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Abstract

We consider bifurcations of a class of infinite dimensional reversible dynam-
ical systems which possess a family of symmetric equilibria near the origin.
We also assume that the linearized operator at the origin L. has an essential
spectrum filling the entire real line, in addition to the simple eigenvalue at 0.
Moreover, for parameter values ¢ < 0 there is a pair of imaginary eigenvalues
which meet in 0 for ¢ = 0, and which disappear for ¢ > 0. The above sit-
uation occurs for example when one looks for travelling waves in a system of
superposed perfect fluid layers, one being infinitely deep. We give quite general
assumptions which apply in such physical examples, under which one obtains
a family of bifurcating solutions homoclinic to every equilibrium near the ori-
gin. These homoclinics are symmetric and decay algebraically at infinity, being
approximated at main order by the Benjamin - Ono homoclinic. For the water
wave example, this corresponds to a family of solitary waves, such that at in-
finity the upper layer slides with a uniform velocity, over the bottom layer (at
rest).

Key words: bifurcation theory, nonlinear water waves, homoclinic orbits,
solitary waves, infinite-dimensional reversible dynamical systems, essential spec-
trum.
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1 Introduction

For solving elliptic problems in strips, the use of a ”spatial dynamics” formulation
was introduced in the 80’s by K. Kirchgéssner [9]. Choosing the spatial coordinate x
as a “time” coordinate, the initial value problem is then ill-posed, but since we are
looking for solutions bounded on all the real line, this leads to a sort of ”boundary
value” problem. When the problem has a reflection symmetry * — —z, this leads to
a reversible dynamical system for which the vector field anticommutes with a sym-
metry S. An easy consequence is that if U(x) is a solution then SU(—xz) is also a
solution. Very fruitful applications in infinite dimensional systems were found in hy-
drodynamical problems, where the reflection symmetry results from the geometry of



the flow. For the search of non trivial solutions of Navier Stokes equations in a cylin-
drical domain (see for instance [8]), heteroclinic orbits correspond to defect solutions
connecting two symmetric equilibria. For solutions of various water wave problems
(see for instance the review paper [4]), the search of travelling waves corresponds to
solutions which are steady in a horizontally moving reference frame and a homoclinic
orbit corresponds to a solitary wave.

In the present work we consider bifurcations of a class of infinite dimensional re-
versible dynamical systems, having general features occurring in water wave problems,
when one looks for travelling waves, in a set of superposed layers, the bottom one
being infinitely deep. Our system has the following form

% = LU+ N.(U), (1.1)
where U(x) lies in a function space, U = 0 is an equilibrium solution for all parameter
values € € R, L. is a linear operator depending on ¢, and N; is a nonlinear operator,
at least quadratic in U. We assume that the linearized operator at the origin L. has
an essential spectrum filling the entire real line. We show in section 2 how to derive
(1.1) for a typical example taken in water wave theory. Our problem concerns more
precisely reversible dynamical systems as (1.1) such that in addition to the essential
spectrum filling the entire real line, the operator L. has a simple eigenvalue at 0.
The occurrence of such an eigenvalue corresponds to the existence of a one parameter
family of reversible equilibria for (1.1). Moreover, the bifurcation phenomenon comes
from the assumption that for parameter values € < 0 there is a pair of imaginary
eigenvalues which meet in 0 for e = 0 and which disappear for £ > 0 (see Figure 1).

e<0 e>0

Figure 1: Spectrum of L. (before rescaling)

In the general theory of bifurcations of reversible dynamical systems classical re-
sults are known in the cases when the system can be reduced to a finite dimensional
ordinary differential equation by using a center manifold reduction method. This
leads to the study of a perturbed normal form (see for instance the review paper
[4]). For applying this method, the linear operator L. must have a spectral gap near
the imaginary axis. In such a case the description of the finite spectrum near the
imaginary axis is sufficient to understand the dynamics of small reversible solutions
of (1.1).

Since the entire real axis belongs to the spectrum, there is no spectral gap in
our problem and we cannot use a center manifold reduction theorem. The absence



of spectral gap is not a big problem when one looks for periodic solutions, since
quite simple conditions on the nonlinear term still lead to the same result as in finite
dimensions (Lyapunov - Devaney theorem) (see [5] for typical results for travelling
water waves).

The same type of spectrum as in our present case, appears in the works [6] and
[7], where two different water wave problems are treated, looking for solitary waves
or generalized solitary waves.

In [6] the authors consider one infinitely deep layer of perfect fluid, with surface
tension on the free surface. In this work, the bifurcation comes from a pair of double
imaginary eigenvalues splitting into two pairs of eigenvalues (then not meeting the
essential spectrum on the real axis). The principal part of the bifurcating homoclinic
solutions, is given at finite distance by homoclinic solutions of a four dimensional
reversible ordinary differential equation, while the influence of the essential spectrum
is only felt when |z| — co by a polynomial decay (instead of exponential decay).

In [7] the authors consider two superposed layers, the bottom one being deep,
and with no surface tension at the free surface and at the interface. The bifurcation
comes, as in the present work, from the merging of two imaginary eigenvalues (¢ < 0
tending towards 0) which disappear in the point 0 of the essential spectrum when &
becomes positive. In [7] there is a additional pair of simple imaginary eigenvalues at
a distance O(1) from 0 for all values of the parameter ¢ leading to more complications
than in the present work. In the case of [7], the existence of bifurcating generalized
solitary waves, with polynomial decay at infinity, is proved. In fact, there is a family
of periodic solutions and a family of homoclinic connections to these periodic orbits
provided that they are not too small (as it is expected when a slow decaying dynamics
competes with a fast oscillation). In the present work, we have no additional imaginary
eigenvalues, hence we do not expect the occurrence of the above phenomenon. Since
the work [7] is very technical, and specific to the above physical situation, our aim is
to consider a simpler situation in a more general frame. We provide two examples of
application belonging to the theory of water-waves.

The first example is when one considers two layers of superposed perfect fluids
with no surface tension at the interface, assuming that the flow is potential and
subject to gravity. We assume that the upper layer is bounded by a rigid horizontal
top and the bottom one is infinitely deep. We are interested in travelling waves of
horizontal velocity c¢. The existence of solitary waves with polynomial decay at infinity
has been obtained independently by Amick [1] and Sun [12]. The solitary wave (see
Figure 1), corresponding to a homoclinic solution in a dynamical system approach,
is approximated at first order by the Benjamin-Ono solitary wave (see (1.4) below).
We prove here that this result can be derived as well by our method. In addition, we
complete their result by the existence of a one parameter family of solitary waves, for
which the flow at infinity corresponds to a uniform sliding of the upper layer over the
bottom one (the additional parameter is the uniform velocity of the upper layer at
infinity).

A second example of application is when one considers two layers of perfect fluid
with the same geometry as before but with a free upper surface with sufficiently
large surface tension, and with no surface tension at the interface. With the theory
presented here we show the existence of a one parameter family of solitary waves for
this problem (see Figure 1) which corresponds to a family of homoclinic solutions
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Figure 2: Shape of the solitary Figure 3: Shape of the solitary
wave for example 1 wave for example 2

for the reversible dynamical system. Physically, here again the additional parameter
corresponds to a uniform flow at infinity of the upper layer over the bottom one, at
rest.

We believe that other examples in water wave theory with an infinitely deep
stratified layer of an incompressible fluid with or without a free surface, might enter
into the frame developed below.

Instead of concentrating on a new example, we prefer to give quite general assump-
tions, which apply in particular on the two examples mentioned above, and which lead
to bifurcated solutions like a family of homoclinics with polynomial decay at infinity.

Other problems dealing with bifurcations in presence of a continuous spectrum
can be found for instance in the work of Stuart [11] where bifurcations occur out to
the end of a continuous spectrum. This type of situation happens here if one considers
the linear operator Q. : % — L.U in a space of functions z — U(z) tending towards
0 at infinity. In our problem Q. is invertible for ¢ > 0 (see lemma 4.4 of section
4.3) while it is not invertible for ¢ < 0. This property might appear as a sort of
”continuous spectrum” in £ < 0. A major difference with Stuart’s work is that our
Q- is not self-adjoint, and that we make instead assumptions mainly on the resolvent
of L. near 0 on the imaginary axis.

The sole description of the spectrum is not sufficient anymore for understanding
the singularity at k& = 0 of the resolvent operator (ik—L.)~*. Therefore we must make
suitable assumptions on this operator (for k real), to characterize the singularities
introduced by the essential spectrum occurring on the real axis near 0.

First we need to make a rescaling in coordinates and variables which dilates the
original spectrum by a factor 1/¢ and gives the new linear operator L., the new
nonlinear term is denoted by N.. The best way is then to describe the resolvent
operator (ik — £.)~1. It is known that a simple isolated eigenvalue of L. corresponds
to a simple pole of the resolvent. When the essential spectrum of £. contains 0, the
singularity is more complicated and needs to be specified. This is the purpose of
section 3 and in particular Hypothesis H1 (see section 3.2.1). The main assumption
in H1 is that we can write the resolvent for k real, |k| small # 0, as

_ &) n:(V)
TN N

Here ¢ is the eigenvector associated with the 0 eigenvalue and ikeA(k,e) = 0 is the
usual “dispersion equation” in physical problems like in water wave theory, the linear

(ik — L)™'V



forms & and 7} defining the closure of the range of £, (classically V — EEA: ((3/ 6)) is the

projection on the eigenvector &y, commuting with £.). We also assume that (for k
real)
A(e, k) = 1+ alk| + O(ek?),

where a > 0. Note that before the scaling, the dispersion relation takes the form
€ + alk| + h.o.t. for € and k close to 0, leading to a pair of imaginary eigenvalues
ik ~ +ie/a for e < 0. So, the present form of A keeps the track of this property,
even though there is no longer any imaginary eigenvalue for € > 0. We describe in
H1 and H2 the singularities introduced by the essential spectrum. These singularities
appear in A, in the vector 85 and also in the linear forms introduced when we write
the resolvent according to the previous formula. Hence we need to introduce some
function spaces to describe the behavior of the resolvent in 0. The vector 8y plays an
important role in the construction of the homoclinic solutions. Indeed we prove that
this construction essentially depends on the operator

u— T (u) = F Y (—ikaby),

where @ denotes the Fourier transform F(u) of a function u. We also make an as-
sumption on the “regularity” of this operator (Hypothesis H2) after having introduced
some spaces which describe this regularity. In particular, we suppose that for a smooth
enough function u decaying as 1/|x|? at infinity, then 7 (u) lies in a very specific space.
In such a space, for the examples mentioned above, the decay rates in the x variable
and in the vertical variable y are linked, and for a fixed value of y, U(z) decays as
1/]x|? at infinity. We finally suppose that the resolvent behaves like 1/k when k is
real, |k| large (Hypothesis H3).

