

Consequently , if T denotes the matriz representing T in the orthonormal basis
(€m)1<m<n, then we have

~

T=S§=§§.
Proof. By applying relation (3.8) with X = e, and Y = e, we obtain that

Since §mn = v/Bm/Bn Smn, the above relation implies (3.23). [ |

Proposition 3.5 shows that T is hermitian and positive. In particular, the
eigenvalues of T are thus real and nonnegative.

4. Selective focusing

This Section is devoted to the asymptotic analysis of the eigenelements of T as the
size of the scatterers tends to 0. These asymptotic results provide the key ingredient
for studying the selective focusing properties of the D.O.R.T. method. From now
on, we assume that the scatterers contained in the waveguide constitute a family
{O;; 1 < p < M} depending on a small parameter £, where each obstacle O, is
obtained from a reference open obstacle O, (which is assumed to contain the origin)
by a dilation of ratio € centered at the point s, = (311), S%) € R%

O;:{xGRQ; E=(z—sp) /e €O,}.

We denote by I, (respectively I',) the boundary of Oy (respectively O,), and we set
I =Uipen T and O° = U<y Oy

In Subsection 4.1, we first obtain the asymptotics of the scattering matrix S° and
thus of the time reversal T¢ as the size of the scatterers ¢ — 0. Next, we prove in
Subsection 4.2 a technical result (Proposition 4.3) that is used in Subsection 4.3 to
obtain an approximation of the eigenvalues and eigenvectors of the limit time reversal
matrix as the number N of guided modes of the waveguide tends to +oo.

4.1. Asymptotic analysis

The behavior of the scattering matrix S° for small scatterers is provided by the
following result.

Proposition 4.1. There exist M positive constants k1, ...,ky depending only on
the geometry of the reference obstacles O1,...,On such that the scattering matrixz S*
satisfies

S=5"+0 (mle) = @4: So’p> +0 (lnle> : (4.1)
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where each matriz S°P = (S%P) is defined by

1<m,n<N
S =k, U, Vy V1<p<M,
where the vectors U, = (UR,),V, = (V) € CN are defined by:

Ut = o) = g 0 (iBs}) 6 (53).

m 1<m<N.
Vi =t (sp) = O (5p) = exp (iBins,) dm(s3),

Proof. According to Proposition 3.3, the coeffcient S, of S° reads for all
1<m,n<N:

oul ouP M
e _ _ m n &,n duy = s,p,
Sian FEG (y) ( 5, W+ (y)> Y p§=15mn
where we have set

oul ouP
&P — _ n &,n
S /F : Gm(y) (au (y) + Y (y)> dy.

Since the integral involving the incident field in the above expression is of order ¢, the
change of variable y = £ + s, shows that

a@a,n
£p _ _ p
Sep 5 G + ) —5F

(§)d§ + O(e), (4.2)

where we have set 5" (¢) = ul, (z) for all ¢ = (x—s,)/e € Op. The next step consists
in obtaining the asymptotic of ¢,". This is achieved in Proposition 6.1 proved in the
Appendix. According to this result, we have

1
||<,0;’n + Ué(sp)@pHHl(Dp) =0 (lne> s (4.3)

where D, is a neighborhood of I', and ©,, denotes the static potential associated to
the obstacle p, i.e.

AO, =0 inR*\O,,

O,=1 only,,

©,(z) = 0(1), for |z| — +oo.

Using the asymptotic expansion (4.3) in (4.2) yields
00 1 1
€,p _ I P — qO0,p
Smn Gm(sp)un(sp) /Fp v (5) d§ + @ (1116) Smn + o (lne> ‘

1

Thus ¢ =S° + O (1) where the coefficient S%,,, of the limit scattering matrix S°
ne

is given by

M
0 _ § 0,p 0,p _ I _ D /P
Smn - Smn’ Smn - H;D Gm(sp) un(’sp) - Hp Um Vn?
p=1
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00
and where x, = P — / |V(9p|2 denotes the capacity of the scatterer p. B
r R2\O,

v
Thanks to the definition (2.9) of the time reversal matrix, the above result implies
immediately the following one.

Corollary 4.2. With the notation of Proposition 4.1, the time reversal matrixz T¢
admits the following asymptotics for small scatterers:

T® ’H‘0+O<1>,
Ine

M M
T = ZZ kpkq (ViU,) U, VE, (4.4)

p=1g¢=1

in which

where the star denotes the conjugate transpose.

