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P♦✐ss♦♥ s②st❡♠ ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ r❡s♦♥❛♥t t✉♥❡❧❧✐♥❣ ❞✐♦❞❡s✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ❛ ♥♦♥❧✐♥❡❛r
♣r♦❜❧❡♠ ✇❤♦s❡ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ✇❛s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❇❉▼❪✱ ❬◆✐✸❪ ✇✐t❤✐♥ ❛ ▲❛♥❞❛✉❡r✲❇ütt✐❦❡r
❛♣♣r♦❛❝❤ ❬❇✉▲❛❪✱ ❬❈❤❱✐❪✱ ❬▲❛♥❪ ✭s❡❡ ❛❧s♦ ❬◆✐P❛❪✱ ❬P❛t❪✱ ❬❏▲P❙❪✱ ❬Pr❙❥❪✱ ❬❇◆P❪✱ ❬❇◆P✶❪✮✳ ❲❡ r❡❝❛❧❧
t❤❛t t❤❡ ❛♥❛❧②s✐s ❤❛s ❜❡❡♥ r❡❞✉❝❡❞✱ ✐♥ ❬❇◆P✶❪✱ t♦ ❛♥ h✲❞❡♣❡♥❞❡♥t ❧✐♥❡❛r ♣r♦❜❧❡♠ ❛❢t❡r ♣r♦✈✐❞✐♥❣
✉♥✐❢♦r♠ ❡st✐♠❛t❡s ❢♦r t❤❡ ✐♥✐t✐❛❧ s❡♠✐❧✐♥❡❛r ♣r♦❜❧❡♠✳ ❍❡♥❝❡ ✇❡ ❝♦♥s✐❞❡r ❢♦r h > 0 ❣♦✐♥❣ t♦ ③❡r♦
❛♥❞ ❢♦r s♦♠❡ ✜①❡❞ ✐♥t❡r✈❛❧ I = [a, b] t❤❡ ❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦r ♦♥ t❤❡ r❡❛❧ ❧✐♥❡✱

Ph := − d2

dx2
+ Ṽh −Wh, Ṽh := −B + V h, V h ∈W 1,∞(a, b) , ✭✶✳✶✮

✇❤❡r❡

B(x) = −Bx− a

b− a
1[a,b](x) −B · 1[b,+∞)(x) ✭✶✳✷✮

❛♥❞ B ✐s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ❝♦♥st❛♥t✳ ❚❤❡ ♣♦t❡♥t✐❛❧ B s✐♠♣❧② ♠♦❞❡❧s t❤❡ ❛♣♣❧✐❡❞ ❜✐❛s✳ ❚❤❡ ❢❛♠✐❧②
♦❢ ♣♦t❡♥t✐❛❧s (V h)h∈(0,h0) ❤❛s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s ∂2

xV
h = ∂2

xṼh ✐♥ Mb([a, b])
✇❤✐❝❤ ❝♦♥✈❡r❣❡ ✇❡❛❦❧② t♦ s♦♠❡ ♠❡❛s✉r❡ µ0 ∈ Mb([a, b])✱ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

V h(a) = V h(b) = 0 .

❘❡❝❛❧❧ t❤❛t t❤✐s ♠❛❦❡s ❛ ❜♦✉♥❞❡❞ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s Ṽh ✐♥ W 1,∞(a, b) ❛♥❞ ✇❤✐❝❤ ❝♦♥✈❡r❣❡s ✐♥
C0,α(I)✱ α < 1✱ t♦ ❛ ❢✉♥❝t✐♦♥ Ṽ0✱ ∂2

xṼ(0)
∣

∣

(a,b)
= µ0

∣

∣

(a,b)
✳ ❲❡ ❛ss✉♠❡ t❤❛t

inf
h∈(0,h0),x∈I

Ṽh(x) =: Λ0 > 0. ✭✶✳✸✮

❋✐♥❛❧❧②✱ t❤❡ ♣♦t❡♥t✐❛❧ −Wh ❞❡s❝r✐❜❡s q✉❛♥t✉♠ ✇❡❧❧s ❛❝❝♦r❞✐♥❣ t♦

Wh(x) =
N
∑

i=1

wi

(

x− ci
h

)

, ✭✶✳✹✮

✇❤❡r❡ c1 < . . . < cN ❛r❡ N ❣✐✈❡♥ ♣♦✐♥ts ✐♥ (a, b) ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s wi ❛r❡ ❝♦♥t✐♥✉♦✉s✶ ♣♦s✐t✐✈❡
❢✉♥❝t✐♦♥s s✉♣♣♦rt❡❞ ✐♥ [−κ, κ] ❢♦r s♦♠❡ ✜①❡❞ κ > 0✳ ❲❡ s❤❛❧❧ ✉s❡ t❤❡ ❝♦♥✈❡♥t✐♦♥ c0 = a ❛♥❞
cN+1 = b✳ ❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ Hh ✐s t❤❡ s❡❧❢✲❛❞❥♦✐♥t r❡❛❧✐③❛t✐♦♥ ♦❢ Ph ♦♥ t❤❡ r❡❛❧ ❧✐♥❡ ✇✐t❤ ❞♦♠❛✐♥
H2(R)

∀u ∈ D(Hh) = H2(R), Hhu := Phu. ✭✶✳✺✮

❘❡❝❛❧❧ t❤❛t t❤❡ ♥♦t❛t✐♦♥ P ✐s ✉s❡❞ ❢♦r t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r ✇❤✐❧❡ H ✐s r❡s❡r✈❡❞ ❢♦r s♦♠❡ ❝❧♦s❡❞
♥♦♥ ♥❡❝❡ss❛r② s❡❧❢✲❛❞❥♦✐♥t r❡❛❧✐③❛t✐♦♥ ❛s ❛♥ ✉♥❜♦✉♥❞❡❞ ♦♣❡r❛t♦r ♦♥ L2✳
❚❤❡ ♣♦t❡♥t✐❛❧s wi✱ i = 1, . . . , N ✱ ✐s ❝❤♦s❡♥ s♦ t❤❛t t❤❡ s♣❡❝tr✉♠ σ(Hi) ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥s Hi =
−∆ − wi s❛t✐s✜❡s

Ṽh(ci) + inf σ(Hi) ≥ κi > 0 ,

✇✐t❤ κi ✐♥❞❡♣❡♥❞❡♥t ♦❢ h✳ ❲✐t❤ s✉❝❤ ❛♥ ❛ss✉♠♣t✐♦♥ t❤❡ ♦♣❡r❛t♦r Hh ❤❛s ❛ ♣✉r❡❧② ❝♦♥t✐♥✉♦✉s
s♣❡❝tr✉♠ ❡q✉❛❧ t♦ [−B,∞)✳
❉✉❡ t♦ t❤❡ ❛♣♣❧✐❡❞ ❜✐❛s B ≥ 0✱ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ Hh r❡❛❞s

λk :=

∣

∣

∣

∣

k2 ✐❢ k > 0,
k2 −B ✐❢ k < 0.

✭✶✳✻✮

✶■♥ ❬❇◆P✶❪✱ t❤❡ ♥♦♥❧✐♥❡❛r ❛♥❛❧②s✐s ✇❛s ❝❛rr✐❡❞ ♦✉t ✇✐t❤ ♦♥❧② wi ∈ L∞(I)✳

✷



❋♦r k ∈ R s✉❝❤ t❤❛t λk ∈ (−B,+∞) \ {0}✱ t❤❡ ✐♥❝♦♠✐♥❣ s❝❛tt❡r✐♥❣ st❛t❡ ψ−(k, x) ✐s t❤❡ s♦❧✉t✐♦♥
♦❢

Phψh
−(k, ·) = λkψ

h
−(k, ·) , ✭✶✳✼✮

✇✐t❤ t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥

❢♦r k > 0 ψ−(k, x) =







ei kx
h + rk e

−i kx
h ❢♦r x < a ,

tk e
i
(λk+B)1/2x

h ❢♦r x > b ,

❢♦r k < 0 ψ−(k, x) =







tk e
−i

(λk)1/2x

h ❢♦r x < a ,

ei kx
h + rk e

−i kx
h ❢♦r x > b .

❚❤❡ sq✉❛r❡ r♦♦t z1/2 ✐s ❝❤♦s❡♥ ✇✐t❤ t❤❡ r❛♠✐✜❝❛t✐♦♥ ❛❧♦♥❣ t❤❡ ❤❛❧❢✲❧✐♥❡ iR− ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❛t

e−i(λk)1/2x ❞❡❝❛②s ❡①♣♦♥❡♥t✐❛❧❧② ❛s x→ −∞ ✇❤❡♥ λk ∈ (−B, 0) ✳
❚❤✐s ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ k✲❞❡♣❡♥❞❡♥t tr❛♥s♣❛r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❢♦r k > 0







[

h∂x + iλ
1/2
k

]

u(a) = 2ikei ka
h ,

[

h∂x − i(λk +B)1/2
]

u(b) = 0,
✭✶✳✽✮

❢♦r k < 0







[

h∂x + iλ
1/2
k

]

u(a) = 0,

[

h∂x − i(λk +B)1/2
]

u(b) = 2ikei kb
h .

✭✶✳✾✮

❚❤❡ ❝♦❡✣❝✐❡♥ts tk ❛♥❞ rk ❛r❡ t❤❡ tr❛♥s♠✐ss✐♦♥ ❛♥❞ r❡✢❡①✐♦♥ ❝♦❡✣❝✐❡♥ts ❛♥❞ s❛t✐s❢② ❢♦r λk > 0

|rk|2 +

√

λk

λk +B
|tk|2 = 1. ✭✶✳✶✵✮

❉❡♥♦t❡✱ ❢♦r i = 1, . . . , N ❜② σi t❤❡ s❡t ♦❢ ♥❡❣❛t✐✈❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ Hi = −∆ − wi

✇✐t❤ D(Hi) = H2(R)

σi := {ei
k}k∈Ki

⊂ (−∞; 0), Ki ⊂ N, i = 1, . . . , N . ✭✶✳✶✶✮

❚❤❡ s❡t ♦❢ ❛s②♠♣t♦t✐❝ r❡s♦♥❛♥t ❡♥❡r❣✐❡s ✐s ❞❡✜♥❡❞ ❛s

E0 :=
N
⋃

i=1

Ei, Ei := σi + Ṽ0(ci). ✭✶✳✶✷✮

▲❡t ✉s r❡❝❛❧❧ ❛s ✇❡❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ ❛s②♠♣t♦t✐❝ r❡s♦♥❛♥t ✇❡❧❧s ❛ss♦❝✐❛t❡❞ ✇✐t❤ λ ∈ E0✿

Jλ := {i ∈ {1, . . . , N} s✳ t✳ λ ∈ Ei} .

❚❤❡ ♠✉❧t✐♣❧✐❝✐t② mλ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ r❡s♦♥❛♥t ❡♥❡r❣② λ ✐s ❣✐✈❡♥ ❜②

mλ := #Jλ.

▲✐❦❡ ✐♥ ❬❇◆P✶❪✱ ✇❡ ❢♦❝✉s ♦♥ ♣♦s✐t✐✈❡ ❡♥❡r❣✐❡s✿ ❲❡ ✜① ❛♥ ❡♥❡r❣② ❞♦♠❛✐♥ (Λ∗,Λ
∗) ⊂ (0,Λ0)✱ ❛♥❞ ✇❡

❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥s

θ ∈ C0
c ((Λ∗,Λ

∗)) , θ ≥ 0 , ✭✶✳✶✸✮

❛♥❞ g(k) = θ(λk)1R+
(k) . ✭✶✳✶✹✮

✸



❚❤❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ♠♦♠❡♥✉♠ ✐s t❤❡ ♦♣❡r❛t♦r ✇✐t❤ ✭❝♦♥t✐♥✉♦✉s ✐♥ ✶❉✮ ❦❡r♥❡❧

g(Kh
−)[x, y] =

∫

k

g(k)ψh
−(k, x)ψh

−(k, y)
dk

2πh
, ✭✶✳✶✺✮

❛♥❞ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ♦❢ t❤❡ ♣❛rt✐❝❧❡ ❞❡♥s✐t② nh(x) ❞❡✜♥❡❞ ❜②

∫ b

a

ϕ(x) dnh(x) = ❚r
[

g(Kh
−)ϕ(x)

]

, ∀ϕ ∈ C0
c ((a, b)) ,

♦r ❡q✉✐✈❛❧❡♥t❧②

nh(x) =

∫

k

g(k)|ψh
−(k, x)|2 dk

2πh
.

❚❤❡ r❡s✉❧t ♦❢ ❬❇◆P✶✱ ❚❤❡♦r❡♠ ✶✳✻❪ st❛t❡s t❤❛t✱ ♣♦ss✐❜❧② ❛❢t❡r ❡①tr❛❝t✐♥❣ ❛ s✉❜s❡q✉❡♥❝❡✱ t❤❡ ♠❡❛s✉r❡
dnh ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ dn0 ✐♥ Mb((a, b)) ✇✐t❤

dn0 =
∑

λ∈E0

∑

i∈Jλ

tλi θ(λ) δx=ci
, tλi ∈ [0, 1] . ✭✶✳✶✻✮

❖✉r ❛✐♠ ❤❡r❡ ✐s t❤❡ ❛❝❝✉r❛t❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts tλi ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡
♣♦t❡♥t✐❛❧✳

❘❡❝❛❧❧ t❤❛t t❤✐s r❡s✉❧t✱ ❬❇◆P✶✱ ❚❤❡♦r❡♠ ✶✳✻❪✱ ✐s ❡ss❡♥t✐❛❧❧② ♦❜t❛✐♥❡❞ ❜② ❝❤❡❝❦✐♥❣ t❤❛t t❤❡ tλi ✬s
❛r❡ ❡q✉❛❧ t♦ 1 ✇❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ g(k) ✐s r❡♣❧❛❝❡❞ ❜② θ(λk) ❛♥❞ g(Kh

−) ❜② θ(Hh)✳ ■♥ t❤✐s ❛rt✐❝❧❡✱
✇❡ ❢♦❝✉s ♦♥ t❤❡ ❛♥✐s♦tr♦♣✐❝ ❝❛s❡ ✇❤❡♥ g(k) = θ(λk)1R+(k) ❝❛♥♥♦t ❜❡ ✇r✐tt❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
❡♥❡r❣②✳ ◆♦t❡ t❤❛t ❞✉❡ t♦ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥

θ(Hh) = g−(Kh
−) + g+(Kh

−), g−(k) = 1k<0 · θ(λk), g+(k) = 1k>0 · θ(λk), ✭✶✳✶✼✮

t❤❡ r❡s✉❧t ❝❛♥ ❜❡ tr❛♥❢♦r♠❡❞ ✐♥t♦ ❛ r❡s✉❧t ❢♦r ❢✉♥❝t✐♦♥s g− s✉♣♣♦rt❡❞ ♦♥ ♥❡❣❛t✐✈❡ ♠♦♠❡♥t✉♠ ❛♥❞
❡✈❡♥ ❝❛rr✐❡s ♦✈❡r t♦ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♠❜✐♥❛t✐♦♥✳

✷ ❆ss✉♠♣t✐♦♥s ❛♥❞ r❡s✉❧ts✳

❙✐♥❝❡ ✭✶✳✶✻✮ ✐s ❛ ❧♦❝❛❧ r❡s✉❧t ♦♥ t❤❡ ❡♥❡r❣② ❛①✐s ✇❤✐❧❡ t❤❡ s❡t ♦❢ ❛s②♠♣t♦t✐❝ r❡s♦♥❛♥t ❡♥❡r❣✐❡s E0 ✐s
✜♥✐t❡✱ t❤❡ ❛♥❛❧②s✐s ❝❛♥ ❜❡ ♣❛rt❧② s✐♠♣❧✐✜❡❞ ❛❢t❡r t❤❡ ♥❡①t ❛ss✉♠♣t✐♦♥✳

❆ss✉♠♣t✐♦♥ ✶ ❙✉♣♣♦s❡ t❤❛t t❤❡ s✉♣♣♦rt ♦❢ ❢✉♥❝t✐♦♥ θ ❛♥❞ t❤❡r❡❢♦r❡ g(k) = 1k>0 · θ(λk), ❝♦♥t❛✐♥s
♦♥❧② ♦♥❡ ❛s②♠♣t♦t✐❝ r❡s♦♥❛♥t ❡♥❡r❣②

s✉♣♣ θ ∩ E0 = {λ0} .

❚❤❡ ♥❡①t ❛ss✉♠♣t✐♦♥s ❛r❡ t❡❝❤♥✐❝❛❧❧② ♠♦r❡ s❡r✐♦✉s✳ ❙♦♠❡ s♣❡❝✐✜❝ ❝♦♥✜❣✉r❛t✐♦♥s ❛❧❧♦✇ t♦ ❤❛♥❞❧❡
❛❝❝✉r❛t❡❧② ❛♥❞ q✉✐t❡ s✐♠♣❧② t❤❡ ❞✐s❝✉ss✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣❡♦♠❡tr② ✐♥ t❡r♠s ♦❢ t❤❡ ❆❣♠♦♥
❞✐st❛♥❝❡✳

❉❡✜♥✐t✐♦♥ ✷✳✶ ❲✐t❤ ❛♥ ❡♥❡r❣② λ ∈ R ❛♥❞ ❛ ♣♦t❡♥t✐❛❧ V ∈ L∞(I)✱ ✐s ❛ss♦❝✐❛t❡❞ t❤❡ ❆❣♠♦♥
✭♣♦ss✐❜❧② ❞❡❣❡♥❡r❛t❡✮ ❞✐st❛♥❝❡ d(., .;V, λ) ❞❡✜♥❡❞ ❜② ✿

∀x, y ∈ I, d(x, y;V, λ) =

∣

∣

∣

∣

∫ y

x

√

(V (t) − λ)+ dt

∣

∣

∣

∣

. ✭✷✳✶✮

✹



◆♦t❛t✐♦♥ ✶ ❚❤❡ ❆❣♠♦♥ ❞✐st❛♥❝❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❛s②♠♣t♦t✐❝ ♣♦t❡♥t✐❛❧ Ṽ0 ❛♥❞ t❤❡ ❛s②♠♣t♦t✐❝
r❡s♦♥❛♥t ❡♥❡r❣② λ0 ✐s ❞❡♥♦t❡❞ ❜② d0✳ ■t ✐s ❞❡✜♥❡❞ ❜②

d0(x, y) :=

∣

∣

∣

∣

∫ y

x

√

Ṽ0(τ) − λ0 dτ

∣

∣

∣

∣

,

❲✐t❤ t❤✐s ❞✐st❛♥❝❡✱ ❧❡t

S0 := d0(∪i∈Jλ0
{ci}, ∂I), SU := max

i,j∈Jλ0

d0(ci, cj), SI := d0(a, b) ✭✷✳✷✮

❜❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ λ0✲r❡s♦♥❛♥t ✇❡❧❧s ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ∂I = {a, b}✱ t❤❡ ❞✐❛♠✲
❡t❡r ♦❢ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ r❡s♦♥❛♥t ✇❡❧❧s✱ ❛♥❞ t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ ✐s❧❛♥❞✳
■t ✐s s♦♠❡t✐♠❡s ❝♦♥✈❡♥✐❡♥t t♦ ✐♥tr♦❞✉❝❡ t❤❡ s❡t

U = {c1, . . . , cN} .

