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Stability, convergence to self-similarity and elastic limit for
the Boltzmann equation for inelastic hard spheres

S. MIscHLER!, C. MouHOT?

Abstract

We consider the spatially homogeneous Boltzmann equation for inelastic hard
spheres, in the framework of so-called constant normal restitution coefficients o € [0, 1].
In the physical regime of a small inelasticity (that is « € [a, 1) for some constructive
a, > 0) we prove uniqueness of the self-similar profile for given values of the resti-
tution coefficient v € [, 1), the mass and the momentum; therefore we deduce the
uniqueness of the self-similar solution (up to a time translation).

Moreover, if the initial datum lies in Lzl,,7 and under some smallness condition on
(1 — @) depending on the mass, energy and L1 norm of this initial datum, we prove
time asymptotic convergence (with polynomial rate) of the solution towards the self-
similar solution (the so-called homogeneous cooling state).

These uniqueness, stability and convergence results are expressed in the self-similar
variables and then translate into corresponding results for the original Boltzmann
equation. The proofs are based on the identification of a suitable elastic limit rescaling,
and the construction of a smooth path of self-similar profiles connecting to a particular
Maxwellian equilibrium in the elastic limit, together with tools from perturbative
theory of linear operators. Some universal quantities, such as the “quasi-elastic self-
similar temperature” and the rate of convergence towards self-similarity at first order
in terms of (1 — «), are obtained from our study.

These results provide a positive answer and a mathematical proof of the Ernst-
Brito conjecture [I6] in the case of inelastic hard spheres with small inelasticity.

Mathematics Subject Classification (2000): 76P05 Rarefied gas flows, Boltzmann
equation [See also 82B40, 82C40, 82D05], 76T25 Granular flows [See also 74C99, 74E20].
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1 Introduction and main results

1.1 The model

We consider the spatially homogeneous Boltzmann equation for hard spheres undergoing
inelastic collisions with a constant normal restitution coefficient o € [0,1) (see [I7, &,
23, 24]). More precisely, the gas is described by the distribution density of particles
f = fi = f(t,v) > 0 with velocity v € RY (N > 2) at time ¢ > 0 and it satisfies the
evolution equation

(1) = Quif) i (04e) xRV,
(1.2) f0,) = fiw in RV

The quadratic collision operator Q,(f, f) models the interaction of particles by means
of inelastic binary collisions (preserving mass and momentum but dissipating kinetic en-
ergy). We define the collision operator by its action on test functions, or observables.
Taking 1) = ¢(v) to be a suitably regular test function, we introduce the following weak
formulation of the collision operator

a8 [ Quapvdo= [[[  blg.s @ - v)dodvdo,

where we use the shorthand notations f := f(v), g« := g(vs), ¥’ := ¥(v'), etc. Here and
below v = v—w, denotes the relative velocity and v, v/, denotes the possible post-collisional
velocities (which encapsule the inelasticity of the collision operator in terms of «). They
are defined by

(1.4) v =

w=v+uv (1o u+ Lta |u| o
B " S\ 2 2 '

We also introduce the notation & = z /|| for any z € RV, 2 # 0. The function b = b(i- o)
in ([L3) is (up to a multiplicative factor) the differential collisional cross-section. We
assume that

|8

u/
— 57

with

(1.5) b is Lipschitz, non-decreasing and convex on (—1,1)
and that
(1.6) b, bar € (0,00)  st. Vaxe[-1,1], by <blx) < by

Note that the “physical” cross-section for hard spheres is given by (see [17, 13])

(1.7) ba) =by(1—2)""z , b)e(0,00),

so that it fulfills the above hypothesis (LOILH) when N = 3. These hypothesis are needed
in the proof of moments estimates (see [23, Proposition 3.2] and [24), Proposition 3.1]).



We also define the symmetrized (or polar form of the) bilinear collisional operator Qo
by setting

Qa(g,h)wdvzl/// blul g« h Ay do dv du,,
(1-8) RN 2 RN xRN xSN~-1
with Ay = (' + 4, — 1 — ).

In other words, Qs (g, k) = (Qa(g, h)+Qa(h, g))/2. The formula () suggests the natural
splitting Q, = QF — Q, between gain and loss part. The loss part @, can be defined in
strong form noticing that

Qato.sr vy = [[[  blule fidodvdo. = (£ Lig). ).

where (-, -) is the usual scalar product in L? and L is the convolution operator

(1.9)  L(g)(v) = (b |- |*g)(v) =bo /RN g(vi) [v — vy| dvs, with by = / b(o1) do.

SN-1
In particular note that L and ), = @~ are indeed independent of the normal restitution
coefficient a.

The Boltzmann equation ([CTl) is complemented with an initial datum ([C2) which
satisfies

0< fin€ L'RY),  plfin) = / fandv = p € (0, 00)
(1.10) RN
/]RN finvdv =0, E(fin) = /RNfin\dev<oo.

As explained in [23), 24], the operator () preserves mass and momentum, and so
does the evolution equation:

d 1
(1.11) 7 . It < v ) dv =0,
while kinetic energy is dissipated
d
(1.12) Eﬁ(ft) = —(1—a®) De(fy).

The energy dissipation functional is given by

De(f) ==t //]RNX]Rfo* Juf dv do.,

where by is (up to a multiplicative factor) the angular momentum defined by

(1.13) b= /SNI (1= (it- o)) bit - o) do.

In order to establish (LI2) we have used (L) and the elementary computation

1 —a?
4

A (v, vs,0) = — (1—(-0))|ul
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The study of the Cauchy theory and the cooling process of ([LT))-(C2) was done in [23].
The equation is well-posed for instance in Li: for 0 < fi, € L, there is a unique global
solution in C(Ry;L3) N LY(Ry; L) (see Subsection for the notation of functional
spaces). This solution preserves mass, momentum and has a positive and decreasing
kinetic energy. Moreover, as time goes to infinity, it satisfies:

(1.14) Et)—0 and f(t,) — Oy—g in MYRN)-weak *,

where M'(RY) denotes the space of probability measures on RY.

1.2 Introduction of rescaled variables

Let us introduce some rescaled variables (which can be found in [T5], 8, 24] for instance),
in order to study more precisely the asymptotic behavior ([LI4]) of the solution. For any
solution f to the Boltzmann equation ([LIl), we may associate for any 7 € (0,00) the
self-similar rescaled solution g by the relation

Tt_l
g(t,v) =e NTLf <e ,e‘”v) .

T

Using the homogeneity property Qu(g(A-), g(A))(v) = A~ V+TD Qu (g, g)(Av), it is straight-
forward that ¢ satisfies the evolution equation

(1.15) % =Qal(9,9) —7Vy - (vg).

Any non-negative steady state 0 < G = G(v) of ([LIH), that is G satisfying
(1.16) Qu(G,G) =7V, - (vG) =0,

is called a self-similar profile. It translates into a self-similar solution (or homogeneous
cooling state) F of the original equation (CII) by setting

(1.17) F(t,v) = (Vo +7t)N G((Vo + Tt)v),

for a given constant Vj € (0,00). Reciprocally, let us consider a self-similar solution F of
the original equation ([LT). That means a solution F of ((LT]) with the specific shape

(1.18) F(t,v) = VION GV (1) v)

for some given non-negative distribution G = G(v) and some C!, positive, increasing
time rescaling function V'(¢). One can easily show (see for instance [24, section 1.2]) that
V(t) = 7t + Vp for some constants 7, Vj > 0 and G satisfies ([LI6) associated to the
velocity rescaling parameter 7. For a given self-similar profile GG, associated to a velocity
rescaling parameter 7 and with mass p and energy £, we may associate a new self-similar
profile G, associated to a velocity rescaling parameter 7 and with mass p by setting
K=vN2,

P

Gw)=KGVwv), V=

)

T ™
| 3

The energy of G is then £ = £ (1)2 E. We thus see that there exists a two real parameters

7

family of self-similar profiles which can be either parametrized by (p,7) or by (p,&). For



fixed mass, changing the velocity rescaling parameter 7 in ((LI6]) corresponds to a change
of the energy of the profile, or equivalently to an homothetic change of variable of the
solution. Therefore it is no restriction to choose arbitrarily this constant. Also note that
modifying Vg just corresponds to a time translation in the self-similar solution F' defined
by ([C1D).

It was proved in [24) Theorem 1.1] that for any inelastic parameter « € (0, 1), mass
p € (0,00) and (thanks to the preceding discussion) any velocity rescaling parameter
7 € (0,00), there exists at least one positive and smooth self-similar profile G with given
mass p and vanishing momentum:

Qua(G,G) =7V, -(vG)=0 in RV,

(1.19)
G dv = p, Guvdv=0, 0<GeSRY),
RN RN

where S(RY) denotes the Schwartz space of C* functions decreasing at infinity faster
than any polynomial.

Finally, for any solution g to the Boltzmann equation in self-similar variables (CIH),
we may associate a solution f to the evolution problem (II), defining f by the relation

(1.20) fto)y=Vo+7t)Nyg (M, (Vo +7't)v> .

1.3 Rescaled variables and elastic limit o — 1
We now make the choice
(1.21) T=Ta=p(l—a),

and denote by G, a solution to the problem (LId). At a formal level, it is immediate that
with this choice of scaling, in the elastic limit o — 1, the equation (CI9) becomes

Q1(G1,G1) =0 in RY,

(1.22)
G1dv = p, / Girvdv =0, OgGleS(]R{N).
RN RN
Moreover, multiplying the first equation of (LIH) by |v|?, integrating in the velocity vari-
able as in ([LI2) and taking into account the additional term coming from the additional

drift term in (CIH), one gets

(1.23) 2(1—a)pE(Gy) — (1 —a?)De(Gy) = 0.

Dividing the above equation by (1 — «) and passing to the limit o« — 1, one obtains
(1.24) pE(Gh) — De(Gy) = 0.

It is straightforward (see Proposition Bl below) that the only function satisfying the
constraints (L22) and ([C24) is the Maxwellian function

(1.25) Gi= My, = M,44,



where, for any p,6 > 0, v € RY, the function M p,u,0 denotes the Maxwellian with mass p,
momentum v and temperature 6 given by

o p _lo—ul?
(126) Mp7u’9('U) = W e 20 s

and where the temperature §; € (0, 00) is given by (we recall that by is defined in (CT3))

_ N2 A
1.27 0 =—5 / M v) |v dv> .
(1.27) =g ([, amoacon

For instance in dimension N = 3 we obtain

L
T

Moreover, in the particular case of the hard-spheres cross-section (L) in dimension 3, we
find b; = b (47)/3 and therefore

G __ 8
LT 1024m (82

1.4 Physical and mathematical motivation

For a detailed physical introduction to granular gases we refer to [9]. As can be seen from
the references included in the latter, granular flows have become a subject of physical
research on their own in the last decades, and for certain regimes of dilute and rapid flows
this studies are based on kinetic theory. By contrast, the mathematical kinetic theory
of granular gas is rather young and began in the late 1990 decade. We refer to [23, 24]
for some (short) mathematical introduction to this theory and a (non exhaustive) list
of references. As explained in these papers, granular gases are composed of grains of
macroscopic size with contact collisional interactions, when one does not consider other
additional possible self-interaction mechanisms such as gravitation — for cosmic clouds for
instance — or electromagnetism — for “dusty plasmas” for instance —. Therefore the natural
assumption about the binary interaction between grains is that of inelastic hard spheres,
with no loss of “tangential relative velocity” (according to the impact direction) and a
loss in “normal relative velocity” quantified in some (normal) restitution coefficient. The
latter is either assumed to be constant as a first approximation (as in this paper) or can be
more intricate: for instance it is a function of the modulus [v' — v| of the normal relative
velocity in the case of “visco-elastic hard spheres” for instance (see [9]), which shall be
studied in a forthcoming work [25].

Simplified Boltzmann models like inelastic Maxwell molecules or pseudo inelastic hard
spheres have been proposed (see [3]) for which existence, uniqueness and global stability of
a self-similar profile has been shown (see [7, B]), see also [2] for similar results in the driven
case of a thermal bath. However these models do not capture some crucial physical features
of the cooling process of granular gas, like the tail behavior of the velocity distribution of
the rate of decay of temperature (the so-called Haff’s law). For (spatially homogeneous)
inelastic hard spheres Boltzmann models, the existing mathematical works are:



e the paper [§ which shows a priori polynomial and exponential moments bounds
on any possible self-similar profile (resp. stationary solutions), whose existence is
assumed, for freely cooling (resp. driven by a thermal bath) inelastic hard spheres
with constant restitution coefficient;

e the paper [I7] which shows existence of stationary solutions for inelastic hard spheres
driven by a thermal bath, and improves the estimates on their tails of the previous
paper into pointwise ones in this case;

e the paper [23] which provides a Cauchy theory for freely cooling inelastic hard spheres
with a broad family of collision kernels (including in particular restitution coefficients
possibly depending on the relative velocity and/or the temperature), and studies the
question of cooling in finite time or not for these various interactions;

e the paper [24] which shows, for freely cooling inelastic hard spheres with constant
restitution coefficient, existence of self-similar profile(s) as well as propagation of
regularity and damping with time of singularity.

In this paper we want to study the self-similarity properties of Boltzmann equation for
inelastic hard spheres. Therefore as a natural first step we consider constant restitution
coefficient « in order to have a self-similar scaling, which translates the study of self-similar
solutions (often called homogeneous cooling states) to the study of stationary solutions for
a rescaled equation. We also reduce to the case of restitution coefficients « close to 1, that
is, of small inelasticity. There are several physical as well as mathematical motivations for
such a choice:

e the first reason is related to the physical regime of the validity of kinetic theory: as
explained in [9, Chapter 6] for instance, the more inelasticity, the more correlations
between grains are created during the binary collisions, and therefore the molecular
chaos assumption, which is at the basis of the valdidity of Boltzmann’s theory,
suggests weak inelasticity to be the most effective;

e second as emphasized in [9] again, the case of restitution coefficient « close to 1
has been widely considered in physics or mathematical physics since it allows to use
expansions around the elastic case, and since conversely it is an interesting question
to understand the connection of the inelastic case (dissipative at the microscopic
level) to the elastic case (“hamiltonian” at the microscopic level);

e finally this case of a small inelasticity is reasonable from the viewpoint of applica-
tions, since it applies to interstellar dust clouds in astrophysics, or sands and dusts
in earth-bound experiments, and more generally to visco-elastic hard spheres whose
restitution coefficient is not constant but close to 1 on the average.

In this framework we shall show uniqueness and attractivity of self-similar solutions
(in a suitable sense), and thus give a complete answer to the Ernst-Brito conjecture [16]
(stated there for the simplified inelastic Maxwell model), for inelastic hard spheres with
a small inelasticity. Moreover we give precise results about the elastic limit and deduce
some quantitative informations about the weakly inelastic case.



1.5 Notation

Throughout the paper we shall use the notation (-) = y/1+-]2. We denote, for any
p € [1,4+00], ¢ € R and weight function w : RN — R, the weighted Lebesgue space LY (w)
by

Lh(w) = {f : RY — R measurable ; 11l ze @) < —i—oo},

with, for p < 400,

Mg = | [ orwmema]

and, for p = +o0,
£l zee vy = sup [ ()] (v)9w(v).

veRN

We shall in particular use the exponential weight functions
(1.28) m=msq(v):=e P for ae(0,00), s€(0,1),

or a smooth version m(v) := e~ with ¢ € C* is a positive function such that

¢(r) = r*/2 for any r > 1, with s € (0,1).
In the same way, the weighted Sobolev space W(f P(w) (k € N) is defined by the norm

1/p

oy = | S 10°F @I, |

|s|<k

and as usual in the case p = 2 we denote H, (]f (w) = Wf 2(w). The weight w shall be omitted
when it is 1. Finally, for g € L%k, with k > 0, we introduce the following notation for the
homogeneous moment of order 2k

my,(g) := /RN g v[** dv,

and we also denote by p(g) = mg(g) the mass of g, £(g) = mi(g) the energy of g and
by 6(g) = £(g9)/(p(g) N) the temperature associated to g (when the distribution g has 0
mean). For any p, € € (0,00), u € RY we then introduce the subsets of L' of functions of
given mass, mean velocity and energy

Cou = {heL%;/ hdv:p,/ hvdv = pu},
RN RN

Coue = {hEL%;/ hdv:p,/ hvdv:pu,/ h|v]?dv = E}.
RN RN RN

For any (smooth version of) exponential weight function m we introduce the Banach space

]Ll(m_l) = Ll(m_l) N 6070.



1.6 Main results in self-similar variables

Our main result, that we state now, deals with the evolution equation in self-similar
variables

99
(129) E = Qa(gag) —Ta V- (’Ug), 9(07 ) = gin € Cp,O
and the associated stationary equation, namely the self-similar profile equation
(1.30) Qa(G,G) =1,V - (vG) =0, GeCpp.

Theorem 1.1 There is some constructive a, € (0,1) such that for o € [y, 1], and any
given mass p € (0,00), we have:

(i) For any T > 0, the equation (LIA) admits a unique non-negative stationary solution
with mass p and vanishing momentum. We denote by G, the self-similar profile

obtained by fizing T = 74 (defined by (LZ1)).

(i) Let define Gi = M, g, the Mazwellian distribution with mass p, momentum 0 and
“quasi-elastic self-similar temperature” 0; defined in (I.27). The path of self-similar
profiles o — G, parametrized by the normal restitution coefficient is C* from [ov, 1]

into WEL 0 LY (e® ) for any k € N and some a € (0, 00).
(11i) For any o € [y, 1], the linearized collision operator
(1.31) hi= Loh:=2Qa(Garh) —Ta Vy - (vh)

is well-defined and closed on L'(m™1) for any exponential weight function m with
exponent s € (0,1) (defined in (LZ3)). Its spectrum decomposes between a part which
lies in the half-plane {Re& < i} for some constructive i < 0, and some remaining
discrete eigenvalue .. This eigenvalue is real negative and satisfies

(1.32) po=—p(l—a)+0(1—-a)?® when a— 1.

The associated eigenspace is of dimension 1 and then denoting by ¢o = ¢n(v) the
unique associated eigenfunction such that ||¢a||L; =1 and ¢4(0) < 0, there holds

ba € S(RN) (with bounds of regularity independent of a) and
(1.33) bo = d1:=co (V> ~NO)G1 as a—1,

where ¢y is the positive constant such that ||<;51||L% = 1. Finally one has constructive
decay estimates on the semigroup associated to this spectral decomposition in this
Banach space (see the key Theorem [4 and the following point).

(iv) The self-similar profile Gy, is globally attractive on bounded subsets of L} under some
smallness condition on the inelasticity in the following sense. For any p,&y, My €
(0,00) there exists s € (i, 1), Cy € (0,00) and n € (0,1), such that for any initial
datum satisfying

0 é Gin S L%, N Cp,O,goa ||gin||L:1,) § M07
the solution g to (LZ4) satisfies
(130 gt = Gall g < 1Mo,

10



(v) Moreover, under smoothness condition on the initial datum one may prove a more
precise asymptotic decomposition, and construct Liapunov functional for the equa-
tion [LZ4). More precisely, there exists k. € N and, for any exponential weight
m as defined in (LZ8) and any p, &, My € (0,00), there exists i € (au, 1) and
a constructive functional H : H* N L'(m™') — R such that, first, for any initial
datum 0 < g, € H** N LY(m~1) N Cp0,6, satisfying

9| 2+ L1 (m-1) < Mo,

the solution g to (LZ3) satisfies

(1.35) g(t,") = Go + calt) oo + ralt, ),
with co(t) € R and ro(t,-) € LY(RYN) such that
(1.36) lca(®)] < Cuetty ra(t, )y < Cuel®/Drat,
And second when the initial datum satisfies additionally
gin > Myt e M0,

the solution satisfies also

t— H(g(t,)) is strictly decreasing
(up to reach the stationary state Gy).