4.2. A preliminary result

This Subsection is devoted to the proof of a technical result constituting one of the
main ingredients used in Subsection 4.3 to establish the selective focusing properties
of the D.O.R.T method. We first introduce some additional notation. Let (7n)nen
be a sequence of real numbers such that there exists 0 < 0* < 1 satisfying

N+6& <ty <N+1, VYN>L (4.5)
Note that condition (4.5) implies in particular that 7 ¢ N* and that
N = |7n].
Finally, set
BN = T —m?2, Vvm=1,...,N (4.6)

and define for all (X7, X3) € R x [—m,71]:

N
N (X1, Xo) = Z BLN exp [i (BN X1+mX,)]. (4.7)
m=1""T

The next Proposition provides the behavior of py as N — co.

Proposition 4.3. With the notation above, let 6 € (0,1], n > 0 and let I be a bounded
interval of R. Then, under the assumption (4.5), pn (X1, X2) satisfies the following
properties:

i) There exists o > 0 such that

NE}IEOO pn(0,0) = a. (4.8)

i1) As N — 400, the estimate

pn(0,X2) = O (N‘G/Q) : (4.9)
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holds uniformly for Xs € [—m, w] satisfying
|Xy| >n NO-D/2, (4.10)

i1i)) As N — 400, the following estimate

(X1, Xz) = O (NTV4) 4 0 (N2, (4.11)
holds uniformly for X = (X1, Xs) € I x [—m, 7] satisfying
X1 >n N (4.12)
Proof. i) We have
- N > 2 2\ —1/2
pN(O,O):ZUBm:Z(TN—m) .
m=1 m=1
N1 o
Since Nl—i)IEw 2:1 (N2 _ m2) = 7/2 and since N = |7y, the sum px(0,0) admits
m=

a limit a > 0.
In order to prove assertions i) and #ii), we first rearrange the terms of the sum
pn (X1, Xo) by setting n = N —m. We obtain that

N-1

B exp (ifn(n))
on (X1, X)) = nz:% ) (4.13)

where we have set
fn(n) = Xign(n) + Xo(N —n).

and
gn(n) = BN_, = [7% — (N =n)?]? = [13 = N>+ n(2N — n)]"/*.

1) We have

e exp(inXs)
0, X5)| = A AN 4.14
(0,301 = |3 P (4.14)
If we set, for X5 # 0,
n—1 .
) sin(nX,/2) ) .
F, = kX,) = SnA2/Z) “1)X./2],  VneN, (415
> explika) = Tl ewlitn - %o/, v (4.15)
N~ For = Fo)
and Fy = 0, then (4.14) implies that |pn (0, X2)| = Z n+1 , and thus
P N-1
Xo)| = |—N F,D , 4.1
o (0, Xs)] ’gN(N_ )+ 2 Fa Do) (4.16)

where we have set Dy (n) = [gn(n —1))] 7" — [gn(n)]". Relation (4.15) shows that
for all X, satisfying (4.10), we have

IF,| =0 (N<1—9>/2) . (4.17)
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Consequently, since N = |7y |, we have

Fy N(lfa)/Q >
— N <0 =0(N?). 4.1
‘QN(N_l)'_C T2 —1 O( ) (4.18)

On the other hand

gn(n) — gk (n—1)

Dwlm) = i Dgn () an(n = 1) + g ()]

2(N—-n)+1
gn(n=1)gn(n) [gn(n = 1) + gn (n)]

Using the fact that x — gn(x) is nondecreasing for € (0, N), the above relation

yields
2(N—n)+1

lgn(n = 1))

By noting that gy (n—1) = [(78 = N?) + (n — 1)(2N —n + 1) 1/2, we obtain by using
assumption (4.5) that foralln=1,--- /N —1:

[Dn(n)| <

(4.19)

[gn(n—1)]* > 26*N + (n — 1)(2N —n) > (26* + (n — 1)) N.

This last inequality and (4.19) yield then

2N —n) +1 4
[Dn(n)| < 37 < 52 : (4.20)
(26% + (n — 1)< N3/2 — (26* + (n — 1))/ " N1/2
Now, (4.17) and (4.20) show that
N-1
Y F.Dy(n)| =0 (N‘9/2> .
n=0
Finally, the above inequality, (4.16) and (4.18) imply the desired relation (4.9).
i7i) For all N € N* and all integer n satisfying 1 <n < N, let us set
n—1
F(n,N) = Z exp [ifn (k)] ,
k=0
and F(0,N) = 0. Then, equation (4.13) also reads
L F(n+1,N)— F(n,N)
PN X 7X = : : )
(X1, X2) n;) pawes
or equivalently,
N-1
F(N,N)
X1, Xo)= ———"F— F(n,N)D . 4.21
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According to Lemma 4.4 proved below, we have for all 1 <n < N:
|F(n,N)| < C N4 (n1/4 + n3/4N—9/2) . (4.22)