In section 4 we study the bifurcation problem mentioned before. We first describe
in H4 the required regularity of the nonlinear term in the spaces introduced in section
3 and give with H5 a more specific assumption

& (DuuNejy=o(é0,0k) = co+ O(e) , co #0,

satisfied in our examples. We then look for homoclinic solutions to 0 with polynomial
decay as |x| — oo. This slow decay leads to many complications which would not
appear with exponential decaying functions. This is the purpose of section 4 to prove
the existence of homoclinic connections to 0 with an algebraic decay at infinity, which
are approximated by a Benjamin-Ono solitary wave.

Result of Theorem 4.3. Under general hypothesis on L. (see H1, H2 and H3) and
on N (see Hj and H5) made precise below, there exists e9 > 0 and vy > 0, such that,
for any 0 < & < gg, 0 < |v| < we, equation (1.1) has a weak reversible homoclinic
connection U, , to 0 which satisfies

Ue () = (v +uplex))éo + Ule,v), (1.2)

where evy is the family of equilibria, solutions of (1.1), uy is the Benjamin-Ono
homoclinic connection (O(1))(see equation (1.4)) given by

-2

up(z) = aco(l T (@/a)?)’

(1.3)



and & 1is the (symmetric) eigenvector associated with the 0 eigenvalue. The term
(7(5, v) = O(? + |v|) decays polynomialy at infinity. For the water wave examples,
the form (1.2) is still valid for 0 < |v| < vy, and U(e,v) = O(2 + |v).

To prove this result we use a reduction strategy. Indeed we look for solutions
written as

U =e(v+w)é + %Y,

where v is a scalar, w a scalar function and Y lies in a subspace complementary to
&o, and we reduce our problem to an equation for the scalar function w, in proving
that Y can be written as a function of w (see Theorem 4.9 in section 4.3.2):

Reduction Theorem. Under the hypotheses H1, H2 and H3 on L. and hypothesis
Hj on N. made precise below, there exist g and vy > 0 such that, for 0 < € < &¢,
lv| < wvo|lne|™t and if U = e(v+w)&+e2Y gives a reversible solution of (1.1) tending
towards 0 at infinity, then

Y =Y, ,(w) =aT(w) +O(e + |v||Ing|).

This result corresponds to the reduction of (1.1) to a scalar equation for v, Y
being determined by a function of w. It can be seen as a sort of non local center
manifold reduction. However, Y lies in a space weaker than required for verifying
(1.1) in the basic space. Indeed N.(U) takes its values in the basic space, but L.U
lies in a larger space, and is defined via its Fourier transform. In our examples, this
weak sense automatically leads to a system satisfied in the strong sense, thanks to
the elliptic properties of the Cauchy-Riemann system in the half space.

Note that hypothesis H5 (see below) is not required in this reduction theorem.
We then have to find the equation satisfied by w (see Lemma 4.10 in section 4.3.3):

Equation for w. Assume that L. satisfies hypotheses H1, H2 and H3 and that N
satisfies hypotheses Hj and H5. Let U = (v + w)&y + €2Y be a reversible solution of
(1.1) tending towards 0 at infinity. Then w satisfies

w+ aH(w') + acow? = O(e + |v|/e),

where H is the Hilbert transform (see (3.2)).

Hypothesis H5 is used in this result to give a local non zero non linear term (acow?)
in the bifurcation equation. This scalar equation is a perturbation of the (non-local)
Benjamin-Ono equation

w+ aH(w') + acow? = 0, (1.4)

introduced by Benjamin ([3]) and Ono ([10]). We know that this equation admits
a solution homoclinic to 0, given explicitly by (1.3). We then use a perturbation
technique for obtaining the result of theorem 4.3.

2 Examples

In this section we give examples of the situation described in the introduction. These
examples are taken from the theory of water-waves. In particular we show how we
can obtain a “spatial dynamics” formulation (see [9]) to describe these problems.



Figure 4: Benjamin-Ono homoclinic for acy < 0

The first example consists in two layers of perfect fluids assuming that there is no
surface tension at the interface and assuming that the flow is potential and subject
to gravity. We also assume that the upper layer is bounded by a rigid horizontal top.
This case was treated, using different formulations by Amick [1] and Sun [12]. Since
the spatial dynamics formulation we use is very similar to the one used in the second
example, we only present the details for the second example.

The second example concerns two layers of perfect fluids (densities p; (upper layer)
and ps (bottom layer)) assuming that there is no surface tension at the interface
and assuming that the flow is potential and subject to gravity. Contrary to the first
example, we now assume that there is a free upper surface with surface tension 7'. The
thickness at rest of the upper layer is A while the bottom one has infinite thickness.
We are interested in travelling waves of horizontal velocity ¢. The dimensionless
parameters are p = p1/p2 € (0,1) and

h
A=L (inverse of (Froude number)®), b (Weber number).

c2 ~ prhe?
In the moving reference frame, denoting by &, n the physical coordinates, the complex
potential in layer j is denoted w;({+4n) and the complex velocity w}(§+in) = u; —iv;.
For formulating the problem as a dynamical system we proceed as in [5] and [7] and
use the change of coordinates used by Levi-Civita : the new unknown are o; + i3;,
J = 1,2 which are analytic functions of w; = x; 41y where x; is the velocity potential

in the layer j and y is the stream function and where
W€+ i) = B,

Notice that a; is the slope of the streamline and e is the modulus of the velocity in
the region j. The interface is then given by y = 0 and the free surface by y = 1. The
region of the flow is —oo < y < 0 for fluid 2 and 0 < y < 1 for fluid 1. We choose
as the basic z coordinate the one given by the bottom layer (z3) (and we notice that
dzy/dze = €070 which introduces a factor in the Cauchy-Riemann equations of
the upper layer).

With this choice of coordinates we formulate this problem as a dynamical system
(see [3])

au

— = LU+ N.(U). (2.1)

with the following unknown

[Q(l‘)](y) = (ﬁQO(@)? Z(£)7 0&11(@), ai (Q’ y)? B (Q, y)a 0‘2($7 y)a ﬁQ(Qv y))t’



where 1+ Z(z) is the free surface, ¢ is a distinguished parameter defined below and,
for example, a1 7 = 0,1 means the trace of a; in y = 0,1, and the same convention
holds for f;;. The right hand side of (2.1) is given by

—A(1 — p)e3820 sin apg — p%;l‘y:()efi(ﬁlr)7ﬁ20)7
e~ Br1+B10—P20 gip a1,

]./b(Sth 611 + )\Zeiﬁll)eﬂlofﬂzo7

961 oB10—P20

F 7)\7b;Q - 9.9
(p ) 7%65107620 A (07 1)a ( )
95
_%& } y € (_0070)
9y

The Galilean invariance of the physical problem induces a reflection symmetry (through
the y axis) of the system in the moving frame. This reflection leads to the reversibility
of system (2.2), i.e. to the existence of a linear symmetry S which anticommutes with
the vector field F'(\, p, b;.). This reversibility symmetry is then defined by

SU = (B20, Z, —a11, —au, Bi, —az, fa)".
Equation (2.2) is understood in H where
H =R x {€°0,1)}" x {C)(R)}?,
and U(z) lies in D where
D=R? x {¢'(0,1)}* x {C}(R")}?
N{a1(0) = a2(0), 11 = a1(1), Bao = B2(0)},

where we define the following Banach spaces

CI(R7) = {f e CO(R7); Sup I+ y]) < OO},
yeR™
CIRT)={f€CIR); f' € CY(RT)}.
The norm in H for V = (a1, as, as, f1, g1, f2, 92)* € H is defined by

IVIle = lai| + laz| + as] + [ f1lloo + lg1lloo + I f2]

|1,007

Loo T H92

with
[fll1,00 = sup [£(y)[(1+[yl),
yeR-
and we obtain the norm in D by adding the norms of f/ and g/.
The dispersion equation reads (for Re k& > 0)
A (k) = kcosh(k)(pbk? + X — k)
—sinh(k) {(A + bk*)[A(L — p) — k] + pk®} =0, (2.3)



which should be completed by the symmetric relationship for Re £ < 0 . The com-
plex roots of Aj(k) = 0 give all complex eigenvalues ik of the linearized operator
Dy F(p, A\, b;0) = L. belonging to the upper part of the complex plane. These isolated
eigenvalues have a finite multiplicity, and are completed by the symmetric eigenvalues
in the lower half plane. They are located in a sectorial region of the complex plane,
centered on the real axis, which leads to the finiteness of the number of such eigen-
values in the neighborhood of the imaginary axis. In addition to this discrete set,
the spectrum of the linearized operator contains an essential spectrum formed by the
entire real azris. This is shown, for example in [5], and this results from the form of
the Cauchy-Riemann operator in the infinite layer (—oo < y < 0). Let us give more
precisions on the eigenvalues lying on the imaginary axis.

Here ¢ is defined by ¢ = 1 — A\(1 — p). We observe that the equation A;(k) = 0 for
k real is equivalent to the equation tanh(k) = f(k) where f is the rational fraction

k(pbk? + X — |k|)
(A +0k2)[N(L — p) — [K[] + pk?’

fk) =

and the study of f for b large leads to the following conclusion: for € > 0 small
enough, b large enough and 1 — p = (a/b)'/? with 0 < a < 4 then 0 is the only real
solution of the dispersion equation (2.3). This means that for £ < 0 there is a pair of
eigenvalues on the imaginary axis in addition to the 0 eigenvalue, and for € > 0 this
pair disappears. Notice that the case treated in [7] is such that b = 0, which implies
the occurrence of another pair of simple imaginary eigenvalues (given by k = +\) for
all values of €.
Looking at (2.2), we notice the existence of a one parameter family of solutions

(0,1/2X(1 — €*%),0,0,u,0,0)", u € R,

of the nonlinear system (2.1). This family of equilibria corresponds physically to a
sliding with a non zero small and uniform velocity of the upper layer over the bottom
one. This leads (in differentiating with respect to w) to the following eigenvector
belonging to a zero eigenvalue of the linearized operator (about 0) L.