Remarks 1.2 1) All the constants appearing in this theorem are contructive, which means
that they can be made explicit, and in particular that the proof does not use any compact-
ness argument. Unless otherwise mentioned, these constants will depend on b, on the
dimenston N, and on some bounds on the initial datum but never on the inelasticity pa-
rameter o € (0,1].

2) Theorem [ establishes that conjectures 1 and 2 in [Z4, Section 5] holds true at
least for weak inelastic model (that means for a close enough to 1).

3) In point (iv), the condition on the restitution coefficient depends on the mass, tem-
perature and L% norm of the initial distribution, but this dependence is not a perturbative
condition of closeness to the self-similar profile. This fact relies on the so-called “entropy-
entropy production” estimates which yields “overlinear” Gronwall-type estimates, and the
decoupling of the timescales of energy dissipation and entropy production.

4) In [L38) one can prove ||ra(t,-)||py < Cc eSHat for any ¢ € (1,2). Remark that here

we do not have the decay rate e on the remaining part when one “removes” from g; — Gq
the projection on the energy eigenvalue, where A < 0 would be some constant independent
of a related to the second non-zero eigenvalue of L. This is due to the coupling effect of
the bilinear term, which mixes the different part of the spectral decomposition.

5) As a subproduct the above result provides an alternative argument to the one of [2,
Section 3] to show uniform (in time and inelasticity parameter) non-concentration bounds
on the rescaled equation, in the case of a close to 1 and a general initial datum g;, € Lé
(whereas the proof of [24), Section 3] was valid for all o € (0,1) but for some initial datum
gin € LYNLP, p € (1,00]).

11



6) Our results show that no bifurcation occurs for the self-similar profile for a close to
1. We do not know at now if some bifurcations occur for other values of the inelasticity
parameter. Therefore we do not know if there is a continuous branch of self-similar profiles
parametrized by « € [0,1] (even if we know from [Z4] that self-similar profiles exist for
all values of the inelasticity paramaters). The best one could say in terms of “connectiv-
ity” from the estimates we have proved on the profile together with the classical theory of
topological degree (see [29] for instance) is that there is a set K C [0,1] x F (where F is
for instance the set of positive functions in the Schwartz space with given mass) which is
compact, connected, and such that for any « € [0,1], the intersection K N {a} x F is not
empty.

1.7 Coming back to the original equation

When coming back to the original equation (1) with the help of (LCI7) and (LCZ0),
Theorem [Tl translates into the

Theorem 1.3 There is a constructive c, € (0,1) such that for a € |, 1], and any given
mass p € (0,00), we have

(i) Up to a translation of time there exists a unique self-similar solution F, of the
equation (L) with mass p, and it is given by

Fo(t,v) = (1410 t)Y Go((1+ 74 1)v), Ta=p(1—a),

where G, was obtained in Theorem L. More precisely, if F, is a solution of (1)
of the form (I.I8) and of mass p, there exists tg € R such that F,(t,v) = Fy(t+tg,v)
for any t > max{0, —ty} and any v € RV,

(ii) The self-similar solution Fy is globally attractive on bounded subsets of Li under
some smallness condition on (1 — o) in the following sense. For any p,&y, My €
(0,00) there exists s € (as,1) and n € (0,1) such that for any q¢ € N there is
¢q € (0,00) such that for any initial datum satisfying

0Sfin eLéme,O,&)a ||f1nHLé SM(]a
the solution f(t,-) to {L1) satisfies

1 £(t,-) = Falt, ')”Ll(lvlq) <cy (1474 t)(l—n) po/Ta—q _ cg (1474 t)—(l—n)—q+0(1—oc)_

(iii) Moreover, there exists k. € N and, for any exponential weight m as defined in (LZ3)
and any p, Ey, My € (0,00), there exists auu € (au, 1) such that, for any initial datum
0< fin€ H>nN L'(m=YHn Cpo.e, satisfying

| finll it np -1y < Mo

(1’37) f(tv ) = Fa(t7') +6a(t) wa(tv ) +fa(t7')
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where

wdtw:(r+mﬂN@(u+nﬂﬁo,6Jﬂ:cacﬂliﬁﬁ>,

Ta
In this expansion, the different terms have the following asymptotic behaviors (for
any given q > 0):
1Ew(t, ) L1gopey = (1 + 7a )" Gall L1 (u]e),

[%a(t, Mot oje) = 1+ 7at) " NGall L1 (o))
0 ()] < Cy (14 1o t)e/™ = O, (1 4 74 )" 1TO0—),
3C; >0 7allpr (o) < Cg (1 4 7a t) 3/ balTa=0 = O (1 4 7, 1)~ B/Da+O0-a)

Hence the leading term in the expansion ([I.37) is, as expected, the self-similar solu-
tion, and the first order correction behond self-similarity is given by the second term,
that is the projection onto the eigenspace of the “energy eigenvalue”.

(iv) We may make more precise Haff’s law on the asymptotic behavior of the granular
temperature (see [24)]) in the following way. Under the assumptions of point (iii),
the solution f = f(t,v) to (Il satisfies

E(GL) o 1
(1+7at)” (1474 0)* 700 )"

(v) Under the assumptions of point (iii) the rescaling by the square root of the energy
familiar to physicists is rigorously justified in the sense: the solution f = f(t,v)
to L) satisfies for t — 400

(1.38) E(f(t.,)) =

EIM2 (1) 2 0) = E(Ga)V?Ca(E(Ga)20) in L.

Remark 1.4 We see from this theorem that the convergence towards the self-similar so-
lution in indeed faster than the convergence towards the Dirac mass (hence justifying its
interest), but also that the speed of convergence towards this self-similar solution degen-
erates to 0 as a — 1 (because 7, — 0 when o« — 1). This fact is surprising, since the
self-similar solution converges towards a stationary Mazwellian distribution in the elastic
limit, and the latter is known to be exponentially attractive for the elastic equation (see [27]
for instance). As we shall see this is related to the fact that a birfurcation occurs in the
spectrum of the linearized collision operator at & = 1 (namely the eigenvalue corresponding
the kinetic energy vanishes at a« = 1 whereas it is non-zero for a € [au, 1)). This remark
may explain the fact that in the quasi-elastic limit considered — in dimension 1 — in [10],
it is proved that the rate of relaxation towards the self-similar solution is worse than any
polynomaal.

Proof of Theorem[[L3 Except for points (i) and (v) this theorem is an obvious translation
of Theorem [l In order to prove (i), one first remarks that for two given self-similar
solutions F' and F', there holds

F(t,v) = Vo+ AN Ga((Vo+ At)v), F(t,v) = (Vo+ AN G41((Vo + At)v),
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and thus from Theorem [[1]

We deduce

F(t,v) = <%%+At>N Ga <<%%+At> v) = F(t +to,v)

_To (Vo _
-2 (o).

In order to prove (v), we introduce the function &(t) = £(Go) /2 /[E(f)Y? (1 + 74 )] and
we compute

with

SN2 P EME ) = E(Ga) 2 Cal€(Ga) )|

jA

= llg(ra ' (1 + 7at), ) = EON Gal&(t) )l

< llg(ra ' (L + 7at), ) = Gallpr + €O = 1 [IGallr + €N Galé(t) ) — GallLr-

Using now (C32), (C35), (C30), (C38) and the fact that G, is bounded in W} uniformly
in a € (ax,1) from Theorem 1.1 (ii), we deduce

Hg(ft)N/2 f(tvg(ft)1/2 )= g(éa)N/2Ga(5(Ga)1/2 )‘ <C(l+714 t)—1+(9(1_a),

Ll

for some constant C' € (0,00) (which depends in particular on the upper bound on
[Gally11), from which (v) follows. O
1

Remark 1.5 Let us emphasize that the temperature 6, of the limit Mazwellian Gq is
“universal” in the sense that it depends only on the collisional cross-section b (through its
angular momentum), and not for instance on the density distribution.
The temperature of the self-similar solution F, = F,(t,v) associated to a self-similar
profile Go decreases like ~
n 0(Ga)
O(Fa(tv )) - (1 +p(1 — Oé)t)z'

Hence when « is close to 1 (small inelasticity) we obtain

61

O(Falt,-)) = 1+ p(1—a)t)?

Therefore, as soon as the self-similar solutions correctly describe the asymptotic (at least
in the framework of point (ii) of Theorem[L3), which is conjectured by physicists, generic
solutions satisfy

O(falt,)) ~t e (ﬁ) 2
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for an inelasticity coefficient o close to 1.

Hence we shall denote the universal quantity 01 as a “quasi-elastic self-similar temper-
ature”. Remark that its definition as the temperature of G1 seems to depend on the choice
of the scaling. However changing this scaling by some asymptotically equivalent one, as
a — 1, would only adds a factor which would then disappear when coming back to the
solution to the original equation [Ll). Therefore a more “canonical” way to define this
quasi-elastic self-similar temperature could be

6, = p? lim <(1 —a?) lim 0(fa(t, '))t2>
a—1 t—4o00
where fo denotes a generic solution with mass p to equation [L1).

1.8 Method of proof and plan of the paper

The first main idea of our method is to consider the rescaled equations (LTH) and ([CT6)
with an inelasticity dependent anti-drift coefficient 7, which exactly “compensates” the
loss of elasticity of the collision operator (in the sense that it compensates its loss of ki-
netic energy). This scaling allows by some technical estimates to prove uniform bounds
according to « for the family of self-similar profiles G, to the equation (L30). The sec-
ond main idea consists in decoupling the variations along the “energy direction” and its
“orthogonal direction”. This decoupling makes possible to identify the limit of different
objects as & — 1 (among them the limit of G, ). The third main idea is to use systemati-
cally the knowledges on the elastic limit problem, once it has been identified thanks to the
previous arguments. In particular we use the spectral study of the linearized problem and
the dissipation entropy-entropy inequality for the elastic problem. This allows to argue by
perturbative method. Let us emphasize that this perturbation is singular in the classical
sense because of the addition of a (limit vanishing) first-order derivative operator, but
also because of the gain of one more conservative quantity at the limit (which implies in
particular at the linearized level that the “energy eigenvalue” ., is negative for a # 1 but
converges to g1 = 0 in the limit o — 0).

In Section 2, we use the regularity properties of the collision operator in order to
establish on the one hand that the family (G4) is bounded in H* N L*(m™!) uniformly
according to the inelastic parameter o (the key argument being the use of the entropy
functional which provides uniform lower bound on the energy of G,) and on the other
hand that the difference of two self-similar profiles in any strong norm may be bounded
by the difference of these ones in weak norm (the key idea is a bootstrap argument). This
last point shall allow to deal with the loss of derivatives and weights in the operator norms
used in the sequel of the paper.

In Section 3, we prove that o — Q7 is Holder continuous in the norm of its graph and is
Holder differentiable in a weaker norm. As a consequence we deduce that G, — G when
a — 1 with explicit “Holder” rate, which (partially) proves point (ii) Theorem [[J1 The
cornerstone of the proof is the decoupling of the variation G, — G between the “energy
direction” and its “orthogonal direction”.

In Section 4, we prove uniqueness of the profile Gy, for small inelasticity (point (i) of
Theorem [[Jl) by a variation around the implicit function theorem. We also deduce that
o — G, is differentiable at oo = 1.
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Section 5 is devoted to the study of the linearized operator L., and we partially inspire
from the method of [27]. We prove point (iii) of Theorem [l and we end the proof of
point (ii) of Theorem [Tl We obtain information on the localization of the spectrum and
we establish some decay estimates on the associated semigroup. Let us emphasize that for
technical reasons we state our results in an L' framework (because mainly we are not able
to generalize Lemma to an L? framework), which makes the spectral analysis more
intricate. The proof proceeds as follows (the cornerstone idea is again the decoupling of the
variations in the “energy direction” and its “orthogonal direction”). First, we localize the
essential spectrum in the half plan A, = {z € C, Rez < p < 0} with the help of Weyl’s
theorem, the compactness properties of £, and the “rough” (Holder type) convergence of
QF (Ga, ) to QF (Gy,-) in the “good” norm of the graph. Second, we localize the discrete
spectrum lying in A = {z € C, Rez > i} in the disc {z € C, |z| < C (1 — a)}, thanks
to estimates on the resolvent of £,. Third we establish that the spectrum X(L,) of L,
satisfies 3(Lq)NAz = {ita }, where o has multiplicity 1 (the proof mainly takes advantage
of the “precise” convergence of QF(G,,-) to Qf (G1,-) in “bad” norm, together with a
regularity estimate holding on the discrete eigenspace). Last we establish the expansion
([C32) using the energy equation associated to the eigenvalue . The decay properties of
the linear semigroup are then deduced from resolvent estimates and the above localization
of the spectrum.

Section 6 is devoted to the proof of points (iv) and (v) in Theorem [Tl which is split in
several steps. First we establish a “linearized asymptotic stability result” by decoupling the
evolution equation (CZ9) along the “energy direction” and its “orthogonal direction”, and
using the semigroup decay estimates and the quadratic structure of the collision operator.
Second we establish a “non-linear stability result” by decoupling the evolution equation
(C29l), using the energy dissipation equation along the “energy direction” and the entropy
production method on its “orthogonal direction” (let us mention that this method follows
closely the physical idea that for small inelasticity the “molecular” timescale of thermal-
ization of velocity distribution decouples from the “cooling” timescale of dissipation of
energy). Third we prove the asymptotic decomposition and we exhibit a Liapunov func-
tional for smooth initial data (point (v)) by gathering (and slightly modifying) the two
preceding steps. Fourth and last, we prove point (iv) for general initial data, gathering
the previous arguments with the decomposition of solutions between a smooth part and a
small remaining part as introduced in [28].

2 A posteriori estimates on the self-similar profiles

In this section we prove various a posteriori regularity and decay estimates on the self-
similar profiles (or the differences of self-similar profiles), uniform as o — 1, which shall
be useful in the sequel.

2.1 Uniform estimates on the self-similar profiles

For any a € (0,1) we consider G, the set of all the self-similar profiles of the inelastic
Boltzmann equation ([LT]) with inelasticity coefficient «, with given mass p € (0,400) and
finite energy. More precisely, we define G, as the following set of functions

Go = {0 <G e L) satisfying ([]:3]])}
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For some fixed ag € (0,1), we also define
g - Uae[ao,l)ga-

The fact that for any o € (0,1), G, is not empty was proved in [24], where a so-
lution of ([L30) was built within the class of radially symmetric functions belonging to
the Schwartz space. Here we show that any self-similar profile G, € G belongs to the
Schwartz space and that decay estimates, pointwise lower bound and regularity estimates
can be made uniform according to the inelasticity coefficient « € [ap, 1). Let us emphasize
once again that the choice of the velocity rescaling parameter 7, = p (1 — «) in ([C30) is
fundamental in order to get that uniformity in the limit o — 1. Let us also mention that
our choice of scaling for the equation (C30) is mass invariant, that is G with density p(G)
satisfies the equation if and only if G/p(G) satisfies the equation with p = 1. Therefore
all the estimates on the profiles are homogeneous in terms of the density p.

Proposition 2.1 Let us fir ag € (0,1). There exists a1,az,as,aq € (0,00) and, for any
k € N, there ezists Cy, € (0,00) such that

||Ga||L1(ea1 vl < az, ||Ga||Hk(]RN) < Ck,

(21) Va e [040, 1), VGCM € gClm Ga > as e~ a4 |v|8'

We first recall the following geometrical lemma extracted (in a slightly specified form)
from [23, Lemma 2.3 & Lemma 4.4], that we shall use several times in the sequel.

Lemma 2.2 For any a € (0,1] and o € SV~! we define

sz = ¢Z,7J,0’ : RN - RN) Vg = U/
o = ¢a,v*,a : RN - RNy v
and the Jacobian functions Jy = det (D ¢}, , ), Jo = det (D ¢ap, o), as well as the cone
Q=o={uecRhRY 4 0>5—1},
for any 6 € (0,2) and o € SV~
For any ¢ € (0,2), ¢}, defines a C*°-diffeomorphism from v + Qs onto v + Q- 5) with
w*(0) = 1+ +//2 and ¢ defines a C*-diffeomorphism from v + Qs onto vi + §y, (5)

with
0—14ry

wa(d) =1+ 7
(14206 = 1)ra +73) /

and ro = (1+ a)/(3 — ).
Moreover, there ezist C' € (0,00) such that with Cs = C/§

(2.2) C5t o — v < [@alv) — v <20 — 14,
(2.3) 651 (V) — ¢ (V)] < Csled — al ' — vy,
(2.4) [Jal < Cs, I <Cs, |3 = T < CF ol —af
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on vs + Qs, uniformly with respect to the parameters o, o € [0,1], o € S¥=! and v, € RV,
The same estimate holds for ¢, on v + Qs. Finally, for any a,a’ € [0,1], ¢ € SVN™1,
ve € RN and t € [0,1], there holds

(2.5) oy +(1—1) 6, = oy,

for some oy belonging to the segment with extremal points o and o'. The same result holds

for @F,.

We will also need the following elementary result in order to estimate the convolution
operator L defined in (IC3).

Lemma 2.3 For any function g € Li(RYN) there exists some constants c1,cy € (0,00)
such that
(2.6) c1 (1+|v]) < Lg) < ca (1 + o))

Moreover, if g satisfies £(g) > a1 p and m3/5(g) < ag p, for some constants ay,az > 0, we
can take c; = C~Lp, cog = Cp in (ZA) for some explicit constant C > 0 depending only
on ay,as > 0.

Proof of Lemma[Z3 The upper bound in (Z8l) is immediate. As for the lower bound, we
have, on the one hand, by Jensen’s inequality,

(2.7) / g [u] dvs > p o).
RN
On the other hand, by triangular inequality,
/ g« |u| dve > my )5 — [v| my.
RN

By Holder’s inequality we have my /5 > £? m, /12 > () p for some explicit constant Cy > 0

depending only on ai,as. As a consequence
(28) [ g luldv. = p(Co = o).
RN

These two lower bounds (Z7 E¥)) imply immediately that

/R gl dv. > C (14 o).

for some explicit constant C' > 0 depending only on Cj. a

Proof of Proposition 2. We split the proof into several steps. In Steps 1, 2 and 3, we
establish the smoothness for any profile G, € G as well as upper and lower bounds on its
tail. In Steps 4, 5, 6, 7, 8 and 9, we show that these estimates actually are uniform with
respect to the choice of the profile G, € G, and « € [ag,1). Thanks to Steps 1, 2 and 3
the computations then performed are rigorously justified.

We fix a € [ag, 1) and G, a solution of ((L3W) for which we will establish the announced
bounds. From now we omit the subscript “a” when no confusion is possible.
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Step 1. Moment bounds. From [24], Proposition 3.1], by taking ¢, = G in the evolution
equation (CIH), we get that G € Li for any k € N.

