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PHYSICAL REVIEW D, VOLUME 63, 063508
Equation of state of cosmic strings with fermionic current carriers

Christophe Ringeval
Département d’Astrophysique Relativiste et de Cosmologie, Observatoire de Paris-Meudon, UMR 8629, CNRS, 92195 Meudon

and Institut d’Astrophysique de Paris, 98bis boulevard Arago, 75014 Paris, France
~Received 3 July 2000; published 20 February 2001!

The relevant characteristic features, including energy per unit length and tension, of a cosmic string carrying
massless fermionic currents in the framework of the Witten model in the neutral limit are derived through
quantization of the spinor fields along the string. The construction of a Fock space is performed by means of
a separation between longitudinal modes and the so-called transverse zero energy solutions of the Dirac
equation in the vortex. As a result, quantization leads to a set of naturally defined state parameters which are
the number densities of particles and anti-particles trapped in the cosmic string. It is seen that the usual
one-parameter formalism for describing the macroscopic dynamics of current-carrying vortices is not sufficient
in the case of fermionic carriers.
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I. INTRODUCTION

The mechanism of spontaneous symmetry breaking
volved in early universe phase transitions in some grand
fied theories~GUT! might lead to the formation of topologi
cal defects@1#. Among them, only cosmic strings happen
be compatible with observational cosmology if they form
the GUT scale. It was shown however by Witten@2# that,
depending on the explicit realization of the symmetry bre
ing scheme as well as on the various particle coupling
current could build along the strings, thereby effective
turning them into superconducting wires. Such wires w
originally considered in the case the current couples to
electromagnetic field so they may be responsible for a v
ety of new effects, including an explosive scenario for lar
scale structure formation for which an enormous energy
lease was realized in the form of an expanding shell of n
propagating photons in the surrounding plasma@3#.

The cosmology of strings has been the subject of inte
work in the past twenty years or so@4#, mainly based on
ordinary strings, global or local, aiming at deriving the lar
scale structure properties stemming from their distribution
well as their imprint in the microwave background@5#. It was
even shown@6# that the most recent data@7# might support a
non-negligible contribution of such defects. As such a res
requires ordinary strings, it turns out to be of uttermost i
portance to understand the influence of currents in the
mological context.

Indeed, it can be argued that currents might drastic
modify the cosmological evolution of a string network: Th
most clearly defined consequence of the existence of a
rent flowing along a vortex is the breaking of the boost
variance, since the current itself defines a privileged fra
In other words, the energy per unit lengthU and the tension
T become two different numbers, contrary to the ordina
~Goto-Nambu@8#! case. As a result, string loops becom
endowed with the capability of rotation~the latter being
meaningless forU5T), and the induced centrifugal forc
permits equilibrium configurations, called vortons@9#. They
would very rapidly reach a regime where they would scale
0556-2821/2001/63~6!/063508~24!/$15.00 63 0635
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ordinary nonrelativistic matter, until they come to com
pletely dominate the Universe@10#.

In the original Witten model@2#, currents could form by
means of two different mechanisms. Scalar fields, direc
coupled with the string forming Higgs field, could feel
localized potential into which they could accumulate in t
form of bound states, while fermions could be trapped alo
the string, propagating at the speed of light, as zero ene
solutions of the two dimensional Dirac equation around
vortex. Other models were proposed where fermions co
also propagate in the string core at lower velocities in
form of massive modes@11#, or ~possibly charged! vector
fields could also condense@12#. All these models have essen
tially made clear that the existence of currents in string
much more than a mere possibility but rather an almost
avoidable fact in realistic particle physics theories.

For scalar as well as vector carriers, the task of und
standing the microphysics is made simple thanks to th
bosonic nature: all the trapped particles go into the sa
lowest accessible energy state and the field can be tre
classically @13,14#. Even the surrounding electromagnet
@15# and gravitational@16,17# fields generated by the curren
can be treated this way and the back reaction can be inclu
easily @18#.

Meanwhile, a general formalism was set up by Carter@19#
to describe current-carrying string dynamics. The formali
is based on a single so-called state parameter,w say, of
which the energy per unit length, the tension and the curr
itself are functions. Such a formalism relied heavily on t
fact that for a bosonic carrier, the relevant quantity who
variation along the string leads to a current is its phase,
the state parameter is essentially identifiable to this ph
gradient. Various equations of state relating the tension
the energy per unit length were then derived@20#, based on
numerical results and the existence of a phase freque
threshold@14#. It even includes the special case of a chi
current@21#, although the latter originates in principle on
for a purely fermionic current. Therefore, it was until no
implicitly assumed that such a formalism would be sufficie
to describe whatever current-carrying string configuration
will be shown in this paper that this is in fact not true and
©2001 The American Physical Society08-1
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CHRISTOPHE RINGEVAL PHYSICAL REVIEW D63 063508
extended version, including more than one parameter
needed@22#.

The state parameter formalism, apart from being irr
evant for fermionic current-carrying strings, can only pr
vide a purely classical description of their dynamics. This
unfortunate since the most relevant prediction of superc
ducting cosmic string models in cosmology is the existe
of the vorton states discussed above. These equilibrium
figurations of rotating loops are not necessarily stable, an
fact, this is perhaps the most important question to be
swered on this topic. Indeed, any theory leading to the
existence of absolutely stable vortons predicts a cosmol
cal catastrophe@10# and must be ruled out. One may ther
fore end up with a very stringent constraint on particle ph
ics extension of the standard model of electroweak
strong interactions. To decide clearly on this point requi
to investigate both the classical and the quantum stability
vortons.

Classical stability has already been established in the
of bosonic carriers@23# for whatever equation of state@24#
on the basis of the one parameter formalism. Yet it will a
have to be addressed in the more general context that wi
discussed below. In the meantime it was believed tha
quantum treatment was necessary in order to decide on
quantum stability: as one wants to compare the character
lifetime of a vorton with the age of the Universe, quantu
effects can turn out to be relevant; hence the following w
in which the simplest of all fermionic Witten models is d
tailed @2# that can give rise to both spacelike as well as tim
like charge currents, generalizing the usual point of vi
@25#.

Let us sketch the lines along which this work is made
A two-dimensional quantization of the spinor fields i

volved along a string is performed. Owing to anti-partic
exitation states, one can derive the conditions under wh
the current is of arbitrary kind. Moreover, an equation
state giving the energy per unit length and the tension
obtained that involves four different state parameters wh
are found to be the number densities of fermions, altho
three of them only happen to be independent.

In Sec. II, the model is presented and motivated, and
equations of motion are derived. Then in Sec. III, we obt
plane wave solutions along the string by separating tra
verse and longitudinal dependencies of spinor fields in
vortex. The zero mode transverse solutions are then c
straints to be normalizable in order to represent well defi
wave functions. The quantization restricted to massless
gitudinal modes is performed in Sec. IV. As a result, t
classical conserved currents obtained from Noether theo
like energy-momentum tensor and fermionic currents,
expressed in their quantum form. All these quantum ope
tors end up being functions of the fermionic occupation nu
bers only. In the last section~Sec. V!, the classical expres
sions for the energy per unit length and the tension
derived and discussed from computation of quantum obs
able values of the stress tensor operator in the classical l
Contrary to the bosonic current-carrier case where ther
only one state parameter@14#, the classical limit of the mode
involves four state parameters in order to fully determine
06350
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energy per unit length and the tension. The cosmolog
consequences of this new analysis are briefly discussed in
concluding section.

II. EQUATIONS OF MOTION

We are going to be interested in the purely dynami
effects a fermionic current flowing along a cosmic stri
may have. The model we will be dealing with here is
simplified version of that proposed by Witten@2# which in-
volves two kinds of fermions, in the neutral limit. This limi
for which the coupling between fermions an
electromagnetic-like external fields is made to vanish, p
mits an easy recognition of the dynamical effects of the
istence of an internal structure as in Ref.@14#.

A. Particle content

The model we shall consider involves a complex sca
Higgs field,F say, with conserved chargeqcF under a local
U(1) symmetry, together with the associated gauge ve
field Bm. In this simple Abelian Higgs model@26#, vortices
can form after spontaneous breaking of theU(1) symmetry.
The minimal anomaly free model@2# with spinor fields re-
quires two Dirac fermions denotedC andX, with opposite
electromagnetic-like charges, getting their masses from
ral coupling with the Higgs field and its complex conjuga
They also have conserved gauge charges from invaria
under the brokenU(1) symmetry,qccR

, qccL
, qcxR

, and

qcxL
, for the right- and left-handed parts of the two fermio

respectively. The Lagrangian of the model therefore read

L5Lh1Lg1Lc1Lx ~1!

with Lh , Lg andLc , Lx , respectively the Lagrangian in th
Higgs, gauge, and fermionic sectors. In terms of the und
lying fields, they are

Lh5
1

2
~DmF!†~DmF!2V~F!, ~2!

Lg52
1

4
HmnHmn, ~3!

Lc5
i

2
@C̄gmDmC2~DmC!gmC#

2gC̄
11g5

2
CF2gC̄

12g5

2
CF* , ~4!

Lx5
i

2
@X̄gmDmX2~DmX!gmX#

2gX̄11g5

2
XF* 2gX̄12g5

2
XF, ~5!
8-2
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EQUATION OF STATE OF COSMIC STRINGS WITH . . . PHYSICAL REVIEW D63 063508
where we have used the notation

DmF5~¹m1 iqcfBm!F, ~6!

DmC5S ¹m1 iq
ccR

1ccL

2
Bm

1 iq
ccR

2ccL

2
g5BmDC, ~7!

DmX5S ¹m1 iq
cxR

1cxL

2
Bm

1 iq
cxR

2cxL

2
g5BmDX, ~8!

Hmn5¹mBn2¹nBm , ~9!

V~F!5
l

8
~ uFu22h2!2. ~10!

The equivalence with the Witten model@2# appears through a
separation into left- and right-handed spinors. Let us de
CR andCL , respectively the right- and left-handed parts
the Dirac spinor fieldC ~and the same forX), eigenvectors
of g5,

CR5
11g5

2
C and CL5

12g5

2
C. ~11!

The Lagrangian for the spinor fieldC now reads

Lc5
i

2
@C̄RgmDmCR2~DmCR!gmCR#1

i

2
@C̄LgmDmCL

2~DmCL!gmCL#2gC̄LCRF2gC̄RCLF* , ~12!

with the associated covariant derivatives

DmCR(L)5~¹m1 iqccR(L)
Bm!CR(L) . ~13!

It is clear with the Lagrangian expressed in this way that
invariance of the action underU(1) transformations require

ccL
2ccR

5cf5cxR
2cxL

. ~14!