❋✐♥❛❧❧②✱ ✐♥tr♦❞✉❝❡ ❢♦r η0 > 0 t❤❡ q✉❛♥t✐t②

S̃U := max
τ∈[c1,cN ]

√

Ṽ0(τ) + η0 − λ0 |cN − c1|,

✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ ❛r❡❛ ✇❤✐❝❤ ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ✇❡❧❧s✳

◆♦t✐❝❡ t❤❛t S̃U ✐s ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ s♦♠❡ L∞✲♥♦r♠ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ✐♥st❡❛❞ ♦❢ ❛♥ ✐♥t❡❣r❛❧✳ ❚❤❡
♣❛r❛♠❡t❡r η0 ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ S̃U > SU ✳ ■t ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② s♠❛❧❧✳

❉❡✜♥✐t✐♦♥ ✷✳✷ ❲❡ s❛② t❤❛t t❤❡ λ0✲r❡s♦♥❛♥t ✇❡❧❧s ❛r❡ ❣❛t❤❡r❡❞ ✭r❡s♣✳ str♦♥❣❧② ❣❛t❤❡r❡❞✮ ✐❢ ❛♥❞
♦♥❧② ✐❢

S0 + SU < SI/2 (resp. S0 +mλ0SU < SI/2). ✭✷✳✸✮

❆s S0 + SU ✐s t❤❡ ❣r❡❛t❡st ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ✐s❧❛♥❞ t♦ t❤❡ r❡s♦♥❛♥t ✇❡❧❧s✱ t❤❡
❝♦♥❞✐t✐♦♥ S0 + SU < SI/2 ❡①♣r❡ss❡s t❤❛t t❤❡ r❡s♦♥❛♥t ✇❡❧❧s ❛r❡ ❣❛t❤❡r❡❞ ✐♥ ♦♥❡ t❤❡ ❤❛❧✈❡s ♦❢ t❤❡
✐s❧❛♥❞✳ ❚❤✐s ❡①♣❧❛✐♥s t❤❡ t❡r♠✐♥♦❧♦❣②✳

❉❡✜♥✐t✐♦♥ ✷✳✸ ❲❡ s❛② t❤❛t t❤❡ ✇❡❧❧s ❛r❡ ✐s♦❧❛t❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

S0 > 8S̃U ❛♥❞ mλ0
= N. ✭✷✳✹✮

■♥❡q✉❛❧✐t② ✭✷✳✹✮ ♠❡❛♥s t❤❛t t❤❡ ✇❡❧❧s ❛r❡ ❝♦♥✜♥❡❞ ✐♥ t❤❡ ❝❡♥tr❛❧ ♣❛rt ♦❢ t❤❡ ✐s❧❛♥❞✳

❚❤❡♦r❡♠ ✷✳✹ ▼❛❦❡ ❆ss✉♠♣t✐♦♥ ✶✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ λ0✲r❡s♦♥❛♥t ✇❡❧❧s ❛r❡ str♦♥❣❧② ❣❛t❤❡r❡❞✱ ♦r
s✉♣♣♦s❡ t❤❛t t❤❡ ✇❡❧❧s ❛r❡ ✐s♦❧❛t❡❞ ✭mλ0

= N✮ ❛♥❞ ❣❛t❤❡r❡❞ ✇✐t❤ N = mλ0
✳ ❚❤❡♥ t❤❡ t✇♦ ♥❡①t

st❛t❡♠❡♥ts ❤♦❧❞✿
✐✮ ❚❤❡ ❝♦❡✣❝✐❡♥ts tλ0

i ✱ i ∈ Jλ0 ✱ ❛r❡ ❛❧❧ ❡q✉❛❧ t♦ 1 ✐❢ d0(a, ci) < d0(ci, b) ❢♦r ❛❧❧ i ∈ Jλ0 ✳

✐✐✮ ❚❤❡ ❝♦❡✣❝✐❡♥ts tλ0
i ✱ i ∈ Jλ0 ✱ ❛r❡ ❛❧❧ ❡q✉❛❧ t♦ 0 ✐❢ d0(a, ci) > d0(ci, b) ❢♦r ❛❧❧ i ∈ Jλ0 ✳

■♥ t❤❡ ✜rst ❝❛s❡ t❤❡ ✇❡❧❧s ❛r❡ ❝♦♥✜♥❡❞ ✐♥ t❤❡ ❧❡❢t✲❤❛♥❞ ❤❛❧❢ ♦❢ t❤❡ ✐s❧❛♥❞✱ ✇❤❡r❡❛s ✐♥ t❤❡ s❡❝♦♥❞
❝❛s❡ t❤❡ ✇❡❧❧s ❛r❡ ❝♦♥✜♥❡❞ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✐s❧❛♥❞✱ t❤✐s ♣❛rt✐t✐♦♥ ❜❡✐♥❣ ❞♦♥❡ ✐♥ t❡r♠s
♦❢ t❤❡ ❆❣♠♦♥ ❞✐st❛♥❝❡ d0✳ ❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ✐♥ t❡r♠s ♦❢ t✉♥♥❡❧✐♥❣ ❡✛❡❝t✿ ✐♥ ❝❛s❡ ✐✮
t❤❡ t✉♥♥❡❧✐♥❣ ❡✛❡❝t ✐s ❡❛s✐❡r ❢r♦♠ a t♦ t❤❡ ✇❡❧❧s t❤❛♥ ❢r♦♠ t❤❡ ✇❡❧❧s t♦ b✱ t❤❡ ♣❛rt✐❝❧❡s ❝♦♠✐♥❣ ❢r♦♠
−∞ ✭r❡♠❡♠❜❡r g+(−|k|) = 0) ❛r❡ tr❛♣♣❡❞ ❜② t❤❡ ✇❡❧❧s❀ ✐♥ ❝❛s❡ ✐✐✮✱ t❤❡ ♣❛rt✐❝❧❡ ❡s❝❛♣❡ ♠♦r❡ ❡❛s✐❧②
❢r♦♠ t❤❡ ✇❡❧❧s t♦ b t❤❛♥ t❤❡② ❣❡t ✐♥t♦ t❤❡ ✇❡❧❧s ❢r♦♠ a✳

✺



❚❤❡♦r❡♠ ✷✳✺ ❆ss✉♠❡ t❤❛t t❤❡ ✇❡❧❧s ❛r❡ ✐s♦❧❛t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✷✳✸ ✭mλ0
= N✮✳ ▲❡t

λh
1 < . . . < λh

mλ0
❜❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❉✐r✐❝❤❧❡t ❍❛♠✐❧t♦♥✐❛♥ Hh

I ♦♥ I = [a, b] ❝♦♥✈❡r❣✐♥❣ t♦ λ0

❛s h → 0 ✇✐t❤ t❤❡ ♥♦r♠❛❧✐③❡❞ ❡✐❣❡♥✈❡❝t♦rs φh
1 , . . . , φ

h
mλ0

✳ ❋✐① ε ∈ (0, 1/2 min0≤i 6=i′≤N+1 |ci − ci′ |)
❛♥❞ ❧❡t ψ̃h

−(k, ·) ❜❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ H̃h = Hh + Wh✳ ❚❤❡♥ t❤❡ ❝♦❡✣❝✐❡♥t tλ0
i ✱

i = 1, . . . ,mλ0
✱ ✐s ♦❜t❛✐♥❡❞ ❛s t❤❡ ❧✐♠✐t ♦❢ t❤❡ q✉❛♥t✐t②

mλ0
∑

j=1

∫ ci+ε

ci−ε

|φh
j (x)|2 dx

1 +

√

λh
j

∣

∣

∣

〈

φh
j , W

hψ̃h
−(−

√

λh
j +B, ·)

〉∣

∣

∣

2

√

λh
j +B

∣

∣

∣

〈

φh
j , W

hψ̃h
−(+

√

λh
j , ·)

〉∣

∣

∣

2

, ✭✷✳✺✮

❛s h→ 0 ✭❛❢t❡r ♣♦ss✐❜❧② ❡①tr❛❝t✐♥❣ ❛ s✉❜s❡q✉❡♥❝❡✮✳

❋r♦♠ t❤✐s r❡s✉❧t ♥♦♥ tr✐✈✐❛❧ ❝❛s❡s ❢♦r ✇❤✐❝❤ ♥♦t ❛❧❧ t❤❡ tλi ❜❡❧♦♥❣ t♦ {0, 1} ✇✐❧❧ ❜❡ ❡①❤✐❜✐t❡❞ ✐♥
❙❡❝t✐♦♥ ✽✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥ Pr♦♣♦s✐t✐♦♥ ✽✳✺ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✽✳✻✳
❲❤❡♥ N = 1✱ ✇❡ ✇✐❧❧ ❡st❛❜❧✐s❤ t❤❛t✱ t❤❡ ❝♦❡✣❝✐❡♥t tλ0

1 ❜❡❧♦♥❣s t♦ (0, 1) ♦♥❧② ✐❢ d0(a, c1) = d0(c1, b)✳
■♥ t❤❡ ❝❛s❡ ♦❢ t✇♦ ✇❡❧❧s N = 2✱ t❤❡ ✈❛❧✉❡s ♦❢ tλ0

1 ❛♥❞ tλ0
2 ❤❛✈❡ t♦ ❢✉❧✜❧❧ t❤❡ ♥❡①t r✉❧❡s

✶✳ tλ0
1 = 1 ❛♥❞ tλ0

2 ∈ [0, 1] ✐❢ d0(a, c1) < d0(c2, b)❀

✷✳ tλ0
1 ∈ [0, 1] ❛♥❞ tλ0

2 = 0 ✐❢ d0(a, c1) > d0(c2, b)❀

✸✳ 1 ≥ tλ0
1 ≥ tλ0

2 ≥ 0 ✐❢ d0(a, c1) = d0(c2, b)✳

❆❧❧ t❤❡s❡ r✉❧❡s ✇❤✐❝❤ ✇❡r❡ ♣r♦✈❡❞ ♦♥❧② ❢♦r ✐s♦❧❛t❡❞ ✇❡❧❧s ❛♥❞ ❡s♣❡❝✐❛❧❧② t❤❡ ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥ tλ0
1 ≥

tλ0
2 ❤❛✈❡ ❛ ✈❡r② ♥❛t✉r❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ✇✐t❤✐♥ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ♣r❡s❡♥t❛t✐♦♥ ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✳
❚❤❡② ❛r❡ ♣r♦❜❛❜❧② ✈❛❧✐❞ ✐♥ ❛❧❧ ❝❛s❡s ❛❧t❤♦✉❣❤ ♦✉r ♣r♦♦❢ r❡q✉✐r❡s s♦♠❡ s♣❡❝✐✜❝ ❛ss✉♠♣t✐♦♥s✳ ❚❤❡②
✇❡r❡ t❛❦❡♥ ❛s ❣r❛♥t❡❞ ✐♥ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s tr❡❛t❡❞ ✐♥ ❬❇◆P❪✳ ◆♦t❡ t❤❛t ♦✉r r❡s✉❧ts ♣r♦✈✐❞❡
❡ss❡♥t✐❛❧❧② ❛ ❝♦♠♣❧❡t❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ✇❤❛t ✐s ❣♦✐♥❣ ♦♥ ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ✐♥t❡r❛❝t✐♦♥ ♦❢ r❡s♦♥❛♥❝❡s✱
♦r ✇❤❡♥ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ r❡s♦♥❛♥t st❛t❡s ✐♥✈♦❧✈❡s ♦♥❧② t✇♦ ✇❡❧❧s✳ ■♥ t❤❡ ✜♥❛❧ ♥♦♥❧✐♥❡❛r ♣r♦❜❧❡♠
♣r❡s❡♥t❡❞ ✐♥ ❬❇◆P❪✱ ❬❇◆P✶❪✱ t❤❡ ❝♦❡✣❝✐❡♥ts tλi ♣❧❛② t❤❡ r♦❧❡ ♦❢ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡rs ✇❤✐❝❤ ❤❛✈❡
❛♥ ❛r❜✐tr❛r② ✈❛❧✉❡ ✐♥ [0, 1] ✇❤❡♥ t❤❡ ❛ss♦❝✐❛t❡❞ ❝♦♥str❛✐♥t ❢♦r t❤❡ ❛s②♠♣t♦t✐❝ r❡s♦♥❛♥t ❡♥❡r❣② ♦r
t❤❡ ❆❣♠♦♥ ❞✐st❛♥❝❡s ✐s s❛t✉r❛t❡❞✳
❋✐♥❛❧❧② ♥♦t❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥mλ0

= N ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✹ ✭✐s♦❧❛t❡❞ ❛♥❞ ❣❛t❤❡r❡❞
✇❡❧❧s✮ ✐s ♥♦t ❝r✉❝✐❛❧✳ ■t ✐s ❛ss✉♠❡❞ ❤❡r❡ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ s♦♠❡ ✉♥❡ss❡♥t✐❛❧ t❡❝❤♥✐❝❛❧✐t✐❡s ✇❤✐❝❤ ❤❛✈❡
❛❧r❡❛❞② ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❇◆P✶❪ ❛♥❞ ❛r❡ tr❡❛t❡❞ ✐♥ t❤❡ s❧✐❣t❤❧② s✐♠♣❧❡r ✜rst ❝❛s❡✳

✸ ❘❡❞✉❝t✐♦♥ ♦❢ t❤❡ r❡❧❡✈❛♥t ❡♥❡r❣② ✐♥t❡r✈❛❧✳

■♥ ❬❇◆P✶❪✱ ❛ s♠❛❧❧ h✲❞❡♣❡♥❞❡♥t ❡♥❡r❣② ❞♦♠❛✐♥ ❛r♦✉♥❞ λ0 ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞✳ ▲❡t Hh
I ❞❡♥♦t❡

t❤❡ ❉✐r✐❝❤❧❡t r❡❛❧✐③❛t✐♦♥ ♦❢ Ph ♦♥ t❤❡ ✐♥t❡r✈❛❧ I = [a, b] ❛♥❞ ❧❡t {λh
1 , . . . , λ

h
mλ0

} ❜❡ t❤❡ ♦r❞❡r❡❞

❡✐❣❡♥✈❛❧✉❡s ❝♦♥✈❡r❣✐♥❣ t♦ λ0 ❛s h→ 0✳ ❙❡t

Ωh := {z ∈ C s✳t✳ ❘❡ (z) ∈ Kh, ■♠ (z) ∈ [−4h, 4h]} ✭✸✳✶✮

✇✐t❤ Kh := [λ0 − αh, λ0 + αh] ✭✸✳✷✮

❛♥❞ αh := 4 max
{

h, |λ0 − λh
j |, j = 1, . . . ,mλ0

}

. ✭✸✳✸✮

❚❤❡ Pr♦♣♦s✐t✐♦♥ ✻✳✹ ♦❢ ❬❇◆P✶❪ ②✐❡❧❞s t❤❡ ♥❡①t ❡♥❡r❣② ✐♥t❡r✈❛❧ r❡❞✉❝t✐♦♥✳

✻



Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✶✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡

lim
h→0

❚r
[

g(Kh
−)ϕ(x)

]

− g(
√

λ0)❚r
[

1Kh
(Hh)1(0,+∞)(K

h
−)ϕ(x)

]

= 0

❤♦❧❞s ❢♦r ❛♥② ϕ ∈ C0
c ((a, b)) ✳

❍❡♥❝❡ ✇❡ ✇✐❧❧ ♠❛✐♥❧② ❢♦❝✉s ♦♥ t❤❡ ❡♥❡r❣✐❡s ❧②✐♥❣ ✐♥ Kh ❛♥❞ ♦♥ t❤❡ s♣❡❝tr❛❧ ♣❛r❛♠❡t❡rs ❧②✐♥❣
✐♥ Ωh ✐♥ t❤❡ s❡q✉❡❧✳

✹ ▲♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ t❤❡ r❡s♦♥❛♥❝❡s✳

■♥ t❤✐s s✐♠♣❧❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠ ✇❤❡r❡ t❤❡ ♣♦t❡♥t✐❛❧ ✐s ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ♦✉ts✐❞❡ ❛ ❝♦♠✲
♣❛❝t ✐♥t❡r✈❛❧✱ t❤❡ r❡s♦♥❛♥❝❡s ❛r❡ ❡❛s✐❧② ✐♥tr♦❞✉❝❡❞ ❛❢t❡r ❛♥ ❡①♣❧✐❝✐t ❝♦♠♣❧❡① ❞❡❢♦r♠❛t✐♦♥ ♦❢ t❤❡
tr❛♥s♣❛r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✶✳✽✮✲✭✶✳✾✮✳ ❚❤❡ ♦♣❡r❛t♦r Hh

ζ ✐s ❞❡✜♥❡❞ ❢♦r ❛ ❝♦♠♣❧❡① ζ ❧②✐♥❣ ✐♥
❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ λ ∈ (−B, 0) ❜②

D(Hh
ζ ) =

{

u ∈ H2(I),

[

h∂x + iζ1/2
]

u(a) = 0,
[

h∂x − i(ζ +B)1/2
]

u(b) = 0

}

, ✭✹✳✶✮

Hh
ζ u = Phu = [−h2∆ + Vh(x)]u , ∀u ∈ D(Hh

ζ ) . ✭✹✳✷✮

❚❤❡ r❡s♦♥❛♥❝❡s ❛r❡ t❤❡♥ ❡①❛❝t❧② t❤❡ ❝♦♠♣❧❡① ✈❛❧✉❡s z ❢♦r ✇❤✐❝❤ t❤❡ ♦♣❡r❛t♦r (Hh
z − z) ✐s ♥♦t

✐♥❥❡❝t✐✈❡ ✭s❡❡ ❬❇◆P✶❪ ❢♦r t❤✐s s♣❡❝✐✜❝ ❝❛s❡ ❛♥❞ ❬❇❛❈♦❪✱ ❬❍❡❙❥✶❪✱ ❬❍✐❙✐❪ ❢♦r ♠♦r❡ ❣❡♥❡r❛❧ ✈❡rs✐♦♥s ♦❢
t❤❡ ❝♦♠♣❧❡① ❞❡❢♦r♠❛t✐♦♥✮✳
■t ✇❛s ♣r♦✈❡❞ ✐♥ ❬❇◆P✶❪ t❤❛t t❤❡ r❡s♦♥❛♥❝❡s ❝♦♥✈❡r❣✐♥❣ t♦ λ0 ❧✐❡ ✐♥ ❛ Õ(e−2S0/h)✲♥❡✐❣❤❜♦r❤♦♦❞
♦❢ t❤❡ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡s ✭s❡❡ ❬❇◆P✶✱ Pr♦♣♦s✐t✐♦♥ ✺✳✷❪✮✳ ❍❡♥❝❡ ✇❡ ❣❡t t❤❡ ✉s✉❛❧ r❡s✉❧t t❤❛t t❤❡
✐♠❛❣✐♥❛r② ♣❛rt ♦❢ r❡s♦♥❛♥❝❡s ❝♦♥✈❡r❣✐♥❣ t♦ λ0 ❛r❡ ❡①♣♦♥❡♥t✐❛❧❧② s♠❛❧❧

■♠ (zh) = Õ(e−
2S0

h ) .

