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Abstract

In this paper we consider the Laplace-Dirichlet equation in a polygonal domain
perturbed at the scale € near one of its vertices. We assume that this perturbation is
self-similar, that is, derives from the same pattern for all values of €. We construct
and validate asymptotic expansions of the solution in powers of ¢ via two different
techniques, namely the method of matched asymptotic expansions and the method
of multiscale expansions. Then we show how the terms of each expansion can be
split into a finite number of sub-terms in order to reconstruct the other expansion.
Compared with the fairly general approach of [[T3]] relying on multiscale expansions,
the novelty of our paper is the rigorous validation of the method of matched asymptotic
expansions, and the comparison of its result with that of the multiscale method. The
consideration of a model problem allows to simplify the exposition of these rather
complicated two techniques.

Introduction

The solutions of elliptic problems in corner domains are known to be singular near the
vertices, see [I0, [7, B]. In engineering applications, however, it often happens that the
corners are rounded in a small region near the vertices (fillet), so that the resulting domain
is at the same time smooth and close to a corner domain w. On the one hand, the solution
is in principle smooth, but keeps information of singularities which would be present in the
limit corner domain w. On the other hand, from the numerical approximation point of view,
meshing the corner domain w may be easier than meshing small rounded regions. For these
reasons, the question of comparing solutions in a rounded corner domain and a true corner
domain, is interesting and important for applications.

The investigation of small perturbations of a domain can be done by an asymptotic anal-
ysis, considering families of self-similar domains (w5)5>0 indexed by the small parameter
€ which represents the order of magnitude of the perturbed region. Namely, the domains w.
coincide with a fixed pattern (2 shrunk at the scale € in regions of size € and coincide with
wq outside. Thus, in a certain sense, w, tends to wq as € — 0.

Such a self-similar family is a typical example of singular perturbation of domains,
and may include numerous different situations besides rounded corners: Let us mention
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Figure 1: Rounded corner: Domains w, {2 and w;.

small cracks or small holes, originating from an interior or a boundary point of the limiting
domain, see Figll and Bl and also small junctions between several connected components
of w, see Figlland M p2A
The relation between a fixed perturbed domain w and its limit domain w can be for-
malized by embedding @ and w in such a family so that the following two conditions are
satisfied
(i) w=wo and (i) dgo > 0 sothat W = wy,.

In this paper, as a model situation, we mainly investigate the solutions u. of the Dirichlet
problem for the Laplace operator set on a family of plane self-similar domains w,. For each
fixed ¢, the regularity properties of u. can be very different from those of their limit ug (more
or less regular, depending on different configurations, see Fig[ll and Bl respectively). An
asymptotic expansion of u. as ¢ tends to 0 is the right way of understanding the mechanism
of this transformation.
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Figure 2: Non-convex corner pattern: Domains w, €2 and ws.

For such singular perturbation problems, the method of matched asymptotic expansions
is widely used. This method, spread by [[I8]], consists in constructing two different complete
expansions of the solution in different regions and different scalings, and to match them in
an intermediate region. It has been used in [[I]] for situation of Figure [ (see also [8]] for
a general framework). Although intuitive, this method is difficult to justify rigorously, see
[T7, @] for such a justification for a problem of thin slits. An alternative is given by the
multi-scale expansion technique, consisting of a superposition of terms via cut-off func-



tions, which involve different scales. A rigorous error analysis can be performed for such a
method, which has been used in a very general framework in the monograph [[I3]] for similar
problems.

Our aim in this work is twofold

(i) Provide the complete constructions and validations of the two different expansions
provided by the two methods of multi-scale expansion and matched asymptotic ex-
pansions for the same simple example, so that everything is made explicit and as clear
as possible,

(ii) Compare the two expansions with each other, that is split each term of each expansion
into sub-terms, and re-assemble them to reconstruct the terms of the other expansion.

Our paper is organized as follows. In Section[Il we define the families of self-similar do-
mains and the problems under consideration, and next we provide an outline of our results,
giving the structure of the first terms of both expansions. In Section [ we state some prelim-
inary results on limit problems in non-standard spaces, which we call “super-variational
problems”. In Section Bl we present the method of matched asymptotic expansions, with
the construction of the terms and matching conditions, and, by the technique of [[Z, O], the
validation of the expansion by remainder estimates. Section Hlis devoted to the multiscale
approach, like in [BL,[19, 2], where optimal remainder estimates are proved. Sections Bland H]
may be read independently. We compare the expansions obtained by these two techniques
in Section Bl providing formulas for the translation of the terms of each expansion into the
terms of the other one. In Section 6l we mention how our results can be generalized to other
situations (more general domains, data, operators, etc...). We conclude in Section [[] with
comments on more practical applications of our results.

1 Notations, outline of results

1.1 Self-similar perturbations

The families (w;)c~( under consideration are defined with the help of two domains, w the
limit (or unperturbed) domain, and €2 the pattern (or profile) of the perturbation. We denote
by x and X the Cartesian coordinates in w and €2, respectively. Indeed w and €2 do not “live”
in the same world. They only share the origin of coordinates: both systems of coordinates
have their origin at O. The x coordinates are the slow variables and X = % are the fast
variables.

The junction set. The connection between w and () is realized by a plane sector K with
vertex O (which is a dilation invariant set). For K, the situation of a half-plane is included.
We denote by Br and Bp, the ball centered at O with radius R in the = and X coordinates,
respectively.

The limit domain. Let w be a bounded domain of R?, containing the origin O in its bound-
ary Ow. We assume that w is sector-shaped near O (e.g. w is a polygon with one of its
vertices at O): there exists r* > 0 such that

wN B = KN B«



Let « be the opening of K (0 < « < 2m), and let (r,0) € R* x [0,27) be the polar
coordinates such that the sector (0, +00), x (0, )y coincides with K.

The perturbing pattern. Let © be an unbounded domain of R? such that there exists
R* > 0 for which
Q N CRQBR* - K N ERQBR*.

Let (R,0) € RT x [0,27) be the polar coordinates centered in O such that the sector
(0,400)r x (0, a)g coincides with K.

The perturbed domains. Let g such that egR* = r*. For any € < &¢, w. denotes the
bounded domain

we = {zx€w; |z >eR PU{x € |z <7r*}. (1.1)

The domain w, coincides with the limit domain w except in an e-neighborhood of the ori-
gin, where its shape is given by the e-dilation of the domain (2, see Figures [[lEl In the
intermediate region e R* < |x| < r*, w. coincides with K

we N{eR* < |z] <r*} = KN{eR" < |z| < 7'} (1.2)

Note that €2 is the limit as ¢ — 0 of the domain w, /e, whereas w is the limit of wy.

No regularity assumption is needed for the following work, except the coincidence with
the sector K in the matching regions. We only assume the domains w and €2 to be open
subsets of R? (bounded and unbounded, respectively).

We have shown in Fig[ll the example of the rounded corner where w has a corner at O,
whereas w. is smooth near O, and in Figll an example where the pattern domain {2 is more
singular than the limiting domain w.
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Figure 3: Small crack originating from a non-convex corner.

In Fig[ll w still has a corner at O while € is the infinite sector of same opening, con-
taining a crack at the origin. Thus a small crack of length € appears in w..

In FigHl and Bl we have the apparition of a hole. At a regular part of the boundary
(o = ), with a corner in §2 in Figl] and at a crack tip (o = 27) in FigQl

Remark 1.1 The family of domains w, is decreasing as ¢ increases if and only if each ray
0 = 0y in 2 is connected and unbounded (this implies in particular that € is contained in
the sector K'). Note that we do not need this assumption.
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Figure 5: Small bulge at a crack tip.