B. Equations of motion

As we wish to deal with a cosmic string, the Higgs a
gauge fields can be set as a vortex-like Nielsen-Olesen s
tion and they can be written in cylindrical coordinates
follows @30#:

F5w~r !eia(u), Bm5B~r !dmu . ~15!

In order for the Higgs field to be well defined by rotatio
around the string, its phase has to be proportional to
06350
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orthoradial coordinate,a(u)5nu, where the integern is the
winding number. The new fieldsw anda are now real scalar
fields and are solutions of the equations of motion

¹m¹mw5wQmQm2
dV~w!

dw
2C̄

]mc

]w
C2X̄]mx

]w
X,

~16!

¹m~w2Qm!52C̄
]mc

]a
C2X̄]mx

]a
X, ~17!

where

Qm5¹ma1qcfBm , ~18!

mc5gw cosa1 igwg5sina, ~19!

mx5gw cosa2 igwg5sina. ~20!

In the same way, the equations of motion for the gauge
spinor fields are

¹mHmn5 j c
n 1 j x

n2qcfw2Qn, ~21!

igm¹mC5
] j c

m

]C̄
Bm1mcC, ~22!

i ~¹mC̄!gm52
] j c

m

]C
Bm2C̄mc , ~23!

igm¹mX5
] j x

m

]X̄ Bm1mxX, ~24!

i ~¹mX̄!gm52
] j x

m

]X Bm2X̄mx . ~25!

The fermionic currentsj c(x)
m have axial and vectorial compo

nents due to the different coupling between left- and rig
handed spinors to the gauge field. The two kinds of curr
are required to respect gauge invariance of the Lagrang
In terms of spinor fields, they read

j c(x)
m 5 j cV(xV)

m 1 j cA(xA)
m , ~26!

with
8-3
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j cV

m 5q
ccR

1ccL

2
C̄gmC, j xV

m 5q
cxR

1cxL

2
X̄gmX,

~27!

j cA

m 5q
ccR

2ccL

2
C̄gmg5C, j xA

m 5q
cxR

2cxL

2
X̄gmg5X.

III. TRANSVERSE SOLUTIONS AS ZERO MODES

A. Plane wave solutions

The study of the fermionic fields trapped along the str
can be performed by separating the longitudinal and tra
verse solutions of the equations of motion. The plane w
solutions are therefore expressed in the generic form
a
io

he
t

06350
s-
e

Cp
(6)5e6 i (vt2kz)S j1~r !e2 im1u

j2~r !e2 im2u

j3~r !e2 im3u

j4~r !e2 im4u

D ,

~28!

X p
(6)5e6 i (vt2kz)S z1~r !e2 i l 1u

z2~r !e2 i l 2u

z3~r !e2 i l 3u

z4~r !e2 i l 4u

D .

Inside the vortex, the numbersmi and l i have to be integers
in order to produce well defined spinors by rotation arou
the string. In the following, the Dirac spinors will be ex
pressed in the chiral representation, and the metric is
sumed to have the signature (1,2,2,2). Plugging the ex-
pression~28! into the equations of motion~22! and ~24!
yields the differential system
S dj1

dr
1

1

r
@2qccR

B~r !1m1#j1~r ! De2 i (m121)u2 igw~r !e2 i (m41n)uj4~r !57 i ~k1v!j2~r !e2 im2u,

S dj2

dr
1

1

r
@qccR

B~r !2m2#j2~r ! De2 i (m211)u2 igw~r !e2 i (m31n)uj3~r !56 i ~k2v!j1~r !e2 im1u,

~29!S dj3

dr
1

1

r
@2qccL

B~r !1m3#j3~r ! De2 i (m321)u1 igw~r !e2 i (m22n)uj2~r !57 i ~k2v!j4~r !e2 im4u,

S dj4

dr
1

1

r
@qccL

B~r !2m4#j4~r ! De2 i (m411)u1 igw~r !e2 i (m12n)uj1~r !56 i ~k1v!j3~r !e2 im3u.

Similar equations are obtained for the fieldX with the following transformations,j→z, ccR(L)
→cxR(L)

, andn→2n, because
of its coupling to the anti-vortex instead of the vortex. Note that if, instead of the vectorial phases ansatz~28!, we had chosen
a matricial phases ansatz in the form

Cp
(6)5e6 i (vt2kz)S j11~r !e2 im11u1•••1j14~r !e2 im14u

j21~r !e2 im21u1•••1j24~r !e2 im24u

j31~r !e2 im31u1•••1j34~r !e2 im34u

j41~r !e2 im41u1•••1j44~r !e2 im44u

D , ~30!
ation
The
ree-
in
we would have found, from the requirement of having
most four independent phases in the equations of mot
that the matrixmi j has to verify for alli, mi j 5mik , for all
( j ,k). Consequently, the vectorial ansatz~28! is the most
general for solutions with separated variables.

B. Transverse solutions

From the differential system~29!, it is obvious that the
four phasesmi cannot be independent parameters if t
spinors fields are not identically zero. It is also impossible
t
n,

o

find three independent phase parameters since each equ
involves precisely three different angular dependencies.
only allowed angular separation requires two degrees of f
dom inu, and the only relevant relation for trapped modes
the string reads from Eq.~29!

m1215m41n, m2115m31n. ~31!

1. Zero modes

Introducing the two integer parametersp5m1 and q
5m3, and using Eq.~31!, for pÞq1n, the system~29! re-
duces to the set
8-4
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EQUATION OF STATE OF COSMIC STRINGS WITH . . . PHYSICAL REVIEW D63 063508
dj2

dr
1

1

r
@qccR

B~r !2~q1n21!#j2~r !2 igw~r !j3~r !50,

dj3

dr
1

1

r
@2qccL

B~r !1q#j3~r !1 igw~r !j2~r !50,

~k1v!j2~r !50, ~k1v!j3~r !50,
~32!

dj1

dr
1

1

r
@2qccR

B~r !1p#j1~r !2 igw~r !j4~r !50,

dj4

dr
1

1

r
@qccL

B~r !2~p2n21!#j4~r !1 igw~r !j1~r !50,

~k2v!j1~r !50, ~k2v!j4~r !50.
~33!

There are two kinds of solutions which propagate along
two directions of the string at the speed of light and wh
were originally found by Witten@2#: Either k5v and j2
5j350, or k52v andj15j450. These zero modes mu
also be normalizable in the transverse plane of the strin
order to be acceptable as wave functions.

2. Index theorem

In the two casesk5v andk52v, we will call the cor-
responding zero modes,Xc(r ,u) andYc(r ,u), the solutions
of the systems~32! and ~33!, respectively, i.e.,

Xc5S 0

j2~r !e2 i (q1n21)u

j3~r !e2 iqu

0

D , Yc5S j1~r !e2 ipu

0

0

j4~r !e2 i (p2n21)u

D .

~34!

These have to be normalizable in the sense
* uXcu2r dr du and * uYcu2r dr du must be finite. Thanks to
the regularity of the vortex background, the divergences
these integrals can only arise close to the string core or
ymptotically far away from it. As a result, it is sufficient t
study asymptotic behaviors of the solutions to decide on t
normalizability @27#.

Let us focus on the zero modeXc solution of Eq.~32!,
keeping in mind thatYc can be dealt with in the same wa
The asymptotic behaviors at infinity are easily found as
lutions of the limit at infinity of the differential system~32!.
Note that the identification between the equivalent soluti
and the solutions of the equivalent system is only allowed
the absence of singular point for the system at infinity, an
will not be so near the string sincer 50 is a singular point,
so that the Cauchy theorem does no longer apply. From
~32!, the eigensolutions of the equivalent system at infin
are in the form exp(6ghr), and thus, there is only one no
malizable solution at infinity.

Near the string, i.e., wherer→0, the system is no longe
well defined, the origin being a singular point. Approxima
06350
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solutions can however be found by looking at the lead
term of a power-law expansion of both system and functio
as originally suggested by Jackiw and Rossi@27#. Because
the Cauchy theorem does no longer apply, many sing
solutions might be found at the origin, and among them,
two generic ones which match with the two exponentials
infinity. Near the origin, the Higgs and gauge fields a
known to behave like@30#

w~r !;wor unu, B~r !}r 2, ~35!

so that the leading contribution near the string of the z
modes can be found as

j2~r !;a2r a2, ~36!

j3~r !;a3r a3, ~37!

with ai anda i real parameters to be determined. The valu
of the exponentsa i are therefore given by the leading ord
terms in system~32!, and one obtains three solutions, th
first one of which being singular,

S j2

j3
D

s

5S a2r q1n21

a3r 2q D , provided

~38!

2
unu1n

2
,q,11

unu2n

2
.

The two other solutions are the generic ones which have
match with the solutions at infinity

S j2

j3
D

g1

5S a2~a3!r 2q1unu11

a3r 2q D , and

~39!S j2

j3
D

g2

5S a2~a3!r q1n21

a3r q1unu1n D ,

where the relationships between the parametersai have not
been written, since they are clearly obtained from Eq.~32!.
Normalizability near the origin requires that the integra
* uj2u2r dr and* uj3u2r dr converge, and this yields

2n,q,1. ~40!

Analogous considerations for the system~33! show the con-
vergence criterion in this case to be

n,p,1. ~41!

The number of sets of parametersp and q satisfying the
previous inequalities is precisely the number of well defin
zero modes, respectivelyYc andXc , which are also normal-
izable. In order to match with the single well behaved so
tion at infinity, the two independent solutions near the str
have to be integrable. Therefore, for a vortex solution wit
positive winding numbern, there are onlyn normalizable
zero modes, which are theXc ones. Similarly in the case o
an anti-vortex with negative winding number2unu, one finds
alsounu zero modesYc . This is the index theorem found b
8-5
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CHRISTOPHE RINGEVAL PHYSICAL REVIEW D63 063508
Jackiw and Rossi@27#. Recall that the model involves tw
kinds of fermions, and all the previous considerations ap
as well for the fieldX with the simple transformationn→
2n. Therefore, the normalizable zero modes are swap
compared to those of the fieldC.

Finally, for a vortex with positive winding numbern,
there are alwaysn massless plane wave solutions for bo
spinor fields, which read

Cp
(6)5e6 ik(t1z)S 0

j2~r !e2 i (q1n21)u

j3~r !e2 iqu

0

D 5e6 ik(t1z)Xc~r ,u!,

~42!

X p
(6)5e6 ik(t2z)S z1~r !e2 ipu

0

0

z4~r !e2 i (p1n21)u

D 5e6 ik(t2z)Yx~r ,u!,

~43!

with now q5m3 andp5 l 1 which satisfy

2n,q,1, and 2n,p,1. ~44!

