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Particle Model Describing an Age-structured Population

Tran Viet Chi*

December 27, 2006

Abstract

We study a continuous-time discrete population structured by a vector of ages. Indi-
viduals reproduce asexually, age and die. The death rate takes interactions into account.
Adapting the approach of Fournier and Méléard, we show that in a large population limit,
the microscopic process converges to the measure-valued solution of an equation that gener-
alizes the McKendrick-Von Foerster and Gurtin-McCamy PDEs in demography. The large
deviations associated with this convergence are studied. The upper-bound is established
via exponential tightness, the difficulty being that the marginals of our measure-valued pro-
cesses are not of bounded masses. The local minoration is proved by linking the trajectories
of the action functional’s domain to the solutions of perturbations of the PDE obtained in
the large population limit. The use of Girsanov theorem then leads us to regularize these
perturbations. As an application, we study the logistic age-structured population. In the
super-critical case, the deterministic approximation admits a non trivial stationary stable
solution, whereas the stochastic microscopic process gets extinct almost surely. We establish
estimates of the time during which the microscopic process stays in the neighborhood of
the large population equilibrium by generalizing the works of Freidlin and Ventzell to our
measure-valued setting.

Keywords: Age-structured population, interacting measure-valued process, large population ap-
proximation, large deviations, exit time estimates.
AMS Subject Classification: 60J80, 60K35, 92D25, 60F10.

1 Introduction and motivations

Structured population models describe the dynamics of populations in which individuals differ
according to variables that affect their reproductive capacities and survivals. In this article,
we are interested in a population structured by ages. Age-structures are important to take
into account the changes of behaviour of an individual during its life as well as life histories.
It is natural to consider many ages. Examples are the physical age (the time since which an
individual is born), the biological age (the intrinsic maturation stage of the individual), the age
of an illness (the time since which the individual has been infected), the stage of the illness (the
clinical stage of the illness). To our knowledge, the literature on the subject mostly considers
structuration by the only physical age.

Our purpose is to study a microscopic stochastic population structured by a vector of ages
that can grow nonlinearly in time and which models the age-dependence of the birth and death
rates as well as possible interactions between individuals (competition or cooperation), including
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competition of logistic type (for which the death rate is linear in the size of the population).

Continuous time physical age-structured models that generalize the models of Malthus [32]
and Verhulst’s famous Logistic Equation [46], have made the object of an abundant literature
based on the theory of partial differential equations (PDEs) (see Sharpe and Lotka [43], McK-
endrick [34], Gurtin and MacCamy [22], Marcati [33], Busenberg and Iannelli [6], Webb [49]).

Stochastic models generalizing the Galton-Watson process [18] have been studied by Bellman
and Harris [3, 23], Athreya and Ney ([2] Chapter IV). These models consider non Markovian
processes, called age-structured branching processes, structured by the physical age and in which
the lifelength of an individual does not follow an exponential law. Each particle, at its death,
is replaced by a random number of daughters with a law that is independent of the age of the
mother and of the state of the population.

The assumptions of birth at the parent’s death and of independence between the reproduction
law and the age of the parent are biologically restrictive. Kendall [29], Crump and Mode [9, 10],
Jagers [26] and Doney [13] have studied birth and death processes in which a particle can give
birth many times during its life, with a rate that depends on its age.

In the preceding models, the particles alive at the same time are independent, which is also a
biologically restrictive assumption. Wang [48], Solomon [44] consider birth and death processes
in which the lifelength are independent, but where the birth rate of a particle depends on the
state of the population. Oelschliger [37] generalizes their works to take interactions in both the
birth and the death rate into account. However, in these models, the rates remain bounded,
which excludes interactions of logistic type.

We present here an individual-centered model which takes age-structure into account. We
are inspired by the works of Fournier et Méléard [16] and Champagnat et al. [8, 7]. Our paper
is inspired from more general models of trait and age-structured population considered in [45]
to which we refer for examples, more details and full proofs.

Individuals are characterized by their ages with values in ]Ri. Each component of this vector
is an age belonging to Ry, which can increase nonlinearly in time. Let n € N* be a fixed
integer (its interpretation is given below). We describe the population by a measure belonging
to M (R) (the set of point measures on RY with atoms weighted by 1/n) included in Mp(R%)
(the set of finite measures on R%):

NP
20 =3 u,  where NP =n(Zp,1) = n/ 27(da) (1.1)
i R¢

is the number of individuals living at time ¢.

An individual of ages a € Ri in the population Z € M F(Ri) reproduces asexually, ages
and dies:

1. Tt gives birth to a new individual of age zero with rate b(a) € R;..

2. Let U : R‘i X R‘i — R% be an interaction kernel, d, € N* being the number of
interactions taken into account. For a, a € Ri, U(a, ) models the action of an individual of

ages « on an individual of ages a. The death rate of our individual is modelled by d(a, ZU(a)),
with d : R x R% — Ry and where ZU(a) = fRi Ula,a)Z(de),

3. Our individual ages with the speed v(a) € RY.

We introduce in Section 2 a pathwise description of our microscopic process, using Poisson

point measures and the flow of the equation describing the aging phenomenon.
The parameter n € N* in (1.1) is related to the large population limit that will interest us
in this work, and which corresponds to n — 4o00. The underlying idea is to let the number
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of individuals grow proportionally to n while their masses and the intensity of the interactions
are renormalized by 1/n. This can be understand as a constraints in ressources: if we increase
the size of the population, we have to decrease the biomass of individuals to keep the system
alive. In Section 3, we prove the convergence in law in D := D(R4, Mp(R%)) of the sequence

(Z™)pen- to the solution & € C(Ry, Mp(RL)) of: V(f : (a,s) — fs(a)) € CLRL x Ry, Ry),

o=t + [ [ [o@Tafta) + G2 + 1,000 - f@a. 60 a)| 6@ ds. (12)

This convergence result is an adaptation of results due to Fournier and Méléard [16] and
Champagnat et al. [7] for populations without age structure. The densities m(a,t) of the
measures § € M F(Ri), when they exist, correspond to the notion of number density, and
describe the distribution in age of a population consisting in a ”continuum” of individuals.
They solve the system: Va € RY, Vt € R,

%T(a,t) = -V, (v(a)m(a,t)) —d (a, /]R+ U(a, a)m(a,t)da) m(a,t) (1.3)
w(0)m(0,) = /R m(a, Db(a)da, m(a,0) = mo(a). (1.4)

These equations generalize the PDEs introduced by McKendrick-Von Foerster [34, 15] and
Gurtin MacCamy [22]. This is considered in Section 3.3. Equations (1.2) and (1.3)-(1.4) are
macroscopic deterministic approximations describing the ecology at the scale of the population.
Individual trajectories are lost, as well as stochasticity since an averaging phenomenon occurs.
Let T' > 0. We consider the evolution problem on the compact time interval [0,7]. We use
the notation Dy := D([0,7], Mp(R%)). From the exponential deviations of Section 4 and from
the central limit theorem proved in [45], we know that on [0, 7], the microscopic process behaves
like its deterministic approximation up to a small probability set. Their large time behaviors
can however be radically different. We present in the following an example to illustrate this.
In the logistic age-structured population, represented by Z € Mp(R, ), individuals are char-
acterized by their scalar physical age a € Ry growing with speed 1, give birth with rate b(a)
(continuous and upper bounded by b) and die with rate d(a)+n(Z,1). The term d is the natural
death rate (assumed continuous and bounded above and below by positive constants d and d),
and n(Z,1) is the logistic competition term of intensity n > 0. The system (1.3)-(1.4) becomes:

%it”‘(a,t) _ %—Z(a,t) — (d(a) + nMz) m(a, 1)

+o0 +o0
m(0,t) :/0 b(a)m(a,t)da, m(a,0) =mo(a), M :/0 m(a,t)da. (1.5)

If Ry := f0+°° b(a)e~ Jo dl@)degy > 1, we are in a super-critical case and there exists a globally
stable stationary solution to (1.5) that we denote by m(a) (see [22, 6, 49]). The microscopic
process Z" has a different long time behaviour. It follows it deterministic approximation on com-
pact time intervals but leaves almost surely the neighborhood of m(a)da to drive the population
to extinction (see Propositions 5.5 and 5.6 in Section 5).

For various applications, including the studies of evolution problems for trait and age struc-
tured population, which is a work under progress, it is interesting to establish estimates for the
time of exit from a neighborhood of the stable equilibrium of (1.5). This can be obtained by
using large deviations techniques and by adapting the results of Freidlin and Ventzell to our
measure-valued processes.

Exponential deviations are considered in Section 4 for the general model. The large deviation
upper-bound is proved by establishing exponential tightness. The main difficulty lies in the fact
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Figure 1: Time behaviors of the microscopic process and of its large population approximation. For
sufficiently large m, the behaviour of the stochastic microscopic population Z™ follows the one of its
deterministic approximation & on compact time intervals. In the long time, however, Z" leaves the
neighborhood of the stationary stable solution of & and the population gets extinct.

that Mp(R%) is not compact. Our proof of the local lower bound relies on the use of a Riesz
theorem in Orlicz spaces. This allows us to establish the links between the trajectories in the
domain of the rate function and solutions of PDEs obtained by perturbing (1.2). Regularizing
the perturbations and using a Girsanov theorem allow us to conclude.

Notation: For two metric spaces E and F, Cy(E, F) (resp. D(E, F), Co(E,R), C}(E, F),
Cx(E,R), By(E, F)) the set of continuous bounded functions from E to F' embedded with the
uniform convergence norm (resp. of cadlag functions from FE to F' embedded with the Skorohod
distance, of real continuous functions with limit 0 at infinity, of differentiable and bounded
functions with bounded partial derivatives, of continuous functions with compact support, of
bounded measurable functions).

The space of finite measures on R? is denoted by Mp(R%). It can be embedded with the
weak or vague convergence topology. By default, we will consider the weak convergence topology.
We will write (M p(R%), w) or (Mp(R%),v) to precise it when necessary.

We will consider the total variation norm and the L!-Vaserstein distance on M F(Ri):

Vi, v € Mp®L), v - plrv = sup fau~ [ fa. (1.6)
fchRivR) Ri Ri
1flleo <1
Wi (p,v) = inf {/ (la —a| A1) dr(a, a)} = sup fdu —/ fdv|. (1.7)
(RY)? f1—LipRL) |[/RE R¢

[flloo <1

the infimum being taken on the set of measures m € Mp((R%)?) with marginals 4 and v (see
Rachev [39], Villani [47] Theorem 7.12 and Remark 7.5).
Form € Mp(R%) and f € By(R%), we write (m, f) = [, fdm and (m, f(a)) = [ga f(a)m(da).
C is a constant that can change from line to line. ’



2 Microscopic Process

We now precise the individual dynamic of our model and describe the path of Z™ by a SDE.

2.1 Aging phenomenon

The aging phenomenon is deterministic, and we describe it thanks to the flow of an ordinary
differential equation (ODE). The ages of an individual aged a € R% at time ¢y € R satisfy:

da
vt > to, pri v(a(t)), a(ty) = ap, (2.1)
where v(a) = (vi(a),- - ,vq(a)) € R%. The ith component v;(a) of v(a) is the speed of aging of
the ith age. The constant components correspond to ages which increase linearly in time. Non
constant speeds of aging modelize ages which are measured on physiological criteria and which
evolve non linearly in time.

Assumption 2.1. v € C} (R4, RY) and 30 > 0, Vi € [1,d], Va € RL, 0 < v;(a) < 0(1 + a;).
This assumption is a technical assumption under which:

Proposition 2.2. Under Assumption 2.1.
(i) The system (2.1) admits for every ty € Ry, ag € ]RSZr a unique solution, defining a C'-flow:

A (t,to,ag) eRy xRy X Ri — A(t,to,ao) S Rd. (2.2)

Each component of this flow is increasing in t.
i) Yt1,ts ERy, a € RE — A t1,t2,a) € R? defines a C'-di eomorphism from R? on its mage.
+ + +
iii) When d = 1, Yag € Ry, Vtg € Ry, t € Ry — A(t, tg,a0) € R defines a C-diffeomorphism
(iti) + + +
from Ry on its image.

Proposition 2.2 is a consequence of classical ODE results (see for instance [50], Chapter 10).
The following PDE (2.3), which often appears in the sequel, is solved by using the flow (2.2):

Proposition 2.3. Under Assumption 2.1, for T > 0 and ¢ € Cl(R‘i,R+), the following trans-
port equation with condition at time T: Ya € RL, Vt € R,

of
ot

admits a unique solution f € C*(R, x R‘i) given by Vt € Ry, Va € Ri, fla,t) = ¢(A(T,t,a)),
where A is the flow defined in (2.2).

(a,t) +v(a)Vaf(a,t) =0, f(a,T) = ¢(a), (2:3)

The proof is given in [19].
The other assumptions, concerning the birth and death rates are the following;:

Assumption 2.4. We assume that b, d and U are continuous and that:

(i) 3b > 0, Ya € R, |b(a)| < b.

(is) AU > 0, Va,a € RY | |U(a,a)| < U.

(iii) 3Lq > 0, Vu,v € R%, Va € RY, |d(a,u) — d(a,v)| < Lg|lu — v|, and 3d > 0, Va € Ry,Vu €
R, d(a,u) < d(1+ |ul]).

(iv) 3d € Co(RL, R ), Va € Ry, Vu € R, d(a,u) > d(a), and Yty € Ry, Vag € R,

+oo
/ (AL, to, a0))dt = +o.

to
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The function d in (iv) can be interpreted as a natural death rate, and Point (iv) can be
linked to the survival probability: the probability that an individual of ages ag at time %y is still
alive at time ¢ is:

t

II(to, a0, t) =E [exp (— d(A(u, to, ap), ZuU(a:,A(u,to,ao)))du>] .

to

Under Point (iv), lims— 4o (¢, ag,t) = 0.