The above inequality and (4.20) show that

N-1 N
> F(n,N)Dy(n)| <CN~'/4 (1 + NN n_3/4>
n=0 n=1

—o (N +o (N2, (4.23)
On the other hand, once again by using Lemma 4.4, we have that

|[F(N,N)| < C (N1/2 + N1—9/2) -0 <N1—9/2> 7

and thus o)z
N | N ()
gn(N —1) % — 1
Relation (4.11) follows then from (4.21), (4.23) and the above relation. |

Lemma 4.4. With the notation introduced at the beginning of this subsection, set for
allne{l,...,N}

gn(n) = BN_, = [7& — (N —m)?]"?,
fn(n) = Xlg_]\lf(n) + Xo(N —n),
F(n,N) = Z explifn (k)]

k=0

Then, given 6 € (0,1], n > 0 and a bounded interval I of R, there exists C > 0 such
that for all Xy € I satisfying

X1 >0 N7, (4.24)
we have
|F(n,N)| < C N/ (n1/4 + n3/4N—9/2) . (4.25)
Proof. Set
R, =max{r e N*|14+2" <n—1}, (4.26)

and write F(n, N) as
R
F(n,N)=> o,
r=0

where we have set

or+1
or= Y explify(k)] for1<r<R,—1, (4.27)
k=1+2"
2 n—1
while g = Zexp [ifn(k)] and og, = Z exp [ifn (k)]
k=0 k=1+2Fn

According to Van der Corput Lemma (see Theorem 5 of [18, p.94]), if |fx (k)| is of
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order A, for 2" < k < 2"+t! — 1, then each sum o, of the form (4.27) can be estimated
by
1

< (1+27)V/A, .
o < (1+27) +\/Af

But a straightforward computation shows that

(4.28)

W(k) = —X1 7 [gn (k)] 72

In the rest of the proof, C' denotes a positive constant independent of N. Since N =
|7n] and gy (k) = [r3 — N2 4 n(2N — k)], we have | £% (k)| < C'|X1| N* (kN)~%/?
and thus

|f7 (k)| < C|X | NY2273r/2 .= A, for 2" +1 < k < 2+%
Inserting the above estimate into inequality (4.28), we obtain thanks to (4.24) that
lo,| < CNV/4 (27"/4 + N‘9/223T/4) . Y0<r<R,.
Summing the above inequalities for 0 < r < R,, yields
[F(n, N)| < CNV4 (2f/d 4 N=0/29300/4)

The claimed estimate (4.25) follows immediately from the above inequality if we notice
that from the definition (4.26) of R,,, we have 2% < n. |

4.8. Spectral analysis of the limit model for large values of N

Let us start by recalling that according to Corollary 4.2, the time reversal matrix T¢

admits the asymptotics
1
T =T+ 0 () ,
Ine

M M
TO=>"> kprg (V3U,) T, V. (4.29)

p=1q=1

where

Clearly, the range of TY satisfies Ran(T%) C< Uy,..., U > and thus, the number
of non zero eigenvalues of T° is at most equal to the number of scatterers
M. In this Subsection, our aim is twofold : first, to determine an approximation of the
eigenvectors of T? as the number of propagating modes N = | kd/ | tends to +oc (note
that this situation corresponds to the case where the wavelength A is small compared
to the height of the waveguide : A << d). Secondly, to verify that these (approximate)
eigenvectors generate incident waves that focus selectively on each scatterer. These
two results are respectively provided by Proposition 4.5 and Proposition 4.7.

A technical assumption needed to establish these results is to suppose that the
frequencies k considered in our asymptotic analysis as N — +oo (or equivalently
kd — +00) remain away from the cutoff frequencies of the waveguide. More precisely,
we assume that the following condition is satisfied:

36* > 0 such that : kd _ N > §*. (4.30)
T
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In order to determine approximate eigenvectors of T?, let us note that the scalar
products V7 U, are given by the formulas

N

ViU, = Z

m=1

TR (1B (s} — 51)] G (52) b (52). (4.31)

Then, the following result holds true.