Note that they are eigenvectors of theg0g3 operator, and
they basically verify

X̄cg0Xc5uXcu2, X̄cg5g0Xc52uj2u21uj3u2,

X̄cg3Xc52uXcu2, X̄cg1(2)Xc50,

X̄cg5g3Xc5uj2u22uj3u2, X̄cg5g1(2)Xc50,
~45!

Ȳcg0Yc5uYcu2, Ȳcg5g0Yc52uj1u21uj4u2,

Ȳcg3Yc5uYcu2, Ȳcg1(2)Yc50,

Ȳcg5g3Yc52uj1u21uj4u2, Ȳcg5g1(2)Yc50.

The X zero modesXx andYx verify the same relationship
with j i replaced byz i .

3. Massive modes

The casem15m31n allows four-dimensional solution
of the system~29!. In particular, these solutions do no long
requirev56k and therefore represent massive modes.
before, the interesting behaviors of these modes are foun
studying the solutions of the equivalent system asympt
cally and by looking for the leading term of a power-la
expansion of both system and solution near the string co

At infinity, the system is well defined and there are tw
twice degenerate eigensolutions exp(6Vr) out of which two
are normalizable, with

V5Ag2h22~v22k2!. ~46!
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Near the origin, atr 50, the system is singular, and becau
of its four dimensions there are much more singular soluti
than the previous two dimensional case, and among them
four generic ones which match with the four ones at infini
The leading term in asymptotic expansion can be written i
standard way

j i~r !;air
a i. ~47!

Plugging these expressions in the system~29! with Eq. ~35!,
and keeping only leading terms atr 50 gives, after some
algebra, the four generic solutions

S j1

j2

j3

j4

D
g1

5S a1r 2m

a2~a1!r 2m11

a3~a1!r 2m1unu12

a4~a1!r 2m1unu11

D ,

S j1

j2

j3

j4

D
g2

5S a1r m1unu2n

a2~a1!r m1unu2n11

a3~a1!r m2n

a4~a1!r m2n21

D ,

~48!

S j1

j2

j3

j4

D
g3

5S a1r m

a2~a1!r m21

a3~a1!r m1unu

a4~a1!r m1unu11

D ,

S j1

j2

j3

j4

D
g4

5S a1r 2m1unu1n12

a2~a1!r 2m1unu1n11

a3~a1!r 2m1n

a4~a1!r 2m1n11

D ,

with m5m1, and where the relationships between the co
ficientsai have not been written as they are essentially giv
by a linear system inai given by Eq.~29!. The solutions~48!
will be normalizable near the string if, for alli, * uj i u2 r dr is
finite. Moreover there will be, at least, always one mass
bound state if there are at least three normalizable eige
lutions to match with the well-defined ones at infinity. This
only allowed if the parameterm verifies simultaneously three
of the following conditions:

sup~0,n!,m, inf~1,11n!. ~49!

Becausem is necessary an integer, this condition cannot
achieved. This criterion, originally derived and used
Jackiw and Rossi in order to enumerate the number of z
modes in a vortex-fermion system@27#, is only sufficient and
thus, normalizable massive bound states may exist, but
model dependent since it is necessary that a particular c
bination of the two normalizable eigenmodes near the str
core match exactly with a particular combination of the tw
well-defined ones at infinity.
8-6
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Such massive bound states depend therefore of the
ticular values of the model parameters. Recently, it w
shown numerically@25# that the Abelian Higgs model with
one Weyl fermion admits always at least two massive bo
states, as a result, the present toy model also may have
states. However, in order to simplify the quantization,
will only consider the generic zero modes, and consequen
the following results will be relevant for cosmic string on
when the occupancy of the massive bound states can be
glected compared to the occupancy of the zero mode st
Such physical situations are likely to occur far below t
energy scale where the string was formed, since the mas
states are generally expected to decay much more rap
than the massless ones@25#.

The generic massless normalizable transverse solution
the fermionic equations of motion in the string with windin
number n are then zero modes. For the spinor fieldC
coupled with the vortex, we find that the particles and
anti-particles can only propagate at the speed of light in
direction, ‘‘2z’’ say direction along the string, whereas th
spinor fieldX propagates in the opposite, ‘‘1z’’ direction.
The existence of such plane waves allows us to quantize
spinor fields along the string. The zero modes themse
will therefore be transverse wave functions giving the pro
ability density for finding a trapped mode at a chosen d
tance from the string core.

IV. FOCK SPACE ALONG THE STRING

The spinor fields can be expanded on the basis of
plane wave solutions computed above. A canonical qua
zation can then be performed along thez-axis which provides
analytical expressions for these fields in two dimensio
once the transverse degrees of freedom have been integ
over. It is therefore possible to compute the current opera
as well as their observable values given by their average
a particular Fock state. In the following we shall take a v
tex with a unit winding numbern51 and the subscript of the
zero modesXc and Yx will be forgotten since there is no
possible confusion.

A. Canonical quantization

We shall first be looking for a physical expansion of t
spinor fields in plane waves, in the sense that creation
annihilation operators are well defined. The Hamiltonian
then calculable as a function of these and will be required
be positive to yield a reasonable theory.

1. Quantum fields

As shown above, the spinor fieldsC andX propagate in
only one direction, therefore in expressions~42! and~43! the
momentumk can be chosen positive definite. Let us, on
again, focus on the spinor fieldC. The natural way to ex-
pand it in plane waves of positive and negative energies

C5E
0

` dk

2p2k
@b†~2k!eik(t1z)1b~2k!e2 ik(t1z)#X.

~50!
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The Fourier transform ofC on positive and negative ene
gies has been written with similar notationb† andb unlike in
the free spinor case. Indeed, note that, in the string, the
modes are the same for both positive and negative en
waves, so that the only way to distinguish particles fro
anti-particles is in the sign of the energy. The integrati
measure dk/(2p2k) is the usual Lorentz invariant measu
in two dimensions. Note thatk is chosen always positive in
order to represent physical energy and momentum actu
carried by the field along the string; hence the negative s
in b†(2k) and b(2k), which is a reminder that the spino
field C propagates in the ‘‘2z’’ direction. In the same way,
the fieldX is expanded as

X5E
0

` dk

2p2k
@d†~k!eik(t2z)1d~k!e2 ik(t2z)#Y. ~51!

The Fourier transform will be written with the normalizatio
convention

E dz ei (k2k8)z52pd~k2k8!. ~52!

2. Creation and annihilation operators

The Fourier coefficients can be expressed as function
the spinor fieldC or C†. With Eqs. ~50! and ~52!, let us
compute the following integral:

E r dr du dz eik(t1z)X†C5E dk8

2k8
@b†~2k8!d~k1k8!

1b~2k8!d~k2k8!#iXi2

5
iXi2

2k
b~2k!, ~53!

where we have defined

iXi2[E r dr du uXu2. ~54!

Note that the separation betweenb andb† only arises from
the chirality of the spinor field because the integration
performed only over positive values of the momentumk; this
is why thed(k1k8) term vanishes. In the following we wil
assume that the zero modes are normalized to unity,iXi2

51, andiYi251. Playing with similar integrals gives us th
other expansion coefficients

b~2k!52kE r dr du dz eik(t1z)X†C,

b†~2k!52kE r dr du dz e2 ik(t1z)C†X,

~55!

b†~2k!52kE r dr du dz e2 ik(t1z)X†C,

b~2k!52kE r dr du dz eik(t1z)C†X,
8-7
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CHRISTOPHE RINGEVAL PHYSICAL REVIEW D63 063508
and the corresponding relations for the spinor fieldX

d†~k!52kE r dr du dz e2 ik(t2z)Y†X,

d~k!52kE r dr du dz eik(t2z)X †Y,

~56!

d~k!52kE r dr du dz eik(t2z)Y†X,

d†~k!52kE r dr du dz e2 ik(t2z)X †Y.

From these, one gets the necessary relations to define
ation and annihilation operators

b†~2k!5@b~2k!#†, and b†~2k!5@b~2k!#†,
~57!

d†~k!5@d~k!#†, and d†~k!5@d~k!#†.

3. Commutation relations

The canonical quantization is performed by the transf
mation of Poisson brackets into anticommutators. Here,
want to quantize the spinor fields only along the string, a
therefore let us postulate the anticommutation rulesat equal
timesfor the quantum fields

$Ca~ t,xW !,C†b~ t,xW8!%5d~z2z8!Xa~r ,u!X†b~r 8,u8!,
~58!

$Xa~ t,xW !,X †b~ t,xW8!%5d~z2z8!Ya~r ,u!Y†b~r 8,u8!,
~59!

with a andb the spinorial indices, and all the other anticom
mutators vanishing. With Eq.~55! and these anticommuta
tion rules, it follows immediately, for creation and annihil
tion operators, that

$b~2k!,b†~2k8!%5$b~2k!,b†~2k8!%

52p2k2k8d~k2k8!, ~60!

$d~k!,d†~k8!%5$d~k!,d†~k8!%52p2k2k8d~k2k8!,

with all other anticommutators vanishing. From the expr
sions~50! and~51! and with the anticommutation rules~60!,
it is possible to derive the anticommutator between t
quantum field operatorsat any time. For instance, the anti
commutator betweenC andC† reads

$Ca~x!,C†b~x8!%5E dk dk8

~2p!22k2k8
$b†~2k!eik(t1z)

1b~2k!e2 ik(t1z),b~2k8!e2 ik8(t81z8)

1b†~2k8!eik8(t81z8)%

3Xa~r ,u!X†b~r 8,u8!. ~61!
06350
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Thanks to the delta function coming from the anticommu
tors between theb andb†, this expression reduces to

$Ca~x!,C†b~x8!%5 i ] tD~ t2t81z2z8!Xa~r ,u!X†b~r 8,u8!,

~62!

with D(x) the well known Pauli-Jordan function which van
ishes for spacelike separation, so the spinor fields ind
respect micro-causality along the string.

4. Fock states

The Fock space can be built by application of the creat
operators on the vacuum stateuB& which by definition has to
satisfy

b~2k!uB&5b~2k!uB&5d~k!uB&5d~k!uB&50,
~63!

and is normalized to unity, i.e.,^BuB&51. Each Fock state
represents one possible combination of the fields exita
levels. LetuP& be a Fock state representingNc particles la-
beled byi andN̄c anti-particles labeled byj, of kind C, with
respective momentaki andl j , and,Nx particles labeled byp
andN̄x anti-particles labeled byq, of kind X, with respective
momentar p andsq . By construction the state is

uP&5b†~2k1! . . . b†~2ki ! . . . b†~2kNc
!b†~2 l 1!