2.2 Stochastic Differential Equation

We introduce a SDE driven by a Poisson Point Measure, for which existence and uniqueness of
the solution are stated. The solution is a Markov process, with a generator that corresponds to
the dynamics described previously. We follow in this the approach of [16, 8, 7].

Let us introduce the following map A = (A, -+, An,---) from |, e MB(RE) in (RE)N
that will be useful to extract a particular individual from the population where the particles are
ranked in the lexicographical order of ]Ri: Vn, N € N*,

N

1
Al = o | = (a1, - ,an,0,---,0,--+), 2.4
(n;:léZ) (a1 an,0 0 ) (2.4)

Definition 2.5. On the probability space (Q, F,P):

1. Let Z} € M3 (RL) be a random variable such that sup,cn+ E ((Z3,1)) < +0o0,

2. Let Q(ds,di,df) be a Poisson point measure on Ry x € where £ := N* x Ry of intensity
ds ® n(di) @ df independent from Zy (where ds and df are Lebesgue measures on Ry and n(di)
is the counting measure on N* ).

We denote by (Fi)ier, the canonical filtration associated with Zg and Q. Fort € Ry, Z} is
described by:

n

0
Z :i;(SA(t,O,Ai(Zg)) + % /Ot/gl{igNS"} [5A(t,s,0)1{0§6<m1(s,Zg7 i)}
— 0 (t,5,45(27 ) Lima(s,2n i)y<6<ma(s,Zn ,z‘)}} Q(ds, di, d), (2.5)
where NI is defined in (1.1), where A is the flow defined in (2.2), and where:
ma(s, Zg i) = b(Ai(Z)),  mals, 28 1) = mu(s, Z¢ i) + d(Ai(Z5.), 23 U(Ai(Z] ).

Let Tj = 0. Assume that the size N;* of the population at time ¢t € Ry is finite. Under
Assumptions 2.4, there exists a positive constant C' (say b+ d) such that the global jump rate at
time ¢ € R is upper bounded by CN/* (1 + NJ* ), which is finite. Hence, it is possible to define
the sequence of event times (7}]")ren+ of Z™ almost surely. Since it forms an increasing sequence,
T2 = limg_ 4o T} is well defined. It is proved in [45] (Sections 2.2, 2.3 and 3.1) that:

Theorem 2.6. Existence and uniqueness of the solutions of (2.5)
Under Assumptions 2.1, 2.4 and Point 1 of Definition 2.5, T = +oo P-a.s. and SDE (2.5)
admits for every n € N* a unique pathwise solution (Z{")icr, € D.

Since for t € Ry, N{* and (Z]*,|a|) are finite but unbounded, we introduce the following
stopping times: let N € R* |

v =inf{t >0, N' >N}, (y=inf{t>0, N'>N or (Z,|a]) > N}. (2.6)
6



ag A(taov aO)
A(t, S1, 0)

At 52,0) = A(t, s3,0a)
A

0 $1 So S3 time

Figure 2: The interpretation is that the state of the population at time t is obtained by considering
the initial particles with their ages at times t (for example, A(t,0,aq) for the blue thin-line particle), by
adding the particles born between s = 0 and s = t with their age at time t (A(t, s1,0) and A(t, s2,0) for
the particles in thick orange and black dot lines) and by suppressing the particles which have died before
time t (A(t, s3,a) for the particle in black dot-line).

2.3 Moment and martingale properties
We give some moments and martingale properties that will be useful in the sequel.

Lemma 2.7. Let F € C}(R,R), (f : (a,3) — fs(a)) € By(RL xRy, R)NCLRE x R4, R). Then,
Vt € Ry, Vn € N¥,

Afs

FUZ 1) = F (2 ) + | <Z§7vvafs > (28, ) ds (27)

+/Ot/€1{i<Nt"} K (( , fs) + />0 )> —F<<Z?_, fs>)> Lio<o<mi(s.z2_ )}

+ (P (2 1) = £04Z20)) = F ((Z2, 1)) Vs o 22 <0<matoze p] QUds, di, dB).
Proof. Integrating f;(a) with respect to (2.5) gives:
1 t
(Z{, fr) = th (t,0, Ai(Zy) )+n/0 /51{i<Ng_} [ft (A(t,5,0)) Lio<o<my (s, 22 i)}

— fi ( (t,s, Ai(Zg ))) Limy(s Zg_,¢)§9<m2(s,zg_,¢)}] Q(ds,di,ds).

Since Ya € R%, V0 < s < t,

t afu
A0 = @)+ [ (L (Alus,) + (A 5,0) VA0 )
we deduce:
1 t
(2 fo) = Zfo +n/0 /gl{isw} [fs (0) Lpo<o<ma(s,zz_ i)} (2.8)

— fs ( ’L( )) 1{m1(s Zn i)<0<ma(s, 27 z)}} Q(dS,d’i, da) + T + 1 + T3,
7



where:

t No'
-/ 2 (52 05,0, A2 + 0050, A Z5)) V(A 0. A Z)) ) s

—% /Ot/gl{KNs}/: (%{:L(A(U’&O)) +v(A(u,s,O))Vafu(A(u,s,O))> du

1{0§6<m1(s,ZgL ,i)}Q(dS di, d6)

1 [t Ofu
[ [ ey / ( S Au, s, A(20 >>>+v<A<u,s,Ai<zs>>>vafu<A<u,s,Ai<Z:>>>) du
nJo Je =T J ou

Yima(s, 20 iy<o<ms(s.zn i} Q(ds, di, db).

It is possible to apply Fubini’s theorem to 75 and T3 and by (2.5) we recognize:

Ti+To+Ts Z/Ot [/Rd <88J;“(a) + U(a)Vafu(a)> Zy; (da)

From (2.8), (2.9), and applying Itd’s formula with jump terms, we obtain (2.7). |

du (2.9)

Proposition 2.8. Under Assumptions 2.1 and 2.4,
(1) if 3¢ > 1, sup, en- E ((Z§, 1)?) < +o0, then:

Vn e N*, lim 75 =400, P—a.s., and VT >0, sup E| sup (Z',1)? | < 4+o0. (2.10)
N—+oo neN= t€[0,T]

(it) if 3¢ > 1, m > 1, sup,,en- E ((Z5,1)™) < 400 and sup,en- E ((Z7, |a]9)™) < 400, then:

VT >0, sup E| sup (Z],]a])™ | < +o0. (2.11)
neN* t€[0,T)
(iti) Let n € N*. If E ((Z8,1)?) < 400 and E ((ZF,]al)) < +oo then: Vf € C}(RL x Ry, R),
MM =27 i) = (23 fo)

/ /R [ a)Vafs(a) + %J;S(a)—I—fs(O)b(a)—fs(a)d(a,Z;‘U(a))] Z'(da)ds, (2.12)

1 a square integrable cadlag martingale starting from 0, with previsible quadratic variation:
(M™7), / [£2(0)b(a) + f2(a)d(a, ZLU(a))] Z2(da) ds. (2.13)
Ry