& = (0,A71,0,0,-1,0,0)".
Actually, with the change of variable (changing U in U )

1

7 = —
2

(1 - 672/\2)7

the family of trivial solutions reads Q = uép.
Let us introduce the basic rescaling of our system for € > 0 , hence hiding the
pair of imaginary eigenvalues occurring for € < 0. We set
ex=m; ey =y, y € (-00,0); y=y, y€(0,1)
U=ceU,

and equation (2.1) now reads

au

= LU+ NL(U), (2.4)



where B
U = (/6207 Z,Oélh()é]_,ﬁl, a27ﬁ2)t7

—1 O
e {1 -aw-plr ]

5710l11

e 11/b(B11 + \Z)
LU=|¢g12%

and

—(1 —¢g)[e™?F=0 sin(earg) — earg] — EP%| 0[635(510_620) —1]
_ y=
e2erZ—ePutebro—elfzo gin(eqq) — eany

M) — 2 1é%(si{nhggﬁug _|; 1??”6—6511)66510—6620 —e/b(B11 + \Z)
5 - 871 65 10—P20) _ ]_
9y
_5% {65(510*&0) _ 1}
0
0

We observe that the two last components of N (U) are zero, which allows to define
N: even for U with non differentiable components aw, 32 (this is used in the definition
of the forthcoming space ]13))

In this example, notice that we have the following combination of the Bernoulli
first integrals (hence independent of ), well defined in H, which reads

h=(—¢) {—2&6”62 _ /01(e€ﬁ1 cos(ean) — l)dy}

1
+§62€ﬁ20 - ge%ﬁm. (2.5)

3 Characterization of the Spectrum

Let us now study the reversible system (1.1) for £ > 0. We first need a scaling in the
coordinates and in the variables which dilates the spectrum of the linear operator L.
with a factor 1/e. This scaling is explicitly given in the examples of section 2. The

equation (1.1) now reads

au
which is the reversible system we want to study. We denote by S the reversibility
symmetry: S anticommutes with £, and N

£.SU = —SL..
N.(SU) = —SN(U).

10



In finite dimension we only need to know the eigenvalues of the linear operator L. to
describe the dynamics of such systems. In the present paper this description is not
sufficient because of the presence of the essential spectrum and the singularities due
to this part of the spectrum are unknown. Therefore we make several assumptions
on the resolvent to describe the structure of the spectrum near the origin as e tends
towards zero. We need three assumptions and we illustrate each of them on the
detailed example of section 2.

3.1 Working spaces and notations

Before giving the assumptions on the resolvent operator we have to introduce some
spaces. We first recall that H is the basic space for (3.1) and that D is the domain of
the linear operator £.. We now introduce the Banach spaces

HCH,
IB)C]D),

where H is dense in H and D is dense in D and such that £, : D — H (we describe
below the spaces H and D for the examples). Actually, £, turns out to be Fredholm
in H for our examples. Introducing H is necessary for describing the smoothness in
k near 0 of some important & dependent operators occurring in the detailed form of
the resolvent (ik — £.)~! explicitly given in the forthcoming hypothesis H1.

Notice that we choose to work in a space H where L. is not Fredholm. This is
due to the fact that a non trivial solution U decaying as || — oo does not necessarily
lead to U(x) in H. In our examples, this results from the fact that if one imposes a
decay in 1/z? as |z| — oo for a harmonic function in the half space y < 0, then one
cannot also impose an exponential decay in y as y — —oo. The decays in x and y are
linked. R

We also need a Banach space D

DCI@)CH,

which is used in the description of the regularity of the resolvent operator and this
space is important in the nonlinear study. The resolvent operator (ik — £.)~! con-
sidered in £(H, D) is a smooth function of k in R\{0} (see assumptions H1, H2 and
H3). At last, H and D must be chosen so that

Ngi]ﬁ)—)]ﬁ[.

For our examples this property is related to the fact that the components of N
corresponding to the domain y < 0 (two last components) cancel. Since, precisely
these components are source of complications, the above property simplifies our study.

Example. For the example detailed in section 2, the Banach spaces Iﬁ[, D and D are
explicitly given below:

H =R* x {€°(0,1)}* x {C&%(R7)}?,
D =R3 x {€1(0,1)}2 x {CL*P(R™)}2,

11



where C&P(R™) = {f € CO(R™), ||f||<P < oo} with the norm

IF1IE% = sup | f(y)le 0/,
yeR—

and CL**P(R™) = {f € C&P(R™), f' € CP(R™)} with the norm
IFlI2® = ell £/l + [ £l

Then L. considered in E(IFH) is Fredholm on the real axis, one can show that the only
eigenvalue is 0, and for any A real, A\ — £, has a closed range, of codimension 1 if
A # 0 and 2 if A = 0. Note that we choose spaces for which the components of the
lower fluid have an exponential decay rate.

We now observe that we don’t need the differentiability of as and (B2 (i.e. the
components of the lower fluid) to define N (U), hence N (U) is well-defined for U €
DOD

D=R?x {€'(0,1)}" x {C)(R")}”
N{a1(0) = a2(0), a11 = a1 (1), Bao = B2(0)} .

Notice that A, maps D in H C H since its two last components are zero

Definition For a Banach space E we define the following function spaces

CP

lim

(RE)={f:R—E; feCP(R\{0}), f continuous in 0 and
™ has limits in 0% Vn < D},

with the sup norms on the p first derivatives. We also introduce the following e—
dependent spaces

CP

lim,e

(R,E) = C?

lim

(R,E) 1 {max | £ (@)]|z < =",n < p}.

For a Banach space E we denote by E* the Banach space of bounded linear forms
on E. We use the notation F(f) or f for the Fourier transform of a function f and
the inverse transform is denoted by F~!. The Hilbert transform H(f) of a function

f is defined by
) 4

RL—S

H(f) () = pov. (3.2)

We recall that

F(H(f)) = —isgn(k)f.
3.2 Assumptions on the linearized operator
3.2.1 Hypothesis H1

We now state the main assumption on the linear operator. This assumption gives
the structure of the resolvent operator near the origin on the imaginary axis, and
describes partly the spectrum of L., obtained after the rescaling which dilates the
spectrum of L. as explicitly explained in the two examples.
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Hypothesis H1 (resolvent operator for small e|k|) There exists 6 > 0 such that
for k € R\{0}, e|lk| < 6 and V € H, the resolvent operator is decomposed as follows

(V) n:x(V)
kA 0T A

with the properties described below in four parts.

(ik— L)™'V =

0y —l—ESE’k(V), (3.3)

Hypothesis Hla: On the dispersion equation.
Consider the dispersion equation, i.e. the equation obtained when one is looking
for mon trivial solutions of the linear system

(tk—L)U =0, keC, UeD.
Then, for k € R\{0}, and near 0 this equation takes the form
tkeA(e, k) =0,

where the map k— A(e, k) € C3_(R,R) is even and satisfies

lim

A(e, k) =1+ alk| + O(ek?), a >0
AB)(e,0%) = 0(£?).

Remark la. We recognize the root k& = 0 of the dispersion equation, due to the
simple eigenvalue in 0 for the operator £.. The absolute value of k in A shows that
A is not analytic, and this is related to the fact that 0 lies in the essential spectrum
of L.. The evenness comes from the reversibility of the system.

Hypothesis H1b: On the splitting of the space and the projection associ-
ated with the kernel of L..

The vector & € D is symmetric (S = &) and satisfies L& = 0. Moreover the
kernel of L. is one-dimensional.

There exists p§ € H* such that p§(SV) = p§(V), p§(&) =1 and p§(LV) : D — R
can be extended as a continuous map: D—R.

There exists & > 0 such that for k € R\{0}, ¢|k| < ¢ and V € H, we have

(1 —1 _ :,k(v)
po(ik = L)V = ikeA(e, k)’

where, for k # 0, £, € H*, and the map k — & € Cﬁm7E(R, ]ﬁl*) is such that we
can define the forms x: and ¢, with
& = & FelkIxe +
f: S H*v X: S H*v C:,O = 07
ki (€ CHR,HY) N CE, (R, HY).

Remark 1b. For splitting the space H, we use the form p{ which is independent of
€. A more natural choice would be the form &, however this would lead to difficulties

because of its singular behavior when £ — 0: notice that the map V +— %fo is the
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projector commuting with £. (see Lemma 3.1), associated with the 0 eigenvalue, and
€2(€0) = e. Notice also that we put in x? the jump of the derivative of k — £ at
k=0%.

Hypothesis Hlc: Specific assumption on the singularity related to the
essential spectrum in 0.
The singular part of (ik — L)™'V in ker p§ reads

n;k,k(V)
Ae, k) ®

where the map k — 0y is CO(R\{0},D), kb, is bounded in D, and SO, = —0_y,
P(60k) = 0, and
& (0x) = isgn(k). (3.4)

For k #0, 0}, € H*, and the map k — n}, € C} (R,H*) takes the form

lim,e

Neg =1+ Bk Bio=0, ni e, B, € C'(R,H*).

Remark 1c. The new vector 0y is not continuous in k& = 0 (because of the presence
of the essential spectrum). The form of its discontinuity is not explicitly written here,
and more precisions are given in Hypothesis H2. We notice below in lemma 3.1 that
assumption (3.4) is very weak.

Hypothesis H1d: Regular part of the resolvent near 0 for k € R\{0}.
The regqular part of (ik — L)™'V reads

ESE};C(V),

where Se (V) € L(H, D) for k # 0, and the map k — Sc i € Cﬁmﬁ(R,E(]ﬁL}ﬁ))), with
P (S (V) = 0.

Remark 1. The decomposition (3.3) is also valid in the reversible finite dimensional
case, when a pair of imaginary eigenvalues exists for ¢ < 0, collides in 0 for € = 0,
and becomes a real pair of symmetric eigenvalues for € > 0. However in such a case
A is analytic in k near 0, and the linear form £ ; is a smooth function of k in H*.

