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❆❜str❛❝t

❆ ❝❛♥♦♥✐❝❛❧ P❛rt✐❝❧❡ ❙✇❛r♠ ❖♣t✐♠✐s❛t✐♦♥ ♠♦❞❡❧ r❡q✉✐r❡s ♦♥❧② t❤r❡❡

❛❧❣❡❜r❛✐❝ ♦♣❡r❛t♦rs✱ ♥❛♠❡❧② ✏♠♦❞✐❢②✐♥❣ ❛ ✈❡❧♦❝✐t②✑✱ ✏❝♦♠❜✐♥✐♥❣ t❤r❡❡ ✈❡✲

❧♦❝✐t✐❡s✑✱ ❛♥❞ ✏❛♣♣❧②✐♥❣ ❛ ✈❡❧♦❝✐t② t♦ ❛ ♣♦s✐t✐♦♥✑✱ ✇❤✐❝❤ ❝❛♥ ❤❛✈❡ ❛ ❧♦t ♦❢

❡①♣❧✐❝✐t tr❛♥s❝r✐♣t✐♦♥s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❜✐♥❛r② ♦♣t✐♠✐s❛t✐♦♥✱ ✐t ✐s ♣♦ss✐✲

❜❧❡ t♦ ❞❡✜♥❡ ❛ t♦♦❧❜♦① ♦❢ s♣❡❝✐✜❝ ♦♥❡s✱ ❛♥❞ t♦ ❞❡r✐✈❡ t❤❡♥ s♦♠❡ à ❧❛ ❝❛rt❡

♦♣t✐♠✐s❡rs t❤❛t ❝❛♥ ❜❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❡①tr❡♠❡❧② ❡✣❝✐❡♥t ♦♥❧② ♦♥ s♦♠❡ ❦✐♥❞

♦❢ ♣r♦❜❧❡♠s✱ ♦r ♦♥ t❤❡ ❝♦♥tr❛r② ❥✉st r❡❛s♦♥❛❜❧② ❡✣❝✐❡♥t ❜✉t ✈❡r② r♦❜✉st✳

❋♦r ✏❛♠❛t❤❡✉rs✑ ✇❤♦ ✇♦✉❧❞ ❧✐❦❡ t♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢

❜✐♥❛r② P❙❖ ❛❧❣♦r✐t❤♠s ❛♥ ❆♣♣❡♥❞✐① ❣✐✈❡s s♦♠❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts✳

✶ ❈❛♥♦♥✐❝❛❧ P❙❖ ❛♥❞ ❇✐♥❛r② ♠♦❞❡❧

✶✳✶ ❈❛♥♦♥✐❝❛❧ P❙❖

❆ ❞❡t❛✐❧❡❞ ❞❡s❝r✐♣t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❈▲❊ ✵✹❪✳ ▲❡t✬s ❣✐✈❡ ❤❡r❡ ❥✉st
❛ q✉✐❝❦ ♦♥❡✳ ❆s ✉s✉❛❧❧②✱ ✐♥ ❛ s❡❛r❝❤ s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ D ✱ ✇❡ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❉✲✈❡❝t♦rs ❢♦r ❛ ❣✐✈❡♥ ♣❛rt✐❝❧❡✿

• t❤❡ ♣♦s✐t✐♦♥ x

• t❤❡ ✈❡❧♦❝✐t② v

• t❤❡ ❜❡st ♣r❡✈✐♦✉s ♣♦s✐t✐♦♥ p

• t❤❡ ❜❡st ♣r❡✈✐♦✉s ♣♦s✐t✐♦♥ g ❢♦✉♥❞ ✐♥ ✐ts ✐♥❢♦r♠❛♥t ❣r♦✉♣✳

❲❡ ❛ss✉♠❡ ❤❡r❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❧✐♥❦s ❛r❡ ✐♥✐t✐❛❧✐s❡❞ ❛t r❛♥❞♦♠✱ ❛♥❞

r❡✲✐♥✐t✐❛❧✐s❡❞ t❤❡ s❛♠❡ ✇❛② ❛❢t❡r ❡❛❝❤ ♥♦♥ ❡✣❝✐❡♥t ✐t❡r❛t✐♦♥ ✭✐✳❡✳ t❤❡
❜❡st ✜t♥❡ss ✈❛❧✉❡ ✐s st✐❧❧ t❤❡ s❛♠❡✮✱ ❡①❝❡♣t ❜❡❧♦✇ ❢♦r ❉❡r✐✈❛t✐♦♥ ✶✵✵
t❤❛t ✉s❡s t❤❡ ❝❧❛ss✐❝❛❧ ❝✐r❝✉❧❛r ♥❡✐❣❤❜♦✉r❤♦♦❞✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❡❛❝❤
♣❛rt✐❝❧❡ ✐♥❢♦r♠s ✐ts❡❧❢ ❛♥❞ ❝❤♦♦s❡ ❛❧s♦ ❛t r❛♥❞♦♠ K − 1 ♣❛rt✐❝❧❡s t♦
✐♥❢♦r♠s✳ ❙♦✱ ❝♦♥✈❡rs❡❧②✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ❡❛❝❤ ♣❛rt✐❝❧❡ ✐s
✐♥❢♦r♠❡❞ ❜② ❛ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s t❤❛t ✐s ♥♦t ♥❡❝❡ss❛r② ❡q✉❛❧ t♦ K ✳

✶



P♦s✐t✐♦♥s ❛♥❞ ✈❡❧♦❝✐t✐❡s ❛r❡ ✐♥✐t✐❛❧✐s❡❞ ❛t r❛♥❞♦♠ ❛s ✉s✉❛❧❧②✳ ❆❢t❡r
t❤❛t✱ ❛t ❡❛❝❤ t✐♠❡ st❡♣✱ ❡❛❝❤ ♠♦✈❡ ♦❢ ❛ ♣❛rt✐❝❧❡ ✐s ❝♦♠♣✉t❡❞ ❜② ❝♦♠✲
❜✐♥✐♥❣ t❤r❡❡ t❡♥❞❡♥❝✐❡s✿

✶✳ ❦❡❡♣✐♥❣ s♦♠❡ ❞✐✈❡rs✐t②✱ ✐✳❡✳ ♠♦❞✐❢②✐♥❣ t❤❡ ✈❡❧♦❝✐t②✳ ▼♦st ♦❢ t❤❡ t✐♠❡✱ ✐♥
❝❧❛ss✐❝❛❧ P❙❖✱ t❤❡ ❞✐r❡❝t✐♦♥ ✐s ♥♦t ♠♦❞✐✜❡❞

✷✳ ❣♦✐♥❣ ❜❛❝❦ ♠♦r❡ ♦r ❧❡ss t♦✇❛r❞s t❤❡ ❜❡st ♣r❡✈✐♦✉s ♣♦s✐t✐♦♥ p✱ ✐✳❡✳ ❝❤♦♦s✐♥❣
❛ ♣♦✐♥t ✧❛r♦✉♥❞✧ p✱ ✉s✉❛❧❧② ❜② ♠♦❞✐❢②✐♥❣ t❤❡ ✈❡❝t♦r p− x

✸✳ ❣♦✐♥❣ ♠♦r❡ ♦r ❧❡ss t♦✇❛r❞s t❤❡ ❜❡st ♣r❡✈✐♦✉s ♣♦s✐t✐♦♥ g ♦❢ t❤❡ ✐♥❢♦r♠❛♥ts✱
✐✳❡✳ ❝❤♦♦s✐♥❣ ❛ ♣♦✐♥t ✧❛r♦✉♥❞✧ g✱ ✉s✉❛❧❧② ❜② ♠♦❞✐❢②✐♥❣ t❤❡ ✈❡❝t♦r g − x

❚❤✐s ❝♦♠❜✐♥❛t✐♦♥ ❣✐✈❡s ❛ ♥❡✇ ✈❡❧♦❝✐t② t❤❛t ✐s ✏❛❞❞❡❞✑ t♦ t❤❡ ❝✉rr❡♥t
♣♦s✐t✐♦♥ t♦ ♦❜t❛✐♥ t❤❡ ♥❡✇ ♦♥❡✳ ❚❤✐s ♥❡✇ ♣♦s✐t✐♦♥ ✐ts❡❧❢ ♠❛② ❜❡ ✉♣✲
❞❛t❡❞ t♦ t❛❦❡ s♦♠❡ ❝♦♥str❛✐♥ts ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥ ♦♥❡s
❛r❡ ✧✐♥t❡r✈❛❧ ❝♦♥str❛✐♥ts✧✿ ❢♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥✱ t❤❡ ♣♦s✐t✐♦♥ ❝♦♠♣♦✲
♥❡♥t ❤❛s t♦ ❜❡ ✐♥ ❛ ❣✐✈❡♥ ✐♥t❡r✈❛❧ ✭❝♦♥t✐♥✉♦✉s ♦r ❞✐s❝r❡t❡✮✳ ▼♦r❡
❣❡♥❡r❛❧❧②✱ ❧❡t✬s ❞❡✜♥❡ ⌊a⌋k❛s ❛ ♣♦st✲❝♦♥str❛✐♥t k ❛♣♣❧✐❡❞ t♦ t❤❡ ✈❡❝t♦r
a✳

❚❤❡ ♣r♦❝❡ss ❝❛♥ ❜❡ s✉♠♠❛r✐s❡❞ ❜②





v ← ⊕
ṽαp̃β g̃γ

x ← x⊕ v
x ← ⌊x⌋η
v ← ⌊v⌋δ

♦r





v ← ⊕
ṽαp̃β g̃γ

v ← ⌊v⌋δ
x ← x⊕ v
x ← ⌊x⌋η

✇❤❡r❡

ãk ♠❡❛♥s ✏♠♦❞✐❢② t❤❡ ✈❡❝t♦r a❜② ✉s✐♥❣ ❛ ❣✐✈❡♥ ♠❡t❤♦❞ k̃✑
⊕

abc ♠❡❛♥s ✏❝♦♠❜✐♥❡ t❤❡ t❤r❡❡ ✈❡❝t♦rs a ✱ b✱ ❛♥❞ c✑

a⊕ b ♠❡❛♥s ✏✏❛❞❞✑ t❤❡ t✇♦ ✈❡❝t♦rs a ❛♥❞ b”✳

■♥ t❤❡ ✜rst ❢♦r♠✱ t❤❡ ✈❡❧♦❝✐t② ✐s ✏❛❞❞❡❞✑ t♦ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ ❝♦♥✲
str❛✐♥❡❞ ♦♥❧② ❛❢t❡r t❤❛t ❢♦r t❤❡ ♥❡①t ✐t❡r❛t✐♦♥✱ ❛s ✐♥ t❤❡ s❡❝♦♥❞ ❢♦r♠✱
✐t ✐s ❝♦♥str❛✐♥❡❞ ❜❡❢♦r❡ t♦ ❜❡ ✉s❡❞ t♦ ♠♦❞✐❢② t❤❡ ♣♦s✐t✐♦♥✳

❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❝❧❛ss✐❝❛❧ P❙❖ ❡q✉❛t✐♦♥s ❛r❡

{
vd ← c1vd + rand (0, c) (pd − xd) + rand (0, c) (gd − xd)
xd = xd + vd

✷



❋♦r t❤✐s ❛❧❣♦r✐t❤♠✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦r ❞❡✜♥✐t✐♦♥s✿

α̃ ✐s ✏♠✉❧t✐♣❧② ❡❛❝❤ ❝♦♠♣♦♥❡♥t ❜② t❤❡ s❛♠❡ ❝♦❡✣❝✐❡♥t c1✑ ✭t❤❡ ❞✐r❡❝t✐♦♥
✐s t❤❡♥ ♥♦t ♠♦❞✐✜❡❞✮

β̃ ✏❛♣♣❧✐❡❞ t♦ a ✱ ♠✉❧t✐♣❧② ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ a−x ❜② ❛ r❛♥❞♦♠ ♥✉♠❜❡r
✭✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✮ ❜❡t✇❡❡♥ ✵ ❛♥❞ c✑

γ̃ ✐s ✐❞❡♥t✐❝❛❧ t♦ β̃

⊕
✐s ✏❛❞❞ t❤❡ t❤r❡❡ ✈❡❝t♦rs✑

⊕ ✐s ✏❛❞❞ t❤❡ t✇♦ ✈❡❝t♦rs✑

✶✳✷ ❚♦♦❧❜♦①

◆♦✇ ✇❡ ❤❛✈❡ t♦ ❣✐✈❡ s♦♠❡ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❞✐✛❡r❡♥t ♦♣❡r❛t♦rs
❢♦r ❜✐♥❛r② ♦♣t✐♠✐s❛t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡r❡ ✐s ❛❧✇❛②s ❛t ❧❡❛st t❤❡ ✐♥t❡r✈❛❧
❝♦♥str❛✐♥t xd ∈ {0, 1}✳ ■♥ t❤❡ t❛❜❧❡ ✶ ②♦✉ ❝❛♥ s❡❡ ❛ s❡t ♦❢ ♣♦ss✐❜❧❡
♦♣❡r❛t♦rs✳ ❚❤❡ mod+ ❢✉♥❝t✐♦♥ ✐s ❛ ♠♦❞✉❧♦ ❢✉♥❝t✐♦♥ ❣✐✈✐♥❣ ♦♥❧② ♥♦♥
♥❡❣❛t✐✈❡ ✈❛❧✉❡s✳ ❇② ❝❤♦♦s✐♥❣ t❤r❡❡ ♦♣❡r❛t♦rs ✐♥ ❝♦❧✉♠♥ ❆✱ ♦♥❡ ✐♥
❝♦❧✉♠♥ ❇✱ ♦♥❡ ✐♥ ❝♦❧✉♠♥ ❈✱ ❛♥❞ t✇♦ ✐♥ ❝♦❧✉♠♥ ❉✱ ②♦✉ ❝❛♥ ❞❡✜♥❡ ❛
♥❡✇ ❦✐♥❞ ♦❢ ❜✐♥❛r② ♦♣t✐♠✐s❡r✳ ❋♦r ❡①❛♠♣❧❡✱ ❛♥ ❛❧❣♦r✐t❤♠ ❆✶✲❆✶✲❆✸✲
❇✶✲❈✶✲❉✶ ✭✇❤✐❝❤ ✐s t❤❡ ♣✐✈♦t ♠❡t❤♦❞ ❞❡✜♥❡❞ ❜❡❧♦✇ ❛s ❉❡r✐✈❛t✐♦♥
✶✶✮ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✿

❞♦♥✬t ✉s❡ v

❞♦♥✬t ✉s❡ p

♠♦❞✐❢② ❛t r❛♥❞♦♠ ❛ ❝♦♥st❛♥t ❜✐t ♥✉♠❜❡r ♦❢ g

✉s❡ t❤❡ ♠♦❞✐✜❡❞ g ❛s t❤❡ ♥❡✇ ♣♦s✐t✐♦♥

✸



❆✿ã ❇✿⊕abc ❈✿a⊕ b ❉✿⌊a⌋
✶ ♥♦t❤✐♥❣ c b a
✷ a a + b + c a + b INT (a) mod+2
✸ ♠♦❞✐❢② ❛t r❛♥✲

❞♦♠ n ❜✐ts✱ ✇✐t❤
n r❛♥❞♦♠❧② ❝❤♦✲
s❡♥ ❜❡t✇❡❡♥ ✶
❛♥❞ ❛ ❝♦♥st❛♥t
✈❛❧✉❡

♣r♦❜❛❜✐❧✐st✐❝
❝❤♦✐❝❡ ✉s✐♥❣
adbdcd

−1 + INT (a) mod 3

✹ ♠♦❞✐❢② ❛t r❛♥✲
❞♦♠ n ❜✐ts ✇✐t❤
n r❛♥❞♦♠❧② ❝❤♦✲
s❡♥ ❜❡t✇❡❡♥ ✶
❛♥❞ ❛ ❞❡❝r❡❛s✐♥❣
✈❛❧✉❡

♠❛❥♦r✐t②
❝❤♦✐❝❡ ✉s✐♥❣
adbdcd

♣r♦❜❛❜✐❧✐st✐❝ ♠❛♣♣✐♥❣



u = 1
1+e−a

r = rand (0, 1)
u > r ⇒ 1
u ≤ r ⇒ 0

✺ ♠✉❧t✐♣❧② ❡❛❝❤
❜✐t ❜② ❛ ❞✐✛❡r❡♥t
r❛♥❞♦♠ ♥✉♠❜❡r

♣r♦❜❛❜✐❧✐st✐❝
❝❤♦✐❝❡ ✉s✐♥❣
bdcd

✻ ♠✉❧t✐♣❧② ❡❛❝❤
❜✐t ❜② t❤❡ s❛♠❡
r❛♥❞♦♠ ♥✉♠❜❡r

♠❛❥♦r✐t②
❝❤♦✐❝❡ ✉s✐♥❣
bdcd

✼ ♠✉❧t✐♣❧② ❡❛❝❤
❜✐t ❜② t❤❡
s❛♠❡ ❝♦♥st❛♥t
♥✉♠❜❡r

❚❛❜❧❡ ✶✿ ❚♦♦❧❜♦① ❡①❛♠♣❧❡ ❢♦r ❇✐♥❛r② P❙❖✳ ❨♦✉ ❝❛♥ ❞❡✜♥❡ ❛♥ ❛❧❣♦r✐t❤♠ ❜②
♣✐❝❦✐♥❣ ✉♣ ♦♣❡r❛t♦r ❞❡✜♥✐t✐♦♥s ✐♥ ❡❛❝❤ ❝♦❧✉♠♥✳ ❍♦✇❡✈❡r✱ ②♦✉ st✐❧❧ ❤❛✈❡ t♦
♣r❡❝✐s❡ s♦♠❡ ❞❡t❛✐❧s✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❞❡❝r❡❛s✐♥❣ r✉❧❡ ❢♦r t❤❡ r❛♥❞♦♠ ♥✉♠❜❡r
♦❢ ❜✐ts t♦ s✇✐t❝❤✳ ❆❧s♦ s♦♠❡ ❝❤♦✐❝❡s✱ ❧✐❦❡ ✉s✐♥❣ ♦♥❧② ❧✐♥❡ ✶✱ ❛r❡ ❝♦♠♣❧❡t❡❧②
✉♥✐♥t❡r❡st✐♥❣

◆♦t❡ t❤❛t s♦♠❡ ❝❤♦✐❝❡s ❛r❡ ♠❡❛♥✐♥❣❧❡ss ♦r ♥♦t ❝♦♥s✐st❡♥t✳ ❋♦r ❡①❛♠✲
♣❧❡✱ ✇✐t❤ ❆✷✲❆✷✲❆✷✲❇✶✲❈✶✲❉✶✲❉✶ t❤❡ ♣❛rt✐❝❧❡s ❞♦ ♥♦t ♠♦✈❡ ❛t ❛❧❧✦
❆❧s♦✱ ❝❧❡❛r❧②✱ ❉✸ ❞♦❡s ♥♦t ♠❛❦❡ s❡♥s❡ ✐❢ ❛♣♣❧✐❡❞ t♦ ❛ ♣♦s✐t✐♦♥✱ ❛s ✐t
❞♦❡s ✐❢ ❛♣♣❧✐❡❞ t♦ ❛ ✈❡❧♦❝✐t②✱ ❦❡❡♣✐♥❣ ✐t ✐♥ {−1, 0, 1}✳ ❙♦♠❡ ❝❤♦✐❝❡s st✐❧❧
❤❛✈❡ t♦ ❜❡ ♠♦r❡ ❞❡t❛✐❧❡❞✱ ❜② ❣✐✈✐♥❣ t❤❡ ♣r❡❝✐s❡ r✉❧❡s✱ ❢♦r ❡①❛♠♣❧❡
❢♦r t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❝❤♦✐❝❡✱ ♦r t❤❡ r❛♥❞♦♠ ♥✉♠❜❡r ♦❢ ❜✐ts t♦ ♠♦❞✐❢②✳
❲❡ ✇✐❧❧ s❡❡ t❤❛t ✐♥ t❤❡ ❉❡r✐✈❛t✐♦♥ s❡❝t✐♦♥✳ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ ✜rst
t♦ ❞❡❝✐❞❡ ♦♥ ✇❤❛t ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠s t❤❡ r❡s✉❧t✐♥❣ ♦♣t✐♠✐s❡rs ✇✐❧❧ ❜❡
t❡st❡❞✳

✹



✷ ❇❡♥❝❤♠❛r❦s

✷✳✶ ❙♦♠❡ ❞❡❝❡♣t✐✈❡ ❞❡❝❡♣t✐✈❡ ♣r♦❜❧❡♠s

■♥ ❜✐♥❛r② ♦♣t✐♠✐s❛t✐♦♥✱ ✐t ✐s ✈❡r② ❡❛s② t♦ ❞❡s✐❣♥ s♦♠❡ ❛❧❣♦r✐t❤♠s t❤❛t
❛r❡ ❡①tr❡♠❡❧② ❣♦♦❞ ♦♥ s♦♠❡ ❜❡♥❝❤♠❛r❦s ✭❛♥❞ ❡①tr❡♠❡❧② ❜❛❞ ♦♥ s♦♠❡
♦t❤❡rs✮✳ ■t ♠❡❛♥s ✇❡ ❤❛✈❡ t♦ ❜❡ ✈❡r② ❝❛r❡❢✉❧ ✇❤❡♥ ✇❡ ❝❤♦♦s❡ ❛ t❡st
❢✉♥❝t✐♦♥ s❡t✳ ■t ✐s ♥♦t r❛r❡ t❤❛t s♦♠❡ ❛✉t❤♦rs ✉s❡ ❛ t♦♦ s♠❛❧❧ ❜❡♥❝❤✲
♠❛r❦ s❡t ❛♥❞ ❝♦♥❝❧✉❞❡ ❛ ❜✐t t♦♦ r❛♣✐❞❧② t❤❛t t❤❡✐r ❛❧❣♦r✐t❤♠ ✐s ❛♥
✐♠♣r♦✈❡♠❡♥t✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❜❡♥❝❤♠❛r❦ ✉s❡❞ ✐♥ ❬❆▲❑ ✵✷❪ ✐♥ ♦r✲
❞❡r t♦ ♣r❡s❡♥t t❤❡ ▼✲❉✐P❙❖ ❛❧❣♦r✐t❤♠ ❝♦♥t❛✐♥s ♦♥❧② t❤r❡❡ ♣r♦❜❧❡♠s
✭❞❡s❝r✐❜❡❞ ❜❡❧♦✇✮ t❤❛t t❤❡ ❛✉t❤♦rs ❝❛❧❧ ✧❞❡❝❡♣t✐✈❡✧✳ ❇② ❝♦♠♣❛r✐♥❣
▼✲❉✐P❙❖ t♦ ❛ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠✱ t❤❡ ❛✉t❤♦rs ❝♦♥❝❧✉❞❡ t❤❛t t❤❡✐r
♠❡t❤♦❞ ✐s ❜❡tt❡r✳

❲❤❛t ✐s ✇r♦♥❣ ✐♥ t❤✐s ❛♣♣r♦❛❝❤❄ ❚❤❡ ♣♦✐♥t ✐s t❤❡ t❤r❡❡ ♣r♦❜❧❡♠s
t❤❡② ❤❛✈❡ ❝❤♦s❡♥ ❛r❡ ✐♥ ❢❛❝t ✇❤❛t ✇❡ ❝♦✉❧❞ ❝❛❧❧ ✧❞❡❝❡♣t✐✈❡ ❞❡❝❡♣t✐✈❡
♣r♦❜❧❡♠s✧✳ ■ ❞♦ ♥♦t s❛② ▼✲❉✐P❙❖ ✐s ♥♦t ❣♦♦❞✱ ■ ❥✉st s❛② t❤✐s ♣❛♣❡r
❞♦❡s ♥♦t r❡❛❧❧② ♣r♦✈❡ ✐t ✭♣❛rt✐❝✉❧❛r❧② ❢♦r t❤❡r❡ ❛r❡ ♥♦t ❡♥♦✉❣❤ ❞❡t❛✐❧s
t♦ r❡❝♦❞❡ t❤❡ ❛❧❣♦r✐t❤♠✱ s♦ t❤❡r❡ ✐s ♥♦ ✇❛② t♦ r✉♥ ✐t ♦♥ ♦t❤❡r ♣r♦❜✲
❧❡♠s✮✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱ t❤❡s❡ ♣r❡❝✐s❡ ♣r♦❜❧❡♠s ❝❛♥ ❜❡ s♦❧✈❡❞ ❡①tr❡♠❡❧②
q✉✐❝❦❧② ❜② s♦♠❡ s✐♠♣❧❡ P❙❖ ❞❡r✐✈❛t✐♦♥s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ |y| ❞❡♥♦t❡s
t❤❡ s✉♠ ♦❢ t❤❡ ❜✐ts ♦❢ t❤❡ str✐♥❣ y✳

✷✳✶✳✶ ●♦❧❞❜❡r❣✬s ♦r❞❡r✲✸

❚❤❡ ✜t♥❡ss f ♦❢ ❛ ❜✐t✲str✐♥❣ ✐s t❤❡ s✉♠ ♦❢ t❤❡ r❡s✉❧t ♦❢ s❡♣❛r❛t❡❧②
❛♣♣❧②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥ t♦ ❝♦♥s❡❝✉t✐✈❡ ❣r♦✉♣s ♦❢ t❤r❡❡ ❝♦♠✲
♣♦♥❡♥ts ❡❛❝❤✿

f1 (x) =





0.9 ✐❢ |y| = 0
0.6 ✐❢ |y| = 1
0.3 ✐❢ |y| = 2
1.0 ✐❢ |y| = 3

❋♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ str✐♥❣ ✐s x = 010110101✱ t❤❡ t♦t❛❧ ✈❛❧✉❡ ✐s f1 (010)+
f1 (110) + f1 (101) = 0.9 + 0.3 + 0.3 = 1.5

■❢ t❤❡ str✐♥❣ s✐③❡ ✐s D✱ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ✐s ♦❜✈✐♦✉s❧② D/3✱ ❢♦r t❤❡
str✐♥❣ 1111...111✳ ■♥ ♣r❛❝t✐❝❡✱ ✇❡ ✇✐❧❧ t❤❡♥ ✉s❡ ❛s ✜t♥❡ss t❤❡ ✈❛❧✉❡
D/3− f s♦ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✐s ♥♦✇ t♦ ✜♥❞ t❤❡ ♠✐♥✐♠✉♠ 0✳

✷✳✶✳✷ ❇✐♣♦❧❛r ♦r❞❡r✲✻

❚❤❡ ✜t♥❡ss ✐s t❤❡ s✉♠ ♦❢ t❤❡ r❡s✉❧t ♦❢ ❛♣♣❧②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥
t♦ ❝♦♥s❡❝✉t✐✈❡ ❣r♦✉♣s ♦❢ s✐① ❝♦♠♣♦♥❡♥ts ❡❛❝❤✿

✺



f2 (y) =





1.0 ✐❢ |y| = 0♦r 6
0.0 ✐❢ |y| = 1♦r 5
0.4 ✐❢ |y| = 2♦r 4
0.8 ✐❢ |y| = 3

❙♦ t❤❡ s♦❧✉t✐♦♥s ❛r❡ ❛❧❧ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ s❡q✉❡♥❝❡s 6①1 ❛♥❞ 6①0✳ ■♥
♣❛rt✐❝✉❧❛r✱ 1111...111 ❛♥❞ 0000...000 ❛r❡ s♦❧✉t✐♦♥s✳ ❚❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡
✐s D/6✳

✷✳✶✳✸ ▼ü❤❧❡♥❜❡✐♥✬s ♦r❞❡r✲✺

❚❤❡ ✜t♥❡ss ✐s t❤❡ s✉♠ ♦❢ t❤❡ r❡s✉❧ts ♦❢ ❛♣♣❧②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥
t♦ ❝♦♥s❡❝✉t✐✈❡ ❣r♦✉♣s ♦❢ ✜✈❡ ❝♦♠♣♦♥❡♥ts ❡❛❝❤✿

f (y) =





4.0 ✐❢ y = 00000
3.0 ✐❢ y = 00001
2.0 ✐❢ y = 00011
1.0 ✐❢ y = 00111
3.5 ✐❢ y = 11111
0.0♦t❤❡r✇✐s❡

