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Far from equilibrium steady states of
1D-Schrodinger-Poisson systems with quantum wells 11

V. Bonnaillie-Noél? F. Nier! Y. Patel

Abstract

This article continues the asymptotic analysis of a nonlinear Schrédinger-Poisson system
which models in a far from equilibrium regime the quantum transport in electronic devices
like resonant tunneling diodes. Within the reduction to an h-dependent linear problem with
uniform regularity estimates for the potential already established in the first part, explicit
computations of the asymptotic finite dimensional nonlinear system are derived. They rely
on an accurate (phase-space) analysis of the tunnel effect which relies on some kind of Breit-
Wigner formula and Fermi golden rule.

MSC (2000): 34L25; 341L30; 34L40; 65L10; 65Z05; 81Q20; 82D37.
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1 Introduction

We complete the asymptotic analysis started in [BNPT] of some out-of-equilibrium 1D Schrédinger-
Poisson system arising from the modelling of resonant tunelling diodes. This problem is a nonlinear
problem whose functional framework was considered in [BDM], [Ni3] within a Landauer-Biittiker
approach [Bilal, [ChVA, [Lan (see also [NiPal, [Pafl, FILPS], [PrSjl, [BNP], JENPT). We recall
that the analysis has been reduced, in [BNPT], to an h-dependent linear problem after providing
uniform estimates for the initial semilinear problem. Hence we consider for A > 0 going to zero
and for some fixed interval I = [a, ] the Schrédinger operator on the real line,

2 ~ ~
Ph = —% +Vh—wh V= BV Ve Wb (a,b), (1.1)
where
r—a
B(z) = =By ——1jau(@) = B 1p100)(2) (1.2)

and B is a non-negative constant. The potential B simply models the applied bias. The family

of potentials (V"),¢(0,n,) has uniformly bounded second derivatives 02V" = 92V" in M, ([a, b])

which converge weakly to some measure u° € M,([a,b]), with the additional boundary conditions
Vha) =Vhb)=0.

Recall that this makes a bounded family of functions VP in W1 (a,b) and which converges in
Co(I), a < 1, to a function V°, 8§V(0)|(a b = ,u0|(a b" We assume that

inf  V'(z) =: Ay > 0. 1.3
he(O,lilLlo),zeI (m) 0 ( )

Finally, the potential —WW" describes quantum wells according to

Wh(x)zii_v;wi (x;q) , (1.4)

where ¢; < ... < ¢y are N given points in (a,b) and the functions w; are continuoud] positive
functions supported in [—x, ] for some fixed k > 0. We shall use the convention ¢y = a and
cn+1 = b. The Hamiltonian H" is the self-adjoint realization of P" on the real line with domain
H*(R)

Vu € D(H") = H*(R), H"u:= P"u. (1.5)

Recall that the notation P is used for the differential operator while H is reserved for some closed
non necessary self-adjoint realization as an unbounded operator on L2.

The potentials w;, s = 1,..., N, is chosen so that the spectrum o(H;) of the Hamiltonians H; =
—A — w; satisfies }

Vh(Ci) +info(H;) > k; >0,

with x; independent of h. With such an assumption the operator H" has a purely continuous
spectrum equal to [—B, 00).

Due to the applied bias B > 0, the dispersion relation associated with the Hamiltonian H" reads

2 if k> 0,

M=l e gk <o,

(1.6)

'In [BNPEI], the nonlinear analysis was carried out with only w; € L®°(1).



For k € R such that Ay € (—B,400) \ {0}, the incoming scattering state ¥ _(k, x) is the solution
of

Py (k) = A" (K, ) (1.7)
with the normalization

e 4 rpe iR for z<a,

for k >0 v_(k,x) = Cpeml/2
tpe* m for = >0,

(A 22
tpe ' r f <a,
fork<0 o (ka)=4 *° " oresa

ik _jkz

e n +rpeth for = >b.

The square root z'/2 is chosen with the ramification along the half-line 4R _ in order to ensure that
e~ i) decays exponentially as © — —oo when A\ € (—B,0).

This can be reduced to k-dependent transparent boundary conditions

[h@w + i)\,lc/z] u(a) = 2ike''n |

for k>0 .
(102 = i+ B u(®) =0,
[n0. +iX,?] u(a) =0,

for k<0 o
[h0c =i+ B)2] ufp) = 2ikeit

The coefficients t; and rj are the transmission and reflexion coefficients and satisfy for Ay > 0

Ak

2 2
tp|” = 1. 1.10
nf 450 (1.10)
Denote, for i = 1,..., N by o; the set of negative eigenvalues of the Hamiltonian H; = —A — w;
with D(H;) = H?(R)
o; = {ei Yrer, C (—00;0), K,CN, i=1,...,N. (1.11)

The set of asymptotic resonant energies is defined as
N ~
&=J& & =0 +Vc) (1.12)
i=1

Let us recall as well the notion of asymptotic resonant wells associated with \ € &y:
Jyi={ie{l,...,N} s. t. A€ &}.
The multiplicity m) of the asymptotic resonant energy A is given by
my = #Jx.

Like in [BNPT], we focus on positive energies: We fix an energy domain (A, A*) C (0,Ay), and we
consider the functions

0 €C((A,A%), 6>0, (1.13)

and g(k) = 0(Ak)1r (k). (1.14)



The function of the asymptotic momenum is the operator with (continuous in 1D) kernel

— dk

oK) = [ k)" (k)i () 5 (1.15)

and we are interested in the asymptotic of the particle density n”(z) defined by

b
/ o(z) dn(z) = Tr [g(K")p(z)], Ve € CO((ah)),

or equivalently

) = [ sl (ko) o

The result of [BNPI], Theorem 1.6] states that, possibly after extracting a subsequence, the measure
dn” converges weakly to dn® in My((a, b)) with

dn® =" N 2 0(N) bame,, 1) €[0,1]. (1.16)

A€Ep i€ N

Our aim here is the accurate determination of the coefficients ¢ according to the geometry of the
potential.

Recall that this result, [BNPI, Theorem 1.6], is essentially obtained by checking that the ¢}'s
are equal to 1 when the function g(k) is replaced by 6(\x) and g(K") by (H"). In this article,
we focus on the anisotropic case when g(k) = 6(\x)1g, (k) cannot be written as a function of the
energy. Note that due to the decomposition

O(H") = g_(K") + g (K"), g-(k) = 1x<o - O(Ak),  g4(k) = Liso - O(\k), (1.17)

the result can be tranformed into a result for functions g_ supported on negative momentum and
even carries over to more general combination.

2 Assumptions and results

Since ((LIA) is a local result on the energy axis while the set of asymptotic resonant energies & is
finite, the analysis can be partly simplified after the next assumption.

Assumption 1 Suppose that the support of function 6 and therefore g(k) = 1o -0(\g), contains
only one asymptotic resonant enerqy

supp 0N & = { Ao} .

The next assumptions are technically more serious. Some specific configurations allow to handle
accurately and quite simply the discussion with respect to the geometry in terms of the Agmon
distance.

Definition 2.1 With an energy A € R and a potential V. € L°°(I), is associated the Agmon
(possibly degenerate) distance d(.,.;V,\) defined by :

/a«vw—m+ﬁ. (2.1)

Ve,y eI, d(z,y; V,A) =




Notation 1 The Agmon distance associated with the asymptotic potential VO and the asymptotic
resonant energy Ao is denoted by dy. It is defined by

do(z,y) = /y VVO(T) = Xodr|
With this distance, let
So := do(Uieu,, {ci}, 01), Sy = max do(ci, cj), St = do(a,b) (22)
be respectively the distance between the Ao-resonant wells and the boundary 01 = {a,b}, the diam-

eter of the union of the resonant wells, and the diameter of the island.
It is sometimes convenient to introduce the set

U:{Cl,...,CN}.