1.2 The Dirichlet problem and its singularities

As the simplest, and nevertheless typical, example of elliptic boundary value problem on
a family (w.) of self-similar domains, we consider the Laplace-Dirichlet problem. We are
interested in asymptotic expansions with respect to ¢ of the solution u. of the problem

Find u. € Hj(w.) such that — Au, = fl,. in w.. (1.3)
Here f is a fixed function belonging to L%(RR?). We assume for simplicity that
f=0 in B (1.4)

Thus the “active part” of f is f|,\z,., which is independent of . Without risk of misunder-
standing, we denote simply by f the right hand side of (L3). In oder to take a more general
situation into account, we have to assume that f has an asymptotics as » — 0 in B,«, see
Section

When ¢ tends to 0, we expect the solution u,. of (L3]) to converge to ug € Hé (w) solution
of —Awug = f in the limit domain w. In the following, we shall derive the full asymptotic
expansion of wu, into powers of . The nature of the terms in this expansion depends on the
asymptotics as » — 0 and R — oo of solutions to the Dirichlet problem on the limit domain
w and the pattern domain §2, respectively.

Both are related to the singular functions of the Laplace-Dirichlet problem in the sector
K, which solve the homogeneous problem

s=0 on OK and —As=0 in K. (1.5)

From now on, we denote by \ the exponent related to the opening angle « of the sector K

A=z (1.6)




A generating set for all solutions of (L3]) on the sector K parametrized in polar coordinates
by (0; +00), x (0;a)g is given by (see [[10, [Z Bl)

sPM(p, 0) = pPrsin(pAd), Vp € Z*. (1.7)

1.3 Outline of results

As a result of our two methods of analysis, this expansion is described by two different
formulas, the first terms of which we present now.

e The powers of ¢ appearing in both formulas are the exponents pA of the singularities
D.

e The remainders in the next formulas are of the form O (¢), which means that their
norms in H!(w,) are uniformly bounded by Ce® as ¢ — 0.

Multi-Scale Expansion (MSE): The MSE method consists in looking for an expansion of
ue in powers of € with “coefficients” combining the two scales z and Z. Let x be a smooth
cut-off function vanishing at point O and 1 a smooth cut-off function localized near O, cf
E&T). As a result of the MSE method we find for the first terms, see Theorem Bl

ue = x(2) 00 (x) + (z) V(L) + O (), (1.8)

and, next
U = X(%)(vo(m) + 62)‘2)2)‘(1‘)> + (x) (E)‘V)‘(g) + 52)‘V2)‘(§)) + O (). (1.9
Here, the first term v° coincides with the limit ug. The profiles V* and V> are defined in
the infinite pattern domain 2. Thus information concerning the perturbing pattern is con-

tained in the profiles (whose contribution is localized near O), and v°, v?* carry information
corresponding to the bounded domain w (whose influence does not reach the corner).

In our MSE analysis, all the terms v(x) and all the profiles V(X ) are solution of variational
problems in w and (2, respectively, see equations @J)) and @4).

Note that the cut-off functions are used in a different scale than the associated terms of the
asymptotic expansion. This allows to consider a wide range of problems, cf [13, Ch.4].
This procedure is also similar to the homogenization and asymptotic expansions in periodic
structures, see [[16]].

Matched Asymptotic Expansions (MAEs): The MAEs method consists in constructing
two expansions (slow and fast) of u. in powers of €. The coefficients of the slow expansion
are function of x, and those of the fast one are function of Z. Neither of these two expan-
sions is valid everywhere. They have to be matched inside an intermediate region.

In order to have a representation of u. everywhere and to optimize remainders, we use a cut-
off function at the intermediate scale % Let ¢ be a smooth cut-off function with p(p) = 0

for p < 1 and p(p) = 1 for p > 2. As a result of the MAEs method we find for the first
terms, see Theorem 3.2]

ue = p(3) w'@) + (1= 9(3)) SN + O, 10
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and, next
Ue = gp(%) (uo(az) + E2>‘u2)‘(1’)>

+ (1 - 4,0(%)) (s’\U’\(f) + s”U”(g)) F O (£2). (111)
Here, again, the first term uY coincides with the limit ug. The term u? is defined on w
whereas the profiles U» and U are defined in the infinite domain 2. The terms u?*(x),
UAX) and U?*(X) are solution of “super-variational problems”, i.e. problems set in
spaces larger than the variational spaces, see equations Z8) and @I3)), and where stan-
dard formulations would have non-unique solutions.

Comparison: The terms v>*, V*, u?* and U* exchange with each other via two singular
terms of the form as~* and As”, where a and A is are real coefficient and s= are the
singular functions as defined in (L7). There holds, see Theorem Bl

{ uMz) = M) +(x)as ), T Ew,

UMX) = VMX)+x(X)AsMNX), Xeq. (112

2 Super-variational problems

All the terms in (C8)-(CTI) appear as solutions of Dirichlet problems on w or 2. We first
recall their variational framework before considering their solutions in larger spaces.

2.1 Variational problems

The variational space V (w) for the Dirichlet problem on the bounded domain w is H(w)
and for f in its dual space, the variational formulation is

Find v € V(w) such that

/ Vu(z) Vu(z) doe = / f(z)v(z) de Vv e V(w).

Problem @) has a unique solution. As a classical consequence of an angular Poincaré
inequality, we find that the variational space is embedded into a weighted Sobolev space

V(w) = Hy(w) ¢ Wi(w) := {u e H'(w); 7 tu € L*(w)}. (2.2)

(2.1)

The variational space V' (2) for the Dirichlet problem on the unbounded domain €2 is
the weighted space

V(Q) ={U € Li,.(Q); (R)"'U € L*(Q), VU € L*(2), Ulspa = 0}, (2.3)
where (R) = v/ R? + 1. Then the variational problem below has a unique solution

Find U € V(Q) such that

(2.4)
/VU(X) VV(X) dX:/f(X) V(X)dX YV eV(Q).
Q Q

One can refer for example to [2] for more details.



2.2 Super-variational problems in w. Behavior at the origin
First, we introduce some functional spaces to specify the behavior near the origin.
Definition 2.1 (i) Let Vigc o(w) be the space of distributions
Vieoo(w) = {u € Z'(w) ; pu € Hy(w), Yo € 2R\ {0})}.
(ii) Form € Nand s € R let W' (w) be the weighted Sobolev space
Wi(w) ={ue€ 2'(w); rA=719%u e L2 (w), V8, |B] < m}.
Using these weighted spaces, we particularize the meaning of O(r*) as follows:

Notation 2.2 For s € R, the function uw : w — R is said to be a O,_,o(r®) and we write
u = Op_o(r®) if there exists a neighborhood V of O in R? such that w € W™ (V) for all
m € N.

Note that, combining the change of variables = +— (¢ = logr, §) with Sobolev embeddings,
we can prove that if u = O,_,¢(r*), then

Vm,neN, 3IC >0, [f"O"0jul < Cr® in wNV,
which motivates the notation O, (r*).
The following result is a consequence of local elliptic a priori estimates.

Lemma 2.3 Let u € Vigeo(w) such that Au = 0 inw NV for a neighborhood V of O. Then
for any real number s, we have the equivalence

ueWhw) <= u=0,_or. (2.5)

PROOF.  The implication <= is obvious. Let us prove the converse implication. Let
u € W!(w) satisfying the assumptions of the lemma. Let p’ € (0,7*] such that the finite
sector o,y == w N B(O, p') is contained in V. Let p € (0,p’), and m € N be fixed. Let us
prove that u belongs to W +2(g,), where o, = w N B(O, p).

For this, we consider two sectorial rings, ol and o2, defined as
ol={zcw p<l|z|<p} and o*={zcw p)<|z|<p},
with pj) < po < p/2, whence o! C o2. A standard local elliptic estimate reads, for u
satisfying u € W (0,), Au € W™ ,(0,), and u = 0 on dw N B(O, p') - see [,
[ullim+2o1y < C (|AUllm(o2) + [ullr2(o2)) - (2.6)

Applying this estimate to the functions u(x) = u(27%x) and summing up over k the ob-
tained inequalities (multiplied by 27°%), we get the following estimate from dyadic partition
equivalence

lullwges2go,) < € (18Ul 0, + lullwee, ) ) - 2.7)

The conclusion follows from the embedding W (o) C WY(0,). [



We can now state about the solvability of super-variational problems on w, that is, in
spaces containing some of the dual singular functions s~ for p > 1: If we know the dual
singular part of a function u € Vjo¢ o(w) and its Laplacian Aw, then this function is uniquely
defined.