. . . b†~2 l j ! . . . b†~2 l N̄c
!d†~r 1! . . . d†~r p!

. . . d†~r Nx
!d†~s1! . . . d†~sq! . . . d†~sN̄x

!uB&.

~64!

Normalizing such a state is done thanks to the anticomm
tors ~60!. For instance, for a one particleC state with k
momentum, using Eq.~63!, the orthonormalization of the
corresponding states reads

^k8uk&52p2k2k8d~k2k8!. ~65!

Obviously similar relations apply to all the other particle a
anti-particle states. Keeping in mind that the observable v
ues of quantum operators are their eigenvalues in a g
quantum state, let us compute the average of the occupa
number operator involved in many quantum operators,
will be shown. ForC particles it is

^Pub†~2k!b~2k8!uP&

^PuP&
5

2p

d~0!
2k2k8(

i
d~k2ki !d~k82ki !

~66!

and analogous relations for the other particle and a
particle states. By definition of the Fourier transform~52!,
the infinite factord(0) is simply an artifact related to th
length of the stringL by

L52pd~0!, ~67!
8-8
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in the limit where this string lengthL→`. Note that using
periodic boundary conditions onL allows to consider large
loops with negligible radius of curvature.

B. Fermionic energy momentum tensor

The simplest way to derive an energy momentum ten
already symmetrized is basically from the variation of t
action with respect to the metric. Moreover, the Hamilton
density of the fermionC,

Hc5] tPcC1] tCP̄c2Lc , ~68!

with P the conjugate fieldP5 i C̄g0, is also equal to theTc
tt

component of the stress tensor. In our case the metri
cylindrical and we assume a flat Minkowski space-tim
background, thus in the fermionic sector the stress ten
reads

Tc
mn52

dLc

dgmn
2gmnLc and Tx

mn52
dLx

dgmn
2gmnLx .

~69!
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Once again, let us focus onC. Plugging Eq.~4! into Eq.~69!
gives

Tc
mn5

i

2
C̄g (m]n)C2

i

2
~] (mC̄!gn)C2B(m j c

n) . ~70!

1. Symmetrized Hamiltonian

From Noether theorem, the HamiltonianPt is also given
by the conserved charge associated with the time compo
of the energy momentum tensor

Tc
tt5 i C̄g0] tC2 i ~] tC̄!g0C. ~71!

Thanks to the expression of the quantum fields in Eqs.~50!
and ~51!, and using the properties of the zero modes fro
Eq. ~45!, the quantum operator associated toTc

tt reads
Tc
tt5

1

2 E dk dk8

~2p!22k
@„2b~2k!b†~2k8!1b†~2k8!b~2k!…ei (k82k)(t1z)1„b†~2k!b~2k8!2b~2k8!b†~2k!…e2 i (k82k)(t1z)

1„b~2k!b~2k8!2b~2k8!b~2k!…e2 i (k81k)(t1z)1„2b†~2k!b†~2k8!1b†~2k8!b†~2k!…ei (k81k)(t1z)#uXu2. ~72!
ed
bu-
ce
be-

be
off
to
The Hamiltonian is given by spatial integration of the Ham
tonian density, or similarly from Eq.~72!,

Pc
t 5E dk

2p2k
@2b~2k!b†~2k!1b†~2k!b~2k!#.

~73!

Note, once again, that all the terms in the formb†b† or b b
vanish as a consequence of the chiral nature of the sp
fields which only allowsk.0. The average value of thi
Hamiltonian in the vacuum is not at all positive, but a simp
renormalization shift is sufficient to produce a reasona
Hamiltonian provided one uses fermionic creation and an
hilation operators with the corresponding definition for t
normal ordered product~antisymmetric form!. The normal
ordered Hamiltonian is therefore well behaved and reads

:Pc
t :5E dk

2p2k
@b†~2k!b~2k!1b†~2k!b~2k!#.

~74!

However, note that such a normal ordering prescription ov
looks the differences between the vacuum energy of em
space, and that in the presence of the string for the mas
fermions. Formally, from Eq.~72!, the normal ordered
Hamiltonian is also obtained by adding the operator*dxW Vc
to the infinite Hamiltonian in Eq.~73!, with
or

e
i-

r-
ty
ss

Vc5:Tc
tt :2Tc

tt5
1

2E dk dk8

~2p!22k
@$b~2k!,b†~2k8!%

3ei (k82k)(t1z)1$b~2k8!,b†~2k!%e2 i (k82k)(t1z)#uXu2.

~75!

Owing to the anticommutation rules in Eq.~58!, this expres-
sion reduces to

Vc5E dk

p
kuXu2. ~76!

This infinite renormalizing term of the vacuum associat
with the zero modes on the string comes from the contri
tion of the infinite renormalization of the usual empty spa
together with a finite term representing the difference
tween the two kinds of vacua. The previous expression~76!
emphasizes the structure of the divergence, and it can
conjectured that the finite part is simply obtained by a cut-
L in momentum values. The finite vacuum contribution
the stress tensor can therefore be represented from Eq.~76!,
up to the sign, by the energy density

L2

2p
uXu25

2p

Lv
2

uXu2, with Lv5
2p

L
. ~77!
8-9
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CHRISTOPHE RINGEVAL PHYSICAL REVIEW D63 063508
The precise determination of the value ofLv is outside the
scope of this simple model. It is well known however, th
the vacuum effects generally involve energies smaller t
the first quantum energy level and consequently it see
reasonable to consider thatLv.L. For a large loop,Lv can
be roughly estimated using the discretization of the mom
tum values. Withkn52pn/L, Vc therefore reads

Vc5
4p

L2
uXu2(

n50

`

n. ~78!

Assuming that the vacuum associated with the fermio
zero modes on the string matches the Minkowski one a
ciated with massless fermionic modes, in the infinite str
limit @31,32#, Lv can be obtained by substracting the tw
respective values of Vc , once the transverse coordinat
have been integrated over. The infinite sum overn can be
regularized by a cut-off factor e2«kn, letting « equal to zero
at the end of the calculation@33#. The regularized expressio
of Vc finally reads

Vc5
4p

L2
uX2u (

n50

`

ne2«(2p/L)n, ~79!

and expanded asymptotically around«50, it yields, once the
transverse coordinates have been integrated,

E r dr du Vc;
1

p«2
2

p

3L2
. ~80!

As a result, the infinite renormalizing term relevant with t
usual vacuum associated with two dimensional chiral wa
is just 1/p«2 whereas the relevant vacuum associated w
the zero modes along the string is exactly renormalized
*r dr du Vc given in Eq. ~80!, and therefore involves the
finite term p/3L2 with a minus sign. As a result, the strin
zero mode vacuum appears as an exited state in
Minkowski vacuum associated with two dimensional chi
modes, with positive energy densityp/3L2. In this case, the
short distance cut-off therefore reads

Lv
256L2. ~81!

It is therefore necessary to add the 2pL/Lv
2 term to the ca-

nonical normal ordered prescription, in Eq.~74!, in order to
obtained an Hamiltonian with zero energy for the Minkows
vacuum associated with two dimensional chiral modes.

It is important to note that, in order to be consistent,
previous calculations can only involve the vacuum asso
ated with the corresponding quantized modes, i.e. in this c
the zero modes. Therefore this does not take care of
massive modes. In fact, even for zero occupancy of the m
sive bound states, the physical vacuum along the string m
involve a similar dependence in the vacuum associated
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the massive modes. The influence of the two dimensio
massive vacuum on the equation of state will be more d
cussed in Sec. V B.

2. Stress tensor

All the other terms of the energy momentum tensor can
derived from Eq.~69!. From the relationships verified by th
zero modes currents in Eq.~45!, all the transverse kinetic
terms vanish. Moreover, the only non-vanishing compone
of the axial and vectorial currents~27! are j c

t and j c
z . Finally,

the energy-momentum tensor reads

Tc
mn5S Tc

tt 0 Tc
tu Tc

tz

0 0 0 0

Tc
tu 0 0 Tc

zu

Tc
tz 0 Tc

zu Tc
zz

D . ~82!

Because the zero modes are eigenvectors ofg0g3, the opera-
tors g0]0 and g3]3 are formally identical for each spino
field, and therefore the diagonal terms of the stress tenso
identical

Tc
zz5Tc

tt . ~83!

From Eq. ~69!, we find the transverse terms to beTc
tu5

2Bu j c
t , andTc

zu52Bu j c
z . In a Cartesian basis, these com

ponents yield the transverse termsTc
tx , Tc

ty , Tc
zx , and Tc

zy ,
which vanish once the transverse degrees of freedom h
been integrated over. The only non-vanishing non-diago
part of the stress tensor comes from the lightlike nature
each fermion current and reads

Tc
tz522i C̄g0] tC, ~84!

while the counterpart of the fieldX gets a minus sign be
cause of its propagation in the ‘‘1z’’ direction,

Tx
tz52i X̄g0] tX. ~85!

In the above expressions, the back reaction is neglected
the fermionic current,j m5 j c

m1 j x
m , generates, from Eq.~21!,

new gauge field components,Bt and Bz , which have to be
small, compared to the orthoradial component,Bu , in order
to avoid significant change in the vortex background. Ho
ever, up to first order, they provide corrections to the ene
momentum tensor whose effects on energy per unit len
and tension will be detailed, in the classical limit, in Sec.
The back reaction correction to the two-dimensional str
tensor then reads
8-10
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Tb.r .
ab 5S 22Bt j t1

1

2
~] rBt!

21
1

2
~] rBz!

2 Bz j t2Bt j z2~] rBt!~] rBz!

Bz j t2Bt j z2~] rBt!~] rBz! 2Bz j z1
1

2
~] rBt!

21
1

2
~] rBz!

2
D . ~86!

C. Axial-vector and vectorial currents

From the expression of the spinor fields, the current operators are immediately found in the Fock space. Moreov
interesting to compute the electromagnetic-like fermionic current, its scalar analogue being involved in the equation of
a cosmic string with bosonic current carriers@14#. From an additionalglobal U(1) invariance of the Lagrangian, the
electromagnetic-like current takes similar form as the vectorial one coupled to the string gauge field. It physically rep
the neutral limit of the full electromagnetic coupling.

1. Vectorial currents

Let Jm be the electromagnetic current in the neutral limit. From Noether theorem with globalU(1) invariance, this is

Jm5Jc
m1Jx

m52C̄gmC1X̄gmX. ~87!

The fermionsC and X carry opposite electromagnetic-like charges in order to cancel anomalies@2#. Using Eq.~50!, their
components read

:Jc
t :52:Jc

z :5:Jc :uXu2, ~88!

