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Abstract

The present paper deals with the life and some aspects ofigmific contributions of the mathematician

René Gateaux, killed during World War 1 at the age of 25. Tifdue died very young, he left interesting

results in functional analysis. In particular, he was amtivegfirst to try to construct an integral over an

infinite dimensional space. His ideas were extensively Idpeel later by Paul Levy. Among other things,

Lévy interpreted Gateaux’s integral in a probabilistianfrework that later contributed to the construction
of the Wiener measure. This article tries to explain thigslar personal and professional destiny in pre-
and postwar France.

Keywords and phrases: History of mathematics, functional analysis, integrafiprobability,
Wiener measure
AMS classification:

Primary: 01A70, 01A60, 46-03, 60-03
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INTRODUCTION

In his 1923 seminal paper on Brownian motion, Norbert Wiementioned that integration

in infinitely many dimensions [was] a relatively little-slied problemand thatall that has been
done on it [was] due to Gateauxglky, Danielland himself. Following Wiener, the most complete
investigations had been thosegun by Gateaux and carried out by

It was in 1922 that Lévy’s bookecons d’Analyse Fonctionnel(fLévy, 1922]) was published
after his lectures given at the College de France in theraith of the Great War. Lévy’s book,
and more specifically Lévy himself, made a profound impoes®n Wiener [Wiener, 1923]
(p.132). The American mathematician emphasized how L&pjagned personally to him how
his own method of integration in infinitely many dimensiowsjch extended results Lévy found
in Gateaux’s works, was the convenient tool he needed fozdnstruction of Brownian motion
measure.

| shall comment later on the path linking Gateaux’s works éoy’s fundamental studies, but let
me begin by discussing the circumstances which constitbehitial motivation behind the cur-
rent paper. Gateaux was killed at the very beginning of trea@Nar in October of 1914. He died
at the age of 25, before having obtained any academic poséien before having completed a
doctorate. His publications formed a rather thin set of arietes presented to the Academy of

in all the literature, there is a significant uncertaintyareting whether the name bears a circumflex accent or not
(due to the confusion with the woghteau-cake in French). In the present paper, | shall adopt the enaditician’s
own use oNOT writing the name with an accent (this is to conform with highpcertificate).

2Laboratoire de Probabilitts et Modeéles aléatoires, vensite Pierre et Marie Curie, Paris, France.
laurent.mazliak@upmc.fr

3[wiener, 1923], p.132.
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Sciences of Paris and to the Accademia dei Lincei of Rome.eNdrthem dealt with infinite-
dimensional integration. Neverthess, Gateaux’s namaellikisbwn today, and even to (some)
undergraduate students through a basic notion of calculowik as the&Sateaux differentiability/
The notion, weaker than the (now) classical Fréchet difféability, was mentioned in Gateaux’s
note [Gateaux, 1914a] (p.311), under the naraigation premere of a functional, though it was
probably already considered by him in 1913 as the name appe§Gateaux, 1913a] (p.326)
but without any definition. Regardless, this notion was @t fanly a technicality introduced by
Gateaux among the general properties that a functional aae hLévy was probably the first to
name it after Gateadx

So, | wanted to understand how it can be explained that a lmagion of calculus had been
given the name of an unknown mathematician, who died so yduefgre having obtained any
academic position and even before having defended a th8sish a paradox deserved to be
unravelled. It is this apparent contradiction that | wantttmress in this paper by presenting
René Gateaux’s life and death, some of his mathematicehrels and the path explaining why
we still remember him though so many of his fellows killedidgrthe war became onlygolden
word on our public square®llowing Aragon’s beautiful expressidn

Let me immediately reveal the key to our explanation. Beyoisdragic fate, Gateaux had two
strokes of good fortune. The first one was related to the mathematical theme he was in-
terested inFunctional AnalysifAnalyse Fonctionnelle) in the spirit of Volterra in Romedan
Hadamard in Paris, often also called by thémctional calculugcalcul fonctionnel). At the
beginning of the 20th Century, this subject was still ligtedied. In the years following World
War 1, it received unexpected developments, in partical#éné unpredictable direction of prob-
ability theory. Gateaux was therefore posthumously in @cinivith a powerful stream leading
to the emergence of some central aspects of modern prdigafuich as Brownian motion as we
have seen in Wiener's own words. It is very fortunate for tigdnian that important archival
documents about Gateaux’s beginnings in mathematicsitir@vsilable. Gateaux had in partic-
ular been in correspondence with Volterra before, durind,(r some weeks) after a sojourn in
Rome with the Italian mathematician. His letters still €xeglay at theAccademia dei Linceand
provide precious insight into Gateaux’s first steps. Letexchanged between Borel and \Volterra
about the young man’s projects and progress are also akail@me such document is a letter
from Gateaux to Volterra dated from 25 August 1914 and writia the battlefield. Moreover,
some other material is accessible such as the military elpssime of Gateaux’s own drafts of
reports about his work, and some scattered letters fromautdiim by other people. This allows
us to attempt to reconstruct the life of the young mathena@atiduring his last seven or eight
years.

“Let me recall that Gateaux differentiability of a functipulefined onR" is the directional differentiability f is
said Gateaux differentiable atc IR" if for any vectoru given in IR", the function\ — f(z + Au) has a derivative
at 0.

SIn [Lévy, 1922], p.51, under the nandéfferentielle au sens de Gateaukanger ([Sanger, 1933]) compared the
various definitions formulated for the differential of a &iimnal in his survey about Volterra’s functions of lineg€s
in particular Chapter Il on pp.240-253. Gateaux’s definiioconsidered on pp.250-251.).

Déja la pierre pense ol votre nom s'inscrit/ Déja voléses plus qu’un mot d’or sur nos places/ Déja le souvenir
de vos amours s’efface/Déja vous n’étes plus que pour p&a ([Aragon, 1956])

’In the sequel, | shall use the expressionctional analysi®nly in reference to the theories initiated by Volterra,
though it today has a slightly different meaning.
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But it is mainly due to the second stroke of fortune that soneenory of Gateaux (or, at least,
of his name) has been preserved. Before he went to the waga®ahad left his papers in his
mother’s house. Among them were several half-completedus@aipts which were intended to
become chapters of his thesis. After the death of her somabiker sent the papers to the Ecole
Normale. Hadamard collected them and in 1919, passed thé&auolLévy in order to prepare
an edition in Gateaux’s honor. Studying Gateaux’s papearsecat a crucial moment in Lévy’s
career. Not only did they inspire Levy’s book [Lévy, 1922itlthey were a major source for his
later achievements in probability theory.

The aim of the present paper is twofold : one aspect is to pteseaccount of Gateaux’s life
by using valuable new archival material discovered in sdvalaces, the other is to give some
hints of how his works were completed and - considerably emaéd by Lévy. In that respect,
it is clear that the mathematical ideas of Gateaux were dpeel in a direction he could not
have expected ; probability, for instance, was absolutetymhis mind. The appearance of the
mathematics of randomness in this inheritance is undolypesdirely due to Lévy’s powerful
imagination. It is therefore well beyond the scope of thigche, centered on Gateaux, to present
a detailed study of Lévy or Wiener’s studies on Brownian iomat The interested reader may
refer to several historical expositions such as [Kahan8g]Lér [Barbut, 2004] (pp.54-60). An
account from direct participants in this story can be foundévy’s autobiography [Lévy, 1970]
(p.96 and seq.) or Itd’'s comments on Wiener's papers ([@fiet076], pp.513-519).

Looking backward, Gateaux’s role must not be overestimateithe history of mathematics.
Contrary to some other examples of mathematicians who diehgy, such as Abel to cite a
famous example, Gateaux had not made decisive progresg imanortant direction. So maybe
some words are necessary to explain what a biographicabapprof someone as Gateaux can
teach us. The main point here is related to the Great War,tendftect it produced on French
mathematicians.

In her memoirs [Marbo, 1967], written at the end of the 196€i& novelist Camille Marlfp
Emile Borel's widow, mentioned that after the end of World\¥aher husband declared that he
could not bear any more the atmosphere of the Ecole Normat®urning, and decided to resign
from his position of Deputy Director. In 1910 Borel had susded the position to Jules Tannery,
during a time of extraordinary success for Analysis in Feanth outstanding mathematicians as
Henri Poincaré, Emile Picard, Jacques Hadamard, Henedgale, and naturally Borel himself.
A superficial, though impressive picture of the effect of W@fiLthe French mathematical com-
munity is read through the personal life of the aforemertmathematicians - with the obvious
exception of Poincaré who had died in 1912 . Picard lost ongrs 1915, Hadamard two sons in
1916 (one in May, one in July) and Borel his adopted son in 19h& figures concerning casual-
ties among the students of the Ecole Normale, and espeaialbng those who had just finished
their three year studies at thee d’UIm, are terribl& Out of about 280 pupils who entered the
Ecole Normale in the years 1911 to 1914, 241 were sent to tme &irectly from the school
and 101 died during the war. If the President of the Repubdigrfond Poincaré could declare
thatthe Ecole of 1914 has avenged the Ecole of 1870e price to pay had been so enormous
that it was difficult to understand how French science couldige such a haemorrhage. Most
of the vanished were brilliant young men, expected sucessddhe brightest scholars from the

8Marbo is Marguerite Appel’s nom de plume. She was the daugiithe mathematician Paul Appell.
9They were collected in a small brochure published by the&bimrmale at the end of the war [ENS, 1919].
10 °Ecole de1914 a vengeé I'Ecole de 1870, [ENS, 1919], p.3
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previous generation in every domain of knowledge. They vgergoung that almost none had
had time to start making a reputation of his own through msifsnal achievement. As testimony
of his assumed abnegation, Frédéric Gauthier, a youngrig, who had entered the Ecole Nor-
male Supérieure in 1909 and was killed in July 1916 in thédéaf Verdun, left a melancholic
comment on this time of resignatioMy studies, it is true, will remain sterile, but my ultimate
actions, useful for the country, have the same value as aanifelof action'.

Gateaux, who died at the very beginning of the war, appearstbre to be a good representation
of the lost generation ofiormaliensthat | have just mentioned; he was at the same time an
exception, as his very name, contrary to almost every onaeso€dmpanions of misfortune,
has been retained in mathematics. The way in which it has betamed, and above all the
direction in which his works received their most importaetelopment (Wiener’s seminal paper
[Wiener, 1923]) was, at least partly, related to the waryL@rote to Fréchet in 1945

As for myself, | learned the first elements of probabilityidgrthe spring of 1919

thanks to Carvallo [the director of studies at the Ecole falynique] who asked

me to make three conferences on that topic to the studemés tBesides, in three

weeks, | succeded in proving new results. And never will inslfor my work in

probability a date before 1919. | can even add, and | told VeBso, that | had

not really seen before 1929 how important were the new pnablenplied by the

theory of denumerable probabilities. But | was preparedumgctional calculus

to the studies of functions with an infinite number of varesand many of my

ideas in functional analysis became without effort ideagctvicould be applied

in probability!?
The urgent need to renew the teaching of probability at treedeolytechnique was a side effect
of the war, when much probabilistic technique had been wsadjust shooting. And it is because
Gateaux was dead that Lévy was in possession of his papetsdy can tell what would have
been Lévy’s career without the conjunction of these twgaliate elements that his fertile mind
surprisingly connected.
Therefore a focus on Gateaux allows us to shed some light me sspects of mathematics in
France before and after the Great War and to understand hdwasuevent may have influenced
their development, not only in technical aspects but aleabsge of its terrible human cost.
The paper is divided into four parts. In the first | describég@ax’s life before he went to Rome in
1913. Then | present the critical period in Rome with Volkerfhe third part treats his departure
to the army and his last days. Finally, there is a slightly ertechnical part which considers the
work of the Gateaux and how it was recovered by Lévy and denably extended by him so that
it became a step towards the construction of an abstragiraita infinite dimensions and then
of modern probability theory.