Step 2. L? a posteriori bound. We aim to prove that G € L?. Let us fix A > 0 and let
us introduce the C! function

2

Aalz) =2

2

A2
Lo<a+ (Ax — 7) 1,54.

We multiply the equation (L30) by A(G) = min{G, A} := Ta(G). Once again we
shall omit the subscript “A” when no confusion is possible. After some straightforward
computation we get

/RN (T(@)GLG) +p(1 — ) NT(G)/2) dv = / T(G) Q¥ (G,G) dv.

RN

Since L(G) > ¢;1 (1 + |v|) thanks to Lemma 3 and A(G) < GT(G) we have

(29 «a /]RN AG) (1 +))dv < /]RN T(G)G L(G) dv

< / T(G)QY(G,G)dv < I + Iy + I3 + 14,
RN

where the terms [ are defined in the following way, splitting the collision kernel into
some smooth and non-smooth parts. Let © : R — R be an even C* function such that
support © C (—1,1), and fR O =1. Let © : RY — R, be a radial C* function such that

support ©cCB (0,1) and fRN O = 1. Introduce the regularizing sequences
Om(z) =mO(mz), zeR, On(z) =nO(nz), zeRV.

As a convention, we shall use subscripts S for “smooth” and R for “remainder”. We
denote ®(u) := |u|. First, we set

Bsn=0n%(®14,), Prn=P—dgy,
where A,, stands for the annulus A,, = {x e RV ; % < x| < n} Similarly, we set
bgm(z) = Om x (b 1z,) (2),  brm =b—bsm,

where Z,, stands for the interval Z,,, = {z e R ; =1+ % <lz|<1-— %} (b is understood
as a function defined on R with compact support in [—1,1]). We then define

L= [ T(GQHG.6 .
]RN
where QE is the gain term associated to the cross-section Bp := |u|bg m,
L= [ T(C)Q}s(G.6)
]RN
where QES is the gain term associated to the cross-section Brg := ®g, bs m,

h= [ T©[3(6).6) + GHT@.N©)] v
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where Q; is the gain term associated to the smooth cross-section Bg := ®g,, bg, and
X(G) := G — T(G) and finally

R R CLEL ORI
We estimate each term separately. We omit the subscripts m and n when there is no

confusion. For I; we proceed along the line of the proof of the estimate for the term I in
[23, Proof of Theorem 2.1]. Using Young’s inequality = T'(y) < A(z) + A(y) we have

L = /// GG.T(G") brm |u| dv dv, do
RN xRN xSN-1

/// G A(Gy) + AG)] brm Lao<o [u| dv dv, do
RN xRN x§N—-1 a

IN

+ /// Gy [A(G) + A(G/)] bR,m La.o>0 \u! dv dvy do = [171 + ...+ [174.
RN xRN x§N—1
We just deal with the term I 2, the others may be handled in a similar (or even simpler)

way. Making the change of variables v, — v’ = ¢ (v,) (for some fixed v, o) and using the
elementary inequality |u| <4 |v" — v| valid when o - 4 < 0, there holds

L = /// G A(G')brm Lao<o |u| dv dv, do
RN xRN xSN-1 B

= oN+2 /// G A(G)brm Lao<o|v — 0| dv' dvdo
RN xRN x§N -1 h

22 b0 [Gllyy [ MG (1 ol o

IN

Since the same estimates hold for all the terms I ;, we obtain

(2.10) I < (m) |Gl /R MG )dv with  =(m) — 0.

m—00

For Iy we proceed along the line of the proof of the estimate for the term I in [24]
Proof of Proposition 2.5]. Using again Young’s inequality x T'(y) < A(z) + A(y) and the
trivial estimate @, < Cn~! (Jv|? + |v|?) we get

b= /// GG T(G')bgm PR,y dvdv, do
RN xRN xSN-1

< C /// G|U|2 [/S(G ) /\(G/)] lsm Z”U dU* do’
n RN xRN xSN—-1
C /// G* |U*| [1&(6) IX(G/)] bS,m d’U d’U>,< dO’ = 121 2,4-
n RN xRN xSN-1 1 + + 1

Because of the truncation on b of frontal and grazing collisions, both changes of variables
v — v = ¢o(v) (for fixed vy, 0) and v, — v = ¢ (vi) (for fixed v, o) are allowed (and the
jacobian of their inverse is bounded). Hence in a similar way as for the term I; we obtain

ey [ ac)a

2.11 I <
(211) <<
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For I3, using again Young’s inequality, plus T(G) < G and the fact that both changes
of variables v — v/ = ¢, (v) (for fixed v,,0) and v, — v/ = ¢%(vs) (for fixed v, o) are
allowed, we have

13 B ///]RN xRN x§N-1 (T(G/) * T(G:‘)) [GX(G*) + X(G) T(G*)] bS,m q)Sm dv d’U* do

IA

con [ {MEIIME) + A +24(0)
+x(G) [A(G)) + A(GL) + 2A(G.)] } bsm dv dv, do.

We deduce as before

(212) B < Con NG [ M@)o

for some constant C,, ,, > 0.

Finally for I, we argue as in the proof of [24, Proposition 2.6] for the treatment of the
term involving Q;C, and we get for some 6 € (0,1)

—0
(2.13) I < Conn [T(@) | 2T,

for some constant C,, ,, > 0.

Gathering (23), I0), &I1), @I2), I3) and taking m, next n and finally A >
A(Q) large enough we may control the terms I, I5 and I3 by the half of the left hand side

term of ([Z9)) (for Is we use that ||[xa(G)|/,1 — 0 when A — o0). Note that the condition
A > A(G) depends on the distribution G (by the mean of some non-concentration bound),
but shall play no role since we shall take the limit A — +oco in the end. We obtain

C —
vAZAG), G [ M@+ dv < Chpec ITAGIL

for some constant Cj, , ¢() > 0 depending on the cross-section b and on the profile G' via
its energy. Using that T4(G)?/2 < AA(G) we deduce

C
VAZAG), 7 ITa@)IZ < Copeo)

and we then conclude that G € L? passing to the limit A — oo in the preceding estimate,
with the bound

1
4C 20
(2.14) Gl < (L@) .
1

Remark 2.4 Note that the L? bound (Z13)) only depends on the distribution G by the
mean of the energy E(G) and the constant c¢1. Therefore, thanks to LemmalZ3, this bound
only depends on a lower bound on the energy E(g) and an upper bound on the third moment

m3/2(9)-

Step 3. Smoothness and positivity.  Thanks to [24, Theorem 1.3] and [8, Theorem 1],
taking ¢y, = G as an initial condition in (CIH) we have that G belongs to the Schwartz
space of C* functions decreasing faster than any polynomials, and that G > aj e~ "l for
some constant aq,as > 0.
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So far the estimates in Step 3 may be not uniform on the elasticity coefficient a € [ag, 1)
and on the profile G,. The aim of the following steps is to prove that they actually are
uniform. Note however that estimates of the previous steps shall ensure that the following
computations are rigorously justified.

Step 4. Upper bound on the energy using the energy dissipation term. We prove that

4
(2.15) Vae(0,1] €< 2P

From equation (LZ3) on the energy of the profile G there holds

(2.16) (1+a)b / GG, |ul?® dv dv, = 2p/ G |v]? dv.
RN JRN RN

From Jensen’s inequality

ox [ul® G dvs > plof,

and Holder’s inequality

3/2
/ |? Gdv > p~1/? </ |v|2de> ,
RN RN

(14 )by p /232 <2p€
from which the bound ([ZIH) follows.

we get

Step 5. Lower bound on the energy using the entropy. We prove

N ot

(2.17) Vae (0,1 £

p.

Remark 2.5 The choice of scaling we have made for the evolution equation in self-similar
variable becomes clear from this computation: it is chosen such that the energy of the self-
similar profile does not blow up nor vanishes for a — 1. The restriction o € [ag, 1),
ag > 0, is then made in order to get a uniform estimate from below on the energy.

By integrating the equation satisfied by G against log G we find

Q(G,G)logGdv—p(1— ) / logG V- (vG)dv = 0.

RN RN

Then we write the first term as in [I7, Section 1.4] to find

1 G/G/ G/G/
T e (05 CS  O% ) B

—i—l/// (G'G;—GG*) dedv*da—i—p(l—a)/ v-V,Gdv=0.
2 R2N x gN—1

RN

If we denote

1 ! ! /!
(2.18) Dpa(g) == /// g G <% — log% — 1> Bdvdv, do >0,
2 R2N x SN-1 99+ 99+
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(recall that in this formula the post-collisional velocities v/, v} are computed according to
the inelastic formula (L) with normal restitution coefficient v € (0, 1]), we can write

(2.19) — DH,Q(G) + <i2 — 1> by / GG, |u|dvdvu, — (1 — Oé)Np2 =0,
[0 R2N

with by := ||b]| 1, and thus we get

o? 1
. Juldv dv, = Np 4+ —Dpy, >
/szGG |u| dv dv 1+a< pe+ ~Dn (G)> >

On the other hand, from Cauchy-Schwarz’s inequality

/ GG, |u|dvdv, <
R2N

1/2 1/2
< </ GGa, dvdv*> (/ GG*|u|2dvdv*> =V2p%2 Y2,
R2N R2N

and then the bound (ZI7) follows gathering the two preceding estimates.

Step 6. Upper bound on (exponential) moments using Povzner inequality. There exists
A, C > 0 such that
Vae[0,1), G(v) el dv < C p.
RN
We refer to [8] where that bound is obtained as an immediate consequence of the
following sharp moment estimates: there exists X > 0 such that

(2.20) Vael0,1), my= /N G ol dv < T(k +1/2) X*2 .
R

It is worth noticing that in [8] the Povzner inequality used in order to get ([Z20) is uniform
in the normal restitution coefficient a € [0, 1] and that the factor p comes from our choice
of the scaling variables (in which p is involved).

Step 7. Uniform upper bound on the L? norm. From (I7), 20) and Remark 24 the
L? bound (ZId) is uniform on « € [ap, 1) and G € G,.

Step 8. Smoothness. 1t is enough to show some uniform bounds from above and below
on the energy together with uniform non-concentration bounds on the self-similar profiles
in G, in the form of upper bounds on the L? bounds for instance. Indeed the proofs
of [24, Proposition 3.1, Proposition 3.2, Proposition 3.4, Theorem 3.5 and Theorem 3.6]
then apply straightforwardly (in these proofs we did not use the part associated with the
anti-drift in the semigroup). Therefore the uniform bounds on the H k norms for all k > 0
follows from these results.

Step 9. Pointwise Lower bound. It is a consequence of the following lemma. a

Lemma 2.6 Let g € C([0,00); L3) be a solution of the rescaled equation (IZ9) with in-
elasticity parameter o € (0,1) and assume that for some p > 1 and C,T € (0,00)

sup [|gll oz < C.
(0,77
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(1) For any t; € (0,T) there exists a; € (0,00) (depending on C, p and t; but not on T)
such that 8
(2.21) Vte[t,T], YoeRY, g(t,v) >ayte @ P,

(ii) If furthermore, g, satisfies
gin(v) > agte @,

then (ZZ1) holds with to = 0 and some constant a1 € (0,00) (depending on C, p,ay but
not on T').

Proof of LemmalZfl. We only prove (i), the proof of (ii) being similar. Let us fix t; € (0, 1).
We closely follow the proof of the Maxwellian lower bound for the solutions of the elastic
Boltzmann equation (see [T}, B0]) taking advantage of some technical results established
in its extension to the solutions of the inelastic Boltzmann equation (see [24], Theorem
4.9]). The starting point is again the evolution equation satisfied by g written in the form

g+ 71av-Vog+ (a N+ C+Cv|)g=QL(g.9) + (C+ Clv| - L(g)) g,

where the last term in the right hand side term is non-negative for some well-chosen

numerical constant C' € (0,00) thanks to Lemma 3, (Z20) and ZI7). Let us introduce
the semigroup U associated to the operator 7, v-V,+A(v), where A(v) := 7, N+C+C'|v|,
which action is given by

(Uy h)(v) = h(ve=™") exp (- /0 Moe?) ds> .

Thanks to the Duhamel formula, we have
t
(222)  VES0,Vr>0, glt+7.) > / Ur_sQ™(g(s + 7, ), (s +7,.)) ds.
0

Noticing that
t
<—/ )\(ve_s)ds> > (Clo| 47 Nt+C1),
0

and repeating the arguments of Steps 2 and 3 in the proof of [24, Theorem 4.9], we get
that
(2.23) Vt>T1, g(t,.) >nlpos)(v)

with 7 = 7y = ¢;/2 and some constant n = n; > 0, 6 = §; > 1. Let us emphasize that
here we make use of Lemma 4.6, Lemma 4.7 and Lemma 4.8 in [24] where the constants
exhibited in these ones are uniform in « € [ap, 1) thanks to the uniform LP N L} estimates
assumed on g.

Now, on the one hand, from [24, Lemma 4.8], there exists k € (0, 00) such that
Qa (L1, 1501) 2 Flpy5/2)

which in turns implies
(2.24) V6>0, QF(lpos),lpos) =k V1 150,326
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On the other hand, there exists £’ € (0,00) such that
(2.25) V5>0, Vse[0,1], Us(lpog) >+ e “1pqe-

From ZZ3) with n = 71, § = §;, and making use of ([Z2Z2), Z24)), [ZZ0), we get that
(ZZ3) holds with

t ) /
7':7'2:7-1—#2—12, 52522751 and n=mny=(rp—7) K e ¢,

where k" = k' and C’ depends on C and N. Iterating the argument we get that ([Z23])
holds with 7 =7, = 7,1 +8127F = (1 = 277) 1, § = Gy = (\/5/2)k+1 and

Mg 124 42k 9k O (542681 4.+ 2871 61) o—[k+2 (k—1)+... 42k 11 ok+1
Ner = (K" 1) e (Or+20k -1 1) 9—[k+2(k—1) ]ZA 7

, 8
with A := /&7t /1 e~ 9 /2. In other words, using that <§> > 2, we have proved

Vit VEEN, g(tv) > A% Ly ouss,)(v),

from which we easily conclude. a

2.2 Estimates on the difference of two self-similar profiles

In this subsection we take advantage of the mixing effects of the collision operator in order
to show that the L' norm of their difference of two self-similar profiles (corresponding to the
same inelasticity coefficient) indeed controls the H* N L!(m™!) norm of their difference for
any k € N and for some exponential weight function m, uniformly in terms of « € [, 1).

Proposition 2.7 For any k > 0, there is m = exp(—a|vl|), a € (0,00) and C > 0 such
that for any « € [ap, 1) and any Go, Hy € G, there holds

(2-26) ”Ha - GaHH’ﬁﬂLl(mfl) < Ck HHa - Ga”Ll'

Proof of Proposition ZZ1.  'We proceed in three steps. It is worth mentioning that all the
constants in the proof are uniform in terms of the normal restitution coefficient @ € [, 1),
as they only depend on the uniform bounds of Proposition 1] and some uniform bounds
on the collision kernel.

Step 1. Control of the L' moments. We prove first that there exists A,C € (0,00) such
that
Va € |ag, 1), / ]Ha—Ga\eA‘”‘ deC/ |Hy — Gy dv.
RN RN

Let us consider some normal restitution coefficient a € [y, 1) and two self-similar profiles
G,H € G, (here again, we omit the subscript a@ when there is no confusion). We denote
D=G-H,S=G+H and ¢ = |[v|*sgn(D), p € 3N, p > 3/2, where sgn(D) denotes
the sign of D. The equation for D reads

0 = Qa(G7G)_Qa(HvH)_p(l_a)vv'(UD)
(2.27) = 2Qu(D,S)—p(1—a)V,-(vD).
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Multiplying equation (Z21) by ¢, we get
0 = / BDS, [cp;—i—cp'—cp*—cp]dvdv*da
RN xRN xSN-1

—p(1—a) /RN V,(vD) [v]|*P sgn(D) dv

IN

/ | D] S, K, dv do, +2/ (| |D| S, |0a|27 do do.
RN xRN RN xRN

o / D] v V(o) do
]RN

with
K,(v,v,) == / (|v/|2p + |vi|2p — |v|2p — |v*|2p)b(0 -u) do.
gN-1

From [§, Corollary 3, Lemma 2], there holds
Kp(v,0,) < 9% — (1 =) (0] + [v.]?P)

where (7p)p—3/2,2,... is a decreasing sequence of real numbers such that

(2.28) O<’yp<min{1,]%},
and X, is defined by
Ky
Spim 3 () (0 fo P72 =2 )
k=1

p

with k, := [(p + 1)/2] is the integer part of (p + 1)/2 and </<;

> stands for the binomial

coefficient. As a consequence,
(1 —32) / v|?P |u| Sy | D| dv dvy <, / |u| | D] Sy Xy, dv doy
RN xRN RN xRN
+2 / (| [D| S, (0,22 dv dv, + 2 pp / D [u]2? do.
RN xRN RN

Using Lemma 3 in order to estimate L(S) from below, the inequality |u| < |[v|+ |vi| and
introducing the notations

dy = / ID||v|** dv, s = S |v|?k dv,
RN RN

we get, for some numerical constant C' € (0, 00),
(229) g dp+1/2 S ’Yp Sp + (dO Sp+1/2 + d1/2 Sp) + 2 pp dp,
with

b

Sp = Z <l€> (dit1/28p—k + drSp—py1/2 + dp_pr1/2 8k + dp_p Sp1/2) -
k=1
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From Proposition Bl or more precisely 20), we know that si < pI'(k+1/2) z* for any
k > 1 and for some x € (1,00). By Holder’s inequality, we also have

144

1
dy ¥ <d,1d.

1
2

Repeating the proof of [8, Lemma 4], for any a > 1, there exists A > 0 such that
Sp < Ap(do+dip)l'(ap+a/2+1)Z,

with

Zp = max {Gpy1/2 Op—k; O Op—kt1/2: Op—kt1/2 Tk: Op—k Thy1/2},
——Lyesivp

and
d; Sk

(do+ dijo)T(ak +1/2) 77 pT(ak +1/2)
We may then rewrite ([Z29]) as

O ==

I(ap+a/2+1)
I'(ap+1/2)

On the one hand, from (Z28), there exists A’ such that

F(ap+a/2+1)
I'(ap+1/2)

T(ap+1/2)Y/% (511)“/2’) < A, Zp+ (Opt1/2 +0p) +2ppdp.

Ay, < A p¥/21/? Vp=3/2,2,...

On the other hand, thanks to Stirling’s formula n! ~ n™ e™" v/27n when n — oo and the
estimate ([Z2])), there exists A” > 0 such that

(1—p)T(ap+1/2)Y% > A"p¥2  ¥p=3/2,2,...
Therefore,
p/? 5}1}-}—1/2}) < p¥/2-1/2 Zy+ (0ps1/2+ 010p) +2 D6y,

We finally obtain

dj, < 2" T(ak + 1/2) (do + dy ),
and we easily conclude as in [8 Proof of Theorem 1] or in [23, Proof of Proposition 3.2,
Step 2].