:Jx
t :5:Jx

z :52:Jx :uYu2,

with the quantum operators defined as

:Jc :5E dk dk8

~2p!22k2k8
@2b†~2k8!b~2k!ei (k82k)(t1z)1b†~2k!b~2k8!

3e2 i (k82k)(t1z)1b~2k!b~2k8!e2 i (k1k8)(t1z)1b†~2k!b†~2k8!ei (k1k8)(t1z)#uXu2, ~89!

:Jx :5E dk dk8

~2p!22k2k8
@2d†~k8!d~k!ei (k82k)(t2z)1d†~k!d~k8!e2 i (k82k)(t2z)

1d~k!d~k8!e2 i (k1k8)(t2z)1d†~2k!d†~k8!ei (k1k8)(t2z)#uYu2. ~90!
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The conserved charges carried by these currents are bas
derived from spatial integration of the corresponding curr
densities, and are

:Qc :5E dk

2p~2k!2
@2b†~2k!b~2k!1b†~2k!b~2k!#,

~91!

:Qx :52E dk

2p~2k!2
@2d†~k!d~k!1d†~k!d~k!#. ~92!

As expected at the quantum level, the anti-particles ca
charges that are opposite to that of the particles for b
fields. This is again because the opposite chirality of
06350
ally
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fields makes thebb andb†b† terms vanishing. The vectoria
gauge currents are easily obtained from the neutral limit o
replacing the electromagnetic charge by theU(1) gauge one,
namely

: j cV

t :5:2 j cV

z :5q
ccR

1ccL

2
:Jc :uXu2,

~93!

: j xV

t :5: j xV

z :5q
cxR

1cxL

2
:Jx :uYu2.

2. Axial-vector currents

In the same way, the axial currents are derived from th
classical expressions as function of the quantum fields, fr
Eq. ~45!,
8-11
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: j cA

t :52: j cA

z :5q
ccR

2ccL

2
:Jc :~ uj2u22uj3u2!,

~94!

: j xA

t :5: j xA

z :5q
cxR

2cxL

2
:Jx :~ uj1u22uj4u2!.

Thanks to the normalizable zero modes in the transve
plane of the string, it is possible to construct a Fock sp
along the string. The chirality of each spinor field being w
defined, anti-particle states appear at quantum level as
other mode propagating at the speed of light in the sa
direction than the particle mode, but carrying opposite ga
and electromagnetic-like charges. The observable value
the quantum operators previously defined are given by t
average value in the corresponding Fock state. In particu
the energy per unit length, the tension, and the current
unit length, can now be derived from the previous expr
sions.

V. EQUATION OF STATE

In the case of a scalar condensate in a cosmic strin
was shown by Peter@14# that the classical formalism o
Carter@19# with one single state parameter could apply a
an equation of state for the bosonic cosmic string could
derived in the form

U2T5AuwuC, ~95!

whereU and T are respectively the energy per unit leng
and the tension of the string,C is the current density along
the string andw a state parameter which appear as the c
jugate parameter ofC by a Legendre transformation. A
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analogous relation can be sought for our string with ferm
onic current-carriers from the classical energy per u
length, tension, and current density values.

Consider the fermionic cosmic string in the quantum st
~64!. The energy per unit length and tension in this state
basically given by the eigenvalues associated with time
and spacelike eigenvectors, respectively, of the aver
value inuP& of the energy momentum tensor, once the tra
verse coordinates have been integrated over. The stress
sor is obviously the total energy momentum tensor

Tmn5Tg
mn1Th

mn1:Tc
mn :1:Tx

mn :, ~96!

whereTg
mn and Th

mn are the gauge and Higgs contribution
which describe the Goto-Nambu string and which integra
over the transverse plane provides only two opposite n
vanishing terms

E r dr du~Tg
tt1Th

tt!52E r dr du~Tg
zz1Th

zz![M2,

~97!

thus defining the unit of massM.

A. Average values in the Fock statezP‹
1. Two-dimensional energy momentum tensor

Now, let us define the energy momentum tensor opera
in two dimensions,T̄ab say, once the transverse coordinat
have been integrated over, and where we have suppresse
corresponding vanishing terms. Therefore, witha and b
equal tot or z, and neglecting for the moment the back r
action, it reads
T̄ab5S M21E r dr du~ :Tc
tt :1:Tx

tt : ! E r dr du~ :Tc
tz :1:Tx

tz : !

E r dr du~ :Tc
tz :1:Tx

tz : ! 2M21E r dr du~ :Tc
tt :1:Tx

tt : !
D . ~98!

The average value in the Fock stateuP& of T̄ab, is immediately obtained from Eqs.~66! and ~72!

^T̄ab&P5
^PuT̄abuP&

^PuP&
5S M21ExP1EcP ExP2EcP

ExP2EcP 2M21ExP1EcP
D , ~99!
n in
with the notations

ExP5E r dr du^:Tx
tt :&P5

2

L S (
i 51

Nc

ki1(
j 51

N̄c

l j D
P

,

~100!
EcP5E r dr du^:Tc
tt :&P5

2

L S (
p51

Nx

r p1 (
q51

N̄x

sqD
P

.

~101!

The summations are just over the momentum values take
each particle and anti-particle exitation states, so thatExP
8-12
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EQUATION OF STATE OF COSMIC STRINGS WITH . . . PHYSICAL REVIEW D63 063508
andEcP depend on the quantum stateuP&. The 2pd(0) fac-
tor has been replaced by the physical lengthL in order to
deal only with finite quantities. Moreover, from the integr
expression of the normal ordering prescription in Eq.~77!,
the quantum zero mode vacuum effects appear simply
shift of the previous expressions, and the corrected value
the parametersEcP andExP therefore read

EcPv
5EcP1

2p

Lv
2

, and ExPv
5ExP1

2p

Lv
2

. ~102!

Note that, from Eqs.~100!, ~101! and ~102!, if Lv.L, the
vacuum contribution can be neglected for non-zero exita
states.

2. Current densities

In the same way, the average value of current operator
the Fock stateuP& are basically derived from the average
the operators :Jc : and :Jx :

^:Jc :&P52Nc1N̄c , ^:Jx :&P52Nx1N̄x . ~103!

Therefore, the electromagnetic-like current per unit length
the neutral limit becomes, after transverse integration,

^J̄t&P5
1

L
@~2Nc1N̄x!1~Nx2N̄x!#, ~104!

^J̄z&P5
1

L
@~Nc2N̄c!1~Nx2N̄x!#. ~105!

Averaging the vectorial and axial gauge currents in Eqs.~93!
and ~94! allows a derivation of the total fermionic gaug
current density

^ j t&P5
1

L
@ f c~r !~2Nc1N̄c!1 f x~r !~2Nx1N̄x!#,

~106!

^ j z&P5
1

L
@ f c~r !~Nc2N̄c!1 f x~r !~2Nx1N̄x!#,

~107!

with the radial functions

f x~r !5qcxR
uj1u21qcxL

uj4u2, ~108!

f c~r !5qccR
uj2u21qccL

uj3u2. ~109!

Moreover, note that these currents can be lightlike, space
or timelike according to the number of each particle spec
trapped in the string. For instance, the square magnitud
the electromagnetic-like line density current reads

C̄P
25^J̄t&P

22^J̄z&P
25S 2

L D 2

~Nc Nx1N̄c N̄x2N̄c Nx2N̄xNc!.

~110!
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As expected, if there is only one kind of fermion,C or X,
which respectively meansNx5N̄x50 or Nc5N̄c50, the
current is lightlike. However spacelike currents are also
lowed from the existence of anti-particles as they result fr
simultaneous exitations between particles of one kind
anti-particles of the other kind~as for instanceNcÞ0 and
N̄xÞ0, or NxÞ0 andN̄cÞ0). Finally, timelike currents are
obtained from simultaneous exitation between particles
anti-particles of both kind (NxÞ0 andNcÞ0, or N̄xÞ0 and
N̄cÞ0).

B. Energy per unit length and tension

In the case of a string having a finite lengthL, periodic
boundary conditions on spinor fields impose the discreti
tion of the momentum exitation values

ki5
2p

L
nc i

, l j5
2p

L
n̄c j

, r p5
2p

L
nxp

, sq5
2p

L
n̄xq

,

~111!

wherenc i
, n̄c j

, nxp
and n̄xq

are positive integers given b
the particular choice of a Fock state. From Eq.~100! and Eq.
~101!, the parametersExP andEcP therefore read

ExP5
4p

L2 S (
p51

Nx

nxp
1 (

q51

N̄x

n̄xq
D , and

~112!

EcP5
4p

L2 S (
i 51

Nc

nc i
1(

j 51

N̄c

n̄c j
D .

In the preferred frame where the two-dimensional ene
momentum tensor is diagonal, the energy per unit length
the tension appear as the eigenvalues associated with
timelike and spacelike eigenvectors, respectively. By me
of Eq. ~99!, they read

UP5M212AExPEcP, ~113!

TP5M222AExPEcP. ~114!

Note first that the line energy density and the tension alw
verify @22#

U1T52M2. ~115!

Moreover, the zero mode vacuum effects just modify t
parametersExP andEcP as in Eq.~102!, and therefore do no
modify this relationship. On the other hand, massive mod
because they are not eigenstates of theg0g3 operator, yield
vacuum effects which certainly do not modify the time a
space part of the stress tensor in the same way, as wa
case for the zero modes@see Eq.~83!#. As a result, it is
reasonable to assume that the massive mode vacuum e
modify Eq. ~115! by just shifting the right hand side by
finite amount, of the order 1/L2.
8-13
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CHRISTOPHE RINGEVAL PHYSICAL REVIEW D63 063508
1. Classical limit for excited strings

In order to derive classical values for the energy per u
length and tension, we do not want to specify in what ex
tion quantum states the system is. If the string is in therm
equilibrium with the external medium, it is necessary to p
form quantum statistics. The number of accessible state
the string is precisely the total number of combinations
tween the integernc i

, n̄c j
, nxp

, andn̄xq
, which satisfies Eqs

~100! and~101! for fixed values of the stress tensor, or, sim
larly, at givenEx andEc . A possible representation of suc
equilibrium is naturally through the microcanonical entrop

S5kbln V, ~116!

with V the number of accessible states andkb the Boltzmann
constant. LetQ(p,N) be the well known partition functionQ
which gives the number of partitions of the integerp into
exactly N distinct non-zero integers. With the following in
tegers:

Kx5
L2

4p
Ex , and Kc5

L2

4p
Ec , ~117!

the number of accessible statesV reads

V5 (
nx5

Nx(Nx11)

2

Kx2
N̄x(N̄x11)

2

Q~nx ,Nx! (
n̄x5

N̄x(N̄x11)

2

Kx2nx

Q~ n̄x ,N̄x!