1. APROVINCIAL IN PARIS

We do not know much about Gateaux’s life before he enteredEtdote Normale. Gateaux did
not belong to an important family and moreover his familytwoinsisted only of his parents, his
younger brother Georges and himself. Neither of the brethad direct descendants, as both

Hves études, il est vrai, seront demeurées stériles, messactions derniéres, utiles au pays, vaudront toute une
vie d’action, [Annuaire, 1918]
2Barbut, 2004], p.156.
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boys died during WWL1. | have met a distant member of his famaynely the great-great-great-
great-grandson of a great-great-great-grandfather o &ateaux, M.Pierre Gateaux, who still
lives in Vitry-le-Francois and most kindly offered accésshe little information he has about his
relative.

René Eugene Gateaux was born on 5 May 1889 in Vitry-le-geiarin the département of Marne,
200 km east to Pari$ René’s father Henri, born in 1860, was a small contractoo wwned a
saddlery and cooperage business in the outskirts of Vitiy.ntbther was Marie Roblin, born in
Vitry in 1864. René’s family on his father side came oridgip&rom the small town of Villers-le-
Sec at 20 km from Vitry, the rural nest of Gateaux’s familyn®s birth certificate indicates that
Eugene Gateaux (Henri’s father) was a proprietor and JudesifiR(Marie’s father) was a cooper;
the grandparents acted as witnesses when the birth wateregiat the town hall. Eugéne’s birth
certificate indicates that he was born in Villers-le-Sec8@1.and that his father was a carpenter.
Perhaps René’s grandfather came to Vitry to create hisbssiand employed Marie’s father as
a cooper. As already mentioned, the couple had two childrBené is the elder, the second
one, Georges was born four years later in 1893. René’srfdtad young, in 1905, aged 44, and
the resulting precarious situation may have increased dlgts ldetermination to succeed in his
studies.

| have no details on René Gateaux’s school career; he wapikipitry and then in Reims.
The oldest handwritten document | have found is a letter éoMinister of Public Instruction
on 24 February 1906 asking for permission to sit for the exaton for admission to the Ecole
Normale Superieuté(science division), although he had not reached the reguildimum age
of 18.

Two things can be deduced from this document. The first is @seaux was a student in a
Classe Préparatoire in the lycée of Reim®ur second inference is that Gateaux was a brilliant
student in his science classes. He should have obtainecbtislauréat in July 1904 at the age
of only 15. However he was not admitted to the Ecole Normalgisriirst attempt in 1906, but
only in October 1907 after a second year in the class of Magtigues Spéciales as was usually
the case.

What was it like to be a provincial in Paris? Jean Guéhenam m 1890, and admitted in 1911
in the literary section, has written some fine pages on thgastim hisJournal d’'un homme de
40 ans( [Guéhenno, 1934] - see in particular the Chapter VI, llet#uel’). There he describes
the Ecole Normale Superieure of the years before the GreathAfugh the eyes of a young man
from a poor provincial background (much poorer in fact thatgaux’s) and how he was dazzled
by the contrast between the intellectual riches of Paristhadaborious tedium of everyday life
in his his little industrial town in Brittany. We also have ahituary written in 1919 by two of
Gateaux’s fellow-students from the 1907 science sectitineoEcole Normale, Georges Gonthiez
and Maurice Janet. They wrote :

BAbraham de Moivre was born there 222 years earlier, beferevtirs of religion forced him to leave for London
where he spent all his scientific career. Francois Jacquasralso born there 178 years earlier. A local historian
from Vitry, Gilbert Maheut, has written several short papabout his three mathematician fellow-citizens. See in
particular [Maheut, 2000].

Yafter the defeat of 1870, the prestige of the Ecole Polyteplmhas faded and the Ecole Normale Supérieure
had become the real center of intellectual life in Francleatarn of the century.

5The Classes Préparatoires are the special sections irr¢hetFschool system that train students for the com-
petitive examinations for entry to the ‘Grandes Ecoles’hsas the Ecole Polytechnique or the Ecole Normale
Supérieure.
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He was one of those good comrades with whom one likes to chiatbéhevo-
lence and absolute sincerity were feltimmediately; he weesad those who knew
how to listen and to empathize with the other’s thoughts. béeythers were more
assertive of their personality, more inclined to prove thginality of their spirit
and character. It was without noise that Gateaux’s pergghdbssomed, follow-
ing the way he judged to be the best possible, and his persomateasingly and
smoothly strengthened. He had this freshness of spiritefitiht nature not yet
offended by life. When he arrived at the Ecole, he quietlyngakhis spirit to new
subjects with the natural easiness and the calm of a moaddstanfident and
beautiful intelligence. [...] He soon appeared to us as dtleecbest mathemati-
cians in our group, serious-minded, and quick to focus orefisential. He liked
to deal with all kinds of philosophical or general questiths

After the entry at the Ecole occurred an event in the young'sride of undoubted importance
since Gonthiez and Janet devote many lines to it. Gateauanie@ member of the Roman
Catholic Church. He joined the churetith fervour, wrote his two fellows. Such a decision in
1908 may seem surprising: the separation laws between Rlaumnd State had been passed in
1905 and the Roman Church stood accused for its behaviourgdilne Dreyfus Affair. How-
ever, there was concurrently a revival of interest in Catierh as a counterweight to triumphant
positivism. Such a current was well represented at the Bdotenale [Gugelot, 1998]. Among
Gateaux’s fellows was Pierre Poyet who chose a religioesalifd died a few months before he
could make his vows as a Jesuit.

René’s conversion to Catholicism, which had a profouneéatfon his spiritual life, created
difficulties for him at the Ecole Normale. Gateaux explained letter to Poyet (quoted in
[Bessieres, 1934]) that his conversion was received blayliis fellows and some professors.
Several pages are devoted to Gateaux in Béssieres’ piogia Poyet ([Bessieres, 1934]). So
far, all efforts to locate Poyet’s personal papers have legihess, nevertheless the obituary by
Gonthiez and Janet testifies to the incomprehension feltdig&tix’s fellows.

Itis indeed striking to see how [Gateaux] dealt with bothreiggious and secular
lives. His great abilities for the intellectual work, a aalie health and the absence
of any self-love may have passed for indolence. He tirederatjuickly, and,

if he did not feel himself in a sufficiently good mood for wankj, he stopped
immediately and went for a walk. He rarely imposed a task amskif in advance
and somehow left it to circumstances to lead him. But when & iw the right
mood, he amazed us by his quickness to focus on the heart afldepr, to

18C était un de ces bons camarades avec qui 'on aimait ceavetont on sentait dés I'abord la bienveillance et
la sincérité parfaite, un de ceux qui savaient écouteagdient entrer dans la pensée d’autrui. D’autres chiencha
peut-étre davantage a affirmer leur personnalité, areneh valeur 'originalité de leur esprit et de leur caeaet
Sans ces éclats et ces écarts, la personnalité de Gatemtixdéveloppée d’'une maniére harmonieuse en suivant
la voie qu’elle a cru la meilleure, et elle s’est raffermiasaesse et sans heurts. |l avait cette fraicheur d’esprit
des natures droites que la vie n’a pas encore froisséesrigant a I'Ecole, il ouvrait tranquillement son esgitle
nouveaux objets avec I'aisance naturelle et le laisser-dliine belle intelligence stre d’elle-méme dans sa rsibele
[...] I nous apparut bientdt comme un des tous premierhématticiens de la promotion, réfléchi, sérieux, prompt
a découvrir 'essentiel, aimant a se porter vers les tipres d'intérét général et philosophique. (JAnnuaite18],
pp.136 to 140)
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organize an Agrégation lectdfearound a central, though sometimes a little too
elevated, idea. One could hear him jump with exclamatioriteeasent along his
discoverie&".

In 1910, Gateaux passed the Agrégation of mathematicahses where he obtained the 11th
rank out of 16. This was not a very good rank so that it left hionpossibility of obtaining a
grant to devote himself entirely to research as had beenabe for Joseph Péres, for instance
(on which I shall comment later). On 8 July 1912, a minislediecree appointed Gateaux as
Professor of Mathematics at the Lycée of Bar-le-Duc, theggpal town of the département of
Meuse, 250 km east from Paris, and not very distant from rigentown.

Before taking up this position, Gateaux had to fulfill hisitaty obligations. From March 1905
([Journal Officiel, 1905]), a new law replaced the July 188§@ulation for the organization of the
army. The period of active military service had been reduo&tlyears, but conscription became
in theory, absolutely universal.

Gateaux was particularly concerned by article 23 of the 18@5It stipulated that the young men
who entered educational institutions such as the Ecole Bigr®upérieure could, at their choice,
fulfill the first of their two years of military service in thanks before their admission to these
institutions or after their exit. In the latter case (geflgranosen by the students in order not
to interrupt their schooling, they were supposed to receiwdlitary instruction preparing them
to the grade of second lieutenant of the reserve. Then, thigeend of their studies, they must
serve one year in the ranks and then serve for one year asdsiEmatenant ( in the reserve or in
the active army). Gateaux chose the latter option ([GateB@@&2b]). The students were asked
to sign a voluntary five year engagement before enteringdheat (that is to say their 3 years
of Ecole and two years of active military service), which €&atx did in Vitry in October 1907.
In October 1910, Gateaux joined the 94th Infantry regimdmeng he was a private. In February
1911 he was promotecaporaf®, and finally was declared second lieutenant in the reserve in
September 1911. He had to follow some special training flicers; the comments made by his
superiors on the military file indicate that the supposedtany training at the Ecole Normale had
been more virtual than real. On the special pages devoterd ®uperior’s appraisal, one reads

That is to say a mock lecture of the type that candidates tégfiégation competition - the degree to obtain a
position as a secondary school teacher - has to presentbodnd of examiners.

18| est en effet absolument frappant de mettre en paraldeméthodes employées par Gateaux dans sa vie
religieuse et dans sa vie extérieure. Ses grandes éaciighs le travail intellectuel, une santé assez déletate
I'absence de tout amour-propre lui avaient composé deisuuis qui semblaient tenir de la mollesse 1l se fatiguait
assez vite, et, s'il ne se sentait pas bien en forme pourmetidre un travail, il le lachait sans tarder et allait se
promener; il s'imposait rarement une tache a I'avancesdissait un peu guider par les circonstances. Mais ,
lorsqu'il était dispos, il nous émerveillait par sa rap#c saisir le nceud d’un probléeme, a grouper autourelidae
centrale, parfois un peu trop élevée, une lecon d'agrég. On I'entendait bondir d’exclamations en exclamagio
au fur et & mesure de ses découvertes.

19_ater, Gonthiez and Janet recalled an amazing sentendemily Gateaux in his diary (which | have not been
able to locate) that aacclesiastic who followed him closetpmmunicated to theml:asked God to make a saint
out of me. .. Maybe | shall need to resign from my professiahtarfollow Jesus and preach. | do not know how
this would be done. Maybe God would also ask me to stay in tlixeetsity. | shall know that laterfJ’ai demandé
a Dieu la grace de faire de moi un Saint... Il faudra perg-§uitter ma profession et suivre Jésus, me livrer a la
prédication. Je ne sais sous quelle forme cela se ré&alis&ut-étre aussi Dieu me demandera-t-il de rester dans
I'Université. Je le saurai en avancant.] BessiereskjBessieres, 1934] provides a surprising picture of thetigy
atmosphere present at the Ecole Normale around Poyet.

20A title corresponding to a kind of private first class.
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. 1st Semester 1912 : M.Gateaux strives to acquire the agtitoidlcommand and for the duties
of a second lieutenant. He has very good spirit, is very ligeht, zealous, and conscientious,
but he was hardly prepared for his raiik The second semester 1912 (which ended in fact in
September 1912) seems however to have been Fétéerd the final comment has a strange
resonance with what happened two years later. Gateauxesisumentioned that he wadble to
lead a machine-gun sectitn

In October 1912, Gateaux, freed from the active army, begafebtures at the Lycée of Bar-
le-Duc. Gateaux’s (very thin) personel fileontains a personal identification form and a decree
of the Minister of Public instruction on 2 October 1913 gragthim one-year’s leave with an
allocation of 100 francs for that year, as well as a handanitocument showing that he had
obtained a David Weill grant for an amount of 3000 francs.