Proposition 2.4 For any data f € L?(w), f = 0 in a neighborhood of O, and any fi-
nite sequence (apx)1<p<p Of real numbers, there exists a unique solution u to the “super-
variational problem”

Find u € Vioco(w) such that

P
—Au=finw and u-— Z aprs PA = 0,_o(1). (2:8)

p=1
Remark 2.5 If the sequence of coefficients (a,y), is empty, the problem ([ZJ) is nothing
but the variational problem @.T)).

PROOF. Let the smooth cut-off function ¢ satisfy 1(z) = 1 for [z < % and ¢(z) = 0 for
|z| > r*. Wesetv =13 apy 5P, which obviously satisfies

v € Vioeo(w), and  Av =0 in wN B )y. (2.9)

Hence, the problem to find w such that —Aw = f + Aw in w admits a unique variational
solution w € V(w) = Hj(w). Moreover, @2) gives that w belongs to W} (w), and by
localization near point O, w is a O,_,(1) thanks to Z3); the function v = w + v meets
then the requirements. =

On the other hand, every solution of the Laplace-Dirichlet equation can be expanded
near the corner point O in terms of the singular functions, compare with the results in e.g.

(0L 14, [T5L 7.

Proposition 2.6 Let s > 0 be a real number. We define P as the integer part of 5. For any
u € Vioe,0(w) for which there is a neighborhood V of O such that

Au=0in wNV and u=0Or_o(r %), (2.10)

there exist a unique finite sequence (apy)1<p<p and a unique sequence (bpy)pen+ (generi-
cally infinite) such that for all N € N*

P N
u(@) = app s PN, 0) + > bpa 5P (1, 0) + Op g (rV ), (2.11)
p=1 p=1

Notation 2.7 In the situation of Proposition 2.8 we write

P o
u(@) =Y aps P 0) + Y s (r,0). (2.12)
p=1 p=1



PROOF. One can prove this lemma using the Mellin transform, see [[10]. In the particular
case we are interested in, an argument based on separation of variables via angular Fourier
series also leads to the result. |

In accordance with the literature on corner asymptotics [[13 6, 4] we can call the sum
>~ apy s P (r, 0) the dual singular part of u, whereas Y b,y 5P (r, 0) represents the asymp-
totics of the variational part of v and can be called primal singular part of w.

In the particular case of an opening angle equal to 7, i.e. A = 1, the asymptotics of the
variational part contains polynomials only — it is a Taylor expansion, but the dual singular
part is actually singular. More generally, if o has the form 7 with a positive integer n, the
asymptotics of the variational part is polynomial and can be regarded as regular.

2.3 Super-variational problems in (2. Behavior at infinity

Solutions of limit problems on w, which have just been investigated in the previous section,
yield a good representation of the solution u. in the domain w,, away from the corner point
O. On the other hand, the geometries of domains w and w. differ near that point and the
asymptotic expansion of u. with respect to € will be given by terms defined in the pattern
domain 2. The tools needed for their construction are stated hereafter.

As we shall see, the behavior at infinity of Laplace-Dirichlet solutions in §2, in combi-
nation with the behavior at O of solutions in w, is the key for building and validating the
asymptotic expansion of u.. Hence, we give similar definitions as in the previous section,
r — 0 being replaced with R — +o0.

Definition 2.8 (i) Let Vigc o0 (€2) be the space of distributions
Vioe,oo(2) = {U € 2'(Q) ; »U € Hy(92), Vo € 2(R?)} .
(ii) For m € N and s € R let W' (Q2) be the weighted Sobolev space
W(Q) ={U e 2'(Q); (R0 e L2(w), V8, |8 <m},
where (R) = v/R? + 1.

In the following, we shall say that V is a neighborhood of infinity if there exists a ball
Bp, of radius R such that
CreBr CW. (2.13)

We introduce, similarly to Notation

Notation 2.9 For s € R, the function U : Q2 — R is said to be a Op_,o(R®) and we write
U = Or—oo(R?) if there exists a neighborhood W of infinity such that U € W' (W) for
allm € N.

Then any U = Op_,o (R?) satisfies
Vm,neN, 3C>0, |RMIFIHYU(R,0) < CR® in QNW.

Thanks to a similar shift result as for Lemma 23] we get
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Lemma 2.10 Let U € Vige oo(S2) such that AU = 0 in Q N W for a neighborhood W of

infinity. Then for any real number s, we have the equivalence
UcWiQ) <<= U=0r_(R%. (2.14)

The following two propositions are the counterparts of Propositions 24l and 2@l The dual
singular functions at infinity in {2 are now the s”* for positive integers p.

Proposition 2.11 For any F' € L%(Q) with compact support in Q and any finite sequence
(Ap))1<p<p of real numbers, there exists a unique solution U to the “super-variational
problem”

Find U € Vige,o0(§2) such that
P

—AU =F in Q and U—ZAP)\EP)\: O (1).

Tr—00
p=1

(2.15)

PROOF. It is very similar to Proposition Z4l the suitable variational space being here
V(Q) = W(Q). |

Remark 2.12 If the sequence of coefficients (A, ) is empty, the problem @.I3) is nothing
but the variational problem .4).

Proposition 2.13 Let s > 0 be a real number. We define P as the integer part of 5. For
any U € Vige,00(Q2) for which there is a neighborhood WV of infinity such that

AU =0 in QNW and U = Op_(R?), (2.16)

there exist a unique finite sequence (Apy)1<p<p and a unique sequence (B ),cn+ (gener-
ically infinite) such that for all N € N*

P N
UX) =Y Aps?(R.0)+ > Byas PR, 0) + Opoo(B-NTIY. (217)

p=1 p=1

Notation 2.14 In the situation of Proposition 213 we write

U(X) ZA 25PN (R, 0) +ZB 25 PA(R,0). (2.18)

R—>oo
p=1

3 Matching of asymptotic expansions

3.1 Formal derivation of the asymptotic expansions

We will represent the solution w. as a formal series in each zone of interest, that is the
corner expansion (or inner expansion) near the origin O and the outer expansion away from
O. We write these two formal series in the form

+00
x) =~ Z gt UZ’\(g) and  u.(z Z P u (x 3.1
f=—00 f=—00

11



This Ansatz is suggested by the homogeneity of the singular functions, see (L7). We will
give a sense to the infinite sums in terms of asymptotic expansions later on.

Since the H'-norm of u, is uniformly bounded with respect to &, we know that all the
u and U™ for ¢ < 0 are just zero. Moreover, it is clear that the terms of the asymptotic
expansions must satisfy

0=0 on Ow,

—Au’=fin w and u
V>0, Au> =0 in w and ©* =0 on dw )\ {0}, (3.2)
Ve >0, AU =0 in Q and U =0 on 99.

Now we need to ensure the matching of the two formal series in the transition zone
ekrkl. (3.3)

To do so, we expand the terms ©‘* and U**. Thanks to Propositions 28 and 213 - note that
r < 1land - > 1 - these expansions read

+oo

Ww) =Y () s 0) + ) (10)),

Lo (3.4)
vANx) =Y (AfA AR, 0) + BR s AR, 9)).

p=1

We use the homogeneity of the functions s”* and transform the rapid variable * into the

slow one r. Ensuring the equality of the two formal series BI)), we get

S (Y (P00 + 13 00))

¢ p
— Z ( X Z ( —PA AZ’\ A(r, 0) + P Bf;j\\ 5_p’\(7“,9))) (3.5)
CX (S (A P + B )

Identifying the terms of the two series leads to

b = AN and of) = BIP, (3.6)

Le.
aA=BS"N it p< L and df) =0 if p> £,
3.7)
A}‘;})‘\:b](f)\p) if p</ and AZ’)\\—O if p>¢,

knowing that bg)\_p = Bl(f;\_p A = 0 for p > {, since the terms u™* and U™ are 0 for

n < 0.

