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PHYSICAL REVIEW D, VOLUME 63, 063508

Equation of state of cosmic strings with fermionic current carriers

Christophe Ringeval
Departement d’Astrophysique Relativiste et de Cosmologie, Observatoire de Paris-Meudon, UMR 8629, CNRS, 92195 Meudon, France
and Institut d’Astrophysique de Paris, 98bis boulevard Arago, 75014 Paris, France
(Received 3 July 2000; published 20 February 2001

The relevant characteristic features, including energy per unit length and tension, of a cosmic string carrying
massless fermionic currents in the framework of the Witten model in the neutral limit are derived through
guantization of the spinor fields along the string. The construction of a Fock space is performed by means of
a separation between longitudinal modes and the so-called transverse zero energy solutions of the Dirac
equation in the vortex. As a result, quantization leads to a set of naturally defined state parameters which are
the number densities of particles and anti-particles trapped in the cosmic string. It is seen that the usual
one-parameter formalism for describing the macroscopic dynamics of current-carrying vortices is not sufficient
in the case of fermionic carriers.
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[. INTRODUCTION ordinary nonrelativistic matter, until they come to com-
pletely dominate the Univerdd0].

The mechanism of spontaneous symmetry breaking in- In the original Witten modeJ2], currents could form by
volved in early universe phase transitions in some grand unimeans of two different mechanisms. Scalar fields, directly
fied theoriegGUT) might lead to the formation of topologi- coupled with the string forming Higgs field, could feel a
cal defectd1]. Among them, only cosmic strings happen to localized potential into which they could accumulate in the
be compatible with observational cosmology if they form atform of bound states, while fermions could be trapped along
the GUT scale. It was shown however by Wittg2] that, the string, propagating at the speed of light, as zero energy
depending on the explicit realization of the symmetry break-solutions of the two dimensional Dirac equation around the
ing scheme as well as on the various particle couplings, dortex. Other models were proposed where fermions could
current could build along the strings, thereby effectively@lso propagate in the string core at lower velocities in the
turning them into superconducting wires. Such wires werdorm of massive mode§11], or (possibly chargedvector
originally considered in the case the current couples to th&€!ds could also conden$&2]. All these models have essen-
electromagnetic field so they may be responsible for a varitidlly made clear that the existence of currents in string is

ety of new effects, including an explosive scenario for largegMuch more than a mere possibility but rather an almost un-

scale structure formation for which an enormous energy re"-"VOIdabIe fact in realistic particle thS'CS theories.
For scalar as well as vector carriers, the task of under-

lease was realized in the form of an expanding shell of NON. . dina the microphvsics is made simple thanks to their
propagating photons in the surrounding pladidik 9 phy P

h | f stri has b th biect of int bosonic nature: all the trapped particles go into the same
€ cosmology of strings has been the Subject of INtenSg, st accessible energy state and the field can be treated
work in the past twenty years or gd], mainly based on

. . L1 ) classically [13,14]. Even the surrounding electromagnetic
ordinary strings, global or local, aiming at deriving the large[; 5] ang gravitational 16,17 fields generated by the current
scale structure properties stemming from their distribution ag 5 pe treated this way and the back reaction can be included

well as their imprint in the microwave backgrouffil. Itwas  gasily[18].
even showrj6] that the most recent dafd] might support a Meanwhile, a general formalism was set up by C4téi
non-negligible contribution of such defects. As such a resulto describe current-carrying string dynamics. The formalism
requires ordinary strings, it turns out to be of uttermost im-js based on a single so-called state parametesay, of
portance to understand the influence of currents in the coswhich the energy per unit length, the tension and the current
mological context. itself are functions. Such a formalism relied heavily on the
Indeed, it can be argued that currents might drasticallffact that for a bosonic carrier, the relevant quantity whose
modify the cosmological evolution of a string network: The variation along the string leads to a current is its phase, and
most clearly defined consequence of the existence of a cuthe state parameter is essentially identifiable to this phase
rent flowing along a vortex is the breaking of the boost in-gradient. Various equations of state relating the tension to
variance, since the current itself defines a privileged framethe energy per unit length were then derif@6@], based on
In other words, the energy per unit lendthand the tension numerical results and the existence of a phase frequency
T become two different numbers, contrary to the ordinarythreshold[14]. It even includes the special case of a chiral
(Goto-Nambu[8]) case. As a result, string loops becomecurrent[21], although the latter originates in principle only
endowed with the capability of rotatiofthe latter being for a purely fermionic current. Therefore, it was until now
meaningless fold=T), and the induced centrifugal force implicitly assumed that such a formalism would be sufficient
permits equilibrium configurations, called vortof¥y. They  to describe whatever current-carrying string configuration. It
would very rapidly reach a regime where they would scale asvill be shown in this paper that this is in fact not true and an
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extended version, including more than one parameter, ienergy per unit length and the tension. The cosmological

needed 22]. consequences of this new analysis are briefly discussed in the
The state parameter formalism, apart from being irrel-<concluding section.

evant for fermionic current-carrying strings, can only pro-

vide a purely classical description of their dynamics. This is Il. EQUATIONS OF MOTION

unfortunate since the most relevant prediction of supercon- ) . , .

ducting cosmic string models in cosmology is the existence W€ areé going to be interested in the purely dynamical

of the vorton states discussed above. These equilibrium cor‘?—ffeCtS a fermionic current fIgwmg along a cosmic st.rmg

figurations of rotating loops are not necessarily stable, and iy _h_ave. Th_e model we will be deall_ng with _her_e IS a

fact, this is perhaps the most important question to be ang'mp“f'ed version of that proposed by Witt¢2] which in-

swered on this topic. Indeed, any theory leading to the th olves two kinds of fermions, in the neutral limit. This limit,
existence of absolutely stable vortons predicts a cosmolog or  which .the. coupling . between fermlons. and
cal catastrophgl10] and must be ruled out. One may there- eIgctromagneUc-hke .e.xternal fields is made to vanish, per-
fore end up with a very stringent constraint on particle phys-.mtItS an efasy .retcognlltlci[n 0]; the dypamgfjl effects of the ex-
ics extension of the standard model of electroweak and®c"c® O an internai structure as in R4

strong interactions. To decide clearly on this point requires

to investigate both the classical and the quantum stability of A. Particle content

vortons. - _ . The model we shall consider involves a complex scalar
Classical stability has already been established in the casfiggs field,® say, with conserved chargge,, under a local
of bosonic carrier$23] for whatever equation of sta{®4] (1) symmetry, together with the associated gauge vector
on the basis of the one parameter formalism. Yet it will alsofiq|q B~. |n this simple Abelian Higgs modéR6], vortices
have to be addressed in the more general context that will bgy ., form after spontaneous breaking of thel) symmetry.
discussed below. In the meantime it was bellevgd that ghe minimal anomaly free modé2] with spinor fields re-
quantum treatment was necessary in order to decide on thgires two Dirac fermions denotelt and X. with opposite
quantum stability: as one wants to compare the characteristigieciromagnetic-like charges, getting their masses from chi-
lifetime of a vorton with the age of the Universe, quantum coupling with the Higgs field and its complex conjugate.

effects can turn out to be relevant; hence the following work—l—hey also have conserved gauge charges from invariance
in which the simplest of all fermionic Witten models is de- ,,qer the brokerU(1) symmetry,qc,,, qc, , qc,., and
1 Rl LJ XR!

tailed[2] that can give rise to both spacelike as well as time- . .
like charge curre?lts, generalizing I:zhe usual point of viewdCx.: for the right- and left-handed parts of the two fermions
[25]. respectively. The Lagrangian of the model therefore reads

Let us sketch the lines along which this work is made.

A two-dimensional quantization of the spinor fields in-
volved along a string is performed. Owing to anti-particle
exitation states, one can derive the conditions under which . . L
the current is of arbitrary kind. Moreover, an equation ofW!th Ly, LgandL,, ﬁX,.res_pectlver the Lagrangian in the
state giving the energy per unit length and the tension ii_‘y!ggst gauge, and fermionic sectors. In terms of the under-
obtained that involves four different state parameters whic ing fields, they are
are found to be the number densities of fermions, although
three of them only happen to be independent.

In _Sec. I, the _model is presented and motivated, and the Lh= E(D <I>)T(D”“<I>)—V((I>), )
equations of motion are derived. Then in Sec. Ill, we obtain 2"k
plane wave solutions along the string by separating trans-
verse and longitudinal dependencies of spinor fields in the
vortex. The zero mode transverse solutions are then con-
straints to be normalizable in order to represent well defined Lg=— ZHMH’W, ()]
wave functions. The quantization restricted to massless lon-
gitudinal modes is performed in Sec. IV. As a result, the

L=Lp+ Lyt Lo+ L, (1)

classical conserved currents obtained from Noether theorem, L,= I—[\I_I»Y/LD#\P—(D#_\P) e

like energy-momentum tensor and fermionic currents, are 2

expressed in their quantum form. All these quantum opera- 1+ s 1y

tors end up being functions of the fermionic occupation num- —gv 5 vo—-g¥ 5 vo*, (4)

bers only. In the last sectiofBec. Vj, the classical expres-
sions for the energy per unit length and the tension are
derived and discussed from computation of quantum observ-
able values of the stress tensor operator in the classical limit.
Contrary to the bosonic current-carrier case where there is
only one state parametgt4], the classical limit of the model _ At s, _ A 7s

. . . gX XP* —gX. Xb, (5
involves four state parameters in order to fully determine the 2 2