2. THE ROMAN STAGE

Gateaux had indeed begun to work on a thesis with themedyiatated to functional analysis
a la Hadamard | have found no precise information about how Gateaux ctiossubject for his
research, butitis plausible that he was advised to do so bgidard himself. In 1912, Hadamard
had just delivered a series of lectures on functionals aCtiige de France and had entered the
Academy of Science in the same year. Paul Lévy had more@fended his own brilliant thesis
on similar questions in 1911. As well, a young French noremabf the year before Gateaux,
Joseph Péres, had in 1912-1913 benefited from a David-gvaiht offered for a one-year stay
in Rome with Volterra. Volterra himself, invited by Borelédikladamard, had come to Paris for a
series of lectures on functional analysis, edited by $&n& published in 1913 ([Volterra, 1913]).
These were thus good reasons for Gateaux to be attractecsmeth and little explored domain.
For a young doctoral student the natural people to be in comteth were Hadamard in Paris
and \olterra in Rom@&. Pérés’s example encouraged Gateaux to go to Rome. Sarelgeer,
when Hadamard wrote a report commending the posthumousdithn of the Francoeur prize to
Gateaux, he mentioned that the young man had beerof those who, inaugurating a tradition

211er semestre 1912 : M.Gateaux s’efforce d’acquérir ltagé au commandement et & ses fonctions de sous-
lieutenant. Il a tres bon esprit, est tres intelligerigzét consciencieux, mais il était bien peu prépam@egsade.

221t is written that Gateaukas made much progress. Very intelligent, very consciestiand very good natured,
willing to do the best. He has become a good section leadpglie of useful tasks in case of mobilization. He has
followed a period of instruction for shooting and obtainextyygood marks[A beaucoup progressé, fort intelligent,
treés consciencieux et de bons sentiments, soucieux vEarai bien faire. Il est devenu un bon Chef de section,
capable de rendre de bons services a la mobilisation. Aifagtage a I'Ecole de tir et y a obtenu de trés bonnes
notes.]

ZEst apte a conduire une section de mitrailleuses.

24%Quite unfortunately, the archives of the Lycée in Bar hastéed in the cellar of the institution and the few
surviving documents have recently been transfered to tbives of the département of Meuse. Among them, the
register of salaries on which one can follow the evolutio@afeaux’s salary since his appointmentin October 1912.

20n Hadamard, a star of the French mathematical stage of the, tithe reader can refer to the
book [Mazya and Shaposhnikova, 1998]. Two biographies db Wolterra have recently been published
([Goodstein, 2007], [Guerraggio and Paoloni, 2008]), drareader can also find information in the annotated edi-
tion of the correspondence between Volterra and his Freoltdegues during WW1 ([Mazliak and Tazzioli, 2009]).
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that could not be overestimated, went to Rome to becomedamith M.Volterra’s methods and
theories®.

On the occasion of the centennial of Volterra’s birth, in Q9& volume was edited by the Ac-
cademia dei Lincei in Rome in which Giulio Krall devoted sealgages to \Volterra’s research
on the phenomenon diysterisis the ‘memory of materials’, which describes the dependemnce
time of the state of deformation of certain materials. To elalich a situation, Volterra was
led to considefunctions of lineqfunzione di linea), later calletlinctionals(fonctionnelle) by
Hadamard and his followers, which is to say a function of & figaction representing the state
of the material, and to study the equations they must satigfygse equations happen to be an
infinite-dimensional generalization of partial differeftequations. As Krall mentioA$ from
mechanics to electromagnetism, the step was sanadl Volterra’s model was applied to different
physical situations, such as electromagnetism or sourdlpeal by vibrating bafé In 1904, the
King made \olterra a Senator of the Kingdom, mostly hongrbuy giving the recipient some
influence through his proximity with the men of power.

Such a combination of science and politics appealed to Banel had a deep friendship with
\olterra®. Borel had a part in Gateaux’s decision to go to Rome, at leastn intermediary
between the young man and \Volterra. We indeed find a first atidic of this Roman project in
their correspondence. Borel wrote to Volterra

Another young man, who is also my former student, M.Gateauk @esently
teacher at Bar-le-Duc lycée, informed me of his intentimsalicit a study grant
to continue his research. | recommended he apply for a Daeidl gvant and go
to Rome, if you would welcome him. | enclose his letter whezarentions that
he asked for the grant, and presents what he intends to dos ldes advanced
than Péres was, as part of his time is devoted to teachinidg Wéres had a study
grant. I am also inclined to think that he may be less dististyed than Péres, but
| think nevertheless that he will derive benefit from the girawould obtain and
| have the intention to support his requst

Borel then asked Volterra to write a short letter of supparthis project to Liard, the Vice-Rector
of the Paris Academy, and also mentioned that he lent the tadbpublished by Volterra on
the functions of lines to Gateaux (more precisely, the boditérra, 1912] and the proofs of

28] fut un de ceux qui, inaugurant une tradition a laquelleasioe saurions trop applaudir, allérent & Rome se
former aux méthodes et aux théories de M.\olterra.([Hizalal, 1916]). On the development of student exchanges
between Paris and Rome in these years, see [Mazliak, 2012].

?/[Krall, 1961], p.17.

2\plterra himself was involved in this subject through an ortant collaboration with
Arthur  Gordon Webster from Clark University in USA. See thenteresting webpage
http://physics.clarku.edu/history/history.html#webster.

2%0n the beginning of the relationship between Borel and Yidtesee [Mazliak, 2012].

30Un autre jeune homme qui est aussi mon ancien éléve, MaGatactuellement professeur au Lycée de Bar-le-
Duc, m’'a parlé recmment de ses intentions de demanderaursdd’étude en vue de recherches qui se rattachent &
vos travaux. Je lui ai conseillé de demander comme Pé&@bourse David Weill et d’aller a Rome, si vous voulez
bien I'accueillir. Je vous communique ci-inclus la lettr@nd laquelle il me fait part qu’il a demandé la bourse, et
m’indique ses intentions. Il est moins avancé que n'@®aites, car il a la charge d'un I'enseignement, tandis que
Péres avait une bourse d’étude. Je serais aussi partéra qu'il est peut-étre moins distingué que Péresaisv
je le crois neanmoins capable d'utiliser avec fruit la suqui lui serait accordée et j'ai I'intention d’appuyer sa
demande. (Borel to Volterra, 18 April 1913)
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[Volterra, 1913]). On 30 June 1913, Borel communicated thedgnews to Volterra : a David
Weill grant had been awarded to Gateaux for the year 1913-191

Gateaux’s aforementioned letter to Bétevas in \olterra’s archives, and consequently we know
precisely what his mathematical aims were when he went todR@ateaux considered two main
points of interest for his future research. The first oneassified agonctionnelles analytiques
(Analytical functionals), and is devoted to the extensidrin@ classical results on analytical
functions : the Weierstrass expansion, the equivalenaedaet analyticity and holomorphy and
the Cauchy formula.

Gateaux presented his program as follows :

Gateaux started from the definition Fréchet had proposd®i® for an analytical functional
([Fréchet, 1910]) based on a generalization of a Tayloaazn. A functiondf U is homoge-
neous with order if for any p > 1 and any given continuous functiotfs . . ., f, over|a, b], the
function defined onk? by

Ay Ap) = UM fi 4+ -+ A fp)

is an homogeneous polynomial of degree less tt¥anNow, a functional’ is analytical if it can

be written as
= Z Un(f)
n=0

whereU,, are homogeneous functionals of oradef{Fréchet, 1910], p.214).

Gateaux first proposed a more careful study of the express$ioR( f). Then, he intended to ob-
tain the equivalence between the analyticity of the fumald’ and its complex differentiability
(holomorphy) and to deduce a definition of analyticity by ai€lay formula. For that purpose,
as he wrote, one needs a definition of the integral of a rediraosus functional over a real
functional field. This may be the first appearance of questaround infinite dimensional inte-
gration. In this programmatic letter, Gateaux suggestedndty he wanted to proceed, inspired
by Riemann integration.

Let us restrict ourselves to the definition of the integral/oin the field of the
functionsO0 < f < 1. Let us divide the interval (0,1) inte intervals. [...]
Consider next the functiofiin any of the partial intervals as equal to the numbers
fi,--., fn which are between 0 and 1UU(f) is a function of then variables
fioofuUn(fy, - ). Let us consider the expression

1_// / (Fioeo s f)dfL - dfa

Suppose that increases to infinity, each interval converging to 0, and fha
tends to a limit/ independent of the chosen divisions. We shall say thatthe
integral ofU over the field) < f < 1.

3Dated from Bar-le-Duc, 12 April 1913, reproduced and tratesl in Appendix 1.

32Throughout the paper, the functionals considered are ahdafined on the set of real functions over a given
intervalla, b)].

33rrechet’s definition is in fact given in a different way by ams of a property inspired by a characterization
he had proved for real polynomials ([Fréchet, 1910], p)2bbwever, he proves (p.205) that both properties are
equivalent.
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Gateaux’s intention was to study whether the lirhiexists for any continuous functional,

or if an extra hypothesis was necessary. In the last parag@gateaux mentioned the possible
applications of this integration of functionals, such as tésidue theorem. All the applications
he mentioned belong in addition to the theory of functionkred. There is no hint of a possible
connection with potential theory. This does not appearémdpers published by Gateaux. As it
is a central theme of Gateaux’s posthumous texts, it is fileuthat he became conscious of the
connection only during his stay in Rome - perhaps under ¥al®influence.

On 28 August 1913, Gateaux wrote directly to Volterra for fingt time, informing him of his
arrival in October, and also mentioning that he had alredaddgined several results for the thesis
in Functional Analysis on which he was working on. Gateauy imae enclosed a copy of his
first note to the Comptes-Rendus ([Gateaux, 1913a]), fhddisn 4 August 1913 and containing
the beginning of his proposed program. The note is in faberdimited to an exposition of results
and does not contain any proof, apart from a sketchy cortgiruef uniform approximation of a
continuous functional/(z) by functionals of orden>*

About Gateaux’s stay in Rome, | do not have many details. Aer@sting document, found
in the Paris Academy, is the draft of a report written by Gaxeat the end of his stay for the
David Weill foundatio®. He mentioned there that he had arrived in Rome in the last dfy
October, and that he followed two of Volterra’s courses imfegone in Mathematical Physics,
the other about application of functional calculus to Metbg). Gateaux seems to have worked
guite actively in Rome. A first note to the Accademia dei Ling&ateaux, 1913b]) where he
extended the results of his previous note to the Paris Acgdeas published in December 1913.
On a postcard sent by Borel to Volterra on 1 January 1914, |Boeationed how he was glad
to learn that Volterra was satisfied with Gateaux. The youag published three more notes
during his stay ([Gateaux, 1914a],[Gateaux, 1914b],[@ate1914c]), but also began to write
more detailed articles - found after the war amongst his s#fpe

On 14 February 1914, Gateaux made a presentation to Vodteeminat’, in which he mainly
dealt with the notion of the functional differentiation. Hecalled that Volterra introduced this
notion to study problems including hereditary phenomenad,abso that it was used by oth-
ers (Hadamard and Paul Lévy) to study some problems of mmatieal physics - such as the
equilibrium problem of fitted elastic plates - through theal@tion of equations with functional
derivatives.

Gateaux came back to France at the beginning of the summéunie 1914. He expected to
go back soon to Rome as he was almost certain, as Borel hagmwrit \olterrd®, to obtain

3Atis not worthy to dwell upon this technical result here, efhhad already been obtained by Fréchet previously
([Fréchet, 1910], p.197) in a slightly more intricate wagt me only observe that Gateaux’s elementary technique
involves the replacement of the functierby a linear function over each subdivisi{)jg, %] of the interval [0,1].
A final perfecting of Gateaux’s proof is presented by Lévyliavy, 1922], pp.105-107.

35A very touching aspect of the report written by Gateaux far Bravid-Weill foundation can be found in the
pages where he described the non-mathematical aspects joluhney. Gateaux mentioned how he regretted that
Italy and the Italian language were so ignored in France,nwba the contrary, France and French were widely
known within Italian society.

38Lévy (in [Gateaux, 1919b], p.70) mentioned that in one case versions of the same paper were found, both
dated March 1914.

3"His lecture notes were found among his papers.