Proposition 4.5. Letp € {1,..., M} and let o be defined by Proposition 4.3. Then,
under assumption (4.30), we have

Nl_i)r_r‘_loo V.U, = a/(2ir). (4.32)
Moreover, for all ¢ € {1,...,M}, with ¢ # p, the following estimate holds as
N — +oo:
o (N4 if s), # 55,

VaUr= O (N2} if sl = sk (4.33)
Proof. Let g € {1,...,M}. Formula (4.31) shows that
1en 1
V.U, = i mzl T exp [iBm (s, — s;)] sin (mms,/d) sin (ms./d) .
Setting in the above expression X; = 7r(s}17 - s;)/d, Xy = w(si + si)/d and

BN = dB,, /7 = (kd/7r)2 — m?2, a straightforward computation shows that

N
1 1

ViU, =—— E ﬂ—N exp (zﬂ,],\le) [exp (z'mX;') + exp (—imX;)
—1 ”m

—exp (imX5 ) — exp (imX5)].

Therefore, using the notation introduced in Subsection 4.2 and setting 7y = kd/7, we
have

1 _ _
V; UP = 7@ [pN(leX;_) erN(Xl’*X;_) *pN(Xl’X2 ) 7pN(X1,*X2 )] :

In the particular case where ¢ = p, the above relation reads

N 1
Vi Up == [pn(0, X3) + o (0, =XS) = 205(0,0)] .
with XJ7 = 2ms2/d € (0,27). Assertion i) of Proposition 4.3 (applied with 6 = 1)
implies that
. + _ . _ + —
yim pn(0,X57) = lim pn(0,-X57) =0.

Therefore, by applying assertion i) in Proposition 4.3, we obtain relation (4.32). In
the case ¢ # p, we have 0 < X2+ < 2m and —7 < X5 < m. The claimed estimate
(4.33) follows then from assertion 4ii) of Proposition 4.3 (once again for the particular
case § = 1) by using the fact that X5 — pn (X7, X2) is 27-periodic. |
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Remark 4.6. The result of Proposition 4.5 can be justified qualitatively as follows.
First, note that for szlj — 5(11 >0, we have V, Uy, = GP"P (s, 5), where GP™P denotes
the propagating part of the Green’s function G of the waveguide(see Remark 3.2).
Similarly, for s, —s}, <0, we have V; U, = —GP™P (s, 5,). Since GP™P(x,y) behaves
like G(x,y) as the number of propagating modes N tends to +oo, and since G(x,y) is
singular for x =y, it follows that GP™P(x,y) is small compared to GP™P(x,x) for N

large enough, or equivalently, that V; Uy, is small compared to V; Uy, for q # p.
Now, let us note that according to (4.29), we have for all p € {1,...,M}:

M M
T°U, =Y Y kerg (ViUy) (VEU,) Uy =2 [VEU,['U, + R, (4.34)

9=1q¢'=1
where we have set

R, = Z kakg (ViUy) (VET,) T,
q,9'€{1,....M}, (q,9')#(p,p)

. . . . " 2 a2
But Proposition 4.5 implies that Nl—lgloc pr Up| = (E) and that |R,|| = o (||Up|])

(where the norms are taken in C¥). Therefore, relation (4.34) shows that U,

constitutes an approximate eigenvector of the time reversal matrix associated with

. . Qkp\ 2

the approximate eigenvalue \, = Tp
7r

We are now in position to tackle the second goal of this subsection, namely the

selective focusing properties of these approximate eigenvectors. If we note that the
components of the eigenvector U,, are

Uiﬁm = Ugn(sp) == exp(—iﬁmszl))qﬁm(si), vV1<m<N,

2ifm

we see that according to formula (2.5), the incident field generated by each
approximate eigenvector is

u;zlz(‘r) = Z _27;;7” €xXp [i/Bm(xl - S;)] ¢m(8127)¢m(x2) (435)

m=1

The next Proposition provides a justification of the selective focusing properties of
the D.O.R.T. method for large values of N (the subscript p refering to the scatterer
under consideration has been dropped in this Proposition for the sake of clarity).
Proposition 4.7. Given s = (s1,s2) € (0,L) x (0,d), let u’(z) be defined for all
x = (z1,22) € (0,L) x (0,d) by

N

u(z) =)

m=1

55, exp [i8m(x1 — 51)] O (82)Dm (x2). (4.36)

Then, given 6 € (0,1] and n > 0, and under assumption (4.30), u’(z) satisfies the
following properties :
i) Let o be given by Proposition 4.3. Then

NEIEM |u'(s)| = a/(2n). (4.37)
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ii) As N — 400, the estimate
ul(s1,25) = O (N*W) , (4.38)
holds uniformly for x4 € (0,d) satisfying
|(zo — s2)/d| > n NO-1)/2 (4.39)
i11) As N — 400, the estimate
ul(r) = O (N_1/4) +0 (N_9/2> ) (4.40)
holds uniformly for x = (z1,x2) € (0, L) x (0,d) satisfying
(1 — s1)/d] > n N°". (4.41)

Proof. Let us set as in the proof of Proposition 4.5: X; = w(z1 — $1)/d,

X+ = w(zy + s5)/d and BY = dB,,/m = \/(kd/7)> —m2. Relation (4.36) can be
written

N
1 1 . . .
ul () = I mE:1 Y exp (i8N X1) [exp (imX3) + exp (—imXJ)
—exp (imX5 ) — exp (—imX; )] .