Remark 3.1 Here, we have chosen to derive the matching relations without any knowledge
of the matched asymptotic technique. However, one can derive the relations &7) using the
Van Dyke principle, see [I8]].
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3.2 Definition of the asymptotic terms

For ¢ € N, the functions u‘* and U** are defined inductively. The following algorithm

1) o N _ (X N _ (e
?eﬁ;es Is\;ep bystepu :w —= R, U : Q =R, b (b ) pEN*? and B (BpA)peN*
or{ € N.

Step 0. u° € Vioe o(w) is defined via Proposition 24 (in the particular case of Remark 223)
as the unique function satisfying

Au’=—fin w and u° = O,_o(1). (3.8)

Moreover, U is chosen to be 0. Let b be the sequence of numbers defined by Proposi-
tion Z@and B be zero:

0 (bpx\)peN* and B° = (Bg)‘)pEN* =0. (3.9)

N (,0A
Step £. We denote by a ( ap
real numbers such that

N 12N :
)p N and A* = (Ap )\)p eN® the two finite sequences of

aA=BATN i 1<p<l—1 and df) =0if p> ¢,
(3.10)
AR =P 1 <p <l and A =0if p> L+ 1

The functions u‘* and U** are defined via Propositions 24 and ZZTT] as the unique solutions
of the problems

Find u € Wioe,0(w) such that

Au* =0 in w and u Zap)\s PA = O, (1), G-11)

and
Find U™ € Vige,00o(Q) such that

¢
AU =0in Q and U —ZA A = Or_0o(1). (-12)

p=1

Finally, we define the sequences b and B associated with u‘* and U** in Proposi-
tions 2@ and T3]
b (bp)\)pEN* and BD\ (Bp)\)peN* (313)

3.3 Global error estimates

The main idea to prove error estimates is to define a global approximation u,°, € HY(we)
of u. by the formula

i5(@) = o) ZED\ Ay ( (755 )Zg“ U (2), (3.14)
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where ¢ is a smooth cut-off function with p(p) = 0 for p < 1 and p(p) = 1 for p > 2 and
7 is a smooth function of € such that

gi_r% n(e) =0 and glg(l) @ = 400. (3.15)
Theorem 3.2 There exists a constant C' such that
. (n+1)A e\ (n+1)A
Jue — sl < C[(00) "+ ()" ) (3.16)

Remark 3.3 One can optimize the estimate (3I6) by choosing the best 7: For () = /2,
there exists a constant C such that

e — Wopll 1wy < C MM, (3.17)
PROOF. First, we denote by €5 , the approximation error at step n
e (@) = Uy (2) — ue(2)

and by &, the corresponding matching error
n
Enlw) = D™ [u(@) - U]
(=0

Of course, the matching error makes sense and is small only in the intermediate region; we
shall express the H!-norm of €, over w, in terms of £, in this region. By harmonicity of
Ug, u', and U*, we obtain

A () = 725 Vel (i) VEL®) + rbplAl () £5 ().

Since €, belongs to H{,(w.), the Green formula leads to

2 T
/ (Ve) de = 355 / [Vel(oi) VE €
+ [77(;)]2 /w [Aﬂ(ﬁ) Enx €y da
< o 1€l + MENVEN 00| EoalLace
with the notation, for p € [1, o]

[wllpne) = Nullie(frew; ne) <r < 2n@E)})- (3.18)
Using a Poincaré inequality on w, (uniform with respect to ), we get

o~ ¢ € € o~
”en)\”%{l(ws) < W |:”gn)\”oo,n(5)+77(E)”vgn)\uoo,n(a) X ”en)\”l,n(a)'

The conclusion follows from the following two lemmas (proved below). ]

14



Lemma 3.4 There exists a constant C such that for all u € Hy(we), the norm ||ul]1 ;.
defined in (B.13), can be estimated as follows

[ulline) < C ) llull w.)- (3.19)
Lemma 3.5 There exists a constant C such that — for the definition of the norms, see G.13)),
(n+1)A £ N\ (n+1)A
e < ——
Esleney < C (1) "+ (o) ) (3.20)
1 (n+1)A € (n+1)A
° < — — . 21
IVEaleney < C oo (1) 7+ (o) | (3:21)

PROOF OF LEMMA B4l For all u € Hj(w,) and for all € [n(e), 2n(¢)]

/|u(r,0)|d9</ /| )] do'| /| (r, 0)| rdr do.
0

Hence, we have
2n(e) ro
/ / lu(r, @)| rdrdf < a/ / \@(T,Q)Mdrd@
n(e) e Jo 00

We conclude using the Cauchy-Schwarz inequality that

luline < CnE) [Vullige < CmE) [Vullae

< O n(e) [IVulli -

PROOF OF LEMMA We will give the proof of (B20). Inequality @2T)) can be obtained

using the same technique. The first step is to expand the u* and U** using (ZII) and
@T7). By definition of u* and U — see (&1} and (E12), and taking (EI0) into account
one finds

£ n—~{
u (z) = B}S‘;\—p)k 5—p>\ (r,0) + Z bf;’)\\ 5”)‘(7; 0) + OT_)O(T,(n+1—€)>\)7
p=1 p=1
¢ n—~{
UU\ Zbe)\p 510)\ R,0) +ZB2)\ —p)\(R 9)+OR—>00(R(€ n—1)A ).
p=1 p=1

Since 7(¢) tends to 0 and 7(e) /e tends to +00 when ¢ tends to 0, one has for n(¢) < r <
2n(e)

l
‘ué)\(x) _ Z B(E P)A —p)\ Z bf;))\\ 5p)\ (r, 0)‘ C [U(E)](n-i-l—ﬂ))\’
=) n’j (3.22)
T £ A T - r [ n
‘UD\(E) Zb( P) 5p)\( ’9) ZB£§5 p)\(_je)‘ < O[n_a)]( +1-0)
p=1 p=1



Let S be given by

l n—/
s (Y BRI SN 0) + D WA 5 (0))
=0 =1 1
=t r= (3.23)

. Eex(zb(é DA 5p)\ Z —p)\ )>'

/=0
From (3.22) and triangle inequalities, we obtain

€A (7, 8) = Slloonee) < {ZEKA J(r+1-0A +Z€ex naa)](n+1 OX }

=0

< 0 LS mEI Y + 3
(=0 —0
< O {mEI N + [l ),

Now it remains to show that S = 0. By definition — see (IZ)) — the singular functions s*P

satisfy the homogeneity property

sTPNL0) =P s PA(r,0) and  sP(r,0) = &P PN(L,0).

e’

Therefore, .S is given by

n /
- —p)A _—
S = N N el e g
(=0 p=1
n n
+ 30N N A 0)
=0 p=1
n /
=D DT A 0)
/= O p 1
_ Z Z ED‘BD‘ AL g).
67
(=0 p=1
The change of variables ¢ — p — £ in the first and third terms leads to S = 0. [

3.4 Local error estimates

In this paragraph B, will denote the ball of radius r and of center O. Starting from the
global error estimates obtained in @17, it is easy to get estimates far from the corner and
near the corner

Theorem 3.6 For any rg > 0, there exists C' > 0 such that

‘uarﬁ ZED‘ D‘ ‘

= O+, (3.24)
H1 (w\Byg) ( )
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For any Ry > 0, there exists C' > 0 such that

PROOF. To prove B24)), we remark that, for € small enough, the only contribution comes
from the terms u‘*

—_ (n+1))\ 2
@8R, ) O(e ). (3.25)

u:(eR,0) ZED‘ UD‘ ‘

=> ?u? in w\ By =w\By,. (3.26)

Consequently,

[ue = Unpllm @\B.) < [[te = Wi pop Il @\By) + 1W2nr2)n — Unallm@\s,,)

. . . (3.27)
< Jue — u(2n+2))\||H1(ws) + ||U(2n+2)A - un)\HHl(w\BTO)-
On the other hand, it follows from (3.26))
2n+2
Won2)r =) Pt in w\B,, (3.28)
l=n+1
and, since the u‘*’s do not depend on &
[@(ans2)n = Unallmi @B, < C g(nTDA, (3.29)
Due to (@I7), one finally has
e = Tanppallint g,y < C ™M (3.30)

The estimate @.24)) follows from @26), B2Z7), @.29) and E30). The same technique leads
to (B23) as well. A scaling is needed (R = r/¢) to recover a domain independent of ¢. m

Remark 3.7 Due to estimates (B24)) and (E23)), the outer and corner expansions are unique.
Moreover, as the remainders are of the same orders as the first neglected term in the outer
and corner expansions, these estimates are optimal. The outer and corner expansions can
be seen as Taylor expansions of the exact solution expressed in the (7, 0) or (r/e, 6) coor-
dinates.