Example. Let us check Hypothesis H1 on the example shown in section 2 (for the
other example the proof is similar). The computations are straightforward, and are
mostly in [5]. We obtain A in C3° (R, R) with

lim
Ale, k) =1 +alk| + O(ek?), a = A"1 (A= 1).
We choose the linear form p§ defined by
po(U) = =pAu(1) (= —PBn),

and vectors &y and 6 by

EO = (07 )‘713 0,0, 713 Oa O)ta

14



-1 A
— (i I I |kly 5 [klyyt
0 = (isgn(k), 0, PSR 1 SUEEA 0, e isgn(k)e!™V)". (3.5)

We finally have for V = (a1, a2, as, f1,91, f2,92)" € H
1
E(V)=a1 — pgio+ (1 —€)ag + (1 —¢) / g1(7)dr, also defined in H,
0

1 0
X:(V)=—as — /0 g1(T)dr + 6_1/ ga(7)dr,

— 0o

1 0
ni(V) =AY (1= A)(a1 — pgro) — pag — p/o g1(T)dT + / g2(7)dr,

— 00
and the linear relation between these three forms is

* A—1 * *
Ne = 7765 +5Xga

and we prove in the next lemma that this relation is equivalent to the assumption
&X(0r) = isgn(k). We observe that the linear forms x} and 7} cannot be defined in
H because of an insufficient decay rate of the component g in the lower layer. The
exponential decay rate in H provides convergence and boundedness with respect to
of the integrals.

3.2.2 First properties

Hypothesis H1 states the main assumptions on the resolvent, except an additional
further precision on 6, (see hypothesis H2). Next Lemma gives some properties on
the linear forms, which are consequences of hypothesis H1, and which clarify the
relationship (3.4) and the characterization of the closure of the range of L..

Lemma 3.1. If L. satisfies the Hypothesis H1, without (3.4), then the following
properties hold
i) Symmetry results

fg,k(SV) = 5:7—k(v)a n:,k(sv> = n;,—k(v)a SSE,IC(V) = _Sa,—k(_v)v
E(SV)=E(V), nz(SV)=ni(V), x2(SV)=xi(V).

i)
5:(50) =g, X:(&)) = a,
€ (LU)=0, YU €D, x*(LU) =0, YU € D.

i4i) There is o € C such that £(0)) = iasgn(k) + o(1) (k — 0F), and a&* =
ext — an?, and the closure of the range of L. has codimension 2.

Remark. We observe that if we make k& — 0 in H1 then we have a limit in (3.3)
provided that V € H satisfies

EWV)=xi(V)=ni(V)=0.
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Hence, these are sufficient conditions for V' to be in the range of £.. What we prove
in lemma 3.1 iii) is that the closure of the range of £. has codimension at most 2,
since ker £F Nkern? Nker xI has dimension 2 and H is dense in H.

We notice that the assumption (3.4) in Hypothesis H1 is equivalent to assume that
« is non zero in Lemma 3.1 iii).

Proof of lemma 3.1.

i) results from £.S = —SL. and Hypothesis H1.

To prove ii) we use (ik — L£c) "¢ = & and apply pj; to (3.3). This leads to

€ (&) = €A = (1 + alk| + O(ek?)),
which gives £ (€0) = &, x2(€0) = a and . (6) = O(2?).
To prove the second part of ii) we use hypothesis H1 with V' = (ik — L.)U for any
U €D, again applying pj:
eAPS(U) = €4 (U) = ==
Taking the limit when & — 0 we obtain {(L:U) = 0 by continuity of k{7, and
€ (L.U) =0 for all U € D thanks to the density of D € D. Now with U € D we have

L.U € H and with the same proof x}(L.U) = 0.
We also have

§(V) = € ((ik - L)U) = ik (V).
then applying &* to (3.3)
LAE V)~ €(V)) = i (VIE (By) +ieAE (Sex(V)),

it results that &*()) has limits when k& — 0. Therefore computing the jump of
€*(0) when k — 0T, we obtain

* * * 1 et +
a2 (V) = ext(V) +n2 (V)5 [i€2 (00)]5- -

Since £X(0_) = £X(—S0,) = =& (6k)

lin € (04) = — lim & (00),
and the number

o= lim isgn(k)E: (6),
is well-defined. This allows us to write

all =ex: — ang,

and lemma 3.1 is proved. |

Remark. Since we assume in H1 that £ (0)) = isgn(k) then automatically oo = 1
in Lemma 3.1. Therefore the relation

afl =ex: — gz, (3.6)
holds.
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3.2.3 Spaces for the z— dependence.

We introduce here the Banach spaces which describe the dependence in x of the
solutions of our system. Let E be a Banach space and 0 < o < 1, then we define the
following Holder space

By (E) ={f € C*(R,E); [| Il < oo},

5 _
1Flos =sup(1 + [P @) s+ sup (14 oyl LEED) —F@le
z€R z€R,0<5|<1 ‘5|

We also need By*(R) defined by

BY*(R) = (f € Bf(R), & < By(R)).
with the corresponding norm denoted by || f ||%§
To make precise the behavior of 8, in the neighborhood of 0 we need to introduce
a new Banach space. This space is also important in the construction of the solutions
of the equation because this construction strongly depends on the structure of the
vector 0. As it is seen in (3.5) for our example, 6, is not defined in H for k£ = 0.

We introduce a Banach space Ba(]ﬁ) such that
B°(D) > B3 (D),

with the associated norm |||, and its main properties are indicated in the following
hypothesis H2. We assume that for U € B%(D) and any = € R then U(z) € D.

Actually this space is a little larger than Bg‘(@) (see example below). One of the
main assumption on B*(D) is the following hypothesis, which gives the link between

B%(D) and the vector 6y,

Hypothesis H2: Characterization of 6,
H2a ”regularity” of ¢k0
For any u € BQLO‘(R) we define the linear map T by

u— T(u) = F H(—ikaby);
T is bounded from BY®(R) into B*(D).
H2b The linear forms & and p§L. are continuous from B*(D) to B (R)
& € £(B*(D), B (R)),
poLe € L(B*(D), By (R)).

~

Remark 2b. From Hypothesis H1b, we know that £ and pi L. are in £L(BS (D), BS(R)).
The above assumption extends these forms to B%(D) instead of BS (D).
Remark 2. A consequence of (3.4) and Hypothesis H2 is

) = (). 5.7)

so, we can understand Hypothesis H2 in considering the convolution by F~1(6;) as a
sort of “generalized” Hilbert transform.
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Example. Our detailed example (two superposed fluid layers, bottom one infinitely
deep, strong surface tension at the free surface) leads to the following space

Ba(]ﬁ)) = {U = (520,Z,04117041,517042,52)t7ﬁ20(33) = 52(3%0),&1(337 1) = 0411(33),
041(.'1,',0) = OéQ(I7O),Oé1,ﬁ]_ € Bg(cl(oa 1)),0(2,52 S B(;}7

where

By ={(z,y) = f(z,y) : RxRT =R, fis C” in y,C* in z, | fl 5. < oo},

L+ [af* + Jy[?
[fllpz = sup |f(z,y)] +
Ba z€R,y<0 L+ |yl
L+ |2 + |y [f (= + 6,9) — f(z,9)]
+ sup
z€R,y<0,0<|8|<1 1+ |y‘ |‘S|a

Note that B%(D) differs from B$(D) only in the components (as,32) of the lower
layer. For these components in the definition of B the decay rate in the horizontal
variable x and the decay rate in the vertical variable y are closely linked and as, (B2
are only continuous functions of y whereas they would be C! for U € BS(D).

We remark that the definitions of £ (V') and p§(L:V) = %%‘yzl only involve the

components (a0, Z, a7 and 1 of V' then Hypothesis H2b is satisfied.
If u € By (R) then

T (u) = F~H(—ikaby) = (Bao,0, 11, 1,0, a2, B2)",

where
Boo = H(W'), o = (2 — 1)t
20 9 1 A — 1 )
-1 2zy -1 x? —y?
”‘w“ﬂ@wwwyﬁ“‘w“[W+wﬁ’

here * is the convolution operator. It can be shown that 7 (u) lies in B (]ﬁ)) (see [7])
and H2a is satisfied. The above properties are also easily checked for the first example
(rigid top instead of free surface on the upper layer).

3.2.4 Resolvent operator for large e|k|

We finally give the behavior of the resolvent operator on the imaginary axis for |k| >
0/2e.

Hypothesis H3 (resolvent operator for large e|k|) Let V € H, then, for k real

(ik— L)™'V = G(e, h)(V), (3.8)
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where k — G(e,k) is continuously differentiable in L(H, D) for elk| > §/2 with the
following estimates in L(H), and in L(H, D)

C
7 n:071727 3’ (3'9)
£(H) |k7\"+1
ce
<& n=01,23.
Bk c@p) Kl

The above assumption means that the resolvent operator behaves like 1/k in £(H) and
that we obtain a bound of the norm from H into D in multiplying by k. Hypothesis
H3 is satisfied for our examples, as can be checked for instance in using a detailed
computation of the resolvent as in [5].

4 Bifurcation Problem

Let us come back to the study of the reversible dynamical system (3.1) where L.
satisfies the hypothesis H1, H2, H3 of section 3. In section 4.1 we give precisions on
the nonlinear term N;. In section 4.2 we decompose the solutions as

U= (v+w)+eY,

and find, for a fixed scalar v, an equivalent system for w and Y. We show below that
for the scalar v close enough to 0, and for solutions tending towards 0 at infinity, then
w is a solution of a perturbation of the Benjamin-Ono equation and Y is a function
of w.

4.1 Hypothesis on the nonlinear term

Consider the differential equation (3.1) in the Banach space H, then we make the
following assumption on the nonlinear term A, divided in two parts.

Hypothesis H4 Required properties for the nonlinear operator N;
Hypothesis H4a (regularity of N.): For k > 3, the nonlinear map N: satisfies

N € C¥(B¥(D), B (H)), DyN.(0) =0
DEN.(0) = O(e™2), m=2,3.

In particular, we have
NL(U) = No(U,U) + OCe) for ||U||s < M,

where Ny is quadratic. o

Remark 4a. It follows from H4a, in fixing =, that N. € C*(D,H). Notice that
the above estimates on the derivative of the nonlinear term result from the original
scaling U= eU made before obtaining the form (3.1) of the system. Assumption H4a
also sets that NZ(U) decays at least as 1/|z|® as |z| — oo when U in B*(D) roughly
decays as 1/|z|?. This is quite natural since the nonlinear terms are at least quadratic.
Finally hypothesis H4a allows to show the following
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Lemma 4.1 (family of stationary reversible solutions). Assume that L. satisfies hy-
pothesis H1 and that N satisfies hypothesis Hja. Then there exists near the origin a
smooth one-parameter family of stationary reversible solutions in D of (3.1). More-
over, there exists a smooth change of coordinates in D such that in the new coordinates,
this family becomes

U = véo,
v € R being in a neighborhood of 0.