3 (
nc5

Nc(Nc11)

2

Kc2
N̄c(N̄c11)

2

Q~nc ,Nc! (
n̄c5

N̄c(N̄c11)

2

Kc2nc

Q~ n̄c ,N̄c!.

~118!

The energy per unit length and tension of the string w
therefore be the values ofU andT which maximize the en-
tropy at givenNc , N̄c , Nx and N̄x . This formalism might
be useful whenever one wants to investigate the dynamic
the string when the massless current forms, i.e., near
phase transition at high temperatures. In what follows,
shall assume that whatever the mechanism through which
fermions got trapped in the string, they had enough time
reach an equilibrium state with vanishing temperature. T
can be due for instance by a small effective coupling with
electromagnetic field opening the possibility of radiative d
cay @22#. If no such effect is present, then one might arg
that the string is frozen in an exited state, the temperatur
which possibly playing the role of a state parameter@19# for
a macroscopic description@36#.

Note that for a given distribution such as those we will
considering later, the occupation numbers at zero temp
ture must be such that, owing to Pauli exclusion princip

the interaction terms implying for instance aCC̄ decay into

a pairXX̄ through Higgs bosons orBm exchange are forbid
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den ~vanishing cross section due to lack of phase space!. In
practice, this means that the following analysis is meaning
at least up to one loop order.

2. String at zero temperature

For weak coupling between fermions trapped in the str
and external fields, as is to be expected far below the ene
scale where the string was formed, the set of particles
assumed to fall in the ground state and because of antic
mutation rules~60! it obeys Fermi-Dirac statistic at zero tem
perature. Consequently, the parametersExP andEcP reads

Ec5
2p

L
@rc~Lrc11!1 r̄c~L r̄c11!#, and

~119!

Ex5
2p

L
@rx~Lrx11!1 r̄x~L r̄x11!#,

where the new parametersr5N/L are the line number den
sities of the corresponding particles and anti-partic
trapped in the string. Strictly speaking, these are the f
independent state parameters which fully determine the
ergy per unit length and the tension in Eq.~113! and Eq.
~114!, and so cosmic strings with fermionic current carrie
do not verify the same equation of state as the boso
current-carrier case. This is all the more so manifest w
another more intuitive set of state parameters,R and Q,
defined for each fermion by

R 25S r1
1

2L D 2

1S r̄1
1

2L D 2

, and

~120!

Q5arctanS r̄1
1

2L

r1
1

2L

D .

These are simply polar coordinates in the two-dimensio
space defined by the particle and anti-particle densities
each spinor field. The parameterR physically represents the
fermion density trapped in the string regardless of the p
ticle or anti-particle nature of the current carriers. It is the
fore the parameter that we would expect to be relevant
purely classical approach. On the other hand,Q quantifies
the asymmetry between particles and anti-particles since

r5R cosQ2
1

2L
, and r̄5R sinQ2

1

2L
. ~121!

The energy per unit length, tension and line density curr
now read

U5M214pAS R x
22

1

2L2D S R c
22

1

2L2D , ~122!

T5M224pAS R x
22

1

2L2D S R c
22

1

2L2D , ~123!
8-14
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EQUATION OF STATE OF COSMIC STRINGS WITH . . . PHYSICAL REVIEW D63 063508
C̄ 258RxRcsinS Qx2
p

4 D sinS Qc2
p

4 D . ~124!

There are always four independent state parameters but
two, Rx and Rc , are relevant for line density energy an
tension. Compared to the scalar case where only one kin
charge carrier propagates along the string, it is not surpris
that we found two degrees of freedom with two kinds
charge carriers. On the other hand, the nature of the
density current is not relevant because it only appe
through Qc and Qx , which does not modifyU and T, at
least at the zeroth order. The energy per unit length
tension relative toM2 are represented in Fig. 1 and Fig. 2
function of Rx /M andRc /M , in the infinite string limit.

As expected from their analytical expressions in the in
nite string limit, the energy per unit length is always positi
and grows with both fermion densities,Rx andRc , whereas
the tension always decreases and takes negatives value
large fermion densities. Obviously, in the caseRx5Rc50
there is no current along the string and we recover the G

FIG. 1. The energy per unit length, in unit ofM2 and at zeroth
order, as function ofX andC fermion densities plotted in unit o
M, in the infinite string limit.

FIG. 2. The tension, in unit ofM2 and at zeroth order, as func
tion of X and C fermion densities plotted in unit ofM, in the
infinite string limit.
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Nambu case,U5T5M2. The chiral case, where the ferm
onic current is lightlike, is obtained forRx50, or Rc50,
and also verifiesU5T5M2 as in the chiral scalar curren
case@28#. From Eq.~123!, and in the infinite string limit, the
densities for which the tension vanishes verify

RxRc5
M2

4p
. ~125!

This curve separates the plane (Rx ,Rc) in two regions
whereT is positive near the origin, and negative on the oth
side ~see Fig. 3!. In the macroscopic formalism of Carte
@19#, the transverse perturbations propagation speed is g
by cT

25T/U, and therefore the domains whereT,0 corre-
spond to strings which are always locally unstable with
spect to transverse perturbations.

The tension of the string becomes negative only for c
rier densities close to the mass of the Goto-Nambu stringM.
For such currents, it is necessary to derive the back reac
in order to see how relevant it is for the energy per u
length and tension. Moreover, in a renormalizable model,
vacuum mass acquired by the fermions from their coupl
to the Higgs field is less than the Goto-Nambu string ma
and thus, another quantum effects may take place before
negative tension is reached, like tunneling into mass
states. Besides, note thatM, the string unit of mass, arising
from non-perturbative effects, may well be much larger th
the Higgs boson mass, and so, it is expected thatRx ,Rc
!M . Thus, the no-spring conjecture@18# proposed in the
case of bosonic carrier presumably apply to the fermio
carrier case as well. Moreover, the zero mode vacuum eff
on energy per unit length and tension appear clearly from
~102! as additional string length. The corrected values of
equation of state are therefore obtained by replacing
physical length of the string,L, in Eq. ~122! and Eq.~123!,
by an equivalent length,Le say, which verifies

FIG. 3. Sign of the tension in the (Rx /M ,Rc /M ) plane, in the
infinite string limit. According to the macroscopic formalism, th
string is unstable with respect to transverse perturbations forT,0.
8-15
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1

2Le
2

5
1

2L2
2

1

Lv
2

. ~126!

In the particular case whereLv
256L2, it readsLe

25(3/2)L2.
On the other hand, the massive vacuum effects certainly s
in a different wayU andT by a finite amount as previousl
discussed, but will not be considered in the following. In t
next section, the back reaction is derived in the classical li
in order to find corrected values of energy per unit length a
tension. Moreover, we shall take care of the finite length
the stringL, keeping in mind that its value, and consequen
the value ofLe , have to be larger than 1/M since all physical
values have been derived in the classical vortex backgro
i.e., the quantum effects of the Higgs field have been
glected.

C. Back reaction

The existence of fermionic currents carrying gauge cha
along the string gives rise to new gauge field componentsBt
and Bz , from the equations of motion~21!. These, being
coupled with the corresponding currents, provide additio
terms in the energy momentum tensor~86!. As a first step,
the new gauge field components are computed numeric
from the zero modes solutions of Eq.~32!. The corrected
equation of state is then analytically derived, the numer
dependencies having been isolated in model dependent
ficients.

1. Back reacted gauge fields

In order to compute theBt andBz fields at first order, we
only need the zeroth order values of the zero modes and
vortex background. Let us introduce the dimensionl
scaled fields and variables

w5hH, Qu5Q and r 5
%

mh
, ~127!

with mh5hAl the classical mass of the Higgs field. Fro
the equation of motion~16!, the orthoradial gauge fieldQ
andH are solution of

d2H

d%2
1

1

%

dH

d%
5

HQ2

%2
1

1

2
H~H221!, ~128!

d2Q

d%2
2

1

%

dQ

d%
5

mb
2

mh
2

H2Q, ~129!

wheremb5qcfh is the classical mass of the gauge bos
The numerical solutions of these equations have been c
puted earlier by many people@13,14# using relaxation meth-
ods@29#. They are presented in Fig. 4 for a specific~assumed
generic! set of parameters.

In the same way, deriving Eq.~32! with respect to%
yields the right component of the zero modeY as a solution
of
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z192S H8

H
1

Q2n

% D z181S cxR

cf
FQ2n

%

H8

H
1

Q2n

%2
2

Q8

% G
2

cxL
cxR

cf
2 S Q2n

% D 2

2
mf

2

mh
2

H2D z150, ~130!

while the left one satisfies

i
mf

mh
Hz45z182

cxR

cf

Q2n

%
z1 , ~131!

FIG. 4. The solutions of the field equations for the vortex ba
ground. The Higgs field,H, takes its vacuum expectation value
infinity and the gauge bosons condensate in the vortex.

FIG. 5. The normalized probability densities of the zero mod
uXu2 and uYu2. The rapid decay far from the string core reflects t
bound state nature of the condensates.
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EQUATION OF STATE OF COSMIC STRINGS WITH . . . PHYSICAL REVIEW D63 063508
where a prime indicates a derivation with respect to the
mensionless radial variable%. The field C verifies similar
equations with the transformation,z→j and cx→cc . The
numerical integration has been performed with a relaxa
method@29# and verified on the original system~32! with a
shooting method. As a result, the normalized probabi
densities of the zero modes,uXu2 anduYu2, are plotted in Fig.
5. The dimensionless radial functionsf̃ x and f̃ c defined from
Eq. ~108! and Eq.~109! by

f̃ x5
2p

mh
2

f x , and f̃ c5
2p

mh
2

f c , ~132!

are plotted in Fig. 6. As expected, the fields are confined
the string core, and so will the corresponding fermionic c
rents.

Let us define the more relevant components of the b
reacted gauge field,DB5Bz2Bt andSB5Bz1Bt , with the
corresponding dimensionless scaled fieldsDQ̃ and SQ̃ de-
fined by

DB5~ r̄x2rx!
mb

2

ph2

DQ̃

qcf
, and

~133!

SB52~ r̄c2rc!
mb

2

ph2

SQ̃

qcf
.

The equations of motion~21! in the classical limit now reads

FIG. 6. The dimensionless radial current functionsf̃ x and f̃ c .
They can be viewed as the effective transverse density charge
ried by the fermion currents. Their sign results in the initial cho
of each conserved fermion gauge charge.
06350
i-

n

y

in
-

k

DQ̃91
1

r
DQ̃82

mb
2

mh
2

H2DQ̃5
f̃ x

qcf
, and

~134!