Proof. Point (i) is a direct adaptation of the proof of Lemma 5.2 in [16]. Let us consider Point
(ii). Let N > 0, n € N* and (%, be the stopping time introduced in (2.6). For this proof, we will
consider the norm 1 on R%: Va = (ay,---aq) € RY, |a| = 2?21 a;. This choice is made since it
simplifies the calculations. It is not restrictive since the norms in R? are equivalent. The function
fraeRy —a? = (Ele ai)q € R, is differentiable and Vi € [1,d], 8f/da; = qla|?™!. The
map F : € Ry +— 2™ € R, is also differentiable and F’(z) = ma™~!. Applying Lemma 2.7
and neglecting the non positive terms gives:

u€[0,EACY]

tACT,
E( sup (ZZZ,\GI‘]W)SE((ZS,GI‘]WHWUE(/ <z;zra|q1<d+|ar>><zg,|a|q>m1ds),
0
8



by using the fact that 0 < Z?:l vi(z,a) < 0(d+ |a|) (Assumption 2.1). Since:
(27, 1al®™Y) < (22, (Jal v 1)1 (22, (Jal v 1)T) < (Z2,1) + (22, [al?), (2.14)
we have:
(Z3,1alT™) (23 al )™ (23, 1(23 [l )™+ (28 Jal )™ < (2, )™+ 2(Z3, a )™
and hence by the moment assumptions, (2.10) and by the Fubini’s theorem:

E sup  (Z],]|a|D™ | <E({(Zy,]al!)™) + mqudTE sup (Z;,1)™
u€[0,tACH ] u€[0,TALR]

t
+mqu(2d + 1)/ E ( sup (Z,, ]a|q>m> ds
0

u€[0,5ACY]

< <sup E ((Zg',al")™) + mqodT C(m,T>) e CHDT —: D(q,T), (2.15)
neN*

by Gronwall’s lemma. As D(q,T") does not depend on N, we deduce that:

lim (%= P — a.s. 2.16
i Gy =+oo, P—a.s (2.16)

Assume indeed that (2.16) is not satisfied. For ¢ = 1, there exists M > 0 and Ay, C Q with
P(Aps) > Osuch that Vw € Apg, limy— 400 (R(w) < M. Then, for T > M, E (SUPte[O,T/\g,Q,]<Zf, |a‘>m) >
P(Aps)N™, which can not be upper bounded independently of N. Hence, (2.16) is satisfied. Let-

ting N tend to infinity in (2.15) gives (2.11) by Fatou’s lemma. N
Point (iii) is obtained by using the compensated Poisson point measure @ of ). We have:

n I
M = - / / Li<nr y (fs(0)1{0s0<m1(s,zz,,i)}
0o Je
- fS(Ai(Zg,))l{ml(s,Zgi 1) <O0<ma(s, 2 ,z)}) Q(d‘sa di, da)

Showing that it is a square integrable martingale and computing its quadratic variation is then
relatively standard (see [45]). |

The infinitesimal generator of (2.5) corresponds to the description of the introduction:

Theorem 2.9. Forn € N*, Z" € D is a Markov process of infinitesimal generator defined by:
Vf e CHRL,R), VF € CL(R,R),

LE{Z5) = DB (2 o = [ @)Vl @F (.) Z5 o)
+n /} [(Ff <zg; + :l50> _F (Z{;)) b(a) 20 (da)
+ (7 (2 - 20.) By () dta, 20 @) 23

where VZ € Mp(RL), Fr(Z) = F(Z, f)).

Proof. We refer to [45] for the proof, which consists in proving that it is possible to take the
derivative under the expectation. |



We conclude this part with the consideration of exponential moments, which will be useful
in the Section dealing with exponential deviations.

Assumption 2.10. We assume that:

1. YA > 0, sup,en- € %051 < 400, and I €]0, 1], sup,,ey- [fRi |a]ZgL(da)} " < +00.

2. Jig € [1,d.], Ing € N*, Uy € R, Vn > ng, Vu € R, Va € RL, VA > 0, [u;, > Up) =
[(e’\/" —1)b(a) + (e — Dd(a,u) < 0], (d. is the number of interactions).

3. 3U >0, Va,a € Ry, U (a,o) > U, for the index ig of Point 2.

Since Va € R4, b(a) < b, Point 2 is for instance satisfied if limy,|— 4o d(a,u) = +oo (this
happens for the logistic model).

Proposition 2.11. Under Assumptions 2.1, 2.4, 2.10 :
(i) VA > 0, Vt € [0,T],

sup E (eMZtn’l)) < sup e (261 4 NbMTeM < 400, (2.17)
neN* neN*

where M := Uy /U with the constants Uy and U of Assumption 2.10.

(ii) Let p(x) = e* —x — 1. We consider the martingale (Mf’f)t€R+ defined in (2.12). Then, the

=n, f

process defined for t € [0,T], n € N* and f € C,(RL x [0,T],R) by A?,f — M -Z] :

with: = = /0 t /R X [p ( 10, S)> b(a) — p (-f (‘;’ 8)> d(a, ZQU(a))} ZMda)ds,  (2.18)

n

s a martingale.

Sketch of proof. We refer to [45] for a complete proof. For Point (i), the idea is that under
VAL | . .
Assumptions 2.10, the drift of the semi-martingale (e Finy >)t€[O,T] is nonnegative only for

measures that have a mass bounded by M. For Point (ii), applying It6’s formula to A?’f localized
by the stopping time 7% (2.6) yields that A™/ is a local martingale. From Assumptions 2.10
and Point (i) of Proposition 3.3, limy_, 4+ Tpy = 400 P-a.s. Using Fatou’s lemma, we show that
A™7 is a real martingale. |

3 Convergence to the weak measure solution of a PDE in the
Large Population Limit

We study the limit of (Z"),en» when n — +o0, under the following assumptions:

Assumption 3.1. We assume that (Z§)nen+ € Mp(RL) converges in law in (Mp(RL),w) to
the deterministic measure & € MF(R‘i) and that the following moment conditions are satisfied:

In€)0,1[, sup E ((Z§,1)*™) < +o0, and  sup E ((Z{,|a])'"") < +oc.
neN* neN*

In this section, we prove the convergence of the sequence (Z™),cn+ to the solution of (1.2)
by a tightness-uniqueness argument.

3.1 Tightness of the sequence (Z"),cn-

Proposition 3.2. Under Assumptions 2.1, 2.4, 3.1, (Z™)nen~ is tight on D(R, (MF(Ri), w)).
Its limit values are continuous measure-valued processes satisfying (1.2).
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Proof. The proof is inspired by the proof of Theorem 5.3 in [16], and a detailed proof stands in
[45], Theorem 3.2.2. We begin with establishing the tightness of the laws of (Z™),cn+ considered
as processes of D(Ry, (Mp(R%),v)), where Mp(R%) is embedded with the topology of vague
convergence. For this purpose, we use a criterium due to Roelly ([41], Theorem 2.1): it is
sufficient to prove that for f € C}(RY,R) NCo(R%,R), which is dense in Co(R%, R), the sequence
(Z™f = {(Z", f))nen+ is tight in D(R,,R). Thanks to Proposition 2.8 and Assumptions 3.1, we
can prove that Aldous and Rebolledo criteria [1, 28] are satisfied, which is a sufficient condition
for (Z™7),en+ to be tight.