Proof. The proof is an adaptation of the Lyapunov-Schmidt method with the
following ingredients:
i) the decomposition of D on ker p§ & {&o},

ii) the property that when U satisfies SU = U, then N (U) lies in the range of
L. :
NU) e, W) =0, mN(U)) =0,

(see the remark below lemma 3.1). We can then show that there exists vy > 0, such

that for |v| < vy there is a family of symmetric equilibria of the form

U=vé&+Y,, Y EkerpynD, Y, =O0W?).
Now, the change of variables
{U =V + ypg(v),
V=U- Yy,
shows that V' = v, is a solution of the new reversible system
v _ (P
dx dv

PS) {LV +N(V + Vs )} +

—N(ps(V)éo + Ve )} -

We observe that the linear operator on the right-hand side of this equation is still L..
Let us denote the new nonlinear term by N.. We then check that the estimates of
hypothesis H4a are not satisfied by A : indeed we have DN (0) = O(1) instead of

O(e). For having H4a totally satisfied by ML, it is sufficient to assume Ny (&0,&0) = 0.In
the following, instead of making this (quite small) assumption, we make the equivalent

Hypothesis H4b (simplification hypothesis) The nonlinear operator N satisfies
N:(v€&) =0 for all v € R in a neighborhood of 0.

Remark 4b. This assumption H4b corresponds to the existence of a family of
stationary reversible solutions of (3.1) : U = v, v € R. This assumption is not a
strong one, as we noticed above.

We now need to connect the nonlinear operator N and the vector 0 occurring in
hypothesis Hlc and H2a:

HypothAesiNS H5 (link between N and 0}).Defining the linear operators D, and
TY € L(D,H) and the vector function 7 (k) by
DyN:(vé&o) =17,
D{N-(0)(é, ) = D,
DyN;(v&)0, = v7Z (k),
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then we assume for elk| < §

k72 (k) € CE (R, H) for |v| < v,
€ (Debr) = 2¢co +eve(k), co #0, k> (k) € Cipy (R, R).

Examples: In the two examples mentioned above, the hypothesis H4b is satisfied.
The family of equilibria €y for v € R, corresponds to uniform flows of the upper layer
moving horizontally over the bottom layer at rest.

For checking hypothesis H5, let us only consider the example detailed at section
2. We obtain the following for 77 (k), D., TY, and cg, where it is clear that H4a and
H5 are satisfied:

B) A~ 9B O k
D.Y = <3p 80;1|y 0200, 27 OB dau 0) ,

b oy’ oy’
0 A~
Tl/Y — 1 (_p 8(21 ‘y 0( —3ev _ 1),0[11(626V _ 1)7 Bz(e—Zeu _ 1)7
9p —ev day —ev
e = 1= e - 1,0,0)
E (D)= —2-(3-)= —~(3-¢), cy=-3a""
Uk Y_1 €)= a €), Co= a -,

TV(k)=¢e! (}\1(6_35” -1), ﬁ(e%” —1),0,0, %(e—” — 1),0,0) .

The fact that £(D.0y) and 77 (k) are independent of k in the water wave examples
comes from the existence of the Bernoulli first integral (see (2.5)). Indeed it can be
seen in section 4 that the coefficient £*(D.0) appears in (4.32) which results from
the differentiation with respect to z of the Bernoulli first integral and then gives a
local quadratic term for the equation for w.

In the following, we search for solutions of (3.1) of the form

U = (v +w)éo + <Y, pi(Y) = 0. (4.1)

Thanks to hypothesis H4, the nonlinear term computed for a vector U given by (4.1),
leads to a smooth operator RY defined by

N((v +w)éo +2Y) = eTX(Y) + RV (w, Y), (4.2)
with the following properties

Proposition 4.2 (properties of RY). The map R : B$(R) x B*(D) — BS(H) is C*
and satisfies B
RY(w,Y) = wD.Y + B (w,Y),
with R B
(u,Y) > uD.Y € £(B§ (R) x B(B), B3 (i),
and
v o l,«
IR (w, V)5 g < cellVlls(lwll g + 1Y 1ls),

Ve H Vs < M and |v] < vp.
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We notice that the main term of RY is uD.Y. Indeed there is no quadratic term
in w because of H4b. The linear map D, introduced in hypothesis H5 and proposition
4.2 will play an important role in the sequel.

4.2 Main Theorem

We search solutions written as (4.1) where v is a parameter close to 0. Thanks to the
definition of RY, equation (3.1) reads

dw * * v * v

o (eLY) +po(TLY) + epy(RZ (w,Y)), (4.3)
dy ” v

% = 7T£5Y + TI'TE Y + 7TRE (’lU, Y), (44)

where we use the projection m =1 — &pjg.
From now on we are only interested in reversible solutions (w,Y’) of (4.3)-(4.4)
which tend towards 0 as |z| — oo. The reversibility of a solution U means that

w is even and SY (z) =Y (—x).

We expect w and Y to tend towards 0 as 1/22, which explains our choice of spaces.
We now state the main result of this section.

Theorem 4.3. Assume that L. satisfies hypotheses H1, H2 and HS and that N,
satisfies hypothesis H4, H5. Then, for any 0 < a < 1, there exists g > 0 and vy > 0
such that, for 0 < e < g¢ and for 0 < |v| < vpe, equation (3.1) has a weak reversible
solution U, which satisfies

Ue (@) = (v + up (@) + Ue (),

where up, is the Benjamin-Ono homoclinic given by (1.8), & is the (symmetric)
eigenvector associated with the 0 eigenvalue, and (757,, € By“(R)& @ B*(D) (hence
homoclinic to 0) is O (e + |v|e™"). Moreover, if (k) is independent of k, then
U., =0+ |v).

A solution in By (R)& EBB“(]IS)) means that (4.4) is only satisfied in a weak sense,
since LY () is not defined in H while RY(w,Y’) and T¥Y are well defined. Indeed,
for k real # 0, Y (k) lies in D, while we can only say that Y (z) € D. In the water
wave examples, we recover the equation (4.4) valid in H because of the regularity
properties of harmonic functions in the half-plane, which means that our solutions
U.,, are continuous functions of x taking values in D.

Example. This theorem applies in our two water wave examples. In the explicit
example of section 2, for e > 0 small enough, there exists a reversible solution in
By*(R)&o @ B*(D) of (2.4) of the form

UE,I/ = (V + uhl)fO + (7871/7 [76,1/ = 0(6 + ‘VD’
with
45°
3P+ D)

Up1 =
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and
A—=1 p—c¢

s e

The expression of Z = (1/2A)(1— 6’2)‘2) together with Z(z) ~ ${v+uni(ex)} gives,
for the free surface, in unscaled variables

€ 4p°
Z(x) ~ — s
9~ 5 (v s )

The expression of the interface satisfies % ~ a9, then
(A —1)e 4p°
Z ~— . —
1) P A TF ey

Note that these formula fit with the imposed flux (= 1) at infinity. Also note that this
result is different from the one of [7] since the reversible solution tends towards an
equilibrium at infinity in our case, contrary to the fact that in [7] the limit at infinity
is a periodic wave.

4.3 Proof of Theorem 4.3

The aim of this section is to prove Theorem 4.3. This is done in four steps. First
we study the linear system. Then we reduce (3.1) to an equation for w in showing
that Y can be written as a function of w, v and €. In section 4.3.3 we prove that the
equation for w is a perturbation of the Benjamin-Ono equation. We finally solve this
new equation for w by the implicit function Theorem.

4.3.1 Linear Lemma

The previous section leads to the study of the following affine system

dw * * v *

pr po(eLY) + po(TXY) +epy(R), (4.5)
Y

Cfl— =7LY +7T'Y + R, (4.6)
x

with SR(z) = —R(—x) and where we now assume that R € B (H). Regarding this
system we have the following result

Lemma 4.4. Let R € B$(H) such that SR(z) = —R(—x). Let L. (¢ > 0) satisfy
hypotheses H1, H2 and HS3, and N satisfy hypotheses Hj4 and H5. Then a weak
(in the sense that it is strong for the Fourier transforms) solution (w,Y’) of system
(4.5)-(4.6) in By*(R) x B*(D) satisfies

Y =aT(w) + T, (R), (4.7)

w+aH(w') = /_L EX(R(s))ds + C.,(R), (4.8)
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where T (w) is defined by hypothesis H2, and where the following estimates hold

17c.0(R)|ls < (e + v mel)[[ RS g,

ICow (RIS < c(e + [v]e™ )| RIS 5
Moreover, if 7 (k) is independent of k, then T, (R) and Cc , (R) are O((e+|v])[| R[S 7)-

The system (4.7)-(4.8) is a weaker formulation of system (4.5)-(4.6) since L.Y is
not defined for Y € B%(D) (while (4.5) is well-defined for Y € B*(D) because of the
hypothesis H2b on p§). We denote by ”weak” our solutions, since only the Fourier
transform of the system is satisfied. We can see in water wave examples that equation
(4.6) can be understood in the distributions sense, and that a solution ¥ € B*(D) of
(4.6) leads to z — Y (z) € C°(R,D) N CY(R, H).

The result of lemma 4.4 can be understood as the inversion for £ > 0 of the linear

operator

U d—U—[,EU,
dzx

in a suitable space (since equation (4.8) can be solved with respect to w by using
the Fourier transform). Coming back to the original linearized operator before the
scaling, for allowing € to be negative, the linear operator % — L U is invertible for
e > 0, and not invertible for ¢ < 0, because of the imaginary eigenvalues of L.. This
can be also interpreted in saying that ¢ = 0 is the border of a continuous set of ’s in
which the above operator is not invertible, analogously to the type of work developed
by Stuart [11].

To prove lemma 4.4 we use the Fourier transform of (4.5)-(4.6), and consider
separately the cases e|k| < § and ¢|k| > 4, in order to use the hypothesis made on the
resolvent operator.

Proof of lemma 4.4. Taking the Fourier transform, we obtain from (4.5)-(4.6)
(ik — (Lo +TV)) (W& +cY) = eR. (4.9)
We now introduce a splitting of unity, with regular even functions ¢g and @1 such
that
wo(ek) = {(1): iZI i g/z , p1(ek) = {(1): EI:} ; 3/2 )

and ¢y + @1 = 1.
Step 1 :|k| < §. We first consider the equation

(ik — (Lo + TV))(@Wolo + €Yo) = epo(ke)R, (4.10)
where we defined @ = o (ke)@ and Yy = @o(ke)Y. Here we sce that we need the
resolvent (ik — (L. +TY))~! of the linear operator L. +T" for k real and 0 < ¢|k| < 6.