4 Multiscale technique

4.1 Introduction

The technique of multiscale expansion consists in building a global approximation of the
solution in the domain w,. The expansion is composed of two different types of terms: the
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ones involving the original variable x, and the profiles appearing in the scaled variable .
They are superposed via cut-off functions

ue = x(£) > e (@) + v(2) Y ePVAEL) + o), @.1)
=0 =0

where the functions x and 1 are smooth and radial, satisfying

x(X) =1for|X|>2R* and x(X)=0for|X| < R*,

* 4.2)
Y(x) =1for |z| < % and  ¢(x) =0 for |z| > r*.

Obviously, the first sum in (@I has its support away from an e-neighborhood of the limit
point O and, conversely, the second brings a contribution in a neighborhood of O (indepen-
dent of ¢). Thanks to (L2), for any £ < 2, the common support of the two sums satisfies

we N (suppx(é) ﬂsuppd)) C{z €w,, eR* < |z| <™}
={re K, eR" < |z| <r*},

which means that the intermediate region where the two sums have to be simultaneously
taken into account is part of the cone K.

The principle of the construction of the terms v* and V** is that they are solutions of
variational problems in slow variables in w and fast variables in €2, respectively. The cut-off
by x(%) and ¢(x) introduces an error in fast and slow variables, respectively. These errors
can be corrected in fast and slow variables, respectively, with the help of the expansions as
r — 0 of the v** and as R — oo of the V**, respectively. Both expansions in homogeneous
terms do make sense in fast and slow variables simultaneously, which allow us to bridge the
terms in the two sums in E.T)).

4.2 The construction of the terms
We first focus on the construction of the first terms and then give the general algorithm
which allows to build the terms v* and V** arising in EI).

4.2.1 The first terms

Step 0. Let v° be the solution of the limit variational problem
Find v° € H}(w) suchthat — Av® = f in w. (4.3)

Then ©° seems to be a good starting point for the expansion. Nevertheless, it is defined on
the domain w, and not w.. For this reason, we choose to consider the truncated function
0= X(g)vo. We note that 7 satisfies the Dirichlet boundary condition #° = 0 on dw, and
belongs to H}(w.). We consider the first remainder r? defined as

ue(z) = x(£)v° () +r¢(2).

o8
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Thus the support of Ar? is contained in the support of Vx(Z).
Since f = 0 in a neighborhood of O, according to Proposition 6] (and using Notation
D7) there exists a sequencel (bg’\p)][p1 such that v° expands at O as

00 (z) = > b)), (4.4)
p=1
Since f = 0 near O, equations @3] and @4 yield that
Ard(z) = —([Ax()]) (@) = = b [Ax()] (@), @5
p=1

with the commutator

(A, x(9)] v(z) = Ax(2)v(x)) — x(£)Av(x). (4.6)

We are going to consider such terms as right hand sides of a problem on {2 in the fast
variable X = f We have the identities for all p > 1

[Az, x(2)] $(x) = 2V (2) - Vo (X(2)) + 87 (2) As (x(2))
= e 2P (2Vi s - Vi x + 67 Axx) (£) (4.7)

=g 2P [Ax, x] 5”‘(%).

Thus the remainder 3] can be written as

=0

Arl(w) = =) by ([Axx]s") (D). (4.8)
p=1

To complete step 0, we set V0 = 0.
Step 1. The first term in the remainder asymptotics ([8)) is nothing but

e 2 by ([Ax, x] ) (X). (4.9)

This function is smooth with compact support. Let V* be the solution of the variational
problem in §2,

Find V* € V(Q) suchthat — AV* = Db ([Ax,x]s*) in Q. (4.10)

Then it is clear that A,, (s)‘VA(g)) coincides with the function @J9)). Therefore a better start
for the asymptotic expansion of u. reads

X(2)0" () + () VA(E),

'Note that we use boldface for the coefficients bg \» because we do not yet know whether they coincide with
the coefficients bg A already defined in SectionB2) Indeed, the coincidence will be actually shown in Section Bl

19



which satisfies the Dirichlet boundary conditions on dw,, and the associated remainder 72
is defined as
ue(z) = X(2)0°(2) + (@) VA(E) +rd(x).

Since 1) = 1 on the support of the right hand side (for € small enough) E9), we find

Ard(z) = —[A x(B)]R(@) — [A,¢]*VA(E) (.11)

with -
W (z) = 00(x) — bSs () 2= Zbg)\z—:mbg)\ﬁp)‘(g). (4.12)

p=2

Note that here, the sum starts at p = 2 instead of p = 1 in {8)). We have gained one power
of e

Next, we express the other part of the remainder in slow variables. Thanks to Lemma
we have VA(X) = Opg_oo(1). Thus Proposition I3 yields that VV* expands at
infinity as

VAX) = > Bpys X)) (4.13)
Since As~P* = 0, we find
(A, 9] VA(E) = > eHPPB) (A s P (). (4.14)
p=1

The terms in @I4) start with €2*. They can be compensated by the solution of problems in
w. We set v* = 0.

Step 2. Next we define v>* as the solution of the problem in slow variables in w
Find v** € H{(w) such that — Av*(z) = B} [A, 9] 57 (2), (4.15)
and V?* as the solution of the problem in fast variables in § (compare with @I0))
Find V* € V(Q) such that — AV*(X) = b3, [A, x] s> (X). (4.16)
Then, the beginning of the asymptotic expansion becomes

ue(w) = x(2) (V@) + 0P (@) + v(@) (SVIE) + V) + 1P (@) @17)

4.2.2 The general construction

Construction by induction Let us assume the asymptotic expansion built up to order
n—1,1.e.

n—1 n—1
ue(x) = X(2) Y eM0N@) +v(@) 3V T @), @
/=0 /=1
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with v € H}(w) and V* € V(Q) (see Definition X)), whose Laplacians vanish in a
neighborhood of zero and oo, respectively. For £ = 0,...,n — 1, we expand the term v**
into singular functions at the corner point (see Proposition 226

“+oo
v () =~ > bAs (@), (4.19)
p=1

and, we also expand the profiles V' into dual singular functions at infinity (see Proposi-
tion Z213))
+o0o
VAX) o~ Y BRsPM(X). (4.20)
R——+o00
p=1
The definitions for the next terms v™* and V" follow from the computation of the residual,
see thereafter. The function v™* € H}(w) solves

Av™ z) = —A 1[)($)§B€2_Z)A5_("_Z))‘(ac)] , (4.21)
=1
and, V" € V(Q) satisfies
AV (X) = Zb(n s (X)] . (4.22)
Computation of the residual By definition the Laplacian of the remainder is given by
ArT DN (z) = Auf — nz_:l A @) + P AE@VAE)] @23
=0

Next, we expand this relation using @.19) and (&.20), and we obtain

|
—

n

Ar N = =37 A (A X ) + AV ()] @20
0

o~
Il

with

WA@) be \(a Z b\ (1

et (4.25)
= Or—>0(r(k+l))\)a
V(X)) = VX Z B PMX) > Z Bs PAX w6
p=k+1 :
— OR—>+OO(R_(k+1))\)-
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The leading term of the remainder Aré”_l)’\ corresponds to the first term in the sums E23])

and (&.20)), and, is therefore

[ZED\bD\ 5(n O ( ) (%)

n—1

S BY s <"-Z>A<§>w<x>]

/=1

+A

which leads after scaling to

( sz ,\5(n e (E)x(2) Zan A (=02 (95)1/}(95)])'

These terms are compensated by v™ and V™, see @21)) and @E22).