Notice that the particular choice of f = 1 implies the tightness of the sequence ((Z", 1)), en+
in D(R4,Ry) with the same arguments.

By Prohorov Theorem, it is possible to extract from (Z™),en+ a subsequence (Z¢(™), cy-
that converges in law in D(Ry, (Mp(R%),v)) to a limiting process Z. Since we also proved the
tightness of ((Z™,1))nen-, it is possible to choose this subsequence such that ((Z?(),1)),en-
converges in law to (Z, 1) in D(R4, R4 ). By construction, the jumps of (Z"),cn+ are of order 1/n
and entails that the limit process Z is almost surely continuous. Using Theorem 3 in Méléard
and Roelly [35], (Z¢(),cn+ also converges in law in D(R, (Mp(R%),w)), where Mp(R%)
is embedded with the topology of weak convergence. Applying Prohorov Theorem again, we
deduce that the sequence (Z™),en- is tight in D(R,, (Mp(R%),w)).

To identify the limit, we have to prove that P-as., V[f : (a,t) — fi(a)] € CLRE x
R4+, R), Vt € Ry, U4(Z) = 0, where:

Ui(Z) =(Z4, [t) — (2o, fo)

/"/d[ Vafo(a) + 22(a) + £(0, 5)bla) — fla,5)da, Z,U(a) | Zy(da) s
R

This is obtained by a direct adaptation of the proof of [16, 45]. |

In order to prove that the whole sequence (Z"),cn+ converges, we will show that it admits
a unique limit value. This is related to the uniqueness of the solution of (1.2).

3.2 Existence and uniqueness of the solution of (1.2)

Existence of the solutions of (1.2) is a consequence of Proposition 3.2, since the limit values of
(Z™)nen+ are solutions. Proposition 3.3 deals with the uniqueness problem.

Proposition 3.3. Let & € Mp(RL) be a deterministic initial condition. Let (£})ier, and
(£)ter, be two solutions of (1.2) in C(Ry, Mp(RY)), starting from &. Under Assumptions
2.1, 2.4, 3.1, we have: ¥Vt € Ry, & (dx,da) = &2(dx, da).

Proof. The solutions of (1.2) are continuous with bounded masses on finite time intervals: V¢ >
0, (&,1) < (&,1) + fo (€5, 1) ds < (&, 1) exp (bt) < +o0o. For T > 0, we can define Ay =
SUPy¢ OT] (G 4+€2,1) < +o0. Let ¢ € Cg(R‘i,R) such that ||¢]lc < 1. For t € [0,T], we can define

Va € R, Vs € Ry, f(a,s) = ¢(A(t, s,a)). By Proposition 2.3: Vi € {1,2}, vVt € (0,77,
(€h.0) /¢ (1,0, )€} (da) + /Ad (Alt,5,0))b(a) — G(A(t, 5, ))d(a, €1U(a)] €1(da) ds

Hence: Vt € [0,T],

!@—ﬁ@H§A1

| Ot 5,a)) (d(a,6,U(0)) — d(a, €U (a)) & (da)

/Rd (6(A(t,5,00)b(a) — ¢(A(t, 5, a))d(a, £ U (a))) (&5 (da) — € (da))

_l’_

t
] ds < C(T)/O lgs = &llrv ds, (3.1)
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where C(T) = b+ d(1 + A7) + Ar LyU. By taking the sup in ¢ in the left hand side and by
noticing that every function ¢ € Cp(Ry,R) is the limit for the bounded pointwise convergence
of a sequence of functions of C} (R4, R):

t
Vi e [0.7], |IE — iy < cm/0 € — €|y ds.

The result is given by Gronwall Lemma, and by the fact that T is arbitrary. |

Corollary 3.4. Under Assumptions 2.1, 2.4, 3.1 and for every initial condition & € MF(Ri),
Equation (1.2) admits a unique solution (&)ier, € C(Ry, Mp(RL)) to which the sequence
(Z™)nen+ of D converges in probability.

3.3 Absolute continuity of the solutions of (1.2)

Let us now study the existence of densities for the measures &;(da) with respect to the Lebesgue
measure of RSIF. If they exist, they define a weak solution of (1.5) which generalizes the McK-
endrick and Von Foerster equations that are classical in demography. In the case of a scalar
age we have the propagation of the absolute continuity for positive times (Proposition 3.5).
However, when many ages are taken into account, densities do not exist any more (Remark 3.6).

Proposition 3.5. In the case d = 1, under Assumptions 2.1, 2.4, 3.1 and if £&o(da) = mo(a)da
s absolutely continuous with respect to the Lebesque measure on Ry, then the time marginals
& (da) also admit densities my(a) for every t € R.

Proof. Let t € Ry and let ¢ € C}(Ry,Ry) nonnegative. For f defined by Vs € R;,Va €
Ry, f(a,s) = ¢(A(t, s,a)), where A is defined in (2.2), we have:

€ty < [ oA 0,a))e(da) + / H(A(t, 5,0))b(a)E, (da) ds (3.2)
R, 0 JRr,

since ¢ is nonnegative. Let us consider the first term. By Point (i7) of Proposition 2.2, the
map a — A(t,0,a) defines a C!-diffeomorphism from R into [A(%,0,0), +oo[. Let us denote by
A~Y(t, «) the inverse diffeomorphism and by JA~!(¢, ) its jacobian matrix. Using the change
of variable associated with a — A(¢,0,a):

+oo
?(A(t,0,a))mo(a)da :/ / p()mo(A™LH(t, @) JA(t, a)| da. (3.3)
Ry R4 A( )

£,0,0

For the second term, the change of variable given by the C!-diffeomorphism s +— A(t, s,0) yields:

t A(t,0,0) _
|| ot onplar o as = | 6(0) b(@)|JAT ()| =1, (da) dav. (3.4)
0 JR. 0 R

From (3.3) and (3.4), we deduce that:

+o00
0< A ¢(a)é(da) < ; ¢(a)H (e, t)da, where: (3.5)

H(a, t) =1 4(4,0,0)<a no(A; ' (t, )| JAT (¢t )| + 1o<a(,0,0) /]R b(a)’JA_l(a”éF(a) (da) dav.
+

The function H is nonnegative and integrable, since the right hand side of (3.5) equals the right

hand side of (3.2), which is finite. Since C{(R4,Ry) is dense in the set of measurable functions

that are -almost everywhere bounded (see Rudin [42], p. 69, & being a finite measure),

we deduce from (3.5) that the measure &(da) is dominated by a measure that is absolutely

continuous with respect to the Lebesgue measure and is hence itself absolutely continuous. MW
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Remark 3.6. In the case where d > 1, the map t € Ry — A(t,0,0) € Ri does not define
a bijection any more, and the ages of individuals born after s = 0 at time t belong to the set
{A(t,s,0) € Ri, s € [0,t]}, which is a one-dimensional variety of R‘i. Thus, the measures &
can not be absolutely continuous with respect to the Lebesgue measure on Ri.

