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Far from equilibrium steady states of
1D-Schrodinger-Poisson systems with quantum wells |

V. Bonnaillie-Noél* F. Nier! Y. Patel

Abstract

We describe the asymptotic of the steady states of the out-of equilibrium Schrédinger-
Poisson system, in the regime of quantum wells in a semiclassical island. After establishing
uniform estimates on the nonlinearity, we show that the nonlinear steady states lie asymptoti-
cally in a finite-dimensional subspace of functions and that the involved spectral quantities are
reduced to a finite number of so-called asymptotic resonant energies. The asymptotic finite
dimensional nonlinear system is written in a general setting with only a partial information on
its coefficients. After this first part, a complete derivation of the asymptotic nonlinear system
will be done for some specific cases in a forthcoming article [BNP2].

MSC (2000): 341.25; 341.30; 34L40; 65L.10; 65Z05; 81Q20; 82D37.

Keywords: Schriodinger-Poisson system; Asymptotic analysis; Multiscale problems.

Contents

00~ = NN

B A oroniEatl I 10

3 Results on the Dirichlet Problend 13
B.1 Somemnotationd . . . . . ... 13
B2 Decavestimatd . . . . . . . .. 14

B_}_Speﬁnm_for_omsj_ngle_me]] ............................... 16
W&d ........................... 18

imated . . . . . . e 19
4__Complex deformation 21
U1 A reduced Stone’s formuld . . . . . ... 21

12 Resonanced . .. .. ... 22
B3 Analysisof theresalventl . . . . . . . . ... 23

*IRMAR, UMR-CNRS 6625, Université Rennes 1, Campus de Beaulieu, 35042 Rennes Cedex, France,
Virginie.Noel-BonnaillieQuniv-rennes1.fr

fIRMAR, UMR-CNRS 6625, Université Rennes 1, Campus de Beaulieu, 35042 Rennes Cedex, France,
Francis.NierQuniv-rennes1.fr




l5_Localizing resonances 26
6 Local density of stated 28

l6.1__Eliminating the non resonant energied . . . . . .. .. ... ... L. 29

6.2 Contribution of resonant stated . . . .. ... oo 31
|[A_Agmon identity 33
I[B_Monotony Principld 34
IC Spectral approximation 34
ID_Scattering states for the barried 34
[E_Pointwise estimate for the resolvent 35

1 Introduction

1.1 Motivation

This analysis is motivated by the study of quantum electronic transport in semiconductor het-
erostructures, like resonant tunneling diodes. It is modelled on the basis of a mean field Hartree
type description of the electrostatic interaction of particles, known as the Schrédinger-Poisson
system. The modelling of resonant tunneling diodes includes the following characteristic features:

1. Steady electronic currents are observed. This can be achieved only within the modelling of
out-of-equilibrium quantum systems.

2. The I —V curves of such devices present negative differential resistance. We are in a far from
equilibrium regime, for which the linear response theory is questionnable.

3. A very rich nonlinear phenomenology can be observed in such devices, with hysteresis phe-

nomena (see [[ILPS], [PrSj]) and even steadily oscillating currents (see [KKefall).

4. The general wisdom about these systems says that the nonlinear effects are governed by little
number of resonant states.

This article is a part of a larger program, namely the understanding of the nonlinear dynam-
ics of these out-of-equilibrium quantum systems. One issue is to prove rigorously that a simple
Schrédinger-Poisson system in a far from equilibrium regime, that is when the steady states show a
strong anisotropy in the momentum variable at the quantum scale, can lead to multiple solutions to
the nonlinear stationary problem with non trivial bifurcation diagrams. A first check was provided
by Jona-Lasinio, Presilla and Sjostrand in [ILPS], [PrSj]. A second issue which goes definitely
further than those previous works is the explanation of the production of complex bifurcation di-
agrams in terms of the geometry of the potential, which requires an accurate analysis of tunnel
effects.

The present work was achieved on the basis of former works by the second author and of the
ph-D thesis of the third author. This analysis lead the three authors to the introduction of some
reduced model which happens to be very efficient in the numerical simulation of realistic devices
(see [BNP]). Only the first part of the mathematical analysis is provided here and complements
will be presented in a forthcoming article [BNP2].



The points 1) and 2) above are now well understood. A presentation can be done within a
Landauer-Biittiker approach [BuLal, [Can], [ChVi] and [BDM] which involves the scattering states.
This modelling allows a strong anisotropy of the occupation number with respect to the momentum
and it definitely differs from all the approach where the density matrix looks like a function of the
Hamiltonian [BKNRT], [BKNR2|. This latter modelling (and probably the entropy maximizing
approach of [DMR] as well) better suits the situation of little variations from the thermodynamical
equilibrium, ends with corrected drift-diffusion models and cannot produce multiple solutions due
to monotonicity properties. It should be noted that all these modelling consider the reservoirs as
fixed objects which only provide some kind of inhomogeneous boundary conditions, in comparison
with the theoretical analysis of non equilibrium steady states widely studied within the framework
of the von Neumann algebraic approach of statistical physics and which concerns the evolution of
the full system, small system plus reservoirs (see for example [aPi]).

For our model, a complete general functional framework which catches the proper nonlinear steady
states and provides a well defined nonlinear dynamics was provided in [Ni3], after using a phase-
space approach with some specific tools of the time dependent approach in scattering theory.

Besides the building of a proper functional framework, those models became even more inter-
esting after the articles of Jona-Lasinio, Presilla and Sjdstrand [ILPS], where convincing
heuristic arguments and calculations on those simple nonlinear systems were provided as an expla-
nation for observed hysteresis phenomena, in agreement with point 3). Then the question arose
whether a complete explanation from an asymptotic analysis on the Schréodinger-Poisson system
or whether new nonlinear phenomena could be predicted in some more complex geometric setting
like a multiple wells problem. For instance, no real explanation is provided in [TLPS], for
the presence or the absence of hysteresis phenomena according to the geometry of the barrier po-
tentials. Our reduced model (see [NiPal, [BNP] and forthcoming article [BNP2]) provides such an
explanation, with additional results.

Finally point 4) provides the relevant asymptotic. Resonant states are effective when the imag-
inary part of resonances are small. Such a behavior can be achieved when the potential barrier are
high or large and it is well formulated within a semiclassical asymptotic (small parameter h — 0,
imaginary part of resonances of order O(e‘c/h)). Nevertheless a full semiclassical asymptotic with
O(1) large wells would lead to a large number of resonant states within a fixed energy interval.
Point 4) can be fulfilled by considering quantum wells in a semiclassical island. The introduction
of the small parameter h > 0 as a rescaled Fermi-length as well as a full justification of this asymp-
totic regime within the presentation of realistic devices has been done in [BNP].

From a mathematical point of view, this problem presents two specific difficulties.

e A non usual multiple wells problem has to be considered: it is not exactly a semiclassical
problem and it is nonlinear.

e The introduction of resonances requires the implementation of a complex deformation and
the study of non self-adjoint operators.

Fortunately, the one-dimensional framework provides some simplifications or accurate estimates
which allow a complete analysis. First a uniform control on the nonlinear potential with the help
of some monotony principles can be obtained in W1>. Hence the nonlinear potential can be
replaced by an h-dependent potential, with uniform bounds in W', Some standard arguments
of the semiclassical analysis for resonances (see [HeSj1])), for multiple wells (see [HeSj2], [HeSj3]),
or for the Breit-Wigner formula (see [GeMal) have to be adapted. Again the weak regularity is
partly compensated by the fact that we work on a 1D problem. This article is almost self-contained
in the sense that the proofs which are exactly the same as in the usual semiclassical setting were



not reproduced. Precise references are given for these technical parts. Nevertheless some details
have to be checked in order to ensure that these techniques can be adapted with the quantum wells
and the limited regularity of the nonlinear semiclassical potential. The 1D Schrédinger-Poisson
system studied here admits natural a priori regularity estimates, uniform with respect to the small
parameter h — 0. This leads asymptotically to a perfect splitting of the quantum and classical
scales.

1.2 Quantum framework

In the whole study, the framework is the following: h > 0 denotes the semiclassical parameter
obtained in realistic cases as a rescaled Fermi length (see [BNP|) and I := [a, ] is a given compact
interval of the real line. Let P} the Schrédinger operator on the real line:

d2
h .__ 2 _
Pjj:= —h’—— + B, B=B;+ B, (1.1)
where
r—a
Bf(x) =-B b—a 1[1175](1')’ Boo(x) =—-B- 1[b,+oo)($)a (1'2)

and B is a non negative constant. The potential B simply describes the applied bias. The reference
Hamiltonian is the self-adjoint realization in the Hilbert space L?(R) of P}:

D(HY) = H*(R), Yue D(HY), Hpu:= Phu. (1.3)

Since several self-adjoint (or non self-adjoint) closure of the same differential operator will be
considered, the notation P refers to the differential operators acting on C§°, while H will be used
for its realization as an unbounded operator on L?2.

We restrict our analysis in this work to operators in the form

P"V]:=Ph+V, VeL™(1), (1.4)
and denote by H"[V] the self-adjoint realization in L?(R) of P"[V]:
D(H"V]) = HX(R), Vue D(H"V]), H"V]u:=P"[V]u, (1.5)

after identifying V' € L*°(I) with V(x)17(x) € L*(R).
Of particular interest is the case where the potential V = V" depends on the small parameter
h and describes quantum wells in an island with cliffs. It splits into

Vh=Vo+VE,, Voi=Vo—W" Vi, Vi, e Whe(I). (1.6)

The function Vj, which models the island potential, can be any non negative Lipschitz function
independent of h. Practically it is simply a constant potential on I, Vy(x) = Vp 1;(x) with Vp € R,
The function W, which described the quantum wells, is defined by

Wh(2) :zéwi (x;c) (1.7)

In this definition of W", the positions (¢;)Y, are N given points in (a,b) and w; are non negative
L>-functions supported in the interval [—k, x], with x > 0 fixed. We denote by U" the support
of the function W" and U := UY, {c¢;} the region where the quantum wells concentrate, and set
¢o = a, cn+1 := b (see Figure 1).
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Figure 1: Total potential B+ V" — W™,

Assumption 1 Suppose that ~
Ao = inf Vo(z) + B(z) > 0, (1.8)
xTE

and fiz the parameters A, and A* so that 0 < A, < A* < Ag.

We will focus on the energy range A € [A,, A*].