+A

4.3 Optimal error estimate

Theorem 4.1 The solution u. of problem (L3) admits the following multiscale expansion
into powers of € (X is connected to the opening angle of w at O by A\ = 7 /«).

% ZEE)\ Z)\ ZEZ)\VE)\ % (4.27)

where the terms v and V' do not depend on ¢, and are defined in w and Q by Equa-
tions @ZT) and @E2D), respectively. Moreover, the remainder v satisfies the following
estimate

72 [t oy < Ce™TDA, (4.28)

PROOF. A basic idea to estimate the remainder consists in investigating the Laplace-
Dirichlet problem it solves. By construction, 7" satisfies the homogeneous Dirichlet con-
dition on dw.. Moreover, its Laplacian has the expression (@24)) and has to be estimated in
the L2-norm.

For all v, the commutator of A and x(Z) is given by

(12 X(2)10) (2) = 2Vu(a) - Tx(2) + o) Ax(E). “29)

Hence, the support of [A, x(Z)]v is included in the sector {x € K | R*e < r < 2R"¢}.
For v} = O,_o(r*T1*), one can obtain the L.>°-bound

‘([A,X( : )]vﬁ))‘\)(m)‘ < C gk HDA=2 VI € we. (4.30)
This leads via Holder inequality to

H[A,X( : )]vﬁﬁ( by SO (4.31)

In the same way,

18, vV ) < O elb+DA, 432)

L2(we)
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One deduces immediately from @24), @31 and @32)

187 e < 3 (AN
(=0

L2(we)

e H[AJQZJ]‘/(f’L)\-‘f-I—Z))\(é)

< (n+1))\—1. 4.33
LQ(ws)) Ce ( )

Using an a priori estimate (independent of €) on problem (L3), we immediately obtain the
bound
72 |1 (o) < CeMTDATE (4.34)

To get @28, we just need to write the asymptotic expansion at order n + 2

n+2 n+2
’I"?)‘ _ T£n+2))\ + X(%) Z ED"UD‘(,Z‘) + 1[)(1‘) Z ED‘VD‘(g). (4.35)
l=n+1 l=n+1

Indeed, thanks to @34), Hr§n+2))‘|]H1(ws) = O3y = O((+DA) since we have
A= % The result will be proven as soon as we show the following energy estimates

IX(£)0™ (@) l11: ) = O(1) and [ (@) VA (L) 1) = O(L). (4.36)

As the left estimate of #.36)) is easier to obtain than the right one, we will just deal with the
latter. We need to use the behavior at infinity of the profile V*. Since V/* € V(Q2), one
has

vV e L2(Q) and (1+R)1VH e L?(Q). (4.37)

Therefore, one has
| @ik = [ pEex)vrAapa
< /Q IVV(X)[2dX = 0(1).
By the same way, we get

/ (@) + V(@) 2) VA (@)Pde < © / 2V (X)[2dX.

{(XeoX|<T}
As | X|e < r*in the last integral, one has

VA
(1+1X1)?

Estimates @38) follow. n

/ (@) + [V ()] VAE)Pdz < C’/Q dX = O(1).
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S Comparison of the two expansions

In Section Bl starting from the outer and corner (matched) expansions, we were able to build
a global asymptotic expansion for the solution u. of problem (L3), see expression [B.I4).
Using the multiscale technique, we proved in Section Bl another asymptotic expansion,
which is also valid in the whole domain w.. The global error estimates given in Theo-
rems 3.2 and B ] allow to compare these expansions.

Theorem 5.1 The expansions @IA) and @2T) compare in the following way:
o The terms u"™ and v™ coincide away from the corner point i.e. for r > r*;
o The profiles U™ and V™ coincide in the corner region i.e. for R < R* /2.
More precisely, we have the identities

n—1
M z) = ae) - (@) Y a s (@),
p=1

VX)) = UMMX) = x(X) ) AR P,
p=1

(5.1)

where the coefficients agf\‘ and Agf\‘, are those defined in Section

PROOF. The first two statements follow directly from the optimal estimates, (324), (B23),
E&ZXD), and 2], via localization. To get formulas @&Il), we start from problem E22])
which defines V. We set

n—1

UN(X) = V'™MX) +x(X) Y bi_py s 9N(X) (5.2)
(=0

= VX)) + x(X) Y bl P (X). (5.3)
p=1

From the definition of V™ (see @22)), U™ satisfies AU™ = 0 in 2. Hence, one has

ﬁn)\ o Un)\ c COO(Q)’
A[U™ —U™] =0 in Q, (5.4)
U™ (X) — U™ (X) =0 for R< R*/2.

Since U™ — U™ is harmonic, it is analytic in 2. Hence, by unique continuation Theorem,
~ _ —p)A
U™ = U"*. Moreover, as V™ is a Op (1), one has A7} = b](;}\ P)

U™ (X) = V"™(X) + x(X) ) AL sP(X). (5.5)
p=1

The same argumentation can be done for " ]
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Remark 5.2 As can be seen in (&3)), another formula linking the two expansions is

n—1
n n n—p)A _—
uNaz) = 0 (@) + (@) Y B Ps (a),
p=1 (5.6)
Un)\(X) — Vn)\ Zb” P)A 5;0)\ )
Moreover, as Ap 3= b(n_p A and due to the matching condition (ZI0), one has
B) =By and bl} =0\, V/EN, Vpe N (5.7)

Remark 5.3 The mechanism to switch from expansion [27) to expansion @@.I4) consists
in using the homogeneity of the singular functions sP* to pass them from fast variables into
slow variables

.’E) Zgékvék(g) _ w(x) ZEZ)\ |:UE)\ % . % ZAE)\spA % :|
=0 =0
ZEZ)\UE)\ % o % ZZ (£— p)\AE)\Ep)\( )

/=0 p=1
n
INTTEN
z) Y UML) = x(
/=0

“’|i~2
(O}
o,
>/
:’i
NS
J’_
N
U‘c
ki
>/
\_/

The second term involves the slow variable and will contribute to the terms (uw‘) in the
intermediate region.

Finally, it turns out that it is very easy to obtain one expansion from the other, via formu-
las (3. We emphasize however the particularities of each method
e The matched asymptotic expansions method builds outer and corner terms which are
canonical, i.e. they do depend only on the domains w and 2, and not on cut-off
functions, as it is the case for the multiscale technique;
e The multiscale technique gives a straightforward global approximation of the solu-
tion, with optimal estimates of the remainder, whereas more effort is needed in the
case of matched asymptotic expansions.

6 Extensions and generalizations

Our results can be more or less easily generalized to other situations of interest. We classify
these situations according to

1. Laplace operator with more general data, domains, boundary conditions.
2. Other elliptic operators, homogeneous with constant coefficients or not.

Here we discuss these generalizations within the multiscale approach. Of course, via trans-
lations formulas like (.1, similar extensions apply to matched asymptotic expansions.
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6.1 Laplace equation in more general situations
6.1.1 Domains with multiply connected junction sectors

This is the situation where the family of domains (w,) is defined like in Section [T} where
we relax the assumption on the set /', which was supposed to be a plane sector with opening
a € (0,27]. Our results extend to the situation where K is a finite disjoint union of plane
sectors K1, ..., K, with their vertices at O. Accordingly, we relax the assumption on w
which is still open and bounded, but can be multiply connected. The unbounded open set €2
can also be multiply connected.

The open sets w. have still to be connected. If m = 2, this requires that either w or
) should be connected. Of course, the interesting case occurs when (2 is connected, see

Figures [@ and [
AN \
\\ [

.

. \

P Q2 al e laz
,
.

i
4 .
’ -
, L -

Figure 6: Example of domains w, 2 and w, in the multiply connected case.

Q
(0]
¢' O % * 0
ar=az=as3=7/6 /\/\

Figure 7: Example of domains w, {2 and w, in the multiply connected case.