The following Proposition linking (1.2) and (1.3, 1.4) is proved in Section 3.2.4 of [45]:

Proposition 3.7. For d =1 and under the Assumptions of Proposition 3.5, the weak function
solution (a,t) — m(a,t) of (1.2) is well defined. If this solution belongs to C}(R%,R) and if
vVt € Ry, % fR+ m(a,t)da = fR+ %—T(a,t}da, then it is the classical solution of (1.3, 1.4).

Proof. We replace &5(da) in (1.2) by m(a, s)da and differentiate with respect to time. V¢ € R,

5 [ f@mende= [ p@9a @)

ot Ry Ry

+(0)b(a) — f(a)d(a, /R U(a,a)m(a,t)da)]m(a,t)da. (3.6)

+

Let us first consider test functions f € Cl}, xR, R) bounded with compact support in R .
in particular f(0) = 0. By Fubini theorem and by an integration by parts formula for the aging
term: Vt € Ry,

A Va (f(a)) v(a)m(a, t)da = [f(a)v(a)m(a,1)];%5 — ; f(@)Va (v(@)m(a,t)) da. — (3.7)

The bracket in the right hand side being zero since lim,— 4o m(a,t) = 0 for every t € R;. From
(3.6) and (3.7), we obtain that da-almost surely on R*, and Vt € R,

%m(a, t) + Va (v(a)m(a,t)) = —d (a,/R Ul(a, a)m(a,t)da) m(a,t). (3.8)

+

Let us now consider test functions f € C}(Ry,R) with arbitrary support. From (3.7) and
(36) Vit S R+,

Qm(aa t) + Ve (v(@)m(a,t))| f(a)da = —f(0)v(0)n(0,1)
o, Lot
4 /}z [f(O)b(a)— Fa)d (a, /R + U(a,a)m(a,t)da)] m(a, )da. (3.9)

We simplify (3.9) with (3.8) and: Vt € Ry, f(0)v(0)n(0,t) = fR+ f(0)b(a)m(a,t)da. By identifi-
cation of the integrands, we obtain the boundary condition in (1.4). [

4 Exponential deviations

In this section, we set T > 0 and study the exponential deviations associated with the conver-
gence of (Z™),en+ to the solution £ of (1.2) in Dy (Corollary 3.4). More precisely, we look for
estimates of (1/n)logP(Z™ € B), for any Borel set B C Dp, when n — +oo. Applications will
be considered in Section 5.

A first difficulty arise from the fact that Mp(R%) is not compact. The mass of the micro-
scopic process is not necessarily bounded. The exponential tightness of (Z.nAg\L,)TLGN* on Dr is
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classical and can be established by adapting techniques from Dawson and Gértner [11] and Gra-
ham and Méléard [21]. The relaxation of the localization by (}; relies on exponential deviation
inequalities proved in Lemmas 4.7 and 4.8.

The lower bound issue is treated in Section 4.3. A second difficulty comes from the fact that
the events describing the dynamics are of different nature (births, deaths) and that they are as-
sociated with nonlinear rates. Following the approach of Léonard [31], Kipnis and Léonard [30],
we base our proof on the use of a Riesz theorem on Orlicz spaces, which gives us a representation
of the trajectories of the action functional as solutions of perturbed PDEs obtained from (1.2)
and on a Girsanov theorem. A key point in the the proof is the use of a density Theorem due
to Bishop-Phelps-Israel [5, 24].

Notation: We define E := R% x {0,1}. With each function f € B(RZ x [0,T],R), we can
associate a map ¥ (f) defined on E x [0,T] by: Y(a,u,t) € E x [0,T],

(f)(a;u,t) = £0,8)1u=0 — f(a,t)Lu=1- (4.1)

For t € [0,T] and z € Dy, let us introduce the following positive finite measure on E:
mf’T(da, du) = [b(a)do(du) + d(a, z—U(a))d1 (du)] z:_(da). (4.2)
The Laplace transform p of the standard centered Poisson law and its Legendre transform are:

(y+Dlog(y+1)—y siy>-—1,
plr) =€ —x—1, p*(y) = 1 siy=—1, (4.3)
+00 siy < —1,
p* is nonnegative and vanishes only at y = 0. The functions p and p* are convex conjugated.
For a € {p,p*}, T > 0 and z € Dy, we define the following Orlicz norm on the space of real
Borel functions on F x R;:

T
lollo: = it {n>0. [ [a (0B it amas <1}
0 E

The set of functions with finite Orlicz norms are denoted by L”# and LP"**. The closure E#*(E x
R, ) of the space of Borel bounded functions for the norm ||.||,,. is strictly included in L”* (see
[30] Section 3, for instance) and admits a topological dual which can be identified with L°"»?
thanks to the following representation theorem:

Theorem 4.1. Riesz Theorem in Orlicz spaces (see Rao et Ren [40], p.93 and following
or Kipnis and Léonard [30]) For every continuous linear form £ on EP*(E x R.), there exists
a function h € LP"* such that:

T
Vg € EP*(E xRy), £(g) = / / g(a,u, s)h(a,u, s)dm>T (da, du)ds.
o JE

4.1 Main Result

The main result of this Section is enounced in Theorem 4.4.

Assumption 4.2. We assume that Assumptions 2.10 are satisfied and that:
1. The sequence (Z§)nen+ is deterministic and converges in (Mp(R%),w) to a measure &.
2. 3Cy > 0, (&,1 + |al) < Cy and Ing € N*, Vn > ng, (Z7,1+ |al) < Cy.
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The Assumption of Point 1 is made for simplification. It can be weaken by assuming that
(Z8)nen+ converges in law in (Mp(R%),w) to &.
We now define the action functional that appears in our deviation result.

Definition 4.3. For & € Mp(R%) and z € Dr, let us define Ig;(z) by

SUP 41 (pd If’T(z), if 20 = & ,
742 —{ seeyeLonn with: ) = €7(5,2) — (S, 2), (45)

where (T(f,2) and cT'(f,z) are defined for (f : (a,s) — fs(a)) € CH(RL x [0,T],R) by:

E72) =t £) — o o) [ [ L (et + G saw - [ ¢(f)dm§’T] ds.

T
:/ /p(q/;(f)(a,u,s))m?T(da,du) ds. (4.6)
0 E

Theorem 4.4. Under Assumptions 2.4, 2.1, 4.2.
i) Let z € Dy such that X (z) < 4+o00. There exists h* € LP™* such that z is the solution of:
0

V(f : (a,8) — fs(a)) € C}(RL x Ry, R), Vt € [0,T],

dfs T
é’; > ds+/0 /E(1+h2)¢(f)dm§»Tds. (4.7)

We have then have the following non-variational representation of the action functional:

t
(2t, ft) =(z0, fo) +/0 <257 vV fs +

T
— [ [ o 0 @) mi (da du) s (4.8)
0 E

(ii) Let:
&={2€Dr | I} (z) < +o00, and h* € L®(E x[0,T],R)} (4.9)

The sequence (Z")nen+ of Dr satisfies the following deviation inequalities: ¥YB Borel set of Dr,

— inf IT( ) < hmlnfflogIP’(Z” € B) <limsup — log]P’(Z" € B) < — inf IT( ), (4.10)
z€BN® n—+oo N n—+oo 1 2€B

with the convention inf ) = +o00o.