[ -
£,= 5%y, X~ (D,3)y"]
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where we have used the notation orthoradial coordinatey(#) =né, where the integen is the
_ , winding number. The new fields and« are now real scalar
D, ®=(V,+iqcB,)®, © fields and are solutions of the equations of motion
. CupCy
D, W= VM_I—IqTBP« v Voo u dVv(e) ‘?aqu, }amXX
bR VW 16
+iq%y5Bﬂ)w, () o
—Jm —am
. CxptCx V ,(¢2QH)= —Wr—Ly - x—Xy, (17)
D, X= V;DL'QTBM “ da da
c,_ —C
+ig XR2 XL 755;4) X, ®) where
H.=Y,B,~V,B,, © Qu=Vua+ac,B,., 18
V(D)= %(|q)|z_ )2, (10) m,=g¢ cosa+igeyssina, (29
The equivalence with the Witten modé&l] appears through a m,=ge cosa—igeyssina. (20)

separation into left- and right-handed spinors. Let us define
Vg and¥ , respectively the right- and left-handed parts of _ _
the Dirac spinor field? (and the same foft), eigenvectors In the same way, the equations of motion for the gauge and

of s, spinor fields are
1+ys 1—ys V, HY=] 4] —qc,e°Q”, (21)
\IIR: v and \PL: v, (11)
2 2
. Yy
The Lagrangian for the spinor fielf now reads iy*v,¥v=—B,+m,V¥, (22
v
c i[\Tf 4D W (D\If)/‘\If]Jri[\I_f LD W ju
b~ 5L ERY R™ R)Y F¥RITSLILY L . — d) —
2 g a 2 . |(VMW)yﬂ=—a—quM—Wm¢, (23)
— (D, Y )y ]-gV VP —gVrV P*, (12
with the associated covariant derivatives ajH
_ iy*V ,X=—2B,+m &, (24)
DM\PR(L):(V,U«_I_IqC‘/’R(L)B:U«)\I’R(L) . (13) ox
It is clear with the Lagrangian expressed in this way that the ”
invariance of the action undér(1) transformations requires i(VME yh=— ?_XBH_EmX_ (25)

Cy, ~Cyg=Cy=Cyy Cy.: (14

The fermionic currentgy, ,, have axial and vectorial compo-

nents due to the different coupling between left- and right-
As we wish to deal with a cosmic string, the Higgs andhanded spinors to the gauge field. The two kinds of current

gauge fields can be set as a vortex-like Nielsen-Olesen sol@e required to respect gauge invariance of the Lagrangian.

tion and they can be written in cylindrical coordinates asln terms of spinor fields, they read

follows [30]:

B. Equations of motion

q):go(r)eia(ﬁ)’ BM:B(r)5M0' (15) j;lZ(X):jl‘Zv(Xv)—Fjl"//LA(XA)’ (26)

In order for the Higgs field to be well defined by rotation
around the string, its phase has to be proportional to thevith

063508-3
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, CygTCy, , CyrtCxi £y(r)em?
JiquT\Iw"‘lf J’;V—q—?fy X, ] e
(27) vy =gl £(r)e Mt |
. Cyr™ Cy — . Cxr ™ Cxi— slre I.mw
7Rl et A T4 R I e L S R Ly(rye ?
Lo(r)e2f
La(r)e sl
o(r)e el

Inside the vortex, the numbenrs; andl; have to be integers
in order to produce well defined spinors by rotation around
the string. In the following, the Dirac spinors will be ex-
The study of the fermionic fields trapped along the stringpressed in the chiral representation, and the metric is as-

(28)

Xl(ot):eti(mt—kz)

IIl. TRANSVERSE SOLUTIONS AS ZERO MODES

A. Plane wave solutions

can be performed by separating the longitudinal and transsumed to have the signature- (—,—,—). Plugging the ex-
verse solutions of the equations of motion. The plane wav@ression(28) into the equations of motiori22) and (24)
solutions are therefore expressed in the generic form yields the differential system

dé,

0y BN+ mil&y(n) | e M D igg(ne M Mo (1) = (ke ) (e ™2,

Simer 0 g () M Ogy(r) = +i(k—w) &)™,

d - t - [qC¢RB(r) m,]€x(r) | e

>
o
:

(29
d§3 1 _ 1 _
o+ rLmacy B +mslés(r) |7 (M D +ige(r)e M gy (r) = Fi(k— w) £y(r)e” ™,
dé4 e i(mg+1)0 4 —i(m;—n)é i —img6
o T [chLB(r) My]&4(r) & M 0+ ige(r)e MM MIE, (1) = Zi(k+ ) &3(r)e M
Similar equations are obtained for the fiettwith the following transformationsg— ¢, Chrwy ™ Sy andn— —n, because

of its coupling to the anti-vortex instead of the vortex. Note that if, instead of the vectorial phases(a8sate had chosen
a matricial phases ansatz in the form

Ey(r)e Ml g (r)e Ml
Eon(rye Ml gy (r)e M
Eap(r)eMarf o go(r)eMadl | (30
Ep(ryeMady o4&, (r)e IMad

\I}E)i): eii(wtsz)

we would have found, from the requirement of having atfind three independent phase parameters since each equation
most four independent phases in the equations of motiorinvolves precisely three different angular dependencies. The
that the matrixm;; has to verify for alli, my;=m, for all only a_lllowed angular separation requires two degrees of frt_—ze—
(j,k). Consequently, the vectorial ans&@d) is the most domind, and the only relevant relation for trapped modes in

general for solutions with separated variables. the string reads from Eq29)
m;—1=my+n, my+1=mg+n. (31
B. Transverse solutions 1. Zero modes
From the differential systeni29), it is obvious that the Introducing the two integer parameteps=m; and g

four phasesm; cannot be independent parameters if the=mjs, and using Eq(31), for p#qg+n, the systen(29) re-
spinors fields are not identically zero. It is also impossible toduces to the set
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dg, 1 _ solutions can however be found by looking at the leading
o T rlac B —(a+n—1)]&(r) —ige(r)&s(r) =0, term of a power-law expansion of both system and functions,
as originally suggested by Jackiw and Rosxi]. Because
dés 1 the Cauchy theorem does no longer apply, many singular
—=+—[—qc, B(r)+qlé&(r)+ige(r)éy(r)=0, solutions might be found at the origin, and among them, the
dr T - two generic ones which match with the two exponentials at
infinity. Near the origin, the Higgs and gauge fields are
(k+ w)é5(r)=0, (k+“’)§3(r):(g’2) known to behave liké30]
T o(1)~eor!",  B(r)r?, (35
1 .
o T rlmac B +plér) —ige(ré&(r)=0,  so that the leading contribution near the string of the zero
modes can be found as
dés 1 ; r)~a,r®2 (36
& Lacy B = (p=n—1)]&y(r) +ige(r) £(r)=0, £a(1)~ 31",

&3(r)~asrs, (37
(k= )&1(r)=0, (k—w)&4(r)=0. _ ,
(33)  with a; and«; real parameters to be determined. The values
of the exponentsy; are therefore given by the leading order
There are two kinds of solutions which propagate along theerms in system(32), and one obtains three solutions, the
two directions of the string at the speed of light and whichfirst one of which being singular,
were originally found by Witter{2]: Either k=w and &,

=¢3=0, ork=—w and¢;=¢,=0. These zero modes must &) (@it e

also be normalizable in the transverse plane of the string in g5 “lagro , provide

order to be acceptable as wave functions. s -
In|+n n|—n

2. Index theorem

5 <g<1+ 5
In the two case&=w andk=— w, we will call the cor-
responding zero modeX,,(r,6) andY ,(r,#), the solutions The two other solutions are the generic ones which have to

of the system$32) and (33), respectively, i.e., match with the solutions at infinity
0 £ (r)e Pl & ay(ag)r ~a*in+1
gz(r)e—i(q+n—1)0 0 53 gl_ asr_q , and
X,= . , Y= .
V| (r)e ! lo ) a(ag)r -1 (39)

0 &y(r)e !PT ne =

& a,ratini+n ’

(34 8/g2 1\ 3

These have to be normalizable in the sense thawhere the relationships between the paramedgtsave not
JX,|?r dr d6 and f|Y |2 dr d6 must be finite. Thanks to been written, since they are clearly obtained from &)
the regularity of the vortex background, the divergences ifNormalizability near the origin requires that the integrals
these integrals can only arise close to the string core or ag- €2|°r dr and f|&;]?r dr converge, and this yields
ymptotically far away from it. As a result, it is sufficient to
study asymptotic behaviors of the solutions to decide on their
normalizability [27].

Let us focus on the zero mode, solution of Eq.(32),
keeping in mind thal , can be dealt with in the same way.
The asymptotic behaviors at infinity are easily found as so- n<p<1L. (41)
lutions of the limit at infinity of the differential systeii32).

Note that the identification between the equivalent solutiondhe number of sets of parametgrsand q satisfying the
and the solutions of the equivalent system is only allowed byprevious inequalities is precisely the number of well defined
the absence of singular point for the system at infinity, and izero modes, respectivel, andX,,, which are also normal-
will not be so near the string sinae=0 is a singular point, izable. In order to match with the single well behaved solu-
so that the Cauchy theorem does no longer apply. From Edion at infinity, the two independent solutions near the string
(32), the eigensolutions of the equivalent system at infinityhave to be integrable. Therefore, for a vortex solution with a
are in the form exptgnr), and thus, there is only one nor- positive winding numbenmn, there are onlyn normalizable
malizable solution at infinity. zero modes, which are th¢, ones. Similarly in the case of

Near the string, i.e., whene— 0, the system is no longer an anti-vortex with negative winding numbein|, one finds
well defined, the origin being a singular point. Approximatealso|n| zero modesy,. This is the index theorem found by

—n<g<l. (40

Analogous considerations for the systéd3) show the con-
vergence criterion in this case to be

063508-5
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Jackiw and Rossi27]. Recall that the model involves two Near the origin, at =0, the system is singular, and because
kinds of fermions, and all the previous considerations applyof its four dimensions there are much more singular solutions
as well for the fieldX with the simple transformation— than the previous two dimensional case, and among them the
—n. Therefore, the normalizable zero modes are swappefbur generic ones which match with the four ones at infinity.

compared to those of the field.