%8Borel to Volterra. 3 April 1914
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the Commercy grant he had applied for. Gateaux soon wrotetbayrant was accept&d In
the same letter, he mentioned that he had completed a firsiomeof a note on functionals
requested by Volterra for appending it to the German traiosiaf his lectures on functions of
lines ([Volterra, 1913]). During this month, he had also et Proviseur of the Lycée in Bar-le-
Duc on July 20th, as the man sadly observed in a letter afteaBa’s death.

3. IN THE STORM

A serious danger of war had in fact been revealed only vegyifaguly 1914 in public opinion,
and the French mostly received the mobilization announoéme August 2nd with stupor. As
the majority, Gateaux has been caught napping by the begjrofithe war. He was mobilized
in the reserve as lieutenant of the 269th Infantry regimmember of the 70th infantry division.
The diaries of the units engaged in the {f¥aermit us to follow Gateaux’s part in the campaign in
a very precise way. He was appointed on August 6th as the He¢lael 2nd machine-gun sections
of the 6th Brigade when the unit was formed in Domgermain lusbis of the city of Touf. The
regiment paused beyond Nancy the next day and was suppogediidher East but the German
army’s fire power stopped it brutally a few days later nearsBancourt, 15 kilometers east of
Nancy. At the end of August, the main task of the 70th infaniwysion was to defend Nancy’s
south-east sector.

It is hardly recognized today how horrific the first few weekste war were on the French
side. August 1914 was the worst month of the whole war in tevfisasualties, and some of
the figures defy belief. On 22 August 1914, for example, thetrbtbody day of the whole war
for the French, 27,000 were killed in the French ranks ([BecR004]). The appallingly high
number of casualties was due to an alliance between the rablitiey of the French uniform
(with the famouggarance(red) trousers up to 1915...), the self-confidence of theltpearters
who had little consideration for their men’s lives, and theac inadequacy of many leaders in the
field. Prochassdhadvances two hypotheses to explain why the casualties athen@randes
Ecoles’ students (Ecole Normale Supérieure in partijul@re so dramatic. As they were often
subordinate officers, the young students were the firstkéketheir rank placed them in the front
of their section. But also, they were sometimes moved by d kinstronger patriotic feeling
that may have driven them to a heroism beyond their simplg*tiuthis is evident in Marbo’s
testimony about her adopted son Fernand, who explainedrtthag as a socialist involved in
the fight for the understanding between peoples and peaeeaiited tobe sent on the first line
in order to prove that he was as brave as anyone‘glsed added thahose who would survive
will have the right for speaking loudly in front of the shirk&.

3%Gateaux to Volterra, 14 July 1914
4Opostcard dated from 7 December 1914, reproduced in App@&adix
“They were put on-line by the French Ministry of Defense thipyw.memoiredeshommes.sga.defense.gouv.fr

42Gateaux used headed notepaper fromHio¢el & cafe de I'Europein Toul for his last letter to Volterra on
August 25th, reproduced in Appendix 2.

*Prochasson, 2004], pp.672-673.

4Prochasson mentions the famous example of Charles Pauiitha less well-known one of the anthropologist
Robert Hertz who unceasingly asked his superiors for a mgresed position, and was killed in April 1915.

4%tre envoyé en premiére ligne afin de prouver qu’ [il&issi courageux que n’importe qui

46Ceux qui survivront auront le droit de parler haut devanelebusqués. ([Marbo, 1967], p.166)
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Gateaux’s last letter to Volterra is dated August 25th, anceproduced and translated in Ap-
pendix 2. Gateaux alluded there to the ambiguous situafidtaly. Though officially allied to
the Central Empires, the country had carefully proclaimgaeutrality, an interesting point de-
scribed at length in [Rusconi, 2005]. Senator Volterra irdrately sided with France and Great
Britain and wrote passionate letters to his French collea@s early as the beginning of August
to express the hope that Italy would join thEmOn 24 October 1914, in a letter to Borel, he
asked for news

from M.Gateaux, M.Péres, M.Boutroux and M.Paul Lévy atiter young French
friends. | have received a letter from M. Gateaux from théléi@tld and then no
other. And this is why | am very worried about his fate and tifahe other¥.

Borel answered \olterra’s letter on November 4, telling hirat Pérés and Boutroux were dis-
charged and that he did not know where GateauxX3sswe have seen, Gateaux was in Lorraine
at the end of August. The French army went steadily backveard was closer and closer to be-
ing crushed between the two wings of the German army (onergifnom the north through
Belgium, the other from the east through Lorraine and Chame@gp Then occured the unex-
pectedmiracle of the Battle of the Marne (6-13 September 1914) which sulydetiopped the
German advance, rendering the Schlieffen Plan a failur&y\&-Francois had been occupied
by the Germans during the night of the 5th of September, layt were compelled to leave and
to withdraw towards the East on September I’1ffrom September 13th, the French went again
slowly towards the East, chasing after the retreating Gesma

At the end of September, the French and British and the Getreadquarters became aware
of the impossibility of any further decisive motion on therit line running from the Aisne to
Switzerland; each realized that the only hope was to bypessénemy in the zone between the
Aisne and the sea which was still free of soldiers.

General Joffre decided to withdraw from the Eastern parhefftont (precisely where Gateaux
was) a large number of divisions and to send thymailwayto places in Picardie, then in Artois
and finally to Flanders to try to outrun the Germans. The $leataace for the sedasted two
months and was very bloody.

The 70th division was transported between September 28tatober 2nd from Nancy to Lens,
a distance of almost 500 K Gateaux’s division received the order to defend the Eastiafs.

4’See [Mazliak and Tazzioli, 2009] where Volterra’s attitigi¢horoughly studied.

“8\M.Gateaux, M.Pérés, M.Boutroux, M.Paul Lévy et d’astjeunes amis francais. (...) J'avais recu une lettre
de M.Gateaux du champ de bataille et ensuite je n’en ai raguwdfautre c’est pourquoi je suis trés inquiet sur son
compte ainsi que sur les autres.

“*The tone of this letter was slightly less confident than thevimus ones. This was the moment when the
enormous losses of the first weeks began to filter throughelBaote that at the Ecole Normale, several young men
with a bright scientific future had already disappeared &atithe responsibility athose who wanted this wavas
really terrible.

50A vivid account of this moment was written after the war by #éngss ([Nebout, 1922]). Though Gonthiez and
Janet wrote in [Annuaire, 1918] that they cow@dsily imagine all the pain he [Gateaux] would have felt winen
learned that the enemy had taken the city of Vitry-le-Faasgvhere his poor mother had remainédis not clear
whether Gateaux had learnt the fact at all, due to the geoendéision. | refer to [Becker, 2004] or to several articles
of [Encyclopédie, 2004] for the description of this phasée war.

SIAccording to the diary of the 269th Infantry regiment, thderto board the trains, received on September 28th,
was carried out the next day. With an impressive organiratiefficiency, the trains followed a circuitous route to
join Artois : Troyes, Versailles, Rouen before stoppinga@nh&Pol sur Ternoise on October 1.
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On October 3rd, Gateaux’s regiment was in Rouvroy, a smiilga, 10km South-East from Lens
and Gateaux was killed at one o’clock in the morning, whijénty to prevent the Germans from
entering the village. In the confusion of the bloodshed,dbses were not identified before
being collected and hastily buried in improvised cemeserigéateaux’s body was buried near St
Anne Chapel in Rouvroy, a simple cross without inscripticarking the placeg.

René’s death was officially established only on 28 Decem®d5*. But it is only long after,
on 8 December 1921, that Gateaux’s corpse was exhumed andlfpidentified, and finally
transported to the necropolis of the military cemetery ef Bietz-Neuville St Vaast The last
document of the military dossier is a letter from the MinisieWar, dated 22 June 1923, inform-
ing the mayor of Vitry-le-Francois that the Lieutenant Béfugene Gateaux had officially been
declaredDead for France

The detailed chronology of how the academic world learneGateaux’s death is not entirely
clear. As already mentioned, the Principal of Bar-le-Ducésg wrote the postcard reproduced in
Appendix 3 in December 1914, but it was clearly an answer &ttarlhe had received

Only on December 10th did Borel write to Volterra about Gatéadeath.

The success will unfortunately cost irreplaceable lossasong the sad news
| have recently heard, one that caused me most grief is Gédsedeath. The
conditions in which it was announced to us leave unfortupaie tiniest hope of
a mistake. | want though to hope that of the dozens of pupilseEcole Normale
considered as lost, there will be at least one or two who withe back at the end
of the war ([Mazliak and Tazzioli, 2009], p.47).

\olterra sadly answered some days later

Gateaux was very talented and | am sure that he had a grea¢.fuide was
developing his ideas in a somewhat slow but always precise wast year, he
had worked a lot and | did not doubt that all the material farthiesis was ready.
How many young lives have been the victims of this war ! It isrhobe to think
([Mazliak and Tazzioli, 2009], p.48)

The same day a telegram was sent to the Ecole Normale by Moltethe name of the Mathe-

matical seminar in Rome.

As early as August 1915, Hadamard took the necessary stejigam the award of one of the

Paris Academy’s prizes for Gateaux. In a letter dated 5 Auf®is5 (and probably addressed to
Picard as Perpetual Secretary), Hadamard mentioned : &atea left very advanced research
on functional calculus (his thesis was composed to a greanexand partly published in notes

52According to the army file, René’s mother was informed onaBet 4 that her son was reported missing. On
March 16th 1916, her other son and only remaining child,eRebfother Georges was killed in the Mort-Homme
before Verdun. Much later, René’'s mother passed away oneBdulry 1941 in Vitry-le-Francois, some months
after having seen her city annihilated by the German invasio

53This was done based on evidence given by Henri-Auguste Mihigin, warrant officer and Albert Garoche,
sergeant in the 269th Infrantry regiment.

SGateaux’s grave is number 76 at Bietz-Neuville. Gateauxither was informed of the fact on 5 January 1922.

5This postcard is however a decisive link between Hadamaddlzs papers left by Gateaux. It was probably
addressed to Hadamard or Borel, though | found it by chan¢leerhuge archive of Fréchet material in the Paris
Academy of Science. Another possibility is that the lettersvaddressed to Fréchet who happened to know the
Proviseur as well as Gateaux well enough to have this ex@hdhghis hypothesis is true, it may be Fréchet who
recovered Gateaux’s papers and transmitted them to Hadarie shall see a point below that corroborates this
version.
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to the Academy), research for which M.\Volterra and myseleregreat regard. At the meeting
of 18 December 1916, the Francoeur prize was awarded to Ga{édamard, 1916], pp.791-
792). It is interesting to read in Hadamard’s short repagtftllowing section

[Gateaux] was following a much more audacious way, whiclrpssed to be very
fruitful, by extending the notion of integration to the fuimmal domain. Nobody
could predict the development and the range this new sefiessearch would
attain. This is what has been interrupted by evénts

It is plausible that Hadamard had only superficially lookeGateaux’s papers, since he himself
was caught in the storm of events, losing his two sons duhagtmmer of 1916. Nevertheless,
he did at least notice that one major interest in the lasbdesf the Gateaux’s work was inte-

gration over the space of functionals. As we shall see, this precisely why he spoke to Lévy

about Gateaux.

4. THE MATHEMATICAL DESTINY
4.1. Lévy’s interest in infinite dimensional integration.

In January 1918, | was lying on a bed in a hospital, when | solydinought
again of functional analysis. In my early work, | had nevenught of extending
the notion of an integral to spaces with infinite dimensidhsuddenly appeared
to me that it was possible to attack this problem startindpwie notion of mean
in a sphere of the space of square summable functions. Suaficddn can be
approximated by a step function, the numheof its distinct values growing
constantly. The desired mean may then be defined as the lirtliieanean in
a sphere of thei-dimensional space. Obviously, this limit may not existt iou
practice, it does often exist. ([Lévy, 1970], p.58)

Thus Lévy described how he became interested in infiniteedsional integration. It is not
easy to decide whether this happened as suddenly as he yusitéollowing the train of his
thoughts. Regardless, it is sometimes forgotten todayltbay, before becoming one of the
major specialists in Probability theory of 20th Centuryd lieeen a brilliant expert in functional
analysiS®. As we shall see, it is a remarkable fact that his studiesnetfanal analysis led him
rather naturally to probabilistic formulations of probleni\t the end of 1918, the Paris Academy
of Sciences, following Hadamard’s proposal, decided tbugabn Lévy for theCours Peccotn

S Gateaux] laisse sur le calcul fonctionnel des recheratresifancées (sa thése était en grande partie composée,
et représentée par des notes présentées a I'Acajjéetberches auxquelles M.\olterra, comme moi-mémaché
un grand prix.