Finally the function V}; describes the mean field nonlinear potential which takes into account
the repulsive electrostatic interaction. It will be given as a solution to the Poisson equation on
I = [a,b] and will satisfy

Vh >0, Vi, eWh>e(I), Vi, >o. (1.9)

Such Hamiltonians are used in the modelling of quantum electronic transport in mesoscopic
structures like resonant tunelling diodes (RTD) or super-lattices. The nonlinear steady states can
be studied within a Landauer-Biittiker approach: see [BuLal, [Lan], [ChVi] and [BDM] or [Ni3] for
possible functional frameworks concerned with the extension to the nonlinear analysis including
the nonlinear dynamics. This approach involves the scattering wave functions and requires the
analysis of the continuous spectrum of H"[V]. Since for any potential V € L>(I), H"[V] is a
compactly supported L*°-perturbation of the reference Hamiltonian Hg or the Hamiltonian with
step potential —h2A + B, the limiting absorption principle holds. By standard arguments ([Ya2],
[Pai]) one even gets the absence of imbedded eigenvalues

Vh >0, Oess(H"[V]) = 0ac(H"[V]) = [-B; ), (1.10)

and the scattering states of H"[V] are indeed well defined for any V € L>(I).

Remark 1 Under the non necessary additional assumption
Vie{l,...,N}, Vole;)+info(—A—w;) >0, (1.11)

one can even check like in Theorem[3.7] or Theorem [T that there is no eigenvalue at all for h > 0
small enough (and Vi, >0) ;

o(H"V]) = 0uc(H"V]) = [-B, 40).



We focus on the energies A € [A,, A*].

We consider the incoming scattering states " (k,-) of the Hamiltonian H"[V] parameterized by
the wave vector k (we omit to write the dependence with respect to the potential for scattering
states). They provide a diagonalization of H"[V] over the continuous spectrum (see formula (ICT9)).
Precisely, introduce first the dispersion relation associated with the reference Hamiltonian Hg

Definition 1.1 Set for k € R*

k2 if k>0,

M=l 2l g ifk<o

(1.12)
This dispersion relation ([CI2) gives, for the wave vector k, the energy A\ of the incoming plane
wave represented by ¥" (k,-). Again, we are mostly interested in the k’s such that A\, € [A., A*].

By definition, the incoming generalized eigenfunction " (k,-) defined for k € R solves the
differential equation:

Py (k) = Mt (k, ), (1.13)
with the normalization (of incoming plane waves)
j b ;b
e’ +rpe th for z<a
for k>0 Yv_(k,x) = a2 (1.14)
ty e D for =z >0,
b e f <
or
for k<0 ¢ (ka)=q *° . v (1.15)
e et for x>b.

The square root z'/2 is chosen with the ramification along the half-line sR_ in order to ensure that
e~ i) decays exponentially as © — —oo when A\ € (—B,0).
These coefficients determine the scattering matrix (ry,¢;) for positive energies A\, > 0. They are

linked for A; > 0 by the relation

Ak
A + B
Since the wave vector k is a log-derivative, this normalization of the wave functions can be written

in terms of boundary conditions at z = a and z = b, in this specific one-dimensional case fitting
with realistic problems:

[ l® + tel> =1, A >0, (1.16)

{h@w +inl/ 2} u = kel

|lz=a

[hax — i+ B)l/QL u=0,  fork>0 (1.17)

and {h@m + i)\,lc/ﬂ u =0,

|lz=a

[h&x i+ B)l/QL w=2ike, for k<0, (1.18)
z=
Thus the problem over the real line is reduced to a boundary problem on I with boundary conditions
depending on the spectral parameter (LI7)-([CI¥). These boundary conditions are exact transpar-
ent boundary conditions. This setting makes rather easy the complex deformation argument used
in the analysis of resonances (see [BaCq|, [HeSjI| or [HiSi| for a more general introduction). Here
considering a complex A\; around any positive value is easily implemented because the coefficients
on the boundary conditions at = a and x = b depend holomorphically on \; (or k).

We end this section with three elementary properties :



1. With this normalization, it appears that for any non negative continuous function 6 on
[A., A*], the operator 1;0(H"[V])1; is an integral operator. Moreover the kernel is given by

1,6(H" V)11 [, y) = /f@k)w’i(k,x)w'i(k,y)%, (ry)eIxI  (L19)

2. Note that because of the regularity of ¥, it follows by Mercer’s theorem (see [Si, Thm 3.5])
that this operator is trace-class, with a trace equal to the diagonal integral.

3. Note also that because the solutions to the ODE ([LI3)) in the interval I is a 2-dimensional
linear subspace, say Sy, C H?(a,b), conditions (CI7)-(CIX) form an affine system in Sy, .

Resonances around positive energies correspond to the exceptional complex values of Ay = 2
for which the continuous linear functionals defining this system are proportional.

1.3 Schriédinger-Poisson system

Here we are interested in the study of the stationary case. We first fix the profile of the incoming
beam of electrons over the structure between a and b.

Notation 1 Fiz a continuous non negative function k — g(k) such that g(k) = 0 if A\ & (A, A*),

see (L12).

A beam of electrons corresponds to a superposition of scattering states with density g. The
electronic density is then described by the measure dn,[V] defined by

dny V(@)1= [ ol (ko) 5. (1.20)

It is convenient to introduce the function g(K") of the asymptotic momentum operator defined
(see [DeGel, [Ni3] for a more general presentation) according to:

— dk
(" iwyy] = [ 0" )T g)
R 7Th
Its localized version 119(Kﬁ)11 has the integral kernel
h _ h h dk
Lig (K Lileo] = | o(k)La()o" (b ) (k)L )5 (121)

The operator g(K") is a density matrix and the density fulfills the weak formulation

Y € CO(I), /(p(:l:)dng[V](x) = Tr[1;9(K")1;¢)]. (1.22)
I
Note that in the particular case where g(k) is a function of the energy, i.e. g(k) = 0(\.), g(K") is

a function of the Hamiltonian l
g(K") =0(H"). (1.23)

Functions of the Hamiltonian can be viewed as equilibrium states (and even thermodynamical
equilibrium states when 6 is decreasing). For such states, the current through the device is null.
Hence out-of-equilibrium steady states with a non vanishing current have to be described with
a function g(k) which is not a function of the energy. In order to make this situation clear, we
assume the next possibly extendible assumption (see [BNP] for an easy generalization towards
more realistic problems).



Assumption 2 Fiz a non negative function 0 € C2((A., A*)) and assume that
9(k) = 1o - 0(Ag). In particular, 0 < g(k) < 0(A\g). (1.24)

The Schrédinger-Poisson system is an Hartree model which includes the self-consistent electro-
static potential within the device (¢ < x < b). Hence the nonlinear potential V]\}}L is a solution
to

HMVP = HY 4+ Vo — Wh + Vi,
(1.25)

*AVI}\}L =dng [Vh], V]’\}L = (a) = V]\}}L(b) =0.

Note that the assumption g > 0 yields dn,[V"] > 0 and V{; > 0.

Tt is known, (see [BDM], [Ni3]) , that the system ([[CZ3) admits solutions, for fixed h > 0. Further-
more with the absence of negative eigenvalues provided by the condition [LII), it is easily checked
that the solutions to (CZ3)) are the only steady states of the nonlinear dynamics studied in [Ni3].
Yet, uniform estimates with respect to h are not given in [Ni3]. We are now interested in the
structure of the set of asymptotic solutions as h — 0. A first step consists in getting a priori
estimates on the semi-linear problem. This is performed in Section Pl Since for a given A > 0 the
density dng [V"] is a bounded positive measure, we introduce the following spaces:

Definition 1.2 Call (My(I),] - ||») the Banach space of bounded complex measures on [a,b] and
let
BVE(I):={Vec’I)|V" e My(I), V(a)=0=V(b)}, (1.26)

normed by [V = |V|leo + |V |ls-

With this norm , BVZ(I) is a Banach space continuously embedded in W°°(I) and compactly
embedded in the Holder spaces C%%(I) for a € (0,1).

1.4 Results

Theorem 1.3 Consider problem (LZH). Then for h > 0 sufficiently small:

i) The family of potentials (V{; )n=o is uniformly bounded in L>(I).

ii) The family of measures (dng[V"])nso is bounded in My(I) and the family (Vi ; )n>o is bounded
in BV2(I).

iii) Consequently, the family of potentials (V{; )h>o is bounded in W1>°(I) and relatively compact
in the Hélder space C%(I) for any a € (0,1).

We then try to identify the weak* possible limits dnf of the measure dn,y[V"]. Owing to the

boundedness stated in Theorem[[3]4i), we shall make the next simplifying assumption which makes
sense after possibly extracting a subsequence (hy,)nen.

Assumption 3 The convergence
h—0

dng[V" "= dnd)
holds for the weak topology of My(I) = C°(I)’.
The following notations for the total potential
V=V B=Vy+ Vi, - W 4B, (1.27)
and for the total potential with filled wells

V=V Wh =V, + Vi, + B, (1.28)



are convenient. The solution to
— AV =dn), V(a)=V()=0 (1.29)
is denoted V3, and we set
VO=Vo + VL +B. (1.30)
Theorem has the next consequence.

Corollary 1.4 Make the Assumption [ Then the filled potential VI is uniformly bounded in
W1~’°°(I) and converges in CO*(I) to V° as h — 0 for any a < 1. Moreover if the second derivative
02Vy is a bounded measure, the weak convergence

92V "= 9290 = 92V — dn
also holds in My(I).

Remark 2 Note that the solution of the asymptotic Poisson equation does mot depend on the
possible mass of dng concentrated on © = a or x = b. Indeed the asymptotic potential V), forgets
any boundary layer and the boundary value problem [L29) is equivalently written with the restricted
measure dng‘(%b).

The idea leading to an accurate description of the the asymptotic density dng is the following;:

suppose in a first step that the wells are filled, that is W" = 0 and V* = V". In the classical
picture, the incoming particles of energy A\ < A* are reflected by the cliffs, so one expects that
dng = 0 in (a,b). Now, the introduction of the wells W" generates trapped quantum states
transformed into resonant states after the interaction with the continuous spectrum. The tunnel
effect allows these states to be occupied in a stationary setting. Besides, the quantum wells with an
O(h)-diameter produce two interesting effects. Firstly the density will asymptotically concentrate
like delta~-functions in positions around the ¢;’s. Secondly the resonant energies attached to one well
are separated by O(1) gaps (see Remark [ below). With a finite number of wells, this asymptotic
implements the general wisdom that the nonlinear system is essentially governed by finite number
of resonant states of the system (point 4 of our introduction). The relevancy of this asymptotic,
with quantum wells in a semiclassical island, has been carefully checked in [BNP] with numerical
data fitting with realistic situations.
To state our results we need the notion of asymptotic resonant energy.