❙♦ t❤❡ s♦❧✉t✐♦♥ ✐s 0000...000 ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ✐s 3.5D/5 ✳

✷✳✷ ❙♦♠❡ ♦t❤❡r ♣r♦❜❧❡♠s

✷✳✷✳✶ ❈❧❡r❝✬s ❩❡❜r❛✸

❆s ❛❧r❡❛❞② s❛✐❞✱ s♦♠❡ P❙❖ ❜✐♥❛r② ❞❡r✐✈❛t✐♦♥s ❛r❡ t♦♦ ❣♦♦❞ ♦♥ t❤❡
t❤r❡❡ ❛❜♦✈❡ ♣r♦❜❧❡♠s✳ ❙♦ ■ ❞❡s✐❣♥❡❞ ❛♥♦t❤❡r ♣r♦❜❧❡♠✱ s❧✐❣❤t❧② ♠♦❞✐✲
❢②✐♥❣ t❤❡ ●♦❧❞❜❡r❣✬s ♦♥❡s✱ ❜✉t t❤❛t r❡❛❧❧② ❞❡❝❡✐✈❡s t❤❡s❡ ❞❡r✐✈❛t✐♦♥s✳

❚❤❡ ✜t♥❡ss f ♦❢ ❛ ❜✐t✲str✐♥❣ ✐s t❤❡ s✉♠ ♦❢ t❤❡ r❡s✉❧t ♦❢ s❡♣❛r❛t❡❧②
❛♣♣❧②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥ t♦ ❝♦♥s❡❝✉t✐✈❡ ❣r♦✉♣s ♦❢ t❤r❡❡ ❝♦♠✲
♣♦♥❡♥ts ❡❛❝❤✳ ■❢ t❤❡ r❛♥❦ ♦❢ t❤❡ ❣r♦✉♣ ✐s ❡✈❡♥ ✭✜rst r❛♥❦❂✵✮✿

fz3 (y) =





0.9 ✐❢ |y| = 0
0.6 ✐❢ |y| = 1
0.3 ✐❢ |y| = 2
1.0 ✐❢ |y| = 2

■❢ t❤❡ r❛♥❦ ♦❢ t❤❡ ❣r♦✉♣ ✐s ♦❞❞✿

✻



fz3 (y) =





1.0 ✐❢ |y| = 0
0.3 ✐❢ |y| = 1
0.6 ✐❢ |y| = 2
0.9 ✐❢ |y| = 2

❙♦✱ t❤❡ s♦❧✉t✐♦♥ ♣♦✐♥t ✐s 111000111000... ❛♥❞ t❤❡

♠❛①✐♠✉♠ ✈❛❧✉❡ ✐s D/3✳❍❡r❡ ❛❣❛✐♥✱ ✇❡ ✇✐❧❧ ✉s❡ ✐♥ ♣r❛❝t✐❝❡ ❛s ✜t♥❡ss t❤❡ ✈❛❧✉❡
D/3− f s♦ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✐s ♥♦✇ t♦ ✜♥❞ t❤❡ ♠✐♥✐♠✉♠ 0✳

✷✳✷✳✷ ◗✉❛❞r❛t✐❝ ♣r♦❜❧❡♠

■t ✐s ❞❡✜♥❡❞ ❜②

f (x) = |D + xQx̃|

✇❤❡r❡ Q ✐s ❛ ❉①❉ ♠❛tr✐①✳

❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❝❛♥ ❣❡♥❡r❛t❡ Q ❛t r❛♥❞♦♠✱ ✇✐t❤ ❛ ❣✐✈❡♥ ❞❡♥s✐t② ♦❢
✶ ✈❛❧✉❡s✳ ◆♦t❡ t❤❛t ✇❡ ✉s❡ ❤❡r❡ t❤❡ ❝❧❛ss✐❝❛❧ ❜✐♥❛r② ✭❧♦❣✐❝❛❧✮ ❛❧❣❡❜r❛✳
■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ a2 = a✱ ❛♥❞ a + a = 0 ✳ ❙♦ t❤❡ ♣r♦❜❧❡♠ ✐s ✐♥
❢❛❝t ♥♦t t❤❛t ❞✐✣❝✉❧t✱ ❡✈❡♥ ❢♦r ❧❛r❣❡ ✐♥st❛♥❝❡s✱ ❛❧s♦ ❢♦r t❤❡r❡ ✉s✉❛❧❧②
❛r❡ s❡✈❡r❛❧ s♦❧✉t✐♦♥s✳ ❙♦♠❡ ❛✉t❤♦rs ❞♦ s♦❧✈❡ s♦♠❡ ✐♥st❛♥❝❡s ✇✐t❤ 9000
✈❛r✐❛❜❧❡s ❬●▲❖ ✵✷❪✱ ♦♥ ❛ t❡♥ ♣r♦❝❡ss♦rs ❈r❛② t❤♦✉❣❤✳ ■ ❞♦♥✬t ❤❛✈❡
♦♥❡ ❛t ❤❛♥❞✱ ❥✉st ❛ s♠❛❧❧ ❧❛♣t♦♣✱ s♦ t❤❡ ❡①❛♠♣❧❡ ❜❡❧♦✇ ✇✐❧❧ ❜❡ ❢❛r
♠♦r❡ ♠♦❞❡st✱ ✇✐t❤ D = 100✳

✷✳✷✳✸ ▼✉❧t✐♠♦❞❛❧ ♣r♦❜❧❡♠s

❲❡ ✉s❡ ❤❡r❡ t❤❡ r❛♥❞♦♠ ♣r♦❜❧❡♠ ❣❡♥❡r❛t♦r ❞❡✜♥❡❞ ✐♥ ❬❑❊◆ ✾✽❪✳
❚❤❡ ♣❛r❛♠❡t❡rs ❛r❡ t❤❡ ❞✐♠❡♥s✐♦♥ D ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣❡❛❦s✳ ❚❤❡
♠✐♥✐♠✉♠ ✈❛❧✉❡ ✐s 0✳

❋✐rst✱ t❤❡ ♣❡❛❦s ❛r❡ r❛♥❞♦♠❧② ♣✉t ♦♥ t❤❡ s❡❛r❝❤ s♣❛❝❡✳ ❚❤❡
❧❛♥❞s❝❛♣❡ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❈ ❝♦❞❡✿

❢♦r✭✐ ❂ ✵❀ ✐ ❁ ♣❡❛❦s❀ ✐✰✰✮

❢♦r✭❥ ❂ ✵❀ ❥ ❁ ❉❀ ❥✰✰✮ ❧❛♥❞s❝❛♣❡❬✐❪❬❥❪ ❂ r❛♥❞✭✮✫✵✶❀

❆❢t❡r t❤❛t✱ ❢♦r ❡❛❝❤ ♣♦s✐t✐♦♥ x✱ t❤❡ ✜t♥❡ss ✐s ❝♦♠♣✉t❡❞ ❛s ❢♦❧❧♦✇s✿

❢ ❂ ✵✳✵❀

❢♦r ✭❥ ❂ ✵❀ ❥ ❁ ♣❡❛❦s❀ ❥✰✰✮

④

❢✶ ❂ ✵✳✵❀

❢♦r ✭❦ ❂ ✵❀ ❦ ❁ ❉❀ ❦✰✰✮ ✐❢ ✭①❬❦❪ ❂ ❂ ❧❛♥❞s❝❛♣❡❬❥❪❬❦❪✮ ❢✶✰✰❀

✐❢ ✭❢✶ ❃ ❢✮ ❢ ❂ ❢✶❀

⑥

❢❂✶✲❢✴✭❞♦✉❜❧❡✮❉❀

✼



✸ ❇✐♥❛r② P❙❖ ❞❡r✐✈❛t✐♦♥s

❆❝t✉❛❧❧②✱ ■ ❤❛✈❡ ✇r✐tt❡♥ ❛❜♦✉t t✇❡♥t② P❙❖ ❞❡r✐✈❛t✐♦♥s ❢♦r ❜✐♥❛r②
♦♣t✐♠✐s❛t✐♦♥✱ ❢♦r ✐t ✐s q✉✐t❡ ❡❛s② ❜② ✉s✐♥❣ t❤❡ t❛❜❧❡ ✶✳ ■ ♣r❡s❡♥t ❤❡r❡
❥✉st t❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ ♦♥❡s ✭t❤❡✐r ❝♦❞❡ ♥✉♠❜❡r ✐s ♣✉r❡❧② ❛r❜✐tr❛r②✱
❛♥❞ r❡❢❡rr✐♥❣ t♦ t❤❡ ❈ s♦✉r❝❡ ❝♦❞❡ ②♦✉ ❝❛♥ ❞♦✇♥❧♦❛❞ ❢r♦♠ ♠② s✐t❡
▼❛t❤ st✉✛ ❛❜♦✉t P❙❖ ❤tt♣✿✴✴❝❧❡r❝✳♠❛✉r✐❝❡✳❢r❡❡✳❢r✴♣s♦✴✐♥❞❡①✳❤t♠✮✳

✸✳✶ ❉❡r✐✈❛t✐♦♥ ✵

❆❝❝♦r❞✐♥❣ t♦ t❤❡ t❛❜❧❡ ✶ ✐ts ❝♦❞✐✜❝❛t✐♦♥ ✐s ❆✶✲❆✺✲❆✺✲❇✷✲❈✷✲❉✷✲❉✸✳
❋♦r t❤✐s ✜rst ♦♥❡✱ ❧❡t✬s ❣✐✈❡ ❛ ♠♦r❡ ❝♦♠♣❧❡t❡ ❡①♣❧❛♥❛t✐♦♥✳ ❆s ❛ x
❝♦♠♣♦♥❡♥t ✐s ❡✐t❤❡r 0 ♦r 1✱ t♦ ✜♥❞ ❛♥♦t❤❡r ✈❛❧✉❡ ✇❡ ❝❛♥ ❛❞❞ 0✱ 1
✭♠♦❞✉❧♦ 2✮✱ ♦r −1 ✭♠♦❞✉❧♦ 2✮✳ ❙♦ t❤❡ ✐❞❡❛ ✐s t♦ ✉s❡ ✈❡❧♦❝✐t✐❡s ✇❤♦s❡
❝♦♠♣♦♥❡♥ts ❤❛✈❡ ❥✉st t❤❡s❡ t❤r❡❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s{−1, 0, 1}✱ ❛♥❞ t♦
❝♦♠❜✐♥❡ t❤❡ t❤r❡❡ t❡♥❞❡♥❝✐❡s s♦ t❤❛t t❤❡ r❡s✉❧t ✐s ❛❧✇❛②s 0 ♦r 1 ❥✉st
❜② ✉s✐♥❣ t❤❡ ♠♦❞✉❧♦ ❢✉♥❝t✐♦♥✳ ❚❤❡ ♣s❡✉❞♦✲❝♦❞❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s
❣✐✈❡♥ ❜❡❧♦✇✳

❋♦r ❡❛❝❤ ♣❛rt✐❝❧❡

■♥✐t✐❛❧✐s❡ ❡❛❝❤ x ❝♦♠♣♦♥❡♥t ❛t r❛♥❞♦♠ ✐♥ {0, 1}✳ ❙❡t g =
x ❛♥❞ p = x ✳

■♥✐t✐❛❧✐s❡ ❡❛❝❤ ✈ ❝♦♠♣♦♥❡♥t ❛t r❛♥❞♦♠ ✐♥ {−1, 0, 1}✳
❙❛② t❤❡ ♣❛rt✐❝❧❡ ✐♥❢♦r♠s ✐ts❡❧❢✳

■♥✐t✐❛❧✐s❡ ✐♥❢♦r♠❛t✐♦♥ ❧✐♥❦s ❛t r❛♥❞♦♠ t♦✇❛r❞s K −
1 ♣❛rt✐❝❧❡s ✭♥♦t ♥❡❝❡ss❛r✐❧② ❞✐❢❢❡r❡♥t✮✳

▲♦♦♣ ❛s ❧♦♥❣ ❛s t❤❡ st♦♣ ❝r✐t❡r✐♦♥ ✐s ♥♦t s❛t✐s❢✐❡❞✿

❋♦r ❡❛❝❤ ♣❛rt✐❝❧❡

❈❤♦♦s❡ ❛t r❛♥❞♦♠ ❛ ❝♦❡❢❢✐❝✐❡♥t c2 ✐♥ {−1, 1}
❈❤♦♦s❡ ❛t r❛♥❞♦♠ ❛ ❝♦❡❢❢✐❝✐❡♥t c3 ✐♥ {−1, 1}
❋✐♥❞ t❤❡ ❜❡st ✐♥❢♦r♠❛♥t ✭t❤❡ ♦♥❡ t❤❛t ❤❛s t❤❡ ❜❡st ♣r❡✈✐♦✉s ♣♦s✐t✐♦♥ g✮
❆♣♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥s✿



v ← v + c2 (p− x) + c3 (g − x)
x ← x + v
x ← (4 + x) mod 2
v ← (3 + v) mod 3− 1

❈♦♠♣✉t❡ t❤❡ ❢✐t♥❡ssf (x)
■❢ f (x) < f (p)t❤❡♥ p← x

■❢ t❤❡r❡ ❤❛s ❜❡❡♥ ♥♦ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ❜❡st ♣♦s✐t✐♦♥ ✐♥ t❤❡ ✇❤♦❧❡ s✇❛r♠✱ r❡✲✐♥✐t✐❛❧✐s❡ ❛t r❛♥❞♦♠ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❧✐♥❦s✳

❆s ✉s✉❛❧❧②✱ t❤❡ st♦♣ ❝r✐t❡r✐♦♥ ✐s ❡✐t❤❡r ✧t❤❡ s♦❧✉t✐♦♥ ❤❛s ❜❡❡♥ ❢♦✉♥❞✧
♦r ✧❛ ❣✐✈❡♥ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s ❤❛s ❜❡❡♥ ❞♦♥❡✳✧

❚❤✐s ❛❧❣♦r✐t❤♠ ❧♦♦❦s q✉✐t❡ s✐♠✐❧❛r t♦ t❤❡ ❝❧❛ss✐❝❛❧ P❙❖✳ ❍♦✇❡✈❡r✱
t❤❡r❡ ✐s ❛ tr✐❝❦✱ ✐t ✐s ❛❧♠♦st ❛ ❤♦❛① ❢♦r ✐t ✇♦r❦s ❡①tr❡♠❡❧② ✇❡❧❧ ♦♥ t❤❡

✽



pd gd ⇒ ✵ ✶

✵ ✵ rand {0, 1}
✶ rand {0, 1} ✶

❚❛❜❧❡ ✷✿ ❈❤♦✐❝❡ ♦❢ t❤❡ ♥❡✇ xd✈❛❧✉❡ ✏❛t t❤❡ ♠❛❥♦r✐t②✑ ❢♦r ❛❧❧ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢
t❤❡ t✇♦ ❜✐ts pdgd

t❤r❡❡ ❛❜♦✈❡ ✧❞❡❝❡♣t✐✈❡ ❞❡❝❡♣t✐✈❡✧ ♣r♦❜❧❡♠s✱ ❛♥❞ ♥♦t ❛t ❛❧❧ ♦♥ t❤❡
♦t❤❡rs✳ ❚r② t♦ ❣✉❡ss ✇❤② ✳✳✳

✸✳✷ ❉❡r✐✈❛t✐♦♥ ✼

❚❤✐s ♦♥❡ ✐s ♠♦r❡ s❡r✐♦✉s✳ ■ts ❝♦❞✐✜❝❛t✐♦♥ ✐s ❆✶✲❆✹✲❆✹✲❇✻✲❈✶✲❉✶✳ ❚❤❡
str✉❝t✉r❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❉❡r✐✈❛t✐♦♥ ✵ ❜✉t ❤❡r❡ t❤❡
✈❡❧♦❝✐t② ✐s ♥♦t ✉s❡❞✱ ❛♥❞ t❤❡ t✇♦ ♦t❤❡r t❡♥❞❡♥❝✐❡s ❛r❡ ❝♦♠♣✉t❡❞ ❜②
♠♦❞✐❢②✐♥❣ ❛t r❛♥❞♦♠ s♦♠❡ ❜✐ts✳

❚❤❡♥✱ ❢♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ d✱ ✇❡ ❤❛✈❡ t♦ ❝❤♦♦s❡ ❜❡t✇❡❡♥ t❤r❡❡ ♣♦ss✐❜❧❡
✈❛❧✉❡s✳ ❚❤❡ ✜♥❛❧ ♦♥❡ ✐s ❝❤♦s❡♥ ✧❛t t❤❡ ♠❛❥♦r✐t②✧✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
t❛❜❧❡ ✷

❚♦ ✐♠♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡✱ t❤❡ ♥✉♠❜❡rs ♦❢ ♠♦❞✐✜❡❞ ❜✐ts✱ ✐✳❡✳
r❡s♣❡❝t✐✈❡❧② np ✱ ❛♥❞ ng✱ ❛r❡ r❡❣✉❧❛r❧② ❞❡❝r❡❛s❡❞✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡
♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s T ✱ ✐❢ t❤❡ ♣r❡✈✐♦✉s ✐t❡r❛t✐♦♥ ❣❛✈❡ ❛♥
✐♠♣r♦✈❡♠❡♥t ✭t❤❡ ❜❡st ✈❛❧✉❡ ❢♦✉♥❞ ❜② t❤❡ s✇❛r♠ ✐s ❜❡tt❡r t❤❛♥ t❤❡
♣r❡✈✐♦✉s ♦♥❡✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s ❛r❡ ♥♦t ❛r❜✐tr❛r②✱ ❜✉t ♥♦t
r❡❛❧❧② ♣r♦✈❡❞ ❡✐t❤❡r✱ s♦✱ ❢♦r t❤❡ ♠♦♠❡♥t✱ ❥✉st s❛② t❤❡② ❛r❡ r✉❧❡s ♦❢
t❤✉♠❜✿

❆❢t❡r ✐♥✐t✐❛❧✐s❛t✐♦♥{
c0 = 0.5 ln (D) ln(K)

ln(S)

z = K
S

❆t ❡❛❝❤ t✐♠❡ st❡♣✱ ✐❢ ♥♦ ✐♠♣r♦✈❡♠❡♥t✱ z = z + z0



np = c0

ln(z)D

ng =

{ np

ln(K−1) ✐❢K > 2

np ❡❧s❡

✸✳✸ ❉❡r✐✈❛t✐♦♥ ✶✶

❚❤✐s ✐s ❛ s✐♠♣❧✐✜❝❛t✐♦♥ ❛♥❞ ❛ ❜✐♥❛r② ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ♣✐✈♦t ♠❡t❤♦❞
❬❙❊❘ ✾✼❪✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥✱ ✐ts ❝♦❞✐✜❝❛t✐♦♥ ✐s ❆✶✲❆✶✲❆✸✲❇✶✲❈✶✲❉✶✳
❚❤❡ ✐❞❡❛ ✐s t♦ ❥✉st ❧♦♦❦ ✧❛r♦✉♥❞✧ t❤❡ ❜❡st ♣r❡✈✐♦✉s ♣♦s✐t✐♦♥ g ♦❢ t❤❡
❜❡st ✐♥❢♦r♠❛♥t✱ t❤❛t ✐s t♦ s❛② t♦ ♠♦❞✐❢② ❛t r❛♥❞♦♠ ❛ ❢❡✇ ♥✉♠❜❡r ♦❢
g ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ❜❛s✐❝ ❛❧❣♦r✐t❤♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣

✾



x ← g
∆ ← INT (ln (D))
ρ ← 1 + INT (rand (1,∆))

❝❤♦♦s❡ ❛t r❛♥❞♦♠ ρ ❝♦♠♣♦♥❡♥ts ♦❢ x✱ ❛♥❞ s✇✐t❝❤ t❤❡♠✳

❉✐✣❝✉❧t t♦ ❞❡✜♥❡ s♦♠❡t❤✐♥❣ ♠♦r❡ s✐♠♣❧❡✦ ■♥ ♣r❛❝t✐❝❡✱ ❢♦r s♠❛❧❧ D
✈❛❧✉❡s ✭≤ 20✮✱ ✐t ✐s s♦♠❡t✐♠❡s ❛ ❣♦♦❞ ✐❞❡❛ t♦ ❦❡❡♣ ∆❡q✉❛❧ t♦ 3✳ ■t ✐s
✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ❞✉❡ t♦ t❤❡ ✐♥t❡❣❡r ♣❛rt ❢✉♥❝t✐♦♥ INT ✱ t❤❡ ρ
✈❛❧✉❡ ✐s ♥❡✈❡r ❡q✉❛❧ t♦ ∆ + 1✳ ❙♦✱ ❢♦r ∆ = 3✱ ✇❡ ❝❤♦♦s❡ ✷ ♦r t❤r❡❡
❝♦♠♣♦♥❡♥ts t♦ s✇✐t❝❤✳ ❚❤❡r❡ ✐s ❤❡r❡ ❛ s✉❜t✐❧✐t②✿ ✐t ❞♦❡s ♥♦t ♠❡❛♥
✇❡ ♥❡✈❡r s✇✐t❝❤ ❥✉st ♦♥❡ ❜✐t✱ ❢♦r t❤❡r❡ ✐s ❛ s♠❛❧❧ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡
ρ ❝♦♠♣♦♥❡♥ts ❝❤♦s❡♥ ❛t r❛♥❞♦♠ ❛r❡ ✐♥ ❢❛❝t t❤❡ s❛♠❡✳ ❆❝t✉❛❧❧②✱ t❤❡
♠♦r❡ ✐♥t✉✐t✐✈❡ ✈❛r✐❛♥t ✇✐t❤ ρ ← rand (1, 2, . . . ,∆)✇♦r❦s s♦♠❡t✐♠❡s ❢❛r
❜❡tt❡r ✭❢♦r ❡①❛♠♣❧❡ ♦♥ ▼✉❧t✐♠♦❞❛❧ ♣r♦❜❧❡♠✮✱ ❜✉t ❛❧s♦ s♦♠❡t✐♠❡s ❢❛r
✇♦rs❡✿ ✐t s❡❡♠s ✐t ✐s ❧❡ss r♦❜✉st✳

✸✳✹ ❉❡r✐✈❛t✐♦♥ ✶✵✵

❚❤✐s ❞❡r✐✈❛t✐♦♥ ✐s ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠ ❞❡✜♥❡❞
❜② ❏✐♠ ❑❡♥♥❡❞② ❛♥❞ ❘✉ss ❊❜❡r❤❛rt ❬❑❊◆ ✾✼❪✳ ■ts ❝♦❞✐✜❝❛t✐♦♥ ✐s ❆✼✲
❆✺✲❆✺✲❇✷✲❈✷✲❉✹✲❉✶✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝❧❛ss✐❝❛❧
✭❤✐st♦r✐❝❛❧✮ ❝♦♥t✐♥✉♦✉s P❙❖ ✐s t❤❛t ❡❛❝❤ ♥❡✇ ❝♦♠♣♦♥❡♥t ✐s s❡t t♦ 0 ♦r
1 ❜② ❛♣♣❧②✐♥❣ ❛ s✐❣♠♦✐❞ tr❛♥s❢♦r♠❛t✐♦♥ ❛♥❞ ❛ ♣r♦❜❛❜✐❧✐st✐❝ r✉❧❡✳

❆❧s♦✱ ♥♦t❡ t❤❛t ❤❡r❡ t❤❡ ✐♥❢♦r♠❛♥t ❣r♦✉♣ ✐s ✉s✉❛❧❧② t❤❡ ❝❧❛ss✐❝❛❧ ❝✐r❝✉✲
❧❛r ♦♥❡✱ ❛♥❞ ✐t ✐s ❝♦♠♣✉t❡❞ ❥✉st ♦♥❝❡✱ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣✳ ❋♦r ❡①❛♠♣❧❡✱
❢♦r K = 3 ❛♥❞ ✐❢ t❤❡ ♣❛rt✐❝❧❡s ❛r❡ ♥✉♠❜❡r❡❞ ❢r♦♠ 0 t♦ S − 1✱ t❤❡ ✐♥✲
❢♦r♠❛♥ts ♦❢ t❤❡ ♣❛rt✐❝❧❡ i ❛r❡ ♣❛rt✐❝❧❡s (i− 1) mod+S✱ i ✱ (i + 1)mod+S ✳
❖❢ ❝♦✉rs❡✱ ②♦✉ ❝❛♥ ❛❧s♦ ✉s❡ ✐t ✇✐t❤ t❤❡ r❛♥❞♦♠ ✐♥❢♦r♠❛t✐♦♥ ❧✐♥❦s ✇❡
❤❛✈❡ ❞❡✜♥❡❞ ❛❜♦✈❡✳ ❆❝t✉❛❧❧②✱ ✐t ✐s t❤❡♥ ♦❢t❡♥ ❜❡tt❡r✳

❚❤❡ ♠♦✈❡♠❡♥t ❡q✉❛t✐♦♥s ❛r❡





c1 = 1
c2 = 2
c3 = 2
vd ← c1vd + rand (0, c2) (pd − xd) + rand (0, c3) (gd − xd)
u ← xd + vd

u ← 1
1+e−u

r = rand (0, 1)
r < u ⇒ xd ← 1
r ≥ u ⇒ xd ← 0

◆♦t❡ t❤❛t ❢♦r t❤✐s ❛❧❣♦r✐t❤♠ ✐t ✐s s♦♠❡t✐♠❡s ❜❡tt❡r t♦ ✉s❡ t❤❡ ✧❣❧♦❜❛❧
❜❡st✧ ♠❡t❤♦❞ t♦ ❞❡✜♥❡ t❤❡ ✐♥❢♦r♠❛♥ts✱ ✐✳❡✳ K = S✳

✶✵



❆❧❣♦r✐t❤♠ ✸✵❉ ✻✵❉ ✾✵❉ ✶✺✵❉

●❆ ✵✳✺✽ ✭✶✵✵✵✵✵✮ ✹✳✵✺ ✭✶✵✵✵✵✵✮ ✺✳✺✺ ✭✶✵✵✵✵✵✮ ✶✸✳✷✻ ✭✶✵✵✵✵✵✮
▼✲❉✐P❙❖ ✵ ✭✺✹✶✼✮ ✵ ✭✷✻✸✻✽✮ ✵ ✭✸✾✽✽✺✮ ✵ ✭✼✺✶✺✵✮
❉❡r✐✈❛t✐♦♥
✵ ❙✷ ❑✷

✵ ✭✸✵✮ ✵ ✭✸✶✮ ✵ ✭✸✷✮ ✵ ✭✸✷✮

❉❡r✐✈❛t✐♦♥
✵ ❙✸✺ ❑✸

✵ ✭✸✼✷✮ ✵ ✭✹✵✵✮ ✵ ✭✹✶✶✮ ✵ ✭✹✷✻✮

❚❛❜❧❡ ✸✿ ●♦❧❞❜❡r❣✬s ♦r❞❡r✲✸ ♣r♦❜❧❡♠ ❢♦r ❞✐✛❡r❡♥t ❞✐♠❡♥s✐♦♥s✳ ❋✐t♥❡ss ❛♥❞ ♥✉♠✲
❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥✱ ❛✈❡r❛❣❡❞ ♦✈❡r 10 tr✐❛❧s ❢♦r ●❆ ❛♥❞ ▼✲❉✐P❙❖✱ ♦✈❡r 1000 ❢♦r
❉❡r✐✈❛t✐♦♥ ✵