S[Gateaux] allait s’engager dans une voie beaucoup pluscieut®, et qui promettait d’etre d’étre des plus
fecondes, en étendant au domaine fonctionnel la notioriédjrale. Nul ne peut prévoir le développement et la
portée qui auraient pu étre réservés a cette nouvetie ge recherches. C'est elle qui a été interrompueqzar |
événements.

580n that topic, see in particular [Barbut, 2004], pp.44-54.
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1919°. Lévy’s bookLegons d’Analyse Fonctionnel{f.évy, 1922]), on which | shall comment
later, is based on these Peccot lectures.

The first document in which the question is explicitly mengd is a letter to Volterra written in
the early days of 1919

As | was recently interested in the question of the extensidime integral to func-

tional space, | spoke about the fact to M.Hadamard who meatiohe existence

of R.Gateaux’s note on the theme. But he could not give mexheteeference

and | cannot find it. [...] Though | am still mobilized, | workndectures |

hope to give at the College de France on the functions of lamel equations with

functional derivatives, and on this occasion | would likelevelop several chap-

ters of the theory. [...] I think that the generalization & tDirichlet problem

must present greater difficulties. Up to now, | was not ablextend your re-

sults on functions of the first degree and your extension ek&s formula. This

Is precisely due to the fact that | do not possess a conveaigmession for the

integraf®°!
As can be seen from this quotation, Lévy’s views on infinitaehsional integration were related
to his studies in potential theory. The central problem @f ¢hassical mathematical potential
theory is to find a harmonic functidn in a domaini with given values on the bordér(Dirichlet
problem) or given values of the normal derivativessbfNeumann problem). In 1906, Hadamard
([Hadamard, 1906]) proposed to make use of variationalniecies from Volterra’s theory of
functions of lines in order to study more general forms ofstheroblems, for instance when
the border is moving with time, and in particular to find Grdanctions used in the integral
representation of the solutions. These problems would rapkeevy’s thesis, defended in 1911.
As Lévy wrote to Wolterra, to study these questions in inérdimensional functional spaces,
one needs to be able to integrate over these spaces. Voltasraot the only person Lévy had
contacted. he wrote to Fréchet on the same topic at the verpkthe year 1918. Fréchet had
indeed proposed a theory of integration over abstract spacEd15, usually considered as the
first attempt to define a general intedfal

5The Cours Peccot was (and still is) a series of lectures irmemaatics given at the Colléege de France and
financed by the Peccot Foundation. Itis a way to promote iation in research by offering financial support and an
audience to a young mathematician. Borel had been the fitsiré in 1900, followed by Lebesgue. In Lévy’s time,
the age of the lecturer was meant to be less than thirty. Heryéve losses of the war had been so heavy among
young men that the choice of the thirty-three year old Léagweasonable. It is also plausible to think that Gateaux
would have been a natural Peccot lecturer had he surviveddheAs Lévy’s appointment is almost concomitant
with Hadamard asking to take care of Gateaux’s papers, ibssiple that there is a connection between the two
events.

60vretant occupé recemment de la question de I'extens@gla dotion d’intégrale multiple a I'espace fonctionnel,
j'en ai parlé a M.Hadamard qui m’a signalé I'existencar note de R.Gateaux sur ce sujet. Mais il n’a pas pu
m’en donner la référence exacte et je ne puis réussirteolaver. [...] Quoiqu’encore mobilisé, je travaille a
préparer un cours que j'espere professer au CollegeateEisur les fonctions de lignes et les équations aux&isiv
fonctionnelles et a cette occasion, je voudrais développvantage certains chapitres de la théorie. [...] Js cro
gue la généralisation du probleme de Dirichlet doitsgriter plus de difficultés. Je n’ai pu jusqu’ici profiter pou
le cas général de vos travaux sur les fonctions du preneigrédet I'extension de la formule de Green. Ceci tient
précisément a ce que je n'ai pas encore mis la notion&fjimatie multiple sous une forme commode pour ce but.

61 evy to Volterra, 3 January 1919

625ee [Barbut, 2004], p.69.

63see for instance [Kolmogorov, 1933].
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On 6 January 1919, Lévy wrote to Fréchet

About Gateaux’s papers, | learned precisely yesterdayMhidadamard had put
them in security at the Ecole Normale during the war and hatitpken them
back. Nothing is therefore yet publish&d.

From this, | may infer that Fréchet mentioned Gateaux'sepapo Lévy, probably because he
had an idea of what they contained. This could also be a hanthie papers arrived to Hadamard
during the war via Fréchet, and that Fréchet was the ageeesf the postcard from the Principal
of Bar-le-Duc.

On January 12, Lévy sent another letter to Volterra :

M.Hadamard has just found several of Gateaux’s unpubliphgérs at the Ecole

Normale. | have not seen them yet but maybe I'll find what | aoking for in
thent®.

Volterra answered on January 15, writing that none of Gateguublications concerned integra-
tion. He nevertheless added

Before he left Rome, we had chatted about his general idettee®ubject, but he
did not publish anything. | suppose that in the manuscripthdd left, one may
probably find some notes dealing with the problem. | am happythey are not
lost and that you have them in hand. The question is verydatieg®.

As already mentioned, Hadamard entrusted Lévy with théhposous edition of Gateaux’s pa-
pers. In February 1919, Lévy began to describe to Frétteeptecise content of what he had
found in Gateaux’s papers to Fréchet.

4.2. Gateaux’s integration of functionals. Integration over infinite dimensional spaces was
certainly the most important subject considered by Gatedims may be read in Hadamard’s
comment that follows :

The fact that he chose functional calculus reveals a broad scornful of small
problems or of the easy application of known methods. Bugthent proved that
Gateaux was able to consider such a study under its wider ané suggestive
aspect. And it is what he indeed did, with integration over filmctional field,
to speak only about this example, the most important, thaesents an entirely
new path and the very great potential offered by the tHféory

54Barbut, 2004], Lettre 2.

65\V.Hadamard vient de trouver plusieurs mémoires non pehlilé Gateaux a I'Ecole Normale. Je ne les ai pas
encore vus mais peut-étre y trouverais-je ce que j'y redfesr

66Nous avons causé avant son départ de Rome des idéasigsrar ce sujet mais il n’a rien publié la-dessus.
Je pense que dans les notes manuscrites qu'il a laissépsuma bien probablement trouver quelques notes sur ce
sujet. Je suis heureux qu’elles ne soient pas perdues dleguse trouvent dans vos mains. La question est tres
intéressante.

67 e fait gu'il ait choisi le calcul fonctionnel révélait uesprit aux vues larges, dédaigneux du petit probleme
ou de I'application facile de méthodes connues. Mais legeuva que Gateaux était capable de considérer une
telle étude sous son aspect le plus large et le plus sufjgestiest effectivement ce gqu'il fit, avec I'intégrationrs
le champ fonctionnel, pour ne mentionner que cet exempleluleimportant, qui représente une voie entierement
nouvelles et de trés grandes perspectives pour la thépAienuaire, 1918], p.138)
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Gateaux’s views on integration are the subject of the firgepadited by Lévy in 1919 ([Gateaux, 1919a]).

Lévy completed this presentation (and considerably edédiit) in Part Ill of [Lévy, 1922] (chap-

ter I, p.274).

As said before when | commented on Gateaux’s letter to f@ltexposing his research program,

Gateaux’s interest in infinite dimensional integrationgorated in the extension of Cauchy’s

formula and his first idea was to use a Riemann-type approach.

Gateaux considered the kfélyol r(a)*da < R? of the Hilbert space of square integrable func-

tions over [0,1%°. He said a function: to be simple of ordern if it assumes constant values

x1, T, ..., x, over each subinterval, %], c [”T‘l, 1]. It is therefore seen that for a simple

function z to belong to the ball, one must hawg¢ + 23 + - -- + 22 < nR*. The set of simple

functions of ordemn belonging to the ball is called theth section of the ball. It is a ball ifR"

centered at O with radiugn R.

As the volumeV,, of a ball with radius\/nR in dimensionn is asymptotically equivalent to

(2me)n/?
nm

the value ofR. This fact constitutes the central problem for the definitad the integral : in

functional space, a subset has generally a volume equalaoozenfinity, and this forbids the

direct extension of the Riemann integral through an appnaking step-function sequence.

Gateaux seems to have been the first to propose a natural Wwgdss the problem by consider-

ing the integral as an asymptotic mean value. Consider diturad U defined and continuous on

the ballfo1 z(a)?da < R?. Its restrictionl,, to then-th section can be considered as a continuous

function of then variablesr,, z», . . ., x,, and therefore it admits a mean value

R" ([Lévy, 1922], p.265), it tends towards zero or infinity asloes, depending on

fl’%+1’§++$%§nR2 Un(xlj e ,l’n)dl’l P dl‘n
Hn = :
Va

In some circumstances, the sequefieg) admits a limit which is called the mean value ©f
over the ball of the functional space. Gateaux’s main aement in [Gateaux, 1919a] was to
obtain the value of the mean for important types of functisna

He began by considering functionals of the type: = — f[z(«1)] wherexz is a point of the
functional space (a ‘line’)f a continuous real function ang, a fixed point in [0,1]. Asa, is
fixed, z(,) is one of the coordinates wheris taken in the:-th sectior®.

Therefore the+#{ — 1 dimensional) volume of the intersection of the ball of radiiwith the
planez(a;) = z (with 0 < 22 < nR? or equivalently—y/nR < z < /nR) is given by

(VnR% — 22)" 1V,

%870 fit better with modern terminology, | use the wdnall, though Gateaux and Lévy systematically sphere

%9n fact, Gateaux started fromantinuousfunctionz. However, as Lévy explained to Fréchet in a long letter
dated from 16 February 1919 (Letter 5 in [Barbut, 2004]) itnore natural to consider measurable functions, i.e. to
work with the (now) usual spade®. This is what he does in [Lévy, 1922].

’%Gateaux considers this functional although it is naturally continuous. The importance of continuity in
Gateaux’s considerations about infinite dimensional iscootpletely determined. It is likely that Gateaux would
have improved the apparent incoherence in a subsequerntimgvaf the paper. We shall see that Lévy fixed the
question in [Lévy, 1922].
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whereV,, is the volume of the unit sphere in dimension V,, satisfies the induction formula
V=2V, fof cos™ Odf and the mean of the functionél over then-th section is

1 jus
— i f(Ry/nsin ) cos™ 0d6.
[2x cos™ 0df -3
2
It is seen that the preponderant valueséan the last integral are those around 0, and the first

one is known to be asymptotically equivalent\}%. Undersome regularity conditionfor f,
the previous expression is therefore approximately equal t

1 w dw
f( R\/ﬁsm—)co
/27r/

for anya > 0 and sufficiently larges.
Using a Taylor expansion, and lettingand therw go to infinity, the latter expression converges
to

+oo

1 _v?
E N f(Ry)e = di 1)

defined by Gateaux as the integral (or the mear) olver the sphere of the functional space. He
asserted that this result can be generalized for funcsarfahe type

U(:C):/O dal.../o doy fle(on), ... x(oy), 0, ..., )

for which the mean value is given by
i+ +zp

+oo o]
( /da1 /dap/ / de,f(Rxy, ..., Rrp,aq, ... 0p)e” 2. (2)

The rlgorous existence of the limit was not justified by Gatgas Lévy wrote to Fréchet in his
letter from 12 February 1919. Obviously, for Gateaux, agyleimself wrote in the foreword
of [Gateaux, 1919a], the present state of his papers waaidgrnot a final one. And in the
long note Lévy added at the end of the article ([Gateaux94P}.67), he described the attempts
made by Gateaux to obtain the limit in several situationgs. LFawvy, the priority was to fill the
gap left by Gateaux and to try to obtain the existence of thermalue for the most general
functionals.