Notation 2 Denote, fori=1,...,N, by o; the set of the eigenvalues of the Hamiltonian —A —w;
on the real line '
0i = {€}pex, € (00,0), KiCN, i=1,...,N. (1.31)

Definition 1.5 We will say that A € R is an asymptotic resonant energy for the potential V" if

and only if
N

A€ &y = U 51', E i=o0; + ])0(01'). (132)
1=1

Moreover, we define the multiplicity my of the asymptotic resonant energy A as
my = #Jx, where Jy:={ie{l,...,N} s.t. A€ &}. (1.33)

Finally, fori=1,..., N, we will say that the well ¢; is resonant at the energy A (or \-resonant) if
and only if i € J.



Remark 3 The set o; + f/o(cz-) is nothing but the set of the eigenvalues of the Hamiltonian Hil =
—A—w; +V(¢;) on R, which is unitarily equivalent to the Hamiltonian H" := —h?A —w;(-/h) +
VO(Ci).

Theorem 1.6 Make the Assumptions [l and [@ and fix a non negative function 6 € CJ((A.,A*))
and assume the convergence of V" stated in Corollary 4 Let dng[V"] be the density defined
according to (L20) and Assumptiond or by taking g(k) = (). Then the weak limit dng satisfies

dn2|(a,b) = Z Z tl)\ 9(/\) 6I:C-;7 (134)

A€&p i€

with the following specifications:

i) In the case of a function of the Hamiltonian, that is g(k) = 0(\;), all the t’s are equal to 1 for
every A € & and i € Jy.

i) If g(k) = 1p>0 - 0(\r), then for every X\ € & and i € Jy, t}' lie in the interval [0,1].

Finally, the asymptotic nonlinear potential V\y; which solves (LZ9) is an affine function on each
interval [c;, cit1], 1 =10,...,N.

Note that the sum is a finite sum, since the set & M supp @ is finite. Observe immediately that
point i) follows from 7) because if one denotes

Ox(k) := 0(\p) (1.35)

one has 0 < dny[V"] < dng, [V"], and ii) is obtained by Theorem [Z3 and Poisson’s equation ([CZ5).
Moreover, the nonlinearity asymptotically lies in a finite dimensional subspace A of C°(I) :

A:={V eC’(I) st. Vo =0 and V|, ,,,) is affine, i =0,... ,N}. (1.36)

In this finite dimensional space, the asymptotic nonlinear system can be written either with the
coordinate system = (V(c;))i=1,...nv € RY or with the more convenient one (—V’(¢; +0) + V'(c; —
0))i=1,....n proportionnal to the collection of total charges in the wells.

Theorem [CHHi) gives a mean to compute the potential VJ; in the particular case where g is a
function of the Hamiltonian. In the anisotropic case i) the determination of the t}’s relies on a
discussion on the Agmon distance between the wells. A forthcoming paper [BNP2] will be dedi-
cated to the analysis of these coefficients.

In order to prove the results, we adopt the following strategy: as the problem is a semi-linear
problem, we get a priori estimates for the nonlinear potential (Section BJ), and then reduce the
analysis to the linear analysis of the Hamiltonian H”[V"] with uniform estimates on the potential
(V™)>0. Useful results on the Dirichlet problem in the interval I with accurate estimates of the
resolvent kernel are reviewed in Section The analysis of resonances starts in Section H and
Section Bl and ends in Section @ with a version of the Breit-Wigner formula for the local density of
states.

2 A priori Estimates

We first prove some estimates for self-adjoint realizations of P" on © = R or Q an open sub-interval
of I.
Consider the differential operator P" defined by (), for any B > 0 with (I8)-(T3), and let P"

be defined by
- d? -
PV =PIV + W = —hQW + V"
X

10



Remark 4 The ~ symbol recurrently refers to the situation where the wells are filled. According to
our general convention the letter P refers to the differential operator while H refers to some closed
realization as an unbounded operator.

Proposition 2.1 Fiz a non negative smooth function 0 € Cs°(R), and call HY (resp. I{Q’%) the self-
adjoint realization on L*() of P (resp. P") with domain HZ(Q) N H?(). Then, for any given
compact subset K C R, and h > 0, the operators 1x0(HE) 1, and 10(HE) 1k are trace-class.
Moreover the estimate

Tr [15c(Hf) i) — Tr[1c0(H)1xc) < Cxc (1+ HWHL )
holds with a constant Ck independent of h € (0, ho).
Proof: In dimension 1 and for any fixed h > 0, these operators are trace class (see [Si]). For

the comparison, we use the Dynkin-Helffer-Sjostrand formula (see [Dav], [HeSj4], [Nid]):

i 1 [96 . ]
O(HE) = %/Ca(z)(zHg) Ydz A dz, (2.1)

where 6 is a compactly supported almost-analytic extension of 0. Apply then the second resolvent
formula for 2z ¢ R and write with P"* — P" = Wh:

1x(z— HY) Mg —1x(z — HY) Mg = 15 (2 — HY)T'Wh(z — HE) 1. (2.2)

Introduce then a smooth cut-off function y, equal to 1 on a fixed neighborhood of U" if Q # R,
and take y = 1 if Q = R. Write the r.h.s of eq. [Z2)

[k (2 = H) TXW G+ R2A) [+ h*A)x (= — He) ™ 1k, (2:3)

where —A denotes the free Laplacian on R. By the spectral theorem, the first factor of [Z3) is a
bounded operator with norm O(|Im(z)|~!) uniformly w.r.t. h > 0. Since the operator [W"(i +
h?A)~1] is unitarily equivalent to W"=1(i + A)~!, it is trace class uniformly with respect to h, z.
Indeed the latter writes f(z)g(—iV) whose symbol is L' (see [ReSi3, Thm XI. 20, p. 47]).

For the last factor, the decomposition

(i + W2 A)x(z — HE)™ = (i + B2A)x(i + B2Aq) ™! [1 +(i—z2+V")(z— H&)*] :

leads to

i ae = | < a1,

O
Proposition Bl says that the quantum wells can be forgotten for a uniform global estimate of

the density of states. Thanks to a monotony principle shown in [Ni2], one can prove the following
result:

Proposition 2.2 Consider the Schridinger-Poisson system ([(LZO)-(CZH). Then the family of
potentials (Vi )n>o is uniformly bounded in L°°.
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Proof: For a given function F, we will denote by F the function k — F(\) (see (CIZ) for the
definition of A;). By assumption on the shape of the incoming beam of electrons, one has:

0 < g(k) < 0x(k), (2.4)

so we will first study the density of particles corresponding to the equilibrium state described by
0, that is the measure dng, [V"]. The proof consists in controlling the total mass of the measures
by similar quantities relative to other Hamiltonians. In dimension 1, the regularity provided by
the Poisson equation with bounded measure as a right-hand side allows the integration by parts

% /ab (d?e ) - /ab Vipdng[V"](z) < /ab Vi dng, [V")(x). (2.5)

Now, chose a non negative smooth compactly supported function 0 e C§°(R) decreasing over
(=B, A*) and with support included in (—oo, A*) such that

0<6<4. (2.6)

We then get by positivity of V#; and the expression of the measure in (IZ20)

10 dViiy, ’ ’ h h ’ h h
3\ dr < ’ Vardng, [V"](z) < ’ Vnrdng [V7](z). (2.7)
Set then 5
V=V v =V - W, (2.8)
and consider now the Hamiltonian H} := Hg + V. Apply then the monotony principle (see

Appendix [B) with H; = H} = H% +VJ* and Hy = H}% + V": the last term of 1) is bounded by

b b
/ Vhidng [V')(z) < / Vhydng [VP)(x)

A

b
< Vil / dng, [VE)(@). (2.9)

Applying Proposition 2] gives, coming back to (EZ8)

b 5 b _
[ i = W) < -+ [ g, ). (2.10)

a

the constant C' being independent of & since the potential Vy does not depend on h. Finally,
we need an upper bound for the density of particles in the island I in the case of the potential
Vo + B. For this, we reduce the problem to the case of the constant potential on I and equal to
A*. Apply again the monotony principle with H; = H% — B+ A* and Hy = H} + Vo. Since
Hy — Hy = Vo + B — A* =: §V is larger than Ag — A* > 0 according to (LX), one has uniformly on
I

5V (x) > ir}f(f/o +B) A" >N —A"=a>0, and V(z)<|Volp~. (2.11)

By writing dn; for the measure dn, [A* — Bj], the inequality
A

b b b b
a/ dng, [Vol §/ 8V - dng [Vo] §/ 8V -dnj < ||V0||Loc/ dnyg

12



implies

’ - Vol [°
Og/ dng, [Vo] < T/ dn;}. (2.12)

Since fab dn; is a constant not depending on h (see Appendix [0l for explicit formulas), we get,

combining (1), (ZI0) and &I
Lo o o= [ e\ v
§||VNL||H5 <\ O+ o i dnj | [IVyrllzes. (2.13)

We conclude with the standard imbedding of Hj in L. g

Theorem gathers the results of Proposition with the next result.

Proposition 2.3 The family of measures (dngy[V"]);, is uniformly bounded in My(I). It follows
that the family of potentials (V2,) is bounded in BVZ(I). In particular it is a relatively compact
family in every Hélder space C%(I), a € (0,1).

Proof: By definition of dng, and simple comparison, one gets

/dng[Vh] < /dn% VP = Tr[1;0(H")1;] < Tr [10(H™)1,].

Apply again Proposition 2l since now the family of potentials is uniformly bounded in L*°. Again
the uniform boundedness of the right-hand side with respect to A > 0 comes from Z3), &I0),
(ZI2) and Appendix D. O

3 Results on the Dirichlet Problem

From now, we systematically make Assumption [3 and reduce the analysis to a linear
analysis of H"[V"].

For the contribution of the resonances in the evaluation of spectral quantities, the idea con-
sists in considering the non-self adjoint boundary value problem with complex coefficients in the
boundary conditions (LI7) (LIX) as a perturbartion of the homogeneous Dirichlet problem.