The generalization of our expansions to this situation is straightforward. We denote by

ai, ..., o, the openings of the sectors K1, ..., K,,, and set
m m
Al=—, .. A = —.
aq (6779

The multiscale expansion of u. solution of the Dirichlet problem (L3l with a right hand
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side f = 0 in a neighborhood of O is as follows. For all real number s > 0 there holds

U = Z gP1ALF+PmAm (X(%) PPIALF DM Am (z)

P1yeersPmEN
Pl)\l ++pm>\m<s

_|_ ib(x) VP1>\1+~~~+Pm)\m(§)) + OHl (ES). (61)
Here V0 =0,and v™ =0forj=1,...,m

6.1.2 Smooth data without condition of support

Until now we have assumed that the right hand side f of problem (L3)) is zero in a neigh-
borhood of the limit point O of the e-perturbation. If we want to relax this assumption, we
have to assume that f has an asymptotics as » — 0, e.g. f is the restriction to w. of a C*°
function f defined on a neighborhood of U. <. we

+o0
) = D fr0) with  fi(z) =< fA(2). (6.2)
q=0

We consider the latter case and revisit the multiscale expansion (in the case when K is a
sector of opening v = %). We still define vY as the solution of the limit problem @3)), where
the right hand side f = f|,, belongs to C°°(&). Then instead of the infinite expansion (4]
we have now

0 .pA q
(T@TOZb sPA(r,0) + Zire (6.3)

Here, %7 is of the form, if ¢ & AN,
T(x) = £ TI(E), (6.4)

and, if ¢ = p), is a linear combination of T (z), homogeneous function of degree ¢, and
%!, the logarithmic singularity 7 defined as t7(r, ) = rP* log r sin pAd,

T (z) = Tl (z) + Ti(x), (6.5)
with

{ T(w) =7 T1(2), 66

Td(x) = vt9, v, €R.
X

We still consider the first remainder 70 = ue — x(£)0°.

Case \ € Q. If \ € Q, there are no logarithmic terms and now, instead of @S]), we obtain
for the Laplacian of the first remainder

Arg(z) = —(1=x(2))f(z) — [Ax(H)](x). (6.7)

r—0
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This leads to
1 =
st =, (S )
q:

+ (ispA bg)\ [AX7X:| PN igq [AX7X] KQ) (g)} (6.8)
p=1

q=1

Thus, the terms [A X5 X] T enter the construction of fast variable contributions V¢, associ-
ated with the power 9.

Then, apart this first generation of integer powers of ¢, the expansions as » — 0 or
R — oo of the subsequent terms contain the same functions s”* and s~ P as previously.
We can prove the following result.

Theorem 6.1 Let (we):<<, be a family of domains of type (LT) with A = = & Q. Let u.
be the solution of problem (L3) for a smooth right hand side f, see ©2). Then there exist
terms v7 € V(w) and V™ € V(Q) for T = pA\+ q (p, q € N), such that for all real number
s > 0 there holds

ue= 30 ()2 PU@) + (@) VTIUE)) + O (). (69)

p, gEN
PAFq<s

Here VO =0, v* = 0, and, vP**t9 = 0 for all q if p = 0.

Case A € Q. If pA = ¢, the logarithmic singularity t¢ satisfies
ti(z) = et%(2) + lloges?(%),

whence the presence of the terms €% log e in Ar?. Taking this into account, we prove that
instead of (&.9) we have an expansion of u. containing the terms in (&.9) and, moreover,

Z ePAta log E(X(%) v;f)\-kt](x) + () ‘/lpA-i-Q(%))’ (6.10)

p, GEN; g=p* A
PAFq<s

with new terms v solutions of variational problems in w and 2, respectively.

6.1.3 Neumann boundary conditions

Instead of (L3 let us consider the problem

Find u. € H'(w.) such that Yv € HY(w,), / Vue - Vodr = / fouda. (6.11)

We We

Besides we need the compatibility condition

fdzx =0, Ve<e. (6.12)

We
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We assume that f = 0 in a neighborhood of O. Therefore the condition

/wfdx:O

implies condition (0.12) for € small enough. To ensure uniqueness, we require
/ u.der =0, Ve <egg. (6.13)
We

The construction of the multiscale expansion for u. relies on the solution of variational
Neumann problems in w and €. In the unbounded domain €2, the variational space is V (£2)
defined as

({Ue2'(Q); VUcL*(Q), (1+R) " log™'(2+ R) U € L*(Q)}. (6.14)

The bilinear form
(U, V) — / VU -VVdx
Q

is continuous and coercive on the quotient space V' (2)/R, see [, Prop. 3.22]. Therefore,
like in w, the solution of the Neumann problem in {2 with right hand side F' requires the

compatibility condition
/ FdX =0.
Q

Thus new features have to be taken into account in order to deal with the Neumann problem.

1. Compatibility conditions. The right hand sides which occur during the construction
have the form [A, 4] s7P* in w and [Ay, x] 5" in Q, with the Neumann singular-
ities sP* = pP* cos pA@. Since sP* is harmonic, these right hand sides are equal to
A(ps7P ) and Ay (y sP*), respectively. Since 1) s P* and x sP* satisfy the Neumann
boundary condition on Jw and 0f2, respectively, we can show that the compatibility
conditions are fulfilled for all integer p > 1.

2. The role of constants. (i) The asymptotic expansion of v at O starts with bis",
which is a constant. The associated problem in fast variables is, cf @I0)

—~ AV =bJAcx in @ and 9,V° =0 on 09. (6.15)

We choose the solution V? = b{j(1 — x). Thus, in particular, ¢(z)V?(2) = VO(2):
The cut-off by 1/ does not introduce any error. Let us notice that

by (X(2) +¥(z)(1 = x)(2))

represents the extension of a constant from w to wy.

(ii) For problems in €2 giving VP*, p > 1, we choose the variational solution which
tends to 0 as R — oo.
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3. The condition for uniqueness (&13). By construction the slow variable terms v"*
have a zero integral on w. Using their asymptotics as r — 0 we find that

/ X(%)vp)‘(x) dz =3, 2, Bp € R.
For fast variable terms we find
AT _ 2
; () VPA(E)dx = B,e°, B, €R.

We compensate the possible non-zero integral of the multiscale expansion by a series
of constant functions — with values 7, , € R, p € N, n € N* — associated with the
gauge functions eP* 2", Taking into account that fwg dr = measw + ce2. The v,.,,
are defined by forcing the formal equality

+o0 —+o00 +00
D (B + By) + (measw +es?) YN ey, =0, (6.16)
p=0 p=0n=1

In the end we obtain

Theorem 6.2 Let (w:).<, be a family of domains of type (LI. Let u. be the solution
of problem (&Il with condition for a right hand side f with support away from O
and satisfying the compatibility condition @12)). Then there exist terms vP* € V(w) and
VPA € V(Q) for p € N, and constants Yp,n such that for all real number s > 0 there holds

w=3 e (X(%)vp’\(x) @ VAE) + Y yp,ns%) YO (). (6.17)
peN neN*
PALS pA+2n<s

6.1.4 Case when the junction set is the whole plane (small holes)

The set K = R? may also be convenient as a junction set. It allows us to consider the case
of small holes of size ¢ inside w,. This is indeed the first case considered in the book [[13,
sec. 2.4.1], see Figure Bl Let us consider the Dirichlet case. Then we are in a situation
which shares common features with the Dirichlet case investigated in the most part of this
paper, and the Neumann case considered above.

Indeed, the limit problem in w is uniquely solvable. But the limit problem in €2 is not
coercive on the subspace of W} () with zero trace on 9. The correct variational space is
the subspace of the space with zero trace on 0f2. Nevertheless, arguments are slightly
different from the Neumann case (like in [2]], the asymptotic behavior log R as R — oo has
to be considered). The outcome of the analysis is the appearance of terms log ™ e.