The most general type of functiondlsconsidered by Gateaux ([Gateaux, 1919a] p.52) is such
that for anys > 0, there is am such that ifz andy are two functions of the baj0 a)?da <

R?, assuming the same mean value over each subinférval], | U(z) —U(y) |< e. FoIIowmg
Gateaux, for such a functional, the mean value is given byailise at the center. It is therefore a
case of arharmonicfunction.

Gateaux’s condition was natural for him, as he had proveGat¢aux, 1913b], that such a con-
tinuous functional is uniformly approximated over the bajfj a)?da < R* by U(y,) where

Y, belongs to thex-th section of the sphere and on each |nte|[va1 ] is equal to the mean
value ofx over this interval.

However, after he began to scrutinize Gateaux’s papely b&as convinced that Gateaux’s con-
dition was much too restrictive. As early as 16 February 191@ mentioned the fact to Fréchet.

"Barbut, 2004], p.115.
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And in the final version of his ideas on the question, in [LEM§22] (p.277), he was even more
drastic in his conclusions: under very general assumptenentinuous functional takesmost
everywherdhe same constant value. Its mean is therefore obviouslgl équhis value. Lévy
gives ([Lévy, 1922], p.275) a simple example illustratthgs situation. Considel/(x) = ¢(r),

1

wherey is a continuous function o, andr? = 2%(t)dt. The volume of the balB,(R)

with radius R centered in O inR™ is proportional th"; hence, for any givel < ¢ < 1, the
quotient of the volumes aB,,((1 —¢)R)) andB,,(R) tends to 0, which means that wheigrows,
the volume is more and more concentrated close to the surfdeerefore,p(R) is essentially
the only value assumed lyyin the ball counting for the estimation of the mean.

4.3. Lévy’s probabilistic interpretation. | have already mentioned that in 1919, Lévy had his
first contact with probability theory when he was asked tehearobability at the Ecole Poly-
techniqué’. This was exactly the same period he was studying Gateaapsrp and preparing
their publication. One may observe that probability theoeyer appears in the various notes
presented by Lévy to the Paris Academy of Sciences as hegasgp in his work on Gateaux
([Lévy, 1919a], [Lévy, 1919b], [Lévy, 1919c], [Levy9R1])"®. Only when he wrote his book
[Lévy, 1922] did he adopt probabilistic reasonings asvaté for his considerations about the
mean in a functional space. As this happened the very yeaublksped his first papers on
probability, it seems that a kind of extraordinary junctimecurred in Lévy’s mind resulting in
unifying his mathematical interests.

Let us try to understand how probability entered Lévy’ssidarations about the mean in func-
tional spaces (Part Three of [Lévy, 1922]). Consider {},&922], p.266) in the spack™ the
volume of the portion of the ball centered at 0 with radfg/n, comprised between the two
hyperplanes = R¢ andz = R&,, wherez is the distance to a fixed hyperplane containing O.
The quotient of this volume and the total volume of the ba#lgsial to

2

£
[ cos™ 0df
o
fj:/; cos™ 0db
which tends to

2

1 £
— e z dzx. 3
= /g v ®)

More generally, consider hyperplanes containing O and cajl z,, . . ., z, the distances to these
hyperplanes. The volume of the intersectiorpakgionsR¢! < 2 < RE, (i = 1,2,...,p)is a
fraction of the total volume equal to

1 61/ 5;/ 5;)/ x2+w2+---+x2
7])/2 / df['l / deQ e / dxpe_ : 22 - .
(2m)P72 Jg & &

This is, writes Lévy, a direct consequence of the indepeoel®f the random variables, each
following a Gaussian distribution according to the pregioasult. Lévy’s proof is based on a
geometrical approach which would become his typical traat&nm numerous later works in

"?For more details about this story, | refer the reader to [Baand Mazliak, 2008a].
"However, Lévy began to work on independent probabilistiegjions at the same time. See in particular
[Barbut, 2004], pp.40-44 about Lévy’s investigations tabge distributions.
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probability®. To prove the desired independence , writes Lévy, it is ciefit to prove that the
conditionsz; = R¢;,1 = 1,2,...,p — 1 do not influence the distribution af,. The intersection
of these conditions is a hyperspaédevith dimensiom — p+ 1, included in a hyperplane= kR

(r being the distance between 0 aHJ. Now, the intersection off and the ball of radiug\/n

is a ball with dimensiom — p + 1 and radiuskv/n — k2, equivalent toR/n — p + 1 whenn
tends to infinity. Moreover, — p + 1 tends to infinity withn. Therefore, concludes Lévy, the
distribution ofz, is given by the formula (3), hence the desired independence.

The probabilistic approach allowed Lévy to obtain Gatéafiormula (1) for the mean of the
functionalU(x) = f[x(7)] in a direct way ([Lévy, 1922], p.278): being in the ball with radius

2

1 &2
R+/n, the probability of the ever®¢; < z(7) < Ré&, tends withn towards\/T / e*%df, SO
T Je

1
that the mean df is given by (1). In the same way, the meariidfc) = ¢(x(t1), z(t2), ..., z(t,))
is immediately obtained using the fact thdt, ), z(¢2), ..., x(t,) are i.i.d. Gaussian variables
([Lévy, 1922], p.281). Probabilistic reasoning evenlyiahables to explain the concentration at
the surface of the ball ([Lévy, 1922], p.283).
In Chapter VI ([Lévy, 1922], Part Three, p.421), Lévy saglthe general question of the exis-
tence of the mean for a functional. As we have seen in the@ue\subsection, Lévy considered
spatial continuity as too restrictive a condition. In thisapter, he highlights that it is convenient
not to look at the values of the functian but at the probability distribution of these values.
As a basic example he considers the mean of the functiéqal = F'(f) in the ball with radius
R, wheref is the probability distribution function (called by Lé%gnction sommatoipeof = over
the space [0,1] equipped with Lebesgue meas(ie_évy’s reasoning is as follows. if belongs
to then-th section of the ball, it is a function constant in eachrivaé[*—, £] with valuez;, such
thata? + 22 - - + 22 = nR2. Forn sufficiently large, ther; are independent Gaussian random
variables with varianc&. Moreover, the probability distribution function assde@with thisz
is the frequency curve of the values z-, . . ., x5 which is very close to the Gaussian distribution
function with variance? (denoted byp) by virtue of the law of large numbers. This allows Lévy
to conclude ([Lévy, 1922], p.424) that the mearibis equal toF'(¢).
As a generalization of the previous result, Lévy studiexcfionalsU satisfying a condition
which, though weaker than spatial continuity, guarantegsoal approximation of the functional
by its values on the-th section. The most general property (calfédy Lévy - [Lévy, 1922],
p.424) he considers is the following : for each givern 0, there is an such that, ifz andy are
two functions in the ball such that in every interyal', £] the probability distribution function
of x andy is the same| U(y) — U(x) |< . However, Lévy was not able to prove the result in
all the desired generality but asserts that ieigable ([Lévy, 1922], p.427).
As it is seen, probability reasoning is omnipresent in thedr'Rart of [Lévy, 1922]. Lévy was
certainly conscious of the profound originality of his apgch and desired to convince everyone
of its interest. The complicated relations between the ¢hrggrominent mathematicians (Borel
and Hadamard in the first place) and probability theory hamlm®nsidered in several studies

“This is the precise aspect that explains what Itd wrote, lateout his difficult work taranslateLévy. At that
time writes 1td, it was commonly believed that Levy’s works were extremdfigwt, since vy, a pioneer in the
new mathematical field, explained probability theory basedhis intuition. | attempted to describéty’s ideas,
using precise logic that Kolmogorov might u$kod, 1998]).

"SThis is to say that is considered as a random variable on the probability sfiad¢éwith Lebesgue measure.
Hencef (&) = M{t € [0,1],z(t) < &}
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(see [Bru, 2003] and [Durand and Mazliak, 2011] and the egfees included for more details).
It has been observed that from the very beginning of his@stan probability, Lévy felt himself
unjustly despised for his choiethough he was comforted by Wiener’s reaction to his apgroac
(I shall come back on that point in the next subsection).

This disinterest of the leading French mathematicians abability (Borel was the exception)
may be an explanation why absolutely no reference to prébyaban be located in Gateaux’s
papers, even when he observed the remarkable appearartoe Ghtissian distribution in the
limit expression (1). Borel had proved the convergence dbum measure on the ball of radius
Ry/n to the Gaussian measure when the dimension of the spacetteimd®ity in 1906". In
[Borel, 1906]8, Borel's interest was statistical mechanics, more précfee Maxwell and Boltz-
mann’s kinetic theory of gases. In his presentation, thegshrepresent surfaces in the phase
space of equal total kinetic energy. In a complement to kissiation of Ehrenfests’ paper on
statistical mechanics iBncyclofedie des Sciences M&imatiqueg[Borel, 1914b] p.273), Borel
mentions studies about thedimensional sphere as the first example of mathematicahrek
inspired by statistical mechanics. He even audaciousbresthat one should consider the results
about surfaces and volumes in high dimensions as connex#dtistical mechanics. However,
in contrast to Maxwell who, in his fundamental paper in 18] emphasized the coincidence
between the distribution law for the speeds of the partiales the distributiorgoverning the
distribution of errors among observations by use of the alted least-squares metht Borel

did not mention the pointin [Borel, 1906]. When he mentioitéad [Borel, 1914a] (p.66), it was
without any probabilistic interpretation. For Borel, thrgdresting fact in this appearance of the
Gaussian distribution function was only that this disttibo function is tabulated, which allows
it to be used for computations.

It is probably the desire to explain to a large audience wiopabilistic tools were useful that
prompted Lévy to write a non-technical paper for tRevue de Mtaphysique et de Morale
([Lévy, 1924]). Lévy exposes there the general ideasitentb his conception of the mean
value, based on probability considerations over genetsi’sé\s a basic example, he considers
the situation of nonnegative integers (today called praisélb number theory). Iff is a function
defined onlV (f could typically be the indicator of a subsétC IV), the mean off is defined as
the limit of% Z]kvzl f(k)whenN tends to infinity. In particularP(A) = limy_, 1« %Card{n €

60n that topic, see in particular [Barbut and Mazliak, 2008b]

""The result, usually known today under the naRmncaié’s lemma has in fact nothing to do with Poincare,
according to Diaconis and Freedman [Diaconis, 1987]. Meeetroock ([Stroock, 1994]) discovered that Mehler
had already obtained the result in 1866 in a purely analytiocatext (see [Stroock, 1994], p.68, footnote 3 for an
exact reference and comments).

"8Reprinted adNote lin his book [Borel, 19144].

79[Maxwe||, 1860], Prop.IV and following comments.

80nterestingly, Lévy asserts ([Lévy, 1924], p.149) thae @rticle is the development of his last lecture of the
Cours Peccot of 1919, meaning that the aforementionedtipmdetween probability and his studies in functional
calculus appeared quite early in his mind. This is corrotaatay his first letters to Fréchet ([Barbut, 2004], Letters
1-5 (before February 1919). If probability is never menéidmeexplicitly there, one may observe how gradually Lévy
is closer to probabilistic reasoning. A good example is thimLetter 3 ([Barbut, 2004], p.73) where Lévy writes
about his desire to find a way of expressing that functiossch thatf «'* areless probable
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IN,n € A}®L. The paper includes a presentation of Gateaux’s work on tafdimensional inte-
gration, and the idea behind the extension to more generatitinals. Lévy was probably rather
satisfied with the picture he had provided in his paper, asslealdd to reprint it as an appendix
in his treatise of probability published the next year ([1.€1925a]). Another attempt to dissem-
inate his considerations on functional analysis was als@dwo 1924. Henri Villat asked Lévy to
write a small booklet for his new seridéemorial des Sciences Mdmatiques [Lévy, 1925b]
contains 56 pages and appears in fact as a survey of the béwol,[1922]. Lévy updated his
bibliography and Daniell’s and Wiener’s works were now cpbt

4.4. Wiener measure : Daniell versus Gateaux’s integralsAs mentioned in the introduction,

it is well beyond the scope of this article to provide a cortglgescription of the fundamental
works where Wiener built the first mathematical model of Bngam motion; on that topic, | refer
the reader to Itd’s comments in [Wiener, 1976], [Kahan®8%nd to [Barbut, 2004], pp.54-
60. The aim of this section is more modest : to try to explaiw Mdiener became acquainted
with Gateaux’s approach to integration and how he eventuakd it in his epoch-making paper
[Wiener, 1923].