3.1 Some notations

In order to measure the error, we shall use several standard tools:
1) The h-dependent H®-norms:

lallZp = DR a5 ulfegry,  (ue H* (D) (3.1)

k<s

will be used mainly with s =0, 1, 2.
2) The Agmon distance is defined for any potential V' € L>°(I) according to

Definition 3.1 For an energy A € R and a potential V, we define the Agmon distance by :

/y NGOER} (3.2)

Va,y € I, d(z,y; V,A) =

13



For our estimates, we should take V' = V", Yet, it is equivalent to work with the distance relative
to the potential V" since the support of W" is included in a finite union of intervals with diameter
2kh.
Moreover owing to the lower bound

YA€ [A, A, Vzel,  inf V'(z)—A>Ag—A*=:16>0, (3.3)

h>0,z€T

all the Agmon distances (depending on V") are uniformly equivalent to the usual Euclidean dis-
tance.

3) Finally in the analysis of the tunnel effect, it is usual to introduce the estimates within the next
setting.

Definition 3.2 For an h-dependent vector f(h) in a normed space E with norm || || and a
positive real valued function g(h), we write

f(h)=0(g(n), (ash—0) (3.4)
if there exists ng > 0 such that

Vi€ (0,m0), 3C, >0, Vhe(0,h), [If(h)|e < Chefg(h).

3.2 Decay estimate

Like in Proposition 21} 2 denotes an open interval in I and HE the self-adjoint Dirichlet realiza-
tion of P*[V"] with domain HE(Q) N H2(1).

We shall use the following result about the decay of the eigenfunctions of H.

Proposition 3.3 Suppose that Ug = {c1,...,cn} N Q is not empty. For every h > 0 suffi-
ciently small, let \" € (A.,A*) be an eigenvalue of HY and ¢" an L?-normalized corresponding
eigenfunction:

(Hg = A")¢" = 0.

Then, the estimate

dp(=,Ug)
D

47 .
Vo e, \mm < ORI g gy

holds with C > 0 uniform w.r.t h € (0, ho) if dy, stands for the Agmon distance for the potential
V' at the energy \".

Remark 5 Note that contrary to the general use, we do not introduce at this level the © but an
accurate estimate made possible in this simple one-dimensional case. This accurate estimate will
be combined in the proof of Theorem [3-] with the uniform Lipschitz estimate on Ph (see especially
BI), BT, BI3)). This provides a complete splitting between the semiclassical and quantum
scale in spite of a limited reqularity assumption.

Proof: Set Q= [a, ). 1) Let us begin with the estimate of ¢"(z).

Apply the Agmon identity of Appendix ] with P = P" 2z = A\, u; = uy = ¢" and ¢(z) =
dp(x,Uq) where ¢" is an eigenfunction of H with eigenvalue A\*. Since V" — \* — o2 = —W",
the inequalities p = O(h) in U" and ||¢"||1: = 1 imply

et

B

=0O(1)in U" and /(Vh M) M2 = 001).
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From the Agmon identity, we deduce an estimate for v" = e®?/" ¢l :

||[h— =0(1).
’ dz || -
Since v (a) = v"(B) = 0, it follows
doh 1
h a1
I+ || =0 (7)-

This implies
1
||vh||L°° =0 (E) )

Vo € Q,|¢"(z)] < —e‘dh“ Ue),

and then

2) For the estimate of d¢" /dz, we use the equation

d
dng +Vh¢h )\h(ﬁh

¢"(a) = ¢"(8) =0

_h2

As ¢" € C'(|a, B]), there exists ¢ € (a,3) such that %(c) = 0. The function g defined by
g = e?/" do" /dx satisfies

do" e d*h
h%g *hgﬁehd— + h2en R
h2g(c) = 0.
Using the equation satisfies by ¢", we deduce
® / ® ®
Wy = ! (Foh) — I eRgh + (- et

d h
— h(p - |(P |2’Uh + (Vh _ )\h)’Uh

Then [|h?¢||L2 = O(1/h). Cauchy-Schwarz inequality gives the L>-estimate for g : |g(z)| < C/h?
for any x € [, 8] and also of d¢"/dx :
do"

Vo € Q= [a, f], ‘ T

( )‘ < % e~ dn(@:Ua),

Remark. When the potential is regular, a better estimate like
vz e, |¢"(a)] < Ch~%edn@.Ua)/h.

holds and even a complete WKB expansion is possible. Here the low regularity and the concen-
tration of the quantum wells prevent from such an accurate result.
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3.3 Spectrum for one single well

From the spectral viewpoint, we are interested in localizing the eigenvalues of H(’g in the limit
h — 0. The first result concerns the problem with one well.

Theorem 3.4 Let Q) be a sub-interval of (a,b) containing exactly one well ¢;, i € {1,...,N}.
Then :

i) Bvery eigenvalue of HY in (A., A*) converges, and the limit belongs to the set & (see (I=23)).
ii) For every Ao € (Ax, A*) N E; and any fized small enough € > 0, the Dirichlet Hamiltonian HY
has ezactly one eigenvalue in [Ng — €, \o + €| for h € (0, he).

Proof: Call {\,... A} the eigenvalues of HE in the interval [A.,A*], and ¢},..., ¢! an
orthonormal system of corresponding eigenfunctions. Because of Proposition EX1] since the rank of
the spectral projections are given by traces of functions of HA one has:

r=0(1), h—0

(take for 6 a smooth version of the function 1. 4,}, € > 0 small). The idea is to use the ellipticity

of the problem, and the scaling of the wells in order to replace the potential V! near a well by a
constant one. Let H" the Hamiltonian with domain H?(R) given by:

. . . . 2 - —a
Vue DY), H'ui=Plu, Phi= - £ VMe) 1w (‘T . c ) . (3.5)

This Hamiltonian is unitarily equivalent to —A + V"(¢;) — w;(- — ¢;), whose eigenvalues is the set
EM=¢&+al, o =V"(e) =V (¢;) =0, h—0. (3.6)

Since ||[V* —V%co — 0 when h — 0, for any Ao € [A., A*] N E; there exists g9 > 0 such that
H" has exactly one eigenvalue in (Ao — €9, Ao + £0). To analyze the spectrum of H" in the whole
set [A., A*], we then choose, for each \g, two numbers e > 0, e; > 0 such that the intervals
(Ao —¢g, Mo +e) are disjoint and their union covers a compact neighborhood of [A., A*] and such
that H" has no eigenvalues in each annulus {go < |\ — \o| < 2min{el, &5 }}.

2min(ef, gy ) 2min(ed, ey)

§ o et )

€o €0

Let now 1 > 0, and x a smooth cut-off function supported in  such that x = 1 if d(z,9Q) > 2
and y = 0 if d(z,0Q) < n. Owing to the exponential decay of the (b;?’s stated in Proposition
the estimate

<X¢?7X¢Z>L2(Q) = 05k + @ (ei%) ; .77k € {15 e '5T}5 (37)

for some ¢y > 0 independent on A > 0 and 1 > 0. R
For any j € {1,...,r}, the function xqﬁ? belongs to the domain of H" with the identity

Phyol = Mexol + [P X! + (V' (ei) — V() xol- (3.8)
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Owing to the exponential decay of gb?, the commutator term satisfies:
1 _dp(ei,09)—2n
1P iy = O (1t 822 ) (39)

where dj, is the Agmon distance for V" at the energy A, Because the potential VI is greater than
Ao and A < A* < Ay, the r.h.s in @F3) is of order O(e~¢/") with ¢ independent of the potential
and the energy.

For the last term of the r.h.s. of ([BX), just write for € > 0

D e) = V@) = lpei<e - V() = V@)X
o Laegse - V(@) = V'@)Ixe] (3.10)

Since the family of potentials (f/h)h>0 is W1°°(I)-bounded, the first term is treated by writing

Hl‘””*cﬂﬁf SWVMei) = V(@)X

oy < EIR IV i X ooy = O@), (311)

and again by the accurate decay estimates of Proposition the second term is estimated by

Hll“ﬁbs (VP (es) = VM ())xo" oy =© (e—%> . (3.12)
We then choose
e:=h% «aec(0,1), (3.13)
and we obtain by combining (EI12), BII), B3), BEI)
Vi=1,....,r, Phxg!=N\xg"+0(h*) inL*Q). (3.14)

Now, fix § > 0 such that A" has no eigenvalue in {ef < A—=X\g < e +0}U{—e5 —0 < A—=Ag < —&i }
and apply Proposition (see Appendix [0) to A = H" [A_,AT] = [Ao — e Mo +ed], N=r,
a=06>0,p; =\ ¢ = x¢¥, from which we conclude

-

h h rh r Ve
d (span {xo1,. ... xor}, 1[A0785,A0+53](H )) < <To(1)) w O(h®). (3.15)

This last estimate forces H" to have at most one eigenvalue in [Ag — €, + E(J{], r < 1, when
h > 0 is small enough.

We finish by proving i) and 7). For this, let qgg be a normalized eigenvector for the eigenvalue
Ao of the Hamiltonian H" = —h2d?/dx? +1V°(c;) —w;((- —¢;) /), unitarily equivalent to —d?/dx? +
VO(c;)—w; Then ¢} is an eigenvector of H" for the eigenvalue A\g+a (see (BH)). Estimates similar

to (), B1T), BT2) lead to
Pl = (Ao + )Xok + O(h®) in L*(Q). (3.16)

Apply again Proposition [Clin a small interval centered around Ao+« in the following way: since
H" has at most one eigenvalue in [Ag — &5, Ao + saL], it is easy to choose a convenient parameter a
in Proposition (Appendix [0) by a simple argument of counting: set L; := [jh%/2, (j + 1)h®/?[,
and K; := —L; U L;. If {\o + o'} + K; contains the eigenvalue, one defines I, = [A\o + ! —
212 No + ol + 2h/?), else I, = [A\g + ol — h®/? \g + a* + h®/?]. This furnishes an interval I,
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of diameter O(h®/?) around Ao + o and a real a = a(h) > 0 of order h*/? leading again with
Proposition to B R
d(span (x(). 1z, (Hy)) = O(h*/?). (3.17)

This yields » = 1 and the convergence of the eigenvalue to Ag. O

Remark 6 It follows that the well c; is A\-resonant if and only if there exists a domain € containing
c; such that for any open set w C §) the Dirichlet operator H' has an eigenvalue converging to \
as h goes to 0.