We use the Hypothesis H1 to compute (ik — (L + T¥))~! for |v| small enough and
0 < ¢lk| < 6, as a perturbation of (ik — £.)~L.
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Proposition 4.5 (Resolvent of £. + T* for 0 < ¢lk| < 0). Let V € H, k real such
that 0 < elk| < § and |v| < vy, then

(V) n: (V)
N &+ A O + €S (V)

:,k(rg,k(v)) +n:,k(rg,k(v))
ikeA  >° A

(ik — (L. +T) "'V =

O +eSe k(T 1 (V)),

where
IEn(V) = SHER(V) +evIdp(V), (4.11)

where k — HZ, and k — 17, are in CO(R\{0}, L(H)) N Cﬁm(R,L(ﬁ)) with the fol-
lowing estimates forn=10,1,2,3

sup ||HY, |z <, (4.12)
0<elk|<d

sup (|12, [z < ellv| + (e + [)™). (4.13)
0<elk|<d

Moreover the following symmetry properties hold

SH. o(V) = He_(SV),
SI (V) = I _4(SV).

Proof. This is straightforward, in using the properties of the form 57 ; (see Hlc),
of the vector 77 (k) (see H5), and of the operators S. 1, (see H1d) and T (see H5). In
particular we can see that for U = w&y + Y, p§(Y) =0, the equation

(ik — LU =V +TVU

leads to the property (notice that T&, = 0)

TYY =T (V). (4.14)
O
We deduce from proposition (4.5) that
o(h) = =W 4 SO/(B) + SOLR), (1.15)
where —~
O (py . iesgn(k) . o5 ¢ n(R) i1
and —~
5 S8k (R))
(0) _ e, k\" ek 4.1
Sw,l/(R) kA ¥o- ( . 7)
Similarly, in using (3.6), we obtain the following equation for }7’0
~ “(R ~ ~
Tok) = —a=0 o6, 1+ 5O (R) + SV (R), (4.18)

A
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where

~

exi(R) o (R)

SY(R) = = w0k + o 05 + oS- (R), (4.19)
and R
S~ (T (R)) L -
S (R) = %woek + 2005 (T o (R)). (4.20)

These terms are controlled via the following lemma

Lemma 4.6. With the assumptions of lemma 4.4, and for 0 < e|k| < 6, and |v| < v,
we have

with the estimates
|F71 (SO (R))
|F=1(SO),(R))
1F LS (R))||5 < cel|R|

1,
2,% < CEHRH;HTW

2k < cle+ vl ne)|[ R

5.
5.
IF=H (S (R)) s < ele + [v|| e IR 5
In the case when 7Y (k) is independent of k, we replace |v||Ing| by |v| in the estimates.

Proof. We apply Lemma A.2 of Appendix A to F.(k) = Cf’“ € H*, F.(k) =

k
ﬁfk"' ceH*p=1, F.(k) =¢eSck € E(f@, ]ﬁl),p = 0. Let us now consider the first terms

appearing in .7:’1(.5'7(1,0)(]%)) (4.16) and in F’l(Sgg)(ﬁ)) (4.19), i.e.

) k PP
F! <_Z€sgnA( )cpoxg(R)> = K1 xH(o}),

where

o1(z) = /_ﬂ; X:(R)ds, Ki(z)=F"" (m) ’

and . R
FH (oo (R)0) = F~" (aikby)

where a is defined by

a = ./Ti:l (TXZ(]CR)> = Kl *071.

Lemma A.2 with F. = 1 proves that K satisfies lemma A.1 with constants of order

O(e). Since R € B§(H) is antireversible and x} is invariant under S, then o1 €
By“(R) is an even primitive of x*(R). It results from corollary B2 of [7] that

FY(—isgn(k)x:(R)) = H(o}) € BS(R),
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with
_ . * /D 1, ¢
177 (—isgn(k)xZ (R))lIS < cllotllyp < cllRIS g

Finally, lemma A.1 shows

A PPN i _ . sgn(k PN o
F1 (—gpoxs(R)Gk) € B*(D), F'(—ie gn( )gooxs(R) 6321’ (R),
A A
with
l,«
sgn(k PPN ’ o
|7 (e e ®) | < el

|77 (Feoc@on)||, < e=lRlSs

This ends the estimates for F~1(SY(R)) and F~ (SSJ) (R)). For obtaining the es-

timates on ]:*l(Si(l,({),,(ﬁ)) and F~ (Si(/OI)J(R)) in (4.17) and (4.20), we proceed in the

same way as above with lemmas A.2 and A.3, using the decomposition (4.11) and

estimates (4.12), (4.13). In the case when 77 (k) is independent of k, the main terms

in HY; and I, have derivatives of order O(e") instead of the orders indicated in

(4.12), (4.13). O
It results from (4.15) and (4.18) that Y, can be written as

Yo = —aikfpt@o + T u0(R), (4.21)
where
Topo(R) = F (kSO (R0 ) + 74 (SP(R))
+F (SR +aF ! (kSO (R)L) )
and hypothesis H2a shows that 7; , o(R) € B*(D) with the estimate

| Tz 0(R)l|5 < cl FHSOR) ys + 1F 1S (R) |15

HIFHSELR)) s + e FHSO (R)) 5,
<cle + |V lne\)HRHSﬂ. (4.22)

Notice that when 77 (k) is independent of k, we replace |v||Ine| by |v| in the estimate
(4.22). The results (4 21) and (4.22) end the first step of the proof.

Step 2 : g|lk| > 8. We now study the equation
(ik — (Lo + TV)) (@16 + Y1) = ey (ke)R, (4.23)
where w1 = 1% and 5?1 = @1?. Here we must compute the resolvent of £, + T for

k real such that e|k| > 6/2. We use hypothesis H3 to compute (ik — (L. +TY))~* for
elk| > 6/2 (k real) and |v| small enough.
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Proposition 4.7. Let V € H and k real such that €|k| > §/2, then
(ik = (L + T) TV = Gle, k) (V) + Gule, B)(V), (4.24)

where G(g,k) is defined in hypothesis Hj, and where k — é,,(ak) is continuously
differentiable in L(H, D) for e|k| > §/2 and satisfies for |v| < vy and e|k| > 6/2

oG,

celv|
=0,1,2,3 4.25
akn B - |k|n+17 n 7 3 ) ) ( )
L(H,H)
and _
oG, ce?|v|
< =0,1,2,3. 4.2
akn . i |k|n ) n 0’ ) b 3 ( 6)
£(1,D)
Proof. This is straightforward, in using hypothesis H3. ]
We deduce from Proposition 4.7
@1 (k) = eo1p5Gle, k)(R) + ep1ps G (e, k) (R), (4.27)
and R R ~ ~
Yi(k) = e171G(e, k)(R) + 017G, (g, k) (R). (4.28)

These terms are controlled via the following lemma

Lemma 4.8. Let R € BS(H), then Y; € B* (ﬁ)) and wy € By®(R) with the estimates

Ml < cel| RIS 5,

17 o
lwillgp < cell RIS -
In particular
| F 1 (ikw16k) |5 < ce|| Rll 5- (4.29)

Proof. We use the Corollary of Lemma B.1 of Appendix B, with F.(k) =
7G(e, k) + mG, (g, k) for the estimate of Y1, and F.(k) = G(e, k) + G, (e, k) for the
estimate of wj. O

Step 3 : equation for Y. We finally collect (4.21), (4.22), (4.29) and obtain the
equation N N
Y (k) = —aikw (k)b + 72, (R), (4.30)

where
Tev(R) =T vo(R) + f_l(aikzﬂl(k)Gk) + Y.

Equation (4.30) corresponds to (4.7) in Lemma 4.4 and estimates (4.22)-(4.29) give
the first estimate of lemma 4.4.
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Step 4 : equation for w. Applying & on (4.30) we obtain
EY) =aH(v)+ (T u(R)), (4.31)

and from (4.5)-(4.6) we have
€ (weo +€Y)) = € (TVY) + €2 (R). (4.52)
Now using £ (&) = ¢ and (4.31), we get
4wt aH) + €(Tu(R) = £ TY) + € (R).

We observe that £f(R) € B$(R) is odd since SR(z) = —R(—xz) and £X(SV) = (V).
Therefore the following integral

/;mmm@

is well defined in BS(R). We now define C; ., (R) by
ColB) = [ €(T2Y)as (T (R)).

It results from the estimates on 7; ,(R) that
162 (Zeo (R)l5 g < (e + || Ine))[| RIS -

Using the decomposition Y = Yy + Y7, the property (4.14), the decomposition (4.11)
of I'/ ;,, and Lemma A.3 of Appendix A for Yy, and a lemma analogous to the lemma
obtained for @, (k) in appendix B for Y7, we prove that [*__(£(T?Y))ds is in BS(R)
with N

< Wl RIS
2,R

’u;&ﬂﬂ%

This leads to the estimate on C. ,(R) and concludes the proof of the lemma 4.4. O

Remark for water wave examples: Notice that (4.32) corresponds to the
differentiation of the Bernoulli first integral. For our explicit example of section 2,
the Bernoulli first integral reads (see (2.5)) for U decomposed as (4.1)

w4 E(Y) - 32;%2 +O(e + [v]) = const, (4.33)

where the coefficient of w? is (a/2)&X(D.0) (independent of k). Notice in addition
for water wave examples that 77 (k) is independent of k.
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4.3.2 Reduction

We use Lemma 4.4 where we replace R by RY(w,Y’). We then obtain
Y = a7 (w) + T (R (w,Y)).

and we now solve this equation in Theorem 4.9 for writing Y as a function of w, v
and . Therefore (3.1) is finally reduced to an equation for w.

Theorem 4.9 (of reduction). Assume that L. satisfies hypotheses H1, H2, and HS,
N satisfies Hj and H5 and let RY be defined by equation (4.2). Then for any M > 0,
there exists €9 > 0 and vo > 0 such that for 0 < & < g9, 0 < |v| < e and for all
w € BY*(R) such that ||w||y® < M, the reversible weak solutions U € B*(D) of (3.1)
written as U = (v + w)&y + €Y must satisfy

Y=Y, (w)
=aT (w) +O(e + |ve™),

where the mapping Yz, is smooth By ®(R) BO‘(]IA))), In the case when 7Y (k) is
independent of k, the above result is valid for |v| < vy and the estimate O(e + |v[e™1)
is replaced by O(e + |v]).