Finally, for a vortex with positive winding numben,

The leading term in asymptotic expansion can be written in a
standard way

there are always massless plane wave solutions for both
spinor fields, which read &i(r)~ayr. (47)
0 Plugging these expressions in the syst@9) with Eq. (35),
£,(r)ei@+n-1)0 and keeping only leading terms a0 gives, after some

\yéi): e ik(t+2) algebra, the four generic solutions

— etik(t+z)xw(r ’ 0)’

&(r)e '’
0 gl all’_m
(42 &) ap(ay)r-m"!
gl(r)efipf} §3 aS(al)r7m+|n‘+2 '
&) o \aa(@r i
(%) _ oxik(t—2) _ orik(t—2)
Xp — gt z o —ti ZYX(I’,H), b lnl—n
—i(p+n—1)0 gl Bl
{q(r)e 43 & - a2(a:l-)rm-¢—|n|—n+1
| - & |asaprm ’
with now g=m; andp=1, which satisfy & » as(a)rm -1
—-n<g<1, and —n<p<l. (44) (48)
& agr™
Note that they are eigenvectors of thdy* operator, and & a,(ap)rmt
they basically verify = me+|n| ,
&3 az(ay)r
Xy ¥?X = 1Xyl2 Xyysy?X = — &2+ &% €al 4 ay(a)rmin
Xw,y3xlﬂ: _ |Xl//|2’ Xw’yl(Z)xl//:O! gl alr—m+\n|+n+2
. . §2 az(al)r—m+|n\+n+l
Xp¥sY*Xy= &= |&5l% X,757" X, =0, & | ayapr-m :
(45) 3 3lal
S 0 . 2 — 0 o 2 2 f a (a )rfm+n+l
YO =Y % YyvsyY = = EfP €47 41 g4 BN

with m=m,, and where the relationships between the coef-
ficientsa; have not been written as they are essentially given
by a linear system im; given by Eq.(29). The solutiong48)

will be normalizable near the string if, for dll f| &/ r dr is
finite. Moreover there will be, at least, always one massive
bound state if there are at least three normalizable eigenso-
lutions to match with the well-defined ones at infinity. This is
only allowed if the parameten verifies simultaneously three

of the following conditions:

Y Y=Y, 5 0 Yty =0,

7¢7573Y¢/: — &4+ €417, 711/7571(2)sz: 0.

The X zero modesX, andY, verify the same relationships
with &; replaced by¢; .

3. Massive modes

The casem;=m;+n allows four-dimensional solutions
of the system{29). In particular, these solutions do no longer
require o= =k and therefore represent massive modes. As
before, the interesting behaviors of these modes are found ecausem is necessary an integer, this condition cannot be
studying the solutions of the equivalent system asymptotiachieved. This criterion, originally derived and used by
cally and by looking for the leading term of a power-law Jackiw and Rossi in order to enumerate the number of zero
expansion of both system and solution near the string coremodes in a vortex-fermion syste7], is only sufficient and

At infinity, the system is well defined and there are twothus, normalizable massive bound states may exist, but are
twice degenerate eigensolutions explr) out of which two  model dependent since it is necessary that a particular com-
are normalizable, with bination of the two normalizable eigenmodes near the string

core match exactly with a particular combination of the two

Q=\g*n’— (0®—K?). (46)  well-defined ones at infinity.

063508-6
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Such massive bound states depend therefore of the parhe Fourier transform off on positive and negative ener-
ticular values of the model parameters. Recently, it wagjies has been written with similar notatibh andb unlike in
shown numericallyf25] that the Abelian Higgs model with the free spinor case. Indeed, note that, in the string, the zero
one Weyl fermion admits always at least two massive boundnodes are the same for both positive and negative energy
states, as a result, the present toy model also may have sualaves, so that the only way to distinguish particles from
states. However, in order to simplify the quantization, weanti-particles is in the sign of the energy. The integration
will only consider the generic zero modes, and consequentlyneasure K/ (272k) is the usual Lorentz invariant measure
the following results will be relevant for cosmic string only in two dimensions. Note thadt is chosen always positive in
when the occupancy of the massive bound states can be nerder to represent physical energy and momentum actually
glected compared to the occupancy of the zero mode statesarried by the field along the string; hence the negative sign
Such physical situations are likely to occur far below thein b*(—k) andb(—k), which is a reminder that the spinor
energy scale where the string was formed, since the massivield ¥ propagates in the * z” direction. In the same way,
states are generally expected to decay much more rapidiye field X is expanded as
than the massless ongz5|.

The generic massless normalizable transverse solutions of . f‘” dk [
the fermionic equations of motion in the string with winding 0 272k
numbern are then zero modes. For the spinor fieldr
Coup]ed with the vortex, we find that the partides and theThe Fourier transform will be written with the normalization
anti-particles can only propagate at the speed of light in ongonvention
direction, “—Zz" say direction along the string, whereas the
spinor field X propagates in the opposite+2Z” direction. f dz ei(kfk’)zzzﬂ.g(k_kr)_ (52)
The existence of such plane waves allows us to quantize the
spinor fields along the string. The zero modes themselves
will therefore be transverse wave functions giving the prob-
ability density for finding a trapped mode at a chosen dis- The Fourier coefficients can be expressed as functions of
tance from the string core. the spinor field¥ or ¥'. With Egs.(50) and (52), let us

compute the following integral:

di(k) ekt +d(k)e =27y, (51)

2. Creation and annihilation operators

IV. FOCK SPACE ALONG THE STRING

!

‘ dk
k(t+2)y Ty — Tk '
The spinor fields can be expanded on the basis of the f rdr do dze =X f L [b7(=k")a(k+k")

plane wave solutions computed above. A canonical quanti-

zation can then be performed along thaxis which provides +b(—k")8(k— k") ]2
analytical expressions for these fields in two dimensions 5
once the transverse degrees of freedom have been integrated :Mb(_ K) (53)
over. It is therefore possible to compute the current operators 2k = '
as well as their observable values given by their averages inh h defined
a particular Fock state. In the following we shall take a vor-VNere We have define

tex with a unit winding numben=1 and the subscript of the ) 5

zero modesX,, and Y, will be forgotten since there is not IXI Ef rdrde|X|?. (54)
possible confusion.

Note that the separation betwebrandb' only arises from
the chirality of the spinor field because the integration is
] ) ) ) performed only over positive values of the momentrthis
We shalll first be looking for a physical expansion of thejs why the 5(k+k’) term vanishes. In the following we will

annihilation operators are well defined. The Hamiltonian is— 1 ang|Y||?=1. Playing with similar integrals gives us the

then calculable as a function of these and will be required tQ;ther expansion coefficients
be positive to yield a reasonable theory.

A. Canonical quantization

— ik t
1. Quantum fields E(_k)_ZKJ rdr dodze " AxMw,
As shown above, the spinor fields and X propagate in
only one direction, therefore in expressiqd®) and(43) the bf(— k)=2kf rdr dgdze kt+agty,
momentumk can be chosen positive definite. Let us, once - 5
again, focus on the spinor fieMf. The natural way to ex- (59)

pand it in plane waves of positive and negative energies is _
b*(—k)=2kf r dr do dze KtFAXTY,

V= fxi[bT(—k)eik(HZ)-I—b(—k)e_ik(t+z)]X,
o 272K = o
(50 b(—k)=2k | rdrdgdze " IwTX,
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and the corresponding relations for the spinor fi&ld Thanks to the delta function coming from the anticommuta-
tors between thé andb, this expression reduces to
Ty — —ik(t—2)\/t
d’(k) ZKJ rardgdze Y (W00, W B V=i g A(t—t' +2— 2" )X (1, O)XTB(r",6"),
(62)

_ ik(t—2) pt
d(k) Zkf rdrdodze X, with A(x) the well known Pauli-Jordan function which van-

56 ishes for spacelike separation, so the spinor fields indeed
(56)
d(k)—ZkI C dr do dz d -2yt y respect micro-causality along the string.

4. Fock states

T — —ik(t—2) 1t The Fock space can be built by application of the creation
d'k) 2kf rrdodze A operators on the vacuum sta€&) which by definition has to
satisfy
From these, one gets the necessary relations to define cre-
ation and annihilation operators b(—k)|@)=b(—k)|@)=d(k)|@)=d(k)|Z)=0,
B N (63

b'(—k)=[b(-k)]", and b'(—k)=[b(-k],
; ; : : (57 and is normalized to unity, i.e(&|@)=1. Each Fock state

d'(k)=[d(k)]', and d'(k)=[d(k)]". represents one possible combination of the fields exitation
levels. Let|P) _be a Fock state representihg, particles la-
beled byi andN,, anti-particles labeled by of kind ¥, with

The canonical quantization is performed by the transforrespective momentg andl;, and,N, particles labeled by
mation of Poisson brackets into anticommutators. Here, WandN, anti-particles labeled bg, of kind X, with respective
therefore let us postulate the anticommutation ralesqual P a
timesfor the quantum fields |7)>: bT(_ kl) o bT(_ ki) o bT(_ kN¢)ET(_I1)

3. Commutation relations

{wa(t,i),\wﬂ(t,i')}=5(z—z')xa(r,a)x’fﬁ(r’,e'),( ) L bT(=1) L .b*(—lﬁd)dT(rl) c.di(ryp)
58 - - '

9 ﬁ cdlryd'(sy) (s - d (s |9
{A,(,%), XTP(t,x")}=8(z— 2 )Y o (r,0)YTE(r",0"),
50 (64)

with o and 3 the spinorial indices, and all the other anticom- Normalizing such a state is done thanks to the anticommuta-
mutators vanishing. With Eq55) and these anticommuta- tors (60). For instance, for a one partic state withk

tion rules, it follows immediately, for creation and annihila- Momentum, using Eq(63), the orthonormalization of the
tion operators, that corresponding states reads

{b(—k),bT(—k")}={b(—k),b"(—k")} (k'[k)=2m2k2k’ 5(k—K'). (65
=2m2k2k’ 5(k—k"), (60) Obviously similar relations apply to all the other particle and
o fous , , anti-particle states. Keeping in mind that the observable val-
{d(k),d"(k")}={d(k),d"(k")} = 2m2k2k" 5(k—k'), ues of quantum operators are their eigenvalues in a given
quantum state, let us compute the average of the occupation

with all other anticommutators vanishing. From the expres- invol :

sions(50) and(51) and with the anticommutation rul€60), \r:leJ”mbb: rshogvirr]atggrl\?,vggﬁile'g i:niasmy quantum operators, as

it is possible to derive the anticommutator between two '

qguantum field operatorat any time For instance, the anti- t, Y

commutator betwee®¥ and¥' reads (PIb( <I;)|t7)3(> kOIP) = 52(3)

' (66)
dkzdk {bT( _ k)é’k(tJrz)

2m)“2k2k’ and analogous relations for the other particle and anti-
e ik(t42) by ek (U +2) particle states. By definition of the Fourier transfo(&®),

+b(-ke b(=k)e the infinite factors(0) is simply an artifact related to the

+b1(_k,)eik'(t’+z’)} length of the strind- by

2k2k’ Y, 8(k—k;) (k" —k;)

(00,9000} = | :

XX (r, )X B(r",6"). (62) L=2748(0), (67)
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in the limit where this string length —. Note that using Once again, let us focus oh. Plugging Eq(4) into Eq.(69)
periodic boundary conditions o allows to consider large gives
loops with negligible radius of curvature.