✹ ❘❡s✉❧ts

✹✳✶ P✉r❡ str❛t❡❣✐❡s

❲❡ ♥♦✇ ❛♣♣❧② ❡❛❝❤ ❞❡r✐✈❛t✐♦♥ ♦♥ ❡❛❝❤ ♣r♦❜❧❡♠✱ ❥✉st ✏❛s ✐t ✐s✑✳ ❲❡ ✇✐❧❧
s❡❡ ❧❛t❡r ❤♦✇ t♦ ❛❞❞ ♠♦r❡ ❛❞❛♣t❛t✐♦♥ ♦r t♦ ❝♦♠❜✐♥❡ s♦♠❡ ♦❢ t❤❡♠✳ ❋♦r
❡❛s✐❡r ❝♦♠♣❛r✐s♦♥✱ ✇❡ ✉s❡ ❤❡r❡ ♠♦st ♦❢ t❤❡ t✐♠❡ t❤❡ s❛♠❡ s✇❛r♠ s✐③❡
✭35✮✱ ❛❧t❤♦✉❣❤ ❢♦r s♦♠❡ ♣r♦❜❧❡♠s ❜❡st r❡s✉❧ts ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✇✐t❤
❛ ❞✐✛❡r❡♥t ✈❛❧✉❡✳ ❆s ✉s✉❛❧❧②✱ ❛ s♠❛❧❧ K ♣❛r❛♠❡t❡r ✐s ♦❢t❡♥ ❜❡tt❡r ❢♦r
❞✐✣❝✉❧t ♣r♦❜❧❡♠s✱ s♦ ✇❡ ✉s❡ ❡✐t❤❡r 2 ♦r ✸✳ ❋♦r ❉❡r✐✈❛t✐♦♥ ✶✶ ❛♥❞
❉❡r✐✈❛t✐♦♥ ✶✵✵✱ ✇❡ ❛❧s♦ tr② K = S✳ ❆s ♣♦✐♥t❡❞ ♦✉t ✐♥ ❬❈▲❊ ✵✺❪✱ ✉s✐♥❣
❥✉st s✉❝❤ ✧❡①tr❡♠❡✧ ✈❛❧✉❡s ✐s ❡♥♦✉❣❤ t♦ ❣✐✈❡ ✉s ❛ ♣r❡tt② ❣♦♦❞ ✐❞❡❛
♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❡✣❝✐❡♥❝②✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✱ ❡❛❝❤ str❛t❡❣② ✐s
❝♦❞❡❞ ❜② s♦♠❡t❤✐♥❣ ❧✐❦❡ ✧✶✶ ❙✸✺ ❑✸✧✱ ♠❡❛♥✐♥❣✿

✉s❡ ♦❢ ❉❡r✐✈❛t✐♦♥ ✶✶

s✇❛r♠ s✐③❡ 35

❡❛❝❤ ♣❛rt✐❝❧❡ ✐♥❢♦r♠s ✐ts❡❧❢✱ ❛♥❞ 2 ♣❛rt✐❝❧❡s ❝❤♦s❡♥ ❛t r❛♥❞♦♠ ❛❢t❡r ❡❛❝❤
t✐♠❡ st❡♣ ✐❢ t❤❡r❡ ❤❛s ❜❡❡♥ ♥♦ ✐♠♣r♦✈❡♠❡♥t

✹✳✷ ❉❡r✐✈❛t✐♦♥ ✵ ♦♥ ✧❞❡❝❡♣t✐✈❡ ❞❡❝❡♣t✐✈❡ ♣r♦❜❧❡♠s✧

❋✐rst✱ ❧❡t ✉s tr② ♦✉r ✏❤♦❛①✑ ♦♥ t❤❡ t❤r❡❡ ❞❡❝❡♣t✐✈❡ ❞❡❝❡♣t✐✈❡ ♣r♦❜❧❡♠s
✇❡ ❤❛✈❡ s❡❡♥ ✐♥ s❡❝t✐♦♥ ✷✳ ❘❡s✉❧ts ✇✐t❤ ●❆ ❛♥❞ ▼✲❉✐P❙❖ ❛r❡ ❝♦♠✐♥❣
❢r♦♠ ❬❆▲❑ ✵✷❪✳ ❆s ②♦✉ ❝❛♥ s❡❡ ♦♥ t❤❡ t❛❜❧❡s ✸ t♦ ✺✱ r❡s✉❧ts ✇✐t❤
❉❡r✐✈❛t✐♦♥ ✵ ❛r❡ ✐♥❞❡❡❞ t♦♦ ❣♦♦❞ t♦ ❜❡ ❤♦♥❡st✳ ◆♦t❡ t❤❛t ❢♦r ●❆
❛♥❞ ▼✲❉✐P❙❖✱ ♦♥❧② 10 r✉♥s ❤❛❞ ❜❡❡♥ ❧❛✉♥❝❤❡❞ ❜② t❤❡ ❛✉t❤♦rs✱ ❛s
❉❡r✐✈❛t✐♦♥ ✵ ❤❛s ❜❡❡♥ r❛♥ 1000 t✐♠❡s ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ st❛♥❞❛r❞
❞❡✈✐❛t✐♦♥ ✭♥♦t ♥♦t❡❞ ❤❡r❡✮✳ ■♥ t❤❡ t❛❜❧❡s t❤❡ ✜rst ♥✉♠❜❡r ✐s t❤❡ ♠❡❛♥
❜❡st ✜t♥❡ss ✈❛❧✉❡ ❢♦✉♥❞ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ✭✐♥ ♣❛r❡♥t❤❡s✐s✮ t❤❡ ♠❡❛♥
♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s✳ ❚❤❡ st♦♣ ❝r✐t❡r✐♦♥ ✐s ❡✐t❤❡r ❛ s♦❧✉t✐♦♥ ✐s ❢♦✉♥❞
♦r t❤❡ ♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s ✐s 100000✳

✶✶



❆❧❣♦r✐t❤♠ ✸✵❉ ✻✵❉ ✾✵❉ ✶✺✵❉

●❆ ✵✳✸✷ ✭✶✵✵✵✵✵✮ ✶✳✺✷ ✭✶✵✵✵✵✵✮ ✸✳✵✽ ✭✶✵✵✵✵✵✮ ♥♦♥❡
▼✲❉✐P❙❖ ✵ ✭✶✺✻✾✵✮ ✵ ✭✹✺✾✵✷✮ ✵ ✭✽✸✸✹✽✮ ♥♦♥❡
❉❡r✐✈❛t✐♦♥
✵ ❙✷ ❑✷

✵ ✭✷✶✮ ✵ ✭✷✷✮ ✵ ✭✷✷✮ ✵ ✭✷✶✮

❉❡r✐✈❛t✐♦♥
✵ ❙✸✺ ❑✷

✵ ✭✷✺✹✮ ✵ ✭✷✻✺✮ ✵ ✭✷✻✻✮ ✵ ✭✷✻✻✮

❚❛❜❧❡ ✹✿ ❇✐♣♦❧❛r ♦r❞❡r✲✻ ♣r♦❜❧❡♠✳ ❋✐t♥❡ss ❛♥❞ ♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥✱ ❛✈❡r❛❣❡❞
♦✈❡r 10 tr✐❛❧s ❢♦r ●❆ ❛♥❞ ▼✲❉✐P❙❖✱ ♦✈❡r 1000 ❢♦r ❉❡r✐✈❛t✐♦♥ ✵

❆❧❣♦r✐t❤♠ ✸✵❉ ✻✵❉ ✾✵❉ ✶✺✵❉

●❆ ✵✳✾✺ ✭✶✵✵✵✵✵✮ ✶✶✳✼ ✭✶✵✵✵✵✵✮ ✷✹✳✶ ✭✶✵✵✵✵✵✮ ✺✺✳✼✺ ✭✶✵✵✵✵✵✮
▼✲❉✐P❙❖ ✵ ✭✺✸✺✹✮ ✵ ✭✶✺✸✹✹✮ ✵ ✭✹✷✸✺✽✮ ✵ ✭✽✽✹✽✽✮
❉❡r✐✈❛t✐♦♥
✵ ❙✷ ❑✷

✵ ✭✷✹✮ ✵ ✭✷✺✮ ✵ ✭✷✺✮ ✵ ✭✷✺✮

❉❡r✐✈❛t✐♦♥
✵ ❙✸✺ ❑✷

✵ ✭✷✻✽✮ ✵ ✭✷✽✺✮ ✵ ✭✷✾✹✮ ✵ ✭✷✾✾✮

❚❛❜❧❡ ✺✿ ▼ü❤❧❡♥❜❡✐♥✬s ♦r❞❡r✲✺ ♣r♦❜❧❡♠✳ ❋✐t♥❡ss ❛♥❞ ♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥✱
❛✈❡r❛❣❡❞ ♦✈❡r 10 tr✐❛❧s ❢♦r ●❆ ❛♥❞ ▼✲❉✐P❙❖✱ ♦✈❡r 1000 ❢♦r ❉❡r✐✈❛t✐♦♥ ✵

❖❢ ❝♦✉rs❡✱ t❤❡r❡ ✐s ❛ tr✐❝❦✳ ❚❤❡ ♣♦✐♥t ✐s ❉❡r✐✈❛t✐♦♥ ✵ ✇♦r❦s ✇❡❧❧ ♦♥❧②
♦♥ t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠✳ ❇② ✧t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠✧✱ ■ ♠❡❛♥ ❛ ♣r♦❜❧❡♠
❢♦r ✇❤✐❝❤ ❡✐t❤❡r 111...111 ♦r 000...000 ✐s ❛ s♦❧✉t✐♦♥✳ ❆♥❞ t❤❡ tr✐❝❦ ✐s ✐t
✐s q✉✐t❡ ❞✐✣❝✉❧t t♦ ❣✉❡ss ✐t ❥✉st ❜② r❡❛❞✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠✳ ❋♦r ♦t❤❡r
♣r♦❜❧❡♠s✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ♥♦✇✱ ✐t ❞♦❡s♥✬t ✇♦r❦ ❛t ❛❧❧✳

✹✳✸ ❆❧❧ ❞❡r✐✈❛t✐♦♥s ♦♥ ❛❧❧ ♣r♦❜❧❡♠s

✹✳✸✳✶ P❡r❢♦r♠❛♥❝❡ ❝✉r✈❡s

❋♦r ❡❛❝❤ ♣r♦❜❧❡♠ ❛♥❞ ❢♦r ❡❛❝❤ ❞❡r✐✈❛t✐♦♥✱ ✇❡ ♣❧♦t t❤❡ s✉❝❝❡ss r❛t❡
♦✈❡r 100 r✉♥s✱ ❢♦r ❛ r❛♥❣❡ ♦❢ ♠❛①✐♠✉♠ ♥✉♠❜❡rs ♦❢ ❡✈❛❧✉❛t✐♦♥s T ✳
❚❤❡ s✇❛r♠ s✐③❡ ✐s ❛❧✇❛②s ❡q✉❛❧ t♦ 35✱ ❛♥❞ s❡✈❡r❛❧ K ✈❛❧✉❡s ❤❛✈❡
❜❡❡♥ t❡st❡❞✳ ❖♥❧② t❤❡ ❜❡st ♦♥❡ ✐s r❡t❛✐♥❡❞✱ ❡①❝❡♣t ❢♦r ❉❡r✐✈❛t✐♦♥ ✶✵✵
❢♦r ✇❤✐❝❤ t❤❡r❡ ❛r❡ t✇♦ ♣❧♦ts ❢♦r t❤❡ t✇♦ ❜❡st ♦♥❡s✱ ❥✉st t♦ s❡❡ t❤❡
❞✐✛❡r❡♥❝❡✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡s❡ ✜❣✉r❡s ✐s ♥♦t t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r ❛♥
❛❧❣♦r✐t❤♠ ✐s ❜❡tt❡r t❤❛♥ ❛♥♦t❤❡r ♦♥❡ ♦r ♥♦t✱ ❢♦r ✐t ✐s ❤❡r❡ ✐♠♣♦ss✐❜❧❡
✭t❤❡ ❜❡♥❝❤♠❛r❦ ♣r♦❜❧❡♠s ❤❛✈❡ ♣r❡❝✐s❡❧② ❜❡❡♥ ❝❤♦s❡♥ ❢♦r t❤❛t✦✮✱ ❜✉t
t♦ ♣♦✐♥t ♦✉t s♦♠❡ r✉❧❡s ❛♥❞✱ ✐❢ ■ ❞❛r❡ s❛②✱ s♦♠❡ ✏♥♦♥ r✉❧❡s✑✿

• ♦♥ ❛ ❣✐✈❡♥ ♣r♦❜❧❡♠✱ ✐❢ ❛❧❣♦r✐t❤♠ ❆ ✐s ❜❡tt❡r t❤❛♥ ❛❧❣♦r✐t❤♠ ❇ ❢♦r ❛ ❣✐✈❡♥
T ✱ ✐t ✐s ❜❡tt❡r ❢♦r ❛♥② ❣r❡❛t❡r T ✈❛❧✉❡✳ ❋❛❧s❡✿ s❡❡ ❢♦r ❡①❛♠♣❧❡ ✺ ❛♥❞
❞❡r✐✈❛t✐♦♥s ✼ ❛♥❞ ✶✶

✶✷



• ✐❢ ❛♥ ❛❧❣♦r✐t❤♠ ✐s ❡①❝❡❧❧❡♥t ♦♥ s♦♠❡ ♣r♦❜❧❡♠s✱ ✐t ✐s ✈❡r② ❜❛❞ ♦♥ s♦♠❡
♦t❤❡rs✳ ■t s❡❡♠s t♦ ❜❡ tr✉❡✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✜❣✉r❡s✱ ❜✉t ✐t ✐s ♥♦t✱ ❛s ✇❡
✇✐❧❧ s❡❡ ❧❛t❡r

• ❛ ♣r♦❜❧❡♠ ✇✐t❤ ❛ ❧♦t ♦❢ ❧♦❝❛❧ ♦♣t✐♠❛ ✐s ♠♦r❡ ❞✐✣❝✉❧t✳ ▼❡❛♥✐♥❣❧❡ss✿ ✐t
❞❡♣❡♥❞s ♦♥ t❤❡ ❛❧❣♦r✐t❤♠✳ ❙❡❡ ❢♦r ❡①❛♠♣❧❡ t❤❡ ✜❣✉r❡ ✻✱ ✇❤❡r❡ ❉❡r✐✈❛t✐♦♥
✶✵✵ ✐s ❡①❝❡❧❧❡♥t ♦♥ t❤❡ ▼✉❧t✐♠♦❞❛❧ ♣r♦❜❧❡♠

❋✐❣✉r❡ ✶✿ ●♦❧❞❜❡r❣✬s ♦r❞❡r ✸✳ ❙✉❝❝❡ss r❛t❡ ✈s ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s

❋✐❣✉r❡ ✷✿ ❇✐♣♦❧❛r ♦r❞❡r ✻✳ ❙✉❝❝❡ss r❛t❡ ✈s ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s

✶✸



❋✐❣✉r❡ ✸✿ ▼ü❤❧❡♥❜❡✐♥✬s ♦r❞❡r ✺✳ ❙✉❝❝❡ss r❛t❡ ✈s ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s

❋✐❣✉r❡ ✹✿ ❩❡❜r❛✸✳ ❙✉❝❝❡ss r❛t❡ ✈s ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s

✶✹



❋✐❣✉r❡ ✺✿ ◗✉❛❞r❛t✐❝✳ ❙✉❝❝❡ss r❛t❡ ✈s ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s

❋✐❣✉r❡ ✻✿ ▼✉❧t✐♠♦❞❛❧✳ ❙✉❝❝❡ss r❛t❡ ✈s ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s

❋♦r t❤❡ ▼✉❧t✐♠♦❞❛❧ ♣r♦❜❧❡♠ ✭100 ❞✐♠❡♥s✐♦♥s✱ 20 ♣❡❛❦s✮✱ t❤❡ ❝❤♦✐❝❡
K = 3 ❣✐✈❡s ✈❡r② ❜❛❞ r❡s✉❧ts✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r ❉❡r✐✈❛t✐♦♥ ✼✱ t❤❡
s✉❝❝❡ss r❛t❡ ❢♦r ❛t ♠♦st 20000 ❡✈❛❧✉❛t✐♦♥s ✐s ❝♦♠♣❧❡t❡❧② ♥✉❧❧✳ ❲✐t❤ K =
2✱ ✇❡ ♦❜t❛✐♥ ♠♦r❡ r❡❛s♦♥❛❜❧❡ s✉❝❝❡ss r❛t❡s✳ ❍♦✇❡✈❡r✱ ❢♦r ❉❡r✐✈❛t✐♦♥

✶✺



✵ ❙✸✺ ✼ ❙✸✺ ✶✶ ❙✸✺ ✶✵✵ ❙✸✺

●♦❧❞❜❡r❣ ✶✵✵✪ ✻✵✪ ✼✽✪ ✾✾✪
❇✐♣♦❧❛r ✶✵✵✪ ✺✽✪ ✽✾✪ ✽✹✪

▼ü❤❧❡♥❜❡✐♥ ✶✵✵✪ ✽✺✪ ✶✽✪ ✵✪
❩❡❜r❛✸ ✵✪ ✻✵✪ ✼✽✪ ✹✪

◗✉❛❞r❛t✐❝ ✷✷✪ ✼✹✪ ✽✼✪ ✼✷✪
▼✉❧t✐♠♦❞❛❧ ✵✪ ✺✹✪ ✷✺✪ ✽✻✪
▼❡❛♥ ✺✹✪ ✻✺✪ ✻✸✪ ✺✽✪

❙t❛♥❞❛r❞ ❞❡✈✳ ✹✼✪ ✶✶✪ ✷✾✪ ✹✵✪

❚❛❜❧❡ ✻✿ ▼❡❛♥ s✉❝❝❡ss r❛t❡s ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s

✶✵✵✱ t❤❡ ❜❡st ✐♥❢♦r♠❛t✐♦♥ ❧✐♥❦s t♦♣♦❧♦❣② ✐s ✇❤❛t ✐s ✉s✉❛❧❧② ❝❛❧❧❡❞ t❤❡
✏❣❧♦❜❛❧ ❜❡st✑ ♦♥❡✱ ✐✳❡✳ ❡❛❝❤ ♣❛rt✐❝❧❡ ✐s ✐♥❢♦r♠❡❞ ❜② t❤❡ ✇❤♦❧❡ s✇❛r♠
✭K = S = 35)✳

✹✳✸✳✷ ❘♦❜✉st♥❡ss ✈❡rs✉s ❡✣❝✐❡♥❝②

❲❤❛t ❞♦ ②♦✉ ♣r❡❢❡r✿ ♥❡✈❡r ❜❛❞ r❡s✉❧ts ♦r s♦♠❡t✐♠❡s ❡①❝❡❧❧❡♥t ♦♥❡s❄
❯♥❢♦rt✉♥❛t❡❧②✱ ✐t ❛♣♣❡❛rs t❤❛t t❤❡ ❛♥❞ ✐s ♥♦t r❡❛❧❧② ♣♦ss✐❜❧❡✱ ❛t ❧❡❛st
✇✐t❤ ❥✉st t❤❡ s✐♠♣❧❡ ♠♦♥♦✲str❛t❡❣✐❡s ✇❡ ❤❛✈❡ ❞❡✜♥❡❞✳ ❚❛❜❧❡ ✻ ✐♥✲
❞✐❝❛t❡s t❤❡ ❛✈❡r❛❣❡❞ s✉❝❝❡ss r❛t❡s ❛♥❞ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ♦✈❡r
t❤❡ s✐① ♣r♦❜❧❡♠s✳ ❲❡ ❝❧❡❛r❧② s❡❡ t❤❛t ❉❡r✐✈❛t✐♦♥ ✵ ❛♥❞ ❉❡r✐✈❛t✐♦♥
✶✵✵ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ❛s ❉❡r✐✈❛t✐♦♥ ✼ ✐s t❤❡ ♦♥❧② ♦♥❡
t❤❛t ✐s ♥❡✈❡r r❡❛❧❧② ❜❛❞✱ ❛♥❞ q✉✐t❡ r♦❜✉st ✭s♠❛❧❧ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✮✳
❍♦✇❡✈❡r✱ ✐t ✐s ❛❧s♦ ♥❡✈❡r ❡①❝❡❧❧❡♥t✳

◆♦✇✱ ✐t ✇♦✉❧❞♥✬t ❜❡ ✈❡r② ✐♥t❡r❡st✐♥❣ t♦ ❥✉st ♥♦t✐❝❡ t❤❛t ✇❤✐t♦✉t tr②✲
✐♥❣ t♦ ❡①♣❧❛✐♥ ✇❤❛t ❤❛♣♣❡♥s✳ ❚❤❡ t✇♦ ❦❡②✇♦r❞s ❛r❡ ❛❞❛♣t❛t✐♦♥ ❛♥❞
❉P◆P ✭❉✐str✐❜✉t✐♦♥ ♦❢ P♦ss✐❜✐❧✐t✐❡s ❢♦r t❤❡ ◆❡①t P♦s✐t✐♦♥s✮✱ ❛s ❡①✲
♣❧❛✐♥❡❞ ✐♥ ❬❈▲❊ ✵✺❪✳ ❋♦r ❛❧❧ ❞❡r✐✈❛t✐♦♥s ❜✉t ❉❡r✐✈❛t✐♦♥ ✶✵✵✱ t❤❡r❡
✐s ❛ r✉❞✐♠❡♥t❛r② ❛❞❛♣t❛t✐♦♥ ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❧✐♥❦s✱ ❢♦r t❤❡② ❛r❡
♠♦❞✐✜❡❞ ❛t r❛♥❞♦♠ ✐❢ t❤❡r❡ ❤❛s ❜❡❡♥ ♥♦ ✐♠♣r♦✈❡♠❡♥t✳ ❍♦✇❡✈❡r✱
❉❡r✐✈❛t✐♦♥ ✵ ❤❛s t❤❡ ♣♦♦r❡st ❉P◆P✱ ❢♦r t❤❡ ❝♦♥✜❞❡♥❝❡ ❝♦❡✣❝✐❡♥ts
❤❛✈❡ ❥✉st t✇♦ ♣♦ss✐❜❧❡ ✈❛❧✉❡s✱ 1 ❛♥❞ −1✳ ■t ✐s t❤❡♥ ♥♦t s✉r♣r✐s✐♥❣ t❤❛t
t❤✐s ❛❧❣♦r✐t❤♠ ✐s ✈❡r② ❣♦♦❞ ♦♥ s♦♠❡ ✏s✉✐t❛❜❧❡✑ ♣r♦❜❧❡♠s✱ ❜✉t ♠♦st ♦❢
t❤❡ t✐♠❡ ✈❡r② ❜❛❞✳ ❚❤❡ ❉P◆P ❢♦r ❉❡r✐✈❛t✐♦♥ ✶✵✵ ✐s ♠♦r❡ ❝♦♠♣❧❡t❡✱
s♦ ✐t ✐s ❛ ❜✐t ❜❡tt❡r✱ ❜✉t st✐❧❧ ♥♦t ✈❡r② r♦❜✉st✱ ❢♦r t❤❡ t♦♣♦❧♦❣② ♦❢
t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❧✐♥❦s ✐s ❝♦♥st❛♥t✿ ♦♥ s♦♠❡ ♣r♦❜❧❡♠s✱ t❤✐s ✏❝✐r❝✉❧❛r✑
t♦♣♦❧♦❣② ✐s ♥♦t ❛ ❣♦♦❞ ♦♥❡✳

❉❡r✐✈❛t✐♦♥ ✼ ❛♥❞ ✶✶ ❜♦t❤ ❤❛✈❡ ❛ q✉✐t❡ ❣♦♦❞ ❉P◆P✱ ❜✉t ✼ ✐s ♠♦r❡
❛❞❛♣t✐✈❡✱ ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❞✐✜❡❞ ❜✐ts ✐s ❞❡❝r❡❛s❡❞ ✐❢ t❤❡r❡ ❤❛s
❜❡❡♥ s♦♠❡ ✐♠♣r♦✈❡♠❡♥t✳ ❚❤❛t ✐s ✇❤② ✐t ✐s t❤❡ ♠♦st r♦❜✉st ✭t❤❡

✶✻



s♠❛❧❧❡st st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✮✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡s✐❣♥ s♦♠❡✲
t❤✐♥❣ ❜❡tt❡r✱ ❜② ❛❞❞✐♥❣ ♠♦r❡ ❛❞❛♣t❛t✐♦♥ ♦r ❜② ❝♦♠❜✐♥✐♥❣ t✇♦ ✏♣✉r❡✑
str❛t❡❣✐❡s

✺ ❆❞❛♣t✐✈❡ str❛t❡❣✐❡s

❆s s♦♠❡ ♣❡r❢♦r♠❛♥❝❡s ❛r❡ s♦♠❡t✐♠❡s ✈❡r② ❞✐✛❡r❡♥t ❢♦r ❞✐✛❡r❡♥t K
✈❛❧✉❡s✱ ❛ ♠♦r❡ r♦❜✉st ❛❧❣♦r✐t❤♠ ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❥✉st ❜② ♠♦❞✐❢②✐♥❣
K ❞✉r✐♥❣ t❤❡ ♣r♦❝❡ss✳ ❙✐♠✐❧❛r❧②✱ ✐t ✐s ♣❡r❢❡❝t❧② ♣♦ss✐❜❧❡ t♦ ✉s❡ s❡✈❡r❛❧
❞❡r✐✈❛t✐♦♥s ❝❤♦s❡♥ ♠♦r❡ ♦r ❧❡ss ❝❧❡✈❡r❧② ❛❢t❡r ❛ ❣✐✈❡♥ ♥✉♠❜❡r ♦❢ ♥♦♥
❡✣❝✐❡♥t t✐♠❡ st❡♣s ✭♥♦ ✐♠♣r♦✈❡♠❡♥t✮✳ ❆❧s♦✱ s♦♠❡ ♠♦r❡ ❝❧❡✈❡r ❛❞❛♣✲
t✐✈❡ r✉❧❡s ❝❛♥ ❜❡ ✉s❡❞✱ ❧✐❦❡ ❛ ❦✐♥❞ ♦❢ ✏t❛❜♦♦✑t♦ ❧✐♠✐t t❤❡ ❉P◆P✳ ❆s
✐t ✐s ♥♦t t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ♣❛♣❡r t♦ ❞❡s❝r✐❜❡ ✐♥ ❞❡t❛✐❧ ❛♥ ❛❞❛♣t✐✈❡
❜✐♥❛r② P❙❖✱ ■ ❥✉st ❣✐✈❡ ❜❡❧♦✇ ❛ ❢❡✇ ❡①❛♠♣❧❡s ♦❢ ✇❤❛t ❝❛♥ ❜❡ ❞♦♥❡
❡✈❡♥ ✇✐t❤ ✈❡r② s✐♠♣❧❡ r✉❧❡s✳

✺✳✶ ❉❡r✐✈❛t✐♦♥ ✶✻ ❂ ❉❡r✐✈❛t✐♦♥ ✶✶ ✇✐t❤ t❛❜♦♦

❖♥❡ ♦❢ t❤❡ t❤r❡❡ t❡♥❞❛♥❝✐❡s ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ P❙❖ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ s❡❡♥
❛s ✏❦❡❡♣✐♥❣ ♠♦r❡ ♦r ❧❡ss t❤❡ s❛♠❡ ✈❡❧♦❝✐t②✑✳ ❍♦✇❡✈❡r✱ ❥✉st ❛♣♣❧✐❡❞
✏❛s ✐t ✐s✑ ❢♦r ❛ ❜✐♥❛r② ♣r♦❜❧❡♠✱ ✐t ✐s ♠❡❛♥✐♥❣❧❡ss✳ ■❢ t❤❡ ♣♦s✐t✐♦♥ ✐s
0 ❛♥❞ t❤❡ ✈❡❧♦❝✐t② ✐s 1✱ ❛♣♣❧②✐♥❣ t✇♦ t✐♠❡s t❤❡ s❛♠❡ ✈❡❧♦❝✐t② t♦ t❤❡
♣♦s✐t✐♦♥ ❣✐✈❡s ❛❣❛✐♥ 0✱ ❛s t❤❡ ✉♥❞❡r❧②✐♥❣ ✐❞❡❛ ♦❢ t❤✐s t❡♥❞❡♥❝② ✐s ♦♥
t❤❡ ❝♦♥tr❛r② ✏❦❡❡♣ ♠♦✈✐♥❣ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥✑✳