SQ̃91
1

r
SQ̃82

mb
2

mh
2

H2SQ̃5
f̃ c

qcf
.

As for fermions, these new gauge fields get their mas
from coupling with the Higgs field, and therefore have no
zero mass outside the string core. Moreover, they are ge
ated by fermionic massless currents confined in the c
therefore they also condense in and do not lead to new lo
range effects. The solutions of these equations~134! have
been obtained using, once again, a relaxation method@29#
and are represented in Fig. 7. Note that owing to the sca
field DQ̃ andSQ̃, we have separated the numerical depe
dence in the gauge field and currents from the fermion d
sities content@see Eq.~133!#.

Up to now, we have computed the fermionic gauge c
rents along the string as well as the componentBt andBz , so
that the back reaction correction to the energy momen
tensor is computable from Eq.~86!. As in the previous sec-
tion, the energy per unit length and tension can be derive
the preferred frame where the stress tensor is diagonal,
now we have to find the eigenvalues of the full tw
dimensional energy momentum tensorT̄b.r .

ab 1^T̄ab&, with

T̄b.r .
ab 5E r dr du Tb.r .

ab . ~135!

2. Energy per unit length and tension with back reaction

Using the dimensionless field,DQ̃ andSQ̃, with the ex-
pressions of the currents given in Eqs.~106! and ~107!, one
gets, after some algebra, the full expression of the st
tensor with corresponding eigenvalues

ar- FIG. 7. The dimensionless back reacted gauge fieldsDQ̃ and

SQ̃, generated by the fermion currents. They do not lead to n
long-range effects since they acquire non-zero mass outside
string core due to their coupling with the Higgs fields.
8-17
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Û5M22I ~Qx ,Qc!R̂xR̂c14pAS R̂x
22

1

2Le
2D S R̂c

22
1

2Le
2D , ~136!

T̂5M22I ~Qx ,Qc!R̂xR̂c24pAS R̂x
22

1

2Le
2D S R̂c

22
1

2Le
2D , ~137!

with the scaled state parameters

R̂x5RxA12
mb

2

2p2h2
~ I Dx2I D2!sin2S Qx2

p

4 D , ~138!

R̂c5RcA12
mb

2

2p2h2
~ I Sc2I S2!sin2S Qc2

p

4 D , ~139!

and the functionI (Qx ,Qc) defined by

I ~Qx ,Qc!5
mb

2

ph2

~ I Sx1I Dc!sinS Qx2
p

4
D sinS Qc2

p

4
D

A12
mb

2

2p2h2
~ I Dx2I D2!sin2S Qx2

p

4
DA12

mb
2

2p2h2
~ I Sc2I S2!sin2S Qc2

p

4
D

. ~140!

The numerical integrations previously carried out appear through pure numbers which depend only on the model pa
The couplingBm j m leads to the following quantities:

I Sx522E % d% SQ̃~% !
f̃ x~% !

qcf
, I Dc522E % d% DQ̃~% !

f̃ c~% !

qcf
, ~141!

I Sc522E % d% SQ̃~% !
f̃ c~% !

qcf
, I Dx522E % d% DQ̃~% !

f̃ x~% !

qcf
, ~142!

while the kinetic contribution of the new gauge fields appears through

I D25E % d%„]%DQ̃~% !…2, I S25E % d% „]%SQ̃~% !…2. ~143!

By means of the equations of motion~134! and the constant sign ofDQ̃ andSQ̃, I Dx andI Sc are found to be always positive
Intuitively, as in electromagnetism, the gauge field generated from charge currents tends to resist to the currents w
birth to it. In our case, the back reaction actually damps the weight of the charge carriers in the energy per unit len
tension. In fact, the relevant state parameters are nowR̂ instead ofR with R̂,R sinceI Dx and I Sc are positive. Moreover,
numerical calculations show that the kinetic contribution numbers~143! are always one order of magnitude smaller than th
resulting in the coupling between gauge fields and currents~141!, as expected for reasonable back reacted gauge field s
they only involve the square gradient of these fields@see Eq.~143!#. However, there is an additional term involving ne
dependence in the asymmetry between particles and anti-particles through theI (Qx ,Qc) function. In order to understand thi
point physically, let us derive the magnitude of the gauge current carried by the fermions. From Eq.~106! and Eq.~107!, once
the transverse coordinates have been integrated over, the dimensionless magnitude reads

j̃̄ 252~2qcf!2

F̃xF̃csinS Qx2
p

4
D sinS Qc2

p

4
D R̂xR̂c

A12
mb

2

2p2h2
~ I Dx2I D2!sin2S Qx2

p

4
DA12

mb
2

2p2h2
~ I Sc2I S2!sin2S Qc2

p

4
D

, ~144!
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with the dimensionless constants are

F̃x5E % d%
f̃ x~% !

qcf
, and F̃c5E % d%

f̃ c~% !

qcf
.

~145!

These numbers can be viewed as the effective charge ca
by the fermionic gauge currents since

j̃̄ 2

~2qcf!2F̃xF̃c

5
C̄ 2

4
. ~146!

The functionI (Qx ,Qc) therefore verifies

I ~Qx ,Qc!R̂xR̂c5
I Sx1I Dc

8pF̃xF̃c

j̃̄ 2, ~147!

and, as before, according to Eq.~134!, (I Sx1I Dc)/(F̃xF̃c) is
always positive, so the sign ofI directly reflects the spacelik
or timelike nature of the current. Thus, in addition to t
back reaction damping effect, there is a correction to
energy per unit length and tension directly proportional
the magnitude of the fermionic current. Note that this eff
appears as a correction due to back reaction and not, as
the case for cosmic string with bosonic current carriers
the zeroth order@14#.

3. Equation of state with back reaction

Unfortunately, the corrected expressions of the line d
sity energy and tension involve four independent state
rameters, and consequently are not easily represent

FIG. 8. The energy per unit length in unit ofM2 as function of

R̂x /M andR̂c /M , for spacelike currents withI (Qx ,Qc),0. The
influence of the finite length of the string just appears near the a
06350
ied

e

t
t is
t

-
a-
le.

However, they can be studied as functions of the dam
fermion densities R̂, modified only by the function
I (Qx ,Qc) which quantifies the efficiency of the fermioni
currents in generating back reacted gauge fields. In this w
the comparison with the zeroth order case is all the more
easy.

The study of the surfaces defined byÛ andT̂ in the plane
(R̂x ,R̂c) is less canonical than at zeroth order. Three criti
values of the functionI are found to modify the behaviors o
the tension and energy per unit length, namely,24p, 0, and
4p. However, only small values ofI are reasonable in this

s.

FIG. 9. Variation domains of the energy per unit length, plott

in unit of M2, in the (R̂x /M ,R̂c /M ) plane for timelike currents
with 0,I ,4p. The vertical hatched regions define domains wh

the line density energy could decrease withR̂x whereas the hori-
zontal ones are regions where the line density energy could

crease withR̂c . On one hand, these domains are asymptotica

limited by the curvesR̂5(2p/Le)A2/(16p22I 2) and therefore co-
incide with the axis for large values ofLe . On the other hand, for
reasonable values ofI !4p, there is no accessible quantum sta
inside, the first one being shown as a dot. As a result the energy

unit length always grows with the parametersR̂ and is always
positive.
8-19
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model as it is discussed in the next section. This analys
consequently constraints to values ofuI u,4p.

(a) Energy per unit length.The line density energy fol-
lows different behaviors according to the value ofI.

The first and simplest caseI ,0, obtained for spacelike
fermionic gauge currents, is very similar to the zeroth or
case, and the energy per unit length just grows a bit fa
with the damped fermion densitiesR̂x andR̂c , as in Fig. 8.

For timelike currents,I .0, we find that the back reactio
damps the growth of the density line energy with the ferm
densities. As a result the line density energy seems to
crease in some regions, and the stationary curves ofÛ with
respect toR̂x are given, from Eq.~136!, by

]Û

]R̂x

50⇔R̂c5
2p

Le
R̂xA 2

I 2

2Le
2

1~16p22I 2!R̂x
2

,

~148!

and thanks to the symmetry betweenR̂x and R̂c , similar
equations are obtained for]Û/]R̂c50. Finally, the variation
domains of the line density energy are represented in Fi
for 0,I ,4p. The first discrete values of the fermion de
sities~the length of the string is finite! have been represente
by dots in the (R̂x ,R̂c)-plane, and as can be seen in Fig.
for reasonable values ofI, there is no available quantum sta
inside the tiny decreasing regions. Consequently, the den
line energy always grows with the fermions densities a
remains positive. Since the stationary curves ofÛ are as-
ymptotically proportional to 1/Le,1/L @see Eq.~148!#, they
coincide with the axis in the infinite string limit. The surfac
describingÛ(R̂x ,R̂c) has also been plotted in Fig. 9 in un

FIG. 10. The tension for timelike currents withI .0, plotted in

unit of M2 in the (R̂x /M ,R̂c /M ) plane. Note the shift near th
axes due to the finite length of the string.
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normalized toM2, and for minimal acceptable value ofLe
510/M just in order to show the influence of the finit
length.

(b) Tension.The study of the tension with respect to th
fermion densities is performed in the same way. As bef
the stationary curves ofT̂ with respect toR̂x or R̂c are
found from Eq.~137!, and follow the same equation as tho
of the energy per unit length in Eq.~148!, although the varia-
tion domains are not the same and have been plotted in
11 for different values of the functionI.

For timelike fermionic gauge current,I .0, the tension
decreases faster than in the zeroth order case, with
damped fermionic densitiesR̂x and R̂c as in Fig. 10, and
reaches negative values at large densities~see Fig. 12!. The
back reaction just increases the slope of the surface, and
the negative values are reached more rapidly. As for
energy per unit length, the equivalent length was cho
equal toLe510/M in the following figures.

For spacelike fermionic gauge currents,24p,I ,0, the
back reaction damps the decrease of the tension with res
to the damped fermion densities. There are also tiny regi
near the axis, with areas inversely proportional toLe , and
whereT̂ could grow with respect to one of the state para
etersR̂x or R̂c ~see Fig. 11!. As previously, for reasonable
values ofI, the first discrete values of the parameters are
of these domains, and the tension always decreases with
fermion densities. Finally, the tension reaches negative
ues at large damped fermion densities~see Fig. 12!.