Pr♦✈✐❞✐♥❣ ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ r❡s♦♥❛♥❝❡s ✐s ❛ st❛♥❞❛r❞ r❡s✉❧t ✇✐t❤✐♥ t❤❡
s❡♠✐❝❧❛ss✐❝❛❧ ❛♥❛❧②s✐s ♦❢ r❡s♦♥❛♥❝❡s ✭s❡❡ ❬❍❡❙❥✶❪✮✳ ❲❡ ❝❤❡❝❦ ✐t ✇✐t❤ ❛ ♠♦r❡ ♣❡❞❡str✐❛♥ ❛♣♣r♦❛❝❤
❢♦r ♦✉r ✶❉ ♣r♦❜❧❡♠ ✇❤❡r❡ t❤❡ ♣♦t❡♥t✐❛❧ ❞♦❡s ♥♦t ✜t ❡①❛❝t❧② ✇✐t❤ t❤❡ s❡♠✐❝❧❛ss✐❝❛❧ s❡tt✐♥❣ ❛♥❞ ❤❛s
❛ ❧✐♠✐t❡❞ r❡❣✉❧❛r✐t②✳ ◆♦t❡ t❤❛t t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❝❛♥ ❜❡ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐♥ t❤❡
♠✉❧t✐♣❧❡ ✇❡❧❧ ❝❛s❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶ ❋♦r ❛♥② η > 0, t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t Cη > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② r❡s♦✲
♥❛♥❝❡ zh ❝♦♥✈❡r❣✐♥❣ t♦ λ0✱ ♦♥❡ ❤❛s

Cηe
−

2S0−η
h ≥ −■♠ (zh) ≥ C−1

η e−
2(S0+SU )+η

h . ✭✹✳✸✮

Pr♦♦❢✿ ▲❡t zh s✉❝❤ ❛ r❡s♦♥❛♥❝❡ ❛♥❞ uh ❛ ♥♦r♠❛❧✐③❡❞ r❡s♦♥❛♥t st❛t❡ ❛ss♦❝✐❛t❡❞✱ t❤❛t ✐s ❛♥ ❡❧❡♠❡♥t
✐♥ t❤❡ ❦❡r♥❡❧ ♦❢ Hh

zh − zh ✇✐t❤ L2(I)✲♥♦r♠ ❡q✉❛❧ t♦ ✶✳ ■t s❛t✐s✜❡s

−h2∆uh + Vh(x)uh = zhuh,
∥

∥uh
∥

∥

L2(I)
= 1 ,

✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♣r♦✈✐❞❡❞ ❜② uh ∈ D(Hh
zh) ✳ ❇② t❛❦✐♥❣ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ t❤❡

✐❞❡♥t✐t② ✭❆✳✶✮ ❛♣♣❧✐❡❞ ✇✐t❤ V = Vh✱ u2 = u1 = uh✱ z = zh ❛♥❞ ϕ ≡ 0 ♦♥❡ ❣❡ts

− ■♠ (zh) = h❘❡ (
√

zh +B)|uh(b)|2 + h❘❡ (
√
zh)|uh(a)|2. ✭✹✳✹✮

✼



■❢ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ zh ✐s t♦♦ s♠❛❧❧✱ uh s❛t✐s✜❡s ❛ ❈❛✉❝❤② ♣r♦❜❧❡♠ ✐♥ x = a ✇✐t❤ s♠❛❧❧ ❞❛t❛s
❜❡❝❛✉s❡ ♦❢ t❤❡ r❡s♦♥❛♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ limh→0 z

h = λ0 ∈ (Λ∗,Λ
∗)✳ ❲❡ ♥❡①t ❝❤❡❝❦ t❤❛t

s✉❝❤ ❛ s♠❛❧❧♥❡ss ✐s ❧✐♠✐t❡❞ ❜② t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❛ss✉♠♣t✐♦♥
∥

∥uh
∥

∥

L2 = 1✳ ■♥ ♦r❞❡r t♦ ❣❡t t❤✐s✱ s❡t

F (x) :=





uh(x)

ih
duh

dx
(x)



 . ✭✹✳✺✮

F s❛t✐s✜❡s t❤❡ ❖❉❊ ♦♥ I

ih
dF

dx
= Ah(x)F (x), Ah(x) :=

(

0 1
zh − Vh 0

)

, Vh = Ṽh −Wh. ✭✹✳✻✮

❊♥❞♦✇ C
2 ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❤❡r♠✐t✐❛♥ ♥♦r♠✳ ■❢ ρh(x) ❞❡♥♦t❡s t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ♦❢Ah(x)Ah(x)T ✱

♦♥❡ ❣❡ts t❤❡ ❡st✐♠❛t❡
∣

∣

∣

∣

h
dF

dx

∣

∣

∣

∣

2

≤ ρh(x)|F (x)|2. ✭✹✳✼✮

❇② ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ t❤✐s ②✐❡❧❞s

|F (x)| ≤ min
(

|F (a)|e 1
h

R x
a

|zh−Vh(τ)|1/2 dτ ; |F (b)|e 1
h

R b
x
|zh−Vh|1/2 dτ

)

, ✭✹✳✽✮

❢♦r ❛❧❧ x ∈ I✳ ❚❤❡ tr❛♥s♣❛r❡♥t ❝♦♥❞✐t✐♦♥s ❣✐✈❡♥ ❜② uh ∈ D(Hh
zh) ✐♠♣❧②

|F (a)|2 = |uh(a)|2(1 + |zh|), |F (b)|2 = |uh(b)|2(1 + |zh +B|) . ✭✹✳✾✮

❆♣♣❧② ♥♦✇ t❤❡ ❆❣♠♦♥ ❡st✐♠❛t❡ t❡❝❤♥✐q✉❡ ❧✐❦❡ ✐♥ ❬❉✐❙❥❪ ✐♥ ♦r❞❡r t♦ ❝❤❡❝❦ t❤❛t t❤❡ r❡s♦♥❛♥t
✇❛✈❡ ❢✉♥❝t✐♦♥ ❝♦♥❝❡♥tr❛t❡s ✐♥ t❤❡ ✇❡❧❧s✿ ❚❛❦✐♥❣ t❤❡ r❡❛❧ ♣❛rt ♦❢ t❤❡ ✐❞❡♥t✐t② ✭❆✳✶✮ ✇✐t❤ V = Vh✱
z = zh✱ u1 = u2 = uh ❛♥❞ ϕ(x) = d(x, s✉♣♣Wh; Ṽh − ε0,❘❡ z

h) ✇✐t❤ ε0 > 0 ❧❡❛❞s t♦

0 =

∫ b

a

∣

∣

∣
h∂x(e

ϕ
h uh)

∣

∣

∣

2

dx+ ε0

∫

I\s✉♣♣W h

∣

∣

∣
e

ϕ
h uh

∣

∣

∣

2

dx

+

∫

s✉♣♣W h

(Ṽh(x) −Wh(x) − ❘❡ zh)
∣

∣uh
∣

∣

2
dx

+ h ■♠ [(zh)1/2] e2
ϕ(a)

h

∣

∣uh(a)
∣

∣

2
+ h ■♠ [(zh +B)1/2] e2

ϕ(b)
h

∣

∣uh(b)
∣

∣

2
.

❙✐♥❝❡ limh→0 z
h = λ0 > 0 ❛♥❞ ■♠ (zh) = Õ(e−2S0/h) ❛♥❞ ❢r♦♠ ✭✹✳✹✮ ✇❡ ❞❡❞✉❝❡ t❤❡ ❡st✐♠❛t❡

∫

I\s✉♣♣W h

∣

∣

∣
h∂x(e

ϕ
h uh)

∣

∣

∣

2

+ ε0

∣

∣

∣
e

ϕ
h uh

∣

∣

∣

2

dx ≤ Õ
(

e−4
S0
h

)

max
{

e
2ϕ(a)

h , e
2ϕ(b)

h

}

−
∫

s✉♣♣W h

(Ṽh(x) −Wh(x) − ❘❡ zh)
∣

∣uh
∣

∣

2
dx .

❖✇✐♥❣ t♦ ϕ(a) ≤ d0(a, U) ❛♥❞ ϕ(b) ≤ d0(b, U) ❢♦r h > 0 s♠❛❧❧ ❡♥♦✉❣❤ ❛♥❞ t♦
∥

∥uh
∥

∥

L2 = 1 ✇❡ ❣❡t

∫

I\s✉♣♣W h

∣

∣

∣h∂x(e
ϕ
h uh)

∣

∣

∣

2

+ ε0

∣

∣

∣e
ϕ
h uh

∣

∣

∣

2

dx ≤ C

❢♦r s♦♠❡ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ h > 0 ✭s♠❛❧❧ ❡♥♦✉❣❤✮✳ ▲❡t χ ❛ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❝❛♥❝❡❧s
❛r♦✉♥❞ t❤❡ ❜♦✉♥❞❛r② ♦❢ I✳ ❚❤❡♥✱ χuh ✐s ❝❧♦s❡ t♦ ❛♥ ❡✐❣❡♥❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❉✐r✐❝❤❧❡t ♦♣❡r❛t♦r

✽



Hh
I ✳ ❯s✐♥❣ ❬❍❡❧✱ ♣✳ ✸✵✕✸✶❪ ✭♦r ❬❍❡❙❥✷❪✮✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t uh ❤❛s ❛s②♠♣t♦t✐❝❛❧❧② ♥♦ ♠❛ss ✐♥ t❤❡

♥♦♥✲r❡s♦♥❛♥t ✇❡❧❧s✳
❋r♦♠ t❤✐s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❝♦♥st❛♥t κ1 > 0 ❝❛♥ ❜❡ ❝❤♦s❡♥ s♦ t❤❛t t❤❡r❡ ❡①✐sts i ∈ Jλ0

s✉❝❤
t❤❛t t❤❡ L2✲♥♦r♠ ♦❢ uh ♦♥ [ci −κ1h, ci +κ1h] ✐s ❣r❡❛t❡r t❤❛♥

1
2

1
mλ0

✱ ❢♦r h > 0 s♠❛❧❧ ❡♥♦✉❣❤✳ ❯s✐♥❣

✭✹✳✽✮ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ♦♥ [ci − κ1h, ci + κ1h]✱ ♦♥❡ ♦❜t❛✐♥s ❢r♦♠ ✭✹✳✽✮ ❛♥❞ ✭✹✳✾✮

1

4m2
λ0

≤ min
(

|uh(a)|2(1 + |zh|)
∫ ci+κ1h

ci−κ1h

e
2
h

R x
a

|zh−Vh(τ)|1/2 dτ dx ;

|uh(b)|2(1 + |zh +B|)
∫ ci+κ1h

ci−κ1h

e
2
h

R b
x
|zh−Vh(τ)|1/2 dτ dx

)

. ✭✹✳✶✵✮

■♥ t❤❡ ✐♥t❡❣r❛❧ ✇✐t❤ r❡s♣❡❝t t♦ τ ✱ ♦♥❡ ❝❛♥ r❡♣❧❛❝❡ Vh ❜② Ṽh ♠♦❞✉❧♦ O(h), s✐♥❝❡ ❡❛❝❤ ✇❡❧❧ ✐s ♦❢
❞✐❛♠❡t❡r κh. ❋✐① ♥♦✇ ε1 > 0✳ ❋♦r h > 0 s♠❛❧❧ ❡♥♦✉❣❤ ✇❡ ❝❛♥ ❛ss✉♠❡

|Ṽh(x) − Ṽ0(x)| ≤ ε1

❛♥❞
∣

∣zh − λ0

∣

∣ ≤ ε1 .

❚❤✐s ❧❡❛❞s ✜♥❛❧❧② t♦

1/(4m2
λ0

) ≤ eCκ1 min
(

2h|uh(a)|2(1 + |zh|)e
2(d0(a,ci)+Cε1

h ;

2h|uh(b)|2(1 + |zh +B|)e
2d0(ci,b)+Cε1

h

)

≤ C ′
∣

∣■♠ zh
∣

∣ e
2d0(ci,∂I)+C′ε1

h .

❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ ✭✹✳✸✮ ❛♣♣❡❛rs ❛s ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦✇✐♥❣ t♦ d0(ci, ∂I) ≤ S0 +SU ❜② t❛❦✐♥❣
C ′ε1 ≤ ε ✳ �

❘❡♠❛r❦ ✹✳✷ • ◆♦t❡ t❤❛t ✐♥ t❤❡ s✐♥❣❧❡ ✇❡❧❧ ❝❛s❡ N = 1✱ SU = 0✱ ♦♥❡ r❡❝♦✈❡rs ❛ ❧♦❣❛r✐t❤♠✐❝
❡q✉✐✈❛❧❡♥t t♦ |■♠ zh| ✳

• ◆♦t❡ t❤❛t t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ ✭✹✳✸✮ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ s❧✐❣❤t❧② ❜② ♥♦t✐❝✐♥❣ d0(ci, ∂I) ✐s ❧❡ss t❤❛♥
min {S0 + SU , SI/2}✳

✺ ❘❡s♦❧✈❡♥t ❡st✐♠❛t❡s ❛r♦✉♥❞ ❛♥ ❛s②♠♣t♦t✐❝ r❡s♦♥❛♥t ❡♥❡r❣②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣❧❛② ✇✐t❤ t❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥t ❛♥❞ t❤❡ ✐♥✈❡rs❡ ♦❢ ✜♥✐t❡
❞✐♠❡♥s✐♦♥❛❧ ♠❛tr✐❝❡s ❛❢t❡r t❤❡ ●r✉s❤✐♥ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛♥❝❡ ♣r♦❜❧❡♠✱ ✐♥ t❤❡ s♣✐r✐t ❬❚❛❩✇❪✳
❚❤❡ ♥❡①t ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ r❡s♦❧✈❡♥t ✇❛s ❞❡r✐✈❡❞ ✐♥ ❬❇◆P✶❪ ❛❢t❡r ✐♥tr♦❞✉❝✐♥❣ ❛ ●r✉s❤✐♥ ♣r♦❜❧❡♠ ✿

1I(H
h − z)−1

1I = (Hh
z − z)−1 = F (z) − E+(z)(E−+(z))−1E−(z) , ✭✺✳✶✮

❢♦r ❛❧❧ z ∈ Ωh ❛♥❞ ✇❤❡r❡ F ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ tr❛❝❡ ❝❧❛ss ♦♣❡r❛t♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✳ ❋♦r ❛♥② ❝♦♠♣❛❝t
s❡t K ⊂ (a, b)✱ t❤❡r❡ ❡①✐sts cK s✉❝❤ t❤❛t t❤❡ ❡st✐♠❛t❡

∀ϕ ∈ C0(K), |❚r (F (z)ϕ)| = Oϕ(e−cK/h), h→ 0 , ✭✺✳✷✮

❤♦❧❞s ✉♥✐❢♦r♠❧② ❢♦r z ∈ Ωh ❛♥❞ h ∈ (0, h0)✳ ❚❤❡ ♠❡r♦♠♦r♣❤✐❝ ♣❛rt ✐s ♦❢ ✜♥✐t❡ r❛♥❦ ✇✐t❤ ♣♦❧❡s
❧♦❝❛t❡❞ ❡①❛❝t❧② ❛t t❤❡ r❡s♦♥❛♥❝❡s zh

1 , . . . , z
h
mλ0

♦❢ Ph✳

✾



❚❤❡ ❧❛❜❡❧❧✐♥❣ ♦❢ t❤❡ r❡s♦♥❛♥❝❡s ✐s ❞♦♥❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❧❛❜❡❧❧✐♥❣ ♦❢ t❤❡ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡s
λh

1 , . . . , λ
h
mλ0

✇✐t❤
∣

∣zh
j − λh

j

∣

∣ = Õ
(

e−2S0/h
)

✳
▼♦r❡♦✈❡r✱ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❡①♣❛♥s✐♦♥

E−+(z) = ❞✐❛❣
[

(

z − λh
1

)

, . . . ,
(

z − λh
mλ0

)]

+ Õ
(

e−
2S0

h

)

✭✺✳✸✮

= ❞✐❛❣
[

(

z − zh
1

)

, . . . ,
(

z − zh
mλ0

)]

+ Õ
(

e−
2S0

h

)

, ✭✺✳✹✮

E−(z) = E−
0 ψ + Õ

(

e−
S0
2h

)

, ✭✺✳✺✮

E+(z) = χE+
0 + Õ

(

e−
S0
2h

)

. ✭✺✳✻✮

❤♦❧❞ ✇✐t❤
∥

∥E+
0

∥

∥ ❛♥❞
∥

∥E−
0

∥

∥ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❛♥❞ ✇❤❡r❡ ψ ❛♥❞ χ ❛r❡ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥s ✭s❡❡ ❬❇◆P✶✱
❙❡❝t✐♦♥ ✺ ❛♥❞ ❙❡❝t✐♦♥ ✻✳✷❪✮✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶ ❚❤❡ ❡st✐♠❛t❡

∥

∥(E−+(λ))−1
∥

∥ = Õ
(

e
2(mλ0

−1)SU
h

[

min
j=1,...,mλ0

|λ− zh
j |
]−1

)

❤♦❧❞s ❢♦r ❛♥② r❡❛❧ λ ∈ Ωh ∩ R✱ ✇❤❡♥ ‖ ‖ ❞❡♥♦t❡s ❛♥② ✜①❡❞ ♥♦r♠ ♦♥ Mmλ0
(C) ✳

Pr♦♦❢✳ ❲❡ st❛rt t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ fh s✉❝❤ t❤❛t

∀z ∈ Ωh, ❞❡tE−+(z) =

mλ0
∏

j=1

(z − zh
j )fh(z) inf

h>0
inf
Ωh

|fh(z)| ≥ c > 0. ✭✺✳✼✮

❋✐① ❛♥② ♥♦r♠ ♦♥ Mmλ0
(C)✳ ❚❤❡ ❢✉♥❝t✐♦♥ fh : z 7→ ❞❡tE−+(z)

∏mλ0
j=1 (z − zh

j )−1 ✐s ♠❡r♦♠♦r♣❤✐❝

♦♥ Ωh✱ ❞♦❡s ♥♦t ❝❛♥❝❡❧✱ ❛♥❞ ❤❛s r❡♠♦✈❛❜❧❡ s✐♥❣✉❧❛r✐t✐❡s ❛t z = zh
j . ❲❡ ❛♣♣❧② t❤❡♥ t❤❡ ♠❛①✐♠✉♠

♠♦❞✉❧✉s ♣r✐♥❝✐♣❧❡ t♦ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts✳ ❇❡❝❛✉s❡ ♦❢ ✭✺✳✹✮ ❛♥❞ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ r❡s♦♥❛♥❝❡s ✇❡
❤❛✈❡

❞❡tE−+(z) =

mλ0
∏

j=1

(z − zh
j ) + Õ

(

e−
2S0

h

)

, ✭✺✳✽✮

❛♥❞ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ Ωh, |z − zh
j | ≥ Ch, C > 0. ❈♦♥s❡q✉❡♥t❧②✱ f ✐s ❜♦✉♥❞❡❞ ❜② ❜❡❧♦✇ ❜② 1/2

❢♦r h s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ❚❤✐s ♣r♦✈❡s ✭✺✳✼✮✳
■♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ♥♦r♠ ♦❢ (E−+(z))−1✱ ✇❡ ✉s❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥

(E−+(z))−1 =
1

❞❡tE−+(z)
❝♦♠E−+(z)T , ✭✺✳✾✮

✇❤❡r❡ Γ(z) := ❝♦♠E−+(z)T ❞❡♥♦t❡s t❤❡ tr❛♥s♣♦s❡ ♠❛tr✐① ♦❢ t❤❡ ❝♦❢❛❝t♦rs✳ ▲❡t ✉s ♠❛❦❡ ♠♦r❡
❡①♣❧✐❝✐t t❤❡ ❢♦r♠ ♦❢ t❤❡ ❣❡♥❡r❛❧ ❡❧❡♠❡♥t Γij(z) ✐♥ ♦r❞❡r t♦ ❣❡t t❤❡ ❡st✐♠❛t❡✳ ■♥ ❣❡♥❡r❛❧✱ ❜② ❞❡♥♦t✐♥❣
ε(z) t❤❡ r❡s✐❞✉❛❧ ♠❛tr✐① ✐♥ ✭✺✳✹✮ t❤❡ ❡♥tr② Γij(z) ✐s ❛ s✉♠ ♦❢ (mλ0

− 1)! ❤♦♠♦❣❡♥❡♦✉s ♠♦♥♦♠✐❛❧s
♦❢ ♦r❞❡r mλ0 − 1 ✐♥ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts ♦❢ E−+(z)✱ ❛♠♦♥❣ ✇❤✐❝❤ t❤❡r❡ ❛r❡ r ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts
(0 ≤ r ≤ mλ0 − 1)✳ ❙✉❝❤ ❛ ♠♦♥♦♠✐❛❧ ✇r✐t❡s

r
∏

k=1

(z − zh
jk

+ εik,ik
)

mλ0
−1

∏

l/∈{1,...,r}

εσ(il),il
, σ ∈ Smλ0

−1 . ✭✺✳✶✵✮

✶✵



❚❤❡ ❡st✐♠❛t❡ ♦❢
∥

∥(E−+(z))−1
∥

∥ ✐s t❤❡♥ ❞❡r✐✈❡❞ ❢r♦♠ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ q✉❛♥t✐t✐❡s ❧✐❦❡

thr (z) =

r
∏

k=1

(

z − zh
jk

+ εik,ik

)

mλ0
−1

∏

k/∈{1,...,r}

εσ(ik),ik

mλ0
∏

j=1

(z − zh
j

, 0 ≤ r ≤ mλ0
− 1. ✭✺✳✶✶✮

❋♦r ❛♥② ✜①❡❞ r ∈ {0, . . . ,mλ0
− 1} ❛♥❞ λ ∈ R✱ t❤❡ ✐♥❡q✉❛❧✐t②

|thr (λ)| ≤ Cr max
0≤r1≤r

Õ
(

e−
2(mλ0

−r1−1)S0

h

)

mλ0
−r1
∏

k=1

|zh
jk

− λ|
≤ Cr max

0≤r1≤r

Õ
(

e−
2(mλ0

−r1−1)S0

h

)

|zh
j1 − λ|

mλ0
−r1
∏

k=2

|■♠ zjk
|

❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✭✹✳✸✮ ②✐❡❧❞s

∣

∣thr (λ)
∣

∣ ≤ Cr max
0≤r1≤r

Õ
(

e
2(mλ0

−r1−1)SU
h

)

min
j

∣

∣λ− zh
j

∣

∣

≤ Cr

Õ
(

e
2(mλ0

−1)SU
h

)

min
j

∣

∣λ− zh
j

∣

∣

.