In the second half of the 1910s, the British mathematiciarcyPé.Daniell (1889-1946), then
holding a position at the Rice Institute in Houston, Texas werested in extending Lebesgue
integration to infinite dimensional spaé&sDaniell wrote two important papers [Daniell, 1917]
and [Daniell, 1918] on the subject. His approach was to danghe integral as an operator on
functions satisfying certain properties such as lineauityf a monotone convergence theorem on a
restricted class of functiorig, and to prove that these properties allow one to extend iategr

to the classly of limits of sequences iffy. It can be seen that such a construction is directly
inspired by Lebesg(fé.

Wiener’s first work on functionals [Wiener, 1920] appearedl20. Wiener proved there that
Daniell's method can be applied to define the integral in theee of functionals, taking as basic
T, a set of step functions for which the integral is defined as aimdrobably shortly before
publication, Wiener added the following footnote ([WienE920],p.67):

The use of mean instead of integral is found in the posthurpapers of Gateaux
(Bull. de la Soc.Math. de France, 1919). This was howevenawk to me at the
time | wrote this article.

We do not know exactly when Wiener was informed of the exstenf Gateaux’s works. A
possible hypothesis is that he became aware of them dursngtniney in France in 1920 when

he came to the Strasbourg International Congress and meet&rand Volterra.

The next year, Wiener published his first papers on Browniatian. In the first one ([Wiener, 1921a]),
he starts from Einstein’s result : at timehe probability that the position of a particle on a line

. 1 o :
belongs to the intervdl,, x1] has the form—/ e *’/'dz wherec is a constant (taken
Vet Ja,

equal to 1 by Wiener, thanks to a good choice of units). THusgeiconsider as functional a
function of the patliz = f(¢),0 <t < 1), a natural question arises of defining the average value

81Therefore if one randomly draws a point fraf¥, there is, for instance, one chance over two that it is an even
integer, a rather comforting result for the mind. ..

82p very complete description of Daniell’s work and persotyatian be found in the paper [Aldrich, 2007].

83_evy did not hide his moderate appreciation of Daniell'srkvon integration to Fréchet. He wrote to hiim
nothing important has escaped me, Daniell has given not aitiefi of the integral but an extension of the notion
of integral from a restricted domain to a larger one. That isebesgue-kind work[Barbut, 2004] p.86)
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of the functional. Due to the independence of incrementserBrownian motion, asserts Wiener,
it is reasonable to associate to a functional of the férm: &(f(¢,), ..., f(t,)) depending only
on the values of at some finite number of values ©fa mean, denoted|F’| by Wiener, defined

by

A[F] = !

Vrrti(ty —t) o (b —ta1)

+oo  p+oo +<>o _ﬁ_(wz—x1)2_ _(znfzn_l)Q
O(zq,...,x,)e 1 27h ntn-1 dx; ... dx,.

In particular, observes Wlener,FrI‘(f) = f(ty)™ ... f(t,)™, one may compute an explicit value
for A[F]. Therefore, if a functional’ is analytical in the sense of \olterra, which means that it
can be decomposed as a sum of functionals of the type

/ / flxy) ... fzn)en(xy, . xy)dey .. dz, 8

the mean of’ is defined as the sum of the series

2/01.../OlA[f(:zcl)...f(xn)]gon(xl,...,xn)dxl...dxn

when this series is convergent. Wiener's paper proves Wi, this definition, the mean sat-
isfies the classical properties of integrals such as libeari possibility of exchanging infinite
summation and integration. Wiener quotes Gateaux ([Wjerg®1a], Note 1, p.260) for having
proposed using analytical functionals in the definitionted thean of a functional. As we have
seen, it is true that Gateaux had such an idea in mind fromaheheginning (see his program-
matic letter to Borel in Appendix 1), but contrary to Wierseassertion, the idea does not seem
to be explicit in [Gateaux, 1919a]. Wiener adds that Gatsadefinition is, however, not well
adapted to the treatment of Brownian motion.

Wiener published his second study ([Wiener, 1921b]) in teet issue of the Proceedings of
the National Academy of Sciences. The aim of this new papertaahow that the use of the
definition of the mean provided in [Wiener, 1921b] allowe@ émobtain a direct proof (moreover
under somehow lighter hypotheses) of Einstein’s formutattie mean quadratic displacement
of the Brownian particle in a viscous medium. Once again.e@at is mentioned as having
proposed another construction of the mean

To determine the average value of a functional, then seesasanable problem,
provided that we have some convention as to what constitutesmal distribu-
tion of the functions that form its arguments. Two esselytaifferent discussions
have been given on this matter: one, by Gateaux, being a djegeralization of
the ordinary mean im-space; the other, by the author of this paper, involving
considerations from the theory of probabilities. ([Wierk321b], p.295)

During the Summer of 1922, Wiener came again to France and @&vgtfor the first time during
his vacation in Pougues les Eaux, a spa in central Franceliscussed Lévy’s book on functional
analysis. Lévy narrates the meeting in his autobiographgre he emphasizes that Wiener was
almost the only one who immediately recognized the depthaof IR of his book [Lévy, 1922]

84wiener considers in fact a generalization of this situatitvere the functionals are defined by means of Stieltjes
integrals.
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([Lévy, 1970], p.86) - and also on page 65). He adds he habrsato think that this third part
was the origin of his memoir [Wiener, 1923] on Brownian matio
Indeed, in the introduction of [Wiener, 1923], Wiener pay# tribute to Lévy

The present paper owes its inception to a conversation wwhehuthor had with
Professor Lévy in regard to the relation which the two syst@f integration in
infinitely many dimensions - that of Lévy and that of the authbear to one an-
other. For this indebtedness the author wishes to giverfedlic ([Wiener, 1923],
p.132)

Gateaux is now clearly treated by Wiener only as a precussat,Lévy has become the major
source of inspiration. Besides, Wiener wrote ([Wiener,39p.132) that Gateaux had begun
investigations on integration in infinitely many dimensamhich had beegarried out by levy

in [Lévy, 1922].

In [Wiener, 1923], Wiener reconsidered the results of hsvimus papers on Brownian mo-
tion. Contrary to what he had done in [Wiener, 1921a] wheeerttean of a functional’ =
O(f(t1),..., f(t,)) of the trajectory was given priori, he now used Lévy’s studies of the
dimensional sphere and the Gateaux-Lévy definition of teamas limit of the means over the
n-th sections in order to :

1) deducethe Gaussian expression of the semi-gfSup

2) definethe related measure on the space of continuous functioren@Vmeasure)

3) prove the value of the mean of the aforementioned functional hepleatllated in his previous
works®

4) derivethe expression of the mean of an analytic functional withwa peoof®’,

Section 10 of [Wiener, 1923] is devoted to prove that, forftirectionals previously considered,
Daniell’'s extension of the mean Wiener had introduced indivér, 1920] gives the same value to
the integraff®.

Finally observe that Wiener’s paper is not absolutely caosigk about the use of Daniell’s ver-
sus Gateaux-Lévy’s approach, though | can certainly im&g\Wiener’s choice to write the paper
starting from the latter as recognition of its more intwetisharacter. Besides, it is well known
that Lévy was never a great supporter of abstract congingcof Brownian motion. In his auto-
biography ([Lévy, 1970], p.98), Lévy, who was not shy onpdrasizing his missed opportunities,
regretted how he let Wiener get ahead of him in the constmaif Brownian motion though all
the necessary material was in [Lévy, 1922]. Lévy did sames slightly exaggerate his own role
(as for example when he wrote about Kolmogoro@sundbegriffg([Lévy, 1970], p.68) ). In the
case of Brownian motion however, one can understand histegr

The geometric approach to Brownian motion was quite fani0th Century. McKean ([McKean, 1973])
has exposed how thinking of the Wiener measure as a unifostridition over thenfinite di-
mensional sphere of radiugoo, a direct consequence of Lévy’s considerations in [L&922],
has been successfully used by Japanese mathematiciaesli®@s to describe the geometry of

8%([wiener, 1923], pp. 136-137 - | use modern terminology, mirse).

88wiener, 1923], p.153

87\wiener, 1923], p.165

88The construction of the Wiener measure via Daniell's extenss tightly related to the theorem of exten-
sion Kolmogorov would provide 10 years later in i@sundbegriffe([Kolmogorov, 1933]). On that topic, consult
[Shafer and Vovk, 2006], in particular section 5.1, p.87.
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Brownian motion. In another direction, in 1969, GallardGllardo, 1969]) made the observa-
tion thatPoinca®’s lemmacould be connected with the fact that\f*(t) = (X (¢), ..., X,.(¢))

is ann-dimensional Brownian motion issuing from 0, if one dendig9’, the first passage time
of X™ on the sphere centered at 0 and with radjias then7,, — 1 in probability andX™(T,,)
follows the uniform distribution on the-dimensional sphere of radiugn. Yor later developed
these considerations (see [Yor, 1997]).

CONCLUSION

It has often been said that after World War 1, the French Gesuttoles, the Ecole Normale
especially, were crowded with the ghosts of the students thee 1910s who disappeared during
the conflict. Of course these dead of the Great War were ealgnery young men who had
scarcely finished their graduate studies and whose namdsgedly known to us today. René
Gateaux, who died at the age of 25 in October 1914, is an exabyih representative and
exceptional of the student victims of the war—exceptiorgiduse, despite being very young, he
left scientific work that could be carried on by others.

Bourbaki, when he eventually added some words about priyatieory in the chapter de-
voted to integration in non-locally compact spaces of a éatition of hisEléments d’histoire
des matematiqueg[Bourbaki, 1984], pp.299-30¥ mentioned the path linking Borel's consid-
eration on kinetic theory of gases to the Wiener measure @dteaux’s and Lévy’s works as
fundamental steps.

Though uncompleted, Gateaux’s mathematical studies weovered and extended by Paul Lévy
for whom they became a catalyst for a renewal of his scientiferests in probability. It is due
to Lévy’s work of editing and extension that today we rememBateaux.
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APPENDIX 1 : GATEAUX'S PROGRAMMATIC LETTER TOBOREL -12 APRIL 1913
Bar-le-Duc, le 12 Avril 1913

Monsieur,

J'ai fait il y a quelques jours la demande d’'une bourse DavalllWLa cir-
culaire adressée au proviseur indigue la forme de cettadée) et porte qu’elle
doit étre faite avant le ler Mai.

Voici les questions que je me propose d’étudier:

Fonctionnelles analytiques :

a- M.\olterra a tout d’abord appelé fonctionnelle anajyg la somme de la
série

U(f) = Z/ Ko(tr, .2 f(1) . flan)dar . . dan.
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M.Fréchet (Annales de I'Ecole Normale Sumai 1910) en a donné ne définition
plus générale:

(DUf) =Uo(f) + Ur(f) + -+ Unlf) +- ..

Uy, Uy, ..., U,,... étantdes fonctionnelles gehomogenes etd’ordre 0,1, ...,n.
Cette définition est analogue a la définition des fonati@mmalytiques de plusieurs
variables, d’apres Weierstrass.

Je me propose d’abord d’étudier de plus pres le développe(1), en partic-
ulier I'expression analytique dées,.

b- On peut donner une définition des fonctionnelles arggs analogue a la
définition des fonctions analytiques de Cauchy.

Soit f(«a) = fi(«) + if2(a) la fonction variable indépendante, définie paur
réeela < a <b.

SoitU(f) = Uy(f1, f2) + iUs(f1, f2) une fonctionnelle continue par rapport
a f c’est-a-dire telle qu'on puisse trouvertel que| f — ¢ |< 7 entraine|
U(f) = Ule) [<e.

Donnons &f la variationd f = § f; + id fo. U prend la variationU.

Nous dirons qué’ est fonctionnelle analytique desioU est une fonctionnelle
linéaire dev f.

Ce qu’on écrit : (2pU = f: 5f(a)da(c)

a(a) = ay(«) + ias(«), fonction a variation bornée indépendantedgeéx).
(Riesz, CR - 29 Nov. 1909).