Finally, introduce for ng > 0 the quantity

Sy := max VO(7T) + 10 — Xo |en — i,
TE[c1,eN]

which measures the diameter of the area which contains all the wells.

Notice that Sy is written in terms of some L*-norm of the potential instead of an integral. The
parameter 79 is introduced in order to ensure Sy > Sy. It can be chosen arbitrarily small.

Definition 2.2 We say that the \g-resonant wells are gathered (resp. strongly gathered) if and

only if
So+ Su < S1/2  (resp. SO+mAOSU<SI/2)- (2.3)

As Sy + Sy is the greatest distance from the boundary of the island to the resonant wells, the
condition Sy + Sy < Sr/2 expresses that the resonant wells are gathered in one the halves of the
island. This explains the terminology.

Definition 2.3 We say that the wells are isolated if and only if
So > 8§U and my, = N. (2.4)
Inequality () means that the wells are confined in the central part of the island.

Theorem 2.4 Make Assumptionll. Suppose that the \g-resonant wells are strongly gathered, or
suppose that the wells are isolated (my, = N) and gathered with N = my,. Then the two next
statements hold:

i) The coefficients tf‘o, i € Iy, are all equal to 1 if do(a,c;) < do(ci,b) for all i € Jy,.

it) The coefficients t)° , i € Jy,, are all equal to 0 if do(a,c;) > do(ci,b) for all i € Jy,.

In the first case the wells are confined in the left-hand half of the island, whereas in the second
case the wells are confined in the right-hand side of the island, this partition being done in terms
of the Agmon distance dy. This result can be interpreted in terms of tunneling effect: in case i)
the tunneling effect is easier from a to the wells than from the wells to b, the particles coming from
—o0o (remember g4 (—|k|) = 0) are trapped by the wells; in case i), the particle escape more easily
from the wells to b than they get into the wells from a.



Theorem 2.5 Assume that the wells are isolated according to Definition [Z3 (my, = N). Let
MN<l< )\Z“O be the eigenvalues of the Dirichlet Hamiltonian H} on I = [a,b] converging to Ao

as h — 0 with the normalized eigenvectors o7, ..., QSZ’D\O' Fiz e € (0,1/2ming<;%i<n+1|¢i — cir|)
and let @[NJ’_L(k, -) be the generalized eigenfunctions of H" = H" + W". Then the coefficient tf‘o,
i=1,...,m,, is obtained as the limit of the quantity
ci+e N
" [ P
(&

Z h hﬁa h,Jh h 2 ’ (2-5)
A e i B)

B [(ot weince o)

as h — 0 (after possibly extracting a subsequence).

Ao

From this result non trivial cases for which not all the ¢} belong to {0,1} will be exhibited in
Section B in particular in Proposition and Proposition

When N = 1, we will establish that, the coefficient #° belongs to (0,1) only if do(a, ¢1) = do(c1,b).
In the case of two wells N = 2, the values of #}° and ,° have to fulfill the next rules

1. 12 =1 and £5° € [0,1] if do(a, c1) < do(cz,b);
2. t3° € [0,1] and £3° = 0 if do(a, ¢1) > do(cz, b);
3. 1> 10 > 130 > 0if do(a,¢1) = do(cz, b).

All these rules which were proved only for isolated wells and especially the general condition ti‘o >
t;‘o have a very natural interpretation within the probabilistic presentation of quantum mechanics.
They are probably valid in all cases although our proof requires some specific assumptions. They
were taken as granted in the numerical applications treated in [BNP]. Note that our results provide
essentially a complete understanding of what is going on when there is no interaction of resonances,
or when the interaction of resonant states involves only two wells. In the final nonlinear problem
presented in [BNP], [BNPT], the coefficients ¢ play the role of Lagrange multipliers which have
an arbitrary value in [0, 1] when the associated constraint for the asymptotic resonant energy or
the Agmon distances is saturated.

Finally note that the assumption my, = N in the second case of Theorem [Z4] (isolated and gathered
wells) is not crucial. It is assumed here in order to avoid some unessential technicalities which have
already been considered in [BNPI]| and are treated in the sligthly simpler first case.

3 Reduction of the relevant energy interval

In [BNPI], a small h-dependent energy domain around Ao has been introduced. Let H}L denote
the Dirichlet realization of P" on the interval I = [a,b] and let {\},.. '7)‘Zu0} be the ordered

eigenvalues converging to A’ as h — 0. Set

Op:={2€C st. Re(z)eKp, Im(z)e][-4h,4hn]} (3.1)
with K, := [Ao — o™, Ao + o]
and al ::4max{h,|)\0—)\?|,j:1,...,m>\0} .

The Proposition 6.4 of [BNPI] yields the next energy interval reduction.



Proposition 3.1 Under Assumption, the convergence

Lim Tr [9(K™)e(@)] = g(v/X0) Tr [Lic, (H")1(g 400) (K" )ip(x)] = 0

holds for any ¢ € C2((a,b)).

Hence we will mainly focus on the energies lying in K} and on the spectral parameters lying
in Qp in the sequel.

4 Lower bound for the imaginary parts of the resonances

In this simple one-dimensional problem where the potential is piecewise constant outside a com-
pact interval, the resonances are easily introduced after an explicit complex deformation of the
transparent boundary conditions (LJ)-(T3). The operator HéL is defined for a complex ¢ lying in
a neighborhood of A € (—B,0) by

[0y +i¢Y?] u(a) = 0,
ny— 2 :
PUHd) = { < H:0), [hdy —i(¢+ B)Y?u) =0 | (0
H?u = Phu=[-h2A +V"(@)]ju, Yuc D(HéL) . (4.2)

The resonances are then exactly the complex values z for which the operator (H" — z) is not
injective (see [BNPT] for this specific case and [BaCd|, [HeSj1], [HiSi] for more general versions of
the complex deformation).

It was proved in [BNPT] that the resonances converging to Ao lie in a O(e -neighborhood
of the Dirichlet eigenvalues (see [BNPIl, Proposition 5.2]). Hence we get the usual result that the
imaginary part of resonances converging to \g are exponentially small

—2Sg/h)

Im (z") = @(6_@) .

Providing a lower bound for the imaginary part of resonances is a standard result within the
semiclassical analysis of resonances (see [HeSjl]). We check it with a more pedestrian approach
for our 1D problem where the potential does not fit exactly with the semiclassical setting and has
a limited regularity. Note that the lower bound can be much smaller than the upper bound in the
multiple well case.