�

✻ ❈❛s❡ ♦❢ str♦♥❣ ❣❛t❤❡r♥❡ss

❲❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷✳✹ ✉♥❞❡r t❤❡ str♦♥❣ ❣❛t❤❡r♥❡ss ❛ss✉♠♣t✐♦♥ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✷✮ t❤❛t ✇❡ r❡❝❛❧❧
❤❡r❡✿

S0 +mλ0
SU < SI/2 . ✭✻✳✶✮

❆❝t✉❛❧❧② t❤❡ r❡s✉❧t ✇✐❧❧ ❜❡ ♣r♦✈❡❞ ✉♥❞❡r t❤❡ s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥ t❤❛t ❛❧❧ t❤❡ ✇❡❧❧s ❛r❡ λ0✲
r❡s♦♥❛♥t✱ mλ0

= N ✳ ❚❤❡ ▲❡♠♠❛ ✻✳✶ ❣✐✈❡♥ ✐♥ t❤❡ ❡♥❞ ♦❢ t❤✐s ❙❡❝t✐♦♥ ✇✐❧❧ ♠❛❦❡ ❝❧❡❛r t❤❛t t❤✐s
❛ss✉♠♣t✐♦♥ ✐s ♥♦t r❡str✐❝t✐✈❡✳
Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✹ ✉♥❞❡r t❤❡ str♦♥❣ ❣❛t❤❡r♥❡ss ❛ss✉♠♣t✐♦♥✿ ❋✐rst ♥♦t❡ t❤❛t t❤❡ t✇♦
st❛t❡♠❡♥ts i) ❛♥❞ ii) ❝❛♥ ❜❡ ❞❡❞✉❝❡❞ ♦♥❡ ❢r♦♠ t❤❡ ♦t❤❡r ✇✐t❤ ❛ ❝♦♠♣❧❡♠❡♥t❛r② ❛r❣✉♠❡♥t ♣r♦✈✐❞❡❞
❜② t❤❡ r❡❧❛t✐♦♥ ✭✶✳✶✼✮ ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❡♥❡r❣② ❢♦r ✇❤✐❝❤ tλj = 1 ✇❛s ♣r♦✈❡❞ ✐♥ ❬❇◆P✶❪✳
❍❡♥❝❡ ✇❡ ✇❛♥t t♦ ♣r♦✈❡

lim
h→0

❚r
[

g(Kh
−)ϕ

]

= 0

✐♥ t❤❡ ❝❛s❡ ✐✐✮✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦

lim
h→0

❚r
[

gh(Kh
−)ϕ

]

= 0 ,

✇✐t❤ gh(k) = 1(0,+∞)(k)1Kh
(λk) ✳

▲❡t ψ−(k, x) ✭λk ∈ Kh✮ ❜❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❜② ✭✶✳✽✮✲✭✶✳✾✮ ❢♦r t❤❡ ♣♦t❡♥t✐❛❧ Vh

❛♥❞ ψ̃−(k, x) ❜❡ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✜❧❧❡❞ ♣♦t❡♥t✐❛❧ Ṽh = Vh +Wh ✳
❙❡t

uh(k, ·) := ψh
−(k, ·) − ψ̃h

−(k, ·) = (Hh
k2 − k2)−1Whψ̃h

−(k, ·). ✭✻✳✷✮

✶✶



s♦ t❤❛t
|ψh

−(k, x)|2 ≤ 2|ψ̃h
−(k, x)|2 + 2|uh(k, x)|2 . ✭✻✳✸✮

■❢ ✇❡ ❞❡♥♦t❡ ❜② K̃h
− t❤❡ ❛s②♠♣t♦t✐❝❛❧ ♠♦♠❡♥t✉♠ ❢♦r H̃h✱ ✇❡ ❣❡t ❢♦r ❛♥② ϕ ∈ C0

c ((a, b); R+)✿

0 ≤ ❚r (gh(Kh
−)ϕ) ≤ ❚r (gh(K̃h

−)ϕ) + 2‖ϕ‖2
∞

∫

k>0,λk∈Ih

‖uh(k, ·)‖2
L2

x

dk

2πh
. ✭✻✳✹✮

■❢ ✇❡ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ❡①♣r❡ss✐♦♥ ✭✺✳✶✮ ♦❢ t❤❡ r❡s♦❧✈❡♥t (Hh
k2 − k2)−1✱ ✇❡ ❣❡t

uh(k, ·) = F (k2)Whψ̃h
−(k, ·) − E+(k2)(E−+(k2))−1E−(k2)Whψ̃h

−(k, ·), ✭✻✳✺✮

❛♥❞ ✜♥❛❧❧②
‖uh(k, ·)‖2

L2
x
≤ 2‖F (k2)Whψ̃h

−(k, ·)‖2 + 2‖T (k2)Whψ̃h
−(k, ·)‖2 , ✭✻✳✻✮

❜② s❡tt✐♥❣
T (k2) := E+(k2)(E−+(k2))−1E−(k2) . ✭✻✳✼✮

❚❤❡ ✜rst t❡r♠ ♦❢ ✭✻✳✻✮ ✉♥✐❢♦r♠❧② ❣♦❡s t♦ 0 ✇❤❡♥ h→ 0✱ ❜❡❝❛✉s❡ F ✐s ❜♦✉♥❞❡❞ ✐♥ t❤❡ ♦♣❡r❛t♦r✲♥♦r♠

❛♥❞ Whψ̃h
−(k, ·) ✐s Õ(e−d0(a,Uh))/h)✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ Pr♦♣♦s✐t✐♦♥ ✻✳✷ ✐♥ ❙❡❝t✐♦♥ ✻✳✶ ♦❢ ❬❇◆P✶❪✳ ❇②

Pr♦♣♦s✐t✐♦♥ ✺✳✶✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ s❡❝♦♥❞ t❡r♠ ✐s ❜♦✉♥❞❡❞ ❜②

‖T (k2)Whψ̃h
−(k, ·)‖2 = Õ





e−
2d(a,U)

h e
4(N−1)SU

h

min
j=1,...,N

|k2 − zh
j |2



 . ✭✻✳✽✮

❇✉t✱ ❢♦r ❛♥② r❡s♦♥❛♥❝❡ zh ∈
{

zh
1 , . . . , z

h
N

}

✱ ✇r✐t✐♥❣ zh = Eh − iΓh, Eh = ❘❡ (zh)✱ Γh = −■♠ (zh),
❣✐✈❡s

1

|k2 − zh|2 =
1

Γh

Γh

(k2 − Eh)2 + Γh2 . ✭✻✳✾✮

❚❤❡ ❧❛tt❡r ❢❛❝t♦r ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L1(Rk)✱ ✇❤✐❧❡ t❤❡ ✜rst ❢❛❝t♦r ✐s ❡st✐♠❛t❡❞ ♦✇✐♥❣ t♦ ✭✹✳✸✮
❜②

1

Γh
= Õ

(

e
2(S0+SU )

h

)

.

❇② ♣✉tt✐♥❣ ❛❧❧ t❤❡ ✐♥❡q✉❛❧✐t✐❡s t♦❣❡t❤❡r✱ t❤❡ ✐♥t❡❣r❛❧ ✐♥ ✭✻✳✹✮ ✐s ❞♦♠✐♥❛t❡❞ ❜②

Õ
(

e−
2d(a,U)

h e
4(N−1)SU

h

)

× Õ
(

e
2(S0+SU )

h

)

.

❲❡ ❝♦♥❝❧✉❞❡ ❜② r❡❝❛❧❧✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s

d(a, U) = SI − (S0 + SU )

−2SI + 4(S0 +NSU ) < 0 .

�

❚❤❡ ♥❡①t ❛r❣✉♠❡♥ts s❤♦✇ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ mλ0
= N ✐s ❡❛s✐❧② r❡♠♦✈❡❞✳ ▲❡t H̃h

k2,nr ❜❡ t❤❡

♦♣❡r❛t♦r ✇✐t❤ t❤❡ s❛♠❡ ❞♦♠❛✐♥ ❛s Hh
k2 ❛♥❞ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣♦t❡♥t✐❛❧

Ṽh
nr = Vh +

∑

j∈Jλ0

wj

(

x− cj
h

)

,

✇❤❡r❡ ❛❧❧ t❤❡ r❡s♦♥❛♥t ✇❡❧❧s ❛r❡ ✜❧❧❡❞✳ ■♥ ❬❇◆P✶❪ s✉❝❤ ❛♥ ❍❛♠✐❧t♦♥✐❛♥ ✇❛s ❞❡♥♦t❡❞ ❜② H̃k2(λ0)
❛♥❞ ✐t ✇❛s ♣r♦✈❡❞ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✸✮ t❤❛t ✐t s❛t✐s✜❡s t❤❡ s❛♠❡ r❡s♦❧✈❡♥t ❡st✐♠❛t❡ ❛s H̃k2 ✳ ❍❡♥❝❡
t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢ ❝❛rr✐❡s ♦✈❡r t♦ t❤❡ ❝❛s❡ ✇❤❡♥ mλ0

< N ❛s s♦♦♥ ❛s t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s
ψ̃h
−,nr(k, x) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣❛rt✐❛❧❧② ✜❧❧❡❞ ✇❡❧❧s s❤❛r❡ t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❛s t❤❡ ψ̃h

−(k, x) ✳
❚❤✐s ✐s ❣✐✈❡♥ ❜② t❤❡ ♥❡①t ▲❡♠♠❛✳

✶✷



▲❡♠♠❛ ✻✳✶ ❋♦r k > 0 s✉❝❤ t❤❛t λk ∈ Kh✱ t❤❡ ♣♦✐♥t✇✐s❡ ❡st✐♠❛t❡

ψ̃h
−,nr(k, x) = ψ̃h

−(k, x) + Õ
(

e−
d0(a,Uh

nr)+d0(Uh
nr,x)

h

)

❤♦❧❞s ❢♦r ❛♥② x ∈ I = [a, b] ✇✐t❤ ❛ ✉♥✐❢♦r♠ ❝♦♥tr♦❧ ♦❢ t❤❡ ❝♦♥st❛♥ts ✇✐t❤ r❡s♣❡❝t t♦ x ∈ I✳ ❚❤❡ s❡t

Uh
nr ✐s s✉♣♣ Wh

nr ✇✐t❤ Wh
nr = Wh −

∑

j∈Jλ0
wj

(

.−cj

h

)

✳

Pr♦♦❢✿ ❚❤❡ ❢✉♥❝t✐♦♥ ε(k, ·) := ψ̃h
−,nr(k, ·) − ψ̃h

−(k, ·) ✐s ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ Hh
k2,nr ❛♥❞✱ s✐♥❝❡

P̃h −Wh
nr = Ph

nr, ✐t ❢♦❧❧♦✇s t❤❛t

ψ̃h
−,nr(k, ·) = ψ̃h

−(k, ·) − (Hh
k2,nr − k2)−1Wh

nrψ̃
h
−(k, ·). ✭✻✳✶✵✮

■t ✇❛s s❤♦✇♥ t❤❛t ψ̃h
−(k, x) = O(h−1)e−d0(a,x) ✉♥✐❢♦r♠❧② ✇✳r✳t k✱ ✇❤❡r❡❛s t❤❡ ❦❡r♥❡❧ ♦❢ (Hh

k2,nr−
k2)−1 ✐s Õ(e−d0(x,y))✳ �

✼ ■s♦❧❛t❡❞ ❲❡❧❧s✳

❲❡ ❛ss✉♠❡ ✐♥ t❤✐s s❡❝t✐♦♥ mλ0
= N ✳

✼✳✶ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts✳

■♥ t❤❡ ❝❛s❡ ♦❢ ✐s♦❧❛t❡❞ ✇❡❧❧s✱ t❤❡ ❣❡♦♠❡tr✐❝ ❛ss✉♠♣t✐♦♥ ❡♥s✉r❡s t❤❛t t❤❡ r❡s♦♥❛♥❝❡s ❛r❡ s✐♠♣❧❡✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❣❛♣s ❜❡t✇❡❡♥ t❤❡ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡s ❝♦♥✈❡r❣✐♥❣ t♦ λ0 ❛r❡ ♠✉❝❤ ❧❛r❣❡r t❤❛♥
t❤❡ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ ❛❧❧ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s♦♥❛♥❝❡s✳ ❚❤✐s ❞♦❡s ♥♦t ❝♦rr❡s♣♦♥❞ ❡①❛❝t❧② t♦ t❤❡
❝❛s❡ mλ0

= 1 ❜❡❝❛✉s❡ t❤❡ ❡♥❡r❣② ❞♦♠❛✐♥ Kh = Ωh ∩ R ❤❛s t♦ ❜❡ s♣❧✐tt❡❞ ✐♥t♦ ❡①♣♦♥❡♥t✐❛❧❧② s♠❛❧❧
❡♥❡r❣② ✐♥t❡r✈❛❧s ✇✐t❤ ❛ r❡✜♥❡❞ ❛♥❛❧②s✐s ✇❤✐❝❤ ✇❛s ♥♦t r❡❛❧❧② ❝❛rr✐❡❞ ♦✉t ✐♥ ❬❇◆P✶❪✳ ❚❤✐s ✇✐❧❧ ❧❡❛❞
✐♥ ♣❛rt✐❝✉❧❛r ✐♥ ❙❡❝t✐♦♥ ✼✳✷ t♦ ❛ r❡✜♥❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❇r❡✐t✲❲✐❣♥❡r t②♣❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❧♦❝❛❧
❞❡♥s✐t② ♦❢ st❛t❡s ❛❧r❡❛❞② ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❇◆P✶❪ ❛❢t❡r ❬●❡▼❛❪✳

❚❤❡ ✜rst r❡s✉❧t ✇❤✐❝❤ ✐s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✉♥✐✈❡rs❛❧ ❧♦✇❡r ❜♦✉♥❞ ♦❢ ❣❛♣s ❣✐✈❡♥ ✐♥ ❬❑✐❙✐❪✱
✐♥tr♦❞✉❝❡s t❤❡ q✉❛♥t✐t② S̃U ✳

Pr♦♣♦s✐t✐♦♥ ✼✳✶ ▲❡t λh
1 < . . . < λh

mλ0
❜❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Hh

I , t❤❡ ❉✐r✐❝❤❧❡t r❡❛❧✐③❛t✐♦♥ ♦❢ Ph

♦♥ I ❝♦♥✈❡r❣✐♥❣ t♦ λ0. ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t CU > 0 s✉❝❤ t❤❛t ❢♦r h > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧

∀j 6= k, |λh
j − λh

k | ≥ C−1
U e−

S̃U
h . ✭✼✳✶✮

❲❤❡♥ t❤❡ ✇❡❧❧s ❛r❡ ✐s♦❧❛t❡❞✱ ❡❛❝❤ ❞✐s❝ ❝❡♥t❡r❡❞ ♦♥ λh
j ✇✐t❤ r❛❞✐✉s (3CU )−1e−S̃U /h ❝♦♥t❛✐♥s t❤❡r❡❢♦r❡

♦♥❧② ♦♥❡ r❡s♦♥❛♥❝❡ ♦❢ Ph ❢♦r h > 0 s♠❛❧❧ ❡♥♦✉❣❤✳

Pr♦♦❢✿ ❈♦♥s✐❞❡r t❤❡ ❍❛♠✐❧t♦♥✐❛♥ Ĥh ♦♥ t❤❡ ✇❤♦❧❡ ❧✐♥❡ R ✇✐t❤ ❞♦♠❛✐♥ H2(R) ❛♥❞ ❞❡✜♥❡❞ ❜②

∀u ∈ H2(R), Ĥhu := P̂hu, P̂h := −h2d2/dx2 + V̂h, ✭✼✳✷✮

V̂h = 1(−∞,b) · Vh(a) + 1I · Vh + 1(b,∞) · Vh(b). ✭✼✳✸✮

❚❤❡ ♣♦t❡♥t✐❛❧ V̂h ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❝♦♥st❛♥t ♦✉ts✐❞❡ I ❛♥❞ ❝♦✐♥❝✐❞✐♥❣ ✇✐t❤ Vh ♦♥ I✳ ❇②
❝♦♥str✉❝t✐♦♥✱ ♦♥❡ ❤❛s

inf σ❡ss
(

Ĥh
)

≥ Λ0 > Λ∗. ✭✼✳✹✮

✶✸



❇❡s✐❞❡s✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Ĥh ✐s ❜♦✉♥❞❡❞ ✇✳r✳t✳ h > 0. ❆♣♣❧② t❤❡♥ t❤❡ ❚❤❡♦r❡♠ ✷
❢r♦♠ ❬❑✐❙✐❪ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❇ ✇✐t❤ [aKS , bKS ] = [c1 − κh, cN + κh] ❛♥❞ α2

KS = Λ0 ✭t❤❡ KS

✐♥❞❡① r❡❢❡rs t♦ ❑✐rs❝❤ ❛♥❞ ❙✐♠♦♥✬s ♥♦t❛t✐♦♥s✮✳ ❚❤✐s ♣r♦✈✐❞❡s ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ s♣❧✐tt✐♥❣ ♦❢ t❤❡
❡✐❣❡♥✈❛❧✉❡s ♦❢ Ĥh, ❧②✐♥❣ ❛r♦✉♥❞ λ0✱ ♥❛♠❡❧②

|λ̂h
j − λ̂h

k | ≥ Ce−
S̃U
h . ✭✼✳✺✮

◆♦✇✱ ✐❢ λh ✐s ♦♥❡ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Hh
I ✐♥ t❤✐s ✐♥t❡r✈❛❧ ✇✐t❤ φh ❛ ❝♦rr❡s♣♦♥❞✐♥❣ L2✲♥♦r♠❛❧✐③❡❞

❡✐❣❡♥❢✉♥❝t✐♦♥✱ ♦♥❡ ❤❛s ✇✐t❤ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❡st✐♠❛t❡s ✭s❡❡ ❬❇◆P✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✸❪✮