This theorem corresponds to a reduction of the infinite dimensional dynamics to
the study of the scalar function w(x), ¥ being determined by w, € and v. Notice that
H6 is not required in this Theorem.

Proof. Proposition 4.2 shows that if U = (v + w)&y + €Y is symmetric then R =
RY(w,Y) satisfies the hypothesis of lemma 4.4. Therefore we must find ¥ € B (]]3))
symmetric such that

Y —aT(w) - T Y, w,e,v)=0, (4.34)

where
JY,w,e,v) =T, (R (w,Y)).

Here w is fixed and is such that ||Jw|/ys < M. We solve this equation by using the

implicit function theorem. From lemma 4.4 and proposition 4.2
1T (Y, w.e,v)|ls < e(e + [vle™),

holds for ||Y]|z < §. The same kind of estimate holds for the derivative of J(Y, w, e, v)
with respect to Y. Hence the differential of Y — J(Y,w,e,v) at Y = a7 (w) is close
to identity. Actually we must adapt this theorem since we fix ¢ small enough but not
0 (J is defined only for € > 0). We then replace J (Y, w,e,v) by

J Y, w,e,v)— (1 - ueil)j(a’f(w),w,s, V).

For 1 = 0 we have the solution Y = a7 (w), and equation (4.34) corresponds to p = e.
Applying the implicit function theorem for o small and Y near a7 (w), we obtain the
required result in making g = € which lies in the domain of existence of the solution.
d
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4.3.3 Benjamin-Ono

We now reduce the system (4.3)-(4.4) to a scalar equation. Indeed we already know
that if (w,Y") is a solution of (4.3)-(4.4) then Y € BY(D) is given by ¥ =Y, ,(w) =
aT (w)+0(e+|v|e™!) (Theorem 4.9). the following Lemma gives the equation satisfied
by w.

Lemma 4.10 (equation for w). Assume that L. satisfies hypothesis H1, H2, H3
and that N; satisfies hypotheses Hj and H5. Let U(x) = (v + w(x))& + €Y (z) be

a reversible weak solution of system (4.3)-(4.4) in B*(D), i.e. tending towards 0 at
infinity. Then for 0 < & < eo, and |v| < wye, the function w € By®(R) satisfies

d
w+ aH (C;;) + acow? = B., (w), (4.35)

where B ,, : By®(R) — B$(R) is smooth and O(e+|v|e~1). In the case when 1" (k) is
independent of k, the above result is valid for |v| < vo and the estimate O(e + |v|e™1)
is replaced by O(e + |v|).

Notice that the left hand side of this equation is the Benjamin-Ono equation and
the right hand side is a nice perturbation. We observe that hypothesis H5

Ce k = f:(DEok) = 2¢p + Eva(k)7

involves two different kind of terms : on the one hand & and 6, which come from the
hypothesis on the linear operator L., and on the other hand the linear operator D,
which is part of the non linear operator N;. Note that acow? is the principal part of
the non-local quadratic term

x d N
a/ u%}'_l(ucsvk).

— 00

Proof of lemma 4.10. We already know with Theorem 4.9 that ¥ = Y , (w).
We then use (4.8) with R = RY(w, Y. ,(w)) (RY satisfies the hypothesis of lemma
4.4), hence

w+ aH(w') = /_1 & (R (w, Yo ,))ds + Ce o (RZ (w0, Ye o (w))). (4.36)

Notice that from (4.30), we can write Y, ,(w) as
Yoo (w) = aT (wo) + 72, (RY), (4.37)
where i,y(R) =T.,(R) — aF ' (ikw,0y) satisfies the same estimate as 7, (R) i.e.
7.0 (R)ls < cle + il ) [ RIS 5.

Using the expression of RY(w,Y’) given by proposition 4.2 and the expression of
Y. ,(w) in (4.37) we obtain

RY(w,Ye,(w)) = awD.T (wy) + wD. Tz , (R (w, Ye , (w)))
+RY (w, Y., (w)) (4.38)

31



We also observe that
(DT (wo)) = FH(—ikigce 1)
= —2cow’ + 2coF " (ikp1@) — F L (ikpoery. (k)D),
where ¢, = £(D:0;) = 2¢o + €7:(k). We can prove (using again Lemma A.2 with
F. = ev,) that
| F = (ikpoere (F)) |5 g < cel| F~ (ikD)]|5 g,
< cellwl35- (4.39)

and we know from lemma 4.8 that

|F = (ikpr@)|5 g < el RZ|lG - (4.40)

‘We deduce that

/ & (RY(w,Ye,))ds = —acow? + Be . 0(w),

where

x x

wF ik W) — a/ wF " (ikpoey. (k)W)

— 00

Beyo(w) = 2aco/

*/m |we: (D.T(RY)) + €2 (RY) ds,

for which the following holds, thanks to (4.40), (4.39)
1Bevo(w)l5g < cle + |vle™),

for ||w||%§ < M.
We now define B. ,(w) by

Be,u(w) = BE,V,O(w) + Ce,u(Ré’(wv Ye,y(w)))7

which allows to derive the perturbed Benjamin - Ono equation (4.35). g
As noticed above in our examples we obtain (4.35) quasi-directly from the Bernoulli
first integral (see (4.33)).

4.3.4 Bifurcation result

The aim of this section is to find reversible solutions (i.e. even solutions) of (4.35)
homoclinic to 0 in By®(R). This will give reversible (weak) solutions of (3.1) homo-

clinic to 0 in B (]ﬁ)), thanks to Theorem 4.9. Next theorem shows the existence of an
even solution of (4.35) approximated by

-2
aco(1+ (z/a)?)’
where it is known that u is the unique non zero even solution of the Benjamin-Ono
equation (see [2]), tending towards 0 at infinity

up(x) =

dun

uh+aH<dx

) + acoui = 0.
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Theorem 4.11. For0 < e < eg and |v| < vge ,there is a unique reversible homoclinic
solution w € By®(R) of (4.35) (perturbed Benjamin-Ono equation), such that

lw—unlzs < (e +[v|e™).

Collecting the results of Theorem 4.9, Lemma 4.10 and Theorem 4.11 ends the
proof of Theorem 4.3.

Proof of Theorem 4.11. We again use the implicit function theorem starting
from the approximate Benjamin - Ono homoclinic u;,. We look for w € B%’Q(R)
solution of the equation (4.35) under the form

w = up + 0.
We need to find v € By*(R) satisfying
Lv =G(v,e), (4.41)

where
dv
Lv=v+aH | — | + 2acoupv,
dx

and where G is defined by
Q(v,s) = Bs,u(uh + U) — aCOU2.

The map v — G(v,e) is in C*(By*(R), B¢(R)), and (4.41) is invariant under the
symmetry S
v(x) — v(—x).

We need estimates on G(v,¢). By Lemma 4.10
a -1 1, 2
1985 < e =+ 1wl + (lellyg) ),

for ||v||§§ < §. The same kind of estimate holds for the derivative of G with respect

to v. Then in a sufficiently small ball for v € Bé’a(R) the differential at the origin of
the operator Lv — G(v,¢) is close to the operator L which has a bounded inverse in
L(BS(R), By“(R)) in the subset of even functions, thanks to a result of [1]. Actually
we need to adapt the implicit function theorem as in the proof of Theorem 4.9, since
we fix € small enough, but not 0 (G is not defined for € = 0). Hence we replace G(v,¢)
by

g(’U,E) - (1 - M5_1)9(0’5)7

and consider the implicit function theorem for (v, ;) near 0. For p = 0 we have the
trivial solution v = 0. Equation (4.41) corresponds to u = &, which lies in the domain
of existence of the solution obtained by the implicit function theorem, for & small
enough. Finally we obtain

[vllys = O(e + [vle™h),

and theorem 4.11 is proved.
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A Proof of lemma 4.6 (g|k| < 9)

We first give a technical lemma which will be useful in Appendix A and B (see [7]
lemma B1 p.2314).

Lemma A.1. Let E and F be Banach spaces and assume K : R — L(E,F) is a
function C1 on R\{0} such that

i) | K@)lle@r < Co/lzl, 1K' (@)l e < Coflal for |z <1,

)| K () || £r) < C1/|z|? for |z| > 1, and p.v. fil K(z)dx € L(E,TF).

Then the linear map K defined by

foKf :p.v./RK(s)f(. _ 8)ds,

is bounded from BS(E) to B$(F).
With lemma A.1 we prove the following lemmas A.2 and A.3. These lemmas allow

us to obtain the estimates of lemma 4.6.

Lemma A.2. Let E and F be Banach spaces and let F (k) € L(E,F) such that
ki F.(k) € C2_(R,L(E,F)), and let R € BS(E). Then

lim

ME(R)(x) = F ! (Sa(iff“) Fg(k)(§)> € By“(F), p=0,1,2,3, (A1)

with the estimate
(a) IME(R)|SF <c (HFall + gm0 n gt || F |

=20 In ez |2 ) | Rllg g,
« .

< e (IF] +&mm@=20 meffe2 | F|
2,F

dM?(R)

b ey
o |

e 30 In e o2 | Y| ) | ]I,

where || = supgcigy <5 1" ()| ey forn = 0,12, and 8,5 = 0 for i # j and
51',1' =1.
Moreover, if k — F.(k) is even but not continuous in k = 0 then the same con-

clusions hold.

Proof. (a) We define for p =0, 1,2, 3, the operator K,(z) in L(E,F) by

Ky(z).V =F"" (%Fs(k)(‘f)) )

and we prove that K, satisfies the assumptions of lemma A.1. In the case when F} is
even K,(x) reads

K

p,

é/e
(@) =2 /0 Ké’;f]]:))pg(k) cos(ka)dk, (A.2)
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then after two integrations by parts K, ; can be written as

/e r.
B woF:\ sin(kx)
and 5/ .
L —apFL(0) + FA(0) (ol )" cos(ha)
Ky (z) =2 = _9 /O o) k. (A4)

We now differentiate (A.2) and perform two integrations by parts so that K, ; ()

reads 5/ Y
=k sin(kx)

An integration of (A.2) gives the following relation

! o/e sin(k)
p.v./ Kpqi(z)de = 4/ F dk. A6
[ Kaws=a [ e0n GG (4.6)

After straightforward estimations, (A.3), (A.4), (A.5) and (A.6) allow to satisfy the
assumptions of lemma A.1 where the dependency of the constants in € and ||an)||,
for n = 0,1, 2 follows. Then, the part (a) of lemma A.2 is proved for F. even. Notice
that the continuity of F; in k = 0 is not required in this case.