❆ ♣♦ss✐❜❧❡ ✇❛② t♦ ❝♦♥✈❡② t❤✐s ✐❞❡❛ ❢♦r ❛ ❜✐♥❛r② ♣r♦❜❧❡♠ ✐s t♦ s❛②
s♦♠❡t❤✐♥❣ ❧✐❦❡ ✏✐❢ ❛ ❝♦♠♣♦♥❡♥t ❤❛s ❥✉st ❜❡❡♥ ♠♦❞✐✜❡❞✱ ❞♦♥✬t ♠♦❞✐❢②
✐t ❛❣❛✐♥ ❢♦r t❤❡ ♥❡①t ♠♦✈❡✑✳ ❙♦ t❤❡ ♣❛rt✐❝❧❡ ♥❡❡❞s ❛t ❧❡❛st t❤r❡❡ ♠♦✈❡s
t♦ ♣♦ss✐❜❧② ❣♦ ❜❛❝❦ t♦ t❤❡ s❛♠❡ ♣♦s✐t✐♦♥✳

▲❡t✬s ❛♣♣❧② t❤✐s ✏t❛❜♦♦✑ r✉❧❡ t♦ t❤❡ s✐♠♣❧❡st ❞❡r✐✈❛t✐♦♥ ✇❡ ❤❛✈❡ s❡❡♥✱
✐✳❡✳ ❉❡r✐✈❛t✐♦♥ ✶✶✳ ◆♦t❡ t❤❛t t❤✐s ♣✐✈♦t ♠❡t❤♦❞ ✐s ❛❧r❡❛❞② q✉✐t❡ ❣♦♦❞
❢♦r ❛❧♠♦st ❛❧❧ ♦✉r t❡st ❢✉♥❝t✐♦♥s✱ ❡①❝❡♣t ❢♦r t❤❡ ▼✉❧t✐♠♦❞❛❧ ♣r♦❜❧❡♠✳
❆s ✇❡ ❝❛♥ s❡❡ ♦♥ ✜❣✉r❡ ✼✱ t❤❡ r❡s✉❧t✐♥❣ ❛❧❣♦r✐t❤♠ ✐s t❤❡♥ ♥❡✈❡r ❜❛❞
✳✳✳ ❛ss✉♠✐♥❣ t❤❛t ✇❡ ❝❤♦♦s❡ t❤❡ r✐❣❤t K ✈❛❧✉❡ ❢♦r ❡❛❝❤ ♣r♦❜❧❡♠✳
❚❤✐s ✐❧❧✉str❛t❡s t❤❛t ❛❞❞✐♥❣ ❥✉st ♦♥❡ ❛❞❛♣t❛t✐♦♥ r✉❧❡ ✐s s♦♠❡t✐♠❡s ♥♦t
❡♥♦✉❣❤✳ ❍❡r❡✱ ✇❡ ✇♦✉❧❞ ♥❡❡❞ ❛♥♦t❤❡r r✉❧❡ s❛②✐♥❣ ❤♦✇ t♦ ♠♦❞✐❢② K
❞✉r✐♥❣ t❤❡ ♣r♦❝❡ss✳

✺✳✷ ❈♦♠❜✐♥✐♥❣ str❛t❡❣✐❡s

❆s ✐t ❝❧❡❛r❧② ❛♣♣❡❛rs t❤❛t s♦♠❡ ❞❡r✐✈❛t✐♦♥s ❛r❡ ♣r❡tt② ❣♦♦❞ ♦♥ s♦♠❡
♣r♦❜❧❡♠s✱ ❛♥❞ ♣r❡tt② ❜❛❞ ♦♥ s♦♠❡ ♦t❤❡rs✱ ❛♥♦t❤❡r ✐❞❡❛ ✐s t♦ ❛✉t♦♠❛t✲
✐❝❛❧❧② ❞❡❝✐❞❡ ❞✉r✐♥❣ t❤❡ s❡❛r❝❤ ♣r♦❝❡ss ✇❤✐❝❤ ♦♥❡ ❤❛s t♦ ❜❡ ✉s❡❞✳ ❙♦✱
❢r♦♠ t✐♠❡ t♦ t✐♠❡✱ t❤❡ ❛❧❣♦r✐t❤♠ ❤❛s t♦ ❝❤❡❝❦ ✐❢ ✐t ✇♦✉❧❞ ❜❡ ❛ ❣♦♦❞
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❋✐❣✉r❡ ✼✿ ❆❞❞✐♥❣ ❛ ✏t❛❜♦♦✑ r✉❧❡ t♦ ❉❡r✐✈❛t✐♦♥ ✶✶✳ ❖♥❧② r❡s✉❧ts ✇✐t❤ t❤❡ ❜❡st K
✈❛❧✉❡s ❛r❡ s❤♦✇♥

✶✻ ❙✸✺ ✭✶✶✰❚❛❜♦♦✮ ✶✻✴✵❴♣❛r❛❧❧ ❙✸✺ ❑✸ ✶✻✴✵❴s❡q ❙✸✺ ❑✸

●♦❧❞❜❡r❣ ✻✼✪ ❑✸ ✾✾✪ ✾✾✪
❇✐♣♦❧❛r ✽✸✪ ❑✸✺ ✾✽✪ ✾✾✪

▼ü❤❧❡♥❜❡✐♥ ✽✾✪ ❑✶ ✾✾✪ ✾✾✪
❩❡❜r❛✸ ✻✼✪ ❑✸ ✺✵✪ ✺✷✪

◗✉❛❞r❛t✐❝ ✽✺✪ ❑✸ ✼✼✪ ✽✶✪
▼✉❧t✐♠♦❞❛❧ ✼✼✪ ❑✸✺ ✻✽✪ ✼✾✪
▼❡❛♥ ✼✽✪ ✽✷✪ ✽✺✪

❙t❛♥❞❛r❞ ❞❡✈✳ ✽✪ ✶✽✪ ✶✼✪

❚❛❜❧❡ ✼✿ ▼❡❛♥ s✉❝❝❡ss r❛t❡s ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ✇❤❡♥ ✉s✐♥❣ s♦♠❡ ❛❞❛♣✲
t❛t✐♦♥s✳ ❖♥ t❤❡ ✇❤♦❧❡✱ t❤❡ ❛❧❣♦r✐t❤♠❡ ✐s ❜❡tt❡r✳ ❲✐t❤ t❤❡ t❛❜♦♦ ♦♣t✐♦♥✱ ✐t ✐s
❛❧s♦ ♠♦r❡ r♦❜✉st ✭s♠❛❧❧ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✮✱ ❜✉t t❤❡ ❜❡st K ✈❛❧✉❡ ✐s ♥♦t ❛❧✇❛②s
t❤❡ s❛♠❡✳ ❙♦ t❤❡ s❡q✉❡♥t✐❛❧ ❛♣♣r♦❛❝❤✱ ✐♥ ✇❤✐❝❤ ❛♥♦t❤❡r str❛t❡❣② ✭❞❡r✐✈❛t✐♦♥✮ ✐s
❝❤♦s❡♥ ✐❢ t❤❡r❡ ❤❛s ❜❡❡♥ ♥♦ ✐♠♣r♦✈❡♠❡♥t ❢♦r ❛ ✇❤✐❧❡✱ ✐s t❤❡ ♠♦st ✐♥t❡r❡st✐♥❣

✶✽



✐❞❡❛ t♦ s✇✐t❝❤ t♦ ❛♥♦t❤❡r str❛t❡❣②✳ ❆ t❤❡♦r❡t✐❝❛❧ r❡❛s♦♥✐♥❣ ❞❡t❛✐❧❡❞
✐♥ ❬❈▲❊ ✵✺❪ s❤♦✇s t❤❛t ❛ ❣♦♦❞ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s
❜❡t✇❡❡♥ t✇♦ s✉❝❤ ❛❞❛♣t❛t✐♦♥s ✐s A = S

K−1 ✭t❤❡ ✐❞❡❛ ✐s t♦ ❣✐✈❡ ❡♥♦✉❣❤
t✐♠❡ s♦ t❤❛t ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ s♣r❡❛❞ ❛❧❧ ♦✈❡r t❤❡ s✇❛r♠✮✳ ◆♦t❡ t❤❛t
✐♥ ❝♦♠♣❧❡t❡ ❛❞❛♣t✐✈❡ s②st❡♠s✱ ♥❡✐t❤❡r S ♥♦r K ❛r❡ ❝♦♥st❛♥t✱ ❜✉t ✇❡
❞♦♥✬t ❝♦♥s✐❞❡r ❤❡r❡ t❤✐s ❝❛s❡✳ ❚♦ ❣✐✈❡ ❛♥ ✐❞❡❛ ♦❢ t❤❡ ♣r♦❝❡ss✱ ❧❡t✬s
s✉♣♣♦s❡ ✇❡ ❤❛✈❡ t♦ ❝❤♦♦s❡ ❥✉st ❜❡t✇❡❡♥ t✇♦ str❛t❡❣✐❡s✳ ❚❤❡r❡ ❛r❡
♠❛✐♥❧② t✇♦ ✇❛②s t♦ ❞♦ t❤❛t✿ ❜② ❞♦✐♥❣ ♣❛r❛❧❧❡❧ tr✐❛❧s ♦r s❡q✉❡♥t✐❛❧
tr✐❛❧s✳

✺✳✷✳✶ P❛r❛❧❧❡❧ tr✐❛❧s

❚❤✐s ♠❡t❤♦❞ ✐s q✉✐t❡ ❡①♣❡♥s✐✈❡ ✐♥ t❡r♠s ♦❢ ♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s ❜✉t
♥❡✈❡rt❤❡❧❡ss ❜❡tt❡r t❤❛♥ ❛❧❧ t❤❡ ♦♥❡s ✇❡ ❤❛✈❡ s❡❡♥✳ ❆t ❛ ❣✐✈❡♥ t✐♠❡
t ❛❧❧ ✈❛❧✉❡s ❞❡✜♥✐♥❣ t❤❡ ❝✉rr❡♥t st❛t✉s ♦❢ t❤❡ s✇❛r♠ ❛r❡ s❛✈❡❞ ❛♥❞✱
❢r♦♠ t❤✐s st❛rt✐♥❣ ♣♦✐♥t✱ t❤❡ ❛❧❣♦r✐t❤♠ tr✐❡s t❤❡ str❛t❡❣② ❛❧r❡❛❞② ✐♥
✉s❡ ❛♥❞ ❛❢t❡r t❤❛t ❛♥♦t❤❡r ♦♥❡ ❢♦r A ✐t❡r❛t✐♦♥s✳ ■❢ t❤❡ ✜♥❛❧ r❡s✉❧t ✐s
❜❡tt❡r✱ t❤✐s s❡❝♦♥❞ str❛t❡❣② ✐s ❦❡♣t ✉♥t✐❧ t❤❡ ♥❡①t ❝❤❡❝❦ t✐♠❡✳

❆s ❉❡r✐✈❛t✐♦♥ ✶✻ ✇❛s ❛❧r❡❛❞② t❤❡ ❜❡st✱ ✇❡ ❝❛♥ ♥♦✇ tr② t♦ ❝♦♠❜✐♥❡ ✐t
✇✐t❤ s❛② ❉❡r✐✈❛t✐♦♥ ✵✳ ❖❢ ❝♦✉rs❡✱ ✐t ✐s ❥✉st t♦ ✐❧❧✉str❛t❡ t❤❡ ♣r♦❝❡ss
❢♦r✱ ✐♥ ♣r❛❝t✐❝❡✱ ❉❡r✐✈❛t✐♦♥ ✵ ✐s ❢❛r t♦♦ s♣❡❝✐✜❝ t♦ r❡❛❧❧② ❜❡ ✉s❡❢✉❧✳
❚✐♠❡s t ❛t ✇❤✐❝❤ t❤❡ tr✐❛❧s ❛r❡ ❞♦♥❡ ❛r❡ A✱ 2A✱ 3A✱ ❡t❝✳ ❆s ✇❡ ❝❛♥
s❡❡ ♦♥ t❛❜❧❡ ✼✱ t❤❡ r❡s✉❧ts ❛r❡ ♦♥ t❤❡ ✇❤♦❧❡ ❜❡tt❡r✱ ❜✉t t❤❡ st❛♥❞❛r❞
❞❡✈✐❛t✐♦♥ ✐s ♥♦t ❛s s♠❛❧❧ ❛s ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ♠❡t❤♦❞ ✭✇✐t❤ t❛❜♦♦✮✿
✶✽✪ ✈❡rs✉s ✽✪✳ ❍♦✇❡✈❡r✱ t❤❡ ❣♦♦❞ ♣♦✐♥t ✐s t❤❛t t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦
❧♦♦❦ ❢♦r t❤❡ ❜❡st K ✈❛❧✉❡✿ t❤❡ ✏st❛♥❞❛r❞✑ ♦♥❡ 3 ❝❛♥ ❜❡ ❦❡♣t ❢♦r ❛❧❧
♣r♦❜❧❡♠s ♦❢ ♦✉r ❜❡♥❝❤♠❛r❦ ❢✉♥❝t✐♦♥ s❡t✳

✺✳✷✳✷ ❙❡q✉❡♥t✐❛❧ tr✐❛❧s

❍❡r❡ t❤❡ ✐t❡r❛t✐♦♥s ❛r❡ ♥♦t r❡♣❡❛t❡❞ ✇✐t❤ ❛♥♦t❤❡r ♠❡t❤♦❞✳ ❙✐♠♣❧②✱ ✐❢
t❤❡r❡ ❤❛s ❜❡❡♥ ♥♦ ✐♠♣r♦✈❡♠❡♥t ❞✉r✐♥❣ A ✐t❡r❛t✐♦♥s✱ ❛♥♦t❤❡r str❛t❡❣②
✐s ❝❤♦s❡♥✳ ▲❡t✬s tr② ❛❣❛✐♥ ✇✐t❤ ❉❡r✐✈❛t✐♦♥ ✶✻ ❛♥❞ ✵✳ ❖♥ t❛❜❧❡ ✼✇❡ s❡❡
t❤❛t ✐t ✐s s❧✐❣❤t❧② ❜❡tt❡r t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱ ❛♥❞ ❤❛✈❡ t❤❡ s❛♠❡
r♦❜✉st♥❡ss ♣r♦♣❡rt② ❢♦r t❤❡ K ✈❛❧✉❡✳ ■t ✐s ❛❧s♦ ❡❛s✐❡r t♦ ❝♦❞❡✳ ❙♦ ✇❡
♠❛② s❛② ✐t ✐s ♦✉r ❜❡st ❝❤♦✐❝❡✳

✺✳✸ ❙❛✈✐♥❣ ❝♦♠♣✉t❛t✐♦♥ t✐♠❡

❆s ②♦✉ ♠❛② ❤❛✈❡ ♥♦t❡❞✱ ❢♦r s♦♠❡ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s t❤❡ ✜t✲
♥❡ss ✐s ❝♦♠♣✉t❡❞ ❜② ✏❛❝❝✉♠✉❧❛t✐♥❣✑ s♦♠❡ ♣♦s✐t✐✈❡ ❡❧❡♠❡♥ts ✭●♦❧❞✲
❜❡r❣✱ ❇✐♣♦❧❛r✱ ▼ü❤❧❡♥❜❡✐♥✱ ❩❡❜r❛✸✮✳ ■♥ s✉❝❤ ❛ ❝❛s❡ ✐t ✐s ♥♦t ❛❧✇❛②s
♥❡❝❡ss❛r② t♦ ❝♦♠♣❧❡t❡❧② ❝♦♠♣✉t❡ t❤❡ ✜t♥❡ss✿ ✇❡ ❝❛♥ st♦♣ ❛s s♦♦♥ ❛s
t❤❡r❡ ✐s ♥♦ ❤♦♣❡ t♦ ✜♥❞ ❛ ❜❡tt❡r ✈❛❧✉❡ t❤❛♥ t❤❡ ♦♥❡ t❤❛t ✐s ♠❡♠♦✲
r✐s❡❞✳ ◆♦t❡ t❤❛t t❤✐s tr✐❝❦ ✐s ♥♦t s♣❡❝✐✜❝ t♦ ❜✐♥❛r② ♦♣t✐♠✐s❛t✐♦♥✳ ❋♦r
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❋✐❣✉r❡ ✽✿ ❙❛✈❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✭♠❡❛♥ ♦✈❡r ✶✵ r✉♥s ❢♦r ❡❛❝❤ ♠❛①✐♠✉♠
♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s✮✳ ❇② ♥♦t ❝♦♠♣❧❡t❡❧② ❝♦♠♣✉t✐♥❣ s♦♠❡ ✜t♥❡ss ✈❛❧✉❡s✱ ❛s
s♦♦♥ ❛s ✐t ✐s ❛❜s♦❧✉t❡❧② s✉r❡ t❤❡ ♣♦s✐t✐♦♥ ❤❛s ♥♦t ❜❡❡♥ ✐♠♣r♦✈❡❞✱ ✐t ✐s ♣♦ss✐❜❧❡
t♦ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ✐❢ ❡❛❝❤ ✜t♥❡ss ❡✈❛❧✉❛t✐♦♥ ✐s q✉✐t❡
t✐♠❡ ❝♦♠s✉♠✐♥❣

❡①❛♠♣❧❡ ✐t ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❛❧❧ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠s ✇❤❡r❡ t❤❡ ✜t♥❡ss
✐s ❛ ❞✐st❛♥❝❡✱ ✉s✉❛❧❧② ❛♥ ❊✉❝❧✐❞❡❛♥ ♦♥❡✳

❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❦✐♥❞ ♦❢ s♠❛❧❧ ❛❞❛♣t❛t✐♦♥✳ ▲❡t ✉s s❡❡ ✐♥ ❞❡t❛✐❧ t❤❡
♣r♦❝❡ss ❢♦r t❤❡ ❩❡❜r❛✸ ❢✉♥❝t✐♦♥✳ ▲❡t fbest ❜❡ t❤❡ ♠❡♠♦r✐s❡❞ ✜t♥❡ss
✈❛❧✉❡✳ ■t ♠❡❛♥s t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ❡✈❡r ❢♦✉♥❞ ❜② t❤❡ ❝✉rr❡♥t ♣❛rt✐❝❧❡
✐s fmax = D/3 − fbest✳ ◆♦✇ t❤❡ ✜t♥❡ss ✐s ❝♦♠♣✉t❡❞ ❜② ♣r♦❣r❡ss✐✈❡❧②
❛❞❞✐♥❣ D/3 ✈❛❧✉❡s✱ ❡❛❝❤ ♦♥❡ ❜❡✐♥❣ ❛t ♠♦st ❡q✉❛❧ t♦ ✶✳ ▲❡t f (d) t❤❡
♣❛rt✐❛❧ s✉♠ ♦❢ t❤❡ d ✜rst ✸✲❜✐t s✉❜✲str✐♥❣s✳ ❚❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ t❤❛t
✇❡ ❝❛♥ ❤♦♣❡❢✉❧❧② r❡❛❝❤ ✐s t❤❡♥ f (d) + D/3 − d✳ ■❢ t❤✐s ✈❛❧✉❡ ✐s ❡q✉❛❧
t♦ ♦r s♠❛❧❧❡r t❤❛♥ fmax t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❝♦♥t✐♥✉❡✿ ✐♥ ❛♥② ❝❛s❡ ✇❡
✇♦♥✬t ✉s❡ t❤❡ r❡❛❧ ✜t♥❡ss ✈❛❧✉❡✱ ❢♦r ✇❡ ♥❡❡❞ ✐t ♦♥❧② ✐❢ t❤❡ ♣♦s✐t✐♦♥
✐s ✐♠♣r♦✈❡❞✳ ❖❢ ❝♦✉rs❡ ❢♦r ✐♥✐t✐❛❧✐s❛t✐♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♠✉st ❜❡
❝♦♠♣❧❡t❡✱ ❜✉t ❛❢t❡r t❤❛t ✐t ❝❛♥ s❛✈❡ t✐♠❡✳

❍♦✇ ♠✉❝❤❄ ❋♦r s♠❛❧❧ K ✈❛❧✉❡s✱ ❛ s✐♠♣❧✐✜❡❞ ♠♦❞❡❧ ❝❛♥ ❡st✐♠❛t❡ ✐t
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ✏❜❡st ♥❡✐❣❤❜♦✉rs✑ ❛♥❞ ♦❢ t❤❡ s✇❛r♠
s✐③❡ ✭s❡❡ ✼✳✻✳✹✮✳ ❆s ✇❡ ❝❛♥ s❡❡ ♦♥ ✜❣✉r❡ ✽ t❤❡ s❛✈✐♥❣ ♠❛② ❜❡ q✉✐t❡
s✐❣♥✐✜❝❛♥t✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ✜❣✉r❡ t❤❡ s❛✈✐♥❣ ✐s ♥♦t ❣✐✈❡♥ ✐♥ t❡r♠s
♦❢ t✐♠❡ ✭✇❤✐❝❤ ✐s✱ ❛♥✇❛②✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝♦♠♣✉t❡r ✐♥ ✉s❡✮✱ ❜✉t
✐♥ t❡r♠s ♦❢ ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s✳ ❋♦r ❩❡❜r❛✸✱ ✐❢ ❛ ❣✐✈❡♥ ✜t♥❡ss
❡✈❛❧✉❛t✐♦♥ ✐s st♦♣♣❡❞ ❛❢t❡r ❤❛✈✐♥❣ ❛❞❞❡❞ t❤❡ ♣❛rt✐❛❧ ✈❛❧✉❡s ♦❢ d ✸ ❜✐ts
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s✉❜str✐♥❣s✱ t❤❡ s❛✈✐♥❣ ✐s ❡st✐♠❛t❡❞ ❜② (D − 3d) /D✳

✻ ❙♦♠❡ ♣♦ss✐❜❧❡ ❢✉t✉r❡ ❣❡♥❡r❛❧ ✐♠♣r♦✈❡♠❡♥ts

❚❤❡ ✐♠♣r♦✈❡♠❡♥t t❡❝❤♥✐q✉❡s ♣r❡s❡♥t❡❞ ❜❡❧♦✇ ❛r❡ ✐♥s♣✐r❡❞ ❜② s♦♠❡
❧❡ss s♣❡❝✐✜❝ ✭❝♦♥t✐♥✉♦✉s✮ P❙❖ ✈❡rs✐♦♥s✱ ❜✉t ♠❛② ❛❧s♦ ❜❡ ❛s s♦✉r❝❡ ♦❢
✐♥s♣✐r❛t✐♦♥ ❢♦r s♦♠❡ ♦t❤❡r ✈❡rs✐♦♥s✳ ❚❤❛t ✐s ✇❤② ■ ❝❛❧❧ t❤❡♠ ✏❣❡♥❡r❛❧✑✳

✻✳✶ ■♥✐t✐❛❧✐s❛t✐♦♥

❲❤❡♥ ②♦✉ ❤❛✈❡ ❞❡❝✐❞❡❞ t♦ ✉s❡ S ♣❛rt✐❝❧❡s✱ ②♦✉ ❛❧s♦ ❤❛✈❡ t♦ ❞❡✜♥❡ t❤❡
st❛rt✐♥❣ ❝♦♥✜❣✉r❛t✐♦♥✳ ❯s✉❛❧❧② t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥s ❛r❡ ❝♦♠♣❧❡t❡❧② ❛t
r❛♥❞♦♠✳ ❍♦✇❡✈❡r✱ ✐t ❤❛s ❜❡❡♥ ❡①♣❡r✐♠❡♥t❛❧❧② s❤♦✇♥ t❤❛t st❛rt✐♥❣
❢r♦♠ ❛ ♠♦r❡ ❡✈❡♥❧② ❞✐str✐❜✉t✐♦♥ ✭❜② ✉s✐♥❣ ❝❡♥tr♦✐❞❛❧ ❱♦r♦♥♦✐ t❡ss❡✲
❧❛t✐♦♥s✮ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❢♦r s♦♠❡ ❝♦♥t✐♥✉♦✉s
t❡st ❢✉♥❝t✐♦♥s ❛s s♦♦♥ ❛s t❤❡ ❞✐♠❡♥s✐♦♥ ✐s ❤✐❣❤ ❬❘■❈ ✵✸❪✳ ❙♦ ✐t ✇♦✉❧❞
❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❞♦ t❤❡ s❛♠❡ ❢♦r ❜✐♥❛r② ♣r♦❜❧❡♠s✳ ❚❤❡ ✜rst q✉❡st✐♦♥
✐s t❤❡♥ ✏❍♦✇ t♦ ❞♦ t❤❛t❄✑ ✐♥ t❤✐s s♣❡❝✐✜❝ ❝❛s❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐s
✐t ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ❛ s♣❡❝✐✜❝ ❛❧❣♦r✐t❤♠ ❜❡tt❡r t❤❛♥ t❤❡ ♦♥❡ ✉s❡❞ ✐♥
❬❘■❈ ✵✸❪✱ t❤❛t ♥❡❡❞s ❛ ❧♦t ♦❢ ❝♦♠♣✉t❛t✐♦♥✳ ❆♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ♦❢
❝♦✉rs❡ ✏■s ✐t ✉s❡❢✉❧✑❄ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts s❡❡♠ t♦ s❤♦✇ ✐t ✐s ♥♦t s♦
♦❜✈✐♦✉s✳

✻✳✶✳✶ ❉❡✜♥✐t✐♦♥ ♦❢ ❛ r❡❣✉❧❛r ❞✐str✐❜✉t✐♦♥

❋✐rst✱ ❧❡t ✉s ❣✐✈❡ ❛ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✇❤❛t ♠❡❛♥s ❤❡r❡ ✏❛ ♠♦r❡
❡✈❡♥❧② ❞✐str✐❜✉t✐♦♥✑✱ ♦r r❡❣✉❧❛r ❞✐str✐❜✉t✐♦♥✳ ❲❡ ❤❛✈❡ S ❜✐♥❛r② ♣♦s✐✲
t✐♦♥s {s1, ..., si, ...sS} t♦ ❞❡✜♥❡ ✐♥ t❤❡ ❜✐♥❛r② s❡❛r❝❤ s♣❛❝❡ B ✳ ❋♦r ❛ ❣✐✈❡♥
si ❧❡t Ii✐ts ✏✐♥✢✉❡♥❝❡ ❞♦♠❛✐♥✑✱ ❞❡✜♥❡❞ ❜②