Ĥhχφh = λhχφh + [Ph, χ]φh, ‖[Ph, χ]φh‖L2 ≤ Cηe
−

S0−cη
h , ✭✼✳✻✮

❢♦r ❛ s♠♦♦t❤ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥ χ s✉♣♣♦rt❡❞ ✐♥ (a, b) ❛♥❞ ❡q✉❛❧ t♦ 1 ♦✉ts✐❞❡ ❛♥ η✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢
✐ts ❜♦✉♥❞❛r② ∂I = {a, b}✳ ❙✐♥❝❡ Hh

I ✐s s❡❧❢✲❛❞❥♦✐♥t✱ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ mλ0 ❡✐❣❡♥✈❡❝t♦rs
φh✬s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡s λh ❝♦♥✈❡r❣✐♥❣ t♦ λ0 ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②
♦❢ t❤❡s❡ ❡✐❣❡♥✈❡❝t♦rs ✭s❡❡ ❬❇◆P✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✸❪✮ ❡♥s✉r❡s t❤❛t t❤❡ ●r❛♠ ♠❛tr✐① ♦❢ t❤❡ χφh✬s ✐s
❡①♣♦♥❡♥t✐❛❧❧② ❝❧♦s❡ t❤❡ ✉♥✐t ♠❛tr✐①✳ ❆❝❝♦r❞✐♥❣ t♦ ❬❍❡❧❪✱ ❬❍❡❙❥✷❪ ✭s❡❡ ❛❧s♦ ❬❇◆P✶✱ ❆♣♣❡♥❞✐① ❈❪✮✱
Ĥh ❤❛s ❛t ❧❡❛st mλ0

❡✐❣❡♥✈❛❧✉❡s ❝♦♥✈❡r❣✐♥❣ t♦ λ0✳

❈♦♥✈❡rs❡❧②✱ ✐❢ λ̂h ✐s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ Ĥh ✇✐t❤ ❡✐❣❡♥❢✉♥❝t✐♦♥ φ̂h, ♦♥❡ ❤❛s ✐♥ L2(I)

Ĥhχφ̂h = λ̂hχφ̂h + [Ph, χ]φ̂h, ✭✼✳✼✮

✇✐t❤ t❤❡ s❛♠❡ ❡st✐♠❛t❡ ♦❢ t❤❡ r❡♠❛✐♥❞❡r t❡r♠ [Ph, χ]φ̂h ❛s ✐♥ ✭✼✳✻✮ ♦✇✐♥❣ t♦ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②

♦❢ φ̂h ✭❯s❡ ❛❣❛✐♥ t❤❡ ❆❣♠♦♥ ❡st✐♠❛t❡✮✳ ❆ ✜rst ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts ♦❢ ❬❍❡❧❪✱ ❬❍❡❙❥✷❪ ✭s❡❡
❛❧s♦ ❬❇◆P✶✱ ❆♣♣❡♥❞✐① ❈❪✮ ❡♥s✉r❡s t❤❛t t❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Hh

I ❛♥❞ t❤❡

❡✐❣❡♥✈❛❧✉❡s ♦❢ Ĥh ❝♦♥✈❡r❣✐♥❣ t♦ λ0✱ ✇✐t❤ ✈❛r✐❛t✐♦♥s ♦❢ ♦r❞❡r Õ(e−S0/h) ✇❤✐❝❤ ❛r❡ ♠✉❝❤ s♠❛❧❧❡r
t❤❛♥ t❤❡ ❣❛♣s ✭✼✳✺✮✳ �

❚❤❡ ♣r❡✈✐♦✉s ❧♦❝❛❧✐③❛t✐♦♥ ♦❢ r❡s♦♥❛♥❝❡s ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ●r✉s❤✐♥ ❢♦r♠✉❧❛t✐♦♥ ✭✺✳✶✮✳
❯♥❢♦rt✉♥❛t❡❧② t❤✐s ❞♦❡s ♥♦t ♣r♦❞✉❝❡ ❛♥ ❛❝❝✉r❛t❡ ❡♥♦✉❣❤ ✐♥❢♦r♠❛t✐♦♥✳ ❲❡ ♥♦✇ ✇❛♥t t♦ ✉s❡ t❤❡
❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ ❣❛♣s ✐♥ ♦r❞❡r t♦ ❝♦♥s✐❞❡r s❡♣❛r❛t❡❧② ❡✈❡r② ♣❛✐r (λh

j , z
h
j ) ♠❛❞❡ ♦❢ ❛ ❉✐r✐❝❤❧❡t

❡✐❣❡♥✈❛❧✉❡ ✇✐t❤ t❤❡ ❛ss♦❝✐❛t❡❞ r❡s♦♥❛♥❝❡✱ ❛❧t❤♦✉❣❤ t❤✐s st✐❧❧ ❛❧❧♦✇s ✐♥t❡r❛❝t✐♥❣ ✇❡❧❧s✳ ■♠♣r♦✈❡❞
r❡s♦❧✈❡♥t ❡st✐♠❛t❡s ❛♥❞ ❛ ❜❡tt❡r ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ✇❛✈❡ ❢✉♥❝t✐♦♥ ✐s ♥❡❡❞❡❞✳ ■♥ ❬❇◆P✶❪
t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ r❡s♦❧✈❡♥t (Hh

• −z)−1 ✇❛s st✉❞✐❡❞ ✇❤❡♥ ❞✐st(z, σ(Hh
I )) ✐s ❧❛r❣❡r t❤❛♥ hC ✭♦r e−S1/h

✇✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❬❇◆P✶❪✮✳ ❍❡r❡ ✇❡ ❤❛✈❡ t♦ ✇♦r❦ ✇✐t❤ ♦♥❧② ❞✐st(z, λh
j ) ≥ (C/100)e−S̃U /h✱ t❤❛t

✐s ♠✉❝❤ ❝❧♦s❡r t♦ t❤❡ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡ λh
j ✭e−S̃U /h = o(e−SU /h) = o(e−S1/h)✮✳ ▲❡t ✉s st❛rt ✇✐t❤

❛ ❧❡♠♠❛ ❛❜♦✉t t❤❡ ❉✐r✐❝❤❧❡t r❡❛❧✐③❛t✐♦♥ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ r❡s✉❧ts ♦❢ ❬❇◆P✶❪✳

▲❡♠♠❛ ✼✳✷ ▲❡t Hh
I ❜❡ t❤❡ ❉✐r✐❝❤❧❡t r❡❛❧✐③❛t✐♦♥ ♦♥ t❤❡ ✐♥t❡r✈❛❧ I ♦❢ t❤❡ ♦♣❡r❛t♦r Ph✳ ▲❡t zh ❜❡❧♦♥❣

t♦ Ωh ✇✐t❤ h ∈ (0, h0)✱ h0 s♠❛❧❧ ❡♥♦✉❣❤✳ ❙❡t

r(h) = ❞✐st(zh, σ(Hh
I )) ,

❛♥❞ ❛ss✉♠❡ r(h) > 0✳ ❚❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ r❡s♦❧✈❡♥t (Hh
I − zh)−1 s❛t✐s✜❡s

(Hh
I − zh)−1[x, y] =

Õ
(

e−
d0(x,y)−SU

h

)

min (r(h), 1)

✇✐t❤ ✉♥✐❢♦r♠ ❝♦♥st❛♥ts ✇✐t❤ r❡s♣❡❝t t♦ x, y ∈ I✱ ✇❤❡♥ d0 ❞❡♥♦t❡s t❤❡ ❆❣♠♦♥ ❞✐st❛♥❝❡ d(., .; Ṽ0, λ0) ✳

✶✹



Pr♦♦❢✿ ❲❡ ❛❧r❡❛❞② ♣r♦✈❡❞ ✐♥ ❬❇◆P✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✼ ❛♥❞ ❈♦r♦❧❧❛r② ✸✳✽❪ t❤❡ ❡st✐♠❛t❡

(Hh
I − zh)−1[x, y] = Õ

(

e−
d0(x,y)

h

)

, ✇❤❡♥ r(h) ≥ hC ; ✭✼✳✽✮

❛♥❞ ✐♥ ❬❇◆P✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✾❪ t❤❡ ❡st✐♠❛t❡

∣

∣φh
j (x)

∣

∣+
∣

∣∂xφ
h
j (x)

∣

∣ = Õ
(

e−
d0(x,U)

h

)

, ✭✼✳✾✮

✇❤✐❝❤ ❤♦❧❞s ❢♦r ❛♥② ♥♦r♠❛❧✐③❡❞ ❡✐❣❡♥❢✉♥❝t✐♦♥ φh
j ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥ ❡✐❣❡♥✈❛❧✉❡ λh

j ✱ j ∈ {1, . . . ,mλ0
}✱

❝♦♥✈❡r❣✐♥❣ t♦ λ0 ❛s h→ 0✳ ❘❡❝❛❧❧ t❤❛t U ❣❛t❤❡rs ❛❧❧ t❤❡ ✇❡❧❧s

U = {c1, . . . , cN} .

❈♦♥s✐❞❡r t❤❡ s♣❡❝tr❛❧ ♣r♦❥❡❝t♦r

Πh
I = ■❞− 1

2iπ

∫

∂Ωh

(z −Hh
I )−1 dz = ■❞−

mλ0
∑

j=1

|φh
j 〉〈φh

j | .

❲r✐t❡ ❢♦r z ∈ Ωh \ σ(Hh
I )

(Hh
I − z)−1 = (Hh

I − z)−1Πh
I + (Hh

I − z)−1(■❞− Πh
I )

= (Hh
I − z)−1Πh

I +

mλ0
∑

j=1

1

λh
j − z

|φh
j 〉〈φh

j | ,

✇❤❡r❡ t❤❡ ✜rst t❡r♠ ✐s ❤♦❧♦♠♦r♣❤✐❝ ✇✐t❤ r❡s♣❡❝t t♦ z ∈ Ωh✳ ■♥ t❡r♠s ♦❢ ❙❝❤✇❛rt③ ❦❡r♥❡❧s ♦♥❡ ❣❡ts

(Hh
I − z)−1Πh

I [x, y] = (Hh
I − z)−1[x, y] −

mλ0
∑

j=1

1

λh
j − z

φh
j (x)φh

j (y) .

❚❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❡st✐♠❛t❡ ✭✼✳✽✮ ❢♦r z ∈ ∂Ωh ❛♥❞ t❤❡ ❞❡❝❛② ❡st✐♠❛t❡
✭✼✳✾✮ ✐♠♣❧②

∀z ∈ Ωh,
∣

∣(Hh
I − z)−1Πh

I [x, y]
∣

∣ ≤ Õ
(

e−
d0(x,y)−SU

h

)

.

❆♥ ♦❜✈✐♦✉s ❡st✐♠❛t❡ ♦❢ t❤❡ ♣♦❧❛r t❡r♠ ❞❡r✐✈❡❞ ❛❣❛✐♥ ❢r♦♠ ✭✼✳✾✮ ②✐❡❧❞s t❤❡ r❡s✉❧t✳
�

❇❡❧♦✇ ❛r❡ t✇♦ r❡s✉❧ts ❢♦r t❤❡ ✜❧❧❡❞ ✇❡❧❧s ♣♦t❡♥t✐❛❧ Ṽh✳ ❚❤❡ ✜rst ▲❡♠♠❛ ✐s ❛ s♣❡❝✐✜❝ ❝❛s❡ ♦❢
Pr♦♣♦s✐t✐♦♥ ✹✳✸ ✐♥ ❬❇◆P✶❪✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✷ ✐♥ ❬❇◆P✶❪✳

▲❡♠♠❛ ✼✳✸ ❋♦r z ∈ Ωh t❤❡ r❡s♦❧✈❡♥t ❡st✐♠❛t❡
∣

∣

∣(H̃h
z − z)−1[x, y]

∣

∣

∣ = Õ
(

e−
d0(x,y)

h

)

❤♦❧❞s ✇✐t❤ ✉♥✐❢♦r♠ ❝♦♥st❛♥t ✇✐t❤ r❡s♣❡❝t t♦ x, y ∈ I✳

▲❡♠♠❛ ✼✳✹ ❋♦r λ ∈ Kh = Ωh∩R✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ✇❛✈❡ ❢✉♥❝t✐♦♥s ψ̃h
−(

√
λ, .) ❛♥❞ ψ̃h

−(−
√
λ+B, .)✱

✇❤✐❝❤ s♦❧✈❡ ✭✶✳✼✮✲✭✶✳✽✮ ✇✐t❤ Wh ≡ 0✱ s❛t✐s❢②

ψ̃h
−(

√
λ, .) = Õ

(

e−
d0(a,x)

h

)

❛♥❞ ψ̃h
−(−

√
λ+B, x) = Õ

(

e−
d0(x,b)

h

)

,

✇✐t❤ ✉♥✐❢♦r♠ ❝♦♥st❛♥ts ✇✐t❤ r❡s♣❡❝t t♦ x ∈ [a, b]✳

✶✺



✼✳✷ ❇r❡✐t✲❲✐❣♥❡r ❢♦r♠✉❧❛s✳

❲❡ ♣r♦✈✐❞❡ ❤❡r❡ ❛♥ ❛❝❝✉r❛t❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ r❡s♦❧✈❡♥t (Hh
λ − λ)−1 = 1I(H

h − λ)−1
1I ✱ ❢♦r

λ ∈ Kh✱ ✐♥ t❡r♠s ♦❢ r❡s♦♥❛♥❝❡s✳
❚❤❡ ❞♦♠❛✐♥

Kh ×
[

−(20CU )−1e−
S̃U
h , (20CU )−1e−

S̃U
h

]

=

{

z ∈ Ωh, |■♠ z| ≤ (20CU )−1e−
S̃U
h

}

✇✐❧❧ ❜❡ ❝♦✈❡r❡❞ ❜② Nh = Õ(eS̃U /h)✲♦♣❡♥ ❞✐s❝s ✇✐t❤ r❛❞✐✉s (10CU )−1e−S̃U /h ❝❡♥t❡r❡❞ ♦♥ t❤❡ r❡❛❧
❛①✐s✳ ❚❤❡② ❛r❡ ❧❛❜❡❧❧❡❞ s♦ t❤❛t t❤❡ mλ0 ✜rst ♦♥❡s ❛r❡ ❝❡♥t❡r❡❞ ❛r♦✉♥❞ t❤❡ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❛❧✉❡s λh

j

ωh
j =

{

z ∈ C,
∣

∣z − λh
j

∣

∣ < (10CU )−1e−
S̃U
h

}

,

❛♥❞ t❤❡ ♥♦t❛t✐♦♥ ωh
j ✇✐t❤ j > mλ0 ✐s ✉s❡❞ ❢♦r ❛❧❧ t❤❡ ♦t❤❡r ♦♥❡s✳

✫✪
✬✩

✫✪
✬✩

✫✪
✬✩

Kh

×λh
1

×zh
1

×λh
2

×zh
2

×λh
3

×zh
3

❄̃O(e−
2S0

h )
��✒

O(e−
S̃U
h )

✲✛

O(e−
S̃U
h )Ωh

Pr♦♣♦s✐t✐♦♥ ✼✳✺ ❋♦r j ∈ {1, . . . ,mλ0}✱ ❧❡t zh
j ❜❡ t❤❡ r❡s♦♥❛♥❝❡ ♦❢ Hh ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❉✐r✐❝❤❧❡t

❡✐❣❡♥✈❛❧✉❡ λh
j ✱
∣

∣zh
j − λh

j

∣

∣ = Õ(e−2S0/h) ✳ ❋♦r ❛♥② j ∈ {1, . . . , Nh} t❤❡ r❡s♦❧✈❡♥t (Hh
z − z)−1 ✐s

❞❡❝♦♠♣♦s❡❞ ✐♥ ωh
j ❛s

(

Hh
z − z

)−1
= gh

j (z) +
1[1,mλ0

](j)

zh
j − z

Ah
j

✇❤❡r❡ gh
j (z) ✐s ❛♥ ❤♦❧♦♠♦r♣❤✐❝ ♦♣❡r❛t♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ♦❢ z ∈ ωh

j ✇✐t❤ t❤❡ ♥❡①t ♣r♦♣❡rt✐❡s✿

✶✳ ❋♦r j ∈ {1, . . . ,mλ0
}✱ t❤❡ ♦♣❡r❛t♦r Ah

j ✐s ❝❧♦s❡ t♦ t❤❡ ❉✐r✐❝❤❧❡t s♣❡❝tr❛❧ ♣r♦❥❡❝t♦r |φh
j 〉〈φh

j |✿

∥

∥Ah
j − |φh

j 〉〈φh
j |
∥

∥ = Õ
(

e−
S0−6S̃U

2h

)

. ✭✼✳✶✵✮

✷✳ ■❢ χ1 ❛♥❞ χ1/2 ❛r❡ t✇♦ C∞
0 ((a, b)) ❝✉t✲♦✛ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t χ̺ ≡ 1 ♦♥ U ❛♥❞ ∂xχ̺ ✐s

s✉♣♣♦rt❡❞ ✐♥ {x ∈ (a, b), ̺S0 − η ≤ d0(x,U) ≤ ̺S0 + η} ✇✐t❤ ̺ ∈ {1/2, 1} ❛♥❞ η > 0✱ t❤❡♥
t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t Cη > 0 ❛♥❞ ❛ ❝♦♥st❛♥t c > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ η > 0✱ s✉❝❤ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡

Dh
j (z) = gh

j (z) −
[

(H̃h
z − z)−1(1 − χ1/2) + χ1(H

h
I − z)−1χ1/2 −

1[1,mλ0
](j)

zh
j − z

Ah
j

]

✭✼✳✶✶✮

s❛t✐s✜❡s

∀z ∈ ∂ωh
j ,

∥

∥Dh
j (z)

∥

∥ ≤ Cη e
−

S0−6S̃U −cη

2h . ✭✼✳✶✷✮

✶✻



Pr♦♦❢✿ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t r❡❧✐❡s ♦♥ t✇♦ ❧❡❛❞✐♥❣ ✐❞❡❛s✳ ❖♥❡ ✐s t❤❡ ▲❛✉r❡♥t ❡①♣❛♥s✐♦♥ ✭✇✐t❤
t❤❡ ❡①❛❝t ♣♦❧❡s zh

j ✮ ♦❢ t❤❡ ♠❡r♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ (Hh
z − z)−1 ✇❤✐❝❤ ✐s ❤❛♥❞❧❡❞ ❧✐❦❡ ✐♥ t❤❡ ♣r♦♦❢ ♦❢

▲❡♠♠❛ ✼✳✷✳ ❚❤❡ ♦t❤❡r ♦♥❡ ✐s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ r❡s♦❧✈❡♥t (Hh
z − z)−1 ❜②

Rh = (H̃h
z − z)−1(1 − χ1/2) + χ1(H

h
I − z)−1χ1/2 , ✭✼✳✶✸✮

❛❧r❡❛❞② ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❇◆P✶✱ Pr♦♣♦s✐t✐♦♥ ✹✳✸❪✳
❲❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ j ∈ {1, . . . ,mλ0}✱ s✐♥❝❡ t❤❡ ♦t❤❡r ❝❛s❡ j > mλ0 ✇✐❧❧ ❜❡ ❞❡❞✉❝❡❞ ❡❛s✐❧② ❢r♦♠
t❤✐s ♦♥❡ ❜② t❛❦✐♥❣ Ah

j = 0✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ✭✼✳✶✸✮ ❧❡❛❞s t♦

∀z ∈ ωh
j \
{

λh
j

}

, (Hh
z − z)Rh = 1 − ε = 1 − ε0 − ε1

✇✐t❤ ε0 = Wh(H̃h
z − z)−1(1 − χ1/2)

❛♥❞ ε1 = −
[

Ph, χ1

]

(Hh
I − z)−1χ1/2 .