In the case when F. is odd we use the same strategy, the only difference is in the

first integration by parts

F.(0 8/e 7 cos(kx
Kpa(z) = —2# +2/0 (%ﬂ) (T)dk.

Here we use the continuity of F;, in particular the fact that F.(0) = 0 so that we find
an expression similar to the one found in the previous case, then we obtain the same
estimate as K, 1, and the part (a) of lemma A.2 is proved for F; odd.

(b) The proof of (b) is similar to the previous case, defining an operator K, (z)
in £(E,F) by

Ky(z).V =F1 (%E(M(W) :

The same study as in (a) allows to satisfy the assumptions of lemma A.1 with the

dependency of the constants in & and ||F5(n) I, for n = 0,1,2 indicated in the lemma
A2. |

In the next Lemma we study the primitives of the functions introduced in Lemma
A2

Lemma A.3. Let F.(k) € L(E,F) such that F.(k)S = F.(—k) and k — F.(k) €
C3 (R,L(E,F)), and let R € BS(E) such that SR(z) = —R(—xz). Then

wolek) p (k)(fz)) € B (F), p=0,1,2,3

Pr(R)a) = 7 (D,
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with the estimate
IP2(R)|l5r < c(IF:|l + | FLI) 1RIISE +
+e (Erﬂin(p—l,o)‘ 11’15|5p’1 ||F€//|| + ErrliH(P—2,0)| 1n5|(5p,2 HF€(3)H) ||RH3,IE7

where | FX" || = supgcjej<s IFS (k)| cqep) for n=0,1,2,3.
Proof. We first decompose PP(R) as

PL(R) = F 7 (G FO®) + 77 (L2 (@) (A7)

where we define J. by

We study the first term of (A.7) which can be written as

7 (Gar P-OUR)) = Koy la) () (a8

where
Kps(x)=F"! (%) , o(z)=F! (FE(?])C(R)> .

Since R € B$(E) satisfies SR(z) = —R(—x) and F.(0)(SV) = F.(0)(V) then the
map x — F.(0)(R(x)) is odd and the function

o)~ [ " E(0)(R(s))ds,

is an even primitive of F.(0)(R) and is in By*(F) with
1, a
lollyr < cllFelllI RIS e

An estimate of the operator K, 3(x) is obtained from lemma A.2 in using F, = 1. We
conclude that

—1 ®o D « «a
|7 (R 0@, < PRI
Now, we want to use Lemma A.2 to estimate f‘l(%‘fs(k)(ﬁ)) but the map J; is
not necessarily continuous in k£ = 0. Then we study separately the cases F. even or
odd.

Assume F'. is even. In this case we write

7! (%Jg(k)(ﬁ)) =7 ( % {J=(k) + isgn(k) FL(07)} (ﬁ)) (A.9)

_F1 (%isgn(k)Fé(Oﬂ(ﬁ)) :

The map k +— J.(k) + isgn(k)F.(0") is in C2_ (R, L(E,F)) then Lemma A.2 applies

lim

to the first term of the r.h.s of (A.9). To estimate the second term, we write

FH (Rrisen(k) FLO07)(R)) = Kpala) « Hw),
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where K, is the function introduced in (A.8), H is the Hilbert transform and where

wle) = [ 0N (),
since F.(k)S = F.(—k) then F/(0%)S = —F!(07), and F/(0%)S = F/(0") because
F. is even. Moreover R € B$(E) satisfies SR(x) = —R(—=x) then w is even and in
By (F) with
1,a a
||W||2JF < CHFéHHR”dE
We deduce that H(w’) € BS(F) (see [7], corollary B2 p.2317) and finally, as above,
that
_1 (%o . =0\ || o
|77 (Srisentm) FLO@®) ||| < el FLIIRI:

holds. This ends the study of F—! (%Jg(k)(ﬁﬁ in the case when F; is even.

Assume F'. is odd. In this case J; is even and Lemma A.2 applies, which ends
the proof of Lemma A.3 g

B Proof of Lemma 4.8 (e|k| > §)

Here we prove estimates necessary for the control of w; and Y7 defined by (4.27) and
(4.28).

Proposition B.1. a) Let F. be a linear map where k — Fc(k) is continuously dif-
ferentiable in L(H, D) for elk| > §/2 with the following estimates in L(H,H) and in
L(H,B) (e[k] > 6/2)

C
|k.‘n+1’

||aZF€|‘£(ﬁ,H) S 7120,172,3, (Bl)

1OF Fell o5y < W n=0,1,23.

Then the linear map
V = Ko(2).V = F1 (F(k) (V)1 (k)

satisfies the hypothesis of lemma A.1 z'n L(]ﬁl Iﬁ)) with constants of order €.
b) the linear forms epfyKo(z) and 2 TepoKo() satisfy the hypothesis of lemma A.1

m ﬁ*, with constants of order €.
We deduce from proposition B.1 and lemma A.1 the corollary

Corollary B.2. Let F. salisfy the_ assumptions of proposition B.1, and let R €
BS(H). Then F~(p1F-(R)) € BS(D) and F~(pi(cp1 F-(R))) € By (R) with

IF (e PU(R)IS 5 < cell RIS

17~ (py (ep1 F(R)))

1
2R < CgHRH;ﬁ
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Proof. a) We first suppose that F; is even, K is then denoted by Kp;. Since
||F€||£(fg1 m < %> Ko1 may be written in L3(R, £L(H,H)) as

A
Kopi1(z) =2 lim p1F; cos(kx)dk.

A—00 J5/2¢

After an integration by parts in the above integral, the limit can be computed in
L3(R, £(H,H)) so that Ko can be decomposed as follows

1
5K01(13) = —Il(l‘) — 6[2(1‘),
where - in (k)
sin(kx
nie) = [ w ™ g,
6/2e T
and

o/ sin(kz
12(:5):/6/2 £ 2 o,
€

Notice that Iy € CO(R, £L(H, ]IA)))) and satisfies

/s |sin(kz)| c

1@ @5 S/ e rdk < — (B.2)
CEBRZ Jspe al ||

We also observe that after an integration by parts, the following estimate holds for I

3/% | cos(kz)| /e ce
I < 7(7 2)dk<—. B.3
P M CRE L (3.3)
Let us now compute the derivative of I
1 o/e d/e k
I(a)=——= [ F.(k)sin(ka))dk + / k() S o (B.4)
T2 Js)2¢ 6/2e €

After an integration by parts in the second integral of (B.4), we obtain the following
estimate

c
Hjé(m)ng(ﬁ’ﬁ) < Pl (B.5)
Finally, we check
1 é/e k o
p.v./ Io(z)da = 2 Fs(k)go’l/ S Jdk — 0(1). (B.6)
-1 5/2¢ 0 u

The estimates (B.2), (B.3), (B.5) and (B.6) correspond to the hypothesis of Lemma
A.1 for Is. To end the proof of proposition B.1 a) in the case F. even, we need
to study I; which, after an integration by parts, and using ||F€”||E(ﬁ’®) < ;= and
”Fs/”c(ﬁ,ﬁ) < £, leads to

. 1 e
||Il(x)||£(ﬁﬁ) < ce min <|1:|’ |$|2> . (B.7)
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We now need to compute the derivative of I;. We first observe that
e sin(kx) — k
nw) = [ (R0 D= g
5/2e T

so that I] reads

0o é/e
Ij(x) = / F!"(k)yo1h(k,z)dk + 25/ F!' (k)@ h(k,x)dk +
6/2e 6/2e

o/e
e [ FLR)GY Rk, )k,
6/2e

where
h(k,x) = (kx cos(kx) — 3sin(kx) + 2kx)/x*.

We deduce the following estimate

ce

|‘Ii(x)||g(~’]ﬁ) < 22" (B.S)
finally we check
1 oo k _:
p.U./ Il(x)dx:2/ F;(/g)@l/ S0 ik = 0(e). (B.9)
-1 5/2¢ 0 u

The estimates (B.7), (B.8) and (B.9) correspond to the hypothesis of lemma A.1 then
proposition B.1 a) is proved when F. is even. We obtain the same results when Fy is
odd with a similar proof. _

We now prove proposition B.1 b). We need to study Ko = F~*(epg(F:(k))p1),
where F. behaves like 1/k in L£(H). We prove as for Ky; that when F_ is even

1~ o, sin(kx o | sin(kx
sRne) = = [ (e ™ pan e [ i 00) ™
2 §/2¢e T §/2¢e T
holds, which leads to the estimate
~ ce
[ Ko1(2)|lm- < ik (B.10)
and )
p.v./ Ko (x)dz = O(e). (B.11)
-1
After integrations by parts we obtain
~ ce
([ Ko1 ()] < e (B.12)

and in differentiating I~(01 as follows

dKou(@) _ o /OO (pS(Fe(k)l“Dl(gk))” (2cos(kz) — 2 + kxsin(kz)) dk,  (B.13)
dx 5/2¢ T
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it results

d[?(n(l‘)
dx

00 é/e o/e
5/2¢ kT 5/2e k2w 5/2: kx

H*

where
g(u) = usin(u) — 2 4+ 2 cos(u).

Therefore using g(u)/u® < emin(u, 1/u?), g(u)/u? < cand g(u)/u < u in the previous
estimate, we obtain
dKOl(JJ)

<. B.14
I (B.14)

R

H*
Similarly we obtain

T oo . 8/ | o 8/ | o2
dKC(;l (x) S C€/ |SIkHQ(k2‘T)| dk 4 052/ |SH];(IZI)‘ dk 4 53/ ‘Sln(f:l}” dk
€z H* &/2¢ T 6/2e € 6/2¢e €
ce
< W (B.15)

To compute d2Kg; /dz? we make an integration by parts in (B.13), then we obtain

42K, o k
o 25/ kD) oy,
5

T, PR

where
f(u) = —6u — 6ucos(u) — u? sin(u) 4 12sin(u).

We obtain as for (B.15) the estimate

A2 Ko,

ce
< —. B.16
dx? ~ x)? ( )
H*
Finally, we check
L=
dKo:
. dz = 0. B.17
po- | g (B.17)

The estimates (B.10), (B.11), (B.12), (B.14), (B.15), (B.16) and (B.17) correspond
to the hypothesis of Lemma A.1 for K¢; and 9,Kp1, then b) is proved for F. even.
Similarly we obtain the same results when F. is odd and proposition B.1 b) is proved.
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