Step 2. Control of the L? norms. For k = 0, the propagation of the L? norm is immediate
using the result [24, Corollary 2.3]. Indeed one just has to split the collision kernel as
in 24, Section 2.4]. For the truncated and regularized part QJSr (we use the notation
introduced in step 2 the proof of Proposition 2Z1I), [24), Corollary 2.3] together with some
basic interpolation yield the following control:

for some explicit C' > 0 and # € (0,1). For the remaining term QF, we use the same
control as in [24] Proof of Proposition 2.5] to get

|, (@k(8.D) +Qi(D.5)) Do <& (IDly +11Dlzz,) 1Dz

1/2 1/2
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for some ¢ which can be taken as small as wanted by the truncation. Gathering these
estimates, we get

Ve>0 Q' (S,D)Ddv<¢e|D|3, +C-:
RN 1/2
where C. depends on weighted L' and L? norms of S, on L' norms on D and on ¢. Using
equation [Z30) with ¢ = 0, Lemma to treat the term L(D), and some elementary

interpolation, we deduce that
1Dz, < ClIDIy

for some constant C' > 0, which concludes the proof for £ = 0 using the previous step on
the L' moments.

Step 3. Control of the H* norms. From the previous step and some interpolation, in
order to conclude it is enough to prove ([Z26]) for any £ € N and m = 1. We proceed by
induction on k. For any i € NV, the equation satisfied by 9’D is

2'QT(S,D) +9'QT(D, S) — 9" (L(D) S) — L(S) "D

_ Z (ZZ' >3i/L(5)8i_i'D—p(1—a)8iV.(»UD)ZO_

0<i’<i
We deduce that
(2.30) C / (OTD)2 (14 o)) dv < / (9°Q"(S,D) + 5'QH(D, S)) &'Ddv
RN RN
-/
-y <Z. > 9" L(D)9"~"59'D dv
—~ ? RN
0<i'<i
! . i .
-y <Z. > 9" L(S) 0" D' Ddv
— \ ! RN
o</ <3

droping the non-positive term.

The induction is initialized by Step 2. Let us assume the induction step & > 0 to be
proved, and let us consider some i € NV such that |i| = k + 1. Using equation (Z30)
and [24, Theorem 2.5] to estimate the gain term, we find easily

10°Dllz2 < C (IDllgy + 1D a2 )
q

for some ¢ > 0. Therefore we obtain by interpolation (since (3 —N)/2 < 1 for N > 2), for
another ¢’ possibly larger:

1Dl s < € (IDNgs, + 1Dl ) -

This concludes the proof, using interpolation, the induction hypothesis k, and the Step 1
on the L' moments. a
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3 The elastic limit a« — 1

3.1 Dependency of the collision operator according to the inelasticity

In this subsection we show that the collision operator depends continuously on the inelas-
ticity coefficient o € [0, 1]. Since it is an unbounded operator, this continuous dependency
is expressed in the norm of the graph of the operator or in some weaker norm. We start
showing that this dependency of the collision operator is Lipschitz, and even C1" for any
n € (0,1), when allowing a loss (in terms of derivatives and weight) in the norm they are
expressed. Let define the formal derivative of the collision operator according to a by

ot =5 ([ [ atoten sev@yon (“57) do v, )

or by duality

(Qlg, ), ) = /R ) /R ) /S Sl (‘“"%“) V(o) do dvy dv.

Proposition 3.1 Let us fix a smooth exponential weight m = exp(—a|v|®), a € (0,400),
s€(0,1). Then

(i) For any k,q € N the exists C € (0,00) such that for any smooth functions f,g (say
in S(RY)) and any o € [0,1] there holds

+
(3.1) 1Qa (9, f)”Wéﬁl(m—l) < Crm HfHW;jrll(mfl) Hg”wﬁll(mfl)

(3:2) 1969 Dl mry = Con 1l oy N9l ey

(i1) Moreover, for any smooth functions f,g and for any «,a’ € [0,1], there holds
Q5 0. 1) — @59 ) — (@ = @) @l 21
(3.3) <la =o' PlIfllz, 1y l9ly,  mery-
(iii) As a consequence, there holds
(34) Q3 (9. 1)~ Q2 (0, Dllwn1) < Clox— |1 fllyesss o llhyzssa iy
and for any n € (1,2), there exists k, € N, ¢, € N and C,, € (0,00) such that
1Q4 (9, f) = Qi(g, f) — (@ — ) Qg Al L1y

—an
(35) é 077 |C¥ « | ||f||W;;]r],1(m,1) ||gHW£Inv1(m*1)

Proof of Proposition Bl First by classical convolution-like estimates (see for instance [28]
in the elastic case, and [I7] in the inelastic case, as well as the proof of Proposition

below) we easily have (BI) and BI).
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Next, in order to prove (B3)) we proceed by duality. Let us consider ¢ € S(RY) and
define 1) := ¢ (v)9m~'. We compute

= [ QHe.) - Qo) — (o~ ) @l )] w(o)do
RN

lul o —u

-/ ulbg. £ [wlet) — 000ly) = (= a') (MLT=2) Tuet)] dvde.do
RN xRN xSN-1

Hence, if one denotes by &, ., »(a) := 9 (v),) (for given fixed values of v, v, o), we obtain
(omitting the subscripts for clarity)

= ulbg. £ [€(a) — &) — (@ — o) €/(@)] dvdv, do
RN xRN xSN—-1

< (a—d)? / lulbgs f sup |€"(a)|dv dv, do.
RN xRN xSN-1 ae(0,1)
We then easily conclude that F3]) holds using that (v/) (m/)~ < C (v)? (m) ™1 (v,)9 (M)t
for some constant C' € (0, 00).
Last, we prove ([B4)) by using the following interpolation on J = Qf (g, f) — Q% (9, f) —

(o~ o) Qilg. f):
170yt ety € 1702 sy 17k

and using [B3) on the first term in the right-hand side, and [BJI82) on the second term
in the right-hand side. It yields

HQZZ(Q, f)— Q(—;(g, f)—(a— O/) Q;(g, f)HW(f'l(m*l) <C |Oz—0/| Hf”Wﬁ;S’l(m*l) HgHWq?J’i;rS»l(mfl)
and ([B2) follows by using (B2) again.

Then the proof of ([BH) is done in the same way using suitable interpolation. O

We next state a mere (Holder) continuity dependency on «, which is however stronger
than Proposition Bl in some sense, since it is written in the norm of the graph of the
operator for one the argument.

Proposition 3.2 For any «,o’ € (0,1], and any g € Li(m™1), f € Wll’l(m_l), there
holds

1Q2 0. 1) = Q0 Dll sy < £l = &) 1l ey 92 o1,

(3.6)
1Q(F.9) ~ QD1 1) < (e = ) [yt sy gl -

1
where e(r) = C'r3¥4/s for some constant C' (depending only on b).

Proof of Proposition For any given v,v, € RY, w = v+ v, # 0 and 0 € SN!
we define x € [0,7/2], cos x = |o-w|. Let us fix § € (0,1), R € (1,00) and let
us define 5 € WhH*°(—1,1) such that s5(s) = 1 on (=1 + 26,1 — 2§), 05(s) = 0 on
(=146,1-0)°0<6s <1, |05(s)] <3/0, Or(u) = O(|u|/R) with O(z) = 1 on [0,1],
O(x) = 1 —x for z € [1,2] and O(x) = 0 on [2,00), A(0) := {0 € SV~ sin?x > 6},
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B(6) := {0 € SN71; cosf € (=1 + 25,1 — 20)¢ or sin? y < §}. We then split QT in three
terms, namely

Qa =Qa" +Q4" + Q4"
where Qn" is defined by (C3) with b replaced by b" := bfs(c - 4) Or(u), where Qo' is
defined by (I3)) with b replaced by b" := b1 4(5) (1 — Or(u)) and where Qo is defined by
(C3) with b replaced by b :=b(1 — 0s(0 - 1)) Or(u) + b(1 — Or(u)) 1 4¢(5). We split the
proof into three steps.

Step 1. Treatment of small angles. There exists a constant C' € (0, 00) such that for any
a € (0,1] and § € (0,1) there holds

1R (W, D)l L1 gn-1) < C Ol Lt 1y 2l L1 (1)
Indeed let us consider some ¢ € L and let us proceed by duality. We estimate

/RN Qi (W, @) tv)ym™ (v)dv = /RN I lu| b% by € (")~ dv dv,, do
X X -

6%/ zee, . (zrsv-1y) [l zos W1l 1 g1yl Nl L3 (1)

V, V%

IN

and we conclude using that [[b%|| e (r1gnv-1y) < C (6 + maxy,, [B(d)]) < C6.

Step 2. Treatment of large relative velocities. There exists a constant C' = C, 5 € (0, 00)
such that for any a € (0,1] and § € (0,1) there holds

v C
(3.7) 1Q% (W, D)Lt (m1) < o 191 21 m-1y 101l L3 (m-1)

We need the following lemma, which we state below and prove at the end of the subsection.
Lemma 3.3 For any 6 > 0 and « € (0,1), there holds
(3.8) oe SN sin?x >4 implies m~H(v') < mTF(w)mF(v,),

with k = (1 — 6/160)%/2.

In order to prove BI) we fix £ € L*> and we argue by duality again. We estimate
thanks to Lemma

[ erweotom e = [ [l g o (')~ do do do
RN RN xRN xSN—1

1

— [ul? 8”1y €' (m)~F (my) % dv dv, do
R JrN xrN xsN-1

A

1
< 3 1€l o> 1191 3 (m—#) 101 L3 m—r)
1 _
< gl 1L m = O e 10111 -1y 12l 21 g1

from which we easily conclude since z +— zm!~*(

k)Y, Cus € (0,00).

x) is uniformly bounded by C, s (1 —
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Step 3. The truncated operator. Let us prove that there exists a constant C' € (0, 00)
such that for any § € (0,1), a, &’ € (0,1] and R € (1,00) there holds

) . R® R
19276 1) = @3 0 Dy = Cla= 'l (5450} lallsun Il

We closely follow the proof of |23, Proposition 4.3]. We consider some ¢ € L™, f g €
D(RY), we proceed by duality and next conclude thanks to a density argument. We have

I o= / Q9. ) — Q" (g F)lm £
RN
= / u| O R (u) bs g« f [L(v)) m ™ (v]) — £(vh) m™ ()] dv dv, do.
RN XRN xSN—-1

With the notations of Lemma[Z2 we perform the changes of variables v — v/, = ¢, (v) and
vi— v, = ¢u(v) (for fixed v, and o) with jacobians J, and J,. Observing that without
restriction we may assume a < o’ and therefore O, = v, + Qo) C Ow = v + 8y, (5)
since s — wg(0) is an increasing function, we get

I = / / gl (m_l)'F(QS;l)J;l dv' dv, do
RN xSN=1 JON\O s
+ / / g« ' (m™ ) F(¢3") [ng —~ J;}] dv' dv, do
RN xSN—1

! /RNXSNI /o gt (m™YY [F(67") = F(o31)] J5 v/ du. do

a/

= 11+I2+I37

with F(w) := |w — v.| Op(w — v,) f(w) bs(o - w — vy). For the first term I; we use the

backward change of variables v’ +— v = ¢ !(v') (for fixed v, and o) and we get

RN xSN—-1 JRN Suwos

with 7 := w; ! 0wy (§) < C 673/ |a — o] for some constant C' € (0,00). Since v — |v]%/?
S

is an increasing subadditive function, we also have |[v/,|° < ([v]> + |vs]?)*/2 < |v]® + |04,
which implies m(v),) < Cm~!m ! for some constant C € (0,00) (depending of ¢). As a
consequence, we obtain

1] < CR6T o= o[ [bll e 1€z N1 £1lLtm1) 9] 21 ne1)-

For the term I, using the backward change of variable v — v = ¢;,1 (v") (for some

fixed v, and o) and using the bounds ) on J, and |J3* — J'|, we obtain
L] < CR Ja— o[ bl el ot gn-1) Iglpr -1y

In order to estimate I3, we introduce oy := (1 —t) @ + t o and, thanks to Z3))-EZ32),
we get

1
Bl Sla-al [ [ gl €1 1 ol [TuP(e )] do'du.dot
0 JRN xsN-1J0,,
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Using finally the backward change of variable v/ — v = ¢ !(v/) and the uniform bound
&4) on J,,, t € [0,1], on v, + Qs, we get

R> R
6 < € (% + 3 ) la = al1Blree 1= lglzsins 1 lwsans

Gathering the estimates established in Steps 1, 2 and 3, we deduce the first inequality in
B34). The second inequality in (B) is proved in a similar way (using symmetric changes
of variable, allowed by the truncation). a

Proof of Lemma 33 We proceed in three steps.

Step 1. Assume first that (2/v/5) |v.| < |v] < (vV/5/2) |vs|. Using the fact that & s x%/2
is an increasing and subadditive function, there holds

['1F < (o] + [ua )72 < (9/4)°72 [os]?,

and then by symmetry and because s <1

s 1 s s s s s
[V[* < 5 (/472 (" +[ual) < 7 (Jol* + [os ).

e~ w

In that case, (B8) holds with k = 3/4.
Step 2. We shall first show that for any v,v, € RY and o € SV~1, there holds
%

o .
(3.9) [0 [2, [l < ol fouf? — sin® x [0+ v.

We recall the formula

, U+ Uy 11—« 1+« , U+ Uy 11—« 1+«
V= — u+ lulo|, vy = — |u| o
2 2 2 2 2 2 2 2
Straightforward computations yield (denoting S = v + v,)
S2 1 1+a? 1—a? - 1
[W'[? < | 4| +t1 4—2a |u|2+7a|u|2 cos 6 a(S )—I—L|S| |u| cos x.
We deduce the bound from above
S 2 2
< PR e Ll cos x
Then by applying twice Young’s inequality
1 1- 1 1- 1
P < ISP (34 =) el (74 ) + ISl cos x,
1 1—-« 1 1—a 1 —l— o 1 —l—
< 18P (3 ) (3 )+ ISP eos”x
< 15 + 8 + |ul 4—1- 5 + g + |S|? cos? x
S 2 2
< | 2| |u2| 2(0082X— 1)7

from which we deduce ([B3).
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Step 3. Assume that sin? y > § and that either (2/v/5) |v.| > [v] or |v| > (v/5/2) |vi|. In
the first case, we have

[0+ 0. > (1= (2/V5)) [oa] + (2/V5) o] = [0 > (1 = (2/V5)) o],
which then implies
o+ v] > (1= (2/v5)) (V5/2) [v] > (1 = (2/V5)) [o].

The same inequalities are proved in a similar way in the second case. We deduce

(1= (2/V5)) (Jo]* + [osf?).

N —

v+ vi)? >

We then deduce from ) that |v/|? < (1—8/160) (Jv|? 4 |v«|?) and we conclude that (E)
holds as in Step 1. a
3.2 Quantification of the elastic limit o — 1

We begin with a simple consequence of Proposition Bl

Corollary 3.4 There exists ko,qo € N such that for any a; € (0,00) i = 1, 2, 3, there
exists an explicit constant C € (0,00) such that for any function g satisfying

”gHH’ﬂomLéO <ai, gZ>as e 93 |v|87

there holds
|Dr,a(9) — Daa(g)| < C (1 — ),

where we recall that Dy is defined in (ZI3).

Proof of Corollary B4 We write

Dia(@) = Duale) = [[[vlul [dhst =g v dv.do (=11
+ ///b!umg* [log g7, +10g gy —log g’ —loggi] dvdv.do (=: I2).
For the first term, thanks to Proposition Bl, we have
0] < 11Q:(9,9) — QT (9.9l < C (1= ) llgl a1

For the second term, we write

1| 2/((Q(g,9) — QF (9,9)) (v)*, (v)® log g)
2(1Q% (9,9) — QF (9, 9) 12 ()™ log gl

C(l-a) ||9||§V51,1 (Iog [lgllLe=| + |log az| + a3)

IN A

IN

C(1—a)a?(|logai|+ |logas| 4+ C a3),
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thanks to Proposition B and the bounded embedding H* N Léo Cc L>*®n ngl’l for kg, qo
large enough (see Proposition [BJ]). We conclude the proof gathering these two estimates.
O

Let us recall now two famous inequalities, namely the Csiszar-Kullback-Pinsker in-
equality (see [14, 22]) and the so-called entropy-entropy production inequalities (the ver-
sion we present here is established in [31]) that we will use several time in the sequel.

Theorem 3.5 (i) For a given function g € L}, let us denote by M|g] the Mazwellian

function with the same mass, momentum and temperature as g. For any 0 < g €
LI(RN), there holds

9

Mg dv.

(3.10) lo = Mgl <20(0) [ otn

(i) For any € > 0 there exists k., ¢ € N and for any A € (0,00) there exists C; =
C. 4 € (0,00) such that for any g € H* N Lég such that

g(w) = A7 e gl ey < A,
there holds
g 1+e
3.11 C I—e In-—2_d <D )
(3.11) - p(9) </ng Svin v> < Dpil(g)

We have then the following estimate on the distance between G, and G, for any
self-similar profile G,,.

Proposition 3.6 For any ¢ > 0 there exists C. (independent of the mass p) such that

(3.12) Va € [ag,1) sup [|Gq — GIHL; <Cep(l- oz)#s
Ga€Ga

where we recall that Gy is the Mazwellian function defined by (LZA)-(TZ7)-

Proof of Proposition Bl On the one hand, for any inelasticity coefficient a € [y, 1) and
profile G, there holds from ([ZI9) together with Corollary B4l and the uniform estimates
of Proposition 2]

(3.13) D 1(Ga) € D o(Go) +p*O(1 —a) < p2 O(1 — ).

On the other hand, introducing the Maxwellian function My with the same mass, momen-
tum and temperature as G, that is My given by ([CZ0) with u = 0 and 0 = E(Ga)/p,
and gathering (BI13), BII), BI0) with the uniform estimates of Proposition 21l and
interpolation inequality, we obtain that for any ¢,e > 0 there exists C, . such that

(3.14) Va € [ag,1)  [|Ga — MgHi—ge < Cuep*™(1—a).

Next, from (ZI6), we have

b
by / G Gox [u]® dvdv, — p / Go|v]?dv = (1—«a) = / G Gox [ul? dv do,
RN JRN RN 2 RN JRN
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and then
(3.15) [U(0)] < C1[|Ga = Myl py + Ca p? (1 - ),

where we have used that G, and My are bounded thanks to Proposition E-1l and we have
defined

(3.16) qf(e):,o/ M9|v|2dv—b1/ / My My, |uf? dv dv,.
RN RN JRN

By elementary changes of variables, this formula simplifies into
V() = ky 0 — kg 6°/2

with k1 = ,02 N and, using ([A3),
ko = ,02 by / MLOJ (MLO,I)* |’LL|3 dv dv, = 23/2 p2 by m3/2(M1,071)-
RN xRN

We next observe that ¥ € C*°(0,00) and ¥ is strictly concave. It is also obvious that the
equation W(#) = 0 for # > 0 has a unique solution which is #; defined in (LZ17), and that
we have

() <W'(61) (0 —01) = —k1 (60— 61)/2

as well as
(3.17) U(0) =0k — ks 012 = kp 0 0.7% — 01/2],

Plugging this expression for ¥ into (BI0) and using the lower bound ZIZ) on the tem-
perature § and the estimate ([BI4]) we obtain that for any ¢ > 0 there is C;. € (0, 00) such
that

_ 2+
(3.18) Va € (ap, 1) (91/2 . 9}/2( T<0.(1-a)

Namely, we have thus proved that the temperature of G, converge (with rate) to the
expected temperature #1. In order to come back to the norm of G, — G1, we first write,
using Cauchy-Schwarz’s inequality,

IGa =Gl < NIGa = Mol +1Mp = Gallpr

(3.19) |Ga — My|| 1 + On [My — G112,

IN

and we remark that B s
(3.20) 1My — Ga[l3 < C p? 102 — 6,7,

Gathering (B19) with B20), (BIX) and BId) we deduce that for any ¢ > 0 there is
C: € (0,00) such that

Va e (o, 1) \|Ga—é1|2;§v <C. P (1),

and ([BI2) follows by interpolation again. O
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4 Uniqueness and continuity of the path of self-similar pro-
files

4.1 The proof of uniqueness

Theorem 4.1 There exists a constructive a; € (0,1) such that the solution G, of (L30)
is unique for any o € [aq,1]. We denote by G, this unique self-similar profile.