In the multiscale expansion, cut-off functions x(%Z) and ¢ () can be simply omitted
since we is a subset of w and of &().
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S

Figure 8: The domains w, 2 and w, in the case of small holes

6.2 Elliptic operators and systems
For the generalization to other operators and systems, two features are of essential impor-
tance:

1. The well-posedness of the limit problems on w and {2 is essential since we can see
from the above case of the Neumann condition for the Laplacian that relaxing this
assumption is not easy.

2. If, moreover, the operators are homogeneous with constant coefficients, the extension
of the results of the Dirichlet-Laplace case are almost straightforward. In contrast,
taking lower order terms (like for the Helmholtz equation) or variable coefficients
into account requires much more technicalities.

6.2.1 Coercive homogeneous operators with constant coefficients

Let L = (L;;) a N x N system of homogeneous operators of order 2 with constant coeffi-
cients. We assume its coercivity on H{: There exists a ball B and a constant ¢ > 0 such that
for all u € H(B) there holds

Re/BLu ~udx > cHuH%{é(B).

Then the Dirichlet problem
Find u. € Hy(w.)" such that Lu. = f|,. in w., (6.18)

is uniquely solvable for all f € L?(R?)™. We assume that f = 0 in a neighborhood of O.

The limit problem on w is uniquely solvable too. Moreover, we can prove that for any
F € L2(Q)" with compact support, the following Dirichlet problem in € has a unique
solution

Find U € W{(Q)Y such that LU = F in Q and U =0 on 0f. (6.19)

Then with the help of the Kondrat’ev theory [[I0] we can prove the analogue of Propo-
sitions 226l and Now, the singularities of L in the sector K with Dirichlet conditions
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replace the singularities s”* of A. A generating set for these singularities takes the form

Q
P> loglp o4(0), pe &(L)
q=0

where &(L) is a discrete set in C, such that any strip of the form Re ;1 € [a, b] contains
a finite number of elements of &(L). As a consequence of the coercivity there are no
elements of G(L) in the line Re u = 0. Therefore, we can order the elements of &(L) into
two sequences

)\f,...,/\;,... with O<Re)\f<...<Re)\;<.
and
Al A, ... with 0 <ReA] <...<Re), <...

Then, by the same techniques as for the Laplace equation, we can prove that the asymptotics
as € — 0 of u. solution of (&I8) can be written for all s > 0 as the sum of the following
terms

o x(%)v%(x) with the solution v° of the limit problem on w,

e Slow variable terms of the form

PR S W) <
g"n 7Ty " logle X(£) vg(x)
q=0

for any integers 1 < j1 < ... < jpand 1 < Kk < ... < Ky, such that Re)\;rl +
ReA, +---+Re)d] +Re), <s.

e Fast variable terms of the form

Q
+ . - +
T T AT Zlogqe P(x) Vo(2)
q:O

for any integers 1 < j1 < ... < jpand 1 < k; < ... < k1 such that Re)\;r1 +
ReA, +---+Red,  +ReX <s,

e A remainder Oy (£°).

6.2.2 Non homogeneous operators (Helmholtz equation)

The Helmbholtz operator is of particular importance in computational physic since it is one of
the operator modeling the wave propagation in frequency domain. The multiscale technique
can also be used in this case. This is rather more technical since this operator is not self-
similar

Ap + W= Elz(AX + 22 w?). (6.20)
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The study of the singularities of the fields in rapid variable is particularly difficult since it
involves two terms of different orders

Ax U; + w?U;_y = 0. (6.21)

A second difficulty comes from the loss of ellipticity (for w > 0). One has consequently to
modify the proof of existence and of convergence. One can for example refer to [[13, Ch.4]

and to [}, [T7).
7 Conclusion: A practical two-term expansion

In order to investigate the influence of singular perturbations of the domain on a local func-
tional ¢, acting over the solution ., it is valuable to use a compound version of the asymp-
totic expansion, in between multiscale and matched asymptotic expansions.

7.1 Compound expansion

Indeed, using (C8)) and the relation (LI2)) between the profiles V* and U*, we get

ue = X(2)uo(w) + v(@)e [UNE) = X(2)A5Y(2)] + O (),

which can be written, thanks to the homogeneity of the singular function s*

ue = X(2) [uo(2) — Av(@)s* (@)] + (@) VM) + O (2.

Let us introduce the first “canonical” profile Ué as the solution of the super-variational
Dirichlet problem on {2

Find Ué‘ € Vioe,00(§2) such that D)
AUS=0in Q and U —s* = Op_co(l). '
We have U = AU@; and, hence
ue = x(2) [uo(x) — Ap(@)s(@)] + w(@)P AVYE) + O (). (72

In [Z2), only canonical objects are involved: the limit term wuy, its first singularity coefficient
A, and the first profile Ué‘. The contribution near the corner is fully contained in the profile
AU, 5’2\, whereas the “far-field” information is carried out by ug — Avs?, corresponding to the
limit term without its first singularity. In a sense, the strongest singularity of wg is “‘chopped
off” for € > 0 via the cut-off (%), and is replaced with the profile AU&, which connects
the local geometry around O with the plane sector of opening « at infinity.
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7.2 Application: Coefficients of singularities, Stress Intensity Factors

An interesting application of expansion (Z2) in elasticity is the determination of Stress
Intensity Factors at the tip of a short crack emanating from a sharp of a rounded V-notch,
see [12]. More generally, the question is the determination of the asymptotic behavior of
the coefficients of singularities of u. associated with the corners (or cracks) of the domain
we inside its perturbed region. The functional ¢, (u.) is then defined as the value of this
coefficient of singularity, corresponding to a corner whose position depends on €.

Indeed, to each corner point (or crack tip) d of the perturbation pattern {2 corresponds
a corner point (or crack tip) d. of the perturbed domain w.. In the examples shown in the
introduction, two such points are involved in Figure [ (associated with angles equal to 7/5
and 47 /3, respectively), and we have one crack tip in Figure B

The solution . of the Laplace-Dirichlet problem (L3) is singular at point d., with the
following first order approximation

Ue(x) = verk sin(pub;) + 0 (r¥), as r. — 0, (7.3)

where (r.,6.) denote the polar coordinates around d.. The exponent y is the singular
exponent corresponding to d. (u = 7 /9 for a corner of opening 1, n = 1/2 for a crack).
The functional ¢, is defined as

¢a(ua) = TVe-

Our results allow to give an asymptotic expansion of the singular coefficient 7. as ¢ — 0:
we still denote by \ the singular exponent associated with the limit problem in w, see (L6).
Using [Z2)), we get

us(x) = s)‘AUé‘(%) + higher order profiles, if |z| < er,. (7.4)
But the first canonical profile Ué has a singularity at point d, associated with exponent /s
UH(X) = TR, sin(u@g) + o(RY), as Rg— 0, (1.5)
where (R, ©4) are the polar coordinates around point d. We have the relation
re =cRy. (7.6)
Back to the variable z, relations (Z4) to (Z3) lead to
ue(z) = X HADTF sin(pb.) + o(erFrl), if |z| < er,. (7.7)
Putting ([Z3) and ([Z77) together, we obtain the expression of the singular coefficient ~.
ve = eNTHAT 4 0(eMH). (7.8)

It is worth noticing that a coefficient associated with a stronger singularity than the limit
singularity (< ) will go to 0 whereas it will blow up to infinity for weaker singularities.
It has to be linked to the appearance of singularities discussed above.
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Examples. In the case of Figure @l we have o = 7/3 and hence A = 3. The coefficient
associated with the corner of opening 7/5 is a O(e37°) = O(e72), and the coefficient
corresponding to the reentrant corner is O (3~4/3) = O(e5/3). For the crack tip in Figure [
the coefficient behaves like O(2/31/2) = O(!/6).

The above analysis also applies in the framework of elasticity, cf §62.11 and is the
foundation of the investigation in [[I2]]. We stress that a rigorous derivation of ([Z8) with
an optimal estimate for the remainder requires more effort in studying the singular-regular
expansion of u..

Expansion [Z2)) could also be used to investigate the asymptotic behavior of other lo-
cal functionals ¢ (u.) relating, for example, to the maximal values of the stress tensor in
elasticity.
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