Proposition 4.1 For any n > 0, there exists a positive constant C,, > 0 such that for any reso-

nance z" converging to Ao, one has

_250=m

Che™ "7 > —Im(zh) > Cn_le

_ 2(Sp+Sy)tn
h

(4.3)

Proof: Let 2z such a resonance and u” a normalized resonant state associated, that is an element
in the kernel of H, — 2" with L?(I)-norm equal to 1. It satisfies

—h2Aut + VM@t = M ] gy =1,

with the boundary conditions provided by u” € D(Hfh). By taking the imaginary part of the
identity (A1) applied with V = V" wuy = u; = u”, 2 = 2" and ¢ = 0 one gets

—1Im (2") = hRe (V/ 2" + B)|u"(0)|* + hRe (Vz")[u"(a)?. (4.4)



If the imaginary part of 2 is too small, u” satisfies a Cauchy problem in z = a with small datas
because of the resonant boundary conditions and lim,_g 2" = A\g € (A, A*). We next check that
such a smallness is limited by the normalization assumption ||uh||L2 = 1. In order to get this, set

ul(x)
F(z) := dul . (4.5)
2
1 T (x)
F satisfies the ODE on [
L dE h . 0 1 h_ Th h

Endow C? with the standard hermitian norm. If p(z) denotes the spectral radius of A" (z)A" ()T,

one gets the estimate
2

dF
‘h% < o (@)|F(x). (4.7)
By Gronwall’s lemma this yields
|F(x)| < min (|F(a)|e% [ —Vh ()2 dT; |F(b)|e% Jbsh 1/ dT) 7 (4.8)

for all z € I. The transparent conditions given by u® € D(Hfh) imply
[F(a)? = [u"(@)P(+[z"),  [FO)? = [u"®)(1+[z" + B). (4.9)

Apply now the Agmon estimate technique like in [DiSj] in order to check that the resonant
wave function concentrates in the wells: Taking the real part of the identity (A1) with V = V",
z = 2" u; = uy = u" and p(x) = d(z,supp W"; V* — 9, Re 2") with g9 > 0 leads to

b
o |

v 2
haz(efuh)‘ dx+50/

I\supp Wh

+/ (V'(z) — W"(z) — Re zM) |uh‘2 dx
supp Wh

#(a) 2

+ hIm [(zh)1/2] 2 h |uh(a)|2 + hIm [(zh + B)l/z] e2$ |uh(b)|

Since limy,_o 2" = Ao > 0 and Tm (2") = O(e~25/") and from @A) we deduce the estimate

»/I\supp wh

Fa
ehuh

har(e%uh)r—f—so }2

dr < 0 (6_4%) max {ezﬁfa) , ewT(b)}
—/ (V'(z) — W"(x) — Re 2") |uh|2 dx .
supp Wh

Owing to ¢(a) < do(a,U) and ¢(b) < do(b,U) for h > 0 small enough and to HuhHL2 =1 we get

2
/ ’h@z(e%uh)‘ + €0
I\supp W

for some constant independent of h > 0 (small enough). Let x a cut-off function which cancels
around the boundary of I. Then, yu” is close to an eigenfunction for the Dirichlet operator

2
e%uh‘ de < C




H!. Using [Hel, p. 30-31] (or [HeSj2]), we can prove that u” has asymptotically no mass in the
non-resonant wells.

From this we conclude that the constant k1 > 0 can be chosen so that there exists ¢ € Jy, such
that the L2-norm of u" on [c; — k1h, ¢; + k1h] is greater than 1 —m— for h > 0 small enough. Using

[ER) and integrating on [¢; — k1h, ¢; + k1h], one obtains from (ESI) and ([E3J)

cit+r1h
< min (|uh(a)|2(1 + |zh|)/ e [T1E VIO 2 ar g

Ci—.‘-{lh

1
4m o

ci+r1h

WP+ B) [

Cifﬁlh

ezmzhvh(r)“drdx), (4.10)

In the integral with respect to 7, one can replace V" by V' modulo O(h), since each well is of
diameter xh. Fix now 1 > 0. For h > 0 small enough we can assume

Vi () =V (2)] < e

and |Zh—/\()| <e1.
This leads finally to
1/(4m3,) < e“*1 min (2h|uh(a)|2(1 + |zh|)62((10(a;’2i)+ce1 :2h|u(b)|2(1 + |2 + B|)e2(170(ci’:)+ce1 )

2dg(c;,00)+C'eq
- n

IN

C’ |Imzh| e

The lower bound of [3) appears as a necessary condition owing to dy(c;, 0I) < Sp+ Sy by taking
C'e; <e. O

Remark 4.2 o Note that in the single well case N = 1, Sy = 0, one recovers a logarithmic
equivalent to |Im z"| .

e Note that the lower bound of B3) can be improved slightly by noticing do(c;, OI) is less than
min{So + SU,S]/Z}.

5 Resolvent estimates around an asymptotic resonant energy

In this section, we play with the explicit expression of the determinant and the inverse of finite
dimensional matrices after the Grushin reduction of the resonance problem, in the spirit [TaZw].
The next expression of the resolvent was derived in [BNP1] after introducing a Grushin problem :

L(H" —2) "= (H! = 2) "' = F(2) - BT (2)(E~ " (2)) ' B~ (2), (5.1)

for all z € Qp, and where F' is a holomorphic trace class operator-valued function. For any compact
set K C (a,b), there exists cx such that the estimate

Vo € CUK), |Tr(F(2)p)l = Ople™/™), h—0, (5.2)
holds uniformly for z € Qp and h € (0,hp). The meromorphic part is of finite rank with poles
located exactly at the resonances 27, ..., zfm of P".

The labelling of the resonances is done accordlng to the labelling of the Dirichlet eigenvalues



MM with |z§1 - )\ﬂ -0 (e=250/1).

oy Ay
Moreover, the approximated expansion

E*() = diag {( )\f),...,(z—)\ﬁwo)]—ké(e_@) (5.3)

— diag [(z—z{l) (z—z,}ﬁug)] +(§(e—@), (5.4)
E-(z) = Eg¢+@(e*%), (5.5)
E*(z) = XEJ—}—@(e_%?). (5.6)

hold with ||E6r H and HE(; H uniformly bounded and where 1 and x are cut-off functions (see [BNET],
Section 5 and Section 6.2]).

Proposition 5.1 The estimate

2(my —1 -1
[ =0 ( u ] i, 3] )

holds for any real A € Q NR, when || || denotes any fived norm on M, (C).

Proof. We start to prove that there exists a function f" such that

’I’I’L)\O
o - _ hy ¢h
Vz2E€Qy, detE~T(2)= 1_[1(z—zj)f (2) ;lfi%ls?ﬂf (2)| > e>0. (5.7)
j=

Fix any norm on M,,, (C). The function f" : z — det E~*(z )H;mf (z — 2)~! is meromorphic
on {2, does not cancel, and has removable singularities at z = z . We apply then the maximum
modulus principle to the matrix elements. Because of () and ‘rhe location of the resonances we

have
m,\O

det B4 (2) = [[(z =2 + O (e77) (5.8)

j=1
| > Ch, C > 0. Consequently, f is bounded by below by 1/2
(=

and on the boundary of €y, |z —
for h sufficiently small. This prove
In order to evaluate the norm of (E~

Sh
Zj
q
)) , we use the representation

(BT ()"t = mcomE*+(z)T, (5.9)

where T'(z) := comE~*(2)T denotes the transpose matrix of the cofactors. Let us make more
explicit the form of the general element I';;(z) in order to get the estimate. In general, by denoting
¢(z) the residual matrix in (B4 the entry I';;(2) is a sum of (my, — 1)! homogeneous monomials
of order my, — 1 in the matrix elements of E~7(z), among which there are r diagonal elements
(0 <7 <my, —1). Such a monomial writes

r ’I’I’L)\Ofl
H(z — zjhk + €inin) H Eo(ir)is O € Gmy —1- (5.10)
k=1 1¢{1,...,r}

10



The estimate of ||(E~"(z))7!|| is then derived from an upper bound of quantities like

r mx,—1
h
H (Z ~ ik + gihik) H €o(in),ir
k=1 T
th(z) = ) . 0<r<my -1 (5.11)
[1G-2
j=1

For any fixed r € {0,...,my, — 1} and X € R, the inequality

2(myy—r1-1So ~ 2(myy—m1—bSo
- O e h

h

- (e
[th(\)] < C. max

< C, max
0<r;1<r Mxp—T1 0<r;<r Mxp—T1
h h
IT 1= - 2h = A TT fmz
k=1 k=2

combined with the lower bound E3)) yields

- 2(m/\077*171)SU - 2(77;)\071)SU
Ole R Ole R
‘tf()\)| < C, max C, .