3.4 Spectrum in the multiple wells case

A way of studying the spectral properties of the multiple wells Dirichlet problem consists in de-
coupling it into N one-well problems. Following [Hel|] or [HeSj3], a good choice of open sets is the
following: fix A € [A., A*], and if dj, (resp. dp) denotes the Agmon distance at the energy A for the

potential V" (resp. f/o), we define
Sy :=mindp(c;,cx) (= Si(h)) (3.18)
J#k
and for a fixed small enough 1 > 0,
Q =1\ | J{zr e Ldo(w,cx) <m}, i=1,....N. (3.19)
k#i
The h-dependance of S; recalled between the parentheses of ([BIR) is omitted in the sequel.
Note that these open sets are not disjoint and (2; contains only the well ¢;. The use of the
distance dy makes sure that they do not depend on h although the h-dependence would be well

controlled.
We first eliminate the non resonant wells before giving a result similar to Theorem B4l

Proposition 3.5 Let A be an asymptotic resonant energy and suppose that the well ¢; is not \-
resonant. Then there exists a positive constant c such that for any eigenvalue X' € (A —c, A + ¢),
one has

Ve € (¢;—c,citc), |¢"(x)<e R, h—0

where ¢" is an L?-normalized eigenfunction of HY for the eigenvalue \".

In plain words, eigenfunctions for eigenvalues converging to A are exponentially small in the
non A-resonant wells.
Proof: Since ) is not a resonant energy for the well ¢;, we can choose the open set w containing
the only well ¢; and the compact energy interval A 3 X such that for h > 0 sufficiently small,
the Dirichlet operator H" has no spectrum in A (see Remark ). For a smooth cut-off function 6
supported in w and equal to 1 on a §-neighborhood of ¢; (6 > 0 small), one has

Pogh = Aogh 4 [Ph, 0]0". (3.20)
The residual term satisfies by Proposition the decay estimate
I[P", 016" || 2y < Cse™ %, ¢5>0, h—0.

Note that the vector 84" is not zero.
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Apply again Proposition in a compact interval strictly contained in A and a > 0 not
depending on h > 0. If we denote by F' the spectral subspace for H" associated to this compact
interval, it follows

c

- h 1 Ctse_Jhi
d(span{0¢"}, F) < T

(3.21)

Since F' is null by choice of A, it follows by properties of the distance d that the Lh.s. of (392411)
is greater than 1. This provides an L2-estimate of §¢". The H? regularity of a solution to (20)
provides the pointwise estimate in (¢; — 9, ¢;+0) . Finally choose the constant ¢ > 0 small enough. O

The analogous to Theorem B writes

Theorem 3.6 Recall that H" denotes the Dirichlet realization of P to the open set w. Then, for
h > 0 sufficiently small :

i) After ordering, every eigenvalue of H? in (A., A*) converges as h — 0 and the limit belongs to
the set & (see (L3D)).

ii) For every A\ € (A,,A*) N & and any small enough ¢ > 0, the operators H" has ezactly m
eigenvalue(s) in [A — e, A+ €] as soon as h < he.

Call them \ (i € Jy).

iii) Fiz such a \. Let (Q;);cs, the subdomains of I defined in [BID). Call (¥1)ics, normalized

eigenvectors associated to the unique eigenvalue of H&_ converging to . There exists a unitary
matriz (p}';)1<ij<m, such that in L*(I)

Viedy, ¢ =Y plal= @(e_s_hl) ’

FISEAN
with Sy defined according to (BIS).

Proof: It suffices to follow the proof in [Hell, pp. 34-35|, while Proposition guarantees that
the non resonant wells are negligible in the decay estimates (see also [Pafl, p. 148| for details). O

3.5 Resolvent estimates

Let us briefly recall the decay results of the kernel of the resolvents. Fix n > 0 (n small) and for a
point p € (a,b), let x, denote a smooth cut-off function supported in the set {|z — p| < n}.

Like in [HeSj3} p. 143] (see also or [Pafl p. 135] for this specific case), the combination
of the Agmon estimate (see Appendix [A) with the spectral theorem provides in the one well-case
(N =1) the following estimates

—dp(z,9)+Cn

e

Vz ¢ o(Hp), |[|xa(H —2)""x|| < Oy (3.22)

min(ry, 1) ’

where 7, = dist(z,0(H})), and dj, is the Agmon distance for the potential V" at the energy
A= Re(z).
A straightforward adaptation of the analysis of the multiple wells Dirichlet problem carried out

in [HeSj2], p. 147| or [Pafl, p. 151] provides the same estimate for N > 1.

Proposition 3.7 For h in (0,ho), ho small enough, consider z, € C\ o(H?) such that there
exists Ao € [As, A*] with z;, — Ao as h — 0 and set A\, = Re(zp,) and r, = dist(zp,oc(HP)). If
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~S1/2h ith Sy = ming di(cr,ct), then the kernel of the resolvent (HJ — z;,)~" satisfies

~ d_h(mvy)
@ (ei D )
)

min(rp, 1)

TR > €

\(H} —2n) ", )| =
with uniform constants with respect to x,y € I and where dy, is the Agmon distance for the potential
VI at the energy A, := Re(2y,).

Proof: Let 6 be a C* even function supported in a neigborhood [—37,37] and equal to 1 on
[—n, n] where n and €; are linked by relation (BId). We define

O;(z) :=0(x —¢;), xi(x)=1-— ZOj(x), Vi=1,...,N. (3.23)
J#i

Let x; C* functions with support in €; defined in ([BI9) such that

N
Zfa =1
i=1
We define
N
E(Z) = (H(}él — Z)_l and RO = ZXITI(’Z))ZI
=1

Then we have

(H?fz)RO = ZX1X1+Z ;Xz z Xi
1+Z )Xl l i
1*ZZP 9k X17

i=1 k#i

since x;X: = X: and using (BZ3). We have to study the convergence of the serie ano Roe™ with
e="N, > kzi[P", 0] T;(2)Xi. We notice that x;[P", ;] is equal to 0 as soon k # i and if k = 4,
this term is [P", 0. Then,

N
Roe" =Y > 0 > XaoTh[P"0,]T5, [P, 0,,]T5,, ... [P",0:,]T;, %,
i0=1 417 in—17in
Since the function 6y, is localized in a neighborhood of the well ¢, we can write for s =0, 1,..., N—

1

Zs+1]

= [Phaeis]XisTis (Z)Xis+1[Pha9'

Zs+1]'

This last relation allows to use results on the one-well problem ([F22), then

_dp(=,y)—Cn
(A h

P T (@i || < Co
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This leads to the following estimate

en(zg,yp)—nCn
e

n+1
||XIUROE Xyo” < O Imn(rh 1)n+1 )

where ¢, (zo,v0) = miny, . ;, d(yo,ci,) + d(ci,,Ci,_y) + ... + d(ciy, i) + d(ciy, o). In fact, the
function ¢, is the length of the the shortest way from y to x going through n different wells. We
can bound from below ¢,, by

¢n(20,Y0) = d(z0,y0) + nSi.

—S1/2h

Then the serie is convergent under the assumption r, > e and we can write

Xao (HT = 2) ™ Xy = D Xao Rog™ Xyo-
n>0

Appendix [H provides the pointwise estimates. (I

Corollary 3.8 Ifr;, > C~'h" for some C > 0, then

o= 8ol = O ().

Another consequence is the improved pointwise estimate for the eigenfunctions of the Dirichlet
problem ([HeS;j3| p.138] or [Patl p. 153]):

Proposition 3.9 For every h > 0 sufficiently small, let \* € (A, A*) and ¢" an L?-normalized
corresponding eigenfunction of HE. Suppose that \* — \g € & N (A, A*). Then the estimates

) (ed‘“”f‘”) . ge{0a),

hold when dy stands for the Agmon distance for the potential V° at the energy \o and Uy =
Uies,, tci} for the set of Ao-resonant wells.

V€ Q, }—Qsh z)| =

Remark 7 Here the O-writing of the estimates allows to replace the h-dependent quantities, yh,
dy, and Ay, by their asymptotic values V°, dy and Ag.

4 Complex deformation

4.1 A reduced Stone’s formula

The results of Theorem [ are derived from a good information about the asymptotic local density
of states associated with functions of the Hamiltonian. According to Stone’s formula and the
limiting absorption principle, a possible method is the computing of a quite precise expression of
the resolvent, since for A € [A., A*] C ouc(H") (H" = HMV")):

oE
oA

L [(H — (A i0) 7 — (B — (A —i0))"] 1y = 1

20m

M1y, (4.1)

and of its meromorphic extension through the spectral half-line (0, 00) C [— B, 00), in order to take
into account the contribution of resonant states.
We will focus on this meromorphic extension from the upper-half plane while the corresponding
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results for the extension from the lower-half plane are easily carried over after changing i into —1.
Resolvent. Fix z € C, Im(z) > 0 and consider the problem with unknown u € H2(R) :

(P"—2)u=f, feL*I), z2€C, Im(z)>0, Re(z)€ (A,A"). (4.2)

Again because the potential is constant on both sides of the interval I, the problem with unknown
u € H*(R):
(P"—2u=f, feL*),

can be explicitly solved outside I, and the condition u € L? eliminates exponentially growing
modes. It is easy to check that this condition is exactly given by (CI7)-(CI8) when Im(z) > 0.
Precisely, we can write the next statement.

Proposition 4.1 Let z € C, Im(z) > 0, Re(z) € (A«, A*). Consider the linear functionals T,(2),
Ty(2) on H%(I) given by :

To(z)u = [h@z + izl/ﬂ u, Tp(2)u:= |h0y —i(z+ B)l/ﬂ u,

lz=a |x=b
and the closed unbounded operator H" defined by
D(HL) := {u € H*(I) s.t. To(2)u=Tp(2)u=0},
Yu € D(H"), HM:= P"u.
Then the restriction on I of the solution to equation ([f-3) is (H! — 2)~1f. In other words :
1,(H" —2)7"1; = (H" —2)7,  Im(2) >0, Re(z) € (A, A").

Remark 8 1. We will check that for such z's, operator H — z is invertible (see Proposition [{-4
and Proposition [ below).

2. Note that since the solutions on I of the homogeneous equation associated with {Z-3) make a
linear 2-dimensional subspace of H*(I), the injectivity of operator (H" — 2) is equivalent to
the independence of the functionals T, (z), Tp(2).

3. By replacing i by —i in the definitions of the functionals T,(z) and Ty(z), one obtains the
corresponding boundary conditions for Im(z) < 0.

4.2 Resonances

In our one-dimensional situation, it is quite simple to detect the resonances as poles of the scattering
matrix. According to the end of Subsection Bl one states

Proposition 4.2 Let z a complex number such that Re(z) > 0. Then z is a resonance of the
operator P if and only if H — z is not injective.

Indeed, the non-injectivity of H" — z is equivalent to the fact that the linear functionals are
proportional, so the normalization given in (CId)-(I3) is not performable.