Ii = {x, x ∈ B,∀j, j#i, d (x, si) ≤ d (x, sj)}

✇❤❡r❡ d ✐s t❤❡ ❍❛♠♠✐♥❣ ❞✐st❛♥❝❡✳ ❆❝t✉❛❧❧②✱ ✇❡ ❞❡✜♥❡ ❤❡r❡ ❛ ❜✐♥❛r②
❱♦r♦♥♦✐ t❡ss❡❧❧❛t✐♦♥✳ ▲❡t Vi ❜❡ t❤❡ ✏✈♦❧✉♠❡✑ ♦❢ Ii✱ ✐✳❡✳ ✐ts ♥✉♠❜❡r ♦❢
❡❧❡♠❡♥ts✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ✐s ♣❡r❢❡❝t❧② r❡❣✉❧❛r ✐❢ ❛❧❧ Vi ❤❛✈❡ t❤❡ s❛♠❡
✈❛❧✉❡✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t ❛❧✇❛②s ♣♦ss✐❜❧❡✱ s♦ ❛ r❡❣✉❧❛r ❞✐str✐❜✉t✐♦♥ ✇✐❧❧
s✐♠♣❧② ❜❡ ♦♥❡ t❤❛t ♠✐♥✐♠✐s❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ Vi✱ ✐✳❡✳ t❤❡ q✉❛♥t✐t②
v ❞❡✜♥❡❞ ❜②





v = 1
S

S∑

i=1

(Vi −m)
2

✇✐t❤

m = 1
S

S∑

i=1

Vi

✷✶



✻✳✶✳✷ ❇✉✐❧❞✐♥❣ ❛ r❡❣✉❧❛r ❞✐str✐❜✉t✐♦♥

■t ✐s q✉✐t❡ ❡❛s② t♦ ✇r✐t❡ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❛❧❣♦r✐t❤♠ t❤❛t ♣r♦❣r❡ss✐✈❡❧②
❜✉✐❧❞s ❛ r❡❣✉❧❛r ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❛❞❞ t❤❡ ♣❛rt✐❝❧❡s ♦♥❡ ❛t
❛ t✐♠❡✱ ❛♥❞ ❢♦r ❡❛❝❤ ❜✐t t♦ tr② ❜♦t❤ ✈❛❧✉❡s ✵ ❛♥❞ ✶✱ tr②✐♥❣ t♦ ❦❡❡♣ t❤❡
❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ♣❛rt✐❝❧❡s ❛s ❜✐❣ ❛s ♣♦ss✐❜❧❡✳ Ps❡✉❞♦✲❝♦❞❡

s1 = 000...000
❋♦r ❡❛❝❤ ♣❛rt✐❝❧❡ i✱ ❢r♦♠ ✷ t♦ S
④

❋♦r ❡❛❝❤ ❞✐♠❡♥s✐♦♥ d✱ ❢r♦♠ ✶ t♦ D
④

si (d) = 0 ✴✴ ❚r② ✵

❈♦♠♣✉t❡ t❤❡ ❞✐st❛♥❝❡s ❢r♦♠ si t♦ t❤❡ sj ✇✐t❤ j < i
❈♦♠♣✉t❡ t❤❡ ♠❡❛♥ m0✱ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ v0 ♦❢ t❤❡s❡ ❞✐st❛♥❝❡s

❉♦ t❤❡ s❛♠❡ ✇✐t❤ si (d) =
1✱ ❛♥❞ ❝♦♠♣✉t❡ t❤❡ ♠❡❛♥ m1✱ ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ v1

■❢ m1 > m0 t❤❡♥ si (d) = 1❀ ❝♦♥t✐♥✉❡ ✇✐t❤ ♥❡①t d
■❢ m1 < m0 t❤❡♥ si (d) = 0❀ ❝♦♥t✐♥✉❡ ✇✐t❤ ♥❡①t d
✴✴ ❈❛s❡ m1 = m0

■❢ v1 < v0 t❤❡♥ si (d) = 1 ❡❧s❡ si (d) = 0❀
⑥

⑥

❊①❛♠♣❧❡s

❋♦r D = 4✱ S = 3 t❤❡ ❛❧❣♦r✐t❤♠ ❣✐✈❡s





s1 = 0000
s2 = 1111
s3 = 0101

❚❤❡ ✏✈♦❧✉♠❡s✑ ♦❢ t❤❡ ✐♥✢✉❡♥❝❡ ❞♦♠❛✐♥s ❛r❡ r❡s♣❡❝t✐✈❡❧② ✾✱ ✶✵✱ ❛♥❞ ✾✳
❚❤❡r❡ ✐s ♥♦ ✇❛② t♦ ❞♦ ❜❡tt❡r✱ s✐♠♣❧② ❢♦r 24 ✐s ♥♦t ❞✐✈✐s✐❜❧❡ ❜② ✸✳ ❋♦r
❛♥② ♣♦s✐t✐♦♥ x✱ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ♣❛rt✐❝❧❡ si s♦ t❤❛t d (x, si) ≤
2✳ ❋♦r D = 3✱ ❛♥❞ S = 4✱ ✇❡ ❤❛✈❡ 2D/S = 2✱ ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠s
✐♥❞❡❡❞ ❣✐✈❡s ❛ ♣❡r❢❡❝t❧② r❡❣✉❧❛r ❞✐str✐❜✉t✐♦♥ {000, 111, 010, 101}✱ ✇✐t❤
❛❧❧ ✏✈♦❧✉♠❡s✑ ❡q✉❛❧ t♦ ✸✿





I1 = {000, 001, 100}
I2 = {111, 011, 110}
I3 = {010, 011, 110}
I4 = {101, 001, 100}

✷✷



❘❛♥❞♦♠ ✐♥✐t✐t✐❛❧✐✲
s❛t✐♦♥

❘❡❣✉❧❛r ✐♥✐t✐❛❧✐s❛t✐♦♥
✰ r❛♥❞♦♠ ✏r♦t❛t✐♦♥✑

●♦❧❞❜❡r❣ ✽✵✱✸✻ ✪ ✽✵✱✹✽ ✪
❇✐♣♦❧❛r ✾✵✱✸✼ ✪ ✾✵✱✺✻ ✪
▼ü❤❧❡♥❜❡✐♥ ✶✶✱✼✷ ✪ ✶✷✱✺✷ ✪
❩❡❜r❛✸ ✽✵✱✻✼ ✪ ✽✵✱✺✻ ✪
◗✉❛❞r❛t✐❝ ✽✺✱✸✹ ✪ ✽✺✱✹✹ ✪
▼✉❧t✐♠♦❞❛❧ ✺✸✱✺✺ ✪ ✺✹✱✼✺ ✪
▼❡❛♥ ✻✼✱✵✵ ✪ ✻✼✱✸✾ ✪

❚❛❜❧❡ ✽✿ ■♥✢✉❡♥❝❡ ♦❢ ❛ r❡❣✉❧❛r ✐♥✐t✐❛❧✐s❛t✐♦♥ ♦♥ t❤❡ s✉❝❝❡ss r❛t❡✳ ❍❡r❡ t❤❡ s✇❛r♠
s✐③❡ ✐s ✏♦♣t✐♠✉♠✑✱ ❛♥❞ t❤❡ ✐♠♣r♦✈❡♠❡♥t ✐s ✈❡r② s♠❛❧❧

■♥ ♣r❛❝t✐❝❡✱ ♦♥❝❡ ②♦✉ ❤❛✈❡ s✉❝❤ ❛ r❡❣✉❧❛r ❞✐str✐❜✉t✐♦♥✱ ✐t ✐s ❛ ❣♦♦❞
✐❞❡❛ t♦ ❜✉✐❧❞ s♦♠❡ ♦t❤❡rs✱ ♦❜t❛✐♥❡❞ ❜② r❛♥❞♦♠❧② ✏r♦t❛t✐♥❣✑ ✐t✳ ❨♦✉
❥✉st ❤❛✈❡ t♦ ❛❞❞ t❤❡ s❛♠❡ r❛♥❞♦♠ ❜✐♥❛r② ✈❡❝t♦r t♦ ❛❧❧ t❤❡ s1✳ ◆♦t❡
t❤❛t ❢♦r ❛❞❞✐♥❣ ②♦✉ ❤❛✈❡ t♦ ✉s❡ t❤❡ ❜✐♥❛r② ❛❧❣❡❜r❛✱ ❢♦r ✇❤✐❝❤
1 + 1 = 0✳

✻✳✶✳✸ ❘❡s✉❧t ❝♦♠♣❛r✐s♦♥

❲❡ ♥♦✇ tr② t♦ ❝♦♠♣❛r❡ t❤❡ r❡s✉❧t ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ♣✉r❡ r❛♥❞♦♠
✐♥✐t✐❛❧✐s❛t✐♦♥ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❛♥❞ ✇✐t❤ r❛♥❞♦♠❧② r♦t❛t❡❞ r❡❣✉❧❛r
❞✐str✐❜✉t✐♦♥s ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✳ ■t ✐s ❡❛s✐❡r t♦ s❡❡ t❤❡ ❞✐✛❡r❡♥❝❡s
✇❤❡♥ ✉s✐♥❣ s♠❛❧❧ s✇❛r♠s✳ ❲❡ ✉s❡ ❤❡r❡ t❤❡ ✏♦♣t✐♠❛❧ s✇❛r♠ s✐③❡✑✱ ❛s
❝♦♠♣✉t❡❞ ❜❡❧♦✇ ✐♥ ✼✳✶✳✷✱ ✐✳❡✳ S = 12 ❢♦r D = 30✱ ❛♥❞ S = 20 ❢♦r D = 100✳
❚❛❜❧❡ ✽ ✐s ❜✉✐❧❞ ❛s t❤❡ ♦♥❡ ✐♥ ✹✳✸✳✷✳ ❍♦✇❡✈❡r ❤❡r❡ ♦♥❧② ❉❡r✐✈❛t✐♦♥ ✶✶
✇✐t❤ K = 3 ❤❛s ❜❡❡♥ ✉s❡❞✳ ❆s ✇❡ ❝❛♥ s❡❡✱ ✇✐t❤ t❤❡s❡ s✇❛r♠ s✐③❡s t❤❡r❡
✐s ❛❧♠♦st ♥♦ ❞✐✛❡r❡♥❝❡ ✇✐t❤ r❡❣✉❧❛r ✐♥✐t✐❛❧✐s❛t✐♦♥✱ ❥✉st ♠♦st ♦❢ t❤❡ t✐♠❡
❛ ✈❡r② s❧✐❣❤t ✐♠♣r♦✈❡♠❡♥t✳ ❆❧s♦ ✭✐t ✐s ♥♦t r❡♣♦rt❡❞ ✐♥ t❤❡ t❛❜❧❡✮✱ t❤❡
st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ♠❡❛♥ ❜❡st ✈❛❧✉❡ ✐s s❧✐❣❤t❧② s♠❛❧❧❡r✳ ❙♦✱
❛t ❧❡❛st ❢♦r s♠❛❧❧ ❞✐♠❡♥s✐♦♥s ✭≤ 100✮ ✐t ✐s ♥♦t r❡❛❧❧② ✇♦rt❤✇❤✐❧❡ t♦
✉s❡ ❛ r❡❣✉❧❛r ❞✐str✐❜✉t✐♦♥✳ ❍♦✇❡✈❡r ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❝❤❡❝❦
✐t ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥✱ ❢♦r t❤❡ r❛t❡ s✇❛r♠❴s✐③❡✴s❡❛r❝❤❴s♣❛❝❡❴✈♦❧✉♠❡
❜❡❝♦♠❡s q✉✐t❡ s♠❛❧❧✳

✻✳✷ ❲❤❡♥ t❤❡ ✉♥✐t ✐s t❤❡ tr✐❜❡

❲❡ ❤❛✈❡ ❛❧✇❛②s ✉s❡❞ ❡①♣r❡ss✐♦♥s ❧✐❦❡ ✏✉♣❞❛t❡ t❤❡ ♠❡♠♦r② ♦❢ t❤❡
♣❛rt✐❝❧❡✑✳ ❍♦✇❡✈❡r ✐t ♠❛② ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ✇♦r❦ ❛t ❛ ❤✐❣❤❡r ❧❡✈❡❧✱
❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ✇❤♦❧❡ s❡t ♦❢ ♣❛rt✐❝❧❡s ❛s ❛♥ ✏✉♥✐t✑ ❛♥❞ ❜② ♠♦❞✐❢②✐♥❣
t❤❡ ♠❡♠♦r② ♦❢ t❤✐s ✏✉♥✐t✑✳

✷✸



▲❡t✬s ❝❛❧❧ ❤❡r❡ tr✐❜❡ ❛t t✐♠❡ st❡♣ t t❤❡ s❡t ♦❢ t❤❡ ✐♥❢♦r♠❛♥ts ♦❢ ❛
♣❛rt✐❝❧❡ xt✱ ✐♥❝❧✉❞✐♥❣ ✐ts❡❧❢✱ ✐✳❡✳ ✇❤❛t ✇❡ ❤❛✈❡ ❛❜♦✈❡ ❝❛❧❧❡❞ ✐ts ✐♥✲
❢♦r♠❛♥t ❣r♦✉♣✳ ◆♦t❡ t❤❛t ✐t ✐s ♥♦t ❡①❛❝t❧② t❤❡ s❛♠❡ ❝♦♥❝❡♣t t❤❛t
❤❛s ❜❡❡♥ ✉s❡❞ ❢♦r ❛ ❝♦♠♣❧❡t❡ ❛❞❛♣t✐✈❡ P❙❖ ✈❡rs✐♦♥ ✭♣r❡❝✐s❡❧② ❝❛❧❧❡❞
❚❘■❇❊❙✮✱ ✐♥ ✇❤✐❝❤ t❤❡ s✇❛r♠ s✐③❡ ❛♥❞ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❧✐♥❦s ❛r❡ ❥✉✲
❞✐❝✐♦✉s❧② ♠♦❞✐✜❡❞ ❞✉r✐♥❣ t❤❡ ♣r♦❝❡ss ❬❖◆❲ ✵✹✱ ❈▲❊ ✵✺❪ ✳ ❍❡r❡✱
t❤❡ ♠❡❛♥✐♥❣ ✐s ✇❡❛❦❡r✱ ❛♥❞ t❤❡ s✇❛r♠ s✐③❡ ✐s st✐❧❧ ❝♦♥st❛♥t✳ ❚❤❡
✈❡r② ❜❛s✐❝ ♣r✐♥❝✐♣❧❡ ♦❢ ❛ s✐♠♣❧❡ P❙❖ ❝❛♥ ♥♦✇ ❜❡ s②♠❜♦❧✐❝❛❧② ✇r✐tt❡♥

xt+1 ← tribal❴memory ⊕ creativity

✇❤❡r❡ ✏tr✐❜❛❧❴♠❡♠♦r②✑ ♠❡❛♥s ✏t❤❡ s❡t ♦❢ t❤❡ ❜❡st ❦♥♦✇♥ ♣♦s✐t✐♦♥s
❜② t❤❡ tr✐❜❡✴✐♥❢♦r♠❛♥t ❣r♦✉♣✑✱ ❛♥❞ ✏❝r❡❛t✐✈✐t②✑ ♠❡❛♥s ✏s♦♠❡ r❛♥❞♦♠✲
♥❡ss✑✳ ◆♦t❡ t❤❛t t❤✐s ❡q✉❛t✐♦♥ ✐s q✉✐t❡ ✐♠♣♦rt❛♥t ❢♦r ✐t s✉♠♠❛r✐s❡s
❛❧❧ P❙❖ ✈❡rs✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡ ✐♥ ❉❡r✐✈❛t✐♦♥ ✶✶✱ ❛ ♥❡✇ ♣♦s✐t✐♦♥ ♦❢ ❛
❣✐✈❡♥ ♣❛rt✐❝❧❡ ✐s ❝♦♠♣✉t❡❞ ❜②

✶✳ ❧♦♦❦✐♥❣ ❢♦r g✱ t❤❡ ❜❡st ♦❢ t❤❡ ❜❡st ♣♦s✐t✐♦♥s ❦♥♦✇♥ ❜② t❤❡ ✐♥❢♦r♠❛♥ts ♦❢
t❤❡ ♣❛rt✐❝❧❡ ✭♠❛❦❡ ✉s❡ ♦❢ t❤❡ tr✐❜❛❧ ♠❡♠♦r②✮

✷✳ ❝❤♦♦s✐♥❣ t❤❡ ♥❡✇ ♣♦s✐t✐♦♥ x′ ❛t r❛♥❞♦♠ ✏❛r♦✉♥❞✑ g ✭❝r❡❛t✐✈✐t②✮

✸✳ ✐❢ x′ ✐s ❜❡tt❡r t❤❛♥ t❤❡ ❜❡st ♣♦s✐t✐♦♥ p ❦♥♦✇♥ ❜② x✱ t❤❡♥ r❡♣❧❛❝❡ p ✐t ❜② x′

❍♦✇❡✈❡r✱ ✐❢ ✇❡ ✇♦r❦ ❛t t❤❡ tr✐❜❡ ❧❡✈❡❧✱ t❤❡r❡ ❛r❡ s♦♠❡ ♦t❤❡r ✇❛②s ❢♦r
t❤❡ st❡♣ ✸✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s t✇♦ ♦♥❡s ❛r❡ q✉✐t❡ ✐♥t✉✐t✐✈❡

✸❛✳ ❢♦r ❛❧❧ ❜❡st ♣♦s✐t✐♦♥s p ❦♥♦✇♥ ❜② t❤❡ tr✐❜❡✱ ✐❢ x′ ✐s ❜❡tt❡r t❤❛♥ p✱
t❤❡♥ r❡♣❧❛❝❡ p ❜② x′✳ ■t ♠❡❛♥s s❡✈❡r❛❧ ♠❡♠♦r✐❡s ♠❛② ❜❡ ♠♦❞✐✜❡❞✳

✸❜✳ ✐❢ p ✐s t❤❡ ✇♦rst ♦❢ t❤❡ ❜❡st ♣♦s✐t✐♦♥s ❦♥♦✇♥ ❜② t❤❡ tr✐❜❡✱ ❛♥❞ ✐❢ x′ ✐s
❜❡tt❡r t❤❛♥ p✱ t❤❡♥ r❡♣❧❛❝❡ p ❜② x′✳ ■t ♠❡❛♥s t❤❡ ♠♦❞✐✜❡❞ ♠❡♠♦r②
✐s ♥♦t ♥❡❝❡ss❛r✐❧② t❤❡ ♦♥❡ ♦❢ t❤❡ ❝✉rr❡♥t ♣❛rt✐❝❧❡✳

❘❡❢❡r❡♥❝❡s

❬❆▲❑ ✵✷❪ ❆❧✲❑❛③❡♠✐✱ ❇✳✱ ▼♦❤❛♥✱ ❈✳ ❑✳✱ ✧▼✉❧t✐✲♣❤❛s❡ ❞✐s❝r❡t❡ ♣❛rt✐❝❧❡ s✇❛r♠
♦♣t✐♠✐③❛t✐♦♥✳ Pr♦❝❡❡❞✐♥❣ ♦❢ ❋♦✉rt❤ ■♥t❡r♥❛t✐♦♥❛❧ ❲♦r❦s❤♦♣ ♦♥ ❋r♦♥✲
t✐❡rs ✐♥ ❊✈♦❧✉t✐♦♥❛r② ❆❧❣♦r✐t❤♠s ✭❋❊❆✮✱✧ ✷✵✵✷

❬❇❆❘ ✵✸❪ ❇❛r✐t♦♠♣❛✱ ❲✳ P✳✱ ❍❡♥❞r✐①✱ ❊✳ ▼✳ ❚✳✱ ✧❖♥ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢
❙t♦❝❤❛st✐❝ ●❧♦❜❛❧ ❖♣t✐♠✐③❛t✐♦♥ ❛❧❣♦r✐t❤♠s✱✧ ❏♦✉r♥❛❧ ♦❢ ●❧♦❜❛❧ ❖♣✲
t✐♠✐③❛t✐♦♥✱ ✷✵✵✸✳

❬❈▲❊ ✵✹❪ ❈❧❡r❝✱ ▼✳✱ ✧❉✐s❝r❡t❡ P❛rt✐❝❧❡ ❙✇❛r♠ ❖♣t✐♠✐③❛t✐♦♥✱ ✐❧❧✉str❛t❡❞ ❜② t❤❡
❚r❛✈❡❧✐♥❣ ❙❛❧❡s♠❛♥ Pr♦❜❧❡♠✱✧ ✐♥ ◆❡✇ ❖♣t✐♠✐③❛t✐♦♥ ❚❡❝❤♥✐q✉❡s ✐♥
❊♥❣✐♥❡❡r✐♥❣✳ ❍❡✐❞❡❧❜❡r❣✱ ●❡r♠❛♥②✿ ❙♣r✐♥❣❡r✱ ✷✵✵✹✱ ♣✳ ✷✶✾✲✷✸✾✳
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❬❈▲❊ ✵✺❪ ❈❧❡r❝✱ ▼✳✱ ▲✬♦♣t✐♠✐s❛t✐♦♥ ♣❛r ❡ss❛✐♠s ♣❛rt✐❝✉❧❛✐r❡ ♣❛r❛♠étr✐q✉❡ ❡t
❛❞❛♣t❛t✐✈❡✱ ❍❡r♠ès ❙❝✐❡♥❝❡✱ ✷✵✵✺✳

❬●▲❖ ✵✷❪ ●❧♦✈❡r✱ ❋✳✱ ❆❧✐❞❛❡❡✱ ❇✳✱ ❘❡❣♦✱ ❈✳✱ ❑♦❝❤❡♥❜❡r❣❡r✱ ●✳ ❆✳✱ ✧❖♥❡✲P❛ss
❍❡✉r✐st✐❝s ❢♦r ▲❛r❣❡✲❙❝❛❧❡ ❯♥❝♦♥str❛✐♥❡❞ ❇✐♥❛r② ◗✉❛❞r❛t✐❝ Pr♦❜✲
❧❡♠s✱✧ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱ ✷✵✵✷✳

❬❑❊◆ ✾✼❪ ❑❡♥♥❡❞②✱ ❏✳✱ ❊❜❡r❤❛rt✱ ❘✳ ❈✳✱ ✧❆ ❞✐s❝r❡t❡ ❜✐♥❛r② ✈❡rs✐♦♥ ♦❢ t❤❡ ♣❛r✲
t✐❝❧❡ s✇❛r♠ ❛❧❣♦r✐t❤♠✱✧ ♣r❡s❡♥t❡❞ ❛t ❈♦♥❢❡r❡♥❝❡ ♦♥ ❙②st❡♠s✱ ▼❛♥✱
❛♥❞ ❈②❜❡r♥❡t✐❝s✱ ✶✾✾✼✱ ♣✳ ✹✶✵✹✲✹✶✵✾✳

❬❑❊◆ ✾✽❪ ❑❡♥♥❡❞②✱ ❏✳✱ ❙♣❡❛rs✱ ❲✳ ▼✳✱ ✧▼❛t❝❤✐♥❣ ❆❧❣♦r✐t❤♠s t♦ Pr♦❜❧❡♠s✿ ❆♥
❊①♣❡r✐♠❡♥t❛❧ ❚❡st ♦❢ t❤❡ P❛rt✐❝❧❡ ❙✇❛r♠ ❛♥❞ ❙♦♠❡ ●❡♥❡t✐❝ ❆❧❣♦✲
r✐t❤♠s ♦♥ t❤❡ ▼✉❧t✐♠♦❞❛❧ Pr♦❜❧❡♠ ●❡♥❡r❛t♦r✱✧ ♣r❡s❡♥t❡❞ ❛t ■♥t❡r✲
♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❊✈♦❧✉t✐♦♥❛r② ❈♦♠♣✉t❛t✐♦♥✱ ✶✾✾✽✱ ♣✳ ✼✽✲✽✸✳

❬❖◆❲ ✵✹❪ ●✳ ❈✳ ❖♥✇✉❜♦❧✉✱ ✧❚❘■❇❊❙ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ✢♦✇ s❤♦♣ s❝❤❡❞✉❧✐♥❣
♣r♦❜❧❡♠✱✧ ✐♥ ◆❡✇ ❖♣t✐♠✐③❛t✐♦♥ ❚❡❝❤♥✐q✉❡s ✐♥ ❊♥❣✐♥❡❡r✐♥❣✳ ❍❡✐❞❡❧✲
❜❡r❣✱ ●❡r♠❛♥②✿ ❙♣r✐♥❣❡r✱ ✷✵✵✹✱ ♣✳ ✺✶✼✲✺✸✻✳

❬❘■❈ ✵✸❪ ❘✐❝❤❛r❞s✱ ▼✳✱ ✏■♠♣r♦✈✐♥❣ P❛rt✐❝❧❡ ❙✇❛r♠ ❖♣t✐♠✐③❛t✐♦♥✑✱ ▼❛st❡r ♦❢
❙❝✐❡♥❝❡ t❤❡s✐s✱ ❇r✐❣❤❛♠ ❨♦✉♥❣ ❯♥✐✈❡rs✐t②✱ ✷✵✵✸

❬❙❊❘ ✾✼❪ ❙❡rr❛✱ P✳✱ ❙t❛♥t♦♥✱ ❆✳ ❋✳✱ ❑❛✐s✱ ❙✳✱ ✧P✐✈♦t ♠❡t❤♦❞ ❢♦r ❣❧♦❜❛❧ ♦♣t✐✲
♠✐③❛t✐♦♥✱✧ ✐♥ P❤②s✐❝❛❧ ❘❡✈✐❡✇✱ ✈♦❧✳ ✺✺✱ ✶✾✾✼✱ ♣✳ ✶✶✻✷✲✶✶✻✺✳

✼ ❆♣♣❡♥❞✐① ❢♦r ✏❛♠❛t❤❡✉rs✑

❆ r❡♠❛r❦❛❜❧❡ ♣r♦♣❡rt② ♦❢ ❜✐♥❛r② P❙❖ ✐s t❤❛t ❛ ❧♦t ♦❢ ❜❡❤❛✈✐♦✉rs ❝❛♥
❜❡ ♠♦❞❡❧❧❡❞ ❥✉st ❜② ❝❛r❡❢✉❧❧② ❝♦✉♥t✐♥❣ s♦♠❡ ✇❡❧❧ ❝❤♦s❡♥ ❝♦♥✜❣✉r❛✲
t✐♦♥s✱ ✐♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ s♦♠❡ ♣r♦❜❛❜✐❧✐t✐❡s✳ ■t ✐s t❤❡♥ ♣♦ss✐❜❧❡ t♦
❣✐✈❡ s♦♠❡ ♣r❛❝t✐❝❛❧ ❢♦r♠✉❧❛s ❢♦r t❤❡ ♠❛✐♥ ♣❛r❛♠❡t❡rs✱ ♥❛♠❡❧② t❤❡
s✇❛r♠ s✐③❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❢♦r♠❛♥ts ♦❢ ❛ ♣❛rt✐❝❧❡ ❛♥❞ t❤❡ ♥✉♠❜❡r
♦❢ ❜✐ts t♦ s✇✐t❝❤ ❛t ❡❛❝❤ t✐♠❡ st❡♣✳

✼✳✶ ❙✇❛r♠ s✐③❡

✼✳✶✳✶ ❆ s♣❤❡r✐❝❛❧ s❡❛r❝❤ s♣❛❝❡

■♥ ❛ ❝❧❛ss✐❝❛❧ ✭❞✐s❝r❡t❡✮ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ❛t
❞✐st❛♥❝❡ δ ❢r♦♠ g ✐s ✐♥❝r❡❛s✐♥❣ ❧✐❦❡ δD✳ ■♥ ❛ ❜✐♥❛r② s♣❛❝❡ ✇✐t❤ t❤❡
❍❛♠♠✐♥❣ ❞✐st❛♥❝❡ ✭♥✉♠❜❡r ♦❢ ❜✐ts t♦ s✇✐t❝❤✮ ✐t ✐s ❡q✉❛❧ t♦ Cδ

D✭t❤❡
♥✉♠❜❡r ♦❢ ♣♦ss✐❜✐❧✐t✐❡s t♦ ❝❤♦♦s❡ δ ❡❧❡♠❡♥ts ❛♠♦♥❣st D✱ ✇❤✐❝❤ ❣✐✈❡s
❛ ✇❡❧❧ ❦♥♦✇♥ ❜❡❧❧ s❤❛♣❡ ❝✉r✈❡✱ ❝❡♥t❡r❡❞ ♦♥ D/2✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡r❡
✐s ❥✉st ♦♥❡ ♣♦✐♥t ❛t ❞✐st❛♥❝❡ D✳ ▲✐❦❡ ♦♥ ❛ s♣❤❡r❡ ♦❢ r❛❞✐✉s D/2✱ t❤❡
♥✉♠❜❡r ♦❢ ♣♦✐♥ts ❛t ❞✐st❛♥❝❡ δ ❜❡❣✐♥s t♦ ✐♥❝r❡❛s❡ ❛♥❞ t❤❡♥ ❞❡❝r❡❛s❡s✳