X > Uy X
0<r1<r m1n|/\—zh| m1n|/\—zh‘
j J j J

6 Case of strong gatherness

We prove Theorem Z4] under the strong gatherness assumption (see Definition EZ2) that we recall
here:
So + ma,Su < S1/2. (6.1)

Actually the result will be proved under the simplifying assumption that all the wells are Ao-
resonant, my, = N. The Lemma BTl given in the end of this Section will make clear that this
assumption is not restrictive.
Proof of Theorem 4] under the strong gatherness assumption: First note that the two
statements 4) and i) can be deduced one from the other with a complementary argument provided
by the relation (IIZ) with the functions of the energy for which t? = 1 was proved in [BNPI].
Hence we want to prove .

Jim Tr [g(K2)p] =0

in the case ii). According to Proposition Bl it is equivalent to

om Tr [o" (K" _
Jim Tr [ (K2)e] =0,
with g" (k) = 1(0,4o0) ()1, (Ak) -
Let 1_(k,x) (Ax € Kp) be the generalized eigenfunction defined by ([CR)-(CH) for the potential V"
and 9_ (k,z) be the generalized eigenfunction associated with the filled potential V? = Vh 4 Wh.
Set
ut(k, ) o=yl (k) = " (k, ) = (Hfa — K?) 7 WL (K, ). (6.2)

11



so that

(W2 (k, )| < 2002 (k, @) + 2fu” (k, 2) . (6:3)
If we denote by K" the asymptotical momentum for H”, we get for any ¢ € C%((a,b); R} ):
- dk
0 < Tr (g"(K")g) < Tr (¢" (K2)p) + 2||80||§o/ (ks Iz 5 - (6.4)
k>0, Ak €T n

If we come back to the expression () of the resolvent (H}, — k?)~1, we get

u'(k,) = F(RWh" (k) — EX(K2) (B~ (k2) LB~ (k)W (k, ), (6.5)
and finally R R
[ (k, T2 < 201 EFR)WOL (K, )12 + 2| T (k)W (K, )12, (6.6)
by setting
T(k*) := EY(E*)(E~T(E*) ' E~(k?). (6.7)

The first term of (@8] uniformly goes to 0 when h — 0, because F' is bounded in the operator-norm

and Whoph (k,-) is O(e~4@U™")) /b)) according to the Proposition 6.2 in Section 6.1 of [BNPT]. By
Proposition Bl it follows that the second term is bounded by

_ 2d(a,U) 4(N-1)Sy

|72 W (k| = O | ——— (6.8)
min k% — 27|
j=1,...,N
But, for any resonance z" € {z{l, . .,z]}{,}, writing 2" = E" —iT'", E" = Re (2"), T'" = —Im ("),
gives
1 1 Tr
— h (6.9)

|k2 — 272 T (k2 — EM)2 4 Th?’
The latter factor is uniformly bounded in L*(Ry), while the first factor is estimated owing to @33

by
1 ~ 2(Sp+Sy)
Loo(i).
T ‘
By putting all the inequalities together, the integral in ([E4)) is dominated by
@ (e_ 2d(r;L,U)e4(N7hl)SU) % @ (eZ(SOISU)) .
We conclude by recalling the assumptions
d(a,U) = St — (So + Sv)
—257+4(So+ NSy) <0.

O
The next arguments show that the assumption my, = N is easily removed. Let H,?z . De the

operator with the same domain as H,’;z and associated with the potential

~ T —Cj
Vo=Vt Y wj< - J),

J€JIxNg

where all the resonant wells are filled. In [BNPT]| such an Hamiltonian was denoted by Hyz (o)
and it was proved (see Proposition 4.3) that it satisfies the same resolvent estimate as H,-. Hence
the previous proof carries over to the case when m), < IN as soon as the generalized eigenfunctions
ﬁﬁ)m(k,x) corresponding to the partially filled wells share the same properties as the " (k, ).
This is given by the next Lemma.

12



Lemma 6.1 For k > 0 such that A\, € K}, the pointwise estimate

v 7 - (a, i,,lr) ( er‘”)
Bt (b z) = 3" (k,2) + O (—)

holds for any x € I = [a,b] with a uniform control of the constants with respect to x € I. The set
Uh is supp WP with Wh = Wh — diea. W (%) )
0

Proof The function e(k,-) = " (k) — Q" (k,-) is in the domain of HJ, = and, since

—Wh = P! it follows that
1L}—L,m"(k7 ) = &ﬁ(ka ) - (HI}CL?,nr - kg)ilwgri)ﬁ(ka ) (610)
It was shown that ¢ (k,2) = O(h~1)e~%(®%) uniformly w.r.t k, whereas the kernel of (H, = —
K2)~1 is (e~ Do), -

7 Isolated Wells

We assume in this section my, = V.

7.1 Preliminary results

In the case of isolated wells, the geometric assumption ensures that the resonances are simple.
More precisely, the gaps between the Dirichlet eigenvalues converging to Ao are much larger than
the imaginary parts of all the corresponding resonances. This does not correspond exactly to the
case my, = 1 because the energy domain K} = j, NR has to be splitted into exponentially small
energy intervals with a refined analysis which was not really carried out in [BNPI]. This will lead
in particular in Section to a refined version of the Breit-Wigner type formula for the local
density of states already considered in [BNPT]| after [GeMal.

The first result which is an application of the universal lower bound of gaps given in [KiSi],
introduces the quantity Sy .

Proposition 7.1 Let \! < ... < )\h be the eigenvalues of H , the Dirichlet realization of P"
on I converging to \g. ThPT’P PTm‘s’ a mmmm‘ Cy > 0 such that for h > 0 sufficiently small

Vi#k, NP — AR > Cpt e (7.1)

When the wells are isolated, each disc centered on )\? with radius (3C’U)7167§U/h contains therefore
only one resonance of P" for h > 0 small enough.

Proof:  Consider the Hamiltonian H" on the whole line R with domain H2(R) and defined by
Vu € H*(R), H"u := P"u, P":= —n%d?/da® + VP, (7.2)
f)h = 1(70011)) . Vh(a) +1;- Yh + 1(1,’00) . Vh(b) (73)

The potential V" is a continuous function constant outside I and coinciding with V* on I. By
construction, one has

inf oess (H") > Ag > A™. (7.4)

13



Besides, the number of eigenvalues of H” is bounded w.r.t. h > 0. Apply then the Theorem 2
from [KiSi| given in Appendix Bl with [axs,brxs] = [c1 — kh,cn + Kh] and a2 g = Ag (the ks
index refers to Kirsch and Simon’s notations). This provides a lower bound for the splitting of the
eigenvalues of ﬁh, lying around \g, namely

A A > Cem (7.5)

Now, if A" is one of the eigenvalues of H} in this interval with ¢" a corresponding L?-normalized
eigenfunction, one has with the exponential decay estimates (see [BNPIl Proposition 3.3|)

Sp—cn

H'xo" = Nrxo + [P x]6",  |[P",x]¢" |2 < Cpe™ "7, (7.6)

for a smooth cut-off function x supported in (a,b) and equal to 1 outside an n-neighborhood of
its boundary OI = {a,b}. Since H! is self-adjoint, an orthonormal basis of m,, eigenvectors
¢"'s associated with eigenvalues \* converging to \g can be considered. The exponential decay
of these eigenvectors (see [BNPI, Proposition 3.3]) ensures that the Gram matrix of the y¢"’s is

exponentially close the unit matrix. According to [Hell, (see also [BNPI, Appendix CJ),
H" has at least m, eigenvalues converging to Ag.