4. Relevant values of the parameters

The previous derivation of the back reaction is built
the classical vortex background and it is acceptable onl
the back reacted gauge fields do not perturb appreciably
Higgs and orthoradial gauge fields profiles~see Fig. 4!. From
Eq. ~16!, it will be the case only ifQtQt and QzQz can be
neglected compared toQuQu . From Eq.~133!, and QuQu

;mb
2 , this condition reads

~qcf!2DBSB

QuQu
;

RxRcsinS Qx2
p

4 D sinS Qc2
p

4 D
ph2

mb
2

ph2

3DQ̃SQ̃!1, ~149!

or as function ofI (Qc ,Qx) and the damped fermion dens
ties,

I ~Qx ,Qc!
R̂xR̂c

ph2
!1. ~150!
8-20
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This condition is satisfied for damped fermion densit
small compared to the string energy scale, or for tiny val
of the functionI (Qc ,Qx). Moreover, the back reacted gaug
fields need to be small in order to not significantly pertu
the zero modes. From the equations of motion~22! and~24!,
this condition leads toDB,SB!R and from Eq.~133! to

mb
2

h2

cc(x)

cf
S~D!Q̃~0!!1. ~151!

On the other hand, the maximum value ofI in Eq. ~140! is
clearly obtained when there are only particles or an
particles trapped in the string (Q50 or Q5p), and deriving
the order of magnitude of the numerical integral in Eq.~141!,

FIG. 11. Variation domains of the tension, plotted in unit ofM2,

for spacelike currents with24p,I ,0, in the (R̂x /M ,R̂c /M )
plane. These regions have the same geometrical properties a
line density energy ones in Fig. 9, but this time, the zones w

vertical hatches are domains whereT̂ could grow with respect to

R̂x , whereas the horizontal ones correspond to growth with res

to R̂c . For reasonable values ofI, the discrete values ofR̂, repre-
sented by dots, are out of these regions, and the tension al
decrease with both fermion densities.
06350
s
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using Eqs.~134! and ~108!, ~109!, one shows that the larg
values ofI ~as I .4p) can only be obtained for model pa
rameters which verify

mb
2

h2

cc(x)

cf
S~D!Q̃~0!.1. ~152!

As a result, in order for the back reacted gauge fields no
modify the equations of motion of the fermions at first ord
the functionI has to be much smaller than 4p. If it is not the
case, then the previous zero modes are no longer valid s
tions and the relevant equations of motion, in the case of
C fermions, now read, from Eq.~22!

the
h

ct

ys

FIG. 12. Sign of the tension for timelike currents withI .0, and
spacelike currents with24p,I ,0, the curves have been plotte
with Le510/M in aim at clearly separating the various regions.
the timelike case, the domain where the tension is positive is clo

the null tension curves intersecting the axes atR̂5A2LeM
2/I ,

whereas for spacelike currents, the null tension curves tends as

totically to R̂5(2p/Le)A2/(16p22I 2). Recall that the regions
whereT,0 are unstable with respect to transverse string pertu
tions according to the macroscopic formalism.
8-21
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S dj1

dr
1

1

r
@2qccR

B~r !1m1#j1~r ! D2 igw~r !j4~r !5 i @7~k1v!1qccR
DB#j2~r !,

S dj2

dr
1

1

r
@qccR

B~r !2m2#j2~r ! D2 igw~r !j3~r !5 i @6~k2v!2qccR
SB#j1~r !,

~153!S dj3

dr
1

1

r
@2qccL

B~r !1m3#j3~r ! D1 igw~r !j2~r !5 i @7~k2v!1qccL
SB#j4~r !,

S dj4

dr
1

1

r
@qccL

B~r !2m4#j4~r ! D1 igw~r !j1~r !5 i @6~k1v!2qccL
DB#j3~r !,
g
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where the angular dependence has not been written owin
Eq. ~31! and assumingm15m31n. The zero modes seem t
acquire an effective mass proportional toDB or SB. More
precisely, they are no longer eigenstates of theg0g3 operator
since new spinor components appear@j1 , j4 here, see Eq
~32! and Eq.~33!#. It is clearly a second order effect since th
gauge coupling constantq can be removed in the previou
equations~153! using Eq.~133! and assuming

j5X1q2dj, ~154!

with X the zero mode solutionk52v for C fermions@see
Eq. ~42!#, and q2dj the perturbation induced by the bac
reaction@35#. As a result, for strong back reaction, the sem
classical approach can no longer be used, since such se
order effects appear as the semi-classical manifestation
the one loop quantum corrections, and thus, only a full qu
tum theory would be well defined. However, if there is on
one kind of fermion trapped in the string,C say, the zero
modes are not affected by the back reaction sinceDB is only
generated from theX current, and therefore vanishes@see Eq.
~134!#, soj5X is always solution of the equations of motio
~153!, and identically for theX zero modes alone@34#. Note,
that there is no contradiction with the usual index theor
since it is derived for Dirac operators, and thus without ba
reacted fields. This just shows that the modes propagatin
the vortex with strong back reacted gauge fields are
longer well described by the usual zero modes. Physicall
might be the signature of a tunneling of the zero modes
another states. The massive modes which have not been
sidered here could be more relevant in such cases.

On the other hand, the shape of the string might allow
fermion densitiesR̂x andR̂c to reach the tiny regions wher
the energy decreases with one of them~see Fig. 9!, by means
of the zero mode vacuum quantum effects. The present
model does not involve the effect of the radius of curvaturR
of the string, and it is reasonable that the contribution of
zero mode vacuum to the energy per unit length involveR
through a redefinition ofLe . If Le becomes smaller thanL,
the first discrete values of the fermion densities could
inside the hatched regions in Fig. 9, since the discrete va
of the fermion densities only depend on the physical len
of the stringL. Note that it would therefore be necessary th
the zero mode vacuum energy is negative, which is not
06350
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case without curvature in the simple framework of Se
IV B 1. Such effects could be relevant for vorton stabilit
as, for a small radius of curvature, the string could beco
unstable to fermion condensation.

Finally, the model can be used only at the tree order,
the conditions~150! and~151! are the validity criteria of the
above derivations.

VI. COMPARISON WITH THE SCALAR CASE

Owing to the fermionic two-dimensional quantizatio
along the string, the energy per unit length and the tensio
a string carrying massless fermionic currents have been
rived up to the first order in back reaction corrections. T
state of the string is found to be well defined with four sta
parameters which are the densities of each fermion trap
in the string, and asymmetry angles between particles
anti-particles in each fermion family. It seems quite differe
than the bosonic charge carriers case, where the current m
nitude is the only relevant state parameter@14#, however, this
is the result of the allowed purely classical approach wh
the superposition of many quantum states can be view
only one classical state owing to the bosonic nature of
charge carriers. As a result, there is a degeneracy betw
the number of bosons trapped in the string and the cha
current. The quantization introduced to deal with fermio
naturally leads to separate the charge current from the
ticle current through the existence of anti-particle exitatio
Moreover, the magnitude of the current can only modify t
equation of state at non-zeroth order because the chiral
ture of fermions trapped in the string requires simultane
exitations between the two families to lead to non-lightli
charge currents.

Nevertheless, some global comparisons can be made
the scalar case. First, for reasonable values ofI !4p, the
energy per unit length grows with the fermionic densitie
whereas the tension decreases with them. However, note
relevant parameter for the change in behaviors of the ten
and line density energy is the functionI (Qx ,Qc) instead of
the current magnitude in the scalar case. As it was saiI
quantifies, through the asymmetry between the numbe
particles and anti-particles trapped in the string, the e
ciency of the charge current per particle to be timelike
spacelike. The more positive isI, the more timelike the fer-
8-22
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EQUATION OF STATE OF COSMIC STRINGS WITH . . . PHYSICAL REVIEW D63 063508
mionic charge current per particle will be, and conversely
more negativeI is, the more spacelike it will be. Once agai
this difference with the scalar case appears as a result o
degeneracy breaking between particle current and ch
current due to the fermionic nature of the charge carriers

The stability of the string with respect to transverse p
turbations is given from the macroscopic formalism by t
sign of the tension~for line density energy positive! @19#, and
we find that instabilities always occur for densities rough
close toM /A4p1I , in finite domain for timelike current, in
infinite one for spacelike currents with24p,I ,0. Another
new results are obtained from the multi-dimensional prop
ties of the equation of state, in particular the problem
stability with respect to longitudinal perturbations diffe
from the scalar baryotropic case where the longitudinal p
turbations propagation speed is given bycL

252dT/dU @19#,
and therefore its two-dimensional form has to be derived
conclude on these kinds of instabilities. Nevertheless,
analogy with the scalar case, since, in the non-perturbed
and in the infinite string limit, the equation of state verifi
U1T52M2 @22#, the longitudinal perturbation propagatio
speed might be close to the speed of the light, even w
small back reaction, and therefore, only transverse stab
would be relevant in macroscopic string stability with ma
less fermionic currents.

VII. CONCLUSION

The energy per unit length and the tension of a cos
string carrying fermionic massless currents were derived
the frame of the Witten model in the neutral limit. Contra
to bosonic charge carriers, the two-dimensional quantiza
required to deal with fermions, leads to more than one s
parameter in order to yield a well-defined equation of sta
They can be chosen, at zeroth order, as fermion dens
trapped in the string regardless of charge conjugation.
minimal back reaction correction appears through the fer
onic charge current magnitude which involves the asymm
try angles between the number of particles and anti-parti
trapped in the string, and which might be identified with t
D

.

ys
.
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baryonic number of the plasma in which the string w
formed during the phase transition. As a result, it is sho
that fermionic charge currents can be lightlike, spacelike
well as timelike. Moreover the line energy density and t
tension evolve globally as in the bosonic charge carri
case, but it was found that the tension can take nega
values in extreme regions where the fermion densities
close to the string mass, and where the string is there
unstable with respect to transverse perturbations accordin
the macroscopic formalism.

The present model has been built on the generic existe
of fermionic zero modes in the string and follows only
semi-classical approach. It is no longer valid for higher c
rections in the back reaction when they modify notably t
vortex background and seem to give effective mass to
previous zero modes. It may be conjectured, at this sta
that in a full quantum theory, the quantum loop correctio
give mass to the zero modes for high currents and con
quently might lead to their decay by the mean of mass
states. Only chiral charge currents could be stable on cos
string carrying large fermionic massless currents in suc
case. Another possible effect, relevant for vortons stabil
may be expected for loops with small radius of curvature,
means of the vacuum effects which could render the lo
unstable to fermion condensation.

It will be interesting to quantify such modifications on th
equation of state in future works, as the effects of worldsh
curvature, and the modification of the density line ener
and tension by the massive bound states. The field of vali
of the model could therefore be extended to higher ene
scales which would be more relevant for vortons and str
formation.
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