B. Fermionic energy momentum tensor i — i — )
_ : Th'=sW g — 5 (9 W)y —BWjY) . (70)
The simplest way to derive an energy momentum tensor 2 2
already symmetrized is basically from the variation of the
action with respect to the metric. Moreover, the Hamiltonian

. . 1. Symmetrized Hamiltonian
density of the fermion¥, y 1z iltoni

From Noether theorem, the Hamiltoni&® is also given
by the conserved charge associated with the time component
of the energy momentum tensor

with IT the conjugate fieldl= i\l_fyo, is also equal to th'éf,f
component of the stress tensor. In our case the metric is
cylindrical and we assume a flat Minkowski space-time

background, thus in the fermionic sector the stress tensor Ty=iVy29,¥ —i(5,¥)y°V. (71)
reads
oLy oL Thanks to the expression of the quantum fields in E§@)
mv_ _ v my_ X v
Ty 25gw 9*’L, and Ty 259%“’ 9"’ Ly and (51), and using the properties of the zero modes from

(69 Eq. (45), the quantum operator associatedr ﬁpreads

T S t t (K" =K)(t+2) 4 (pT f I l(tr2)
TW_ZJ(Z )sz[( b(—k)b'(—k")+bT(—k')b(—k))€ +(O'(=kK)b(=k")—=b(=k")b'(—k))e”

+(B(—K)b(—K)~b(—k")b(—k)e™!K K2+ (—pT(—k)bT(—k') +bT(~k")bT(~ k)X HOED|X[2. (72

The Hamiltonian is given by spatial integration of the Hamil-

i : I P dkdk’ ,
tonian density, or similarly from Eq.72), V,=:T, _Te// —— k"))
(2m) 2k
dk o -
Py=| 5ol —b(=kb (=K +b (= k)b(—K)]. xd (002 4 [h( k') bT(— k)}e (R X2,
(73 (75)

Note, once again, that all the terms in the fobib" orbb  Owing to the anticommutation rules in EG8), this expres-
vanish as a consequence of the chiral nature of the spin@ion reduces to

fields which only allowsk>0. The average value of this

Hamiltonian in the vacuum is not at all positive, but a simple )

renormalization shift is sufficient to produce a reasonable szf;km - (76)
Hamiltonian provided one uses fermionic creation and anni-

hilation operators with the corresponding definition for theThijs infinite renormalizing term of the vacuum associated
normal ordered produdtantisymmetric form The normal  with the zero modes on the string comes from the contribu-
ordered Hamiltonian is therefore well behaved and reads tjon of the infinite renormalization of the usual empty space
together with a finite term representing the difference be-
dk ———[b'(—=K)b(—k)+b"(—k)b(—K)]. tween the two kinds of vacua. The previous expres$it
22k emphasizes the structure of the divergence, and it can be
(74 conjectured that the finite part is simply obtained by a cut-off

H te that h lord i A in momentum values. The finite vacuum contribution to
owever, note that such a normal ordering prescription OVeTihe stress tensor can therefore be represented froni7By).
looks the differences between the vacuum energy of empty

space, and that in the presence of the string for the masslesg to the sign, by the energy density
fermions. Formally, from Eq.(72), the normal ordered 2

Hamiltonian is also obtained by adding the operatdiv¢
to the infinite Hamiltonian in Eq(73), with

pt .
Pl =

5 2 5 ) 2
X| :F|X|’ with L,=—. (77

2m A
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The precise determination of the value lof is outside the the massive modes. The influence of the two dimensional
scope of this simple model. It is well known however, thatmassive vacuum on the equation of state will be more dis-
the vacuum effects generally involve energies smaller thacussed in Sec. V B.

the first quantum energy level and consequently it seems

reasonable to consider thiaf>L. For a large looplL, can 2. Stress tensor

be roughly estimated using the discretization of the momen-

tum values. Withk,—2an/L, V,, therefore reads All the other terms of the energy momentum tensor can be

derived from Eq{(69). From the relationships verified by the

zero modes currents in E@45), all the transverse kinetic

" terms vanish. Moreover, the only non-vanishing components
4 i i it andjZ . Fi

V¢=—|X|22 n (78) of the axial and vectorial current&7) arej , andj;, . Finally,
L2 =0 the energy-momentum tensor reads

Assuming that the vacuum associated with the fermionic

zero modes on the string matches the Minkowski one asso- tt to Ttz
. : A ; > : T, 0 T, T,
ciated with massless fermionic modes, in the infinite string
limit [31,32, L, can be obtained by substracting the two THr_ 0 0 0 0 82)
respective values of ), once the transverse coordinates [ th 0 O Tff
have been integrated over. The infinite sum omeran be T g T2 TZ
regularized by a cut-off factor &*n, letting ¢ equal to zero b ¥ ¥

at the end of the calculatidi33]. The regularized expression
of V,, finally reads Because the zero modes are eigenvectorg’gf, the opera-
tors y°9° and y>9° are formally identical for each spinor

4w ~ - field, and therefore the diagonal terms of the stress tensor are
VV’:F X |n§0 ne s@mbn, (79 identical
and expanded asymptotically arousd 0, it yields, once the T(z//Z: TE/E- (83

transverse coordinates have been integrated,

From Eq.(69), we find the transverse terms to ﬂ'(%f’=
1 T _Ro;t 20_ _pb;iz ; i _
J FrdoV,~ —— —. 80) By ar_1dTl/, B, Ina Carte5|a?y baszlxs, theseZ)(/:om
me? 3L2 ponents yield the transverse terr’ﬁg‘, Ty, Ty, and T,
which vanish once the transverse degrees of freedom have

As a result, the infinite renormalizing term relevant with the0€en integrated over. The only non-vanishing non-diagonal
usual vacuum associated with two dimensional chiral wavegart of the stress tensor comes from the lightlike nature of
is just 1hre2 whereas the relevant vacuum associated wittffach fermion current and reads

the zero modes along the string is exactly renormalized by
JrdrdéeV, given in Eq.(80), and therefore involves the
finite term 77/3L2 with a minus sign. As a result, the string
zero mode vacuum appears as an exited state in the
Minkowski vacuum associated with two dimensional chiral
modes, with positive energy density3L2. In this case, the while the counterpart of the field’ gets a minus sign be-
short distance cut-off therefore reads cause of its propagation in the+z” direction,

TZ=—2iW,%9, W, (84)

2_ 2

L,=6L% G T?=2ixy°9,X. (85
It is therefore necessary to add therl2/L? term to the ca-
nonical normal ordered prescription, in E§4), in order to  In the above expressions, the back reaction is neglected, but
obtained an Hamiltonian with zero energy for the Minkowskithe fermionic currentj*=jy+j%, generates, from Eq21),
vacuum associated with two dimensional chiral modes.  new gauge field component8; andB,, which have to be

It is important to note that, in order to be consistent, thesmall, compared to the orthoradial componésy, in order
previous calculations can only involve the vacuum associto avoid significant change in the vortex background. How-
ated with the corresponding quantized modes, i.e. in this casever, up to first order, they provide corrections to the energy
the zero modes. Therefore this does not take care of themomentum tensor whose effects on energy per unit length
massive modes. In fact, even for zero occupancy of the masnd tension will be detailed, in the classical limit, in Sec. V.
sive bound states, the physical vacuum along the string mudthe back reaction correction to the two-dimensional stress
involve a similar dependence in the vacuum associated witkensor then reads
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1 1 . .
_ZBtjt+ E((yrBt)z‘l' E(arBz)z BZJt_ BtJZ_(arBt)(arBz)
Teh = L L . (86)
szt_ Bij*— (4B (4,B) 2B, j*+ E(arBt)2+ E(&rBz)z

C. Axial-vector and vectorial currents

From the expression of the spinor fields, the current operators are immediately found in the Fock space. Moreover, it is
interesting to compute the electromagnetic-like fermionic current, its scalar analogue being involved in the equation of state for
a cosmic string with bosonic current carrigi&4]. From an additionaglobal U(1) invariance of the Lagrangian, the
electromagnetic-like current takes similar form as the vectorial one coupled to the string gauge field. It physically represents
the neutral limit of the full electromagnetic coupling.