Conversely, if A" is an eigenvalue of H" with eigenfunction #", one has in L2(I)
H'x¢" = N'xd" + [P", x)¢", (7.7)

with the same estimate of the remainder term [P", X](th as in ([ZH) owing to the exponential decay
of ¢" (Use again the Agmon estimate). A first application of the results of [Hell, (see
also [BNPI, Appendix C]) ensures that there is a bijection between the eigenvalues of H and the
eigenvalues of H" converging to Ag, with variations of order (’N)(e’SO/h) which are much smaller
than the gaps ([Z3). O

The previous localization of resonances can be combined with the Grushin formulation &II).
Unfortunately this does not produce an accurate enough information. We now want to use the
lower bound on the gaps in order to consider separately every pair ()\?, zf) made of a Dirichlet
eigenvalue with the associated resonance, although this still allows interacting wells. Improved
resolvent estimates and a better description of the generalized wave function is needed. In
the kernel of the resolvent, (H! — 2)~! was studied when dist(z, o(H7)) is larger than h¢ (or e=51/h
with the notations of [BNPT]). Here we have to work with only dist(z, \}) > (C/100)e=5v/" | that
is much closer to the Dirichlet eigenvalue )\? (e=Su/h = o(e=Su/h) = o(e=%1/M)). Let us start with
a lemma about the Dirichlet realization which completes the results of [BNPT].

Lemma 7.2 Let H}l be the Dirichlet realization on the interval I of the operator P". Let z" belong
to Qp with h € (0, ho), ho small enough. Set

r(h) = dist(z", o(H")),
and assume r(h) > 0. The kernel of the resolvent (HF — 2")~1 satisfies

(7) (ef do(zv?;L)—SU )
min (r(h), 1)

(H} —2") " w,y) =

with uniform constants with respect to x,y € I, when dy denotes the Agmon distance d(., .; Vo, Ao) -

14



Proof: We already proved in [BNPIl Proposition 3.7 and Corollary 3.8| the estimate
(HP — 2" Yz,y] = O (e*Lﬁy)) ., when r(h) > h%; (7.8)
and in [BNPIl Proposition 3.9] the estimate
16" (2)| + 0. 6) ()| = O (e_M) , (7.9)

which holds for any normalized eigenfunction ¢§? associated with an eigenvalue )\?, jeA{l,...,mx}s
converging to Ag as h — 0. Recall that U gathers all the wells

U:{Cl,...7CN}.

Consider the spectral projector

1 «
Hh:Id—— _thld :Id_ h h
2”T aﬂh(z I) y4 ; |¢j><¢]|
Write for z € Q, \ o(HY)
(HF —2)7' = (H} —2)7' + (HY — 2)71(1d - 11})

m,\O

= (Hf - 1H’I+ZM ENCHE

where the first term is holomorphic with respect to z € ;. In terms of Schwartz kernels one gets

TI’L)\O

(H) — ) ] = (B~ 2) ] = 3 S @)

J=1

The maximum principle combined with the estimate ([ZH) for z € 9 and the decay estimate
([C3) imply
Vz € Qh,

(H} = 2) Mo, y]| < O (7507

An obvious estimate of the polar term derived again from ([Z9)) yields the result.
O

Below are two results for the filled wells potential V. The first Lemma is a specific case of
Proposition 4.3 in [BNPT]|. The second one is a consequence of Proposition 6.2 in [BNPT].

Lemma 7.3 For z € Q, the resolvent estimate

(B! =) ol =0 (¢ 5)

holds with uniform constant with respect to x,y € I.

Lemma 7.4 For )\ € K;, = Q,NR, the generalized wave functions @E(\/X, .) and 1/3@(—\/)\ +B,.),
which solve ([CD)-(CR) with W = 0, satisfy

’JJ}_L (\/X, )= @) (e* do(;:’z)) and 1;@(—\/)\4——37 x) = O (Q*W) ,

with uniform constants with respect to x € [a,b].
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7.2 Breit-Wigner formulas

We provide here an accurate information on the resolvent (HY — \)~! = 1;(H" — \)~'1;, for
A € Kp, in terms of resonances.
The domain

Kp, x [_(200U)1esf5’, (200U)1eﬂ - {z € Qp, [Im 2| < (ZOC’U)leS’?}

will be covered by N}, = @(egU/h)—open discs with radius (1OC’U)_16_5U/h centered on the real
axis. They are labelled so that the m), first ones are centered around the Dirichlet eigenvalues )\?

w;-l = {z €C, |z- )\ﬂ < (1OCU)_16_S*?} ,

and the notation w;-l with j > mj, is used for all the other ones.

O(e™ )

O Oe= 1)

Proposition 7.5 Forj € {1,...,m),}, let zjh be the resonance of H" associated with the Dirichlet
zjh — /\ﬂ = O(e=25/My . For any j € {1,..., N} the resolvent (H" — 2)~1 is

decomposed in wj as

eigenvalue /\?,

B 1, 10
(H —2) "t = gy ¢ 2l
z} — 2

where g;l(z) is an holomorphic operator-valued function of z € w? with the next properties:

1. For j € {1,...,my,}, the operator A? is close to the Dirichlet spectral projector |¢?><¢?|

AL — oty (et || = O <) : (7.10)

2. If x1 and x1/2 are two C3°((a,b)) cut-off functions such that x, = 1 on U and O,x, is
supported in {z € (a,b), 0So —n < do(x,U) < 0So +n} with ¢ € {1/2,1} and n > 0, then
there is a constant C,, > 0 and a constant ¢ > 0 independent of n > 0, such that the difference

~ _ _ 1[1,m ](])
Dj(z) = g}(z) = [(H! = 2)7'(1 = xay2) + xa(H} = 2) " 'xje — — =AY (7.11)
zp— 2
satisfies
_S0—68y—cn
Vz € 6w§l, HD;L(z)H <Cye 2h . (7.12)
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Proof: The proof of this result relies on two leading ideas. One is the Laurent expansion (with
the exact poles Z;L) of the meromorphic function (H?* — 2)~! which is handled like in the proof of
Lemma[Z2 The other one is the approximation of the resolvent (H? — 2)~! by

Rh=H! —2)7'(1 - X1/2) + xi(H} — Z)71X1/2 ) (7.13)
already considered in [BNPIl Proposition 4.3].
We focus on the case j € {1,...,my,}, since the other case j > m,, will be deduced easily from

this one by taking A? = 0. The expression ([[LI3) leads to
Vaewl \{N'}, (HI-2)R'=1-e=1-¢-¢
with g9 = W"(H! — 2)71(1 = x1/2)
and er=—[P",x1] (H} —2) "'x1/2.
Lemma, and Lemma provide the estimates

cn

Sq—
lleoll < Cye™ =

eiw Sg—en—43y
and a1 <Gy <C,(10Cy) e "

r(h)

for any z € &u;? with r(h) = |z - )\ﬂ = (1OCU)’16’§U/h. Hence the assumption Sy < Sp/4 and
taking 7 > 0 small enough ensure the convergence of the series

(Hf—z)fl:RhZak:Rh+RhZEk, forzé@w;?. (7.14)
k=0 k=1
We now consider the Laurent expansion of (H" — 2)~1 in wf
1
(H} —2) ' =gl (z) + 5— A, (7.15)
2r—z

J

where zjh is the resonance of H" lying in w;? according to Proposition Il Computing the residue

of (H"—2)71, equal to (ZI4) with Ry, given by ([ZT3), along the contour &u;? provide the estimates

Rhiak

k=1

1A% — 6@ [ < 5 + sup

h
Zeawj

_Sofcnleg'U S_U
< C,/,e 2 xXeh

after using

- S
|Rull < Cll(F. — =) + C|(H — )Y = © (—) .
This yields (ZI0).