▲❡♠♠❛ ✼✳✸ ❛♥❞ ▲❡♠♠❛ ✼✳✷ ♣r♦✈✐❞❡ t❤❡ ❡st✐♠❛t❡s

‖ε0‖ ≤ Cη e
−

S0−cη
2h ,

❛♥❞ ‖ε1‖ ≤ Cη
e−

S0−cη−2SU
2h

r(h)
≤ Cη (10CU ) e−

S0−cη−4S̃U
2h ,

❢♦r ❛♥② z ∈ ∂ωh
j ✇✐t❤ r(h) =

∣

∣z − λh
j

∣

∣ = (10CU )−1e−S̃U /h ✳ ❍❡♥❝❡ t❤❡ ❛ss✉♠♣t✐♦♥ S̃U < S0/4 ❛♥❞
t❛❦✐♥❣ η > 0 s♠❛❧❧ ❡♥♦✉❣❤ ❡♥s✉r❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❡r✐❡s

(Hh
z − z)−1 = Rh

∞
∑

k=0

εk = Rh +Rh
∞
∑

k=1

εk, ❢♦r z ∈ ∂ωh
j . ✭✼✳✶✹✮

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ▲❛✉r❡♥t ❡①♣❛♥s✐♦♥ ♦❢ (Hh
z − z)−1 ✐♥ ωh

j

(Hh
z − z)−1 = gh

j (z) +
1

zh
j − z

Ah
j , ✭✼✳✶✺✮

✇❤❡r❡ zh
j ✐s t❤❡ r❡s♦♥❛♥❝❡ ♦❢ Hh ❧②✐♥❣ ✐♥ ωh

j ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✼✳✶✳ ❈♦♠♣✉t✐♥❣ t❤❡ r❡s✐❞✉❡

♦❢ (Hh
z −z)−1✱ ❡q✉❛❧ t♦ ✭✼✳✶✹✮ ✇✐t❤ Rh ❣✐✈❡♥ ❜② ✭✼✳✶✸✮✱ ❛❧♦♥❣ t❤❡ ❝♦♥t♦✉r ∂ωh

j ♣r♦✈✐❞❡ t❤❡ ❡st✐♠❛t❡s

∥

∥Ah
j − |φh

j 〉〈φh
j |
∥

∥ ≤ e−
S0−cη

2h + sup
z∈∂ωh

j

∥

∥

∥

∥

∥

Rh
∞
∑

k=1

εk

∥

∥

∥

∥

∥

≤ C ′
ηe

−
S0−cη−4S̃U

2h × e
S̃U
h ,

❛❢t❡r ✉s✐♥❣

‖Rh‖ ≤ C‖(H̃z − z)−1‖ + C‖(HI − z)−1‖ = O
(

e
S̃U
h

)

.

❚❤✐s ②✐❡❧❞s ✭✼✳✶✵✮✳
❋♦r t❤❡ s❡❝♦♥❞ ❡st✐♠❛t❡✱ ♥♦t✐❝❡ t❤❡ ✐❞❡♥t✐t②

Dh
j (z) = gh

j (z) −Rh +
1

zh
j − z

Ah
j = Rh

∞
∑

k=1

εk

❛♥❞ ✭✼✳✶✷✮ ✐s ❞❡❞✉❝❡❞ ❢r♦♠
∥

∥

∥

∥

∥

Rh
∞
∑

k=1

εk

∥

∥

∥

∥

∥

≤ C ′
ηe

−
S0−cη−6S̃U

2h ❢♦r z ∈ ∂ωh
j .

�

✶✼



❘❡♠❛r❦ ✼✳✻ ❚❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ❡rr♦r t❡r♠s ❝♦✉❧❞ ❜❡ ✐♠♣r♦✈❡❞ ❜② st✉❞②✐♥❣ ♠♦r❡ ❝❛r❡❢✉❧❧② t❤❡
✜rst t❡r♠s ♦❢ t❤❡ s❡r✐❡s

∑∞
k=1 ε

k ✐♥ t❤❡ s♣✐r✐t ♦❢ ❬❍❡❙❥✶❪ ♦r ❬❇◆P✶✱ Pr♦♣♦s✐t✐♦♥ ✹✳✸❪✳ ■t ✐s ♥♦t ❛♥
❡ss❡♥t✐❛❧ ✐ss✉❡ ❤❡r❡✳

❇❡❧♦✇ ✐s t❤❡ ❇r❡✐t✲❲✐❣♥❡r ❢♦r♠✉❧❛ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞✳

Pr♦♣♦s✐t✐♦♥ ✼✳✼ ❆ss✉♠❡ t❤❛t t❤❡ ✇❡❧❧s ❛r❡ ✐s♦❧❛t❡❞ ❛♥❞ t❛❦❡ t❤❡ ♥♦t❛t✐♦♥s λh
j ✱ φ

h
j zh

j ❛♥❞ ωh
j

✐♥tr♦❞✉❝❡❞ ❜❡❢♦r❡ ❢♦r j ∈ {1, . . . ,mλ0
}✳ ■♥ ωh

j ♦♥❡ ❤❛s t❤❡ ♥❡①t ❡q✉❛❧✐t② ♦❢ ♠❡r♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s

〈

φh
j , (Hh

z − z)−1φh
j

〉

=
1 + Õ

(

e−
S0−6S̃U

2h

)

zh
j − z

+ Õ
(

e−
S0−8S̃U

2h

)

,

❛♥❞ t❤❡ ✉♥✐❢♦r♠ ❡st✐♠❛t❡
∥

∥gh
j (z)

∥

∥ = Õ
(

e−
S0−8S̃U

2h

)

.

Pr♦♦❢✿ ▲❡t ✉s ✇r✐t❡

〈φh
j , (Hh

z − z)−1φh
j 〉 = 〈φh

j , g
h
j (z)φh

j 〉 +
1

zh
j − z

〈φh
j , A

h
j φ

h
j 〉 .

❆❝❝♦r❞✐♥❣ t♦ ✭✼✳✶✵✮ t❤❡ s❡❝♦♥❞ t❡r♠ ❤❛s t❤❡ ❢♦r♠

1

zh
j − z

〈φh
j , A

h
j φ

h
j 〉 =

1 + Õ
(

e−
S0−6S̃U

2h

)

zh
j − z

.

❚❤❡ ✜rst t❡r♠ ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐♥ ωh
j ❛♥❞ ✐t s✉✣❝❡s t♦ ✜♥❞ ❛♥ ❡st✐♠❛t❡ ❛❧♦♥❣ ∂ωh

j ✳ ❲❡ ✉s❡ t❤❡
❞❡❝♦♠♣♦st✐♦♥ ✭✼✳✶✶✮

〈φh
j , g

h
j (z)φh

j 〉 = 〈φh
j ,
[

Dh
j (z) + (H̃h

z − z)−1(1 − χ1/2)
]

φh
j 〉

+ 〈φh
j , χ1(H

h
I − z)−1(χ1/2)φ

h
j 〉 −

1 + Õ
(

e−
S0−6S̃U

2h

)

zh
j − z

.

❚❤✐s ❧❡❛❞s t♦

〈

φh
j , g

h
j (z)φh

j

〉

= Õ
(

e−
S0−6S̃U

2h

)

+
zh
j − λh

j
(

zh
j − z

) (

λh
j − z

) +
Õ
(

e−
S0
2h

)

∣

∣λh
j − z

∣

∣

+
Õ
(

e−
S0−6S̃U

2h

)

∣

∣zh
j − z

∣

∣

,

❢♦r ❛❧❧ z ∈ ∂ωh
j ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ②✐❡❧❞s t❤❡ ✜rst r❡s✉❧t✳

❚❤❡ ❡st✐♠❛t❡ ♦❢
∥

∥gh
j (z)

∥

∥ ❢♦❧❧♦✇s ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❧✐♥❡s✳ �

❲❡ ❡♥❞ t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❛ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ✐♥t❡r✈❛❧ ✇❤✐❝❤ ✐s t❤✐♥❡r t❤❛♥ t❤❡ ♦♥❡ ♦❢ Pr♦♣♦✲
s✐t✐♦♥ ✸✳✶✳

Pr♦♣♦s✐t✐♦♥ ✼✳✽ ❲✐t❤ t❤❡ ♣r❡✈✐♦✉s ♥♦t❛t✐♦♥s✱ s❡t ❢♦r ❛♥② j ∈ {1, . . . ,mλ0
}

Kj,h = ωh
j ∩ R . ✭✼✳✶✻✮

❋♦r ❛♥② ϕ ∈ C0
c ((a, b))✱ t❤❡ ❧✐♠✐t

lim
h→0

❚r
[

g(Kh
−)ϕ(x)

]

−
mλ0
∑

j=1

g(
√
λ0)❚r

[

1Kj,h
(Hh)1(0,+∞)(K

h
−)ϕ(x)

]

✭✼✳✶✼✮

✐s 0✳

✶✽



Pr♦♦❢✿ ❲❡ ❦♥♦✇ ❢r♦♠ ✭✶✳✶✻✮ ❛♥❞ ❬❇◆P✶❪ t❤❛t t❤❡ s✉♣♣♦rt ♦❢ ϕ ❝❛♥ ❜❡ ❛ss✉♠❡❞ t♦ ❜❡ ❛r♦✉♥❞
U = {c1, . . . , cN}✱ ❢♦r ✐♥st❛♥❝❡ ✐♥❝❧✉❞❡❞ ✐♥ {x ∈ (a, b), d0(x,U) ≤ S0/3}✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ t❤❡
✜rst t❡r♠ ♦❢ ✭✼✳✶✼✮ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ✇✐t❤

g(
√
λ0)❚r

[

1Kh
(Hh)1(0,+∞)(K

h
−)ϕ

]

.

▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ ❢♦r ϕ ≥ 0✱

❚r
[

1Kh\∪j≤mλ0
Kj,h

(Hh)1(0,+∞)(K
h
−)ϕ

]

≤ ❚r
[

ϕ1/2
1Kh\(∪j≤mλ0

Kj,h)(H
h)ϕ1/2

]

≤
Nh
∑

j=mλ0
+1

❚r
[

ϕ1/2
1Kj,h

(Hh)ϕ1/2
]

,

❜② ✐♥tr♦❞✉❝✐♥❣ Kj,h = ωh
j ∩ R ❢♦r j ∈ {mλ0 + 1, . . . , Nh} ❛♥❞ ✇❤❡r❡ ✇❡ r❡❝❛❧❧ Nh = Õ

(

eS̃U /h
)

✳

Pr♦♣♦s✐t✐♦♥ ✼✳✺ ❛♥❞ ❡s♣❡❝✐❛❧❧② r❡❧❛t✐♦♥ ✭✼✳✶✶✮ ❣✐✈❡ t❤❡ ✐❞❡♥t✐t②

ϕ1/2(Hh − λ− i0)−1ϕ1/2 = ϕ1/2(Hh
λ − λ)−1ϕ1/2

= ϕ1/2(H̃h
λ − λ)−1ϕ1/2 + ϕ1/2(Hh

I − λ)−1ϕ1/2 + ϕ1/2Dh
j (λ)ϕ1/2 ,

✈❛❧✐❞ ❢♦r ❛❧❧ λ ∈ Kj,h ✇✐t❤ j ∈ {mλ0+1, . . . , Nh}✳ ■♥❞❡❡❞✱ ♦✉r ❝❤♦✐❝❡s ♦❢ s✉♣♣♦rts ✐♠♣❧② (1 −
χ1/2)ϕ

1/2 ≡ 0 ❛♥❞ ϕ1/2χ1 ≡ ϕ1/2χ1/2 ≡ ϕ1/2✳
❚❤✐s ❧❡❛❞s t♦

1

2iπ
ϕ1/2

[

(Hh − λ− i0)−1 − (Hh − λ+ i0)
]

ϕ1/2 =
1

2iπ
ϕ1/2

[

(H̃h
λ − λ)−1 +Dh

j (λ) − ❤✳❝✳
]

ϕ1/2 ,

✇❤❡r❡ ✧❤✳❝✳✧ st❛♥❞s ❢♦r ✧❤❡r♠✐t✐❛♥ ❝♦♥❥✉❣❛t❡✧✳ ❚❤❡ ❡st✐♠❛t❡ ✭✼✳✶✷✮ ❝❛♥ ❡❛s✐❧② ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦
❛ tr❛❝❡✲❝❧❛ss ❡st✐♠❛t❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ✐♥ x ❛♥❞ λ✳ ❲❡ ✉s❡ ❙t♦♥❡✬s ❢♦r♠✉❧❛ ❢♦r 1Kj,h

(Hh)✳
❆❢t❡r ✐♥t❡❣r❛t✐♦♥ ✇✳r✳t λ ∈ Kj,h✱ j > mλ0 ✱ ❛♥❞ ❛❢t❡r s✉♠♠✐♥❣ ♦✈❡r j ∈ {1, . . . ,mλ0}✱ t❤✐s ❧❡❛❞s t♦

Nh
∑

j=mλ0
+1

❚r
[

ϕ1/2
1Kj,h

(Hh)ϕ1/2
]

= O
(

e−
c
h

)

,

✇❤❡♥ t❤❡ ✇❡❧❧s ❛r❡ ❛ss✉♠❡❞ ✐s♦❧❛t❡❞✳ �

✼✳✸ ❆ ❋❡r♠✐✲●♦❧❞❡♥ r✉❧❡✳

❆♥ ❛❝❝✉r❛t❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts tλ0
i ✐♥ t❤❡ ❝❛s❡ ♦❢ ✐s♦❧❛t❡❞ ✇❡❧❧s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ✜rst

❡❧✉❝✐❞❛t✐♥❣ ✈✐❛ ❛ ❋❡r♠✐✲●♦❧❞❡♥ r✉❧❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ♠♦♠❡♥t❛ ✐♥ t❤❡ s✐③❡
♦❢ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ ❛ r❡s♦♥❛♥❝❡ zh

j = Eh
j − iΓh

j ✳ ❲❡ ❦❡❡♣ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s λh
j ✱ φ

h
j ✱ z

h
j ❛♥❞

ωh
j ✐♥tr♦❞✉❝❡❞ ❜❡❢♦r❡ ❢♦r j ∈ {1, . . . ,mλ0}✳ ❚❤❡ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ t❤❡ r❡s♦♥❛♥❝❡s zh

j ❛r❡
✇r✐tt❡♥ ❛❝❝♦r❞✐♥❣ t♦

zh
j = Eh

j − iΓh
j , ❢♦r j ∈ {1, . . . ,mλ0

} .

Pr♦♣♦s✐t✐♦♥ ✼✳✾ ❋♦r ❛♥② j ∈ {1, . . . ,mλ0
} t❤❡ ✐❞❡♥❞✐t②

Γh
j (1 + o(1)) =

|〈Whψ̃h
−(

√
λ, ·), φh

j 〉|2

4h
√
λ

+
|〈Whψ̃h

−(−
√
λ+B, ·), φh

j 〉|2

4h
√
λ+B

✭✼✳✶✽✮

❤♦❧❞s ❢♦r ❛♥② λ ∈ ωh
j ✳

✶✾



Pr♦♦❢✿ ▲❡t dEh(λ) ❞❡♥♦t❡ t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ s♣❡❝tr❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✇❤♦❧❡ ❧✐♥❡ ❍❛♠✐❧t♦♥✐❛♥
Hh✱ ❣✐✈❡♥ ❜② ❙t♦♥❡✬s ❢♦r♠✉❧❛✿

dEh(λ) =
1

2iπ

[

(H − λ− i0)−1 − (H − λ+ i0)−1
]

.

❲❡ s❤❛❧❧ ❝♦♠♣✉t❡ ✐♥ t✇♦ ❞✐✛❡r❡♥t ✇❛②s ❛♥❞ ❢♦r ❛ ✜①❡❞ j ∈ {1, . . . ,mλ0} t❤❡ s♣❡❝tr❛❧ ♠❡❛s✉r❡
〈

1Iφ
h
j , dE

h(λ)1Iφ
h
j

〉

♦❢ 1I(x)φj ✳
❋✐rst ❙t♦♥❡✬s ❢♦r♠✉❧❛ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✼✳✼ ❧❡❛❞ t♦

〈

1Iφ
h
j , dE

h(λ)1Iφ
h
j

〉

=
1

2iπ

〈

φh
j ,
[

(Hh
λ − λ)−1 − (Hh,⋆

λ − λ)−1
]

φh
j

〉

=
1

2iπ
(1 + Õ(e−

S0−6S̃U
2h ))

[

1

zh
j − λ

− 1

zh
j − λ

]

+ Õ
(

e−
S0−8S̃U

h

)

=
Γh

j

(

1 + Õ
(

e−
S0−6S̃U

2h

))

π
(

∣

∣λ− Eh
j

∣

∣

2
+
∣

∣Γh
j

∣

∣

2
) + Õ

(

e−
S0−8S̃U

h

)

, ✭✼✳✶✾✮

❢♦r ❛❧❧ λ ∈ Kj,h ✳
❚❤❡ s❡❝♦♥❞ ♠❡t❤♦❞ ✉s❡s t❤❡ ❣❡♥❡r❛❧✐③❡❞ ✇❛✈❡ ❢✉♥❝t✐♦♥s ✿

〈

1Iφ
h
j , dE

h(λ)1Iφ
h
j

〉

=
|〈ψh

−(
√
λ, ·), φh

j 〉|2

4h
√
λ

+
|〈ψh

−(−
√
λ+B, ·), φh

j 〉|2

4h
√
λ+B

.

❚❤❡ r❡❧❛t✐♦♥
ψh
−(k, ·) = ψ̃h

−(k, ·) −
(

Hh
λk

− λk

)−1
Wψ̃h

−(k, ·) , ✭✼✳✷✵✮

Pr♦♣♦s✐t✐♦♥ ✼✳✺✱ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ φh
j ❛♥❞ ψ̃h

−(k, ·) ✐♥ ▲❡♠♠❛ ✼✳✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✼✳✼ ❧❡❛❞
t♦

〈

φh
j , ψ

h
−(k, ·)

〉

=
〈

φh
j , ψ̃

h
−(k, ·)

〉

+
〈

φh
j , g

h
j (λk)Whψ̃h

−(k, ·)
〉

+
1

zh
j − λ

〈

φh
j , A

h
jW

hψ̃h
−(k, ·)

〉

= Õ
(

e−
S0
h

)

+ Õ
(

e−
S0
h

)

Õ
(

e−
S0−8S̃U

2h

)

✭✼✳✷✶✮

+
1

zh
j − λ

〈

φh
j , W

hψ̃h
−(k, ·)

〉

+
Õ
(

e−
S0
h

)

Õ
(

e−
S0−6S̃U

2h

)

∣

∣zh
j − λ

∣

∣

.

❖✇✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✹✳✶ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥s S̃U > SU ❛♥❞ S0 > 8S̃U ✱ t❤❡ ❧❛st t❡r♠ ✐s ❡st✐♠❛t❡❞
❜②

Õ
(

e−
S0
h

)

Õ
(

e−
S0−6S̃U

2h

)

Γh
j

= o





h1/2

√

Γh
j



 .

✷✵



❚❤❡ ❡q✉❛❧✐t② ♦❢ t❤❡ t✇♦ ❡①♣r❡ss✐♦♥s ✭✼✳✶✾✮ ❛♥❞ ✭✼✳✷✶✮ ❢♦r λ = Eh
j ✱ ❛♥❞ ❛❣❛✐♥ t❤❡ ❛ss✉♠♣t✐♦♥

S0 > 8S̃U ✐♠♣❧②

1

Γh
j

(1 + o(1)) =
1

4h
√

Eh
j

∣

∣

∣

∣

∣

∣

〈

φh
j , W

hψ̃h
−(
√

Eh
j , ·)

〉

Γh
j

+ o





h1/2

√

Γh
j





∣

∣

∣

∣

∣

∣

2

+
1

4h
√

Eh
j +B

∣

∣

∣

∣

∣

∣

〈

φh
j , W

hψ̃h
−(−

√

Eh
j +B, ·)

〉

Γh
j

+ o





h1/2

√

Γh
j





∣

∣

∣

∣

∣

∣

2

.