That is an immediate consequence of the following result.
Proposition 4.2 There is a constructive constant n € (0,1) such that

G,HeG,, ac(1—n,1)
~ _ implies G = H.
IG = Gillpy <m, I1H = Gillgy <

Proof of Theorem Hl. Let us assume that Proposition holds. Then Proposition
implies that there is some explicit ¢ € (0,1) such that for a € (1 — ¢, 1] one has

sup [|Go — Gillpy <

where 7 is defined in the statement of Proposition Up to reducing n, it is always

possible to take n < &, and the proof is completed by applying Proposition EE2 O
Proof of Proposition 22 Let us consider any exponential weight function m with

s € (0,1), a € (0,400), or with s = 1 and a € (0,00) small enough. Let us also define
O = Cpo0NLY(m™1) the subvector space of of L'(m™!) of functions with zero energy,
Y = C (|v]* = N) My 0,1 such that £(¢) = 1, and II the following projection

M:LY(m™") -0, T(g) =g —E9) .
Finally, let us introduce ® the following non-linear functional operator
®:[0,1) x (W (m ) NC0) — RxO,

and
®(1,): (Li(m™ ) NCop) — Rx O,

by setting

@(a,g) = ((L+) Del9) —2pE(9). 1| Qulg. 9) — radiva(vg)] ).

It is straightforward that ®(a,Gy) = 0 for any a € [ap, 1] and G, € G, and that the
equation

®(1,9) = (0,0)

has a unique solution, given by g = G; = M 0.0, defined in (CZH), [CZD).

The function @ is linear and quadratic in its second argument by inspection, and easy
computations yield the following formal differential according to the second argument at
the point (1,G):

(4.1) Dy®(1,G1)h = Ah := <4D5(él, h) —2pE(h), 2Q1(Gy, h))
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where Q is defined in (LX) and

Dg(g,h) == by // g hy |u)? dv dus,.
RN xRN

Notice that we can remove the projection on the last argument in () since the elastic
collision operator always has zero energy.

Then we have the

Lemma 4.3 The linear functional

A:Lim™) — RxO
h + Ah=Dy®(1,G1)h

is invertible: it is bijective with A™' bounded with explicit estimate.

Proof of Lemma Since the spectrum of the linear operator £; defined on L'(m™1)
(with domain L1(m™1)) includes 0 as a discrete eigenvalue associated with the eigenspace
KerL; = Span{G1,v1 G1,...,vn Gy, |v|> G1} by 7, Theorem 1.3] and since moreover
O NKerL; = {0}, we deduce that it is invertible from O NLi(m~!) onto ©. Moreover
the work [27), Section 4] provides explicit estimates on the norm of its inverse. We deduce
immediately that El_l maps O onto itself with explicit bound.

For any h € L'(m™!), we decompose

E(h)
E(¢n)

where we recall that ¢; is defined in (L33]). Then, using the characterization (C30) of Gy,

h=hi¢+ht, with hy:= eR, ht €0,

Ah = <b1 / G1(v) h*(v) |ul? dv dv,
RN xRN

+hy [bl/ w2 Gy G1*|u|3dvdv*—2p/ e |v|4dv], ﬁl(hL))
RN xRN RN

The claimed invertibility follows from the fact that C* = 2N p?60? # 0. Indeed, from

([A2) and ([(AA) there holds

cr = bl/ lv2 Gy G1. |u|3dvdv*—2p/ G1 |v|* dv
RN xRN RN
= P60 [5191/2/ M (Ml,o,l)*|UIQIUI3dvdv*—2/ M |v|4dv]
RN xRN RN

Y

= P22 [b1 0, V2 (2N + 3)my5(Mig1) — 2N (N +2)

and we conclude thanks to formula ([CZ1). O
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Let us come back to the proof of Proposition We write
Go—Hy = A7 [AG, — (v, Ga) + B(ar, Hy) — AHa]
(4.2) = A7'(I,1y)
with (recall that the bilinear operators D¢ and Q, are symmetric)
I :=4Dg(G1,Go — Ho) — (1 + @) D(Ga) + (1 + @) D(H,)
{ Iy =111, + 1115,

and

{ 12,1 = 2@1(61, Go — Ha) - Qa(Gaa Ga) + Qa(Haa Ha)
12’2 =P (1 — Oé) VU . (U (Ha — GQ)).
On the one hand,

I =2D(2G1 — (Go + Hy),Go — Hy) + (1 — @) D(Gy + Hy, Go — Hy)
so that

|11

IN

Cs (IGr = Gl + 1161 — Hallpy
+(1 = ) |Gally + (1= @) [ Hall 1y ) IGo — Hallzy
(4.3) < m(a)[|Ga — Ha”L}(mﬂ)

with 77, (@) — 0 when o — 1 (with explicit rate, for instance 71 (o) = C; (1—a)'/?) because
of Propositions BTl and
On the other hand,

12,1 — QI(GI,GQ - Ha) - Qa(GI,Ga - Ha) + QI(GQ - Ha,él) - Qa(Ga - Haaél)
+Qa(él - GC‘H Ga - Ha) + Qa(Ga - Ha, él - Ha)-

From Proposition there holds
HQl(Gla Go — Ha) — Qa(élv Ga — Ha)”Ll(mﬂ) <e(a)|Ga — HaHL}(mfl)

1Q1(Ga — Ha, G1) = Qa(Ga — Ha, G1) |11 (m—1) < €(a) [|[Ga — Hall 1 (1)

with e(a) — 0 as o — 1 (with again explicit rate, for instance e(a) = C} (1 — a)'/12 if
s =1/2 in the formula of m). From elementary estimates in L'(m~!) we have

”Qa(él - GO!7 Ga - Ha) + Qa(Ga - Hom G_(1 - Ha)”Ll(m*U
< C4 (Ga = Gilliyon) + [ Ha = Gl i1y ) 1Ga = Hallym-

Together with Propositions we thus obtain

(4.4) 112,121 (m-1) < m2(a) |Ga — Hall£1 (m-1)
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for some m2(ar) — 0 as & — 1. Here we can take for instance (when s = 1/2 in the
formula of m) 1m2(a) = Cy (1 — )2 for some Cy € (0,00) by picking a suitable ¢ and
interpolating.

Finally from Proposition EZ7 there holds

(4.5) [L2,2[l L1 (m-1) < C5 (1 — @) |Ga = Hall L1 (m-1)-
Gathering ([E3), [4)) and [H) we obtain from (2) and Lemma B3
”Ga - Ha”L}(mfl) < 77(04) HA_l” ”Ga - Ha”L}(mfl)

for some function 7 such that n(«) — 0 as @ — 1 (with explicit rate). Hence choosing oy
close enough to 1 we have n(a)||A™!|| < 1/2 for any o € [a,1). This implies G, = H,
and concludes the proof. O

4.2 Differentiability of the map a — G, at a =1

Lemma 4.4 The map [o1,1] — L'(m™), a — G, is continuous on [a1,1] and differen-
tiable at o = 1. More precisely, there exists Gy € LY(m™') and for any n € (1,2) there
exists a constructive Cy € (0,00) such that

(4.6) ||Ga — G — (1—a) Gll”Ll(m*l) < 077 (I —a)? Va e (ag, ).

Proof of Lemma4. We split the proof into four steps.

Step 1. For the continuity we use a classical stability argument. Let us consider a sequence
(on)n>0 such that ay, € [, 1] and o, — @ From the uniform bound 1), we may extract
a subsequence (Gq,,) which strongly converges in L'(m™!) to a function G,. Passing to
the limit in the equations (L30) associated to the normal restitution coefficient «;, and
written for G, ,, we deduce that G, satisfies (L30) associated to the normal restitution
coefficient . From the uniqueness of the solution proved in Theorem ETl, there holds
Go = G, and thus the whole sequence éan converges to Go.

Step 2. We next prove that there exists an explicit constant C' such that

Ya e [041,1] ||Ga_él||L1(m*1) SC(l—OZ).
We write
Go—G1 = AMAG,—®(a,Gy) +0(1,G1) — AGH]
(4.7) = A7 (1, o)
with o _ o o
{ J1 = 4D5(G1, Gy — Gl) + 2D5(G1, Gl) — (1 + Oé) Dg(Ga, Ga)
Jo:=1IJy1 +11Jo2
and

{ Jo1 = Q1(G1,Ga) + Q1(Ga, G1) — Qa(Ga,Ga)
Joo:i=p(1—a)V,-(v(Ga)).
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On the one hand,
Ji = —=2Dg(Gy — G, G1 — Go) + (1 — a) D(Gq, Ga)
so that

1] < Gy = Gallf, +C (1~ a).

On the other hand,
J2,1 - _Ql(él - éaa Gl - éa) + Ql(éaa Ga) - Qa(éay éa)'
Hence using Propositions 227 Bl and the bound ), we deduce
| 21| < ||Ga — élHi% +C(1-a)

and we also have straightforwardly Jy2 = O(1 — «). Gathering all these estimates, we
thus obtain from (E7)

1Ga = Gillym-sy < A7 [IGa = GalE ety + € (1 = ).

Using then the explicit result of quantification of the elastic limit in Proposition Bl we
have that for some as € [aq,1) close enough to 1:

Va ez, AT Ga = Gill ity <

N —

and thus we get
Vaelag 1], [|Ga=Gillpign-1) <2C A7 (1 - a)

which implies the claimed estimate.

Step 3. In order to prove the differentiability we must slightly improve the estimate estab-
lished in the preceding step. On the one hand we exhibit what should be the derivative
of G4 at a = 1, and denote it by R. Formally differentiating equation (L30) at o = 1 we
have

Q1 (G1,G1) +2Q1(R,G1) 4+ pVy - (vG1) = 0.
On the other hand, we may compute

(QL(G1,Go), L) = i///RNXRNXSN1b\u!élél*(\ula—u)-(\u!a) dv du, do
(4.8) = 2Dg(Gh).

Next, diving the equation (L23)) on the energy of G, by (1—«) and formally differentiating
the resulting expression we get

2p5(R) — Dg(él, él) — 4D5(R, él) = 0.
We now rigorously define R in the following way

Gy = Ri= A7 (= De(G1,G1),—F),  Fi=Qu(G1,Gr) +pVy- (vG).
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Note that R is well-defined since £(F) = 0 because of () and the definition of Gj.
Step 4. We finally come back to the Step 2 and we shall construct a Taylor expansion of
order 1. We want to estimate

Go—Ci+(a—1)C) = AL <J1 —(a—1)De(G1,Gr), Jo — (1 —a)F).

On the one hand

Ji—(a—1)De(Gr,G1) = —2 De(Gr — Gay Gr — Ga) +(1— @) <D(Ga,Ga) —Dg(él,él))
so that we obtain straightforwardly
|1 — (a—1) [)g(él,él)’ <C(1- a)2.
On the other hand,
Jg — (1 —Oé)F = HJ2,1 +HJ2,2
with
J2,1 = _Ql(él - éaa Gl - Ga) + Ql(éa - Gly éa) - Qa(éa - Gl, éa)
+Q1(G1,Ga — G1) — Qu(G1,Go — G1) + (1 —a) V, - (v(Ga — G1))
and o o
J22 = Q1(G1,G1) — Qa(G1,G1) — (1 —a) K.

It is clear from Propositions B, the bound of Step 2, and some interpolation with the
uniform bounds (1)), that

12,1121 -1y, 12,2l £1 m-1y < Ck (1 = a)”

for any k € (1,2). O

5 Study of the spectrum and semigroup of the linearized
problem

In this section we shall obtain the geometry of the spectrum of the linearized rescaled
inelastic collision operator for a small inelasticity, as well as estimates on its resolvent
and on the associated linear semigroup. This is based on the properties of the elastic
linearized operator and some perturbation arguments again. In order to do so, one needs
some common functional “ground” for the the linearized operators in the limit of vanishing
inelasticity. This common functional setting is given by the study [27] in which the spectral
study of the elastic linearized operator is made in L' spaces with exponential weights e®?I”,
a € (0,400), s € (0,1).
We thus consider the operator

g Qa(gag) —Ta V- (Ug)

and some fluctuations h around the self-similar profile G : that means ¢ = G, + h with
h € LY(m™!) where m is a fixed smooth exponential weight function, as defined in (CZH).
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The corresponding linearized unbounded operator £, acting on L!(m™!) with domain
dom(L,) = Wlll( 1 if @ # 1 and dom(£1) = Li(m™1), is defined in (T3 (it is
straightforward to check that it is closed in this space). Since the equation in self-similar
variables preserves mass and the zero momentum, the correct spectral study of £, requires
to restrict this operator to zero mean and centered distributions (which are preserved as
well), that means to work in L'(m~1). When restricted to this space, the operator Lq is
denoted by L. We denote by R(L,) the resolvent set of Ly, and by Ry (€) = (Lo — &)1
its resolvent operator for any ¢ € R(L,).

Let us recall that for the linearized elastic hard spheres Boltzmann equation the spec-
trum and the asymptotic stability have been studied by many authors since the pioneering
works by Hilbert [20], Carleman [I2] and Grad [I8], and we refer for instance to [27] for
more references. The result established for £; (and translated straightforwardly to £;)
in [27] is the following:

Theorem 5.1 (i) There exists a decreasing sequence of real discrete eigenvalues (fn)n>1
(that is: eigenvalues isolated and with finite multiplicity) of L1, with “energy” eigen-
value py = 0 of multiplicity 1 and “energy” eigenvector ¢y (defined in (IEH)) p2 <0
and lim p1, = jiss € (—00,0) such that the spectrum %(L1) of L1 in LY (m™1) writes

E(ﬁl) = (=00, ftoo] U {ftn }nen.
In particular, L1 is onto from O NILY(m~=') onto O.

(i) The resolvent R1(§) has a sectorial property for the spectrum substracted from the
“energy” eigenvalue, namely there is a constructive po < A < 0 such that

VEe A, [Ri(ElLign1) <a+

b
1€+ A

with
3r 3w

:{ge(c, arg(é + \) € [—Z,Z] and %eﬁﬁ%}.

(iii) The linear semigroup Sy(t) associated to L1 in L'(m™") writes
Vt>0 Si(t) =111 + Ra(t),

where I1; is the projection on the eigenspace associated to py and Ry(t) is a semigroup
which satisfies
vVt >0 ||R1(t)H]L1(m*1) < Ceuzt

with explicit constant C.

The main result proved in this section is a perturbation result which extends Theo-
rem 5.l in the following way. Let us define for any x € R the half-plane A, by
A, ={¢eC, Re& > x}.

Theorem 5.2 Let us fix i € (u2,0), k,q € N and m a smooth weight exponential function
with s € (0,1). Then there exists ag € (aq,1) such that for any « € [ag,1] the following
holds:
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(i) The spectrum $(Ly) of Lo in W];’l(m_l) writes
S(La) = EaU{pa},  Ea C A,

where e 18 a 1-dimensional real eigenvalue which does not depend on the choice of
the space W’;’l(m_l) and satisfies (I-33).

(i) The resolvent Ry () in Wg’l(m_l) is holomorphic on a neighborhood of Ag\{fta}
and there are explicit constants C1,Co such that

. , <
zeC,Sl§)‘1£Z=ﬁ ||Ra(2)|\|w§»1(m*1)—>w’;'1(m*1) =G

and
Co

+ Is|’

Ra (7 + 38l 2.2 (=)t (mry < 7

(iii) The linear semigroup Ss(t) associated to Lo in W’;’l(m_l) writes
Sa(t) = et T, + Ra(t),

where 11, is the projection on the (1-dimensional) eigenspace associated to po and
where Ry (t) is a semigroup which satisfies

(5.1) [ Ra(t) < Cpet!

‘|W§i§’1(m*1)—>wg'l(m*1)
with explicit bounds.

Remark 5.3 Note that we do not claim that the resolvent R, is sectorial for a < 1 and
it is likely that indeed it is not (because of the contribution of the drift term). Moreover, it
is not clear how to make the spectral study in the Hilbert setting L*>(m™') with convenient
weight function m. In particular, we are not able to prove Proposition [Z4 in an L?
framework. In such a situation the spectral study and the obtaining of constructive rate of
decay on the semigroup become tricky. Let us emphasize also that (as most of the results
established in this paper) this result is not an easy consequence of perturbation theory of
unbounded operator since the elastic limit « — 1 is strongly bad-behaved (for instance
neither the relative bound nor the operator gap of [Z1] go to 0) because of the anti-drift
term.

5.1 Recalls and improvments of technical tools from [27]
Proposition 5.4 In the statement of Theorem [l one can replace everywhere L'(m™!)

by Wyt (m™1), k,q € N.

Let us first recall the key decomposition of £1 in 27, Section 2] (re-written within the
notation of this paper):

Let 15 denote the usual indicator function of the set E, let © : R — R, be an even
C* function with mass 1 and support included in [-1,1] and © : RV — R, a radial C>
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function with mass 1 and support included in B(0,1). We define the following mollification
functions (e > 0):
{ Oc(z) =€ 1O(c7 1), (z€R)

O (z) =€ NO(e ), (zecRN).

Then we consider the decompositions
Li(g) = L5(g) — L"(9) with  LY(g) :==vg

where L{ splits between a “gain” part Ef’ (denoted so because it corresponds to the
linearization of @*) and a convolution part £* (not depending on «) as

L5(9) = L (9) — L*(g) with  L*(g) := M [g* ®],

(we do not write the subscript 1 when there is no dependency on «). Then for any ¢ € (0,1)
we set
Lia0) =Tow) [ (o v bleosd) [f M. + M) dv. doy
RN xSN-1
where B
L5 = O x L i<y
and
bs(z) = (@52 * 1{—1+252§z§1—252}) b(z).

This approximation induces L5 = ’/“Tﬁ — L* — LY. Then the key result is that this
approximation converges (in the norm of the graph) to the original linearized operator
Ly as § — 0, first in the small classical linearization space L?(G7') (this technical result
was in fact mostly already included in Grad’s results [I§]), and second most importantly
in the larger space L'(m~!). On the basis of this approximation result the spectrum is
then proved to be the same in both functional spaces, and then the norm of the resolvents
within these two functional spaces are related by an explicit control.

Hence the keys elements of the proof which are to be extended are, on the one hand,
the approximation argument (which has to be extended from an L'(m™!) setting to an
W(f ’1(m_1) setting), and, on the other hand the explicit control on the resolvent in the
space L?(M~1) provided by the self-adjointness structure of the collision operator in this
space and the explicit estimates on the spectral gap (see [6]), which has to be extended to
an H*(M~') setting. Then the rest of the proof of [27] would extend as well (up to minor
technical modifications) to W*P(m™1).