1. Vectorial currents

Let J* be the electromagnetic current in the neutral limit. From Noether theorem with dligdgl invariance, this is
Jt= g Jh= — Wy + Xyt X, (87)
The fermions¥ and X’ carry opposite electromagnetic-like charges in order to cancel anom2liedsing Eq.(50), their
components read

13y = =105 =10,0 X (89)

:J;:=:J§:=—:jx:|Y|2,
with the quantum operators defined as
dk dk’ o
:J, ::j— —bf(=Kkb(=K)dK —Kt+) L hT —K)b( =k’
v (277)22k2k’[ (—k")b(—k) b(—k)b(—k")
x eI D1 p(— ) b(— k)& kKD 4 pl(— ) bT(— k) I+ ]2, (89)
dk dk’ o o
J, ::f— —df(k)H)d(k) ek —kt=2 L gt (k)d(k')e 1K —K(t=2)
) ozt O dilod()
+d(k)g(k')e*i(k+k’)(t—z)+gw‘(_k)df(k/)é(k+k’)(t—z)]|Y|2_ (90)

The conserved charges carried by these currents are basicaliglds makes théb andb'b' terms vanishing. The vectorial
derived from spatial integration of the corresponding currengauge currents are easily obtained from the neutral limit ones

densities, and are replacing the electromagnetic charge by thg ) gauge one,
namely
:Q '—J o [—b(=K)b(—=k)+b'(—k)b(=k)]
e 27T(2|()2 - - , AL S CWR+C¢L.j.|X|2
(91) SRt Pl b e VR ,
(93
dk c, +c
. e _dqt t Gtz g RN 2
1Qy: fZW(Zk)Z[ df(kyd(k)+d(kd(k)]. (92 =i s T Y

2. Axial-vector currents

As expected at the quantum level, the anti-particles carry In the same way, the axial currents are derived from their
charges that are opposite to that of the particles for botlelassical expressions as function of the quantum fields, from
fields. This is again because the opposite chirality of theEq. (45),
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Cyr—Cuy anologous relatio_n can be sought for our string with fermi_-
T:J‘”:(|§2|2_|§3|2)’ onic current-carriers from the classical energy per unit
length, tension, and current density values.
c —c (94) Consider the fermioni_c cosmic string in. the_ qua_ntum state
Ui =g XR XL 7 (&= &P (64)_. The energy per unit length and tension in thrs state are
AT TIXAT 2 Yxtist 4 basically given by the eigenvalues associated with timelike
and spacelike eigenvectors, respectively, of the average
Thanks to the normalizable zero modes in the transver56a|ue |n|’])> of the energy momentum tensor, once the trans-
plane of the string, it is possible to construct a Fock spacgerse coordinates have been integrated over. The stress ten-

along the string. The chirality of each spinor field being well sor is obviously the total energy momentum tensor
defined, anti-particle states appear at quantum level as an-

other mode propagating at the speed of light in the same
direction than the particle mode, but carrying opposite gauge THY = THV L TAV L THV - L THV - (96)
L g h ¥ X "
and electromagnetic-like charges. The observable values of
the quantum operators previously defined are given by thei\r\,here-rgv and T/ are the gauge and Higgs contributions
average value in the corresponding Fock state. In particulagyhich describe the Goto-Nambu string and which integrated

the energy per unit length, the tension, and the current pejver the transverse plane provides only two opposite non-
unit length, can now be derived from the previous expresyanishing terms

sions.

==y, =a

V. EQUATION OF STATE f r dr do(Tg+Th) = _f rdr do(Tg+TEH=M?2,

In the case of a scalar condensate in a cosmic string, it ©7)
was shown by Petef14] that the classical formalism of hys defining the unit of madd.
Carter[19] with one single state parameter could apply and
an equation of state for the bosonic cosmic string could be A. Average values in the Fock statdP)
derived in the form :
1. Two-dimensional energy momentum tensor

U—_T= \/WC, (95) . Now,.let us. defiﬂe the energy momentum tensor ooerator
in two dimensionsT*? say, once the transverse coordinates
whereU and T are respectively the energy per unit length have been integrated over, and where we have suppressed the
and the tension of the string, is the current density along corresponding vanishing terms. Therefore, withand 8
the string andwv a state parameter which appear as the conequal tot or z, and neglecting for the moment the back re-
jugate parameter of by a Legendre transformation. An action, it reads

M2+frdr do(: Ty +:Ty) frdr dOC T +:Ti2:)

?a’B: (98)
frdrde(:th:Jr:T;Z:) —M2+frdrd6(:T§,§:+:T§(t:)
The average value in the Fock st&f® of TR is immediately obtained from Eq&6) and(72)
— 2
<?aﬁ> _<73|Ta,8|7)> B M<+ EXP+ E’”P EX’p_ E‘ﬁp (99)
P(PIP) E,,~Ey, —M?+E,+E, |’
|
with the notations o Ny N,
— it —
Ewp—f rdr d9<'T¢'>7’_[ pgl rp+qz1 Sq| -
P
(102)

2 [ Ny N,
EXp=j rdrdo¢:T) ) p=— > kit 1], _ _ _

Li= =1/, The summations are just over the momentum values taken in
(100 each particle and anti-particle exitation states, so EE}\%t

063508-12



EQUATION OF STATE OF COSMIC STRINGS WITH . .. PHYSICAL REVIEW B3 063508

andE, depend on the quantum st4®@). The 275(0) fac-  As expected, if there is only one kind of fermioi, or .,

tor has been replaced by the physical lengtin order to ~ Which respectively meansl,=N,=0 or N,=N,=0, the

deal only with finite quantities. Moreover, from the integral current is lightlike. However spacelike currents are also al-

expression of the normal ordering prescription in Efj), lowed from the existence of anti-particles as they result from

the quantum zero mode vacuum effects appear simply as gimultaneous exitations between particles of one kind and

shift of the previous expressions, and the corrected values @iti-particles of the other kindas for instanceN,#0 and

the parameterg,, and Ev, therefore read N,#0, orN,#0 andN,+0). Finally, timelike currents are
obtained from simultaneous exitation between particles or

@ti-particles of both kindN, #0 andN,#0, orﬁX;ﬁO and

2 2
E‘ﬂPu:E‘/’P_i_ F, and EXPU:EXP+ F (102 Nl/,?&O).
v v
Note that, from Eqs(100, (101) and (102, if L,>L, the B. Energy per unit length and tension
vtactuum contribution can be neglected for non-zero exitation In the case of a string having a finite length periodic
states. boundary conditions on spinor fields impose the discretiza-
iy tion of the momentum exitation values
2. Current densities
In the same way, the average value of current operators in | _2_7Tn I-—Z—WF ; _2_7Tn s —Z—WF

the Fock statéP) are basically derived from the average of ™'~ L "% 17 L ¥ TP L Txp YT L xg
the operators7,: and J,: (111

<3J¢Z>7)=—N¢,+Wl/,, (:jX:)pz—NXwLWX. (103 wheren,, E,,j, Ny, andﬁxq are positive integers given by
the particular choice of a Fock state. From Ef0 and Eq.

Therefore, the electromagnetic-like current per unit length irthD the parameter&, andE, therefore read
the neutral limit becomes, after transverse integration, ’ Xp vp

qt 1 N — _471- Ny % o
(= CL=Ny+NY+(N,= N, (104) B3| 2 Mot 2, Mo and
_ (112
(9 ZE[(N —N,)+(N,—N)] (105 4 No Ny
PTL v ¥ X X1 E¢P:? iZlnl/,i-i-;l nl,,j .

Averaging the vectorial and axial gauge currents in Eg_3) ) )
and (94) allows a derivation of the total fermionic gauge !n the preferred frame where the two-dimensional energy
current density momentum tensor is diagonal, the energy per unit length and

the tension appear as the eigenvalues associated with the

L 1 _ _ timelike and spacelike eigenvectors, respectively. By means
(INp= T (=N Ny + 1, (D (=N + N, of Eq. (99), they read
106
(108 Up=M2+2 Ey,Euy (113
1 - -
(i%p= TNy =Ny) + 1, (D (=N + Ny, Tp=M2-2\E E, (114
(107
_ ) _ Note first that the line energy density and the tension always
with the radial functions verify [22]
f(n=ac, &l*+ac, &% (108 U+T=2M2. (115
f,,,(r):qc¢R|§2|2+qc¢,L|§3|2. (109  Moreover, the zero mode vacuum effects just modify the

parameterEXP and E% as in Eq.(102), and therefore do not

Moreover, note that these currents can be lightlike, spacelikeodify this relationship. On the other hand, massive modes,
or timelike according to the number of each particle speciegecause they are not eigenstates of {ig* operator, yield
trapped in the string. For instance, the square magnitude efacuum effects which certainly do not modify the time and
the electromagnetic-like line density current reads space part of the stress tensor in the same way, as was the

512 case for the zero moddsee EQ.(83)]. As a result, it is
2 2 2 = = — reasonable to assume that the massive mode vacuum effects
Cp=(3)p=(J >7’_<E) (NN NG N =N N =NGNG)- o odify Eq. (115 by just shifting the right hand side by a
(110 finite amount, of the order 7.
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1. Classical limit for excited strings den(vanishing cross section due to lack of phase spdne
In order to derive classical values for the energy per uniPractice, this means that the following analysis is meaningful

length and tension, we do not want to specify in what exita-2t [€ast up to one loop order.
tion quantum states the system is. If the string is in thermal
equilibrium with the external medium, it is necessary to per-
form quantum statistics. The number of accessible states in For weak coupling between fermions trapped in the string

the string is precisely the total number of combinations beand external fields, as is to be expected far below the energy

2. String at zero temperature

tween the integemwi, Ny Ny andﬁxq, which satisfies Egs.