For the second estimate, notice the identity

J J 2h

DMz) = g"(z) — R" + ! Al =RMY ek
I k=1

and ([LI2) is deduced from

_ Sg—en—6Sy
< C;e 2k for z € &u?.

o0
R" Z ek
k=1
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Remark 7.6 The estimates of the error terms could be improved by studying more carefully the
first terms of the series Y oo, € in the spirit of [HeSfl|| or [BNP1, Proposition 4.3]. It is not an
essential issue here.

Below is the Breit-Wigner formula which will be used.

Proposition 7.7 Assume that the wells are isolated and take the notations /\?, (;5;1 z]h and wf

introduced before for j € {1,...,mx,}. In wf one has the next equality of meromorphic functions
~ Sp—68
h h 1,k 1+O(67 Oth) So_85y
<j’(Hz_Z)7¢j>: B +O( ),
z;—z

and the uniform estimate

s = 0 (5.
Proof: Let us write

(61, (HE = 2)700) = (90, gh(2)) + (ol AL,

J
According to ([[LI0) the second term has the form
1 h  ghh @( - 6SU)
PAY! .
6 el = ——

The first term is holomorphic in w”

7 and it suffices to find an estimate along &u;?. We use the
decompostion ([ZI)

(@) g (2)0) = (@, [ D)+ (2 = )71 (1= xap0)| 6)

+ (o), xa(H} — 2) M xay2)8)) —

This leads to

~ So ~ Sp—6S1r
- h _ \h O(e 2n Ole "=
h  hiah\ @ [ —2etu 7 A ( ) ( )
<jagg(z)¢j>_o(e )+(ZJ_)(

_|_
VERRNES

for all z € aw? and the maximum principle yields the first result.
The estimate of ngh(z)H follows essentially the same lines. (]
We end this section with a reduction of the energy interval which is thiner than the one of Propo-

sition Bl
Proposition 7.8 With the previous notations, set for any j € {1,...,mx,}

Kjn=w!NR. (7.16)
For any ¢ € C2 ((a,b)), the limit
lim 77 [g(K")p(2)] - Z (VR0) Tr [, 0 (H") (0.4 oe) (K™ )] (7.17)

15 0.
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Proof: We know from (CT6) and [BNPI] that the support of ¢ can be assumed to be around
U = {c1,...,cn}, for instance included in {z € (a,b),do(z,U) < Sp/3}. By Proposition Bl the
first term of ([ZI7) can be replaced with

g(\/XO)Tr [1Kh (Hh)]-(O,Jroo) (Kﬁ)‘ﬁ} :

Moreover we have for ¢ > 0,

Tt 16,0,y o ()10 400y (KD < T [0 2 10600y, 16,00 (H )02
Np
< Y T [, (M
j=mx,+1

by introducing K = w? NR for j € {my, +1,..., Ny} and where we recall N, = O (egU/h) .
Proposition and especially relation [ZI1)) give the identity

@1/2(Hh —A— i0)71@1/2 — @1/2(H§ _ )\)714,01/2
= Q! 2(H} = N) T o2+ 2(HP = M) T2 4+ o 2D (M) /2

valid for all A € Kj; with j € {mx,41,...,Np}. Indeed, our choices of supports imply (1 —
)(1/2)901/2 =0 and <p1/QX1 = @1/2X1/2 = (pl 2
This leads to

1 1 ~
— ' 2 [(H" =X —i0)™" = (H" =X +1i0)] '/? = — "2 [(H} = X) 7' + D"()\) —hc.| 9'/2,
2w 2im
where "h.c." stands for "hermitian conjugate". The estimate (I2) can easily be transformed into
a trace-class estimate because of the localization in z and . We use Stone’s formula for 1, , (H").

After integration w.r.t A € Kj 5, j > my,, and after summing over j € {1,...,my,}, this leads to
Np,
S0 T [Pk, (HM 2] = 0 (e F)
Jj=mx,+1
when the wells are assumed isolated. [l

7.3 A Fermi-Golden rule

An accurate determination of the coefficients tf‘o in the case of isolated wells can be done by first
elucidating via a Fermi-Golden rule the contribution of positive and negative momenta in the size
of the imaginary part of a resonance zf = Ejh — ZF? We keep the same notations )\?, ¢§?, zf and
w;? introduced before for j € {1,...,my,}. The real and imaginary parts of the resonances zf are
written according to

2 =B} —illt, for je{l,...,mx}.

Proposition 7.9 For any j € {1,...,mx,} the idendity

n W (VRS) NP (W (VAT B, ), o) P
I(1+40(1) = T + TS (7.18)

holds for any A € w;?.
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Proof: Let dE"()\) denote the infinitesimal spectral projection of the whole line Hamiltonian
H", given by Stone’s formula:

1

dE"(\) = i [(H—=X—i0)"" — (H—-X+1i0)""] .

We shall compute in two different ways and for a fixed j € {1,...,my,} the spectral measure

(119, dE"(N\)116%) of 15(2)¢;.

First Stone’s formula and Proposition [[7 lead to

(o, aBh OLel) = s (ol [k -0 - e - 07 o)
- = (1+o( ”))[ 71_A +@<e—5055”)
) rh (1+(§(e—s°;ﬁsu)) +@<G—W) | o

m (A= 2+ )

forall A\ e Kjp.

The second method uses the generalized wave functions :

(W2 (VA -), ) N [(W" (~VA+B,),¢l)?
4rha/X drh/\+ B

(11¢", dE"(N\)119]) =
The relation ~ o _
(k) =" (k) — (HY, — M) W (K, ), (7.20)

Proposition the exponential decay of gb? and iij(k, -) in Lemma [Z4] and Proposition [ lead
to

(@ v (k) = (o), >>+<j,gj< WG (k)
< Ahwhwh( )>
- @(G—S—f)m(e—%)@(e—w) (21)
s SR

Owing to Proposition Bl and the conditions Sy > Sy and Sy > 85y, the last term is estimated

by )
) (e_s_ho) ) (e‘ SOEiSU) hl/2
rs N\ T
j F;.L
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The equality of the two expressions ([[LI9) and ([ZZI)) for A = E-, and again the assumption
Sy > 85y imply

(1l 4o(1) = — (o Wil (B} hl/Q
ry 1h\[E} Iy

2
1 < , Whaph (— E!'+ B, B1/2

4h, /Ejh + B J I‘?
This yields the result for A = Ejh For )\ € w;}, one writes the equation for u = 1/3@(\/X, =

oh (\/7, -) in the form

+

() ot (VA 0),

hgu(b) — iy [E! + Bu(b) = O (e=F ) ot (VAb) .