Remark 9 The anti-resonances are defined similarly after considering the meromorphic exten-
sion from the lower half-plane {Im(z) < 0} while changing i into —i in the transparent boundary
conditions (see Remark[B).
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4.3 Analysis of the resolvent

Recall that since we are interested in getting the spectral density inside the island I, Proposition B
allows to work with H" — z in place of H" — z. Moreover, because Theorem [ ensures that the
set £9 of asymptotic resonant energies is discrete, we will make the following reduction:

Assumption 4 Suppose that the set [A., A*] contains exactly one asymptotic resonant energy
Xo € (As,A*). Recall that my, denotes its multiplicity according to (L33) and that (\})1<j<m,,
are the ordered eigenvalues of HY lying in [A., A*] (and converging to \o).

Introduce
Qp:={z€C st. Re(z)e€ Ky, Im(z)e|[-4h,4n]}, (4.3)
with Kp, = [Xo — o, Mo + "], (4.4)
and ol ::4max{h,|/\of/\?|,j:1,...,mA0} . (4.5)

The parameter z is assumed to satisfy
z€Qp.

Proposition indicates that from the spectral viewpoint, around a resonant energy the non
resonant wells do not matter. We adapt to this remark the filled well Hamiltonians

HF = H' +W" and H!M=HM +W". (4.6)

Set then for given A € (A, A¥)

.- —_ CZ
wh .= Z w; (T) , Ul = supp W{. (4.7)
i€z
Define then B B
HFN) := HY + WP and HMO) = H + W], (4.8)

the operators associated to respectively the Dirichlet and transparent problems with the A-resonant
wells filled. The parameter A\ remains fixed as h — 0 and those definitions lead to

HY(N) = H]

when A # )¢ and ~
HY (o) = Hy + WY, .

In particular, H}(\o) has no eigenvalue in [A,, A*].
An accurate analysis of the resolvent (H! — z)~! starts with essentially two steps :
1. Eliminate the non resonant wells : we show that H(\g) — z is invertible for all z € Q.
2. Check that for z far from Ao, H" — 2 = H(\) — 2z, X # Ao, is invertible.

Hence the notation H()\) is convenient for a compact formulation of different, results.

Proposition 4.3 Make the Assumption[g] and fix any X € [A., A*].
i) For any z € Qp, if \= o (resp. z € [Ay, A*] x [—4h,4h] and dist(z, Xo) > a"/2 or |Im(z)| > 2h
if X # \o), the operator H"(\) — z is invertible. The kernel of the resolvent is estimated by

() =)yl = 0 (¢75574) |
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where d stands for the Agmon distance for the potential V" at the energy Re(z). Moreover the
constants can be chosen uniform with respect to x,y € I and z.

ii) For any function o € C%((a,b)), (H(\) — 2) "' belongs to the space L' of trace-class operators
for z € Qp, if X = X\ (resp. z € [A.,A*] x [—4h,4h] and dist(z, \o) > a'/2 or |Im(z)| > 2h if
A # No), with the estimate

|y -2 | <con2
Remark 10 In particular, applying i) with A = X\o, gives, since H"(\) = H" and using Prop. EA
that P" has no resonance in the set

{z € O, |Im(2)| > 2h or dist(z, \g) > %} .

Proof:  The first statement will be proved in three steps a) b) and ¢) where the last two ones
are very similar.
1)-a) We start with the strongly elliptic problem: suppose that A = Ao, z € Q, and J), =
{1,...,N}, that is H"(\o) = H (every well is filled). We use the Agmon identity of Appendix [A]
where ¢ is a C!(I)-function satisfying the eiconal condition:
: \)h 2

h>1££€IV () —Re(z) —¢=(z) >m >0,
and we take the real part of both sides. Since z € €, is possibly complex, there are boundary terms
in the Agmon estimates (see Appendix [A]) but their coefficients are O(h3). For z € ), and with
the condition Ag — A* > 0 according Assumption [l the coercivity of the variational formulation
with the transparent conditions (see Proposition EZI)) is easily checked when & > 0 is small enough:
Taking ¢ = 0 provides the existence of the resolvent and uniform bounds.
Taking ¢ with the above eiconal condition provide the weighted estimate

Vf e LA(I), e%f\

ef(il -7y <c
1,h

2’

The case ¢ = (1 — n)d(-,y) for fixed y € (a,b) (which satisfies the eiconal condition) implies ) in
this specific case. The pointwise estimate of the Schwartz kernel of the resolvent is obtained after
Appendix [E

i)-b) In the weaker case, A = Ao, z € Qp, Jy, # {1,..., N}, the problem is neither self-adjoint nor
strongly elliptic. Only the wells in Ufo = supp W)’}O according to () are filled and the other non
resonant wells are left. We use an approximation argument with the latter estimate. Set

S¢ = dU"\ UL, 0I) (4.9)

where d is the Agmon distance for the potential 1:)’1 and the energy Re(z). Introduce, for n > 0
small, the cut-off functions x, such that 0 < y,% < 1, x = 1 in the set {z € I,d(z,U" \ U)}fo) <
S§ —n}, ¥ = 1 in the set {d(z,U" \ U})) < (S5 —n)/2}, x =0 in {J(:c, Ur\u}) > S§ - n/2}
and ¢ = 0 in the set {d(z, U} \ UL ) > (S§ +n)/2}.
Choose ~ B ~ B

R(Xo) == (H = 2) 71 (1 = ) + x(HF (M) — 2) "4 (4.10)
as an approximate right inverse for H"(\o) — z: Actually H"()\) is replaced by the corresponding
Dirichlet Hamiltonian around the remaining non \g-resonant wells. Note that R()o) is well defined
since for z € Qy, 2 is uniformly far away from the spectrum of H?(\g).
A straightforward computation using H"(\g)x = H"(\o)x and xt) = 1 gives

(H'(Xo) —2)R(N) =1 —¢, e:=g¢+¢1, (4.11)
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where
co=WLH! —2)7 1 =), 1= —[P" X](H(Xo) — 2)7* (4.12)

With the estimate about (H”—z)~! and the control of the resolvent (H}(\)— ) of the Dirichlet
Hamiltonian provided by Proposition BEX with the uniform lower bound dist(z, o(H?(\o))) > ¢ > 0,
one deduces the inequality

—S§+en
leoll + llexll < Cpe ™5, (4.13)
in the operator norm.
The relation s
(HI(M) = 2)R(No) =1—¢, ]| < Cpe2n (4.14)

ensures the injectivity of (H/(\o) — z) and provides a right inverse after using the Neumann series
for (1 —¢)71.
Similarly, setting

L(Xo) == (1 =) (H! — 2)7  +(H} (No) — 2) 7, (4.15)
leads to e
LOWH M) —2) =1+¢, ||| < Cpe o7, (4.16)

and provides a left inverse for H(\) — z.
The estimate of the kernel of the resolvent is now obtained after considering the first terms in the
expansion series defining the inverse

)\0) Zﬁk . Xy-

k=0

The estimate for & = 0 is clear according to the estimates of the kernels (part a) and Proposition 5.7
appearing in the definition of R()\o). For k > 1, note first, since [P, x] = 0 and (1 — )W} =0
that by computing the terms corresponding to £k = 1, k = 2 and then by induction, the general
term splits for any k£ > 1 into two terms, namely

k

Xe RO xy = xa(HY = 2)7 [ [ w1 | xo + xa(HT (M) — 2) H ey | Xys  (417)
j=1

where [{] stands for the class of £ modulo 2. Each term involves k 4 1 resolvents, which induces a
prefactor (Cy,e# ) *1 in the estimate
c k(I’ )
Th2 1, e ROV x| < (Cpedh)f e,
with

ou(ry) = min{ (o), Lely, )}, Laey) = i, 01) + (k1) 4 d(y, 0).

We conclude, since o (z,y) > d(z,y) + (k — 2)SZ, that the serie is convergent (the convergence is
uniform w.r.t z € Q). Again the pointwise estimate is provided by Appendix [El

i)-c¢) To finish the proof of ¢), it remains the case A # Ag, dlst(z Ao) > ap/2 or [Im(z)| > 2h. The
strategy is essentially the same as in i)-b): we replace H? = H(\) by H” far away from the wells
and by H/(\) = H} around non A-resonant wells, Wthh are all the wells Consider this time

Sz :=d(U",0I), with U" = suppW"
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and x,v such that 0 < x,% <1, x = 1 in the set {z € I,d(z,U") < Sz —n}, ¢ =1 in the set
{d(z,U") < (S —n)/2} and ¢ = 0 in the set {d(z,U") > (SZ +n)/2}. Choose as an approximate
right inverse (well defined for z € Qj, such that |Im(z)| > h or dist(z, Ag) > an/2)

R=(H! 271 (1 =)+ x(H] = 2)" ",
and as an approximate left inverse
L=(1=y)(H —2) " +e(H] —2)7"

One obtains again a norm-convergent series thanks to resolvent estimates and the pointwise esti-
mates of the kernel are derived from Appendix [E]

ii) We start again like for i) by the case where A = X\g, Jy, = {1,...,N}. For H? being the
Dirichlet h-Laplacian on I, write, since (H} + i) = (H! +i — 2 — V)¢

QH" — )7t = (HM )L+ (2 i — VIY(HP - 2) 7
+(HE +4) 7 [P @] (HLE —2)7 (4.18)

One sees that the first term of the r.h.s of [IX) is trace-class with the announced estimates because
(H! +14)~1 is trace-class whereas the second factor is uniformly bounded. For the last term, use
again that (H +4)~" is trace-class and the fact that we obtained estimates for (H" — z)~" in the
HY"-norm. The result follows by taking the adjoint. In the case A = Ao, z € Q;, and m,, < N,
use the series R(A\g) > pe " to see that

(F12(0) = 2) 70 = [(F2 = )7 (1= ) +x(HF o) = 2) 9] L+ 0 H)], (419)

and notice that the first factor is trace-class. Finally, one has something similar for A # Ay and
suitable z

(H2 = 2) 7 = [ = 2)7H (1= )+ X(H} = 2)719] [1+0(e )] (4.20)
O

5 Localizing resonances

The formalism of Grushin’s Problem provides a convenient way to treat simultaneously the question
of the invertibility of the operator(H" — z) raised in the latter section, and (through a perturbative
formulation) to localize the resonances of P". We refer the reader to the appendix of [HeSjI|
or to [SjZw] for a general presentation of this technique. Fix the reference energy to the value
Ao € (A, A*) and work in the set €, defined in ([@Z3). Denote by A?,... A" the eigenvalues of
H"? converging to )\ (they lie in K}), and ¢, .. '?¢Zu0 a corresponding orthonormal system of

eigenvectors. Start by writing the Grushin’s problem for the Dirichlet realization H?:

HY —2)u+ Riu™ =,
(H} 2yt B .
Raru =T,
with
(u,u™) € D(H}) x C™o, (v,v") € L3(I) x C™o,
uy mag
Ry :C™o0 — L*(I), u™ := — Ryu™ := Z uj_gb?, (5.2)
Uppy J=1
0



and N
<’LL, ¢1>L2
R i L*(I) — C™0, uw— Rfu:= : ) (5.3)
<u’ ¢?HAU>L2

Set F"' := span {¢""}7_,, F' := (F")*. Then, this problem is invertible and the solution is given,

with obvious notations by

u = (H?/ —2)~ W,
mx, mxg

W= (el =y ol el (5.4)
j=1 j=1

’U,; = <1},¢-}7L>+(27>\?)1}j, jzlv"'vm/\m

where H}‘/ denotes the restriction of H? to F'. In terms of operators

u= Ey(z)v+ Efvt,
0(2) 0 (5.5)
u” = Eyv+ E; T (2)vt,
with
m>\0
Eo(z)v = (H'] =) 'jvo,  Efvt =3 ofdl,
j=1
(Ua¢}f>L2
Eyv= : . EyT(ept =diag(z — A}) v,
<'U, ’iln)\0>L2
and II? is the orthogonal projector onto F” :
m>\0
M= [ 1= 160)e)] | v. (5.6)
j=1
Finally, write
Hf —z Ry Eo(z) Eg
HY(2) = . EM2) = (HM )t = . 5.7
1(2) (RCT 0 ) 1(2) = (H}(2)) B B (5.7)

Now we perturb the problem in order to obtain the resonant problem. Like in the proof of
Proposition EE3, set
So := do(UL , 01), (5.8)
where dj is the Agmon distance for the potential VO at the energy Ao. For n > 0 small, fix two
smooth cut-off functions x, ¢ such that 0 < x,¢ <1, x =1 in the set {z € I, d(z, Uf\‘[)) < So—n},
¢ =1 in the set {d(z,U} ) < (So —n)/2} and ¢ = 0 in the set {d(z, U} ) > (So +1)/2}. Define

HI' -z xRy
H(z; h) = R 0 , 2 €Qp. (5.9)
0
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Far from the resonant wells, H” looks like H"(\¢) and around the wells the Dirichlet problem
(with all the wells) is a good approximation of H”. This leads to set

Eotp + (H"(X\o) — 2)71(1 — Ef
Fsih) = xEoy + (H (M) —2) (1 =) xEj . (5.10)
By Ey "
One shows that
H(z;h) F(zh) =1+ K(z;h)
and K satisfies the estimate
~ So ~ So
Ole =z Ole
K(z;h) = ( ) ( ) (5.11)

Ofe ) Ofe )
More precise computations with the second order expansion of the Neumann series and using the
resolvent esimates of Proposition can be done. When all the wells are resonant, my, = N,

details are given by the direct transcription of [HeSjl} pp. 117-128]. The more general case was
treated in [Pafl pp. 178-189].

Proposition 5.1 With the notations @3)) and &R) and for z € Qp, the operator is invertible,
and the inverse is given by the norm convergent series

ad YK E(z;h)  E*(z;h)
H(z;h)™ zhjz KI( (E(z;h) E+(z;h)>7

with vs
bod 0
E~t(2)=E;T+0 (eiT)
Moreover, it is uniformly norm-bounded holomorphic function of z € Qy, .

Within the Grushin problem approach, the inversibility of H" — z is reduced to the question of
invertibility of the finite-dimensional block E~7(z) (see the Schur complement formula (E7)). In
particular, considering det(E~(z)) leads to the next standard approximation result of resonances
by Dirichlet eigenvalues.

Proposition 5.2 Take the notation @3) and ). The operator P" has exactly my, resonances
(counted with multiplicity) 27, ..., 2" . in Q. They satisfy

mx

2Sg

Vie{l,..omyt 2= M =0 (e_T) .

and have negative imaginary parts.

6 Local density of states

We end the proof of Theorem [CH by considering the asymptotic behaviour of the density associated
with a function of the energy.
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Proposition 6.1 Let 0 € C2((A., A*)) and keep the notations [f-4) under Assumptions [, [@ and
[ The particle density dng, [V"] defined for g(k) = 0(\) satisfies the mext weak* asymptotic in
My((a,b)): For all o € C2((a,b)),

b
. . h . h
}lzli% ’ o(x) dng, = }lzlg%) Tr[0(H")¢] = ]112}) Tr (0.1, )(H")p]

= 3 000 eler). (6.1)

i€Jx,

This result which is a Breit-Wigner type formula for the density of states like in [GeMal] will be
proved in two steps : 1) eliminating the non resonant energies; 2) specifying the contribution of
resonant states.

6.1 Eliminating the non resonant energies

We first check that the density goes to 0 in (a,b) as h goes to 0 when all the wells are filled, that
is for H" and then reduce the more general non resonant energy problem to this case after using
an approximate resolvent provided by (ETI9)-E20). We start with a simple accurate estimate.

Proposition 6.2 Let 7,/;’1(1@ ) the incoming scattering states of H", such that A € [A,, A*]. The

function " (k,-) is uniformly bounded with respect to x € [a,b] and k. Moreover one has the
uniform pointwise estimate

O kyx) = (’)(h‘l/Qe“b—d (ff’z)), k>0,
“h —1/2 )
and (k) = O(h V2B k<o,

where dj, stands for the Agmon distance for the potential V" at the energy \ .

Proof: =~ We focus on the case k > 0 (if k¥ < 0, just swap a and b). Start by noticing that for
given k, the function A% : x — [¢" (k,z)|? satisfies

d? ~ ~ ~
W25 Al = 2h0u P (k)2 4 200" = AL (k)2 > 0. (6.2)
It follows that the function hd, A} is increasing on I. But the scattering condition (ICI7) says that
this functions vanishes at z = b. So the function A} is convex and decreasing on I. It suffices now
to show that the family (A} (a))y is uniformly bounded. But it equals

i ka 2
+re” | (6.3)

ka
R

Al(a) = [0 (k, a)]? = |

which is bounded according to ([CIH). } }
Now use the Agmon estimate of Appendix [l with V = V" 2z = A\, u = v = ¥"(k,-) and
¢ = dp(a, ). Since P"u = zu, and V — ¢> — z = 0, this leads after taking the real part to

2

Hhaz (e%u?’j (k, ))‘ I h2e 25 ‘Re(haﬂ/?’j(k,awﬁ(k,a))‘
h2ets ‘Re(hc’)wz/?’j (k, by (k,b))‘ (6.4)
< 2fklAl(@)? = 0(1). (6.5)
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Writing
ewf)qz)ﬁ(k, z) = P (k,a) + hfl/ hoy (e%iﬁ(k, t)) dt

a

and Schwarz’s inequality yield the result. O

Corollary 6.3 Let 0 € CO((A.,A*)) and ¢ € C((a,b)). The operator O(H")p is trace-class with
a trace estimated by

c dist(supp @, 0I)
Trio(H" )] = O | e h )

where dist(z,y) = |v —y| and c is a positive constant. The family of measures (dng, [V"])n>o
weakly converges to 0 in My((a,b)) .

Proof: The function ¢ can be assumed non negative. We write
b ~ ~
| @ dna, (7)) = T [ 2001

[ [oo ] o

after using the expression of the kernel of O(H") . Proposition i combined with the fact that the
Agmon distance dj, associated with V and an energy A € (A., A*) is uniformly equivalent to the
Euclidean distance, yields the result after integration. (I

Thanks to this result one easily gets rid of non resonant energies.

Proposition 6.4 Consider the energy interval K, defined in @) and set "(\) := (1—1x, (\))-
O(N\). Then in restriction to (a,b), the measure dngh weakly converges to 0 as h goes to 0:
A

Vip € C2((a, b)), Jim Tr (0" (H")p) = 0.
Proof: We again assume again ¢ > 0 and apply Stone’s formula in order to compute the trace

of ©1/21;0"(H")1;p'/2. By referring to Proposition Bl and by using successively (E19)-(E20)
one obtains

Tr (0" (H")p) = Tr (" (H")(1 - P)¢) + Tr (x0" (H})@) + O (k™2 #), h— 0. (6.6)
The first term can be estimated by
0 < Tr(0"(H")(1—1b)p) < Tr(O(H")(1 —1)p),

with a right-hand side converging to 0 by Corollary B3 Meanwhile the second term cancels since
H"? has no spectrum on the support of ". This finishes the proof. O
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6.2 Contribution of resonant states

Let us first go back to the Grushin problem introduced in Section Bl According to Proposition B.1],
and estimates (EIT) we have

1. [ E(z E*(z B _ 1+¢e(z) et(z
Hzh)™ = < E—((g) E—+((z)) ) HM)( s—(zg) 1+€£+)(Z) )

with e*(z) = O(e~50/2") uniformly in z € Q. This implies
[HI =27 = B(z) = E*(2)(E™"(2)) ' E7(2). (6.7)

Coming back to the definition (EI0) of F"(z), this can be improved into

B(z) = (H! (M) = 2) ' (1= 9)(1 + &) + xBo(2)p(1 + &) + xEf e (6.8)
E*(2) = xBf + (H(No) —2) (1 =)t + xEf e + xEo(2)ye* (6.9)
E~(2) = Ey+ Eo(2)ve + Ey T (2)e™ (6.10)

E~*(z) = Eg+(z)+(§(e*@). (6.11)

We are now ready to apply Stone’s formula with a complex deformation of the integration
contour. Before this, we write under an adapted form the polar part coming from (GITJ).

Lemma 6.5 Set Q, := [M\o—a’/2, \o— /2] x [~2ih, 2ih] For z in Q,\ Qu, there exists a constant
¢ >0 and a matriz-valued meromorphic function G such that

E~" () =BT ()T +G(), G =0(e7F), h—0.
Proof: Fix any matrix-norm on C™* and use again (EI1) to see that
ETH(2) = (1+ F(2) By M(2) VB (2), 2 # ),

2

||F(z)||:(’)(e_TS), 0<S<Sy forzeQy\Qy. (6.12)

Because of the expression of E; *(z),

IF(z)E; (2)" | =0 (e—%) ( min |z — Aﬁ) - .