Therefore for the first point let us prove the

Proposition 5.5 For any k,q € N and g € W;:’_ll(m_l), we have
|(e - 23) @]

where €(0) > 0 is an explicit constant going to 0 as § goes to 0.

< g(9)

witonety < SO s

Proof of Proposition . The case k = ¢ = 0 is provided by Proposition B2 Then

higher-order derivatives follows by differentiation, and the incoporation of a polynomial

weight is trivial. a
Concerning the second point let us prove the
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Proposition 5.6 The spectrum Y(L1) of L1 in L2(M™Y) is the same in any H¥(M™1),
k € N. Moreover the control on the resolvent, which was (self-adjoint operator)

1
IR ©llzi) = FHE =Ty

in the space L>(M~1), extends into

Ck
VEe A, [RuOmrar1 < dist(€,2(L1))’

3r 3
A:{gec, arg(§ + \) € [—%,Zﬂ

for any k € N and some explicit constant Cj, > 0,

with \
] and Reé < 5},

Proof of Proposition il A quick way to prove the result for instance is the following.
It is easy to prove by induction on k € N the following estimate on the Dirichlet form:

Z as (V°L1(9), Vig) 21y < —Tk Z Hﬁ(vsg)”%%M*l)

|s|<k |s|<k

for some explicit 7, > 0 and as > 0, |s| < k, and where I denotes the orthogonal projection
in L?(M~1) onto the functions with zero mass, momentum and energy. Therefore we
deduce on £ that its semigroup satisfies

VkeN, ||€tﬁ1||Hk(M—1) < Cy

and that obviously the same is true on the stable subspace of functions with zero energy.
Then by interpolation with the rate of decay of the semigroup for functions with zero
energy in L?(M~1), we deduce that

Ve>0, k€N, Het&HHH’C(Mfl) < C.p e~ (p2—e)t

for some explict C;; > 0, and where II is the orthogonal projection in L?>(M~1Y) onto
functions with zero energy. This implies on the resolvent that for any k € N,

veeA  IRuOur@i1) < Ch,

with 3 3 \

AZ{{GC, arg(§ + ) € [—Zﬂ,zﬂ} and ?Refgg},
for some explicit C}, > 0. Then the result follows by straightforward interpolation with
the estimates on the resolvent in L?(M~1!). O

Then we can conclude to the following extension of point (ii) of Theorem BTk
Proposition 5.7 We have

bi.q
1€+ A

VEe A, HRl (S)ngvl(mfl) < agqg+

with o R
AZ{EG(C, arg(&—l—)\)e[—%,zﬂ] and §Re£§§}.

for any k,q € N and some explicit constant ay, 4,by 4 > 0.
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5.2 Decomposition of L. and technical estimates

We fix once for all some fi € (u9,0) and we split the proof of Theorem into four steps,
detailed in the following four subsections.
Let us introduce the operator

Po=L1—Lo=L] — LI +7aV, (v).

Our first step in this subsection is to estimate the convergence to 0 of the first part of
this operator in suitable norm. Namely we prove

Lemma 5.8 (i) For any k,q € N, there exists C = C}, g such that
HE(—L_(Q)wavl(mﬂ) <C Hg”W;fl(mfl)’ ”Ea(g)”wf’l(m—l) <C ”gHW;Ll’l(mfl)‘

(i) For any k,q € N, there is a constructive function ¢ : (0,00) — (0,00) satisfying
e(a) — 0 as « goes to 1 and such that for any g € W:jrll(m_l)

H (Eii_ - ﬁt—)t) (g)HW;“’l(mfl) < E(a) Hg”W:fl(mfl)’

(iii) There exists C' € (0,00) such that for any g € Wg’l(m_l), we have
1021 = £0) @)1 sy < € (1= ) gl sy

Proof of Lemmali8 The case k = g = 0 is proved in Proposition B2l Then higher-order

derivatives are obtained from the L'(m™!) estimates by straightforward differentiation,

and the incoporation of polynomial weights is trivial. O
Now let us consider some £ € C and let us define

As=Li;— L

and
Ba,é(g) = V+£+ (‘Cié - ‘Cil—) + Py

(let us recall that the approximation E;r 5 was defined in the beginning of Subsection Bl
It yields the decomposition
£a - 5 = A6 - Ba,é(g)-

Then we have the
Lemma 5.9 Let us consider any k,q € N and £ such that Re& > —minv. Then

(i) For any 6 > 0, the operator As : L* — W5 (m™Y) is a bounded linear operator
(more precisely it maps functions of L' into C™ functions with compact support).

(ii) For § € [0,6*] and a € [aa,1] for some constructive 6* > 0 and ay € (ag,1)
(depending on a lower bound on dist(¢,v(RY))), the operator

Bas - Wf:ll’l(m_l) — qu’l(m_l)

1s 1nvertible
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(iii) The inverse operator B, s(€)™! satisfies for § € [0,6*] and o € [as, 1]

C
—1 1
[ Ba.s(6) wa'l(mfl)qwf'l(mfl) < dist(Re &, v(RN))

and
Co

1Bas ) w1y om1) < FoatE @)

for some explicit constants C1,Cy > 0 depending on k,q,0*,as and a lower bound
on dist(Re &, v(RY)).

Proof of LemmalEd. For & € v(RY)¢, it was proved in [27, Proposition 4.1, Theorem 4.2
the convergence to 0 of (L5 — L) as § — 0 (which was done in Li(m™!) — L'(m™!)
in [27] and is extended in any ijrll(m_l) — Wf’l(m_l) by Proposition BH), we deduce
as in [27] that for 6 small enough (depending on a lower bound on the coercivity norm of
v+ ¢, that is on a lower bound on dist(¢, v(RY))), we have

1
+ +
IEYs = £D)gllwpet g1y < 5 10+ &) gllyprer -

It was also proved that As; maps functions of L' into C'*° functions with compact
support (with explicit estimates).

Let now consider B, 5(£) only in the case k = ¢ = 0 (estimates for higher-order deriva-
tives and weights are obtained by straightforward differentiation and computations). From
LemmaE8 we have for a close enough to 1 (depending on a lower bound on dist(&, v(RY))),

1
(£ = £3) 9ll 11y < 5 10+ gl 1y

By considering the semigroup on L!(m~!) of B, s(€) and computing the evolution of the
norm in symmetric form using the formula for the differentiation of the complex modulus

of a function e
+
Vih| = 22 V"
=
it is easily seen that

1
HGB‘*";(OtgHLl(mfl) > (v +Re &) gllprm-1) — 5 (v + Re§) gll 11 (m-—1)

and therefore for a close enough to 1 (depending on a lower bound on dist(¢&, v(RY))), we
deduce that

1
||€B“’5(£)t9||1;1(m*1) > 3 [(v+Re&) gllL1(m—1)

and thus that the operator is invertible with its inverse bounded by

2
—1
1Bas &) llzrim) < Grmee v @)

Moreover by computing separately the evolution of the L'(m™!) norm in non-symmetric
form (thus keeping v + £ but creating a term of the form O(1 — «) times a Wll’l(m_l)
norm) and the evolution of the VVl1 ’l(m_l) norm in symmetric form: it yields easily

1 1
HeBa,é(f)tgHWm(mA) > 5 H(V + 5)9||L1(m*1) + 5 ||(V + g) va||L1(m71)

which implies the result, by droping the second term. O
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5.3 Geometry of the essential spectrum and estimates on the eigenvalues

First concerning the geometry of the spectrum, following the same strategy as in [27],
Subsection 3.2] we can prove the

Proposition 5.10 Let us pick any k,q € N and m a smooth exponential weight function
(as defined in (LZ8)). Then for any a € [ag,1], the spectrum of L in W];’l(m_l) is
composed of a part included in A, ~(containing all possible essential spectrum), and a
remaining part included in A_, exclusively composed of discrete eigenvalues.

Proof of Proposition [LI01.  We follow the same method as in the proof of [27, Proposi-
tion 3.4]. One uses the decomposition

La = A5 - Ba,é(o)y
the compactness of the first part As and the coercivity

1 Ba,s Ol 1 (m-1y = [V gllrm—1) — €(8) [V gll L1 (m1)

of the second part (where €(6) — 0 as § — 0). Then one applies Weyl’s theorem and show
that (for any > 0) A_, L) has to be a Fredhom set with indices (0,0) (except possibly
for a countable family of points) since [a,+00) is included in the resolvent set for a big
enoug. O

Second concerning the discrete part of the spectrum, that is the isolated eigenvalues
with finite multiplicity, following the same strategy as in [27, Proof of Proposition 3.5] we
can prove the

Proposition 5.11 Let us fir i € (pu2,0). Then for any « € [ag, 1] (where ag is obtained
from Lemma [2 for this choice of [i), for any p € Ay and ¢ € VVll’1 satisfying

Ea((b) =po

in L', we have
@l -1y < Crm 9]l 1y

for any k € N and m = exp(—av|®), a > 0, s € (0,1), where the constant Cy,,, depends
on k, m and a lower bound on i — .

Proof of Proposition[T1l. Let us sketch the idea of the proof. We use the decomposition

0=La¢—p¢=As¢ — Bas(p)d

and the fact that for the choices made for u and « in the assumptions we have (adjusting
§ as in Lemma B3) B, s(p) is invertible in any W"1(m~!) with explicit bound, and Aj
maps L' into C* functions with compact support. a

Remark 5.12 An alternative proof could be to adapt the proof of Proposition [Z_7.
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5.4 Estimate on the resolvent and global stability of the spectrum

Lemma 5.13 Let us pick k,q € N and m a smooth exponential weight function (as defined
in {LZ8)) and consider the operator L in Wi (m™1). Then

(i) For any & € R(L1), there is ag € [aa, 1) such that & € R(Ly) for any o € [og, 1].

(ii) More precisely, the resolvent R, (&) satisfies the two following estimates for a €
[012, 1).‘

C1+ Cq HRI(@HWkLl'l(m*l)
Ra t oy S M
IRl 1) = TG T a) TR @ e
A m=1)
) Ch + ¢ IR (&) gy k1. (1
0(€) 1= C3 (1 = ) [IR1(E)lyyrsra 1y
q+1

<

HRa(f)stﬂvl(mﬂ)aw’;vl(mﬂ)
with §(&) := dist(&, v(RY)) and where the constants C;, C!, i = 1,2,3 depend on a
positive lower bound on dist(Re &, v(RY)).

(111) Finally, for any compact set K C p(Ly) there exists ax € [ag,1), Cx € (0,00) such
that

VEEK, a€ (o] [Ral€)lypig,o) < Cr
VEEK, a0 € (1] [Ra(€)h— Rar(€) Al oty < Crc (1= ) [y

Proof of LemmaliT3 We split the proof into three steps.

Step 1. Let us consider the following operator defined from Wg’l(m_l) to Wjj’ll’l(m_l)
(which is seen to be well-defined at a glance)

In5(6) = —Bas(€) ™" +Ri(€) A5 Bsa(€) ™
Some straightforward computations show that
(La =€) La,5(€) = —A5 Bas(§) ™ +1d + |Id — Pa R1(€) | As Ba,s(€) ™
which simplifies into
(La =€) La,5(€) =t Ja,5(€) :=1d — Pa R1(€) A5 Ba,s(€) ™" =2 1d — Ko 5(£).

First using that
I Pallygss sy < € (1= ) [All ks oy

the control of Ry () in ngll ’l(m_l) and the regularization property of As we deduce that

Ko 5(€) = PaR1(€) As B5o(§) ' = O(1 — @)

in the norm of bounded operators on W(f ’l(m_l), and therefore for (1 — «) small enough
(with explicit bound) we get that

15(6) et gosy < Cs (1= @) [RA(Ollypsrs oy < 1
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and Id — K, 5(§) is invertible in Wf’l(m_l). As a consequence
(ﬁa - f) [a,é(g) (Id - Ka,é(g))_l = Idwk,l(mfl)
q

and we have proved that £, — £ admits a right-inverse, namely so that I,(¢) (Id —
K, (€)™, This proves that the operator £, — £ is onto.
Step 2. In order to show that L, — £ is invertible and that we have identified the

resolvent it remains to prove that it is one-to-one. Let us consider the eigenvalue equation
(Lo — &) h =0 which writes

(L1 —&h = Pyh
from which we deduce (using Proposition BTl to get regularity bounds on h)
il ooy < RO it oy [Pahlygs oy
< O RO sy iy s
< (1= ) ROyt ory Wl oy

Therefore for (1 — «) small enough (depending on the norm of R1(§)) we have that nec-
essarily h = 0, and thus the operator (£, — &) is one-to-one.

For « satisfying all the previous conditions, the operator (L, — ) is bijective from

pyktLL

a1 (m~1) to Wg’l(m_l) and its inverse is given by

Ra(f) = a,5(§) Ja,é(f)_l
from which we get the desired bound on the resolvent thanks to the study of Ba,(;(g)—l in
Lemma At this point we have proved points (i), (ii) and the first estimate in (iii).

Step 3. The second estimate in point (iii) is obtained from the resolvent identity

Ra(§) = R1(§) = Ra(§) [L1 — La] R1(8),

together with the previous estimates on the resolvent and point (iii) in Lemma a

Remark that this lemma proves the point (ii) in Theorem B2 Moreover, as a con-
sequence of this estimate on the resolvent R,(£), we may go one step further in the
localization of the spectrum of L, around 0.

Corollary 5.14 Let us fir i € (p2,0). In any W’;’l(m_l) there is some constant C' €
(0,00) such that )
Vae |ag, 1], X(La)NAzC B(0,C(1—a)).

Proof of Corollary T4 The proof follows from the estimates in point (ii) of Lemma B13]
together with the fact that (Proposition 4.1 of [27] in L'(m~!) extended to Wg’l(m_l) by
the previous discussion):

b
Vf € Aﬂ? |!721(§)|!W§1(m,1) <a-+ m

for some explicit constants a,b > 0. We get thus that |]Ra(§)|lwk,1(m,l) <ooif& e Ay
and |¢| > C (1 — «), which concludes the proof. O
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5.5 Fine study of spectrum close to 0

Let us fix r € (0, |z|] and let us choose any .. € [a,1) such that C' (1 — ;) < r (with the
notations of Corollary BI4) in such a way that X(L,) N Ax C B(0,r) for any « € [ay, 1].
We may then define the spectral projection operator (see [21])

(5.2) I, = —% Ra(C)dC

™ Js(o,r)
in any Wg’l(m_l), with S(0,7) := {{ € C, |{| = r}. The operator II, is the projection
operator on the sum of eigenspaces associated to eigenvalues lying in the half plane {£ €
C, Re& > —r}, see 2I]. In particular the operator II; is the projection on the energy
eigenline R ¢1, where we recall that ¢ is the energy eigenfunction defined by (C33).

Lemma 5.15 The operator 11, satisfies

(i) For any k € N and any exponential weight function m (as defined in (LZ8)), it is
well-defined and bounded in WF(m™").

(i) Moreover there is a constant C' > 0 (depending on m) such that

(5.3) Va, o € lay,1] |ITL, — Ha/HW33,1(m,1)_)L1(m,1) <Cld —al.

Proof of Lemma[BT3 Tt is a straightforward consequence of (B2) and LemmaBEI3 O

Corollary 5.16 There exists ag € [a2,1) such that for any a € [as,1) there holds

Y(La) VA ={pa}t and the eigenspace associated to i, € R is 1-dimensional.

This eigenvalue is called the energy eigenvalue. We may furthermore remark that Corol-
lary implies
(5.4) Va e [as, 1) ol < C (1 —a).
Proof of Corollary BI8 ~ We already know that 3(La) N Ay is entirely composed of
discrete spectrum. Therefore we have to prove that it is of dimension 1. Indeed once this
is proved, the fact that u, € R is trivial since the operator is real, and the control ([&4) is
trivial from Corollary BT41

Let us define the space X, := IIo(L'(m™!)) + (L' (m™"')) endowed with the norm
| - |1 m-1)- From Proposition BTl there exists a constant C > 0 such that

Vi € X, H?wagyl(mfl) <C ”wuLl(m*l)'

Thanks to the definition of II, and II; and to Lemma BT5 we then get

Ra(z) — Ri(z -
Mo ~Milyox, € Cosup sup 1R R Ploin
$EXa 2€5(0,r) 1l 21 (1)

H ¢HW§’1(m71))

< C3(1-a) sup
vexa Wl
< Ci(1-a)<l,
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for (1 —a) small enough. By classical operator theory (see for instance the arguments pre-
sented in |21, Chap 1, paragraph 4.6] in order to prove [2I], Lemma 4.10]) one deduces that
dimension(Il,) = dimension(Il;). Since dimension(Il;) = 1 (as recalled in Theorem B.TI),
this concludes the proof. a

Let us introduce for any ¢ € L! the decomposition

¢ =T + 11 = (m19) ¢1 + I 0,

where m119 € R is the coordinate of II;9 on R ¢ (defined thanks to the projection IIy).
For any « € [as,1) we denote by ¢, the unique eigenfunction associated to i, such that
[6allzy = 1 and T164 > 0.

We can now establish a first order approximation of the eigenfunction ¢,.

Lemma 5.17 For anyk,q € N and any exponential weight function m (as defined in (L23)),
there exists C' such that

(5.5) Va € [as, 1] oo — D1k, 1y < C(1—a).
Wg (m~1)
Remark 5.18 We immediately deduce from Lemma [5.17 that ¢o(0) < 0 for o close

enough to 1, and therefore, we get that this definition of ¢ coincides with the definition
in Theorem [l

Proof of Lemma T4 On the one hand, from the normalization conditions, we have

l61 - Mdallyy = 11— mdal = |llgally — Mol
< Nléa — Wby = [T Gal 13-

A

We then deduce
(5.6) l¢1 = ¢allry < IMida — dallzy + T Gallzy < 2|15 ¢allry-
On the other hand, the eigenfunction ¢, satisfies
£1(¢a) = [£1(%a) — La($a)] = 1o b

Recall that from Proposition B-IT one has uniform bounds in W' (m=!) on ¢, in terms
of its L} norm which has been fixed to 1, so that for any a € [az, 1], H<;5a||Wk,1(m,1) <C.
q

Using Proposition Bl and Proposition BTl we get
1£1¢all 11 (m-1y = O(1 — ).
Using that £, is invertible from I+ L (m~!) to L'(m™") we deduce that
(5.7) I Gall 1 m-1) = O(1 - ).
We conclude the proof of (&5 holds for the L norm gathering (&8]) and (&1):

Vaelasl]  da—dilly < C-a).
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Let now consider the eigenfunctions ®, associated to p, for a € [as,1] such that
m1®q > 0 with the normalization condition |[®qlyk1(,-1y = 1. Proceeding similarly as
before (by working in the space W*1(m™1)), we can get

||<I>a — ¢1||Wk,1(m71) = 0(1 — a).

Because the eigenspace associated to p, is of dimension 1, we have ®, = ¢, ¢, for some
constant ¢, € (0,00). Then

1 = cal = lleada — 1 dalliy < [1Pa — D1l +lerl llfr — éallzy = O - a).

We then easily conclude that (&35 holds for any W*!(m=!) norm. O

We now use the linearized energy dissipation equation to get a second order expansion
of the eigenvalue.