3 N— Gl

With the Agmon identity (AJ]) with ¢ = (1 — n)do(a,x), n > 0, one gets

ME(\/ETP, z) — P (VA x)‘ =0 (e‘w> . (7.22)

Note that the right-hand side is o(4 /hI‘;-L) when z € supp W" owing to Proposition Bl and the
assumption Sy > Sy . A similar estimate can be obtained for the momentum — /EJ’P + X\ with the

distance do(x,b) instead of dy(a,z). Hence the result for A = Ejh implies

I‘?(1+o(1)) _ 1+0(1)‘< ;_L,thzii(\/x’,»_i_o(m)‘z

4hv/'X
1+0(1) hh 2
+ W VAFB,)) + o(y/hI" ‘ :
g (o W (- )+ oy/AT%)
for all A € w;}, which yields the result. O

7.4 Values of the coefficients ¢°

In this paragraph all the previous intermediate results are gathered in order to check that the
coeffcients tf‘o are the limits of the quantities (Z3), when the wells are isolated. We shall prove
Theorem A and the second statement of Theorem EZ4l about isolated wells will come as a corollary.
Proof of Theorem The formula (CIA) and the reduction of the energy interval stated in
Proposition [C¥ imply that the coefficient tf‘ is the limit of the quantity

m>\0

3 L O [ ) de e — ST L 1 et (k)|
e fioo Jo, o TR onh 2 2k 1Ko P Dlia @ xfeiecita)

i —E
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for any fixed € > 0. ~
We use again the relation ([ZZ0) between 1" and 1" and the decomposition of (Hy, — \)~! stated
in Proposition in order to write when A\, € Kj,

Wl (k) = P8 (k) — g )WL (k) — (0, Wl (k, -)>¢?
|¢h><¢h|

Zj —/\k

By referring to the decay of ¥" stated in Lemma [ and the estimates for gf(/\) and A;»L — |¢§L><¢?|
derived from Propositions and [, this leads to

h _
Zj )\k

¢7 (kv ) .

1Kj,h O‘k)

h 1 h h,Th h
1/)— + z]h “ <¢] . W 1/’-(’% )>¢]‘|

Lz(R+ X [61767Ci+6])

:@( M)-FO( s)@(@soisU)_'—@(esho)jri:Sozﬁsu).
J

The assumptions Sy > Sy and Sy — 8Sy > 0 combined with the lower bound E3) for I‘? leads to

h_1/2 1Kj,h (/\k)

L2(Ry X [c;—¢,ci+e])

h
~_+
¢ Z;L—)\k

(o, Whph (, ')>¢§]

The inequality ([CZ2) provides a comparison between iij(k, -) and 1/3@(, /)\?, -) which leads to

h™~ 1/2 1K; h(>‘k)

ot <¢],th’1<\/7?,->>¢2]

L2(Ry X[c;—e,ci+e])

Computing the integral

m2ﬂh

~ 2
/R /:ﬁslm § ‘< ;,thﬁ(@,-)>\ ol d dk

[\ — B+ o 2rh

nowhdh (e |
_ M i W ¢’(\/¥’ )>‘ (1+0(1)),

ahy /3T

and the Fermi golden rule (ZI8) with A = )\;-L yields the result. O

Proof of Theorem 24l for isolated wells: Assume do(a, cx) > do(ck, b) forallk € {1,...,my, = N}.
The coefficients tf‘o are obtained as the limits as h — 0 of

B 2
ma <§%,Wh¢5(\/A?")>‘ /Cﬁs\aﬁh 2

- X .
= ARy AT c—e
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But the assumption dy(a,cr) > do(ck, b) for all k, implies

@it =0 ().

while the lower bound E3]) implies

1 ~ 259+2Sy
h—]_—‘? =0 (6 h ) .
The condition Sy + Sy < Sr/2 yields tf‘o =0, forallie {1,...,my,}. O

8 Explicit asymptotic values

In this section we derive from an accurate asymptotic analysis of the quantities (23) some explicit
rules for the coefficients tf‘ when the wells are not gathered like in Theorem 4l In the two cases
N =1 or N = 2 with isolated wells, this provides a complete description of all the possible limits
dn0|(a’b), which was summarized in the end of Section

We first need a simple description of the Dirichlet eigenfunctions ¢§P .

Lemma 8.1 Assume N =my, = 1 or N = my, = 2. Fori € {1,2}, let u; denote a normalized
eigenvector (uz = 0 when N = 1) of —A — w; associated with the eigenvalue Ao + V°(c;). Then
there exists o € R (o =0 if N = 1) such that the Dirichlet eigenvectors (;5;1 satisfy

ol cosa  —sina® uy (52
h = . h h ey + OLQ([)(l) .
h sin «v cos up (522)

Proof: We now from Theorem 3.6 in [BNPT] that the eigenvector ¢? can be written

of =D phivl +o(1),

where (pij)1<ij<m,, i a unitary matrix and where the ¥l is a normalized eigenvectors for the one
well problem around ¢;. By making use of the uniform W1 estimate of V! in a small interval
[ci — €, ¢; + €] with e > 0 independent of h > 0 but arbitrarily small like in Theorem 3.4 of [BNPT],
the exponential decay of Dirichlet eigenvectors in the classically forbidden region allows to replace
Y with u; with an arbitrarily small error. O

Another ingredient of this asymptotic analysis is an accurate description of the generalized
eigenfunctions of H” in the interval I = [a,b]. Introduce the Agmon distance associated with the

potential V" at the energy Ay:
Yo
/ V() = Mg dt‘ : (8.1)

The comparison with the first order WKB approximation has to be considered. When V" is regular
it is a classical result which has to be adapted in our case. The first order approximation wgpp(k, x)
is defined according to

Jh(may) = d(xvy;f)ha Ak) =
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case k>0 : Y (k) = (V' (z)—\g)~1/4 [c_ (k)e~dn(@n)/h 4 O+(k)e‘ih(“’f)/h} where (C_(k), Cs (k)
solves the system

{—(f)h(a) _ )\k)l/2 + Z\/E} C_(k) = 2ikei’n (f)h(a) - )\k)l/4 )

[—(f)h(b) )2 - i\/m} C_(k) (8.2)
+ [(th(b) ) z‘\/m} (™) =0,

case k< 0: ¢ (k) = (Vh(z)—\e)~ /4 [C_(k)e”zh(f’b)/h + C’+(k)e‘3h(zvb)/h} where (C_(k), C (k)

app
solves the system

[~ (V@) = ia) V2 + VA (C,(k)&@)
+ [(f/h(a) =AM+ zm] Ci(k)=0, (53)

[(f)h(b) - )\k) v z\/m} O (k) = 2ike’™ (DR (b) — M) /4.

In our case, its rather technical proof which requires all the regularity and convergence assumptions
on V" namely 92V" = ° in My (1), is deferred to a forthcoming article (see [Nid])

Proposition 8.2 For any k € R such that \; € [Ay, A*], consider the generalized wave function
ﬁ(k, x) restricted to the interval I and given by (C0)-CR) with W" = 0. By introducing the Agmon
distance dj, associated with the potential V' and the energy N according to &), take the function
wgpp defined above. Then the difference converges to 0 with the weighted estimates

max_|e 5 (%/;h(k,x) - c}zlpp(ka x)) 'S0 fork >0,
z€la,b]

‘ih('"’:’b) “h h h—0
max |e (¢ (k,x) — app(k,ac)) — 0 for k<O0.
z€la,b]

We shall make the next simplifying assumption, which ensures that some factors do not vanish
asymptotically.

Assumption 2 Assume that the well potentials w;, i =1 or 2, are even and that the eigenvector
w; corresponds to the first or second eigenvalue.