Therefore, with the notation of Subsection 4.2 and setting 7y = kd/m, we have

ul(z) = —i [pn (X1, X3) + o (X1, = X)) —pn (X1, X5) — pn (X1, = X5 )] -
(4.42)
Assertions i), 4i) and i4i) follow then from Proposition 4.3. More precisely, for assertion
i), we have x = s and thus X; = 0, X, =0 and X, = 27s/d. Therefore

1
|u1(x)’ = E ’pN(O7X2+) + pN(07 _X;r) - 2pN(O>O)}

and the result follows from assertions ¢) and i) of Proposition 4.3. In the case of
assertion i), we have X; = 0,and Xj = 7(z2 + s2)/d and thus, assertion ii) of
Proposition 4.3 implies that

pn(0,£X]) =0 (N712), pn(0,4£X5) = 0 (N2,

The above relations, together with (4.42), yield (4.38). Finally, (4.40) follows directly
from the corresponding assertion #ii) of Proposition 4.3. |

Let us make a few comments concerning the consequences of Proposition 4.7 with
regards to the selective focusing properties of the D.O.R.T. method. Assertions ) and
i1) in Proposition 4.7 show that the expected focusing properties hold for large values
of N on the vertical line containing the source. Assertion iii) deals with the case in
which z; — s; # 0. It shows that the acoustic field generated by the approximate
eigenvector U7p at a point = converges to 0 as N — 4oo if the horizontal distance
between z and the scatterer p is (at least) of order d/N'=°.
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5. Numerical results

In this Section, we present some numerical experiments to illustrate the selective
focusing properties investigated in Section 4. Our computations are realized using a
finite element PDE Toolbox developed for SCILAB (see [16]). In order to compute
the scattering matrix S, we have to solve N diffraction problems of the type (2.6),
each one of them corresponding to the incident field ®}(z) = exp (iBn,21) dn(z2),
1 < n < N. Since problem (2.6) is set in the unbounded domain Q = Q. \ O, we
use for its numerical resolution an alternative —and equivalent— formulation of (2.6)
set in the bounded domain Qg = {(x1,z2) € (¢,L) x (0,d), = ¢ O}. To achieve this,
we use on the vertical boundaries I'p and T'¢ (cf. Figure 1) transparent boundary
conditions based on the Dirichlet-to-Neumann operators. A P'-piecewise finite element
approximation of the problem satisfied by the total field leads then to solve the linear
system

Ap Xy = (Kp, — kM), — Ly) X, = By, (5.1)

where K and M, denote respectively the stiffness and the mass matrices and where
L, approximates the Dirichlet-to-Neumann transparent boundary conditions:

N
Ll — Z B (W1, ) (W, é)  if My, My €T or My, M; € I, (5.2)
m=1
0 otherwise.

where w; denotes the hat function associated with the node M; and (wyr,¢pn) =
d

/ wr(x2) O (x2)dxs.

0

Remark 5.1. Note that in formula (5.2), the infinite sum appearing in the continuous
problem has been cut off to take into account only the propagating modes.

To compute the N x N scattering matrix Sy, we note that its column n
(n =1,...,N) can be obtained by solving the linear system (5.1) for the particular
right hand side Bf = —2if, exp (iBnf) (wr, én) if M; € T and B = 0 otherwise.
Finally, according to Remark 2.3, S® = can be computed by the relation

ngn = ((U’Z - u{b)lFA7¢m) = €exp (Zﬁme) ((uf - u}IL)\F07¢7n) .

The approximate discrete time reversal matrix Tj is then deduced from S; by
computing Ty, = Sh Sh.

The case of one scatterer and three scatterers are successively considered. In the
first situation, we mainly focus on the influence of the size of the scatterer on the
eigenvalues of the scattering matrix. In the case of three scatterers, we investigate the
focusing properties of the incident fields corresponding to the eigenvectors associated
with the four largest eigenvalues. In particular, the effect of the number N of
propagating modes of the waveguide is studied. The waveguide considered for our
numerical experiments is of height d = 10.2. The vertical boundaries I'g and I'c on
which the transparent conditions are written are located respectively at x1 = L = 13
and z; = ¢ =9 (recall that the mirror is located at z; = 0; cf. Figure 1).