✷✺



✼✳✶✳✷ ❙✇❛r♠ s✐③❡ ❡st✐♠❛t✐♦♥

▲❡t✬s s✉♣♣♦s❡ t❤❡ ✐♥✐t✐❛❧✐s❛t✐♦♥ ✐s ✏♣❡r❢❡❝t✑✱ t❤❛t ✐s t♦ s❛② ❡❛❝❤ ♣❛rt✐❝❧❡
❤❛s ❛❜♦✉t t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ♣♦s✐t✐♦♥s ✐♥ t❤❡ s❡❛r❝❤ s♣❛❝❡ t❤❛t ❛r❡
❝❧♦s❡r t♦ ✐t t❤❛♥ t♦ t❤❡ ♦t❤❡r ♣❛rt✐❝❧❡s✳ ❚❤❡ s❡❛r❝❤ s♣❛❝❡ ❝❛♥ t❤❡♥ ❜❡
s❡❡♥ ❛s ❛ ✉♥✐♦♥ ♦❢ ✏❝❡❧❧s✑✱ ❛♥❞ ❡❛❝❤ ❝❡❧❧ ❝♦♥t❛✐♥s ❛❜♦✉t 2/S ♣♦s✐t✐♦♥s✳
▲❡t g ❜❡ ❛ ♣❛rt✐❝❧❡✱ ❛♥❞ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❛r♦✉♥❞ g ❜② s✇✐t❝❤✐♥❣ ❛t ♠♦st
∆ ❜✐ts✱ ❛s ✐♥ ❉❡r✐✈❛t✐♦♥ ✶✶✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ♣♦s✐t✐♦♥s ✇❡ ❝❛♥ r❡❛❝❤
t❤✐s ✇❛② ✐s

∑∆
δ=0 Cδ

D✳ ❙♦✱ ✐♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ r❡❛❝❤ ❛♥② ♣♦s✐t✐♦♥ ✐♥
t❤❡ ❝❡❧❧✱ ✇❡ ❤❛✈❡ t♦ ✜♥❞ t❤❡ s♠❛❧❧❡st ✏r❛❞✐✉s✑ ∆ s♦ t❤❛t

∆∑

δ=0

Cδ
D ≥

2D

S
✭✶✮

❆❧t❤♦✉❣❤ t❤❡r❡ ✐s ♥♦ s✐♠♣❧❡ ❢♦r♠✉❧❛ t♦ ❞❡r✐✈❡ ∆ ❢r♦♠ ✶✱ ✐t ✐s ❛❧✇❛②s
♣♦ss✐❜❧❡ t♦ ♥✉♠❡r✐❝❛❧❧② ❝♦♠♣✉t❡ ✐t ✇❤❡♥ D ❛♥❞ S ❛r❡ ❣✐✈❡♥✱ ❛♥❞ t♦
t❛❜✉❧❛t❡ s♦♠❡ ❝✉r✈❡s ∆ ✈s S✳ ❚❤❡ ❣♦♦❞ ♥❡✇s ✐s t❤❛t ❛s s♦♦♥ ❛s S ✐s
❣r❡❛t❡r t❤❛♥ ❛ ❣✐✈❡♥ ✈❛❧✉❡ ✭✇❤✐❝❤ ✐s ❛ ♣r✐♦r✐ ❞❡♣❡♥❞✐♥❣ ♦♥ D✮✱ t❤✐s
r❛❞✐✉s ❞❡❝r❡❛s❡s ✈❡r② s❧♦✇❧② ✇❤❡♥ S ✐♥❝r❡❛s❡s✳

❙♦✱ ❛s ✇❡ ❝❛♥ s❡❡ ♦♥ ✜❣✉r❡ ✾✱ t❤❡ r❛❞✐✉s ✐s ❛❧♠♦st t❤❡ s❛♠❡ ✭❛❜♦✉t ✶✵
❢♦r D = 30✱ ❛♥❞ ❛❜♦✉t ✹✵ ❢♦r D = 100✮ ❢♦r ❛♥② s✇❛r♠ s✐③❡ ❜❡t✇❡❡♥ ✷✵
❛♥❞ ✺✵✳ ■t ♠❡❛♥s t❤❛t ❢♦r ❢♦r ❛ ❣✐✈❡♥ ✏s❡❛r❝❤ ❡✛♦rt✑ ♦❢ T ❡✈❛❧✉❛t✐♦♥s✱
✉s✐♥❣ S = 20 ♦rS = 50 ✇✐❧❧ ❣✐✈❡ ♠♦r❡ ♦r ❧❡ss t❤❡ s❛♠❡ s✉❝❝❡ss r❛t❡✱ ❛♥❞
♠♦r❡ ♦r ❧❡ss t❤❡ s❛♠❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s ❢♦r t❤❡ s✉❝❝❡ss❢✉❧
r✉♥s✳ ❆❝t✉❛❧❧②✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✇❛② P❙❖ ✇♦r❦s✱ ✐t ✐s ❜❡tt❡r t♦ ❤❛✈❡ ❛s
♠❛♥② ✐t❡r❛t✐♦♥s ❛s ♣♦ss✐❜❧❡✱ ❢♦r t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❤❛s t❤❡♥ ♠♦r❡ t✐♠❡ t♦
❜❡ s♣r❡❛❞ ❜❡t✇❡❡♥ ♣❛rt✐❝❧❡s ❬❈▲❊ ✵✺❪ ✳ ❆s t❤✐s ♥✉♠❜❡r ♦❢ ✐t❡r❛t✐♦♥s
✐s ❡q✉❛❧ t♦ T/S✱ ✐t ♠❡❛♥s t❤❡ s♠❛❧❧❡st ✏❛❝❝❡♣t❛❜❧❡✑ S ✈❛❧✉❡ ✐s t❤❡ ❜❡st
♦♥❡✳

■t ✐s t❤❡♥ ♣♦ss✐❜❧❡ t♦ ❜✉✐❧❞ ❛ s✐♠♣❧✐✜❡❞ ❢♦r♠✉❧❛ ❣✐✈✐♥❣ ❛ s✇❛r♠ s✐③❡
t❤❛t ✐s ❣♦♦❞ ❢♦r ❛ ❧❛r❣❡ r❛♥❣❡ ♦❢ ❞✐♠❡♥s✐♦♥s✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤❛t✱ ❢♦r
❡❛❝❤ D t❤❡ ❝✉r✈❡ ∆ ✈s S ✐s ✐♥t❡r♣♦❧❛t❡❞ ❜② ❛ t❤r❡❡ t✐♠❡s ❞✐✛❡r❡♥t✐❛❜❧❡
♦♥❡✱ ❛♥❞ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r t❤❡ S0 ✈❛❧✉❡ t❤❛t ♠✐♥✐♠✐s❡ t❤❡ ❝✉r✈❛t✉r❡
r❛❞✐✉s✳ ❆❢t❡r t❤❛t✱ ❛ ❣♦♦❞ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✇❛♥t❡❞ Smin ✈❛❧✉❡ ❝❛♥
❜❡ ♣❡r❢♦r♠❡❞ ✐♥ t❤r❡❡ st❡♣s✿

✶✳ ✜♥❞ t❤❡ ♣♦✐♥t O = (S0,∆ (S0)) ✇❤❡r❡ t❤❡ ♦s❝✉❧❛t♦r ❝✐r❝❧❡ ❤❛s t❤❡ s♠❛❧❧❡st
r❛❞✐✉s R

✷✳ ✜♥❞ t❤❡ ❝❡♥t❡r C ♦❢ t❤✐s ❝✐r❝❧❡✳ ▲❡t S′ ❜❡ ✐ts ✜rst ❝♦♦r❞✐♥❛t❡

✸✳ ❞❡✜♥❡ Smin ❜② Smin = INT (S′ + 0.5)✱ ✐✳❡✳ t❤❡ ♥❡❛r❡st ✐♥t❡❣❡r ✈❛❧✉❡✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❝✉r✈❡✱ ✇❡ ❝♦✉❧❞ s❛② ✐t ✐s ✐♥❞❡❡❞ ❛ ♣♦✐♥t
✇❤❡r❡ t❤❡ ✏✢❛t✑ ♣❛rt ❜❡❣✐♥s✳

✷✻



❋✐rst✱ ❧❡t ✉s ✜♥❞ ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ t❤❛t ❛♣♣r♦①✐♠❛t❡s
∑∆

δ=0 Cδ
D✳

■t ✐s q✉✐t❡ ❡❛s② ❜② ✉s✐♥❣ ❛ ❧♦❣✐st✐❝ ❝✉r✈❡✱ ❢♦r ❡①❛♠♣❧❡

H (∆) =
2D

1 + e−γ(∆−βD)

❇② s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥ H (∆) = 2D/S ✇❡ ✜♥❞ ❛ ❢♦r♠✉❧❛ ❢♦r ∆

∆ (S) = βD − ln (S − 1)

γ
✭✷✮

❚❤❡ γ ❝♦❡✣❝✐❡♥t ❝❛♥ ❜❡ t❛❜✉❧❛t❡❞✱ ❜✉t ✐t ✐s ❡❛s✐❡r t♦ ✉s❡ ❛ ❣♦♦❞
❛♣♣r♦①✐♠❛t✐♦♥ ❣✐✈❡♥ ❜②

γ =
γ1

1 + Dγ2

✇✐t❤ γ1 = 4.5 ❛♥❞ γ2 = 0.54✳

❲❡ ❤❛✈❡ t❤❡♥ ∆′ (S) = − 1
γ(S−1) ✱ ∆′′ (S) = 1

γ(S−1)2
✱ ❛♥❞ ∆′′′ (S) = − 2

γ(S−1)3
✳

◆♦✇✱ ❢♦r ∆′′✐s ❛❧✇❛②s ♣♦s✐t✐✈❡✱ t❤❡ r❛❞✐✉s ❝✉r✈❛t✉r❡ ✐s ❣✐✈❡♥ ❜② t❤❡
❝❧❛ss✐❝❛❧ ❢♦r♠✉❧❛

R =

(
1 + ∆′2

)3/2

∆′′

❲❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r t❤❡ S ✈❛❧✉❡ ❢♦r ✇❤✐❝❤ ✐t ✐s ♠✐♥✐♠✉♠✳ ❚❤❡ ❡q✉❛t✐♦♥
R′ = 0 ❣✐✈❡s ✉s

3∆′ −
(
1 + ∆′2

)
∆′′∆′′′ = 0

❛♥❞ ✇❡ ✜♥❛❧❧② ❤❛✈❡ t♦ s♦❧✈❡

−3γ (S − 1)
6

+ 2 (S − 1)
2

+ 2 = 0

▲❡t ✉s ❞❡✜♥❡ X = (S − 1)
2 ❛♥❞ p = −2/3γ ✳ ❚❤❡♥ t❤❡ ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

X3 + pX + p = 0✳ ❇② ❛♣♣❧②✐♥❣ t❤❡ ❈❛r❞❛♥ ❢♦r♠✉❧❛✱ ✇❡ ✜♥❞ t❤❛t t❤❡
r❡❛❧ s♦❧✉t✐♦♥ ✐s

S0 = 1 +

√√√√ 3

√

−p

2
+

√
p2

4
+

p3

27
+

3

√

−p

2
−
√

p2

4
+

p3

27

❛♥❞ t❤❡ ✈❛❧✉❡ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ✐s t❤❡♥

Smin = INT

(
S0 −∆′

1 + ∆′2

∆′′
+ 0.5

)

✷✼



❋✐❣✉r❡ ✾✿ ▼❛①✐♠✉♠ r❛❞✐✉s✳ ■❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡ ✐s ❡♥♦✉❣❤ ❡✈❡♥❧②✱
❛♥② ♣♦✐♥t ♦❢ t❤❡ s❡❛r❝❤ s♣❛❝❡ ✐s ❛t ❛ ❞✐st❛♥❝❡ ♦❢ t❤❡ ♥❡❛r❡st ♣❛rt✐❝❧❡ ❛t ♠♦st
❡q✉❛❧ t♦ t❤✐s r❛❞✐✉s✳ ❆s ❡①♣❡❝t❡❞✱ t❤✐s r❛❞✐✉s ❞❡❝r❡❛s❡s ✇❤❡♥ t❤❡ s✇❛r♠ s✐③❡
✐♥❝r❡❛s❡s✱ ❜✉t ✈❡r② s❧♦✇❧② ❛s s♦♦♥ ❛s t❤❡ s✇❛r♠ ✐s ❜✐❣ ❡♥♦✉❣❤✳ ❚❤❡s❡ ❝✉r✈❡s ❝❛♥
❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ♠♦❞❡❧

❆s ∆′ ✐s ♥❡❣❛t✐✈❡ ❛♥❞ ∆′′ ♣♦s✐t✐✈❡✱ ✐t ✐s ❛s ❡①♣❡❝t❡❞ ❣r❡❛t❡r t❤❛♥ S0✳
❋♦r D = 30✱ ✇❡ ✜♥❞ S0 = 2.41✱ ❛♥❞ Smin = 12✳ ❋♦r D = 100✱ S0 = 2.56✱ ❛♥❞
Smin ≃ 21✳ ❚❤❡ ✇❤♦❧❡ ♣r♦❝❡ss ✐s q✉✐t❡ ❝♦♠♣❧✐❝❛t❡❞ ❜✉t ♥♦✇ ✇❡ ❤❛✈❡ ❛
t❤❡♦r❡t✐❝❛❧ ❢♦r♠✉❧❛✱ ✇❡ ❝❛♥ ✜♥❞ s♦♠❡ ❢❛r ♠♦r❡ s✐♠♣❧❡ ❡♠♣✐r✐❝❛❧ ♦♥❡s
t❤❛t ❣✐✈❡ s✐♠✐❧❛r ✈❛❧✉❡s✱ ❛t ❧❡❛st ❢♦r ♥♦t t♦♦ ❤✐❣❤ ❞✐♠❡♥s✐♦♥ ✭t②♣✐❝❛❧❧②
s♠❛❧❧❡r t❤❛♥ ✺✵✵✮✱ ❢♦r ❡①❛♠♣❧❡

Smin = INT (9.5 + 0.124 (D − 9)) ✭✸✮

❯s✐♥❣ s✉❝❤ ✏♦♣t✐♠❛❧✑ s✇❛r♠ s✐③❡s ✉s✉❛❧❧② s❧✐❣❤t❧② ✐♥❝r❡❛s❡s t❤❡ ❡❢✲
❢❡❝t✐✈❡♥❡ss✱ ♣❛rt✐❝✉❧❛r❧② ✇❤❡♥ T ✐s t♦♦ s♠❛❧❧ t♦ ♦❜t❛✐♥ ❛ ❤✐❣❤ s✉❝❝❡ss
r❛t❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r t❤❡ ✸✵❉ ❩❡❜r❛✸ ❢✉♥❝t✐♦♥ ❛♥❞ T = 15000 t❤❡ s✉❝✲
❝❡ss r❛t❡ ✐s ✷✾✪ ✇✐t❤ S = 12✱ ❛s ✐t ✐s ✷✷✪ ✇✐t❤ S = 35 ✭✇✐t❤ ❉❡r✐✈❛t✐♦♥
✶✶✮✳

✼✳✷ P❡r❢♦r♠❛♥❝❡ ❝✉r✈❡ ♠♦❞❡❧

▲❡t✬s tr② t♦ ♠♦❞❡❧ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❝✉r✈❡s ✧❙✉❝❝❡ss r❛t❡ ✈s ▼❛①✐♠✉♠
♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s✧✳ ▲❡t s (T ) ❜❡ s✉❝❤ ❛ ❝✉r✈❡✳ ■t ♠❛② ❜❡ ❡❛s✐❡r t♦
✉♥❞❡rst❛♥❞ ✇❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ s✉♣♣♦s❡ ❡❛❝❤ s✉❝❝❡ss r❛t❡ ✐s ❡st✐♠❛t❡❞
❜② r✉♥♥✐♥❣ N t✐♠❡s t❤❡ ❛❧❣♦r✐t❤♠ ✭♦♥ ❛ ❣✐✈❡♥ ♣r♦❜❧❡♠✮✳ ❙♦ Ns (T ) ✐s

✷✽



t❤❡ ♥✉♠❜❡r ♦❢ s✉❝❝❡ss❢✉❧ r✉♥s✱ t❤❛t ✐s t♦ s❛② t❤❡ ♥✉♠❜❡r ♦❢ r✉♥s t❤❛t
❤❛✈❡ ❢♦✉♥❞ ❛ s♦❧✉t✐♦♥ ❛❢t❡r ❛t ♠♦st T ❡✈❛❧✉❛t✐♦♥s✳

◆♦✇ ❧❡t✬s ❝♦♥s✐❞❡r N r✉♥s ✇✐t❤ ❛ ❣r❡❛t❡r ♠❛①✐♠✉♠ ❡✈❛❧✉❛t✐♦♥ ♥✉♠❜❡r
T + ∆T ✳ ■t ✐s q✉✐t❡ ♦❜✈✐♦✉s t❤❡r❡ ❛r❡ ❛t ❧❡❛st Ns (T ) s✉❝❝❡ss❢✉❧ ♦♥❡s
✭✇❡ ♥❡❣❧❡❝t ❤❡r❡ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ✢✉❝t✉❛t✐♦♥s✮✱ ❢♦✉♥❞ ❞✉r✐♥❣ t❤❡ ✜rst
T ❡✈❛❧✉❛t✐♦♥s✳ ❲❤❛t ❛❜♦✉t t❤❡ N − Ns (T ) ♦t❤❡r ♦♥❡s❄ ❚❤❡② st✐❧❧
❤❛✈❡ ∆T ❡✈❛❧✉❛t✐♦♥s t♦ ♣♦ss✐❜❧② ✜♥❞ ❛ s♦❧✉t✐♦♥✳ ■t s❡❡♠s r❡❛s♦♥❛❜❧❡
t♦ ❛♣♣❧② t♦ t❤❡♠ ❛ s✉❝❝❡ss r❛t❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✱
✐✳❡✳ µs (T ) ∆T ✳ ❙♦✱ ✜♥❛❧❧②✱ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ s✉❝❝❡ss❢✉❧ r✉♥s ✐s
Ns (T ) + µs (T ) (N −Ns (T ))∆T ✳ ❇② ❞✐✈✐❞✐♥❣ ❜② N ✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♥❡✇
s✉❝❝❡ss r❛t❡✿

s (T + ∆T ) = s (T ) + µs (T ) (1− s (T ))∆T ✭✹✮

❚❤✐s ✐s ❛ ❝❧❛ss✐❝❛❧ ✐t❡r❛t✐✈❡ ❡q✉❛t✐♦♥ ❢♦r ❛ ❧♦❣✐st✐❝ ❝✉r✈❡✳ ❚❤❡ s ❢✉♥❝t✐♦♥
✐s ❣✐✈❡♥ ❜②✿ {

α =
(

1
s(T0)

− 1
)

eµT0

s (T ) = 1
1+αe−µT

✭✺✮

❚❤❡♦r❡t✐❝❛❧❧②✱ ✐❢ t❤❡ ♠♦❞❡❧ ✇❛s ♣❡r❢❡❝t✱ ✇❡ ❝♦✉❧❞ t❛❦❡ T0 = 1 ❛♥❞
t❤❡♥✱ ✐❢ t❤❡r❡ ✐s ❥✉st ♦♥❡ s♦❧✉t✐♦♥✱ s (T0) = 2−D ✭✐✳❡✳ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦
✜♥❞ t❤❡ s♦❧✉t✐♦♥ ❥✉st ❜② ❝❤❛♥❝❡ ❛t t❤❡ ✈❡r② ❜❡❣✐♥♥✐♥❣✮✳ ❍♦✇❡✈❡r✱ ♦❢
❝♦✉rs❡✱ t❤❡ ♠♦❞❡❧ ✐s ♥♦t ♣❡r❢❡❝t✱ ❛♥❞ ✐t ❞♦❡s♥✬t ♠❛t❝❤ t❤❡♥ ✈❡r② ✇❡❧❧
✭❢❛r t♦♦ ♣❡ss✐♠✐st✐❝✮✱ s♦ ✐t ✐s ❜❡tt❡r t♦ ✧❢♦r❣❡t✧ t❤❡ ✜rst ❡q✉❛t✐♦♥✱ ❛♥❞
t♦ ❝♦♥s✐❞❡r t❤❡r❡ ❛r❡ t✇♦ ✐♥❞❡♣❡♥❞❡♥t ♣❛r❛♠❡t❡rs✱ α ❛♥❞ µ✭❛♥♦t❤❡r
✇❛②✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t ❛♥❞ ♠✐❣❤t ❜❡ ♠♦r❡ ✐♥t✉✐t✐✈❡✱ ✐s t♦ st❛rt ❢r♦♠
❛ ✏r❡❛s♦♥❛❜❧❡✑ T0 ✈❛❧✉❡✱ s❛② 1000✱ t♦ ❝♦♥s✐❞❡r t❤❛t s (T0) ✐s ❛ ♣❛r❛♠❡t❡r✱
❛♥❞ t♦ ❝♦♠♣✉t❡ α✮✳ ❚❤❡♥✱ ❜② r✉♥♥✐♥❣ t❤❡ ❛❧❣♦r✐t❤♠ N t✐♠❡s ✇✐t❤
t✇♦ ❞✐✛❡r❡♥t ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s T1 ❛♥❞ T2 ✇❡ ♦❜t❛✐♥
t✇♦ s✉❝❝❡ss r❛t❡ ❡st✐♠❛t✐♦♥s s (T1)❛♥❞ s (T2)✳ ❋r♦♠ t❤❡♥✱ ✐t ✐s ❡❛s② t♦
❝♦♠♣✉t❡ t❤❡ t✇♦ ♣❛r❛♠❡t❡rs✱ ❜② s♦❧✈✐♥❣ t❤❡ s②st❡♠

{
s (T1) = 1

1+αe−µT1

s (T2) = 1
1+αe−µT2

❲❡ ✜♥❞





µ = 1
T2−T1

ln
(

1/s(T1)−1
1/s(T2)−1

)

α =
(

1
s(T1)

− 1
)

eµT1

✷✾



❋✐❣✉r❡ ✶✵✿ ▼♦❞❡❧ ❢♦r ♣❡r❢♦r♠❛♥❝❡ ❝✉r✈❡s ❢♦r t❤❡ ▼✉❧t✐♠♦❞❛❧ ♣r♦❜❧❡♠✳ ❚❤❛♥❦s
t♦ s✉❝❤ ❛ ♠♦❞❡❧✱ ✐t ✐s s♦♠❡t❤✐♥❣ ♣♦ss✐❜❧❡ t♦ ❡st✐♠❛t❡ ❤♦✇ ♠❛♥② ❡✈❛❧✉❛t✐♦♥s
✇✐❧❧ ❜❡ ♥❡❡❞❡❞ t♦ r❡❛❝❤ ❛ ❣✐✈❡♥ s✉❝❝❡ss r❛t❡✱ ❥✉st ❛❢t❡r ❤❛✈✐♥❣ r❛♥ t❤❡ ♦♣t✐♠✐s❡r
✇✐t❤ t✇♦ ❞✐✛❡r❡♥t s♠❛❧❧ ♠❛①✐♠✉♠ ♥✉♠❜❡rs ♦❢ ❡✈❛❧✉❛t✐♦♥ ✭s❡❡ ❉❡r✐✈❛t✐♦♥ ✼✮✳
❍♦✇❡✈❡r ✐t ❞♦❡s ♥♦t ✇♦r❦ ❢♦r ❛❧❧ str❛t❡❣✐❡s ✭s❡❡ ❉❡r✐✈❛t✐♦♥ ✶✶✮

❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ tr② t❤✐s ♠♦❞❡❧ ❢♦r s♦♠❡ str❛t❡❣✐❡s ♦♥ t❤❡ ▼✉❧t✐✲
♠♦❞❛❧ ✶✵✵❉ ♣r♦❜❧❡♠✳ ❆s ✇❡ ❝❛♥ s❡❡ ♦♥ ✜❣✉r❡ ✶✵✱ ✇✐t❤ ❥✉st t✇♦ ♣♦✐♥ts
r❛♣✐❞❧② ❝♦♠♣✉t❡❞ ✇✐t❤ q✉✐t❡ s♠❛❧❧ ♥✉♠❜❡rs ♦❢ ❡✈❛❧✉❛t✐♦♥s✱ ✇❡ s♦♠❡✲
t✐♠❡s ❝❛♥ ❤❛✈❡ ❛ ♣r❡tt② ❣♦♦❞ ✐❞❡❛ ♦❢ t❤❡ ✇❤♦❧❡ ♣❡r❢♦r♠❛♥❝❡ ❝✉r✈❡
✭s❡❡ ▼♦❞❡❧ ✼ ❙✸✺ ❑✷✮✳ ❍♦✇❡✈❡r ✇✐t❤ s♦♠❡ ❧❡ss ❡✣❝✐❡♥t str❛t❡❣✐❡s
t❤❡ ❛❞❡q✉❛❝② ✐s ♥♦t t❤❛t ❣♦♦❞ ✭s❡❡ ▼♦❞❡❧ ✶✶ ❙✸✺ ❑✷✮✱ ❢♦r t❤❡ ♠♦❞❡❧
t❡♥❞s ❤❡r❡ t♦ ❜❡ t♦♦ ♦♣t✐♠✐st✐❝ ❢♦r ❤✐❣❤ ♥✉♠❜❡r ♦❢ ❡✈❛❧✉❛t✐♦♥s✳ ❙♦ ✐t
st✐❧❧ ❤❛s t♦ ❜❡ r❡✜♥❡❞✳

❍♦✇❡✈❡r✱ ✐t ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ ❛❞❥✉st q✉✐t❡ ✇❡❧❧ t❤❡ s✐❣♠♦✐❞ ❝✉r✈❡
t♦ t❤❡ r❡❛❧ ♦♥❡ ❜② ❞✐r❡❝t❧② ❝❛r❡❢✉❧❧② ❝❤♦♦s✐♥❣ t❤❡ t✇♦ ♣❛r❛♠❡t❡rs α
❛♥❞ µ✳ ❆❢t❡r ❛❧❧✱ ✐t ✐s ❥✉st ❛ ✷❉ ♦♣t✐♠✐s❛t✐♦♥ ♣r♦❜❧❡♠✦ ❆s ✇❡ ❝❛♥
s❡❡ ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥s ✺✱ t❤❡ µ ♣❛r❛♠❡t❡r ✐s t❤❡ ♠♦st ✐♠♣♦rt❛♥t✿
✐t ❝❤❛r❛❝t❡r✐③❡s ❤♦✇ ❡✣❝✐❡♥t ✐s t❤❡ ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ❣✐✈❡♥ ♣r♦❜❧❡♠✳
❋♦r ❡①❛♠♣❧❡✱ ❢♦r t❤❡ ❜❛s✐❝ str❛t❡❣✐❡s✱ t❤❡s❡ ❝❤❛r❛❝t❡r✐st✐❝ ✈❛❧✉❡s ❛r❡
r❡s♣❡❝t✐✈❡❧② 0 ❢♦r ❉❡r✐✈❛t✐♦♥ ✵✱ ✇❤✐❝❤ ✐s ❝♦♠♣❧❡t❡❧② ✉♥❡✣❝✐❡♥t✱ 0.0009
❢♦r ❉❡r✐✈❛t✐♦♥ ✼✱ 0.0002 ❢♦r ❉❡r✐✈❛t✐♦♥ ✶✶✱ ❛♥❞ 0.004 ❢♦r ❉❡r✐✈❛t✐♦♥
✶✵✵✱ ✇❤✐❝❤ ✐s ❧❛r❣❡❧② t❤❡ ❜❡st ♦♥❡✳

✸✵



✼✳✸ Pr♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s

✼✳✸✳✶ ❙✇✐t❝❤✐♥❣ ❜✐ts

▲❡t g ❜❡ ❛ ♣♦s✐t✐♦♥ ✭❛ ❉✲✈❡❝t♦r✮✳ ▲❡t✬s s✉♣♣♦s❡ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❛t
r❛♥❞♦♠ ❛r♦✉♥❞ g✱ ♠♦r❡ ♦r ❧❡ss ❧✐❦❡ ✐♥ ❉❡r✐✈❛t✐♦♥ ✶✶✳ ■t ♠❡❛♥s✿

✶✳ ❝❤♦♦s❡ ❛ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❜✐ts t♦ s✇✐t❝❤✱ ∆ ✐♥ [1, D]