Dans le cas oW/ admet, en outre, pour chaque valeut ¢d’les dérivées (au
sens de M.\olterra) par rapportfa, f, la condition (2) s’écrit

ULfl(fl’ Jas a) = Uéyf2 U{7f2 = _Uévfl

c- Les fonctionnelles analytiques, définition (1), véeni la condition (2).

Je me propose, réciproquement, d’étudier les fonctibemanalytiques, définition
(2), et d’examiner si on peut les développer en séries (1).

Pour cela, la voie naturelle parait &tre I'extension deégrale de Cauchy.

Intégration d’une fonctionnelle.

On est alors conduit a définir I'intégrale d’'une foncti@tle continue réelle
dans un champ fonctionnel réel.

Parmi les définitions qu’on peut en donner, voici la pluspen

Soit la fonction variable indépendante réeflex);0 < a < 1, U une fonc-
tionnelle réelle continue d¢ définie dans I'ensemble des fonctiohs< f < 1,
continues ou admettant un nombre fini de discontinuités.

Bornons nous a définir I'intégrale dédans le champ des fonctiofs< f < 1.
Divisons l'intervalle(0, 1) enn intervalles, les limites de ces intervalles partiels
étant considérées comme appartenant a I'un des deunicaint adjacents.

Considérons la fonctiorf égale dans chaque intervalle partiel aux nombres
fi, fo, ... fn compris entre O et 1/( f) est une fonction des variablesf; . .. f,, :

Un(fiy ooy fn)-

Considérons I'expression :
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(S)In:/01/01.../01Un(fl,...,fn)dfl...dfn

Faisons augmenter indéfiniment, chaque intervalle tendant vers 0. Supposons
quel, tende vers une limité indépendante des modes de division choisis. Nous
dirons quel est I'intégrale dé/ dans le champ < f < 1.

On peut également en donner une définition ne faisantiearque les fonc-
tions f continues.

La limite I existe en particulier pour les fonctionnelles analytiquiEsinition
(1), holomorphes dans le champ |< 1 + «.

Je me propose de rechercher si la linfigxiste,UU étant une fonctionnelle con-
tinue, ou s'’il est nécessaire d’ajouter une autre hysatizecelle de la continuité.

La définition de lintégrale peut sans doute étre étendux fonctionnelles
présentant certaines discontinuités.

Enfin on passe de l'intégration dans un champ réel aelgration dans un
champ imaginaire, et on peut en particulier etudier &égrille de Cauchy.

Applications:

Les applications de I'extension précédente sont cartagnt assez nombreuses.
J'indique par exemple : I'extension aux fonctionnelles @etaines propriétés
de résidus des intégrales multiples, de la formule de dragg démontrée par
Poincaré dans le cas des fonctions de 2 variables (Actaemaitica, tome 3).

Tels sont les problemes que j'envisage actuellement dtjdatésire continuer
I'étude I'an prochain a Rome.

Comptant sur votre appui, je vous prie d’agréer, Monsiauec mes remer-
ciements, I'expression de mes sentiments respectueux.

R.Gateaux

Professeur au lycée de Bar-le-Duc

Translation

Bar-le-Duc, April 12th, 1913

Sir,

| applied for a David Weill grant some days ago. The circuddielr addressed
to the principal indicates the nature of this applicatiard anentions that it must
be presented before May 1st.

Here are the questions | propose to study :

Analytical functionals

a) M Volterra has in the first place called analytical funoabthe sum of the
series

0..00 ,p
U(f) = Z/ Ko(z1, ...z f(z) ... f(zp)dey . . . do,.

M.Fréchet (Annales de I'Ecole Normale Supay 1910) has given a more gen-
eral definition :

(1) U(f) =Uo(f) + Ui(f) + -+ Unlf) + ...
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Uy, U, ..., U,,... beingfunctionals of homogeneous and with orderl, . . ., n.
This definition is analogous to the definition of analytiaah€tionals of several
variables, following Weierstrass.

| first propose to study more closely the development (1)aimigular the ana-
lytical expression of thé/,,

b- One may give a definition of analytical functionals analag to the defini-
tion of Cauchy’s analytical functions

Let f(«) = fi(a) + if2(a) be the independent variable function, defined for a
reala,a < o <b.

LetU(f) = Ui(f1, f2) +1iUs(f1, f2) be a functional continuous with respect to
f i.e. such that one may find arsuch that f — ¢ |< nimplies| U(f)—U(p) |<
E.

Let us give the variationf = § f; +id f5 to f. U has variationU.
We shall say that/ is an analytical functional of if 4U is a linear functional

of 6 f.

Which may be written: (2)  0U = f: 5f(a)da(c)

a(a) = a1 () +ias (), function with bounded variation independentgf «).
(Riesz, CR - 29 Nov. 1909).

In the case wheré& admits, moreover, for each value af, derivatives (in
M.\olterra’s sense) with respect 1@, f», condition (2) can be written as

ULfl(fl’ Ja; a) = Uéyf2 U{7f2 = _Uévfl

c- Analytical functionals, definition (1), satisfy the cation (2).

| propose, reciprocally, to study the analytical functilsnaefinition (2), and
to examine if they may be developed in series (1).

To achieve this, the most natural way seems the extensidreaCauchy inte-
gral.

Integration of a functional.

One is thus lead to define the integral of a real continuoustiomal in a real
functional field.

Among the definitions one may provide, here is the simplest:

Consider the real independent variable functjfa);0 < o < 1, U a real
continuous functional of defined in the set of functions< f < 1, continuous
or having a finite number of discontinuities.

Let us restrict ourselves to the definition of the integral/ah the field of the
functionsO < f < 1. Let us divide the interval (0,1) into intervals, the limits
of these partial intervals being considered as belongiog&oof the two adjacent
intervals

Consider now the functiorf equal in each partial interval to the numbers
fi, ..., fn which are between 0 and 1U/(f) is a function of then variables

flfnUn(fluufn)

Let us consider the expression

(3)In:/01/01.../01Un(fl,...,fn)dfl...dfn
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Suppose that increases to infinity, each interval converging to 0, angssp
that I, tends to a limit/ independent of the chosen divisions. We shall say that
is the integral ofU over the field) < f < 1.

One may also give a definition using continuous functiprasly.

The limit  exists in particular for analytical functionals, definiti¢l), holo-
morphic in the field f |< 1 +e.

| propose to check whether limitexists,U being a continuous functional, or
if it is necessary to add an extra hypothesis to that of cait§in

The definition of the integral may probably be extended tafimmals having
some discontinuities.

At last one goes from integration in a real field to integnatio an imaginary
field, and one may in particular study Cauchy’s integral.

Applications:

The applications of the previous extension are certainiigeranumerous. |
mention, for instance : the extension to functionals ofaianproperties of residues
of multiple integrals, of Lagrange’s formula proved by Rewré in the case of
functions of 2 variables (Acta mathematica, tom 3).

Here are the problems | presently foresee and of which | eésistudy further
next year in Rome.

Counting on your support and thanking you, | am, Sir, youspeetfully

R.Gateaux

Professor at Bar-le-Duc lycée

APPENDIX 2 : GATEAUX'S LAST LETTER FROM THE FRONT TOVOLTERRA - 25 AUGUST
1914

Buissoncourt (Meurthe-et Moselle), le 29 aolt 1914

Monsieur le Sénateur,

Je vous remercie beaucoup de votre lettre que je viens seatata recevoir,
dans les plaines de Lorraine ou nous passons les jours atiess au son du
canon.

Je crois que latraduction des Lecgons sur les fonctiongydedise fera, comme
vous le dites, longtemps attendre. Et quant a votre Mésir les fonctions per-
mutables, que j'aurais lu avec tant d’intérét, Dieu sa#rmd je pourrai I'étudier!

Je tiens a vous dire combien j'ai été heureux d’appreqded’Italie, non seule-
ment reste neutre, mais encore se rapproche de la FranceleBduancais y ont
été tres sensibles, et ont vivement apprécié I'atétde I'ltalie. Puisse ce geste
pousser nos deux pays a se connaitre mieux et a se rappadmlantage!

Le service postal fonctionne tres irrégulierement. degte vous écrire bi-
entdt de nouveau et jespére qu’'une au moins de mes lettnes parviendra.
J'espere qu’elle vous trouvera en bonne santé ainsi que famille. Pour mon
compte, je supporte parfaitement les fatigues de la cangpageuillez me rap-
peler au bon souvenir des professeurs que j'ai eu I'honneagpdnaitre a Rome.
Veuillez présenter a Madame Volterra mes plus respegthemmages et agréer
I'expression de mes sentiments respectueux.
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R.Gateaux, Lieutenant au 269eme RI, 139eéme brigaden&@@dvision de
réserve, par Troyes (Aube)

Translation
Buissoncourt (Meurthe-et Moselle), August 29th, 1914

Mr Senator,

| deeply thank you for your letter | have just received, in fileé&ds of Lorraine
where we live days and nights under the sound of canons.

| trust that the translation of thectures on functions of linesill be, as you
mention, delayed for a long time. And as for yaddemoir on permutable func-
tions that | would have read with so much interest, God knows wheitl have
the chance to study it!

| wanted to tell you how happy | was to learn that Italy, notya@imains neutral,
but is also more and more favorable to France. All the Fremdple have been
sensitive on that point, and have greatly appreciated'stalyitude. May that act
encourage our two countries to know each other better aneldorbe closer!

The mail service works with much irregularity. | intend toit@rto you soon
again and | hope that at least one of my letters will reach ytape it will find
you and your family in good health. As for me, | bear perfetilg fatigue of the
battle.

Please recall me to the professors | had the honor to meetrmeRUVill you
transmit my most respectfully regards to Mrs Volterra andept my most re-
spectful sentiments.

R.Gateaux, Lieutenant at the 269th RI, 139th brigade, #térre division, by
Troyes (Aube)

APPENDIX 3 : POSTCARD FROM THEPROVISEUR OF THELYCEE IN BAR LE DucC

Lycée de Bar le Duc, le 7 decembre 1914

Monsieur,

Notre regretté collegue, M.Gateaux ['], n'a plus que saren Elle habite
actuellement a Vitry-le-Francois, rue de la Petite Saifbans le deuil si cruel
qui la frappe, elle serait tres sensible a vos condoEsiet ce serait une joie
douloureuse pour elle de lire votre appréciation de ladgaraleur intellectuelle
de son cher disparu.

J'ai vu M.Gateaux, pour la derniéere fois, le 20 juillet. Nawe pensions pas a
la guerre, ni 'un ni l'autre. Il me parla longuement de sejosi a Rome, et me
dit que sa these de doctorat était presque terminée. dha kissé des travaux
qui mériteraient d’étre publiés et il me semble que voosrpez en entretenir sa
mere.

La mort de notre jeune collegue a douloureusement émudesisollegues
du Lycée de Bar qui avaient su apprécier sa belle intelige la franchise de
son caractere et le charme de sa modestie. |l a fait vaillmbtout son devoir,
jusqu’au bout, mais c’est grand’pitié qu’il ne lui ait pat& ‘donné de vivre toute
savie.

Veuillez agréer, Monsieur, I'assurance de mes sentintegfglus distingués.
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Le Proviseur, M.Chemin
Translation

Lycée de Bar le Duc, Decembre 7th, 1914

Sir,

Our late lamented colleague M.Gateaux has only his mottier &he lives
now in Vitry-le-Francois, rue de la Petite Sainte. In thecagel mourning which
strikes her, she would be very touched by your condolencdstamould be a
painful joy for her to read your appreciation of the greaeileictual value of her
dear loss.

| saw M.Gateaux for the last time on July 20th. Neither of waight about war.
He told me at length about his stay in Rome, and told me thadduisoral thesis
was almost completed. He has therefore left works whichtrberng published
and | think you could speak to his mother about it.

The death of our young colleague has painfully moved all bikeagues of the
Lycée in Bar who had been able to appreciate his fine ingzlkig, the frankness
of his character and the charm of his modesty. He valiantyh@s duty up to the
end, but it is a great pity that he was not given the opporgunitive a full life.

Respectfully yours,

The principal, M.Chemin
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