❚❤✐s ②✐❡❧❞s t❤❡ r❡s✉❧t ❢♦r λ = Eh
j ✳ ❋♦r λ ∈ ωh

j ✱ ♦♥❡ ✇r✐t❡s t❤❡ ❡q✉❛t✐♦♥ ❢♦r u = ψ̃h
−(

√
λ, ·) −

ψ̃h
−(
√

Eh
j , ·) ✐♥ t❤❡ ❢♦r♠



























(P̃h − Eh
j )u = Õ

(

e−
S̃U
h

)

ψ̃h
−(

√
λ, ·) ,

h∂xu(a) + i
√

Eh
j u(a) = Õ

(

e−
S̃U
h

)

+ Õ
(

e−
S̃U
h

)

ψ̃h
−(

√
λ, a) ,

h∂xu(b) − i
√

Eh
j +Bu(b) = Õ

(

e−
S̃U
h

)

ψ̃h
−

(√
λ, b
)

.

❲✐t❤ t❤❡ ❆❣♠♦♥ ✐❞❡♥t✐t② ✭❆✳✶✮ ✇✐t❤ ϕ = (1 − η)d0(a, x)✱ η > 0✱ ♦♥❡ ❣❡ts

∣

∣

∣
ψ̃h
−(
√

Eh
j , x) − ψ̃h

−(
√
λ, x)

∣

∣

∣
= Õ

(

e−
d0(x,a)+S̃U

h

)

. ✭✼✳✷✷✮

◆♦t❡ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s o(
√

hΓh
j ) ✇❤❡♥ x ∈ s✉♣♣Wh ♦✇✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✹✳✶ ❛♥❞ t❤❡

❛ss✉♠♣t✐♦♥ S̃U > SU ✳ ❆ s✐♠✐❧❛r ❡st✐♠❛t❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ♠♦♠❡♥t✉♠ −
√

Eh
j + λ ✇✐t❤ t❤❡

❞✐st❛♥❝❡ d0(x, b) ✐♥st❡❛❞ ♦❢ d0(a, x)✳ ❍❡♥❝❡ t❤❡ r❡s✉❧t ❢♦r λ = Eh
j ✐♠♣❧✐❡s

Γh
j (1 + o(1)) =

1 + o(1)

4h
√
λ

∣

∣

∣

〈

φh
j , W

hψ̃h
−(

√
λ, ·)

〉

+ o(
√

hΓh
j )
∣

∣

∣

2

+
1 + o(1)

4h
√
λ+B

∣

∣

∣

〈

φh
j , W

hψ̃h
−(−

√
λ+B, ·)

〉

+ o(
√

hΓh
j )
∣

∣

∣

2

,

❢♦r ❛❧❧ λ ∈ ωh
j ✱ ✇❤✐❝❤ ②✐❡❧❞s t❤❡ r❡s✉❧t✳ �

✼✳✹ ❱❛❧✉❡s ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts t
λ0

i

■♥ t❤✐s ♣❛r❛❣r❛♣❤ ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts ❛r❡ ❣❛t❤❡r❡❞ ✐♥ ♦r❞❡r t♦ ❝❤❡❝❦ t❤❛t t❤❡
❝♦❡✛❝✐❡♥ts tλ0

i ❛r❡ t❤❡ ❧✐♠✐ts ♦❢ t❤❡ q✉❛♥t✐t✐❡s ✭✷✳✺✮✱ ✇❤❡♥ t❤❡ ✇❡❧❧s ❛r❡ ✐s♦❧❛t❡❞✳ ❲❡ s❤❛❧❧ ♣r♦✈❡
❚❤❡♦r❡♠ ✷✳✺ ❛♥❞ t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ♦❢ ❚❤❡♦r❡♠ ✷✳✹ ❛❜♦✉t ✐s♦❧❛t❡❞ ✇❡❧❧s ✇✐❧❧ ❝♦♠❡ ❛s ❛ ❝♦r♦❧❧❛r②✳
Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✺✿ ❚❤❡ ❢♦r♠✉❧❛ ✭✶✳✶✻✮ ❛♥❞ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ✐♥t❡r✈❛❧ st❛t❡❞ ✐♥
Pr♦♣♦s✐t✐♦♥ ✼✳✽ ✐♠♣❧② t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t tλi ✐s t❤❡ ❧✐♠✐t ♦❢ t❤❡ q✉❛♥t✐t②

mλ0
∑

j=1

∫

k>0

∫ ci+ε

ci−ε

1Kj,h
(λk)

∣

∣ψh
−(k, x)

∣

∣

2
dx

dk

2πh
=

mλ0
∑

j=1

1

2πh

∥

∥1Kj,h
(λk)ψh

−(k, x)
∥

∥

2

L2(R+×[ci−ε,ci+ε])
,

✷✶



❢♦r ❛♥② ✜①❡❞ ε > 0✳
❲❡ ✉s❡ ❛❣❛✐♥ t❤❡ r❡❧❛t✐♦♥ ✭✼✳✷✵✮ ❜❡t✇❡❡♥ ψh

− ❛♥❞ ψ̃h
− ❛♥❞ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ (Hλk

−λk)−1 st❛t❡❞
✐♥ Pr♦♣♦s✐t✐♦♥ ✼✳✺ ✐♥ ♦r❞❡r t♦ ✇r✐t❡ ✇❤❡♥ λk ∈ Kj,h

ψh
−(k, ·) = ψ̃h

−(k, ·) − gh
j (λk)Whψ̃h

−(k, ·) − 1

zh
j − λk

〈φh
j , W

hψ̃h
−(k, ·)〉φh

j

−
Ah

j − |φh
j 〉〈φh

j |
zh
j − λk

Whψ̃h
−(k, ·) .

❇② r❡❢❡rr✐♥❣ t♦ t❤❡ ❞❡❝❛② ♦❢ ψ̃h
− st❛t❡❞ ✐♥ ▲❡♠♠❛ ✼✳✹ ❛♥❞ t❤❡ ❡st✐♠❛t❡s ❢♦r gh

j (λ) ❛♥❞ Ah
j −|φh

j 〉〈φh
j |

❞❡r✐✈❡❞ ❢r♦♠ Pr♦♣♦s✐t✐♦♥s ✼✳✺ ❛♥❞ ✼✳✼✱ t❤✐s ❧❡❛❞s t♦
∥

∥

∥

∥

∥

1Kj,h
(λk)

[

ψh
− +

1

zh
j − λk

〈φh
j , W

hψ̃h
−(k, ·)〉φh

j

]∥

∥

∥

∥

∥

L2(R+×[ci−ε,ci+ε])

= Õ
(

e−
d0(a,ci−ε)

h

)

+ Õ
(

e−
S0
h

)

Õ
(

e−
S0−8S̃U

2h

)

+
Õ
(

e−
S0
h

)

Õ
(

e−
S0−6S̃U

2h

)

√

Γh
j

.

❚❤❡ ❛ss✉♠♣t✐♦♥s S̃U > SU ❛♥❞ S0 − 8S̃U > 0 ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✭✹✳✸✮ ❢♦r Γh
j ❧❡❛❞s t♦

h−1/2

∥

∥

∥

∥

∥

1Kj,h
(λk)

[

ψh
− +

1

zh
j − λk

〈φh
j , W

hψ̃h
−(k, ·)〉φh

j

]∥

∥

∥

∥

∥

L2(R+×[ci−ε,ci+ε])

= o(1) .

❚❤❡ ✐♥❡q✉❛❧✐t② ✭✼✳✷✷✮ ♣r♦✈✐❞❡s ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ψ̃h
−(k, ·) ❛♥❞ ψ̃h

−(
√

λh
j , ·) ✇❤✐❝❤ ❧❡❛❞s t♦

h−1/2

∥

∥

∥

∥

∥

1Kj,h
(λk)

[

ψh
− +

1

zh
j − λk

〈φh
j , W

hψ̃h
−(
√

λh
j , ·)〉φh

j

]∥

∥

∥

∥

∥

L2(R+×[ci−ε,ci+ε])

= o(1) +
Õ
(

e−
S0
h

)

Õ
(

e−
S̃U
h

)

√

hΓh
j

= o(1) .

❈♦♠♣✉t✐♥❣ t❤❡ ✐♥t❡❣r❛❧

∫

R+

∫ ci+ε

ci−ε

1Kj,h
(λk)

∣

∣

∣〈φh
j , W

hψ̃h
−(
√

λh
j , ·)〉

∣

∣

∣

2

∣

∣λk − Eh
j

∣

∣

2
+
∣

∣Γh
j

∣

∣

2

∣

∣φh
j (x)

∣

∣

2
dx

dk

2πh

=

∣

∣

∣〈φh
j , W

hψ̃h
−(
√

λh
j , ·)〉

∣

∣

∣

2

4h
√

λh
j Γh

j

(1 + o(1)) ,

❛♥❞ t❤❡ ❋❡r♠✐ ❣♦❧❞❡♥ r✉❧❡ ✭✼✳✶✽✮ ✇✐t❤ λ = λh
j ②✐❡❧❞s t❤❡ r❡s✉❧t✳ �

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✹ ❢♦r ✐s♦❧❛t❡❞ ✇❡❧❧s✿ ❆ss✉♠❡ d0(a, ck) > d0(ck, b) ❢♦r ❛❧❧ k ∈ {1, . . . ,mλ0
= N}✳

❚❤❡ ❝♦❡✣❝✐❡♥ts tλ0
i ❛r❡ ♦❜t❛✐♥❡❞ ❛s t❤❡ ❧✐♠✐ts ❛s h→ 0 ♦❢

mλ0
∑

j=1

∣

∣

∣
〈φh

j , W
hψ̃h

−(
√

λh
j , ·)〉

∣

∣

∣

2

4h
√

λh
j Γh

j

∫ ci+ε

ci−ε

∣

∣φh
j x
∣

∣

2
dx .

✷✷



❇✉t t❤❡ ❛ss✉♠♣t✐♦♥ d0(a, ck) > d0(ck, b) ❢♦r ❛❧❧ k✱ ✐♠♣❧✐❡s

∣

∣

∣
〈φh

j , W
hψ̃h

−(
√

λh
j , ·)〉

∣

∣

∣

2

= Õ
(

e−
SI
h

)

,

✇❤✐❧❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✭✹✳✸✮ ✐♠♣❧✐❡s

1

hΓh
j

= Õ
(

e
2S0+2SU

h

)

.

❚❤❡ ❝♦♥❞✐t✐♦♥ S0 + SU < SI/2 ②✐❡❧❞s tλ0
i = 0✱ ❢♦r ❛❧❧ i ∈ {1, . . . ,mλ0

}✳ �

✽ ❊①♣❧✐❝✐t ❛s②♠♣t♦t✐❝ ✈❛❧✉❡s✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡r✐✈❡ ❢r♦♠ ❛♥ ❛❝❝✉r❛t❡ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡ q✉❛♥t✐t✐❡s ✭✷✳✺✮ s♦♠❡ ❡①♣❧✐❝✐t
r✉❧❡s ❢♦r t❤❡ ❝♦❡✣❝✐❡♥ts tλi ✇❤❡♥ t❤❡ ✇❡❧❧s ❛r❡ ♥♦t ❣❛t❤❡r❡❞ ❧✐❦❡ ✐♥ ❚❤❡♦r❡♠ ✷✳✹✳ ■♥ t❤❡ t✇♦ ❝❛s❡s
N = 1 ♦r N = 2 ✇✐t❤ ✐s♦❧❛t❡❞ ✇❡❧❧s✱ t❤✐s ♣r♦✈✐❞❡s ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ❧✐♠✐ts
dn0
∣

∣

(a,b)
✱ ✇❤✐❝❤ ✇❛s s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✷✳

❲❡ ✜rst ♥❡❡❞ ❛ s✐♠♣❧❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❉✐r✐❝❤❧❡t ❡✐❣❡♥❢✉♥❝t✐♦♥s φh
j ✳

▲❡♠♠❛ ✽✳✶ ❆ss✉♠❡ N = mλ0
= 1 ♦r N = mλ0

= 2✳ ❋♦r i ∈ {1, 2}✱ ❧❡t ui ❞❡♥♦t❡ ❛ ♥♦r♠❛❧✐③❡❞
❡✐❣❡♥✈❡❝t♦r ✭u2 = 0 ✇❤❡♥ N = 1✮ ♦❢ −∆ − wi ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡✐❣❡♥✈❛❧✉❡ λ0 + Ṽ0(ci)✳ ❚❤❡♥
t❤❡r❡ ❡①✐sts αh ∈ R ✭αh = 0 ✐❢ N = 1✮ s✉❝❤ t❤❛t t❤❡ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❡❝t♦rs φh

j s❛t✐s❢②

(

φh
1

φh
2

)

=

(

cosαh − sinαh

sinαh cosαh

)(

u1

(

.−c1

h

)

u2

(

.−c2

h

)

)

+ oL2(I)(1) .

Pr♦♦❢✿ ❲❡ ♥♦✇ ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✻ ✐♥ ❬❇◆P✶❪ t❤❛t t❤❡ ❡✐❣❡♥✈❡❝t♦r φh
j ❝❛♥ ❜❡ ✇r✐tt❡♥

φh
j =

∑

i

ph
jiψ

h
i + o(1) ,

✇❤❡r❡ (pij)1≤ij≤mλ0
✐s ❛ ✉♥✐t❛r② ♠❛tr✐① ❛♥❞ ✇❤❡r❡ t❤❡ ψh

i ✐s ❛ ♥♦r♠❛❧✐③❡❞ ❡✐❣❡♥✈❡❝t♦rs ❢♦r t❤❡ ♦♥❡

✇❡❧❧ ♣r♦❜❧❡♠ ❛r♦✉♥❞ ci✳ ❇② ♠❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ✉♥✐❢♦r♠ W 1,∞ ❡st✐♠❛t❡ ♦❢ Ṽh ✐♥ ❛ s♠❛❧❧ ✐♥t❡r✈❛❧
[ci − ε, ci + ε] ✇✐t❤ ε > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ h > 0 ❜✉t ❛r❜✐tr❛r✐❧② s♠❛❧❧ ❧✐❦❡ ✐♥ ❚❤❡♦r❡♠ ✸✳✹ ♦❢ ❬❇◆P✶❪✱
t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ ❉✐r✐❝❤❧❡t ❡✐❣❡♥✈❡❝t♦rs ✐♥ t❤❡ ❝❧❛ss✐❝❛❧❧② ❢♦r❜✐❞❞❡♥ r❡❣✐♦♥ ❛❧❧♦✇s t♦ r❡♣❧❛❝❡
ψh

i ✇✐t❤ ui ✇✐t❤ ❛♥ ❛r❜✐tr❛r✐❧② s♠❛❧❧ ❡rr♦r✳ �

❆♥♦t❤❡r ✐♥❣r❡❞✐❡♥t ♦❢ t❤✐s ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ✐s ❛♥ ❛❝❝✉r❛t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞
❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ H̃h ✐♥ t❤❡ ✐♥t❡r✈❛❧ I = [a, b]✳ ❋♦r r❡❣✉❧❛r ♣♦t❡♥t✐❛❧s✱ ✐t ✐s ♥♦t❤✐♥❣ ❜✉t t❤❡
❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ ❲❑❇ ❡①♣❛♥s✐♦♥ ψh

app(k, x) ✇✐t❤ t❤❡ ❢♦r♠

❢♦r k > 0 ✿ ψh
app(k, x) = (Ṽh(x)−λk)−1/2

[

C−(k)e−d̃h(a,x)/h + C+(k)ed̃h(a,x)/h
]

✇❤❡r❡ (C−(k), C+(k))

s♦❧✈❡s t❤❡ s②st❡♠


























[

−(Ṽh(a) − λk)1/2 + i
√
λk

]

C−(k) = 2ikei ka
h

(

Ṽh(a) − λk

)1/2

,
[

−(Ṽh(b) − λk)1/2 − i
√
λk +B

]

C−(k)

+

[

(

Ṽh(b) − λk

)1/2

− i
√
λk +B

]

(

C+(k)e2
d̃h(a,b)

h

)

= 0 ,

✭✽✳✶✮

✷✸



❢♦r k < 0 : ψh
app(k, x) = (Ṽh(x)−λk)−1/2

[

C−(k)ed̃h(x,b)/h + C+(k)e−d̃h(x,b)/h
]

✇❤❡r❡ (C−(k), C+(k))

s♦❧✈❡s t❤❡ s②st❡♠



























[

−(Ṽh(a) − iλk)1/2 + i
√
λk

] (

C−(k)e2
d̃h(a,b)

h

)

+
[

(Ṽh(a) − λk)1/2 + i
√
λk

]

C+(k) = 0 ,
[

(

Ṽh(b) − λk

)1/2

− i
√
λk +B

]

C+(k) = 2ikei kb
h (Ṽh(b) − λk)1/2.

✭✽✳✷✮

■♥ ♦✉r ❝❛s❡✱ ✐ts r❛t❤❡r t❡❝❤♥✐❝❛❧ ♣r♦♦❢ ✇❤✐❝❤ r❡q✉✐r❡s ❛❧❧ t❤❡ r❡❣✉❧❛r✐t② ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ ❛ss✉♠♣t✐♦♥s
♦♥ Ṽ h✱ ♥❛♠❡❧② ∂2

xṼ
h = µ0 ✐♥ Mb(I)✱ ✐s ❞❡❢❡rr❡❞ t♦ ❛ ❢♦rt❤❝♦♠✐♥❣ ❛rt✐❝❧❡✳

Pr♦♣♦s✐t✐♦♥ ✽✳✷ ❋♦r ❛♥② k ∈ R s✉❝❤ t❤❛t λk ∈ [Λ∗,Λ
∗]✱ ❝♦♥s✐❞❡r t❤❡ ❣❡♥❡r❛❧✐③❡❞ ✇❛✈❡ ❢✉♥❝t✐♦♥

ψ̃(k, x) r❡str✐❝t❡❞ t♦ t❤❡ ✐♥t❡r✈❛❧ I ❛♥❞ ❣✐✈❡♥ ❜② ✭✶✳✼✮✲✭✶✳✽✮ ✇✐t❤ Wh ≡ 0✳ ❇② ✐♥tr♦❞✉❝✐♥❣ t❤❡
❆❣♠♦♥ ❞✐st❛♥❝❡ d̃h ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣♦t❡♥t✐❛❧ Ṽh ❛♥❞ t❤❡ ❡♥❡r❣② λk✱ t❛❦❡ t❤❡ ❢✉♥❝t✐♦♥ ψh

app

❞❡✜♥❡❞ ❛❜♦✈❡✳ ❚❤❡♥ t❤❡ ❞✐✛❡r❡♥❝❡ ❝♦♥✈❡r❣❡s t♦ 0 ✇✐t❤ t❤❡ ✇❡✐❣❤t❡❞ ❡st✐♠❛t❡s

max
x∈[a,b]

∣

∣

∣

∣

e
d̃h(a,x)

h

(

ψ̃h(k, x) − ψapp(k, x)
)

∣

∣

∣

∣

h→0→ 0 ❢♦r k > 0 ,

max
x∈[a,b]

∣

∣

∣

∣

e
d̃h(x,b)

h

(

ψ̃h(k, x) − ψapp(k, x)
)

∣

∣

∣

∣

h→0→ 0 ❢♦r k < 0 .