(100 and(101) for fixed values of the stress tensor, or, simi-
larly, at givenE, andE,, . A possible representation of such
equilibrium is naturally through the microcanonical entropy

S=kpIn Q, (116
with ) the number of accessible states &gdhe Boltzmann
constant. LeQ(p,N) be the well known partition functio@
which gives the number of partitions of the integeinto
exactly N distinct non-zero integers. With the following in-
tegers:

L2 2
KXZEEX’ and K'//ZEE"/” (117)
the number of accessible stat@sreads
N, (N, +1)
X 2 Ky=ny
0= QNN 2 QNN
_NX(NX+1) _ NN, +1)
n,= 5 n,= 5
Ny(Ny+1)
Ky~ 2 Ky—ny
X X QMyNy X Q(n,,Ny).
Ny(N,+1) Ny(Ny+1)
ny=—"——% ny=—"—>% —
(118

The energy per unit length and tension of the string wil

therefore be the va_lues &f and T which maximize the en-

scale where the string was formed, the set of particles is
assumed to fall in the ground state and because of anticom-
mutation ruleg60) it obeys Fermi-Dirac statistic at zero tem-
perature. Consequently, the paramete[s and Ey, reads

2 -
E.p:T[P¢(LP¢+1)+P¢(|—P.//+1)], and
(119
2 -
E)(:T[p)((LpX+1)+px(Lp)(+1)]1

where the new parameteps= N/L are the line number den-
sities of the corresponding particles and anti-particles
trapped in the string. Strictly speaking, these are the four
independent state parameters which fully determine the en-
ergy per unit length and the tension in E§13 and Eg.
(114), and so cosmic strings with fermionic current carriers
do not verify the same equation of state as the bosonic
current-carrier case. This is all the more so manifest with
another more intuitive set of state parametéksand O,
defined for each fermion by

® =arctal
+_
PToL

| These are simply polar coordinates in the two-dimensional

space defined by the particle and anti-particle densities of
each spinor field. The parametgrphysically represents the

ggp);:ft ?IVEQ? éﬂ ’e':lg ;]:lx :r?t(i ’;IOX '.nTQIsSt' f(;rt??r?sn; T;?Tt]tcs fFrmion density trapped in the string regardless of the par-
USetl w v W investig y ICS Qicle or anti-particle nature of the current carriers. It is there-

the string when the massless current forms, i.e., near thﬁ)

. . re the parameter that we would expect to be relevant in a
phase transition at high temperatures. In what follows, wq) P b

urely classical approach. On the other ha®dguantifies

shall assume that whatever the mechanism through which t e asymmetry between particles and anti-particles since

fermions got trapped in the string, they had enough time to
reach an equilibrium state with vanishing temperature. This
can be due for instance by a small effective coupling with the
electromagnetic field opening the possibility of radiative de-
cay [22]. If no such effect is present, then one might argueérne energy per unit length, tension and line density current
that the string is frozen in an exited state, the temperature qf,, read

which possibly playing the role of a state param¢fes| for

1 — ) 1
pZRCOS@—Z, and p=7€sm®—i. (121

a macroscopic descriptidi36]. 1 1

Note that for a given distribution such as those we will be U=M?2+ 44 \/( R2— —) (be— —) , (122
considering later, the occupation numbers at zero tempera- X212 2L?
ture must be such that, owing to Pauli exclusion principle,
the mte@ctlon term§ implying for instancele decay |nt.o T M2 4 \/( R2_ i) (Ri_ i) , (123
a pair XA through Higgs bosons @, exchange are forbid- X212 2L
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R/M 05
\ 9 T<0
T>0 -
FIG. 1. The energy per unit length, in unit M2 and at zeroth 0" 05 1
order, as function of¢ and¥ fermion densities plotted in unit of R/M

M, in the infinite string limit. . L .
g FIG. 3. Sign of the tension in theR)( /M, R, /M) plane, in the

infinite string limit. According to the macroscopic formalism, the
string is unstable with respect to transverse perturbation$ 0.

C?2=8R.R sin(@ —Z>sin<® —3> (124)
X"V X 4 ¢ 4/

Nambu casel =T=M?2. The chiral case, where the fermi-

There are always four independent state parameters but onfynic current is lightlike, is obtained foR, =0, or R,=0,
two, R, and R, are relevant for line density energy and and also verified) =T=M? as in the chiral scalar current
tension. Compared to the scalar case where only one kind s¢fase[28]. From Eq.(123), and in the infinite string limit, the
charge carrier propagates along the string, it is not surprisingensities for which the tension vanishes verify
that we found two degrees of freedom with two kinds of
charge carriers. On the other hand, the nature of the line M2
density current is not relevant because it only appears RRy=7—. (125
through®, and ®,, which does not modifyy and T, at 4m
least at the zeroth order. The energy per unit length and
tension relative tdvi? are represented in Fig. 1 and Fig. 2 asThis curve separates the plan®(,R,) in two regions
function of R, /M andR,,/M, in the infinite string limit. whereT is positive near the origin, and negative on the other

As expected from their analytical expressions in the infi-side (see Fig. 3 In the macroscopic formalism of Carter
nite string limit, the energy per unit length is always positive[19], the transverse perturbations propagation speed is given
and grows with both fermion denSitiéR,X ande/,, whereas by C-2|—: T/U, and therefore the domains whefFe<0 corre-
the tension always decreases and takes negatives values fond to strings which are always locally unstable with re-
large fermion densities. Obviously, in the ca8¢=R,=0  gpect to transverse perturbations.
there is no current along the string and we recover the Goto- The tension of the string becomes negative only for car-
rier densities close to the mass of the Goto-Nambu stving
For such currents, it is necessary to derive the back reaction

W
RN
RN
RV
SRR

in order to see how relevant it is for the energy per unit

S
RN
N

&
&
N

length and tension. Moreover, in a renormalizable model, the
vacuum mass acquired by the fermions from their coupling
to the Higgs field is less than the Goto-Nambu string mass,
and thus, another quantum effects may take place before the
negative tension is reached, like tunneling into massive
states. Besides, note thisl, the string unit of mass, arising
from non-perturbative effects, may well be much larger than
the Higgs boson mass, and so, it is expected RatR,,
<M. Thus, the no-spring conjectufd8] proposed in the
case of bosonic carrier presumably apply to the fermionic
carrier case as well. Moreover, the zero mode vacuum effects
on energy per unit length and tension appear clearly from Eq.
(102 as additional string length. The corrected values of the

FIG. 2. The tension, in unit of12 and at zeroth order, as func- €quation of state are therefore obtained by replacing the
tion of X and ¥ fermion densities plotted in unit of, in the  physical length of the strind,, in Eq. (122 and Eq.(123),
infinite string limit. by an equivalent length,, say, which verifies
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1 1 1 H
22 2 17 42

e

In the particular case whete?=6L2, it readsL2=(3/2)L%. 0.8
On the other hand, the massive vacuum effects certainly shif
in a different wayU and T by a finite amount as previously

discussed, but will not be considered in the following. In the 0.6 -
next section, the back reaction is derived in the classical limit
in order to find corrected values of energy per unit length and
tension. Moreover, we shall take care of the finite length of 0-4 1
the stringL, keeping in mind that its value, and consequently
the value ofL ., have to be larger than ¥/ since all physical

values have been derived in the classical vortex backgrounc?-2
i.e., the quantum effects of the Higgs field have been ne- ~.
glected. ~—

,=0.15

C. Back reaction p

The existence of fermionic currents carrying gauge charge FIG. 4. The solutions of the field equations for the vortex back-
along the string gives rise to new gauge field compondits, ground. The Higgs fieldH, takes its vacuum expectation value at
and B,, from the equations of motiofi21). These, being infinity and the gauge bosons condensate in the vortex.
coupled with the corresponding currents, provide additional
terms in the energy momentum teng86). As a first step,
the new gauge field components are computed numerically ., H_'+ Q—n - % Q—n H_'+ Q—n B Q_'
from the zero modes solutions of E(B2). The corrected & H o & Cy| © H 02 0
equation of state is then analytically derived, the numerical
dependencies having been isolated in model dependent coef- C\ C (Q—n)z mf )

{1=0,

.. X
ficients. _ L R

> (130
Cy
1. Back reacted gauge fields

In order to compute th8, andB, fields at first order, we while the left one satisfies
only need the zeroth order values of the zero modes and the

vortex background. Let us introduce the dimensionless
scaled fields and variables m; Heu=C! Cxg Q—n
i— ={——
m, 4= 61 csy ©

{1 (131

¢e=nH, Q,=Q and r=£, (127
mp, 0.1

with my= N\ the classical mass of the Higgs field. From
the equation of motior{16), the orthoradial gauge fiel®
andH are solution of

d’H 1dH HQ? 1
— = ——= +=H(H2-1), (128
de? ede p? 2 0.05 |

d?Q 1dQ m}
— -2 "= _7H2Q, 129
do? cde me (129

wheremp=qc,7 is the classical mass of the gauge boson.
The numerical solutions of these equations have been com
puted earlier by many peoplé&3,14 using relaxation meth- 0 p yr 2
ods[29]. They are presented in Fig. 4 for a speciissumed
generig set of parameters. P

In the same way, deriving Eq32) with respect tog FIG. 5. The normalized probability densities of the zero modes,
yields the right component of the zero modes a solution  |X|? and|Y|2. The rapid decay far from the string core reflects the
of bound state nature of the condensates.
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FIG. 6. The dimensionless radial current functidnsandf,,.

They can be viewed as the effective transverse density charge car- FIG. 7. The dimensionless back reacted gauge fialfls and

ried by the fermion currents. Their sign results in the initial choicey & generated by the fermion currents. They do not lead to new

of each conserved fermion gauge charge. long-range effects since they acquire non-zero mass outside the
string core due to their coupling with the Higgs fields.

where a prime indicates a derivation with respect to the di-
mensionless radial variable. The field ¥ verifies similar
equations with the transformatiog— ¢ and c,—c,. The
numerical integration has been performed with a relaxation

[+

c

o]
<

~1 oomy T,
AQ"+-AQ'— —H?AQ= , and
(134

method[29] and verified on the original syste(B82) with a 1 . mﬁ _ ’
shooting method. As a result, the normalized probability 2Q”+—2Q’——2H22Q=T.
densities of the zero modd|? and|Y/|?, are plotted in Fig. P Mh 4%

5. The dimensionless radial functioﬁ;and"fw defined from
Eqg. (108 and Eq.(109 by

As for fermions, these new gauge fields get their masses
from coupling with the Higgs field, and therefore have non-

zero mass outside the string core. Moreover, they are gener-
ated by fermionic massless currents confined in the core,

~ 2 - 2T therefore they also condense in and do not lead to new long-
fyr=—=f, and f,=—f,, (132 range effects. The solutions of these equatiti®4) have
Mh M been obtained using, once again, a relaxation mef2&

and are represented in Fig. 7. Note that owing to the scaled

are plotted in Fig. 6. As expected, the fields are confined ir{Ield AQ andQ, we have separated the numencal_depen-
dence in the gauge field and currents from the fermion den-

';gﬁtztnng core, and so will the corresponding fermionic cur-Sities contenfsee Eq(133].