J=1,...;mxg
Forz#z;?,jzl,...,m%
E () =By T (2) T 1+ F(2)Ey T ()71 (6.13)

and the condition z € Q, \ Q, implies minj—1,__m,, |z — )\ﬂ > h. Therefore, the Neumann expan-
sion of [1 + F(2)E; T (2)~!~! converges, which yields the result. O

We can end the proof of Theorem [[CH with the
Proof of Proposition Owing to Proposition it is enough to consider the trace

lj(lKh.e)(Hh)]_[(p.
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According to Stone’s formula and Proposition EXlone gets for non negative functions 6 € C2((A., A*)),
and ¢ € C2(I),

-1 _ 1 _
17(15,.0)(H")11p = 2ir Ji 09(/\)(/\ — HY) o dh + Y p 09()\)0\ — H{") o dX,
nt1 h—1

(6.14)

where (H" — 2)~! denotes the (meromorphic continuation from the lower-half complex plane) of
the truncated resolvent 1;(H" — 2)~'1;, corresponding to the anti-resonant boundary conditions
(see Remark [@)).

For fixed € > 0, consider the contour C. made by the segments (A, + ic, A* 4+ ic) N Q) and
(A —ie, A* —ig) NQy, scoured in opposite way, the first one by real parts increasing (see Figure 2).
This contour in homotopic to the union of the circle 53, and the contour C? (depicted in the Figure 2)
which lies on the square root Riemann surface ramified along R, . Part of the deformation takes
place on the second sheet where resonances appear as poles. Meanwhile in the lower half-plane
(first sheet) the resolvent is given by the anti-resonant boundary conditions (see Remark [@). The
operator corresponding to these dual transparent boundary conditions is denoted by H/* and its
resolvent, [H/" — 2]71, has the same properties as [H" — z]=%, up to the sign of imaginary parts.
Since for any given function ¢ € C%((a, b)), the functional § — Tr[0(H")¢] defines a non negative

Figure 2: Application of Stone’s formula. Resonances lie on the second sheet and close to A
(semi-circle gray).

measure while the right-hand side Zieho 0(Xo)p(c;) of @) is also a positive functional of 6, the

function € can be replaced by a polynomial approximation on the interval [A., A*]. Use polynomial
approximations from below (resp. from above) in order to get a lower bound (resp. upper bound)
of the limit in (E1]). Hence we can assume that 6 is a polynomial function on [A., A*], which allows
the complex deformation of the contour integral.

We first integrate the polar part. Consider first the integral over ~,, which involves only
(H" — 2)~1. Use expression (1) first. Let us note immediately that E(z) is a holomorphic
function in a neighborhood of 4, its integral is null. Then, one can rewrite

E_(z):Eaz/J—i—@(e_g_g), E+(z):xE8L+(’~)(e_§_2). (6.15)

These estimates hold in the norm of trace-class operators since these operators are of finite-rank.
On the contour vy, one has

E~T() ' =E; () M+ G(2), G(2)=0(1), (6.16)
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so coming back to (67

Bf(z— HM ™' = —B(2) + xEFE;+(2) ' Egv + O (6—5—2) . h—o0. (6.17)

If now we integrate over 7, and since 9()\?) =6(N\o) + o(1), it comes
[ 001t 2o = 04 000 By i oD el (619)
Note that Ej Ej is nothing but the orthogonal projector on the Dirichlet states ZT;{) [0 ) ()]

Taking now the trace, and using its cyclicity, one has with the approximation of the Dirichlet states
by superpositions of the eigenfunctions of the one-well problem in Theorem B.f

Tr x| = Tr | > |e))(6)lve (6.19)
J=1 j=1
= D (o] oo, (6.20)
j=1
= Y wle)+oMllele (6.21)
Fj€J(Xo)

Let us come to the contour C. of which the projection on C lies in Qj, \ Q,. Note that the polar
part coming from (H* — 2)71 is to be treated with the integral of the polar part coming from
(H" — 2)~1. Since (with obvious notations)

B~ () B () =BT () T ET () - BT () ET (1)

Lemma implies that the difference is then exponentially small because the resonances and
anti-resonances are at distance greater than h from C..

It remains the holomorphic part over C.. Because the polar part is treated, one can compute
this integral after the inverse homotopy leading back to C.. But coming back to the expansion
series [B8) of E(z) (resp. E'(z)) with main term given by H (resp. I{T’Z), the application of
Stone’s formula gives that the contribution of these terms is zero by Proposition (I

A Agmon identity

Here we just give the basic energy identity.

Lemma A.1 Let Q := (a, 3) an open interval, V € L>°(w), z € C and ¢ a Lipschitz real function
on Q. Denote by P the Schridinger operator P := —h%d?/dx? + V. Then for any ui,uz in H?(Q),
and setting v; := e¥/"u; one has:

s, s g
/ en (P — 2)urtiagdx = / hv hobdz + / (V — 2z — 1 Todx
B
+ / he' (v} U2 — v105)dx

(o) )
S s (a) — ¢ ulan(9))

+ n? (e

This identity is obtained after conjugation of hd/dx by e®/" and integration by parts.
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B Monotony Principle

A little variation of [Ni2] provides the next result.

Proposition B.1 For i = 1,2, let V; two non negative functions in L>(I) and H; := H% + V;.
Consider a function F € S(R) which is decreasing on [—B,+00). Write Fy(k) = F(\;) and define
dnp, according to (L38) and [LC20). Then the inequality

[ = Voydnelval < [ (v = Viyanrivi)

holds.

This inequality is a convexity inequality which is a key ingredient in the analysis of thermondy-
namical equilibria of Schrédinger-Poisson systems (see [Nil], [Ni2]). Here the assumption V; > 0
ensures o(H;) C [-B,400). The convexity inequality with a continuous spectrum has been proved
in [Ni2], with the assumption that the potential is 0 at infinity. Here the different values 0 and
—B for z < a and = > b do not bring any additional difficulties in this simple one-dimensional
problem.

C Spectral approximation

We refer the reader to [Hell|, [HeSj2| for the details. Recall that if E and F are two given closed
subspaces of a Hilbert space H, with orthogonal projections IIg and IIg, the non-symmetric

-

distance from E to F, denoted by d(E, F) € [0,1] is the norm of operator (1 — IIp)Ilg, and if

(f(E, F) < 1, IIr induces on E a continuous injection on its range with bounded inverse. Moreover,

if at the same time d(F, E) < 1, the latter distances are equal. In particular E and F have same
dimension.

Proposition C.1 Let A an unbounded self-adjoint operator on H and A := [A_, \y] C R. Suppose
that there exists € > 0, N linearly independent vectors 11, ..., ¥y in the domain of A,u1,...,un,
N complex numbers in A such that AY; = pv; + v, with ||rj]| < e. If A has no spectrum in
{z,0 < dist(x,\) < a} for some a > 0, then the subspaces E := Span(t)1,...,¥N) and F equal to

the spectral subspace 15 (A)H verify
~ N\ Y2

Px a

where p, is the smallest eigenvalue of the Gram matriz with entries (;,1;).

—

In particular if A is known to have only discrete spectrum and if the directed distance d(FE, F') can
be proved in this way to be smaller than 1, then A has at least IV eigenvalues lying in A.

D Scattering states for the barrier

Proposition D.1 Let Vo(z) := A* on I and Hl' := —h>A + Vo — B - 1( o0y, and {¢" (k, )}y its
scattering states. Set Sk := \/(A* — A\i), A\p < A*. Then one has as h — 0, and uniformly for

x e I, 107 k > 0
k z—a 2 —x
|1/Jh (k’x)|2 4 Skl ) (] _O( _ 2SR ))) :

4> o 28, (e—a
(k) = S (o ()
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It suffices to solve explicitly on I the system characterizing ¥" (k,-) on the explicit basis of
solutions to the ODE (since the potential is constant on I). Use the scattering conditions (CI)-
([CIX) . These conditions are still valid when A < 0 because of the choice of the square root indeed.
Finally the computation reduces to the solving of 2 by 2 affine systems. We just give the final
result.

E Pointwise estimate for the resolvent

The next result shows that no Lipschitz regularity is necessary in dimension 1 in order to transform
weighted L2?-estimates into pointwise estimates of the Green functions. Once the weighted L?-
estimates are obtained from the Agmon identity of Appendix [Al it suffices to use the equation
after the regularization of the Agmon distance which is possible because the O estimates can
absorb little exponential errors.

Proposition E.1 Let H = —h%2A +V be a closed operator with V € L>(I), I = [a,b], D(H) C
H?(I), with dual H' and D(H') C H*(I). Fiz z € C such that z € o(H) for all h € (0,hg). We
assume that there is a distance d € CO(I x I), such that the resolvent estimate

—d(z,y)+n
h

Ixa(z = H) " xyllecre) < CrA(he

holds for all (z,y,h) € I x I x (0,ho) as soon as n € (0,19), with ng > 0 small enough and x,
generically denotes a cut-off functions supported in |x — p| = O(n). Then the pointwise estimate

(&= H) eyl = O (Ae™+2) |

holds with uniform constants with respect to (x,y,h) € I x I x (0, hg).

Proof: Let yo € I be fixed. Consider a smooth function ¢ € C*°(I) which is an aproximation of
d(x,yo), such that || —d(.,y0)||r~ < n and f € L*(I).
Let u be the solution to (H — z)u = xy, f, then

ef (“h?A+V — z)e h (e%u) = eh Xy f-
By defining v = e¥/u, the assumption leads to the estimate
loll = < Cy A(h) € [|xyo £l (E.1)
Using the relation
eh (—(hd)? +V — 2)e h = —h292 +2h¢' 0y + h" +V — (¢')? — 2,

we can write

[C' — h20% + 20/ 0, ]v = eF xyo [+ Cv + h'v — (V — (¢)? — 2)v, (E.2)
where C is a strictly positive constant large enough. The regularity of ¢ implies

o -
[0l < Cyem lIxyo fllze-

In dimension one, H*" is continously embedded in C°([a, b]). Then the application f — e®/"(H —
z)"te=#/Mx,, f is continuous from L?([a,b]) onto C°([a,b]) with the above uniform estimate.
By duality, x,,e”#/"(H' — 2)~ e~/ is continuous from (M, (1), || - ||») onto L2
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By changing yo into 2o and H into H’, this says that the L?-norm v; = x,,e®o-vo—em/h([ —
z)718,, has an L?(I)-norm bounded by C,A(h). A bootstrap with ([EZ) leads to the uniform
estimate of |vq(z)|, which yields the pointwise resolvent estimate. O
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