❲❡ s❤❛❧❧ ♠❛❦❡ t❤❡ ♥❡①t s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥✱ ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t s♦♠❡ ❢❛❝t♦rs ❞♦ ♥♦t ✈❛♥✐s❤
❛s②♠♣t♦t✐❝❛❧❧②✳

❆ss✉♠♣t✐♦♥ ✷ ❆ss✉♠❡ t❤❛t t❤❡ ✇❡❧❧ ♣♦t❡♥t✐❛❧s wi✱ i = 1 ♦r 2✱ ❛r❡ ❡✈❡♥ ❛♥❞ t❤❛t t❤❡ ❡✐❣❡♥✈❡❝t♦r
ui ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✜rst ♦t❤❡r s❡❝♦♥❞ ❡✐❣❡♥✈❛❧✉❡✳

Pr♦♣♦s✐t✐♦♥ ✽✳✸ ❚❛❦❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛♥❞ ❝♦♥✈❡♥t✐♦♥s ✇❤❡♥ N = 1 ❛s ❜❡❢♦r❡✳ ▲❡t d̃h ❞❡♥♦t❡s
t❤❡ ❆❣♠♦♥ ❞✐st❛♥❝❡ ❢♦r t❤❡ h✲❞❡♣❡♥❞❡♥t ♣♦t❡♥t✐❛❧ Ṽh ❛t t❤❡ ❡♥❡r❣② λk ∈ Ωh ❛♥❞ s❡t ❢♦r i = 1 ♦r
i = 2

γi,± =
C±(λ

1/2
0 )

(Ṽ0(ci) − λ0)1/2

∫

R

wi (y)ui(y) dy ± C±(λ
1/2
0 )

∫

R

y wi(y)ui(y) dy . ✭✽✳✸✮

❚❤❡♥ t❤❡ ❡q✉❛❧✐t②

(

〈φh
1 , W

hψ̃h
−(k, ·)〉

〈φh
2 , W

hψ̃h
−(k, ·)〉

)

=

(

cosαh − sinαh

sinαh cosαh

)





γ1,−e
−

d̃h(a,c1)

h

γ2,−e
−

d̃h(a,c2)

h



+ o

(

e
−d̃h(a,c1)

h

)

❤♦❧❞s ❢♦r k > 0✱ ✇❤✐❧❡ t❤❡ s②♠♠❡tr✐❝ r❡❧❛t✐♦♥ ❢♦r k < 0 ✇r✐t❡s

(

〈φh
1 , W

hψ̃h
−(k, ·)〉

〈φh
2 , W

hψ̃h
−(k, ·)〉

)

=

(

cosαh − sinαh

sinαh cosαh

)





γ1,+e
−

d̃h(c1,b)

h

γ2,+e
−

d̃h(c2,b)

h



+ o

(

e−
d̃h(c2,b)

h

)

.

Pr♦♦❢✿ ▲❡t ✉s ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ k > 0✳ ❋✐rst t❤❡ ❧♦❝❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧Wh ❛♥❞ Pr♦♣♦s✐t✐♦♥
✽✳✷ ✐♠♣❧✐❡s

∥

∥

∥
Whψ̃−(k, ·)

∥

∥

∥

L2
= O

(

e−
d̃h(a,c1)

h

)

.

✷✹



❍❡♥❝❡ ▲❡♠♠❛ ✽✳✶ r❡❞✉❝❡s t❤❡ ♣r♦❜❧❡♠ t♦ ❛♥ ❛❝❝✉r❛t❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢

〈

ui

( · − ci
h

)

, Whψ̃h
−(k, ·)

〉

=

∫

R

wi(y)ui(y)ψ̃
h
− (k, ci + hy) dy + o

(

e−
d̃h(a,c1)

h

)

=

∫

R

wi(y)ui(y)
C−(k)

(

Ṽh(ci + hy) − λk

)1/2
e−

d̃h(a,c1+hy)

h dy + o

(

e−
d̃h(a,c1)

h

)

= e−
d̃h(a,c1)

h

∫

R

wi(y)ui(y)

C−(k)

(

1 −
(

Ṽh(ci) − λk

)1/2

y

)

(

Ṽh(ci + hy) − λk

)1/2
dy + o

(

e−
d̃h(a,c1)

h

)

= e−
d̃h(a,c1)

h γi,− + o

(

e−
d̃h(a,c1)

h

)

.

❲❡ ✉s❡❞ t❤❡ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ♦❢ d̃h ✇✐t❤ t❤❡ ❦♥♦✇♥ ✉♥✐❢♦r♠ r❡❣✉❧❛r✐t② ♦❢ Ṽh ✐♥ W 1,∞(I)✳ �

❘❡♠❛r❦ ✽✳✹ ❚❤❡ ❆ss✉♠♣t✐♦♥ ✷ ✐s ♥♦t ♥❡❝❡ss❛r② ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢ ❜✉t ✐t ❡♥s✉r❡s t❤❛t t❤❡
❝♦❡✣❝✐❡♥ts γi,± ❞♦ ♥♦t ✈❛♥✐s❤✳

Pr♦♣♦s✐t✐♦♥ ✽✳✺ ▼❛❦❡ t❤❡ t❡❝❤♥✐❝❛❧ ❛❞❞✐t✐♦♥❛❧ ❆ss✉♠♣t✐♦♥ ✷ ✇✐t❤ N = mλ0 = 1✳ ❚❤❡ ❛s②♠♣t♦t✐❝
♦❢ ✭✷✳✺✮ ❝❛♥ ❧❡❛❞ t♦ ✈❛❧✉❡s tλ0

1 ∈ (0, 1) ✇❤❡♥ ❛♥❞ ♦♥❧② ✇❤❡♥ d0(a, c1) = d0(c1, b)✳

Pr♦♦❢✿ ❲❤❡♥ N = mλ0 = 1✱ t❤❡ s✐♥❣❧❡ ✇❡❧❧ ✐s ✐s♦❧❛t❡❞ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✺ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✽✳✸
❝❛♥ ❜❡ ✉s❡❞✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ✈❛❧✉❡ tλ0

1 ❛s t❤❡ ❧✐♠✐t ♦❢

1

1 +

√
λ0√

λ0 +B

∣

∣

∣

∣

∣

∣

∣

γ1,−e
−

d̃h(a,c1)

h + o
(

e−
d̃h(a,c1)

h

)

γ1,+e−
d̃h(c1,b)

h + o
(

e−
d̃h(c1,b)

h

)

∣

∣

∣

∣

∣

∣

∣

2

=

(

1 +

√
λ0√

λ0 +B

∣

∣

∣

∣

γ1,−

γ1,+
e−

d̃h(a,c1)−d̃h(c1,b)

h (1 + o(1))

∣

∣

∣

∣

2
)−1

,

✇❤❡r❡ d̃h ✐s t❤❡ ❆❣♠♦♥ ❞✐st❛♥❝❡ ❛t t❤❡ ❡♥❡r❣② λh
j ✳ ❆♥② ✈❛❧✉❡ ✐♥ [0, 1] ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❞❡♣❡♥❞✐♥❣

♦♥ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ d̃h(a, c1) ❛♥❞ d̃h(c1, b) t♦ t❤❡✐r ❛s②♠♣t♦t✐❝ ✈❛❧✉❡s d0(a, c1) ❛♥❞ d0(c1, b)✳ ❚❤❡
❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❞✐st❛♥❝❡s ②✐❡❧❞s t❤❡ r❡s✉❧t✳ �

Pr♦♣♦s✐t✐♦♥ ✽✳✻ ❚❛❦❡ N = mλ0
= 2 ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡ t✇♦ ✇❡❧❧s ❛r❡ ✐s♦❧❛t❡❞ ✇✐t❤ t❤❡ t❡❝❤♥✐❝❛❧

❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ ✷✳ ❆ss✉♠❡ ❛❧s♦ |λh
2 − λh

1 | = o(h)✳ ❚❤❡♥ t❤❡ ❝♦❡✣❝✐❡♥ts tλ0
i ✱ i = 1, 2 ❤❛✈❡ t♦

❢✉❧✜❧❧ t❤❡ r✉❧❡s

• tλ0
1 = 1 ❛♥❞ tλ0

2 ∈ [0, 1] d0(a, c1) < d0(c2, b) ✳

• tλ0
1 ∈ [0, 1] ❛♥❞ tλ0

2 = 0 ✐❢ d0(a, c1) > d0(c2, b) ✳

• 1 ≥ tλ0
1 ≥ tλ0

2 ≥ 0 ✐❢ d0(a, c1) = d0(c2, b) ✳

✷✺



❘❡♠❛r❦ ✽✳✼ ❲❤❡♥ |λh
2 −λh

1 | ≥ h2✱ ✐t ✐s ♥♦ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✇❡❧❧s ❛♥❞ ✇❡ ❝❛♥ ❛♣♣❧② r❡s✉❧ts
❢♦r t❤❡ ❣❛t❤❡r❡❞ ✇❡❧❧s ✇✐t❤ mλ0

= 1✳

Pr♦♦❢✿ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✷✳✺ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✽✳✸ ✇❡ ❤❛✈❡ t♦ st✉❞② t❤❡ ❧✐♠✐ts ♦❢ t❤❡ t✇♦
q✉❛♥t✐t✐❡s

τh
1 =

cos2 αh

1 +

√
λ0(1 + o(1))√
λ0 +B

∣

∣

∣

∣

∣

∣

∣

cosαhγ1,+e
−

d̃h(c1,b)

h − sinαhγ2,+e
−

d̃h(c2,b)

h + o
(

e−
d̃h(c2,b)

h

)

cosαhγ1,−e−
d̃h(a,c1)

h − sinαhγ2,−e−
d̃h(a,c2)

h + o
(

e−
d̃h(a,c1)

h

)

∣

∣

∣

∣

∣

∣

∣

2

+
sin2 αh

1 +

√
λ0(1 + o(1))√
λ0 +B

∣

∣

∣

∣

∣

∣

∣

sinαhγ1,+e
−

d̃h(c1,b)

h + cosαhγ2,+e
−

d̃h(c2,b)

h + o
(

e−
d̃h(c2,b)

h

)

sinαhγ1,−e−
d̃h(a,c1)

h + cosαhγ2,−e−
d̃h(a,c2)

h + o
(

e−
d̃h(a,c1)

h

)

∣

∣

∣

∣

∣

∣

∣

2

❛♥❞

τh
2 =

sin2 αh

1 +

√
λ0(1 + o(1))√
λ0 +B

∣

∣

∣

∣

∣

∣

∣

cosαhγ1,+e
−

d̃h(c1,b)

h − sinαhγ2,+e
−

d̃h(c2,b)

h + o
(

e−
d̃h(c2,b)

h

)

cosαhγ1,−e−
d̃h(a,c1)

h − sinαhγ2,−e−
d̃h(a,c2)

h + o
(

e−
d̃h(a,c1)

h

)

∣

∣

∣

∣

∣

∣

∣

2

+
cos2 αh

1 +

√
λ0(1 + o(1))√
λ0 +B

∣

∣

∣

∣

∣

∣

∣

sinαhγ1,+e
−

d̃h(c1,b)

h + cosαhγ2,+e
−

d̃h(c2,b)

h + o(e−
d̃h(c2,b)

h )

sinαhγ1,−e−
d̃h(a,c1)

h + cosαhγ2,−e−
d̃h(a,c2)

h + o
(

e−
d̃h(a,c1)

h

)

∣

∣

∣

∣

∣

∣

∣

2

❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤✐s t✇♦ ♥✉♠❜❡rs ❡q✉❛❧s

τh
1 − τh

2 = (cos2 αh − sin2 αh)









1

1 +

√
λ0(1 + o(1))√
λ0 +B

̺(cosαh,− sinαh)2

− 1

1 +

√
λ0(1 + o(1))√
λ0 +B

̺(sinαh, cosαh)2









,

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥t ̺ ✐s ❣✐✈❡♥ ❜②

̺(β1, β2) =

∣

∣

∣

∣

∣

∣

∣

β1γ1,+e
−

d̃h(c1,b)

h + β2γ2,+e
−

d̃h(c2,b)

h + o
(

e−
d̃h(c2,b)

h

)

β1γ1,−e−
d̃h(a,c1)

h + β2γ2,−e−
d̃h(a,c2)

h + o
(

e−
d̃h(a,c1)

h

)

∣

∣

∣

∣

∣

∣

∣

.

❆♥ ❡❛s② ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♠❛✐♥ t❡r♠ ♦❢ t❤❡ ♥✉♠❡r❛t♦r s❤♦✇s t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡

̺(sinαh, cosαh)2 − ̺(cosαh,− sinαh)2

✷✻



✐s ❛ ♥♦♥ ♥❡❣❛t✐✈❡ ♥✉♠❜❡r t✐♠❡s

[

|γ1,+|2|γ2,−|2 cos4 αh − |γ2,+|2|γ1,−|2 sin4 αh
]

e−
d̃h(a,c1)+d̃h(c2,b)

h + o

(

e−
d̃h(a,c1)+d̃h(c2,b)

h

)

.

❚❤❡ ❡①♣r❡ss✐♦♥ ✭✽✳✸✮ s❤♦✇s t❤❛t t❤❡ t✇♦ ♣r♦❞✉❝ts γ2,−γ1,+ ❛♥❞ γ1,−γ2,+ ❛r❡ ❡q✉❛❧✳ ❍❡♥❝❡ t❤❡
❞✐✛❡r❡♥❝❡ τh

1 − τh
2 ✐s ❛❧✇❛②s ♥♦♥ ♥❡❣❛t✐✈❡✱ ✇❤✐❝❤ ❧❡❛❞s t♦

tλ0
1 ≥ tλ0

2 . ✭✽✳✹✮

✐♥ ❛❧❧ ❝❛s❡s✳
■t r❡♠❛✐♥s t♦ ❝❤❡❝❦ tλ0

1 = 1 ✇❤❡♥ d0(a, c1) < d0(c2, b) ❜❡❝❛✉s❡ t❤❡ s❡❝♦♥❞ ❝❛s❡ ✐s ♦❜t❛✐♥❡❞ ✈✐❛ ❛
❝♦♠♣❧❡♠❡♥t ❛r❣✉♠❡♥t ❛♥❞ t❤❡ t❤✐r❞ ♦♥❡ s❛②s ♥♦t❤✐♥❣ ❜✉t ✭✽✳✹✮✳ ❚❤r❡❡ ♣♦ss✐❜✐❧✐t✐❡s ❤❛✈❡ t♦ ❜❡
❝♦♥s✐❞❡r❡❞✿ cosαh → 0 ❛s h→ 0✱ sinαh → 0 ❛s h→ 0 ♦r | sinαh|| cosαh| ≥ δ > 0✳
❆ss✉♠❡ limh→0 cosαh = 0✳ ❚❤❡♥ ♦♥❡ ❤❛s

τh
1 = o(1) +

1 + o(1)

1 + O
(

e−2
d̃h(c2,b)−d̃h(a,c1)

h

)

h→0→ 1 .

❚❤❡ ❝❛s❡ limh→0 sinαh = 0 ✐s t❤❡ s❛♠❡ ❛s t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ❛❢t❡r r❡♣❧❛❝✐♥❣ αh ✇✐t❤ π
2 − αh✳

❆ss✉♠❡ cosαh ≥ δ > 0✳ ❚❤✐s ❧❡❛❞s t♦

τh
1 =

cos2 αh

1 + O
(

e−2
d̃h(c2,b)−d̃h(a,c1)

h

) +
sin2 αh

1 + O
(

e−2
d̃h(c2,b)−d̃h(a,c1)

h

)

h→0→ 1 .

�

❆ ❆❣♠♦♥ ❡♥❡r❣② ✐❞❡♥t✐t②✳

❍❡r❡ ✇❡ ❥✉st ❣✐✈❡ t❤❡ ❜❛s✐❝ ❡♥❡r❣② ✐❞❡♥t✐t②✳

▲❡♠♠❛ ❆✳✶ ▲❡t Ω := (α, β) ❛♥ ♦♣❡♥ ✐♥t❡r✈❛❧✱ V ∈ L∞(ω)✱ z ∈ C ❛♥❞ ϕ ❛ ❧✐♣s❝❤✐t③ r❡❛❧ ❢✉♥❝t✐♦♥
♦♥ Ω. ❉❡♥♦t❡ ❜② P t❤❡ ❙❝❤rö❞✐♥❣❡r ♦♣❡r❛t♦r P := −h2d2/dx2 + V. ❚❤❡♥ ❢♦r ❛♥② u1, u2 ✐♥ H2(Ω),
❛♥❞ s❡tt✐♥❣ vj := eϕ/huj ♦♥❡ ❤❛s✿

∫ β

α

e2
ϕ
h (P − z)u1ū2dx =

∫ β

α

hv′1hv
′
2dx+

∫ β

α

(V − z − ϕ′2)v1v̄2dx

+

∫ β

α

hϕ′(v′1v̄2 − v1v̄
′
2)dx

+h2
(

e2
ϕ(α)

h u′1ū2(α) − e2
ϕ(β)

h u′1ū2(β)
)

. ✭❆✳✶✮

❚❤✐s ✐❞❡♥t✐t② ✐s ♦❜t❛✐♥❡❞ ❛❢t❡r ❝♦♥❥✉❣❛t✐♦♥ ♦❢ hd/dx ❜② eϕ/h ❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✳

❇ ❯♥✐✈❡rs❛❧ ❧♦✇❡r ❜♦✉♥❞ ❢♦r ❣❛♣s✳

▲❡♠♠❛ ❇✳✶ ▲❡t (aKS , bKS) ❜❡ ❛♥ ✐♥t❡r✈❛❧ ❛♥❞ ❧❡t V ❜❡ ❛ r❡❛❧ ✈❛❧✉❡❞ ❝♦♥t✐♥✉♦✉s ♦♥ R✳ ▲❡t En

❛♥❞ En−1 ❜❡ t❤❡ (n+ 1)th ❛♥❞ nth ❡✐❣❡♥✈❛❧✉❡s ♦❢ −d2/dx2 + V ❛♥❞ ❧❡t

λ = max
E∈[En−1,En], x∈(aKS ,bKS)

|E − V (x)|1/2.

✷✼



■❢ V (x) ≥ En + α2 ♦♥ R \ [aKS , bKS ] ❢♦r s♦♠❡ α > 0✱ t❤❡♥

En − En−1 ≥ π

2

[

1

2λ2
+

λ

2
√

|En|(λ2 + |En|)

]−1

e−λ(bKS−aKS).

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts✿ P❛rt ♦❢ t❤✐s ✇♦r❦ ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ❛✉t❤♦r ✇❛s
✈✐s✐t✐♥❣ t❤❡ ❲❡✐❡rstr❛ss ■♥st✐t✉t❡ ❢♦r ❆♣♣❧✐❡❞ ❆♥❛❧②s✐s ❛♥❞ ❙t♦❝❤❛st✐❝s ✐♥ ❇❡r❧✐♥✳ ❍❡ t❛❦❡s t❤❡
♦♣♣♦rt✉♥✐t② t♦ t❤❛♥❦ t❤❡♠ ❢♦r t❤❡✐r ❤♦s♣✐t❛❧✐t②✳ ❚❤✐s ✇♦r❦ ❤❛s ❜❡♥❡✜tt❡❞ ❢r♦♠ ♠❛♥② ❞✐s❝✉ss✐♦♥s
✇✐t❤ ♠❛♥② ♣❡♦♣❧❡✳ ❆♠♦♥❣ t❤❡♠✱ ✇❡ t❤❛♥❦ ◆✳ ❇❡♥ ❆❜❞❛❧❧❛❤✱ ❍✳❈✳ ❑❛✐s❡r✱ ❚✳ ❑♦♣r✉❝❦✐✱ ❋✳ ▼é❤❛ts✱
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