Proposition 8.3 Tuke the same notations and conventions when N = 1 as before. Let dp, denotes

the Agmon distance for the h-dependent potential V" at the energy A\, € Qp and set for i =1 or
i =2

C (N 12y s
et = ey Sl 0 (0) dy = Ca 08 =20 [ ) o) dy. (39

Then the equality
- , i, (a,c1)
(¢h, Whaph (k. -)) cosa® —sinal e T < _W,Cl))
~ = - +ole *
<¢}5 ) thﬁ (k,-)) sina”  cosa® 72 _e_w
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holds for k > 0, while the symmetric relation for k < 0 writes

(o, Whaph (k. -)) cosal  —sinal T,+€” LY  dy(ea,b)
= h
(6, WG Gk, ) sina”  cosal N RN |

Y2 4e T

Proof: Let us focus on the case k > 0. First the localisation of the potential W" and Proposition
implies

oo, =0 (+-5)

Hence Lemma, reduces the problem to an accurate calculation of
TG h,7h
h
~ dp (a,c1)
= / wi(y)ui(y)wﬁ (kyci + hy) dy+o (e b >
R

C_(k dp(asc1+hy) dp(ascy)
:/wl(y)ui(y) - (k) el Bl dy+0(e b )
R (Vh(ci + hy) — )\k)

C_ (k) (1 - (Ve - Ak)l/Q y) e
(f)h(cﬁhy) _)\k)l/4 v <e (h >)

_dp(aen) _dp(aen)
—e Ry, tofe 2 .

We used the Taylor expansion of dj, with the known uniform regularity of V" in Wheo(1). O

=5 [

Remark 8.4 The Assumption [A is not necessary in the previous proof but it ensures that the
coefficients vy; + do not vanish.

Proposition 8.5 Make the technical additional Assumption@d with N = my, = 1. The asymptotic
of [E3) can lead to values t2° € (0,1) when and only when do(a,c1) = do(c1,b).

Proof: When N = m,, = 1, the single well is isolated and Theorem and Proposition
can be used. This leads to the value ;° as the limit of

1

_dp(aer) _dp(aser)
/—/\0 Y1,—€ 2 +ole R
dj, (c1,:b) dj, (c1,b)
VAo + B Y€ R +0(e‘lT)

2

1+

X\  dpaen)—dp(er.
=<1+70 Mo - SIS ) 4 1))

o\ —1
Ao+ B |71+ ) 7

where d, is the Agmon distance at the energy )\?. Any value in [0, 1] can be achieved depending

on the convergence of dj,(a, ¢;) and dj,(c1,b) to their asymptotic values do(a, ;) and do(cy,b). The
discussion of the comparison of the asymptotic distances yields the result. O
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Proposition 8.6 Tuke N = m), = 2 and assume that the two wells are isolated with the technical
additional condition @ Assume also |\ — \!| = o(h). Then the coefficients t)°, i = 1,2 have to
fulfill the rules

e 17° =1 and t3° € [0,1] do(a,c1) < do(cz,b).
e 17° € [0,1] and t5° = 0 if do(a,c1) > do(ca,b) .
o 1 Z tig Z tg\o 2 0 Zf do(a,cl) = dQ(CQ,b).

Remark 8.7 When |\ — \!| > h2, it is no interaction between the wells and we can apply results
for the gathered wells with my, = 1.

Proof:  According to Theorem and Proposition we have to study the limits of the two
quantities

N cos? a
™ = - 2
dp(c1,b)

h _ . h 7<ih(c2,b) 7(ih(62,b)
Vdo(l+o(1)) |osaimn,+€ = sinamgzee n +0(e R )

1+ _ _ _
dp (a,cy) . dy, (a,co) dy (a,cq1)
Vd+ B |cosahy _em ™ —sinabys_em TFE 4o (e* D )
sin?
+ - ~ - 2
. A _djy(e1,b) A _dp(c,b) _djy(c2,b)
. Mol +o(1)) | sima i, ve o+ cosalys e o 4ole 2
v/ . _dnlaser) _dp(ascy) _dplaser)
Ao+ B sinaly; _e o +cosaltys e o 4o (e m )
and
h sin® o
7-2 - D)
h _dp(e1:b) . h _dp(c2,b) _dp(eg,b)
. No(1+o(1)) | cos@n te o —sinayg te R 4ole 2
Jh(a,cl) . 7<ih(a,62) 7<ih(a,cl)
Vd+ B |cosahy _em T —sinabys_e” EFE 4o (e D )
cos? alt
+ 2
dy, (cq,b) dy, (ca,b) _ dp(ca,b)

V(1 +o(1)) | sinafy re== 7" +cosalyy e n +ole” " )
Vo + B sin ah%,_e*idh(i’cl) + cosalye _e” nlgc2) +o0 (efidh(i'm )

1+

The difference between this two numbers equals

1 1

ho_ 2 h
T — Ty = (cos” «

—sin? )
V(1 +0(1))

1+
Vo +B

, — sina)?

o(cos a

1
VAl +o(l) . ma |
—_—— sma, Cos
sy o( )

1+
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where the coefficient g is given by

7tih(c1,b) 7tih(c2,b) 7&h(c2,b)
Bivi+e” B+ Paya e F +0(6 0 )

_dp(ascy) _dp(a,ca) _dp(acr)
ﬁl’}/l,—e R + ﬂzny’_e D +o0 (e D )

(P, B2) =

An easy computation of the main term of the numerator shows that the difference

o(sina®, cos a)? — p(cos o, — sin a)?

is a non negative number times

dy, (a,c1)+dy, (co,b) dy, (a,c1)+dy, (co,b)
[+ %72, -2 cos* " — |yo 4 ||y, |*sin? ozh} D + o(e‘ B ) )

The expression ([B4) shows that the two products vz _v1 4+ and v1,_7v2 4 are equal. Hence the

difference 7 — 71 is always non negative, which leads to

o >0 (8.5)

in all cases.

It remains to check £;° = 1 when dy(a,c1) < do(c2,b) because the second case is obtained via a
complement argument and the third one says nothing but ([&3). Three possibilities have to be
considered: cosa® — 0 as h — 0, sina” — 0 as h — 0 or |sina”||cosa®| > § > 0.

Assume limj,_,g cosa” = 0. Then one has

1+ 0(1) h—0

- - — 1.
_9 dh(CQ,b)—dh(a,H))
D

™ =o(1) +

1+0 (e
The case limj,_.gsin o = 0 is the same as the previous one after replacing o with 5= al.
Assume cosa” > § > 0. This leads to

h 2 _h

Sin” o« h—0
- - — 1.
_zdh(%yb)—dh(avq))
D

cos? o
dp, (co,b)—dy (a,c1)
—2 h - h )

b=

_1—|—(9(e 1—|—(9(e

A Agmon energy identity

Here we just give the basic energy identity.

Lemma A.1 Let Q := («, 8) an open interval, V € L>®(w), z € C and ¢ a lipschitz real function
on Q. Denote by P the Schrédinger operator P := —h%d?/dx? + V. Then for any ui,uz in H?(),
and setting v; = e“"/huj one has:

6

B B . B
/ 2% (P — 2)uptigdr = / hvihv’zdx—F/ (V — 2 — ¢"*)v vad

«
B
+/ he' (vive — v10%)dx
«
o(a) 52(8)

+h? (eQTu’laz(oz) —e*h u’laz(ﬁ)) : (A.1)

This identity is obtained after conjugation of hd/dxz by e?/" and integration by parts.
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B Universal lower bound for gaps

Lemma B.1 Let (axs,bxs) be an interval and let V' be a real valued continuous on R. Let E,
and E,_1 be the (n+ 1) and n'" eigenvalues of —d?/dx? +V and let

A= max |E— V()2
E€[E,1,E,], v€(aks,bks)

IfV(z) > E, + o on R\ [aks, bks| for some o > 0, then

-1

T | 1 A
E,—-FE, 1>—=-|—+ e~ Mbrs—aks)
'R |28 T o IE( + |E))
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