Lemma 5.19 For « € |ag, 1], the eigenvalues o, satisfies (with explicit bound)
o = —p(1—a)+0O(1 — ).
Proof of Lemma[Id. By integrating the eigenvalue equation
Lada = ta Pa

against |v|? and dividing it by (1 — «), we get

[P E(0n) = 20E(60) = 2(1+ ) D(Gas b0).

Using the rate of convergence of G, — G and ¢, — ¢ established in Lemma B4 and
Lemma B.T7 we deduce that

(5.8) - E(91) = 2p€(61) — 4 D(Gr, 1) + O(1 — a).

Then we compute thanks to (AJ]) and ([A2)
(5.9) E(¢1) = 2N co by,

where ¢ is still the normalizing constant in ([L33]) such that ||| y = 1. Similarly, using
[(A3), (A3 and the relation (CZ7) which make a link between b, and 0y, we find

o 3 _
(5.10) D(G1.¢1) =5 Neo P’ 07,

We conclude gathering (), (B9) and (&I0). O
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5.6 The map a— G, is C*

The fact that the path of self-similar profiles o — G, is C° on [a3, 1] and C! at o = 1 was
already proved in Lemma B4l Therefore we have to prove that it is C! for a € a3, 1).
Let us define the functional

(a,g) = \If(oz,g) = Qa(gag) - Ta VU(UQ)-

The map ¥ is C! from R x (W,"'(m=1) N Cpo) into L1(m™!) and it is such that for
any « € [ag,1), the equation ¥(a,g) = 0 has only one solution which is the profile G,.
Moreover, for any o € [as,1), the linearized operator Do¥(a, G,) = L, is invertible
from WH(m=1) into L'(m™!) because of the spectral properties of L, established in
Theorem (i) & (ii) (note that here there is no eigenvalue approaching 0 at a)). Then
using the same strategy as in Subsection based on the implicit function theorem we
easily conclude that a +— G, is C! from [a3,1) into L!'(m~!). That ends the proof of
Theorem [[T] (ii).

5.7 Decay estimate on the semigroup

We start with a lemma on non sectorial semigroups in Banach spaces. This result is a
tool for deriving constructive decay rate on non sectorial semigroups, from the knowkedge
on the resolvent of their generator. We do not try to prove such a decay rate for the
semigroup in the norm of the Banach space but instead in a weaker norm (corresponding
to the norm of the graph of some power of its generator), which shall be sufficient for our
study of the linearized stability of the non-linear equation ([L29I).

Lemma 5.20 Let A be a closed unbounded operator on a Banach space E with dense
domain dom(A). We denote by S(t) the associated semigroup, by R(A) the associated
resolvent set and by R = R(§) the resolvent operator defined on R(A). Assume that we
have a sequence of Banach spaces Eo C Ey C Ey = E decreasing for inclusion (in most
cases this sequence shall be provided by Ej, = dom(A*) endowed with the norm of the graph
of A¥). We assume on the operator that:

(i) the resolvent set R(A) contains the half plan A, for some a € R, together with the

estimates
sup | R(a +15)|| 5o~ < C1
seR
and o
Vs ER, [Rla+is)lmi—so IR(@+is)lm— < 775

for some constants C1,Cy > 0;

(i1) the semigroup S(t) satisfies
(5.11) Vt>0, [|SO)|E,—p < Csebt
for some constants C3,b > 0.

Then for any a’ > a, there exists a constant Cy depending only on a,b,a’,Cy,Csy, C3
such that
(5.12) V>0, [1SO)py—p, < Cre®t.
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Proof of Lemma[32ll. 'We split the proof into two parts.
Step 1. The first bound on the resolvent implies that for any = € Ej

R(a +is)x]m, — 0, [s] — oo

Indeed we first consider x € dom(A) and then argue by density (since the domain dom(A)
is dense). When z € dom(A) the result is proved by the relation

R(z)x =271 [ —1d + R(2) A] .

Step 2. Then consider the following integral of R(z)x on a vertical segment with real
part a (for some M > 0)
a+iM
In(x) = / e R(2)x dz.
a—iM
The function z — R(z) is differentiable on this segment and we can perform an integration
by part:
a+iM et

R(a —iM)x — / — R(2)*xdz
a—iM t

e(a—i—iM)t e(a—iM)t

Iy(z) = ; R(a+iM)x — "

where we have used R'(z) = R(z)?. Now we estimate the Ey norm of this quantity:

e(a—i—iM) t

e(a—i—iM)t
— R(a+iM)x

—— R(a+iM)x

1Tas (@), < t

+

Eo

C2 eat —+oco 1
R —  d .
TS (/oo TRz ) Izl

Therefore the integral is semi-convergent and we can pass to the limit M — +oo and use
(see [32, H]) that

Eo

1 a+iM . 1
St = — i AR(Dwdr = — lim I
)z Dim M=o a—iM ¢ Riz)dz 2ir Moso M

to obtain (the two boundary terms go to 0 as M — +oco from the first step)

, eat , 9 +o00 1

5.13 S(t < Cy— , with C)=C ——ds|.

613 IS0l <G lele win G=cf ([ o)

Using (BI0) for ¢ < 1 and (BI3) for ¢ > 1, we conclude that (BIZ) holds with Cy =
max(C}, C3 eb=%). ]
Proof of point (iii) in Theorem The point (ii) of Theorem was proved in
Lemma BT and it shows that the operator L, = (Id—T11,) L, together with the sequence
of Banach spaces E; = Wfﬂ’l(m_l), 1 =0,1,2, for any fixed k¥ € N and any exponential
weight function m (as defined in (L28)), satisfies the assumption (i) of Lemma for
any a € (p2,0). Moreover it is trivial to prove that it satisfies the assumption (ii) of
Lemma for some explicit b > 0 from the decomposition £, = As — B, s(£) already
introduced. O
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6 Convergence to the self-similar profile

In this section, we consider the nonlinear rescaled equation (L2Z9) and we prove the con-
vergence of its solutions to the self-similar profile. As a preliminary let us recall some
result on propagation and appearance of moments and regularity which is picked up from
[24, Proposition 3.1, Theorem 3.5, Theorem 3.6].

Lemma 6.1 Let us consider gin € LYNC,0 and the associated solution g € C([0,00); L})
to the rescaled equation (LZ9). Then

(i) For any exponential moment weight m (as defined in (L28)) with exponent s €
(0,1/2) and any time tg € (0,00), there exists a constant My = M (to) such that

(6.1) sup [lg(t, )l 1 (m-1) < M.

[t()voo)
Moreover, if gin € L*(m™Y) for some polynomial or exponential (with exponent s €

(0,1)) moment weight m then [G1) holds (for this weight m) with to =0 and some
constant My = Mi([|ginl| 1 (m-1))-

For the two following points we now assume that for some constants c¢1,T € (0, 00)
there holds

(6.2) [iofljf] E(g(t,")) = e,

and we state some smoothness properties of the solution g which depend on ci but
not on T nor .

(ii) Assume (@2). Then for any ko € N there is qo = qo(ko) € N such that Z'nginHHkoﬂL(l]
0
Co holds, then for any c1 € (0,00) there exists C1 = C1(Cp,c1) € (0,00) such that
for any time T € (0, 00), we have

(63) Vite [07T]7 ||g(t7')HHk1 < 017
with k1 =0 ’ifko =0and k1 = ko —1 ’ifk() e N*.

(iii) Assume (63) and that g, € L?, with ginllL2nzy < My € (0,00). Then there exists
A € (—00,0) and for any exponential weight function m with exponent s € (0,1/2)
and any k € N, there exists a constant K (which depends on p,ci, My, k,m) such
that we may split g = g° + g% with

(64) Vi e [07T]7 ||gs(t7 ')HHkﬂLl(m*l) <K, HgR(tv )HL:I,) < Ke)\t'

Remark 6.2 It is worth mentioning that these estimates are uniform with respect to the
inelasticity parameter a € (0,1). Indeed, one the one hand, this was already the case for
the moment estimate ([G1) in [24, Proposition 3.1]. On the other hand (G3) and (6-4)
from [24), Theorem 3.5, Theorem 3.6] were (partially) based on the use of the damping
effect of the anti-drift term (whose coefficient was fixed to T = 1). Here the damping effect
of the anti-drift term vanishes (1, — 0) but it is replaced (as for the elastic Boltzmann
equation) by the lower bound on the energy (GA) which allows for a control from below
on the convolution term L(g) appearing in the loss term of the collision operator (see
Lemma [ZZ3), which is enough to conclude also in this case.
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6.1 Local linearized asymptotic stability

Let us first consider the nonlinear evolution equation (CIH) in L'(m~') N H*, and the
associated equation on the fluctuation h of a solution g around the unique equilibrium
Ga: g=Go+ h and

Oth = Loh + Qa(h, h).

Let us start by stating an inequality that we shall need in the sequel.

Lemma 6.3 For any exponential weight function m (as defined in (LZJ)), there is a
constant C' € (0,00) such that for any h € Wg”l(m_l) and any o € (0,1),

MaQa(hy )| L1 -1y < C'(1 — @) thlwal m-1)°

Proof of Lemmal6:3 We write

HaQa(hv h) = Ha(Qa(hv h) - Ql(hv h)) + (Ha - Hl)Ql(h7 h)
On the one hand, from Lemma (i) and (B4, there is C' € (0,00) such that

e (Qa(hy h) = Qi(h W)l m-—1y < C (L= a)|hllF 50, 1
W3 s (m=1)
On the other hand, from (B3]) and BII), we get

(e = ) Q1 (A, W) g1 gm-1y < C (1 = a) IR}, 31 (1)

The proof of the lemma is immediate by gathering the two previous estimates. a

We now state a first local linearized stability result.

Proposition 6.4 For any o € [a3,1), the self-similar profile G, is locally asymptotically
stable, with domain of stability uniform according to o € [as,1).

More precisely, let us fix p € (0,00) and some exponential weight function m as
in (LZ8). There is k1,q1 € N* such that for any My € (0,00) there exists C,e € (0, 00)
such that for any a € [as, 1], for any g € H* N LY (m™T) with mass p, momentum 0
satisfying

(65) HginHH’clﬁLl(m*QI) < Mo, ”gln G ”Ll(m <,

the solution g to the rescaled equation (LZ4) with initial datum g, satisfies
(6.6) Vt>0, | (9 — Ga)lloim1) < Cllgin — Gallprm—1y €,

6.7)  Vt>0, [(Id=Tla) (g — Ga)llLim-1) < Cllgin — Gallprn-1) e #="

Proof of Proposition Step 1. Let us first denote by c¢; the constant given in Step 5
of Proposition 2.1l such that

Va € lag, 1), E(G) >2ec1.
We may then fix ¢y € (0,00) in such a way that

(6.8) lg — Ga 2t (m-1) < €0 implies E(g) > c1,
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and define
T, :=sup{T, E(g) = 1 Vt €[0,T]} € (0, 00].

From Lemma BT (i) & (ii), there exists M € (0,00) (depending on p, c1, k1, q1, Mo) such
that for any T € (0, 00) there holds

(6-9) sup ||9||Hk1ﬂL1(mﬂI1) < M.
te[0,T%]

Let us now consider the fluctuation h; = g — G. Thanks to the mass and momentum
conservations, it satisfies hy € Co o for all times, as well as the bound (E3). We define the
following decomposition on h:

Al =T,k and h? = (Id — T1,)h =: T2 .

Since the spectral projection II, commutes with the linearized operator L., the equation
on h' writes

Oht = po ht + Qo (h, h).

Multiplying that equation by (signh)m~! and integrating in the velocity variable, we
deduce thanks to Lemma 53 and to (B:2), [E3) that on (0,7%) the following holds

d 1 1 2
0t ey < a0 o) +C (4= ) 1Al a1,
(6.10) < (1—a) [Cu RN + CllpIGy = Co A gy

for some constants C7 depending on M and the possible choice Cy = p/2 for Cy. For the
second part h? we have the following equation

Oth? = TIE Lo h? + T Qu(h, h).

Since the linearized operator £, restricted to II> generates the semigroup R, (t) defined
in point (iii) of Theorem B2, the Duhamel formula reads

B2() = Ray(t) hin + / "Rult — ) TT-Qu (b h)(s) ds.
0
From (B0) and (BJ]) we have

t
12 () L1 (1) < C " [ hinll g1 m-1) + C/O e =2 || h(s) ds.

”2 2,1 . —1
W5 (m~1)
We deduce

2 ot 2 ¢ t 113/2 2113/2
wﬂwmmmné@ﬁH%WHMA#“”WwwmgHMMW“Qw

with Cy depending on M thanks to (B2)) and (G3). It is then easy to show by comparison
arguments from (EI0) and ETIT) that there are 0 < €3 < &1 < gy (one can take for
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instance 1 < g¢/2 satisfying 2 C} 51/2 < Cyand2Cy 51/2 < 1/2 and next g9 < &7 satisfying
C3e9 < €1/2) such that

|l 2t (1) + | A2, lz1(m-1) < €2 implies  sup max{HhtHL1 ,Hh?”Ll(m—l)} <e1.
t€[0,T%]

(6.12)

Gathering (68) and ([6I2) we deduce that there exists € € (0, e2) such that under condition

(EX) there holds Ty = oo as well as

sup |lg — Ga 21 m-1) < 2¢€1 < €.
te(0,00)

Step 2. In a second step, coming back to ([EI1]) and to the integral version of (GI0) and
setting y(t) = ||hY]| + |pal |23, we obtain

t
(6.13) y(t) < Cs et y(0) + Cs |al / e (79 y ()3 ds.
0

Then we have to the following variant of the Gronwall lemma whose proof is the same
that the one of [27, Lemma 4.5] and is therefore skipped:

Lemma 6.5 Lety = y(t) be a nonnegative continuous function on Ry such that for some
constants a, b, 8, u >0,

t
y(t) <ae X 4+ b </ e M=)y ()1 H0 ds>
0

(as compared to [27, Lemma 4.5/, X needs not necessarily be y(0)). Then if X and b are
small enough, we have
y(t) < CXe M,

for some explicit constant C' > 0.

Thanks to the uniform smallness estimate on y(¢) we can apply the lemma with § = 1/4
for instance, and we get

y(t) < Cry(0)et=!

from which we deduce the estimate ([E6) for the ! part of g — G,. Finally, we may insert
that estimate on h' in (EI1) and we get

t
23 n0y < G5 €5+ 2500 i3y + Ci [0 25, .

The same kind of computation yields to
1171 < Cg e®2 1t In(0)]

from which (&) follows. O
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6.2 Nonlinear stability estimates

In this subsection we shall prove that when the inelasticity is small, depending on the size of
the initial datum (but not necessary close to the self-similar profile), the equation ([CI)
is stable. This relies mainly on the fact that the entropy production timescale is of a
different order (much faster) that the energy dissipation timescale as o — 1. This point
is familiar to physicists (see for instance [9]) which separate, for granular gases with small
inelasticity, the molecular timescale (the level where entropy production effects dominate)
and the cooling timescale (much slower than the molecular timescale).

Proposition 6.6 Define ko := max{ko, k1}, ¢2 := max{qo,q1,3}, where k; and q; are
defined in Theorem [T and Corollary [34. For any p, &, My there exists ay € [as, 1),
c1 € (0,00) and for any o € [ay,1] there exist ¢ = p(a) with p(a) — 0 as a — 1
and T = T(a) (possibly blowing-up as o — 1) such that any initial datum 0 < g, €
Lt NH*NCpo¢, with

ginll s ke < Mo,

the solution g associated to the rescaled equation (LZ4) satisfies
Vt>0, E(g)>ar
and for all o/ € [ag,1) and then all o € [/, 1]
(6.14) Vt>T(d), Hgt - GQHL% < ().
Proof of Proposition BEB. Let us consider a solution g € C([0,00); Ly, N H k2) to the

rescaled equation ([CZ9)) with given initial datum g, whose existence has been established
in [23], 24]. We split the proof of the Proposition into five steps.

Step 1. From the propagation and appearance of uniform moment bounds [24, Proposi-
tion 3.1, (iii)], which it is worth noticing have been obtained uniformly with respect to the
elastic coefficient (see also [§]), there exists C; € (0,00) such that

(6.15) sup|lgllzy < Ch.
t>0 2

Let us define ¢; := min{€(G1), & }/4, and

(6.16) T, :==sup{T ; Vt € [0,T], E(g(t,)) > c1}.
Next from the equation on the evolution of energy

(6.17) Et)=—-1-a®)b De(g9)+ (1 —a)2p&

and (GI3) there holds
B <Co(1—a) Vt>0

(take for instance Co = 2by C12 + C1), from which we deduce that we necessarily have
T.>C3(1 —a)™!

(take for instance C3 = (3/4) & /C2).
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Step 2. From point (ii) of Lemma ], we have for some constant Cs € (0, 00)
(6.18) Vtel0,Ty] lgell gr2 < Ca.

Moreover from Lemma [Z0, for any time ¢; € (0,7}), there exists some constant C5 =
C5(p, C4,t1) such that

(6.19) Vie[t, T  gt,v) >Cole O P,

Step 3. With the notations of Theorem B we compute the evolution of the relative
entropy of g(t,-) with respect to the associated Maxwellian M|g(t,-)], and we obtain

SHGME) = SH) -4 [ om = S - Y
= —Dualg) - % (1 —a) De(g).

Next from Lemma B4 and the estimates (G10), (616), (EI8) and (EI9) we have

d

S H@IMgl) = —Dualg.9) +O(1—a) on (t1,Ty).

Then from (BII), we are then led to the following differential inequation on the relative
entropy

%H(Q\M[gl) < —CgH(g|M[g)* +C7(1—a) on (t1,Ts).

By straightforward computations we deduce that independently of the value of H (g, | M [g1,])
(this “loss of memory” effect is typical of differential equations with overlinear damping
terms), we have

12 1+ ¢=Co (1=a)'/2 (i—t1)
1— e—Cg (l—oc)l/2 (t—t1)

Vte[t, T, H(glMg]) <Cs(1-a)

for some explicit constants. As a conclusion, defining t3 := t; + Cy '(1 — a)~%? and
choosing & € [a3, 1) in such a way that ty < T, we have for a € [/, 1)

Ve ft2, Th] H(g(t)[M[g]) < Cro (1 —a)'/.

Finally, using Csiszar-Kullback-Pinsker inequality ([BI0), as well as Holder inequality, we
obtain under the same conditions on « and the time variable:

(6:20) [lg — Mlglllzs < Cllg = Mlglll 2" gll )" < € H(glM[g)/* < € (1~ )%,

Step 4. Now let us go back to the energy equation (GI7). First, with the help of the
moment bound (EI3), one may write

E'(t)=2(1—a)[p€ — b1 De(g) + O(1 - a)].
Thanks to (G20) we deduce

E'(t) =2(1—a)(p€ — b1 De(Mlg)) + O((1 = a)/®*)) on  (t,T2).
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Finally, thanks to BI6]), (BI1) and the relation £(g) = p N 6(g), we get on (t2, T%)
(621)  €(1):=BEWM).0) = (1) ks €&~ %)+ O((1 - )%,

where £ = p N 0; with ; is the quasi-elastic self-similar temperature defined in ([=D).
We may then choose o € [a/, 1) such that X(c1,a) > 0 for any « € [@”,1). We conclude by
maximum principle that T, = oo for a € [, 1). In particular, all the previous estimates
on g are uniform on (t2,00).