In the first experiment, we consider a spherical scatterer of radius r centered at
the point s = (¢ 4+ 1.03(L — £)/3;0.99d/5). We assume that the wavelength is A = 1
(i.e. k = 2m). The mesh used contains about 240000 triangles and the mesh size is
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h = 0.025. Under these assumptions, Table 1 shows the dependence of the ratio of
the two largest eigenvalues of the scattering matrix with respect to the radius r of the
scatterer. As expected, there is only one significant eigenvalue when the scatterer is
small enough.

Table 1. Ratio between the two largest eigenvalues of the scattering matrix as
function of the size of the scatterer (d is the height of the waveguide).

r d/50 d/100  d/150  d/200
AM/X2 21 112 349  80.6

In the second experiment, we assume that the waveguide contains three spherical
scatterers of radii r; = d/200, ro = d/400 and r3 = d/800 centered respectively at
s1=(+4(L—10)/5;9d/10), s = ({+4(L —¢)/5;d/10) and s5 = ({+ (L —£)/2;d/2).
Figure 2 represents the incident fields corresponding to the eigenvectors associated
with the four largest eigenvalues of the scattering matrix in the case of a wavelength
A =2 (i.e. k= m). The number of propagating modes N in this case is equal to 10.
Selective focusing is observed as predicted by the theory: the eigenvector associated
with the largest eigenvalue focuses on the biggest scatterer and so on. If the wavelength
is reduced to A = 0.5, i.e. if N is increased to 40, we can see in Figure 3 that the
quality of the focusing is clearly improved.

Figure 2. Incident fields corresponding to eigenvectors associated with the four
largest eigenvalues of the scattering matrix for N = 10 propagating modes.

6. Appendix. Scattering by small obstacles in a two-dimensional acoustic
waveguide

This appendix is devoted to the proof of Proposition 6.1 stated below, which
constitutes the main ingredient of the proof of Proposition 4.1. Indeed, it provides
the asymptotics for the scattering problem by small obstacles in a two-dimensional
waveguide. Let us emphasize that scattering by small inhomogeneities has been
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HI

Figure 3. Incident fields corresponding to eigenvectors associated with the four
largest eigenvalues of the scattering matrix for N = 40 propagating modes.

1.425

0.95

thoroughly investigated in the last few years (see [4] for a detailed presentation
and more references), in particular to develop efficient algorithms for recovering the
localization and the shape of the inhomogeneities (cf. [2], [3]).

A similar result to Proposition 6.1 is proved in the Appendix of [13] in the case of
scattering by small obstacles in R3. Nevertheless, since the geometry considered here is
two-dimensional, one can not adapt the proof given there. Indeed, the singularities of
the Green’s functions are different in the two cases, leading to different non vanishing
terms in the limiting process. An additional and crucial difference comes from a
technical difficulty that appears in the 2D case. Indeed, contrarily to the 3D case, the

free space Green’s function of A + k2 in 2D, namely iH&(Mx —1y|), does not converge

1
as k — 0 to the free space Green’s function of the Laplace operator o In | K
T |lr—y

due to the presence of a term involving In k. This property makes the low frequency
analysis of scattering problems in 2D more intricate than in 3D. In order to overcome
this difficulty, which also occurs in the context of scattering by small scatterers, we
use an approach that was first used in [19] and then extended in [14] for the analysis
of low frequency asymptotics. In this approach, we seek the solution of the scattering
problem in the form of an ansatz (see (6.2)) which is a suitable linear combination of
single and double layer potentials. The key point in choosing this linear combination
is to obtain a cancellation of the undesired terms (namely those involving Ine) in the
limiting process e — 0. Let us also emphasize that this limiting process is performed
on an Fredholm type integral equation of the second kind.

In the problem investigated here, there are two main difficulties. As mentioned
above, the first one is related to the fact that we are dealing with a 2D problem. The
second one is that we consider several scatterers and thus, we have to see if their
interactions need to be taken into account in the limit model. For the sake of clarity,
we separated these two difficulties in the rest of the Appendix by considering first the
case of a single scatterer before studying the case of multiple scatterers.
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The notation used are those of the beginning of Section 4.