Let us define the more relevant components of the back Up to now, We_have computed the fermionic gauge cur-
reacted gauge field B=B,— B, andSB=B,+B,, with the rents along the string as well as the comporigrandB,, so

i ) . L ~ that the back reaction correction to the energy momentum
gorrgsbpondmg dimensionless scaled fieddQ andXQ de-  engor is computable from E¢86). As in the previous sec-
ined by

tion, the energy per unit length and tension can be derived in
the preferred frame where the stress tensor is diagonal, but
now we have to find the eigenvalues of the full two-

2 ~ - i
AB=(p,—p,) b2 qTQ and dimensional energy momentum tendd® +(T*#), with
mn° dCy _
(133 TEE = f rdrdoTg? . (135
S8 (_ ) mg 2@ 2. Energy per unit length and tension with back reaction
=—(py=Py) = 7o ~ ~
v 2 Ac, Using the dimensionless field Q and> Q, with the ex-

pressions of the currents given in Eq$06) and (107), one
gets, after some algebra, the full expression of the stress

The equations of motiof21) in the classical limit now reads tensor with corresponding eigenvalues
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- .. . 1 A 1
U=M2-1(0,,0 )R, R +4w\/ RE—— || R5— —|, 136)
(0,,0)RRy ( X 2L§>( e (
T-M2-1(6,,0,)R,R —477\/ [ (137
X! 14 X"y X 2L§ 4 2L§ ’
with the scaled state parameters
~ mﬁ . ™
R,=R, 1—W(IAX—IA2)sm2 ® -7/ (139
~ mf, . T
Ry=R, 1—?27]2(|w—|22)sm2 ®,= 7/ (139

and the function (®,,0,) defined by

. v . v
m? (IEX+IA¢)sm(X— Z) sm(@)w—z
1(0,,0,)=— - ; . (140
mn m v mb . o
\/1— 2t (|AX—|A2)sm2(® _Z) \/1— 2W2ﬁ2(|2¢,—|22)3|n2(®¢— Z)

The numerical integrations previously carried out appear through pure numbers which depend only on the model parameters.
The couplingB,,j* leads to the following quantities:

) )
lsy= fedewe) Q) |A¢,=—2fedeAQ<e> fue) (143
)
=2 e dexB(0): “’(9), =—2fedeAQ<e) e (142
while the kinetic contribution of the new gauge fields appears through
o= [ 00007, 1o [ 2 de (93B(0)” (143

By means of the equations of moti¢t34) and the constant sign &fQ and>.Q, l1, andly, are found to be always positive.
Intuitively, as in electromagnetism, the gauge field generated from charge currents tends to resist to the currents which give
birth to it. In our case, the back reaction actually damps the weight of the charge carriers in the energy per unit length and
tension. In fact, the relevant state parameters are Rowstead ofR with R<R sincel Ay @ndly , are positive. Moreover,
numerical calculations show that the kinetic contribution numkkt8) are always one order of magnitude smaller than those
resulting in the coupling between gauge fields and curreits), as expected for reasonable back reacted gauge field since
they only involve the square gradient of these figlsse Eq.(143]. However, there is an additional term involving new
dependence in the asymmetry between particles and anti-particles throug®th& ,) function. In order to understand this

point physically, let us derive the magnitude of the gauge current carried by the fermions. Freh0&@nd Eq.(107), once

the transverse coordinates have been integrated over, the dimensionless magnitude reads

~ ~ m m\ . A
FXF(/,sin @X—Z sin ®¢_Z RXRlﬂ

\/ m2 T \/ m2 T
1- 2 S(ay— |A2)sm2(® _Z) 1- 2 S(sy— |22)sm2( _Z>
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FIG. 8. The energy per unit length in unit M? as function of |

™M x
R,I/M andR,/M, for spacelike currents with(® ,,0 ,)<0. The mmlﬂlﬂlmlumwmmmmmmmwmﬂmm“,mm‘"m’ |

influence of the finite length of the string just appears near the axes

with the dimensionless constants are

= , = . 1.75
ac, 4cy 0/ 1.5 i
(1 45) : m:m'.".-'.-,uuuuul'l'l'lll’l'l'llll'l'l'
1 ) 2 5 R LTI T T T 1] HE . 6

17

1IEITENNg L]
AL SR,
217 i
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7 ,,,nm':':',’,”" i A
. ) . g g I gy
These numbers can be viewed as the effective charge carrie 0> "”'ll'l'i{,',',',';l;:'f""'";';'l""'"""""l'l':"'m ”l';"r,"’ ©% am
by the fermionic gauge currents since ' I H" | ‘
0.4 Il >
R, /M
T2 52
J :Q (146) FIG. 9. Variation domains of the energy per unit length, plotted

(2qcy)?F F, 4 in unit of M2, in the (R,/M,R, /M) plane for timelike currents
with 0<I <4s. The vertical hatched regions define domains where
the line density energy could decrease Wﬁl; whereas the hori-
zontal ones are regions where the line density energy could de-
crease withfz,/,. On one hand, these domains are asymptotically

limited by the curvesk = (27/Lg) J2/(167%—12) and therefore co-

The functionl(©, ,0 ) therefore verifies

A A Is,+1 Ay incide with the axis for large values af,. On the other hand, for
I(G)x'@x//)RxR«//: 87E E ) (147 reasonable values df<4, there is no accessible quantum state
X inside, the first one being shown as a dot. As a result the energy per

unit length always grows with the parameteRs and is always
and, as before, according to B434), (15, +14,)/(F,F,) is ~ Positve.
always positive, so the sign bfdirectly reflects the spacelike
or timelike nature of the current. Thus, in addition to the
back reaction damping effect, there is a correction to thélowever, they can be studied as functions of the damped
energy per unit length and tension directly proportional tofermion densities R, modified only by the function
the magnitude of the fermionic current. Note that this effect (®,,0,) which quantifies the efficiency of the fermionic
appears as a correction due to back reaction and not, as it éairrents in generating back reacted gauge fields. In this way,
the case for cosmic string with bosonic current carriers, athe comparison with the zeroth order case is all the more so
the zeroth ordef14]. easy.

The study of the surfaces defined Byand T in the plane
(ﬁx ,7A2,,,) is less canonical than at zeroth order. Three critical
Unfortunately, the corrected expressions of the line denvalues of the function are found to modify the behaviors of

sity energy and tension involve four independent state pathe tension and energy per unit length, namely, 0, and
rameters, and consequently are not easily representablés. However, only small values df are reasonable in this

3. Equation of state with back reaction
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normalized toM?, and for minimal acceptable value bf
=10M just in order to show the influence of the finite
length.

(b) Tension.The study of the tension with respect to the
fermion densities is performed in the same way. As before

the stationary curves of with respect toR, or R, are
found from Eq.(137), and follow the same equation as those
of the energy per unit length in EL48), although the varia-
tion domains are not the same and have been plotted in Fig.
11 for different values of the functioh

For timelike fermionic gauge current>0, the tension
decreases faster than in the zeroth order case, with the

damped fermionic densitieR, and R, as in Fig. 10, and
reaches negative values at large densitge® Fig. 12 The
back reaction just increases the slope of the surface, and thus,
FIG. 10. The teqsion fqr timelike currents Wlth>0, plOtted in the negative values are reached more rap|d|y As for the
unit of M? in the (R, /M,R, /M) plane. Note the shift near the energy per unit length, the equivalent length was chosen
axes due to the finite length of the string. equal toL,=10M in the following figures.
For spacelike fermionic gauge currents¢ 7w<<I <0, the
back reaction damps the decrease of the tension with respect
model as it is discussed in the next section. This analysis ig the damped fermion densities. There are also tiny regions
consequently constraints to values|bf<4r. near the axis, with areas inversely proportionalLtg and

(a) Energy per unit lengthThe line density energy fol- \yhereT could grow with respect to one of the state param-

lows different behaviors according to the valuel of - - : .
. . : , eterskR, or R, (see Fig. 11 As previously, for reasonable
The first and simplest cade<0, obtained for spacelike X : .
o . - values ofl, the first discrete values of the parameters are out
fermionic gauge currents, is very similar to the zeroth order . . )
. ; . of these domains, and the tension always decreases with both
case, and the energy per unit length just grows a bit fast ; " . . .
] ) A - o ermion densities. Finally, the tension reaches negative val-
with the damped fermion densitiés, andR,,, as in Fig. 8. g5 at large damped fermion densitiese Fig. 12
For timelike currents, >0, we find that the back reaction

damps the growth of the density line energy with the fermion
densities. As a result the line density energy seems to de-
crease in some regionS, and the Stationary CUrVE{$ ofith The preViOUS derivation of the back reaction is built on

7 : the classical vortex background and it is acceptable only if
respect tor, are given, from Eq(136), by the back reacted gauge fields do not perturb appreciably the
Higgs and orthoradial gauge fields profilege Fig. 4 From
Eq. (16), it will be the case only ifQ'Q, and Q*Q, can be
neglected compared ©’Q,. From Eq.(133, and Q,Q°

!
\\\\\\\ W
DR RN

R
R

4. Relevant values of the parameters

a0 . 2m. 2 ~mZ, this condition reads
——=08R,=—R, ,
IRy Le 12 2 D2
— + (1672~ 12)R2
212
(148
R.R,sinl O, — ~|sin @, —
. . (qcy)?aBsB SN BT SN BeT g ] 2
and thanks to the symmetry betwe and R,, similar ~
Yy y &, " 0,Q° . e

equations are obtained fetJ/aR,,=0. Finally, the variation
domains of the line density energy are represented in Fig. 9 xAQ30Q<1, (149
for 0<I<4s. The first discrete values of the fermion den-
sities(the length of the string is finiiéhave been represented

by dots in the |, ,R,)-plane, and as can be seen in Fig. 9,0y a5 function of (0,,0,) and the damped fermion densi-
for reasonable values tfthere is no available quantum state jeg

inside the tiny decreasing regions. Consequently, the density
line energy always grows with the fermions densities and

remains positive. Since the stationary curveslbfare as-

ymptotically proportional to 1/,<1/L [see Eq(148)], they A

coincide with the axis in the infinite string limit. The surface (0,0 )RXR¢/<1 (150
describingU (R, ,R,) has also been plotted in Fig. 9 in unit g2
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FIG. 11. Variation domains of the tension, plotted in unitf, IQ/M

for spacelike currents with-47<1<0, in the (R,/M,R,/M) _ _ o
plane. These regions have the same geometrical properties as the FIG. 12. Sign of the tension for timelike currents with 0, and
line density energy ones in Fig. 9, but this time, the zones withspacelike currents with-47<1<0, the curves have been plotted

vertical hatches are domains whéFecould grow with respect to with L.=10M in aim at clearly separating the various regions. In

A . ) the timelike case, the domain where the tension is positive is closed,
R, whereas the horizontal ones correspond to growth with respec

N . - the null tension curves intersecting the axesfat ﬁLeMZII,
to R, For reasonable values bfthe d|§crete values e, repre- — \vhereas for spacelike currents, the null tension curves tends asymp-
sented by dots, are out of these regions, and the tension alwa

S ~
. . . i = — . i
deoroase with both fommion denaiiog. Wtically to = (2m/Ly) V2I(1677=T7). Recall that the regions
whereT<0 are unstable with respect to transverse string perturba-
tions according to the macroscopic formalism.