✷✳ ❝❤♦♦s❡ ❛t r❛♥❞♦♠ ✭✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✮ ❛ ❣✐✈❡♥ ♥✉♠❜❡r k ♦❢ ❜✐ts t♦
s✇✐t❝❤✱ k ✐♥ [1,∆] .◆♦t❡ t❤❛t ❢♦r ❉❡r✐✈❛t✐♦♥ ✶✶✱ k ✐s ✐♥ [2,∆]✳

✸✳ ❝❤♦♦s❡ k t✐♠❡s ❛t r❛♥❞♦♠ ✭✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥✮ ❛ ❜✐t ✐♥ g✱ ❛♥❞ s✇✐t❝❤ ✐t

❚❤❡ q✉❡st✐♦♥ ✐s✿ ✇❤❛t ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ρ (D, δ,∆) t♦ ✜♥❞ ❛ ♣♦✐♥t t❤❛t
✐s ❛t t❤❡ ❍❛♠♠✐♥❣ ❞✐st❛♥❝❡ δ ♦❢ g❄ ❖r✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✇❤❛t ✐s t❤❡
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❛r♦✉♥❞ g❄ ▲❡t✬s s❡❡ ✇❤❛t ❤❛♣♣❡♥s ❢♦r ❡❛❝❤
♣♦ss✐❜❧❡ k ✈❛❧✉❡✳ ❖❜✈✐♦✉s❧②✱ ✐❢ k < δ t❤❡r❡ ✐s ♥♦ ✇❛② t♦ ✜♥❞ s✉❝❤
❛ ♣♦✐♥t✳ ❋♦r ❣r❡❛t❡r k ✈❛❧✉❡s✱ ✇❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡ t❤❡ ♥✉♠❜❡r ♦❢
s✉r❥❡❝t✐♦♥s s (k, δ) ❢r♦♠ ❛ s❡t ✇✐t❤ k ❡❧❡♠❡♥ts t♦ ❛ s❡t ✇✐t❤ δ ❡❧❡♠❡♥ts✳
❋♦r δ = 1✱ t❤✐s ♥✉♠❜❡r ✐s ♦❢ ❝♦✉rs❡ ❥✉st 1✱ ❛♥❞ ❢♦r ♦t❤❡r ✈❛❧✉❡s✱ ✇❡
❤❛✈❡ t❤❡ ❝❧❛ss✐❝❛❧ ❢♦r♠✉❧❛

s (k, δ) = δ (s (k − 1, δ) + s (k, δ − 1))

❛♥❞ ✇❡ ❝❛♥ t❤❡♥ ♣r♦❣r❡ss✐✈❡❧② ❝♦♠♣✉t❡ ❛❧❧ t❤❡s❡ ♥✉♠❜❡rs ♦❢ s✉r❥❡❝✲
t✐♦♥s✳ ◆♦✇✱ ❢♦r ❛ ❣✐✈❡♥ D ❛♥❞ ❛ ❣✐✈❡♥ δ✱ t❤❡r❡ ❛r❡ Cδ

D♣♦ss✐❜❧❡ ❝♦♠❜✐♥❛✲
t✐♦♥s✳ ❋♦r ❛ ❣✐✈❡♥ k ✇❡ ❝♦♥s✐❞❡r ❛❧❧ ♣♦ss✐❜❧❡ δ ✈❛❧✉❡s✱ ❛♥❞✱ ❛t ❧❛st✱ ❡❛❝❤
k ✈❛❧✉❡ ❤❛s t❤❡ ♣r♦❜❛❜✐❧✐t② 1/∆ t♦ ❜❡ ❝❤♦s❡♥✳ ❙♦✱ ✜♥❛❧❧②✱ ✇❡ ♦❜t❛✐♥ ♦✉r
♣r♦❜❛❜✐❧✐t② ❜② t❤❡ ❢♦r♠✉❧❛

ρ (D, δ,∆) =
1

∆

∆∑

k=1

s (k, δ) Cδ
D

∆∑

i=1

s (k, i) Ci
D

❚❤✐s q✉❛♥t✐t② t❡♥❞s t♦✇❛r❞s 1/∆ ✇❤❡♥ ∆/D t❡♥❞s t♦✇❛r❞s ③❡r♦✳ ❙♦
t❤❡ r❡s✉❧t✐♥❣ ❞✐str✐❜✉t✐♦♥ t❡♥❞s t♦ ❜❡ ✉♥✐❢♦r♠✱ ❛❧t❤♦✉❣❤ ✐t ✐s ♥♦t ❢♦r
s♠❛❧❧ D ✈❛❧✉❡s✱ ❛s s❤♦✇♥ ♦♥ ✜❣✉r❡ ✶✶✳

■♥t✉✐t✐✈❡❧②✱ ✐t ❝♦✉❧❞ s❡❡♠ ❜❡tt❡r t♦ ✉s❡ ❢♦r k ❛ ❜❡❧❧✲s❤❛♣❡ ❞✐str✐❜✉t✐♦♥
✐♥ ♦r❞❡r t♦ ♣r✐✈✐❧❡❣✐❛t❡ s♠❛❧❧ δ ✈❛❧✉❡s✱ ❢♦r ❡①❛♠♣❧❡ s♦♠❡t❤✐♥❣ ❧✐❦❡

proba (k = δ) =
1/δ
∆∑

i=1

1/i

✭✻✮

✸✶



❋✐❣✉r❡ ✶✶✿ Pr♦❜❛❜✐❧✐t② t♦ ✜♥❞ ❛ ♣♦s✐t✐♦♥ ❛t ❞✐st❛♥❝❡ δ✇❤❡♥ t❤❡ ✏r❛❞✐✉s✑ ∆ ✐s
❡q✉❛❧ t♦3✱ ❛♥❞ ✇❤✐t❤ k ∈ {1,∆} . ■t t❡♥❞s t♦ ❜❡ ✉♥✐❢♦r♠ ✇❤❡♥ t❤❡ ❞✐♠❡♥s✐♦♥
✐♥❝r❡❛s❡s

❋✐❣✉r❡ ✶✷✿ ❚❤❡ ✜rst t❤r❡❡ ❝✉r✈❡s s❤♦✇ t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ✜♥❞ ❛ ♣♦s✐t✐♦♥ ❛t
❞✐st❛♥❝❡ δ✇❤❡♥ t❤❡ ✏r❛❞✐✉s✑ ∆ ✐s ❡q✉❛❧ t♦3✱ ❛♥❞ ✇✐t❤k ∈ {2,∆} ❛s ✐♥ ❉❡r✐✈❛t✐♦♥
✶✶✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t♦ s✇✐t❝❤ ❥✉st ♦♥❡ ❜✐t ✐s ♥♦t ♥✉❧❧✱ ❜✉t ✈❡r② ❧♦✇✳ ❚❤❡ ❧❛st
❝✉r✈❡ ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ t❤❡ k ❞✐str✐❜✉t✐♦♥ ✐s ❛ ❜❡❧❧✲s❤❛♣❡ ♦♥❡ ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥
❄❄

✸✷



❙♦♠❡ ♣r❡❧✐♠✐♥❛r② t❡sts ❛r❡ ♥♦t r❡❛❧❧② ❝♦♥✈✐♥❝✐♥❣✳ ❆❧s♦✱ ❉❡r✐✈❛t✐♦♥
✶✶ ✇♦r❦s ♣r❡tt② ✇❡❧❧ ✇✐t❤ ❛ ❞✐str✐❜✉t✐♦♥ t❤❛t ❣✐✈❡s ♦♥ t❤❡ ❝♦♥tr❛r② ❛
✈❡r② ❧♦✇ ✇❡✐❣❤t t♦ ♣♦s✐t✐♦♥s ❛t ❞✐st❛♥❝❡ ✶ ✭s❡❡ ✜❣✉r❡ ✶✷✮✳ ❍♦✇❡✈❡r✱
t❤❡ ✏s❡❛r❝❤ ♣♦✇❡r✑✱ ❛s ❞❡✜♥❡❞ ❜❡❧♦✇✱ ✐s ❛ ❜✐t ❤✐❣❤❡r✱ s♦ ✐t ♠❛② ❜❡
✇♦rt❤② t♦ ♠♦r❡ ❝❛r❡❢✉❧❧② st✉❞② t❤✐s ❛♣♣r♦❛❝❤✳

✼✳✹ ■♥❢♦r♠❛♥t ❣r♦✉♣ s✐③❡

✼✳✹✳✶ ❊①❛❝t ❢♦r♠✉❧❛

❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ❡❛❝❤ ♣❛rt✐❝❧❡ ❣❡♥❡r❛t❡s ❛t r❛♥❞♦♠ K−1 ✐♥❢♦r♠❛t✐♦♥
❧✐♥❦s✳ ■t ✐s ♣❡r❢❡❝t❧② ♣♦ss✐❜❧❡ t❤❛t t✇♦ ♦r ♠♦r❡ ♦❢ t❤❡s❡ ❧✐♥❦s ♣♦✐♥t
t♦✇❛r❞s t❤❡ s❛♠❡ ♣❛rt✐❝❧❡✳ ❙♦✱ ❛♥ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥ ✐s t♦ ❡st✐♠❛t❡
❤♦✇ ♠❛♥② ✐♥❢♦r♠❛t✐♦♥ ❧✐♥❦s ❛ ❣✐✈❡♥ ♣❛rt✐❝❧❡ r❡❝❡✐✈❡s✱ ♦r✱ ✐♥ ♦t❤❡r
✇♦r❞s✱ ✇❤❛t ✐s t❤❡ ♠❡❛♥ s✐③❡ ♦❢ ✐ts ✐♥❢♦r♠❛♥t ❣r♦✉♣✳

▲❡t✬s ❝❛❧❧ ❆ t❤✐s ♣❛rt✐❝❧❡✳ ❲❤❡♥ ❛♥♦t❤❡r ♣❛rt✐❝❧❡ ❇ ❣❡♥❡r❛t❡s ✐ts ❧✐♥❦s✱
t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ♥♦♥❡ ♦❢ t❤❡♠ r❡❛❝❤s ❆ ✐s s✐♠♣❧② ((S − 1) /S)✳ ❆♥❞
♦❢ ❝♦✉rs❡ ♦♥ t❤❡ ❝♦♥tr❛r② t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❇ ❞♦❡s ✐♥❢♦r♠ ❆ ✐s t❤❡
❝♦♠♣❧❡♠❡♥t t♦ ✶ ♦❢ t❤✐s ✈❛❧✉❡✳ ◆♦✇✱ ✐❢ t❤❡ ✐♥❢♦r♠❛♥t ❣r♦✉♣ s✐③❡ ✐s
❡①❛❝t❧② L ✭♥♦t t❛❦✐♥❣ ❆ ✐♥t♦ ❛❝❝♦✉♥t✮✱ ✐t ♠❡❛♥s t❤❛t L ♦t❤❡r ♣❛rt✐❝❧❡s
❞♦ ✐♥❢♦r♠ ❆ ❛♥❞ t❤❛t t❤❡ S − 1− L ♦t❤❡r ❞♦♥✬t✳ ❚❤❡r❡ ❛r❡ CL

S−1 s✉❝❤
♣♦ss✐❜✐❧✐t✐❡s✳ ❙♦✱ ✜♥❛❧❧②✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❡①❛❝t❧② L ♦t❤❡r ♣❛rt✐❝❧❡s
✐♥❢♦r♠ ❆ ✐s ❣✐✈❡♥ ❜②

η (S, K,L) = CL
S−1

(
1−

(
S − 1

S

)K−1
)L(

S − 1

S

)(K−1)(S−1−L)

✭✼✮

❚❤❡ ♠❡❛♥ ✈❛❧✉❡ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ✐s t❤❡♥

L̂ =

S−1∑

L=0

η (S, K,L) ✭✽✮

❲❡ ❥✉st ❤❛✈❡ t♦ ❛❞❞ ✶ ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛♥t ❣r♦✉♣ t❤❛t ✐♥❝❧✉❞❡
t❤❡ ♣❛rt✐❝❧❡ ✐ts❡❧❢✳

✼✳✹✳✷ ❊①❛♠♣❧❡

❲❡ ❝❛♥ ❛♣♣❧② t❤❡s❡ ❢♦r♠✉❧❛s t♦ ❛♥ ❡①❛♠♣❧❡ ✇✐t❤ s❛② S = 35✳ ❋♦r t❤❡ t❤r❡❡
❝✉r✈❡s ♦♥ ✶✸ ✭♦♥ t❤❡ ❧❡❢t✮ t❤❡ ♠❡❛♥ ✈❛❧✉❡s ❛r❡ r❡s♣❡❝t✐✈❡❧② ✶✳✾ ❢♦r K = 3✱ ✼✳✽ ❢♦r
K = 10✱ ❛♥❞ ✷✶✳✸ ❢♦r K = S = 35✳ ❙♦✱ ❛❧t❤♦✉❣❤ ✐t ❝♦✉❧❞ ✐♥t✉✐t✐✈❡❧② s❡❡♠ t❤❛t
t❤❡s❡ ♥✉♠❜❡rs s❤♦✉❧❞ ❜❡ ♠♦r❡ ♦r ❧❡ss ❡q✉❛❧ t♦ S/K✱ t❤❡r❡ ❛r❡ ❛❧✇❛②s s♠❛❧❧❡r✱
❡✈❡♥ ❢♦r K = S✳

✸✸



❋✐❣✉r❡ ✶✸✿ ■♥❢♦r♠❛♥t ❣r♦✉♣❡ s✐③❡ ❢♦r ❞✐✛❡r❡♥t K ✈❛❧✉❡s ✭♦♥ t❤❡ ❧❡❢t✮✱ ❛♥❞ ♠❡❛♥
❣r♦✉♣ s✐③❡ ✭♦♥ t❤❡ r✐❣❤t✮✳ ❚❤❡ s✇❛r♠ s✐③❡ S ✐s ❡q✉❛❧ t♦ ✸✺✳ ❆s t❤❡ ❧✐♥❦s ❛r❡
r❛♥❞♦♠❧② ❝❤♦s❡♥✱ ❡✈❡♥ ✇❤❡♥ K = S t❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ ✐♥❢♦r♠❛♥ts ♦❢ ❛ ❣✐✈❡♥
♣❛rt✐❝❧❡ ✐s s✐❣♥✐✜❝❛♥t❧② s♠❛❧❧❡r t❤❛♥ S

✼✳✹✳✸ ❙✐♠♣❧✐✜❡❞ ❢♦r♠✉❧❛

❋♦r♠✉❧❛ ✽ t♦ ✜♥❞ t❤❡ ♠❡❛♥ ✐♥❢♦r♠❛♥t ❣r♦✉♣ s✐③❡ ✐s ❛ ❜✐t ❝♦♠♣❧✐❝❛t❡❞✳
❲❡ ❝❛♥ ♠❛❦❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❜② ♥♦t✐♥❣ t❤❛t t❤❡ ❝✉r✈❡s ♦♥ ✜❣✉r❡
✶✸ ❛r❡ ❛❧♠♦st s②♠♠❡tr✐❝❛❧✱ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ❢♦r η (S, K,L) ✐s

t❤❡♥ r❡❛❝❤❡❞ ♦♥ ❛
˜̂
L ✈❛❧✉❡ ❥✉st ❛ ❜✐t s♠❛❧❧❡r t❤❛♥ L̂✳ ❲❡ ❤❛✈❡ t♦ s♦❧✈❡

˜̂
L = MAXL

(
CL

S−1 (1− u)
L

uS−1−L
)

❆s t❤❡ ❝✉r✈❡ ✐s ✭❛❧♠♦st✮ s②♠♠❡tr✐❝❛❧ ✇❡ ❝❛♥ ✇r✐t❡ ❢♦r ❛♥② p ✈❛❧✉❡

s♠❛❧❧❡r t❤❛♥
˜̂
L

Cp
S−1 (1− u)

p
uS−1−p = C2˜̂L−p

S−1 (1− u)
2˜̂L−p

uS−1−2˜̂L+p

■♥ ♣❛rt✐❝✉❧❛r t❤✐s ♠✉st ❜❡ tr✉❡ ❢♦r p =
˜̂
L − 1✳ ❚❤❡ ✐❞❡❛ ✐s ♦❢ ❝♦✉rs❡

❤❡r❡ t❤❛t ✐❢
˜̂
L ✐s t❤❡ ♣♦✐♥t ✇❤❡r❡ t❤❡ ♠❛①✐♠✉♠ ✐s r❡❛❝❤❡❞✱ t❤❡ ❢✉♥❝t✐♦♥

✈❛❧✉❡ ♠✉st ❜❡ t❤❡ s❛♠❡ ❢♦r
˜̂
L−1 ❛♥❞ ❢♦r

˜̂
L+1✳ ■t ❣✐✈❡s ✉s ✐♠♠❡❞✐❛t❡❧②

˜̂
L

(
˜̂
L + 1

)

(
S − 1− ˜̂L

)(
S − 1− ˜̂L + 1

) =

(
1− u

u

)2

✸✹



D δ ✶ ✷ ✸ ❚♦t❛❧

✶✵ ✵✳✵✸✼ ✵✳✵✹✷✼ ✵✳✵✵✷✵✵✵ ✵✳✵✹✽
✸✵ ✵✳✵✶✶ ✵✳✵✵✽✻ ✵✳✵✵✵✵✼✹ ✵✳✵✶✷
✶✵✵ ✵✳✵✵✸ ✵✳✵✵✵✽ ✵✳✵✵✵✵✵✷ ✵✳✵✵✸
✸✵✱ ❜❡❧❧✲s❤❛♣❡ ✵✳✵✶✽ ✵✳✵✵✵✻ ✵✳✵✵✵✵✸✾ ✵✳✵✶✾
✸✵✱ ✉♥✐❢♦r♠ ✵✳✵✶✶ ✵✳✵✵✵✼ ✵✳✵✵✵✵✽✷ ✵✳✵✶✷

❚❛❜❧❡ ✾✿ ❙♦♠❡ s❡❛r❝❤ ♣♦✇❡rs✳ ❋♦r ❛ ❣✐✈❡♥ ❞✐♠❡♥s✐♦♥ ✭❤❡r❡ ✸✵✮ ✐t s❡❡♠s ❛ ❜❡❧❧
s❤❛♣❡ ❞✐str✐❜✉t✐♦♥ s❤♦✉❧❞ ❜❡ ❜❡tt❡r✳ ❍♦✇❡✈❡r ✐♥ ♣r❛❝t✐❝❡ ✐t ✐s ♥♦t ❛❧✇❛②s t❤❡
❝❛s❡✱ ♣r♦❜❛❜❧② ❢♦r ✇✐t❤ s✉❝❤ ❛ ❞✐str✐❜✉t✐♦♥ t❤❡ s✇❛r♠ t❡♥❞s t♦ ❜❡ tr❛♣♣❡❞ ✐♥ ❛
❧♦❝❛❧ ♦♣t✐♠✉♠

❲❡ ♥♦✇ ❥✉st ❤❛✈❡ t♦ s♦❧✈❡ ❛ s❡❝♦♥❞ ❞❡❣r❡❡ ❡q✉❛t✐♦♥✱ ❛♥❞ ✇❡ ✜♥❞




α =
(

1−u
u

)2
a = 1− α
b = 1 + 2α (S − 1)
c = −α (S − 1) S
˜̂
L = 1

2a

(
−b +

√
b2 − 4ac

)

+ α ✭✾✮

◆♦✇ t❤❡ ❢♦r♠✉❧❛✼ ✐s ✐ts❡❧❢ q✉✐t❡ ❝♦♠♣❧✐❝❛t❡❞✱ s♦ ✜♥❞✐♥❣ ✐ts ♠❛①✐♠✉♠

✐s ♥♦t s♦ ❡❛s②✳ ▲❡t✬s ❞❡✜♥❡ u =
(

S−1
S

)K−1
✳

❆s ✇❡ ❝❛♥ s❡❡ ♦♥ ✜❣✉r❡ ✶✸✱ t❤✐s s✐♠♣❧✐✜❡❞ ❢♦r♠✉❧❛ ❣✐✈❡s ❛ r❡s✉❧t t❤❛t
✐s ❛❧♠♦st ♣❡r❢❡❝t✳

✼✳✺ ❙❡❛r❝❤ ♣♦✇❡r

❲❡ ❝❛♥ ❞❡✜♥❡ ❛ ♣❛rt✐❛❧ ♣♦✇❡r s❡❛r❝❤ ✭❢♦r ♦♥❡ ♣❛rt✐❝❧❡✮ ❛s t❤❡ ♣r♦❞✲
✉❝t ρ (D, δ,∆)

(
1/Cδ

D

)
✐✳❡✳ ✏♣r♦❜❛❜✐❧✐t② t♦ r❡❛❝❤ ❛ ♣♦s✐t✐♦♥ ❛t ❞✐st❛♥❝❡

δ✑①✑♣r♦❜❛❜✐❧✐t② ❢♦r ❛ ♣♦s✐t✐♦♥ t♦ ❜❡ ❛ t❤❛t ❞✐st❛♥❝❡✑✳ ❚❤❡ t♦t❛❧ ♣♦✇❡r
s❡❛r❝❤ ✐s t❤❡♥ t❤❡ s✉♠ ♦✈❡r ❛❧❧ δ ✈❛❧✉❡s✿

w1 (D,∆) =

∆∑

δ=1

ρ (D, δ,∆) /Cδ
D

❋♦r S ♣❛rt✐❝❧❡s✱ ✇❡ ✜♥❞

wS (D,∆) = 1− (1− w1 (D,∆))
S

✐✳❡✳ s✐♠♣❧② w1 (D,∆) S ✐❢ w1 (D,∆) ✐s s♠❛❧❧ ❡♥♦✉❣❤✳

✸✺



❋✐❣✉r❡ ✶✹✿ ❙✇❛r♠ ❞✐❛♠❡t❡r ❡✈♦❧✉t✐♦♥✳ ❲❤❡♥ t❤❡ ♣r♦❝❡ss ❝♦♥✈❡r❣❡s t❤❡ s✇❛r♠
t❡♥❞s t♦ ✏❝♦❧❧❛♣s❡✑✱ ❛s ✐♥t✉✐t✐✈❡❧② ❡①♣❡❝t❡❞✳ ■❢ t❤❡r❡ ✐s ♥♦ ❝♦♥✈❡r❣❡♥❝❡ ✐t t❡♥❞s
t♦ ❝♦✈❡r ❛❧❧ t❤❡ s❡❛r❝❤ s♣❛❝❡✱ t❤❛t ✐s t♦ s❛② t❤❡ ❞✐❛♠❡t❡r t❡♥❞s t♦✇❛r❞s D

✼✳✻ ❲❤② ln(D)❄

✼✳✻✳✶ ❙✇❛r♠ ❞✐❛♠❡t❡r

❚❤❡ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥ ✐s ✏t❤❡ ♠❛①✐♠✉♠ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛♥② ♣❛✐r ♦❢
♣❛rt✐❝❧❡s✑✳ ❆❝t✉❛❧❧② ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t✇♦ ❞✐❛♠❡t❡rs✿ t❤❡ ♦♥❡ ♦❢ t❤❡
♠❡♠♦r②✲s✇❛r♠✱ t❤❛t ✐s t♦ s❛② t❤❡ s✇❛r♠ ♦❢ ❜❡st ♣r❡✈✐♦✉s ♣♦s✐t✐♦♥s
❬❈▲❊ ✵✺❪✱ ❛♥❞ t❤❡ ♦♥❡ ♦❢ t❤❡ ❝✉rr❡♥t s✇❛r♠✳ ❲❡ ❛r❡ ♠❛✐♥❧② ✐♥t❡r❡st❡❞
✐♥ t❤✐s ❧❛st ♦♥❡✱ ❢♦r ✇❡ ✇✐❧❧ ✉s❡ ✐t t♦ ❞❡✜♥❡ ❛♥ ❛❞❛♣t✐✈❡ ∆ r❛❞✐✉s✳ ▲❡t
Σ ❜❡ t❤❡ s✇❛r♠✳ ❙♦ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❞✐❛♠❡t❡r Θ ❛t t✐♠❡ t ✐s

Θ(t) = MAX x ∈ Σ
x′ ∈ Σ

(h (x, x′))

✇❤❡r❡ h (x, x′) ✐s t❤❡ ❍❛♠♠✐♥❣ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣♦s✐t✐♦♥s x ❛♥❞
x′✳

❆s t❤❡ s✇❛r♠ t❡♥❞s t♦ ❝♦♥✈❡r❣❡✱ ✐ts ❞✐❛♠❡t❡r ❞❡❝r❡❛s❡s✱ ❛s ✇❡ ❝❛♥
s❡❡ ♦♥ ✜❣✉r❡ ✶✹✇❤❡♥ ❉❡r✐✈❛t✐♦♥ ✶✶ ✐s ✉s❡❞✳ ❖♥ t❤❡ s❛♠❡ ✜❣✉r❡ t❤❡r❡
✐s ❛❧s♦ t❤❡ ❡✈♦❧✉t✐♦♥ ❣✐✈❡♥ ❜② ❉❡r✐✈❛t✐♦♥ ✵✳ ❍❡r❡ t❤❡ ♣r♦❝❡ss ❞♦❡s
♥♦t ❝♦♥✈❡r❣❡ ❛t ❛❧❧✿ t❤❡ s✇❛r♠ ✐s ♠♦r❡ ❛♥❞ ♠♦r❡ ✏s♣r❡❛❞✑ ❛❧❧ ♦✈❡r
t❤❡ s❡❛r❝❤ s♣❛❝❡✱ ❛♥❞ t❤❡ ❞✐❛♠❡t❡r t❡♥❞s t♦✇❛r❞s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢
t❤❡ ❜✐♥❛r② ♣r♦❜❧❡♠✱ ✐✳❡✳ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❜✐t str✐♥❣✳

✸✻



❋✐❣✉r❡ ✶✺✿ ◆✉♠❜❡r ♦❢ ♣✐✈♦ts ❡✈♦❧✉t✐♦♥✳ ◆♦ ♠❛tt❡r t❤❡ ♣r♦❝❡ss ❝♦♥✈❡r❣❡s ♦r ♥♦t✱
✐t ❤❛s t❤❡ s❛♠❡ r❛♥❞♦♠ ❡✈♦❧✉t✐♦♥ ✭❧❡❢t ✜❣✉r❡✮✳ ❍♦✇❡✈❡r✱ ❛s ✐♥t✉✐t✐✈❡❧② ❡①♣❡❝t❡❞✱
✐t ❞❡❝r❡❛s❡s ✇❤❡♥ t❤❡ ♠❡❛♥ ✐♥❢♦r♠❛♥t ❣r♦✉♣ s✐③❡ ✐♥❝r❡❛s❡s ✭r✐❣❤t ✜❣✉r❡✮✳ ❚❤❡
♣r♦❜❛❜✐❧✐st✐❝ ♠♦❞❡❧ ❣✐✈❡s ❛ q✉✐t❡ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❡①❝❡♣t t❤❛t ✐t s❤♦✉❧❞ ❜❡
r❡✜♥❡❞ ❢♦r ❤✐❣❤ K ✈❛❧✉❡s

✼✳✻✳✷ ◆✉♠❜❡r ♦❢ ♣✐✈♦ts

▲❡t✬s ❝❛❧❧ ❤❡r❡ ♣✐✈♦t ❛ ♣❛rt✐❝❧❡ ✇❤✐❝❤ ✐s t❤❡ ❜❡st ✐♥❢♦r♠❛♥t ❢♦r ❛♥♦t❤❡r
♦♥❡ ✭❛t ❛ ❣✐✈❡♥ t✐♠❡ st❡♣✮✳ ❉✉r✐♥❣ t❤❡ ♣r♦❝❡ss t❤❡ ♥✉♠❜❡r ♦❢ ♣✐✈♦ts
ω (t) ❝❛♥ ❡❛s✐❧② ❜❡ ❝♦♠♣✉t❡❞ ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥✳ ■♥t✉✐t✐✈❡❧② ✐t s❤♦✉❧❞
❞❡❝r❡❛s❡ ✇❤❡♥t t❤❡ ♠❡❛♥ ✐♥❢♦r♠❛♥t ❣r♦✉♣ s✐③❡ ✐♥❝r❡❛s❡s✱ ❛♥❞ t❤✐s ✐s
✐♥❞❡❡❞ tr✉❡✳ ❲❤❛t ✐s ♥♦t s♦ ✐♥t✉✐t✐✈❡ ✐s t❤❛t ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥
t❤❡ ❢❛❝t t❤❛t t❤❡ ♣r♦❝❡ss ❝♦♥✈❡r❣❡♥❝❡s ♦r ♥♦t✱ ❛s ✇❡ ❝❛♥ s❡❡ ♦♥ ✜❣✉r❡
✶✺ ✭❧❡❢t ♣❛rt✮✳