Proposition 6.1. Consider a family of obstacles {O5; 1 < p < M}, where each
scatterer Oy is obtained from a reference open set O (which is assumed to contain
the origin) by applying a dilation of ratio € centered at a given point s, € R2:

O ={2eR* E=(x—s,) /e €O,}.
Let T, (respectively ') denote the boundary of Of (respectively Op), and set

r= \yr, o=1Jo r1v=UYrn o= o

1<p<M 1<p<M 1<p<M 1<p<M
Denote by uP be the solution of the following exterior Dirichlet problem

AuP + E2uP =0 in Q. \ OF,

u? = —ul on T,
D

u; =0 on Xy
D

ugz outgoing.

(6.1)

Around each reference obstacle O, delimit a bounded part D, of its exterior by a
fictitious boundary ¥, which does not intersect I',. We denote by Dy and X the
images of D, and X, by the dilation © = c€ + s, and we set

D= |J Dp; = J = b= U b 5= U =
1<p<M 1<p<M 1<p<M 1<p<M

For all v = s, + € € D;,, with § € D,,, we set

(€)= ug ().
Finally, let
%02 = _UI(sp) Op
where ©, is the static potential solution to
AB, =0 inR*\ O,
O,=1 onl),
©,=0(1) for|z| — oc.

Then, the following estimate holds true

1
0
I~ oy =0 (mz). vispsi

6.1. Single scatterer

We first prove Proposition 6.1 in the case of a single scatterer. Therefore, we drop in
this Subsection the subscript p referring to the number of the scatterer. The idea of
the proof is to rewrite the scattering problem (6.1) as an integral equation on I". We
seek the solution of u” of (6.1) in the form

@) = [ |G+ (1- 2 )Gl vy

Ine
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for some unknown density W°® € L?(T°).

Clearly, the above potential is an outgoing solution of the Helmholtz equation in
Qs \ O¢ that vanishes on 9Q.,. By the jump relations for single and double layer
potentials (see [9]), the boundary condition in (6.1) is satisfied if and only if

gllle(x) + / [egli(x,y) + (1 — liﬂe)G(x,y)] U (y) dry

(/F G(x,y) dvy) </F Te(y) dvy) = —ul (), zeT® (6.3)

In order to work in a functional framework independent of &, we set for all z,y € D°:

1
el

§=(v—s)/e
{ n=(y—s)/e (64)

and we define

P°(€) = ul(2) £eD, zeDe

G°(&,n) = G(z,y), &neD, wmyeDe, (65)

Pe(§) = el= (), ¢eT, rere. '

(&) = —2ur(z), &el, zeTle.
Noting that for all (§,77) € D x D and (z,y) € D® x D° related by (6.4) we have

vT]Ge(§7 77) = evyG(x7 y)?

a straightforward calculation shows that the ansatz (6.2) can be written in the new
variables (£,7n) as

o = L) (6.6)
where we have set for e > 0

eoo©) = [ |Gotem + (1- o= )erten| v

ne

- T ( [ cen dvn) ( v dwn) . teD. (67)

Moreover, the integral equation (6.3) written in the new variables (£, 7) reads

(14 L9yv = 1" 65)
where
o© =2 [ [Gten + (1- o= )eren| v

- ‘% (/F G°(&,m) dvn) (/F ¥(n) d%,) ., feTl.  (6.9)

It is well known that £°¢ € £ (L*(T'), H*(D)) and that L¢ € L(L*(I)) for all e > 0.
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Let now go(z,y) = —(27) " '1In |z — y| denote the Green function of the Laplace
operator in R%.  We introduce then the operators £° € £ (L*(I'),H'(D)) and
LY € L(L*(T)) by setting for all ¢ € L?(T):

£ou(e) = [

20 o)+ o) + 1] vl
r n

|;<Aﬁd§md%><ﬁw@m%), ¢eD.

dg
2201 =2 [ |32 + ol n) + 1] v v,
r LOVp
2
~ T </ g0(&:m) d%) </ ¥(n) d%) , CeT.
ITI \Jr r
Then, we have the following result.
Lemma 6.2. With the notation above, we have for e small enough:
IL¢ = L £(z2qry) = O L (6.10)
Ine )’
ey—1 0y—1 1
I+ 297 = (4 29 ey = 0 (52 ) (6.11)
and .
1£° = L0l £(z2(r).m1(0y) = O (lne> : (6.12)

Proof. The Green function of the waveguide admits the decomposition G = g+ R,
where g(z,y) = (1/4)H(§1)(k\x —y|) denotes the Green’s function of A + k% in R? and
where the function R has continuous derivatives of arbitrary order on Q. X Q.