Remark 4.5. (4.7) corresponds to a perturbation of the birth and death rates of (1.2) by factors
(14 h*(a,0,s)) and (1+ h*(a,1,s)) which are different (and hence the introduction of the mark
u € {0,1}). We will prove in Proposition 4.14 (Point 4) that these factors are nonnegative.

The upper bound of (4 10) is a large dev1atlon upper bound. The lower bound is local, the
infimum being taken on BN ® and not B. In the proof of the lower bound, we will be lead to
regularize h® by approximating it with a sequence (h;,)men+ of perturbations with particular
forms, continuous and bounded. With each h,,, we can associate the solution z"" of the evolution
equation (4.7) perturbed by h,,. The convergence of z™ to z when h* is bounded is proved in
Proposition 4.18, the general case is still open. In the works which have inspired us [31, 30]
the similar difficulty is encountered, but under a different form: the problem is a uniqueness
problem for the perturbed equation (4.7) and not a convergence problem.

The local minoration that we obtain is still a useful result, that we will use in Section 5.
It provides an information as soon as Bne& # (), in which case, the lower bound of (4.10) is
not —oco. This is the case when B contains the solution of (1.2) which corresponds to a zero
perturbation for instance.
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4.2 Exponential tightness and large deviation upper bound

We prove the exponential tightness of (Z™),cn+ on Dp. The large deviation upper bound is then
a generalization of Theorem 4.4.2 and Lemma 4.4.5 of Dembo and Zeitouni [12], obtained by
replacing the limits with lim sup.

Recall that the continuity modulus for y € D(]0,T],R) and § €]0, 1] is defined by:

w'(y,9) = inf ma; w(y, [ti_1,t; here w(y, [t;_1,t;]) = su — Y,
(y ) {t:} 1<i§ca7?({i{tz} (y [Z ! ZD v (y [Z ! ZD S,tE[tiPl,ti[‘ys yt‘
and where the infimum is considered on the subdivisions 0 = g < 1+ < fegraqsy = T such
that Vi € [1, card{t;}], t; —ti—1 > 9.

Proposition 4.6. Under Assumptions 2.1, 2.4, 4.2:
(i) Let (¢r)ren+ be a denumberable dense family of CL(RL,R), and let us set g9 = 1. VL >
0, VN >0, EICbN closed subset of Dy, Ing € N*, Vn > ng:

IP’(” ¢ K )<€_HL(2_6_L) d such that: Yr € N, li Uz, 00),8) = 0
ACH LN)S Tq Iy and such that: Vr ’51—%2681251\,10 Z,r),0) = 0.

(4.11)
(ii) VL > 0, 3K3 compact subset of (Mp(RL),w),

lim sup ! log (P (3te[0,T], Z ¢ K7)) < —L. (4.12)

n—-—+o00

The measure-valued process Z.?}\C}b has marginals of mass bounded by N > 0. The proof
of Point (i) is an adaption of the proof in [11] (see [45] for a detailed proof). It relies on

the proof of the following estimate, obtained by an adaptation of techniques used in [21, 20]:
Ve >0, VN >0, Ve >0, V5 >0, Vn € N, Vp € C}(RY),

T
P ( sup [ Zinen ) = (Zinen )] > 46) < 8 (5 + 1) emnest2nS(NO) - (4.13)

jt—s/<6

whete Se(N,9) = [p(el@lloo) NG +d(1+ N)] V [e(@2N][Vaplloo + Nllplloo(B + (1 + N)))]-
The upper bound in (4.13) depends on N, and we can not take the limit in N — 4o0.

The second point of Proposition 4.6 and the relaxation of the stopping time (y; make the
object of the end of this section. We generalize an argument used by Dawson Gértner [11] in
the case of continuous probability-valued processes. We prove that there exists N > 0 such that
the probability P (¢}, < T) is exponentially small. Then, the exponential tightness of the laws
of ((Zg\g%)te[o,T})neN* implies the exponential tightness of the laws of ((Z]');e[0,7))nen+-

We set ¢ = 1 and introduce a denumberable family 8 = (¢, ),cn such that for every r € N*,
¢, is constant outside a compact set of Ri, polynomial on this compact set, and bounded up and
below by positive constants, and such that for every ¢ € Cy (Ri, R ) there exists a sub-sequence
(Dy(ry)ren Of (¢r)ren that converges uniformly to ¢.

In order to establish (4.12), we will need the following Lemma proved in the sequel:

Lemma 4.7. Under Assumptions 2.4, 2.1, 4.2.

(i)V¥L >0, 3N = N(T, L,Co) > 0, Ing € N*, ¥n > ng, P(% > T) <e ™t and P} >T) <
e "L Cy being defined in Point 2 of Assumptions 2.10.

(ii) Yo € &, VL > 0, 3C = C(¢, T, L, Co) > 0, Ing € N*, ¥n > ng, P (supte[oﬂ(Zf, @) > C) <

el

16



Sketch of the proof of Point (ii) of Proposition 4.6. Let us introduce the following sets for C' >
0 and ¢ € Cp(RL, Ry ):

Ko(C) = {z € Mp(RY) | (2,0) < C}.

Let us prove that the set X2 = adh [ﬂreN Ky, (Cr)], with C, := C(¢,,T,rLV L,Cy) of Lemma
4.7, is compact in (Mp(R%),w) and that (4.12) is satisfied.

Let (2m)men+ be a sequence of (,cn Ky, (Cr). For every given 7 € N, ((2m, ¢r))men+ is a
nonnegative real sequence upper bounded by C, and hence relatively compact.

By a diagonal procedure, we can extract from (z,)men+ a subsequence, again denoted by
(zm)men=, such that for every r € N, ({(zmm, ®r))men+ converges to a limit £(¢,). Let g €
Co(Ri,R+). By choice of &, there exists a subsequence (¢y,))ren of (¢r)ren that converges
uniformly to g. The sequence (£(¢y(,)))ren is then a Cauchy sequence in R and we can define
the limit £(g) = lim,— o0 £(@y(r)), Which does not depend on the choice of the subsequence
(¢y(r))ren. With a non negative function g € Co(RL,R_), we associate £(g) := —{(—g). With
g € Co(RE,R), we associate £(g) = ¢([g]+) — ¢([g]—), where [.]+ and [.]_ denote the positive and
negative parts.

If /(1) # 0, we can prove that the map g € Co(R%,R) — £(g)/¢(1) € R is well-defined, linear,
continuous, of norm 1 and nonnegative. Thanks to the Riesz representation Theorem (see Rudin
[42], Theorem 6.19 p.130), there exists a unique probability measure v, such that Vg € Co(Ri, R),
l(g) =¢(1) fR+ g(a)v(da). By construction, for every g € Co(RL,R), ({zm, g))men+ converges to
(£(1)v,g). Since ((zm, 1))men+ converges to £(1) = (£(1)v,1), (2m)men+ converges weakly to £(1)v
(See [35])' If Z(l) =0, then Vg € CO(RivR)> (<Zmag>)mEN* converges to 0 and ((Zm> 1>)m€N* also
converges to 0. This implies that (2,,)men+ converges weakly to the null measure.