◆♦✇✱ ❞✉r✐♥❣ ❛ ♣r♦❝❡ss ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ♠❡❛♥ ♥✉♠❜❡r ♦❢ ♣✐✈♦ts✱
❛♥❞ s❡❡ ❤♦✇ ✐t ✐s ♠♦❞✐✜❡❞ ❢♦r ❞✐✛❡r❡♥t K ✈❛❧✉❡s ♦♥ ❛ ❣✐✈❡♥ ♣r♦❜✲
❧❡♠✳ ▲❡t ✉s ❝❛❧❧ ω̂ (S, K) t❤✐s ♥✉♠❜❡r✳ ❆ ✈❡r② s✐♠♣❧✐✜❡❞ t❤❡♦r❡t✐❝❛❧
❛♣♣r♦❛❝❤ t❡❧❧ ✉s t❤❛t ✐s ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ♣r♦❜❧❡♠✱ ❛♥❞ s❤♦✉❧❞
❜❡ ❣✐✈❡♥ ❜② s♦♠❡t❤✐♥❣ ❧✐❦❡

ω̂ (S, K) =
1

2

(
S

L̂
+

S − L̂

2

)
≃ 1

2


S

˜̂
L

+
S − ˜̂L

2


 ✭✶✵✮

❚❤✐s ❢♦r♠✉❧❛ ✐s ♦❜t❛✐♥❡❞ ❥✉st ❜② ❡✈❛❧✉❛t✐♥❣ ❛ ♠✐♥✐♠✉♠ ♥✉♠❜❡r✱ ❛
♠❛①✐♠✉♠ ♥✉♠❜❡r✱ ❛♥❞ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ♠❡❛♥✳ ❆s ✇❡ ❝❛♥ s❡❡ ♦♥
✜❣✉r❡ ✶✺ ✭r✐❣❤t ♣❛rt✮ ✐t ❣✐✈❡s ❛ ❝✉r✈❡ t❤❛t ✜ts q✉✐t❡ ✇❡❧❧ ✇✐t❤ t❤❡ r❡❛❧
♦♥❡✳

✼✳✻✳✸ ❈❤♦♦s✐♥❣ t❤❡ ∆ r❛❞✐✉s

❋♦r ❉❡r✐✈❛t✐♦♥ ✶✶ ✇❡ ✉s❡❞ ❛ ❝♦♥st❛♥t ✏r❛❞✐✉s✑ t❤❛t ✐s t♦ s❛② ❛ ❝♦♥st❛♥t
♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❜✐ts t♦ s✇✐t❝❤✳ ❚❤❡ ❢♦r♠✉❧❛ ❣✐✈❡♥ ✐s ∆ = ln (D)✳

✸✼



❍♦✇❡✈❡r t❤✐s ✐s ❥✉st ❛♥ ❡♠♣✐r✐❝❛❧ ♦✈❡rs✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ ❛ ♠♦r❡ ❡①❛❝t
❢♦r♠✉❧❛✱ ❛♥❞ ✈❛❧✐❞ ♦♥❧② ✐❢ t❤❡ s✇❛r♠ s✐③❡ ✐s ♥❡❛r ♦❢ t❤❡ ♦♣t✐♠✉♠✳ ❆
❜❡tt❡r ❢♦r♠✉❧❛ ♥❡❡❞s t♦ ❝♦♥t✐♥✉♦✉s❧② ✭✐✳❡✳ ❛t ❧❡❛st ❛t ❡❛❝❤ ✐t❡r❛t✐♦♥
t✮ ❝♦♠♣✉t❡ t❤❡ s✇❛r♠ ❞✐❛♠❡t❡r Θ(t) ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣✐✈♦ts ω (t)✳
■t ✐s ♥♦t ✈❡r② ❞✐✣❝✉❧t ❜✉t ✐t s♣❡♥❞s s♦♠❡ ❝♦♠♣✉t✐♥❣ t✐♠❡✳

■❢ Θ(t) = D ✭t❤❡ ♠❛①✐♠✉♠ ♣♦ss✐❜❧❡ ✈❛❧✉❡✮ t❤❡ s❡❛r❝❤ s♣❛❝❡ ✐s ❝♦♠✲
♣❧❡t❡❧② ✏❝♦✈❡r❡❞✑ ✐♥ ♣r♦❜❛❜✐❧✐t② ✐❢ t❤❡ ❉◆PP ✭❉✐str✐❜✉t✐♦♥ ♦♥ ◆❡①t
P♦ss✐❜❧❡ P♦s✐t✐♦♥s✮ ❛r♦✉♥❞ ❡❛❝❤ ♣✐✈♦t ❤❛s ❛ r❛❞✐✉s ❡q✉❛❧ t♦ INT (1 + D/ω (t))
✭t❤❡ ✏1✑ ✐s ❤❡r❡ ❜❡❝❛✉s❡ ω (t) ✐s ✉s✉❛❧❧② ♥♦t ❛♥ ❡①❛❝t ❞✐✈✐s♦r ♦❢ D✮✳
▼♦r❡ ❣❡♥❡r❛❧❧②✱ t❤❡ ❤②♣♦t❤❡s✐s ✐s t❤❛t ❛t ❡❛❝❤ t✐♠❡ st❡♣ t❤❡ s♦❧✉✲
t✐♦♥ ♣♦✐♥t ✐s st✐❧❧ ✐♥s✐❞❡ ✭♦r ✈❡r② ♥❡❛r ♦❢✮ t❤❡ ❝♦♥✈❡① ❡♥✈❡❧♦♣❡ ❞❡✲
✜♥❡❞ ❜② t❤❡ s✇❛r♠✳ ❆♥❞ t❤❡♥ t❤❡ r❛❞✐✉s ❤❛s ❥✉st t♦ ❜❡ ❡q✉❛❧ t♦
INT (1 + Θ (t) /ω (t))✳ ■t ❛♣♣❡❛rs t❤❛t s❡tt✐♥❣ ∆✭✇❤✐❝❤ ✇❡ ✇✐❧❧ ♥♦✇
✇r✐t❡ ∆ (t)✮ t♦ t❤✐s ✈❛❧✉❡ ✐♥❞❡❡❞ ❣✐✈❡s ❛ ❜❡tt❡r ❛❧❣♦r✐t❤♠✱ ❛♥❞ ✐t ✐s
r❡❛❧❧② ✇♦rt❤✇❤✐❧❡ t♦ tr② ❡①❛❝t❧② t❤✐s ❢♦r♠✉❧❛✳ ❍♦✇❡✈❡r✱ ✇❡ ♠❛② ❤❛✈❡
s♦♠❡t✐♠❡s ∆ (t) = 1 ♦r ∆ (t) = 2✱ ✇❤✐❝❤ ❛r❡ q✉✐t❡ ❜❛❞ ❢♦r s♦♠❡ ♣r♦❜✲
❧❡♠s✱ ❡✈❡♥ ♥❡❛r ♦❢ t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦❝❡ss✳ ❙♦✱ ❛ ♠♦r❡ r♦❜✉st ❝♦♠♣r♦✲
♠✐s❡ ✐s t♦ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✿

∆ (t) = MAX (3, 1 + Θ (t) /ω (t)) ✭✶✶✮

◆♦t❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ♥♦✇ ❝❧❡❛r❧② ❜❡ s❡❡♥ ❛s ❛♥ ❛❞❛♣t✐✈❡ ♦♥❡✳
❆s ✇❡ ❝❛♥ s❡❡ ♦♥ ✜❣✉r❡ ✶✻ ✐t ✐s s✐❣♥✐✜❝❛♥t❧② ❜❡tt❡r ❢♦r t❤❡ ▼✉❧t✐♠♦❞❛❧
♣r♦❜❧❡♠ t❤❛♥ t❤❡ ♦♥❡ ✇✐t❤ t❤❡ ❝♦♥st❛♥t ∆❂ln (D)✳ ❆❧s♦✱ ❛s ❢♦r t❤✐s ❧❛st
♦♥❡ t❤❡ ❜❡st K ✈❛❧✉❡ ✇❛s ✷✱ ✐t ✐s ♥♦✇ ✸✱ ❛s ❢♦r ♠♦st ♦❢ ♣r♦❜❧❡♠s✳ ❋♦r
t❤❡ ♦t❤❡r ♣r♦❜❧❡♠s ✇❡ ❤❛✈❡ st✉❞✐❡❞ ❤❡r❡ t❤❡r❡ ✐s ♥♦ r❡❛❧ ❞✐✛❡r❡♥❝❡✳

✼✳✻✳✹ ❙❛✈❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❡st✐♠❛t❡

▲❡t ✉s s✉♣♣♦s❡ t❤❡ r✉♥ ❝♦♥✈❡r❣❡s✳ ❚❤❡ ✐❞❡❛ ✐s t❤❛t ❛❢t❡r ❛ ✇❤✐❧❡
❛❧❧ ❜❡st ❦♥♦✇♥ ♣♦s✐t✐♦♥s ❛r❡ ✈❡r② ♥❡❛r ♦❢ t❤❡ s♦❧✉t✐♦♥✱ ❛♥❞ ❛❧❧ ❝✉r✲
r❡♥t ♣♦s✐t✐♦♥s ❛r❡ ✈❡r② ♥❡❛r ♦❢ t❤❡s❡ ♦♥❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r ❩❡❜r❛✸
✭♦r ●♦❧❞❜❡r❣✱ ❇✐♣♦❧❛r✱ ▼ü❤❧❡♥❜❡✐♥✮ ❧❡t ✉s ❝❛❧❧ ❛ s❡q✉❡♥❝❡ ❛ ❦✲❜✐ts
s✉❜str✐♥❣ t❤❛t ✐s ✉s❡❞ t♦ ♣r♦❣r❡ss✐✈❡❧② ❝♦♠♣✉t❡ t❤❡ ✜t♥❡ss✳ ❚❤❡ ❤②✲
♣♦t❤❡s✐s ✐s t❤❡♥ t❤❛t t❤❡ ❜❡st ❝♦♠♠♦♥ ❦♥♦✇♥ ♣♦s✐t✐♦♥s ❤❛✈❡ ❥✉st ♦♥❡
✏❜❛❞✑ s❡q✉❡♥❝❡✱ ❛♥❞ t❤❡ ❝✉rr❡♥t ♣♦s✐t✐♦♥s ❤❛✈❡ ❥✉st t✇♦✳ ▲❡t n ❜❡ t❤❡
t♦t❛❧ ♥✉♠❜❡r ♦❢ s❡q✉❡♥❝❡s✳ ❲❤❡♥ ❡①❛♠✐♥❛t✐♥❣ ❡❛❝❤ s❡q✉❡♥❝❡ ♦❢ t❤❡
❝✉rr❡♥t ♣♦s✐t✐♦♥✱ ❢r♦♠ ✶ t♦ n✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ ❝❛♥ ❜❡ st♦♣♣❡❞ ❛s s♦♦♥
❛s ❛ ❜❛❞ ♦♥❡ ✐s ❢♦✉♥❞✱ ❢♦r ✐t ✐s t❤❡♥ ❛❧r❡❛❞② s✉r❡ t❤❛t t❤❡ ❝✉rr❡♥t ♣♦✲
s✐t✐♦♥ ✐s ♥♦t ❜❡tt❡r t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ❜❡st ♦♥❡ ✳ ❲❡ ❤❛✈❡ t♦ ❝♦♠♣✉t❡
t❤❡ ❡❧❡♠❡♥t❛r② ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡✈❡♥t✿

• t❤❡ s❡q✉❡♥❝❡ s ✐s ❜❛❞

• ❛❧❧ s❡q✉❡♥❝❡s ✶ t♦ s− 1 ❛r❡ ❣♦♦❞ ✭❢♦r ✇❡ ❤❛✈❡♥✬t st♦♣♣❡❞ ❜❡❢♦r❡✮

• ✇❡ ❦♥♦✇ t❤❡r❡ ❛r❡ t✇♦ ❜❛❞ s❡q✉❡♥❝❡s

✸✽



❋✐❣✉r❡ ✶✻✿ ■♠♣r♦✈❡♠❡♥t ✇✐t❤ ❛♥ ❛❞❛♣t✐✈❡ ∆ r❛❞✐✉s✳ ❋♦r t❤❡ ♠✉❧t✐♠♦❞❛❧ ♣r♦❜✲
❧❡♠ r❡s✉❧ts ❛r❡ ❢❛r ❜❡tt❡r ✭❉❡r✐✈❛t✐♦♥ ✶✶❣✮ t❤❛♥ ✇✐t❤ t❤❡ ❝♦♥st❛♥t ♦♥❡ ✭❉❡r✐✈❛✲
t✐♦♥ ✶✶✮✳ ❋♦r t❤❡ ✜✈❡ ♦t❤❡r ♣r♦❜❧❡♠s ✭♥♦t s❤♦✇♥ ❤❡r❡✮ t❤❡② ❛r❡ s✐♠✐❧❛r✳ ◆♦t❡
t❤❛t t❤❡ ❜❡st K ✈❛❧✉❡ ❢♦r ❉❡r✐✈❛t✐♦♥ ✶✶❣ ✐s ♥♦✇ t❤❡ ✏st❛♥❞❛r❞✑ ♦♥❡ ✸

✸✾



❚❤✐s ♣r♦❜❛❜✐❧✐t② ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦r♠✉❧❛ 2
n

n−s
n−1 ✳ ■♥ s✉❝❤ ❛ ❝❛s❡✱ t❤❡ r❛t❡

♦❢ s❛✈❡❞ t✐♠❡ ✐s n−s
n ✳ ❖❢ ❝♦✉rs❡✱ ✐❢ s = n✱ ♥♦ t✐♠❡ ❝❛♥ ❜❡ s❛✈❡❞✳ ❋✐♥❛❧❧②

t❤❡ t♦t❛❧ r❛t❡ ♦❢ s❛✈❡❞ t✐♠❡ ✐s ❣✐✈❡♥ ❜② s✉♠♠✐♥❣ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ s
✈❛❧✉❡s

σ (n) =
2

n2 (n− 1)

n−1∑

s=1

(n− s)
2

=
2n− 1

3n
✭✶✷✮

❋♦r ❩❡❜r❛✸✱ ✇❤❡ ❤❛✈❡ n = D/3 = 10✱ ✇❤✐❝❤ ❣✐✈❡s σ (10) ≃ 0.63✳ ❋♦r
▼ü❤❧❡♥❜❡✐♥✱ ✇❡ ✜♥❞ σ (6) ≃ 0.61✳ ❇♦t❤ ✈❛❧✉❡s ❛r❡ q✉✐t❡ ♥❡❛r ♦❢ t❤❡
r❡❛❧ ♦♥❡s✱ ❛s ✇❡ ❝❛♥ s❡❡ ♦♥ ✜❣✉r❡ ✽ ✭t❤❡ ❛✈❡r❛❣❡s ♦✈❡r t❤❡ ❧❛st ✷✵ r✉♥s
❛r❡ ✵✳✻✷✻ ❛♥❞ ✵✳✻✸✹✮✳

✼✳✼ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❤②♣♦t❤❡s✐s

❚❤❡ ✉♥❞❡r❧②✐♥❣ ❤②♣♦t❤❡s✐s ♦❢ P❙❖ ✐s t❤❛t ✏♥❡❛r❡r ✐s ❜❡tt❡r✑✳ ■❢ x ❛♥❞
y ❛r❡ t✇♦ ♣♦s✐t✐♦♥s ✐♥ t❤❡ s❡❛r❝❤ s♣❛❝❡✱ ❛♥❞ ✐❢ x∗✐s ❛ s♦❧✉t✐♦♥ ♣♦✐♥t
✭✐✳ ❡✳ t❤❡ ❢✉♥❝t✐♦♥ f t♦ ♠✐♥✐♠✐s❡ r❡❛❝❤s ✐ts ♠✐♥✐♠✉♠ ✐♥ x∗✮✱ t❤❡♥ t❤❡
❤②♣♦t❤❡s✐s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

distance (x, x∗) < distance (y, x∗)⇒ f (x) < f (y) ✭✶✸✮

◆♦t❡ t❤❛t t❤✐s ❤②♣♦t❤❡s✐s ✐s ❛❧s♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♦♥❡ ❢♦r ❛❧♠♦st ❛♥②
✐t❡r❛t✐✈❡ ♦♣t✐♠✐s❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ♠♦r❡ ✐t ✐s tr✉❡✱ t❤❡ ♠♦r❡ t❤❡
❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❡✣❝✐❡♥t✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✐t ✐s ❛❧✇❛②s tr✉❡✱ ❢♦r ❛♥②
x ❛♥❞ y✱ t❤❡♥ ❡✈❡♥ ❛ s✐♠♣❧❡ ♣s❡✉❞♦✲❣r❛❞✐❡♥t ❛❧❣♦r✐t❤♠ ✇♦✉❧❞ ❡❛s✐❧②
✜♥❞ t❤❡ s♦❧✉t✐♦♥✱ ❢♦r ✐t s✐♠♣❧② ♠❡❛♥s t❤❡r❡ ✐s ♥♦ ❧♦❝❛❧ ♦♣t✐♠❛ ❛♥❞
♥♦t ✏✢❛t✑ ❛r❡❛s✳ ❋♦r ❜✐♥❛r② ♦♣t✐♠✐s❛t✐♦♥✱ ❛s t❤❡ s❡❛r❝❤ s♣❛❝❡ ✐s ✜♥✐t❡
✭2D ❡❧❡♠❡♥ts✮ ✐t ✐s t❤❡♦r❡t✐❝❛❧❧② ❡❛s② t♦ ❝♦♠♣✉t❡ t❤❡ ✏tr✉t❤ ✈❛❧✉❡✑
♦❢ t❤✐s ❤②♣♦t❤❡s✐s✱ ❜② ❝❤❡❝❦✐♥❣ ❛❧❧ ♣❛✐rs (x, y)✳ ■❢ H ✐s t❤❡ ♥✉♠❜❡r ♦❢
♣❛✐rs t❤❛t r❡s♣❡❝t t❤❡ ❤②♣♦t❤❡s✐s ✶✸✱ t❤❡♥ t❤❡ tr✉t❤ ✈❛❧✉❡ ✐s s✐♠♣❧②
t❤❡ r❛t❡ H/

(
2D−1

(
2D − 1

))
✳

■♥ ♣r❛❝t✐❝❡✱ ♦❢ ❝♦✉rs❡✱ ❛s s♦♦♥ ❛s t❤❡ ❞✐♠❡♥s✐♦♥ ✐s ❤✐❣❤✱ ♦♥❡ ❝❛♥ ♦♥❧②
❤❛✈❡ ❛♥ ❡st✐♠❛t✐♦♥ ❜② s❛♠♣❧✐♥❣ ❛t r❛♥❞♦♠ ❛ ❣✐✈❡♥ r❛t❡ ♦❢ s✉❝❤ ♣❛✐rs✱
s❛② ✶✵✪✳

❊✈❡♥ ❧✐❦❡ t❤❛t✱ ❞✐♠❡♥s✐♦♥ ✸✵ ✐s ❢❛r t♦♦ ♠✉❝❤ ❢♦r ♠② s♠❛❧❧ ❝♦♠♣✉t❡r✱
s♦ ■ ❞✐❞ ✐t ❢♦r ❞✐♠❡♥s✐♦♥ ✶✷ ✭♦r ✶✵ ❢♦r ▼✉❤❧❡♥❜❡✐♥✱ ❢♦r ✐t ❤❛s t♦
❜❡ ❛ ♠✉❧t✐♣❧❡ ♦❢ ✺✮✳ ❘❡s✉❧ts ❛r❡ ❣✐✈❡♥ ✐♥ t❛❜❧❡ ✶✵✳ ■t ❛♣♣❡❛rs t❤❛t
t❤✐s tr✉t❤ ✈❛❧✉❡ ✐s ❛ ❜❡tt❡r ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣r❛❝t✐❝❛❧ ❞✐✣❝✉❧t② ❢♦r
✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠s ❧✐❦❡ P❙❖ t❤❛♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ♦♥❡ ✭s❡❡ ❜❡❧♦✇
t❤❡ ❞❡✜♥✐t✐♦♥✮✱ ❛t ❧❡❛st ❢♦r t❤❡ s✐♠♣❧❡st ❢♦r♠✱ ✇✐t❤ ❥✉st ♦♥❡ ♣❛rt✐❝❧❡✳
❚❤❡r❡❢♦r❡ ✐t ✇❛s t❡♠♣t✐♥❣ t♦ ❞❡✜♥❡ ❛ ❚r❛♣ ❢✉♥❝t✐♦♥ t❤❛t ❞♦❡s ♥♦t

r❡s♣❡❝t t❤❡ ❤②♣♦t❤❡s✐s✱ ✐♥ ♦r❞❡r t♦ ❞❡❝❡✐✈❡ t❤❡ ❛❧❣♦r✐t❤♠✳

✹✵



✼✳✼✳✶ ❚❤❡♦r❡t✐❝❛❧ ❞✐✣❝✉❧t②

■t ✐s ❥✉st t❤❡ ♣r♦❜❛❜✐❧✐t② t♦ ✜♥❞ ❛ s♦❧✉t✐♦♥ ❜② ❝❤❛♥❝❡ ✭❬❇❆❘ ✵✸❪✮✳
❆s t❤✐s ✈❛❧✉❡ ✐s ✉s✉❛❧❧② ✈❡r② s♠❛❧❧ ✭❢♦r ❡①❛♠♣❧❡ 2−12 ❢♦r ●♦❧❞❜❡r❣
✶✷❉✮✱ ❝♦♠♣❛r✐s♦♥s ❛r❡ ❡❛s✐❡r t♦ ❞♦ ❜② ✉s✐♥❣ t❤❡ ♦♣♣♦s✐t❡ ♦❢ t❤❡ ❧♦❣✲
❛r✐t❤♠ ✭❬❈▲❊ ✵✺❪✮ ✳ ❙♦✱ ❢♦r ❡①❛♠♣❧❡✱ ❢♦r ●♦❧❞❜❡r❣ ✶✷❉ t❤❡ ❞✐✣❝✉❧t②
✐s −ln

(
2−12

)
= 12ln (2) = 3.6. ❋♦r ❇✐♣♦❧❛r ✶✷❉✱ ✇❤✐❝❤ ❤❛s ✹ s♦❧✉t✐♦♥s✱

t❤❡ ❞✐✣❝✉❧t② ✐s 12ln (2)− ln (4) = 3.0✳

✼✳✼✳✷ ❚r❛♣ ❢✉♥❝t✐♦♥

❚❤❡ ✐❞❡❛ ✐s t♦ ❞❡s✐❣♥ ❛ t❡st ❢✉♥❝t✐♦♥ t❤❛t ❞♦❡s ♥♦t r❡s♣❡❝t ❛t ❛❧❧ t❤❡
❢✉♥❞❛♠❡♥t❛❧ ❤②♣♦t❤❡s✐s✱ ♦r ❛s ❧❡❛st✱ ❛s ❢❡✇ ❛s ♣♦ss✐❜❧❡✳ ▲❡t x ❜❡ ❛
♣♦s✐t✐♦♥✱ ✐✳❡✳ ❛ ❜✐t str✐♥❣✳ ❆s ♣r❡✈✐♦✉s❧②✱ |x| ❞❡♥♦t❡s t❤❡ s✉♠ ♦❢ t❤❡
❜✐ts✳ ❚❤❡♥✱ t❤❡ ✜t♥❡ss f ♦❢ ♦✉r ❚r❛♣ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❜②

fTrap (x) =

{
0 if |x| = 0

1/ |x| else

❋♦r ❛❧♠♦st ❛❧❧ (x, y) ♣❛✐rs ✏❢❛r❡r ✐s ❜❡tt❡r✑✳ ❚❤❡ ❤②♣♦t❤❡s✐s ✐s ✈❛❧✐❞
♦♥❧② ❢♦r ♣❛✐rs ✇✐t❤ x ♦r y ❡q✉❛❧ t♦ t❤❡ s♦❧✉t✐♦♥ 000...000✳ ■t ✐s ❡❛s②
t♦ ❝♦♠♣✉t❡ t❤❛t t❤❡ tr✉t❤ ✈❛❧✉❡ ♦❢ t❤❡ ❤②♣♦t❤❡s✐s ✐s t❤❡♥ 1/

(
2D − 1

)
✳

❆s ❡①♣❡❝t❡❞✱ ❛❧❧ t❤❡ ♠❡t❤♦❞s ✇❡ ❤❛✈❡ s❡❡♥ ❢❛✐❧ t♦ ✜♥❞ t❤❡ s♦❧✉t✐♦♥
✭❡①❝❡♣t✱ ♦❢ ❝♦✉rs❡✱ t❤❡ ✏❤♦❛①✑ ❉❡r✐✈❛t✐♦♥ ✵✱ ❢♦r ✐t ✐s ♣r❡❝✐s❡❧② ❞❡s✐❣♥❡❞
t♦ ❡❛s✐❧② ✜♥❞ t❤❡ s♦❧✉t✐♦♥ 000...000 ✮✳

✹✶



❚r✉t❤ ✈❛❧✉❡ ❙✉❝❝❡ss r❛t❡ ❉❡r✐✈❛t✐♦♥
✶✶✱ ❙✶ ❑✶ ✽✵✵ ❡✈❛❧✉❛t✐♦♥s

❚❤❡♦r❡t✐❝❛❧ ❞✐❢✲
✜❝✉❧t②

●♦❧❞❜❡r❣ ✶✷❉ ✵✳✶✺

✻✾✪ ✸✳✻

❇✐♣♦❧❛r ✶✷❉ ✵✳✺✹

✾✵✪ ✸✳✵

❩❡❜r❛✸ ✶✷❉ ✵✳✵✻

✹✻✪ ✸✳✵

▼✉❤❧❡♥❜❡✐♥ ✶✵❉ ✵✳✵✽

✻✸✪ ✸✳✻

❚r❛♣ ✶✷❉ ✵✳✵✵✵✷✹

✵✪ ✸✳✻

❚❛❜❧❡ ✶✵✿ ❚r✉t❤ ✈❛❧✉❡ ♦❢ t❤❡ ❤②♣♦t❤❡s✐s ✏◆❡❛r❡r ✐s ❜❡tt❡r✑✳ ❋♦r ❡❛❝❤ ❢✉♥❝t✐♦♥✱
t❤❡ ✈❛❧✉❡ ❤❛s ❜❡❡♥ ❡st✐♠❛t❡❞ ❜② s❛♠♣❧✐♥❣ ✶✵✪ ♦❢ ❛❧❧ ♣♦ss✐❜❧❡ ♣❛✐rs ♦❢ ♣♦s✐t✐♦♥s✳
❚❤❡ tr✉t❤ ✈❛❧✉❡ ❡st✐♠❛t❡ t❤❡ ♣r❛❝t✐❝❛❧ ❞✐✣❝✉❧t② ❢♦r ❛♥ ✐t❡r❛t✐✈❡ ❛❧❣♦r✐t❤♠ ❧✐❦❡
P❙❖✱ ✇❤✐❝❤ ❤❛s ♥♦t❤✐♥❣ t♦ ❞♦ ✇✐t❤ t❤❡ t❤❡♦r❡t✐❝❛❧ ♦♥❡

✹✷