Therefore, using the asymptotics of the Hankel function Hél) and its gradient for
small arguments (see [1]), one obtains that

1
GC(fﬂ?):go(f,n)—*lne‘f'“‘f‘o(e)’ 6.13
. 2m (6.13)
VG (&;m) = Vingo(§;n) + Oe),
where k = H(s,s) + i — %(/{/2)’ where ¢ = 0.5772... denotes Euler’s constant.
m

Formulas (6.13) hold uniformly in any compact subset of D x D which does not
contain points of the diagonal. Relation (6.10) follows then from the substitution
of the asympotics (6.13) into the expression (6.9) of L°. The estimate (6.11) can be
derived from (6.10) by using a Neumann series argument. Finally, one can easily check
that the asymptotics (6.13) imply the existence of a constant C' > 0 such that for all
¥ € L*(T)

C
{ €26 = L%y < o ¥l ear)
IV (L% = L%%) ||z2(p) < Ce[$llr2(ry
and therefore (6.12) holds true. |
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We are now in position to prove Proposition 6.1 in the case of one scatterer. Let
1% be the solution of the integral equation

(I+L°%y° = fO. (6.14)
where f0 € L?(T) is the constant fonction taking the value —2u!(s). Noting that
we 711)0 _ (I+Le)71fe _ (I+LO)71fO,

and using the estimate (6.11) together with the fact that the function f¢ defined by
(6.5) satisfies || f* — f°||z2r) = O(e), we obtain that for e small enough, there holds

[0° = ¢\l L2ry = O <1> . (6.15)

Ine

Let ¢° be the potential given by (6.2) and set ¢° = —u!(s) ©, where © is the static
potential defined by

A =0 inR?\O,

©=1 onT,

©=0(1) for |z| = cc.

As it is checked in [14], we have
o0 = £040

and consequently
(pe _ S00 —_ Eewe _£0w0 — (Ee _£0) we +[,0 (,(/Je _1/)0) ,

Thus, by using relations (6.12) and (6.15), we get that

1
16 — Pl m = O () (6.16)

Ine

for e small enough, and the proof is complete.

6.2. Multiple scatterers

We come back to the case of multiple scaterrers and we use the notations of Proposition
6.1, in which the subscript p = 1,..., M refers to the number of the scatterer. Using
the same ansatz as the one used in Subsection 6.1, solving the scattering problem
(6.1) amounts now to solve a family of M coupled integral equations written on the
boundaries I'y, p = 1,..., M having for unknows the densities

YO = (Y, 0fy) € Hi= LA(Th) x - x L*(T).

More precisely, these integral equations can still be written in the reduced variables
(&p, mp) in the abstract form (6.8), namely

(I +L)y° = f, (6.17)

provided we use the following notations:
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e the operator L¢ € L(H,H) is defined through its block decomposition

e e
Lll ... lM
L= : Co
e e
M1 MM

in which LY € L (L*(Ty), L*(T'p)) is the integral operator defined for all density
b € L(y) by

8G’e T
L;q¢(§p) = 2/ {81/ (ﬁpmq) + (1 - lie)GzeJq(gpanq)] 7/’(’7(1) d’)’nq

Nq
|I‘ | (/ Gry(&psmq) d'y7,> (/ P(ng dvnq>, & el (6.18)
where
qu(gpvnq) = G(Sp +e&p, 54 + enq)a EpyNg € Dp X Dy.
e The data f° are now given by f® = (ff,..., fy;) € H, with
fe (fp) —2uy(sp +ep), & €Ty

The key point to extend the result of the previous Subsection to the case of many
scatterers is that for p # ¢, the function G}, admits the asymptotics

(57 ) - (Spasq) +O( )
{ VoGE, (€,m) = Ofe). (6.19)

Using the above relations, one can easily check that

1
ILpgll2(r2(ry), L2,y = O (lne) ; Vp#q.

This relation implies that the (formal) limit of the family of integral equations (6.17)
is given by M decoupled integral equations, each one of them being set on I';:

I+ L))y =

where

L) =2 |

Ty

990
aVnp

2
_ m </1" 90(5;077717) d7np> (/l"p 1/)(77;0) d’ynp> , & el

and f) € L*(T,) is the constant fonction taking the value —2u’(s,). The rest of the
proof goes then exactly along the lines of the proof detailed in Subsection 6.1, by first
establishing that [|° —°[l3x — 0 and then that

(f;mnp) + QO(gpanp) + 1] ¢(np) d%]p

lee = Pl —0,  p=1,....M

with @) = LI9P) = —ul(sp) ©,.
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