Step 5. Thanks to (EZI]) we easily get

e < (- )l (€ -8 01~ ),

so that (for some constants a,b > 0)

Vi >ty, [E@1) =& <|E() —&|e 07 (t) 4 b1 — )8,
Setting T'(«) = max{tz,c(1 — a)~1} for some suitable constant ¢ > 0, we then obtain
(6.22) E-&|=0(1-a)"®) on [T(a),).
In order to conclude that (EI4]) holds, we write

9(t) = Ga = (9(t) = Mg(t)]) + (M[g(t)] — G1) + (G1 — Ga),

and we estimate the first term thanks to (E20), the second term thanks to ([E22) and the
third term by BIZ). O
6.3 Decomposition and Liapunov functional for smooth initial datum

The proof of the gobal convergence (point (v) of Theorem [[T]) for smooth initial data only
amounts to connect the two previous results of Propositions and 6.6l by choosing « such
that p(a) < & where ¢ is the size of the attraction domain in Proposition and (a)
is defined in Propositions B8l More precisely, we state without proof the straightforward
combination of Propositions and Proposition B4l

Corollary 6.7 Let us fix an exponential weight function m as in (LZ8), with exponent s €
(0,1). Then for any p, &y, My there exists C' and a5 € [ay, 1) (depending on p, Ey, My, m)
such that for any o € [as,1) and any initial datum 0 < gy, € LY (m™%) N H*? satisfying

gin € Cp0.69, 9inll 1 gm-a2 ) pre2 < Mo,
the solution g associated to the rescaled equation (LZ4) satisfies
Vt>0, [Ma (g — Ga)llpim-1y < Celet,
V>0, [(Id—Tla) (9 — Ga)llpigm-1y < C PP bt

Remark 6.8 Note that the constant C in the rate of decay does not depend on o. This
comes from the fact the size of the linearized stability domain is uniform as « goes to 1
i Proposition which allows in Propositions [A to pick a fized o/ such that in the
estimate [6.14) p(c) is less than this size, and therefore that the time T(o) required to
enter this neighborhood does not blow-up as a goes to 1.
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As a by-product of the previous propositions, we state and prove a result which pro-
vides a partial answer to the question (important from the physical viewpoint) of finding
Liapunov functionals for this particles system. Let us define the required objects. We
consider a fixed mass p and some restitution coefficient o whose range will be specified
below. At initial times, non-linear effects dominate and therefore we define

Hi(g) = H(g|M[g]) + (€ — &)’

where £, = £(G,) is the energy of the self-similar profile corresponding to o and the mass
p. At eventual times, linearized effects dominate. Therefore we define a quite natural
candidate from the spectral study:

+o0o
Ha(g) := ||h1||%1(m71) + (1 - a)/o HRa(S) hz”i? ds,

with h! =TI h, h? =TI2h and h = g — G,.

Proposition 6.9 There is ky € N big enough (this value is specified in the proof) such
that for any exponential weight function m as defined in (LZ3), any time ty € (0,00)
and any p,&, My € (0,00), there exists k. € (0,00) and ag € [as,1) such that for any
a € [ag, 1] and initial datum gy € H* N L' (m™") satisfying

1 8
Jin € Cp,(],&)a ||gin||Hk4mL1(m71) § M07 gin(v) 2 M() ! € Mool )

the solution g to the rescaled equation (LZ4) with initial datum gy, is such that the func-
tional
H(gt) = Hl(gt) 1{7’(1(5]7:)2/@*} + H2(gt) 1{H1(gt)§l-€*}

is decreasing for all times t € [0, +00). Moreover, H(g(t,-)) is strictly decreasing as long
as g(t,-) has not reached the self-similar state G,.

Proof of Proposition We split the proof into three steps.

Step 1: Initial times. Taking k4 > ko and « € [y, 1), we know from the proof of Proposi-
tion that the solution g satisfies that

_ _ 8
Vte [t(],OO), ||g(t7')HHk4ﬂL1(m*1) < M17 g(t,U) > Ml le Mol 3

for some constant M; € (0, 00) (recall that ay was adjusted in terms of p, &, My). Coming
back then to Steps 3 and 4 in the proof of Proposition [6.6, we obtain the two following
differential equation on (tg, o)

%H(g\M[g]) < —Ki H(g|M[g])* + O(1 — a)

and

%5 =2p(l—a) [K2€(E* —EV?) (€ &)+ O((1 - a)1/8)] :

for some constants K; € (0,00). We easily deduce that for any x € (0,00) there exists
oy, € [as,00) such that

d
(6.23) EHl(gt) < 0 for any t € (0,00) such that Hy(g:) > k.
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Step 2: Eventual times. Let us first remark that from point (iii) in Theorem B2 (iii) and
the interpolation inequality (B.2)), for any ¢ € N* there exists k, k' € N and C; € (0,00)
such that

IN

HRa n? & HRa thWl«l(me)

< Cyels Hh2HW2k+2’1(m7q/2) < Czels ”h”Hk/le(m*q)7

=

A

so that, taking k4 big enough, the functional Ha(g(t,.)) is well-defined for any times
t € (0,00). First observe that from (EI0) there holds

d 5/2
621) G e < 0= a) [K I, ) = Ko I |
Second, we compute (with the notation of Subsection [B1)

4
dt J,

On the one hand,

+o00 +o00 _ _
| Ra(s) B2 |3 ds =2 / / (e5Ea h?) [e* Lo (Loh? + T Qu(h, b)) ds dv.
0 RN

+0o0 _ _
I, = 2 / / (e5E h2) [e* Lo Loh?] dsdv
0 RN
oo d sLa 1,212 2112
= [ gl R ds = e
On the other hand,

+o0
Bo= 2 [ [ (Ralo)) [Ra(s) I Qu(h, 1) dsdo
0 RN
+o00
< 2C12/0 [ Ra(s) h2”wk1,1(qu/2) ”Ra(s)HiQa(hah)HWh»l(qu/Z)dS

oo
< ([T as) s Qa5

2

3/4 1/4 3/2 1/2
< G IR IR s s ey WU W s ey

for some k3 € N given by Proposition [Bl Taking k4 > k3, we then obtain

d

+oo 9 9/4
i) [ Ra(s) hZ|| % ds < K ||h]| 2" — ||h?][..

(6.25) i

Gathering (624) and (G2H) and using some interpolation again, we deduce that there
exists k' € (0,00) such that

d
(6.26) EH2(gt) <0 for any t € (0,00) such that ||| < .

Step 3. We conclude putting together (623]) and (626]), and using BI0), (BI2) in order
to prove that

Hi(g) < & implies [|hyl1 < &',

for v € [a, 1] for some ag € [as,1). O
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6.4 Global stability for general initial datum

We first state and prove a regularity result on the iterated gain term which is the inelastic
collision operator version of the same result proved for the elastic collision operator in
[26], [1].

Lemma 6.10 There exists a constant C such that for any f,g,h € LIRYN) and any
a € (0,1] there holds

(6.27) 1Qa (f, Qa (9. h)llzs < C U fllzy Ngllcy 11l s

Proof of Lemma We follow 26, lemma 2.1] and [, lemma 2.1] and we make
use of the Carleman representation introduced in [24, Proposition 1.5]. Let us consider
f,9,h € LIRYN) and ¢ € L=(RY). We apply twice the weak formulation of the gain term

|, Q" .Q @ W)W o) do
= [ @tane) | [ selo- vl [ ot ddea] ao
= [ L atnen s (1ol [ 16t = el [ o5 dozdon] av un v

with wh, = V'(ve,v,09), v] = V'(v,v1,01) and therefore v = V'(vg,v],02). Recall that
for any given v,vs,0 € RV, we define

U+ Uy 1+e ,
w = 5 U=V =V 7= 9 u'=1-y)u+ylulo
and then )
Iy I -
V—V(v,v*,a)—2—|—2 v+2(|u|a u)
/!
Ly _w_ov_ ., 7 _
Vi=Vi(vv,0) =5 =5 = v~ g (lulo—u).

We denote by ® = ®(v,v1,v2) the term between brackets in the last integral. Introducing
the point wy and the set S, ., . defined by

wii= (L=9/2) v+ (101, Sume = {2 €RY; [lz—wil = (/2) o — | < e/2},

we get

2
o= 7y %

2 =
(6 8) ”U — 'Ul‘ e—0

W= [ s D I vl 908 do .

RN Js2 Y
Remarking that v) = ve + (7/2) (Juz| o2 — ug) with us = v§ — ve, we observe that the
integral term W, is very similar to the collision term QT (here vy (resp. vi, o9, 7, V%)
plays the role of v (resp. vy, o, 3, 'v) in the gain term) and therefore we may give a

Carleman representation of U.. The same computations as performed in |24, Proposition
1.5] yield

4 p—
Ve=— / / 1s,,, (1) [vf — vo| 7" @(v5) dE(v5) du
7 JIRN By
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where Eyy oy is the hyperplan orthogonal to the vector vo — v4 and passing through the
point Q, v = v2 + (1 771 (vg —vY). Here v§ stands for the post collision velocity issued
from vf, that is v§ = V/(ve,v],02), and then, thanks to the momentum conservation,
vy == vy +v5 —vz. We finally define IT,, ,»» the hyperplan orthogonal to the vector vy — vy
and passing through the point Qi}z,vé’ =vlf + (1 — 1) (vg — v4) and we get

4
(6.29) Vom G [ ] tsn D el ) dB g,
vz,vg

Now, arguing as in [Il, lemma 2.1], we see that the measure of the intersection I'. between
the plane II,, ,» and the thickened sphere Sy, is bounded by me~y |v — v1| and that
v{ € I'. implies that v§ € B® with

B i= {2 € RV |22 < o2 + [or | + 2¢ (fo] + Jur ) + 2 sl }.

Gathering these estimates with (G.28) and (629) we get

o = 2/7)" lim 1/ Mmes(l})dvé’

lv — vq] b, gy V) — va]

24 T ¢ o 24 T ¢ o
< 3 hm/ //( 2) 135(7]5,) dvg - 3 / //( 2) 1p0 (Ug) dvg
3 e=0 Jyn v — vs v Jry |V — vg]

where we have defined BY := {z € RY;|z|? < |[v]? + |v1|?}. Using [I} lemma 2.2] we may
conclude as in the end of [I}, lemma 2.1] and therefore ([E2Z1) follows. O

We second establish that the solution g of the rescaled equation ([LZ9)) decomposes
between a regular part and a small remaining part as it has been proved for the elas-
tic Boltzmann equation in [2§], and then partially extended to the inelastic Boltzmann
equation in [24]. As compared to this last paper, this result relaxes the assumption on
the initial datum to gi, € L}),, but at the price of the hypothesis of a lower bound on the
energy.

Lemma 6.11 Consider g, € Li and the associated solution g € C([0,00);L3) to the
rescaled equation (LZ4). Assume that for some constant p,cy, My, T € (0,00) there holds

(6.30) gin € Co0s Mgimllpy <My, VEE[0,T], E(g(t,) = .

Then, there are a7 € [ag,1) and X € (—00,0), and for any exponential weight function
m (as defined in (LZ8) and any k € N, there exists a constant K (which depends on
p,c1, My, k,m) such that for any a € [a7,1], we may split g = ¢° + g% with

(631) Vi e [07T]7 ||gs(t7 ')HHkﬂLl(m*U < K, HgR(t’ )HL% < KeAt‘

Proof of Lemma The starting point is to write the rescaled equation (C29) in the
following way
99

8t +Tav'vvg+€g: Q(—:t(g7g)7
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with £(t,v) := 7o N 4+ L(g(t,-))(v). Introducing the linear semigroup

(U, h)(v) = h(ve ™ ") exp <— /0 te(s,v) ds)

and using the Duhamel formula, we have

t
9t = Utgin +/ Ut—ng(gsygs) ds.
0

We iterate that last identity and we obtain g = ¢gff 4+ g7 with

t rs
g{%:Utgin /Ut sQa(gsa sgln)dsy ng:/O/O Ut—sQ;—(gsaUs—uQ;—(guygu))dUds‘

On the one hand, the energy lower bound (G30) and Lemma imply that there exists
a constant ¢y € (0,00) such that

(U)(v) < e (Vg h)(v) with  (Veh)(v) = h(€v) and & = e ="
On the other hand, straightforward homogeneity arguments leads to
QL (9, Veh) = &N Vs QF (Verg, )

and ||Rg ||| » = E797N/P||h|.|9]|» for any functions g,k and positive real £. From these
considerations we deduce that

lof Bllzr < e gl + eV g sup g4 < O,
s>0
for some constant C' and for any (1 — «) small enough. In the same way, we have

||g1 ||L3 // [(2N/341) Ta—c2] (t—0) ||Q+( 10 QSan(Qo,ga))HLS dods.

Taking (1 — «) smaller if necessary and using Lemma [EI0] we obtain

ISl < (/ / ~(e2/2 Wdads)supugsup,

which ends the proof of [E31]) in the case k = 0, with the help of point (i) of Lemma [l
The general case k € N* is then treated by following the strategy introduced in [28] and

using the result of appearance of regularity proved in [24] (and recalled in point (iii) of
Lemma ET]). O

We third recall a classical L' stability result for the elastic Boltzmann equation which
has been established in |24, Proposition 3.2] for the rescaled equation ([CZ9).

Lemma 6.12 Consider 0 < giln,g?n € Lé N C,o and the two associated solution g; €
C([0,00); LY) N L%°(0,00; L1) to the rescaled equation (LZ). There exists Cpap € (0,00)
(only depending on b and sup;sq |lg* + gzﬂLé) such that

V>0, g7 —glllzy < llgh — ghullpy e“stabt.
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Proof of point (iv) of Theorem [l Let us consider gy, € L3N Cpo.5;, With Hgin”Lé < My

for some fixed &y, My € (0,00) and g the associated solution to the rescaled equation
(CZ3) which has been built in [24]. We know that there exists M; € (0, 00) such that

(6.32) sup [lg(t,)llzs < M.

(0,00)

Step 1. We define
T, :=sup{T € (0,00), E(g(t,")) > c1 Vt € [0,T]}, ¢ :=min{&y,E1}/2.

We shall prove that T, = +o0o. We argue by contradiction, assuming that T, < oo. From
the equation on the energy (GI7)) and the uniform estimate (E32) and from the definition
of T, we have

(6.33) T.>Ci(1—a)™t and &'(T) <0.

Thanks to Lemma BTl we may decompose
g=9"+g" on (0,t1),

with ¢; € (0,7%) to be fixed. At time ¢; we initiate a new flow starting from the smooth
part of g. More precisely, we decompose

g=3"+g% on (t1,T),

with §%(t1) = [p/p(g°(t1))] ¢°(t1), §° solution (with mass p!) to the equation (C29) on
(t1,Ti) and §f := g — §°. On the one hand, from (G31]) and Lemma we have

1% ()]l py < O eCstab (T-mFALon (4, T3).

We choose t; = 1T, with € (0,1) in such a way that Csap, (1 — 1) +An = A/2. We have
then proved )
(6.34) 1% Oy < CeNVDAU=T on (1, T).

On the other hand, following Step 3 in the proof of Proposition B8l we deduce a similar
estimate as (B20), namely

(6.35) 15° (T, ) = M[§°(Te, )] 1y = O((1 = @)'/®)

for any (1 — «) small enough chosen in such a way that the intermediate time t5 defined
in Step 3 of the proof of Proposition .0l satisfies t1 +to < Ty. Gathering (E34]) and (E359)
we obtain

13(Ts, ) = M[g(Ts, )l gy = O((1 = )'/).

Coming back to the equation (EIZ) on the energy and proceeding like in Step 4 in the
proof of Proposition B8, we get

ENT) > (1—a) [k:g, a@EP - _ca-a)Bl >0

for any (1 — «) small enough. That is in contradiction with (E33]) and we conclude that
T, = +o0.
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Step 2. Thanks to the previous step, we have a uniform in time lower bound on the
energy, and therefore we can run the decomposition theorem for all times.

By applying the decomposition theorem as in Step 1 for a given time ¢ € (0, 00),
starting a new flow at t; = nt taking [p/p(g°(t1))] ¢°(t1,-) as initial datum, and then
using Corollary on the smooth part §°(s,-), s € [t1,t], we find that at time ¢, the
solution g; decomposes as gf + §f, where §f approaches the self-similar profile with rate
C et (t=11) that is C'e(l=M kot and the remaining part G goes to 0 with rate C e(M/2)?,
Since |A/2| is larger than (1 —n)|ua| for (1 — ) small enough, it concludes the proof of

O

A Appendix: Moments of Gaussians
We state here some moments of tensor product of Gaussians.

Lemma A.1 The following identities hold

(Al) / Ml,(],l |’U|2 dv = N,
RN

(A.2) / Mios ol do = N (N +2),
RN

(A.3) / M1 (Mio1)s [u® dv dv, = 23/2 / Mo, |v]? dv,
RN xRN RN

(A4) / Mios (Mio) ol Juf dv du, = V3 (2N +3) / My (v) o] dv.
RN xRN RN

Proof of Lemmal[Al The proof of (AJl) and ([A2) being straightforward and the proof
of ([A23)) being very similar to the proof of ([AZ4]) we only prove [AZ]). We first notice that

/ My o1 (Mig1)s |v]? [u]® dv dv.
RN xRN

1

5 [ Mo (o). (of? + o) uf® dvde
RN xRN

1
=7 / M1 (M1o1)s (Jv 4 vel? + v — va]?) Jul]?® dv dvs.
RN xRN

Making use of the change of variable (v,v,) — (z = (v + v:)/V2,y = (v — v,)/V/2), we
then get

/ M1 (Miga)s ol [uf® dv du,
RN xRN
=V2 Mio.1(x) Mo (y) (2] + [y[?) |yl da dy
RN xRN

:ﬁN/ Ml,ovl(v)]v]?’dv—i—\/i/ M 0.1 (v) |o]® dv
RN RN

_ VZ(2N +3) / My (0) o] dv.
RN
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B Appendix: Interpolation inequalities

Lemma B.1 (i) For any k,k*,q,q* € Z with k > k*, ¢ > ¢* and any 0 € (0,1) there
is C € (0,00) such that for h € qu** (m1)

1-6
(B.1) 1Pllyyst =1y < C AN IIhH K

q*

71)'
with k**,¢** € Z such that k = (1 —0)k* + 0 k™, g = (1 —0) ¢* + 0 ¢**.

(ii) For any k,q € N* and any exponential weight function m as defined in (L28), there
exists C € (0,00) such that for any h € H¥ LY(m™'2) with k% .= 8k +7(1 + N/2)

1/4 1/4 3 4
(B.2) 1Al ety < C IR TRIA ey IR ery-
Proof of LemmalBl The inequality (BJJ) in point (i) is a classical result from interpolation
theory. Let us focus on point (ii). We prove the inequality (B2) for h € S(RV) and then

argue by density. On the one hand, we observe that for any ¢ there exists C such that
18050 < Cllhlps 1Bl e, €7 =20+ 1+ N/2.
Iterating twice that inequality, we get (for some related exponents Et, ki)

3/4 1/4
(B.3) 1l gur < C RN IRI

On the other hand, using first Cauchy-Schwartz inequality, plus the same argument as
above and Holder’s inequality, we obtain

1 2 1/2
1Pl sy S ClRllgng-srzy < C IR, s IR
1/8 3/8 1/2
(B.4) < C YRl ey RIS (1] H/,J.
We conclude gathering (B.4)) and (B3). O
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