This condition is satisfied for damped fermion densities .

small compared to the string energy scale, or for tiny value$'s'"9 Eqs(134 and(108), (109, one sh_ows that the large
of the functionl (® ,,0,). Moreover, the back reacted gauge values ofl (a_s|>47_r) can only be obtained for model pa-
fields need to be small in order to not significantly perturbrameters which verify

the zero modes. From the equations of moii@®) and(24),

. o < m2 ¢ ~
this condition leads t& B,3B<R and from Eq.(133) to 7!23 Z(X)E(A)Q(0)>l. (152
2 7 ¢
Mb Cyx) =
2 ¢, 2(4)Q(0)<1. (15D As a result, in order for the back reacted gauge fields not to

modify the equations of motion of the fermions at first order,
On the other hand, the maximum valueloh Eq. (140) is  the functionl has to be much smaller thanr4If it is not the
clearly obtained when there are only particles or anti-case, then the previous zero modes are no longer valid solu-
particles trapped in the stringX=0 or ® = 77), and deriving  tions and the relevant equations of motion, in the case of the
the order of magnitude of the numerical integral in Eigl1), ¥ fermions, now read, from Ed22)
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d 1
%"‘ F[—chRB(r)+m1]§1(r)) —ige(r)és(r)=i[+(k+w)+qc, ABJ&,(r),
d 1
(%‘F F[qC¢RB(r)_m2]§2(r)> —ige(r)és(r)=i[=(k—w)—qc, 2B]&(r),
(153
dés

1
o T rlacy B(r)+ms]és(r)

+ige(r)&(r)=i[ + (k—w)+qc, ZB]&,(r),

dé, 1
d_r+ F[qu/lLB(r)_m4]§4(r)

tige(r)éi(r)=i[+(k+w)—qcy AB]&5(r),

where the angular dependence has not been written owing ttase without curvature in the simple framework of Sec.
Eqg. (31) and assumingn; =ms+n. The zero modes seem to IV B 1. Such effects could be relevant for vorton stability,
acquire an effective mass proportional&® or %B. More  as, for a small radius of curvature, the string could become
precisely, they are no longer eigenstates of#he® operator  unstable to fermion condensation.

since new spinor components app€ér, ¢, here, see Eq. Finally, the model can be used only at the tree order, and
(32) and Eq.(33)]. It is clearly a second order effect since the the conditiong150) and(151) are the validity criteria of the
gauge coupling constamt can be removed in the previous above derivations.

equationg153 using Eq.(133) and assuming

§=X+q25§, (154 VI. COMPARISON WITH THE SCALAR CASE

) ] ] Owing to the fermionic two-dimensional quantization
with X the zero 2mode solutiok= —w for ¥ fermions[see  3iong the string, the energy per unit length and the tension of
Eq. (42)], and g°6¢ the perturbation induced by the back g string carrying massless fermionic currents have been de-
reaction[35]. As a result, for strong back reaction, the semi-rived up to the first order in back reaction corrections. The
classical approach can no longer be used, since such secoggte of the string is found to be well defined with four state
order effects appear as the semi-classical manifestations Bfarameters which are the densities of each fermion trapped
the one loop quantum corrections, and thus, only a full quany, the string, and asymmetry angles between particles and
tum theory would be well defined. However, if there is only anti-particles in each fermion family. It seems quite different
one kind of fermion trapped in the string] say, the zero  than the bosonic charge carriers case, where the current mag-
modes are not affected by the back reaction sikBeis only pjtude is the only relevant state paramétet], however, this
generated from thé’ current, and therefore vanishie®e Eq. s the result of the allowed purely classical approach where
(134)], so&=X is always solution of the equations of motion the superposition of many quantum states can be view as
(153, and identically for thet zero modes alonk84]. Note,  only one classical state owing to the bosonic nature of the
that there is no contradiction with the usual index theorerrbharge carriers. As a result, there is a degeneracy between
since it is derived for Dirac operators, and thus without backhe number of bosons trapped in the string and the charge
reacted fields. This just shows that the modes propagating ifurrent. The quantization introduced to deal with fermions
the vortex with strong back reacted gauge fields are n@aturally leads to separate the charge current from the par-
longer well described by the usual zero modes. Physically, ificle current through the existence of anti-particle exitations.
might be the signature of a tunneling of the zero modes tvioreover, the magnitude of the current can only modify the
another states. The massive modes which have not been cagyuation of state at non-zeroth order because the chiral na-
sidered here could be more relevant in such cases. ture of fermions trapped in the string requires simultaneous

On the other hand, the shape of the string might allow thexitations between the two families to lead to non-lightlike
fermion densitiese, andR, to reach the tiny regions where charge currents.
the energy decreases with one of thesee Fig. 9, by means Nevertheless, some global comparisons can be made with
of the zero mode vacuum quantum effects. The present tothe scalar case. First, for reasonable value$<efiz, the
model does not involve the effect of the radius of curvaiire energy per unit length grows with the fermionic densities,
of the string, and it is reasonable that the contribution of thevhereas the tension decreases with them. However, note the
zero mode vacuum to the energy per unit length invoRes relevant parameter for the change in behaviors of the tension
through a redefinition ot .. If L, becomes smaller than, ~ and line density energy is the functio(®, ,® ;) instead of
the first discrete values of the fermion densities could behe current magnitude in the scalar case. As it was daid,
inside the hatched regions in Fig. 9, since the discrete valueguantifies, through the asymmetry between the number of
of the fermion densities only depend on the physical lengttparticles and anti-particles trapped in the string, the effi-
of the stringL. Note that it would therefore be necessary thatciency of the charge current per particle to be timelike or
the zero mode vacuum energy is negative, which is not thepacelike. The more positive isthe more timelike the fer-
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mionic charge current per particle will be, and conversely thébaryonic number of the plasma in which the string was
more negativé is, the more spacelike it will be. Once again, formed during the phase transition. As a result, it is shown
this difference with the scalar case appears as a result of thaat fermionic charge currents can be lightlike, spacelike as
degeneracy breaking between particle current and charggell as timelike. Moreover the line energy density and the
current due to the fermionic nature of the charge carriers. tension evolve globally as in the bosonic charge carriers
The stability of the string with respect to transverse percase, but it was found that the tension can take negative
turbations is given from the macroscopic formalism by thevalues in extreme regions where the fermion densities are
sign of the tensiortfor line density energy positiy¢19], and  close to the string mass, and where the string is therefore
we find that instabilities always occur for densities roughlyunstable with respect to transverse perturbations according to
close toM/\/4x+1, in finite domain for timelike current, in  the macroscopic formalism.
infinite one for spacelike currents with47<1<0. Another The present model has been built on the generic existence
new results are obtained from the multi-dimensional properof fermionic zero modes in the string and follows only a
ties of the equation of state, in particular the problem ofsemi-classical approach. It is no longer valid for higher cor-
stability with respect to longitudinal perturbations differs rections in the back reaction when they modify notably the
from the scalar baryotropic case where the longitudinal pervortex background and seem to give effective mass to the
turbations propagation speed is givendﬁ_yt —dT/dU [19], previous zero modes. It may be conjectured, at this stage,
and therefore its two-dimensional form has to be derived tdhat in a full quantum theory, the quantum loop corrections
conclude on these kinds of instabilities. Nevertheless, bygive mass to the zero modes for high currents and conse-
analogy with the scalar case, since, in the non-perturbed casgiently might lead to their decay by the mean of massive
and in the infinite string limit, the equation of state verifies states. Only chiral charge currents could be stable on cosmic
U+T=2M?2 [22], the longitudinal perturbation propagation string carrying large fermionic massless currents in such a
speed might be close to the speed of the light, even witltase. Another possible effect, relevant for vortons stability,
small back reaction, and therefore, only transverse stabilitynay be expected for loops with small radius of curvature, by
would be relevant in macroscopic string stability with mass-means of the vacuum effects which could render the loop

less fermionic currents. unstable to fermion condensation.
It will be interesting to quantify such modifications on the
VII. CONCLUSION equation of state in future works, as the effects of worldsheet

) _ _curvature, and the modification of the density line energy
The energy per unit length and the tension of a cosmiGnd tension by the massive bound states. The field of validity
string carrying fermionic massless currents were derived if the model could therefore be extended to higher energy

the frame of the Witten model in the neutral limit. Contrary scales which would be more relevant for vortons and string
to bosonic charge carriers, the two-dimensional quantizatiofgrmation.

required to deal with fermions, leads to more than one state
parameter in order to yield a well-defined equation of state.
They can be chosen, at zeroth order, as fermion densities
trapped in the string regardless of charge conjugation. The
minimal back reaction correction appears through the fermi- | would like to thank P. Peter for many fruitful discus-
onic charge current magnitude which involves the asymmesions, and for his help to clarify the presentation. | also wish
try angles between the number of particles and anti-particle® thank B. Carter who helped me to enlighten some aspect
trapped in the string, and which might be identified with theof the subject.
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