The set ),y Ko, (Cr) is hence relatively compact in (Mp(R%), w), and its adherence K7 is
compact in (Mp(R%), w). Finally:

P(3te0,T), 2 ¢Ki) <> P(3te0,T], Z' ¢ Ko, (C(¢r, T, Ly, Cp)))

reN
B B e—nL(Q o e—nL)
<Y emhient < =2 (4.14)
reN*
by Point (ii) of Lemma 4.7. This yields (4.12). [

The proof of Lemma 4.7 is based of the following Lemma 4.8, where we establish a sufficient
condition to obtain the upper bounds of Lemma 4.7.

Lemma 4.8. Under Assumptions 2.1, 2.4, 4.2, for Cy and ng defined in Assumptions 4.2,
for ¢ € CLRL,R) such that 3C(¢) > 0, Va € RL, |p(a)] < C(¢)(1 + |a|), there exists v =
v(o, T, Coy) > 0 such that ¥t € [0,T], Vn > ng, P-a.s.:

[E (@)dm?™ T + (2P, 0V ap) — (2, ) < — /E o (1 (@) e ) dmi "7, (4.15)
then: YL > 0, 3C = C(¢, T, L,Cy) > 0, Yn > ng,
P < sup (Z[',¢) > C) <e b (4.16)
te[0,7

Proof of Lemma 4.8. We are inspired by techniques from [11] for continuous probability-valued
processes, and consider the semi-martingale (e~7(Z7, ®))tefo,r)- By Point 2 of Assumptions 4.2,
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sup eI G) — (7, 6) > L+ 206C(9) + {60 — 74, ¢>> see 21

t t
g[@( sup M7+ / e V(2 WV up — Yo)ds + / / e (@) dmZ " ds >L>, (4.17)
0 0 JE

t€[0,T]

t t
MPT e e MZ )~ Z5.0) — [ (22 V0= o) s = [ [ wloe dm? s,

is a local martingale starting from 0 (Point (iii) of Proposition 2.8). Let us define =7 ¢ =Z m

with the notation of (2.18). By the Assumption (4.15):
t t .
[z Voo as [ [ v tan? Tas
0

t
1
< - / e [ / T (¥ (9) e7) dm” T] do = / / Je ) dm" T ds = — =
0 E n

Thus:

P ( sup (Z7,¢) > e’ (L 4 2C,C() + (&0, ¢>)> <P ( sup MW" g s nL) <e
te[0,7) t€[0,1]

by the Doob inequality and Point (iii) of Proposition 3.3. [

Proof of Lemma 4.7. We begin with establishing a sufficient condition (Inequality (4.19)) for
(4.15) to be satisfied. We obtain the results announced in Lemma 4.7 thanks to Lemma 4.8, by
proving that this sufficient condition is satisfied for proper choices of functions ¢.

Let t € [0,T] and n € N*. In the case where (Z]*, 1) = 0, the two members of (4.15) are zero.
Assume that (Z7*,1) > 0. Let ¢ € C*(R%,R}) be a positive function and let v > 0.

Y p (Y (9)e™) +(¢) =" (exp (¢ (¢) e™™) =¥ (¢) e — 1) +9(¢)

(k=1)7t “+oo eyt
_Z N =@ WO
k=0 :
Since for every k € N, 1/2k <1/(k+1) <1, we have:
1 [e k Skt . k

summing over k gives:

et

(6) exp (¢ <¢>) < (1 (9) ™) +(6) < V(@) oxp (¢ ().
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Since ¢ is nonnegative:
L@@ e v an™T < [ e '00) bz ). (@19
+
A sufficient condition for (4.15) to be satisfied is that there exists v > 0 such that:

(2096 =26) + [ 0(0)exp (716(0)) ba) 27 (da) < 0. (4.19)

\NenmwpuwePonm(ncﬁlennna47.meanguumpwﬁgE;T)::P(aq%emTﬂz¢,1>ZJV),
it is sufficient, by Lemma 4.8, to prove that (4.15) is satisfied for ¢ = 1. This is fulfilled since
(4.19) is satisfied for ¢ = 1 and v > eb.

We proceed in a similar way to establish the deviation inequality for (y;. For ¢ defined by:

Va e RL, ¢(a) =1+ |a] =1+ /3% | a2, (4.19) becomes:

d \a)a;
[ (omtemo 2
R+ i=1

-7 - 7|a|> Zt(da) < 0.

2
By Assumptions 2.1 and since (Z?:l ai) < C(d) Zle a?, we have Zle 21”'(5‘)% < 20 (\/C(d) + |a|> :
Then, (4.19) is satisfied for v > eb + 1/C(d)20. By Lemma 4.8:

1 1
limsup — logP ({(y < T) =limsup —logP | sup (Z;',1) > N or sup / la|Z}*(da) > N
n—+oo T n—+oo T te[0,T] te[0,7] JR4

1
<limsup —logP | sup (Z',1+al) > N | < —L.
n—+oo T te[0,T]

This concludes the proof of Point (i).
Let us now consider Point (ii). Let ¢ € & The condition (4.19) is satisfied if: Va € Ri,

v(a)Vag(a) — yé(a) + ¢(0) exp (¢(0)) b(a) < 0,

which is satisfied as soon as:

v > sup (v(a)Vag(a) + ¢(0) exp (¢(0)) b(a)) | - (4.20)

b
aERi ¢(a)

By the definition of R, in particular since the function ¢ is polynomial on a compact set and
constant outside this set, it is possible to choose « satisfying (4.20) since the right member is
bounded by a constant independent from a € R‘jlr as:

S+ a) 22 (a)

lim < C < +o0.
la]—+o0 ¢(a)
Lemma 4.8 applies and concludes the proof. |

Corollary 4.9. Under Assumptions 2.1, 2.4, 4.2, the sequence of laws of (Z™)nen+ 1S exponen-
tially tight on Dp: VL > 0, 3K, C Dr compact, limsup,,_, , %bg}P’ (Z"¢ Kp) < —L.
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Proof. Let N = N(T, L, C)) be the positive constant given in Point (i) of Lemma 4.7. Consider
the sets IC}; N and IC% given by Proposition 4.6. Let us define:

Kr = Kpyn{zeDr suchthatVte[0,T], €Ki} (4.21)

Using a criterium from Jakubowski [27] (Theorem 1.7 and Lemma 3.3), the set K, is relatively
compact in Dp. Since:

P(2" ¢ K1) <P (Zhgy ¢ Khw) +P (3t 0.T], Zy ¢ K3) +B(Ch <T)

we have:

n—-+o0o n—-+4o0o

1 1
lim sup — logIP’ (Z" ¢ K1) < max <hm sup logP (Zf/‘\% ¢ ICiN) ,

1 1
limsup — log P (Elt € (0,77, tACT ¢ IC%) , limsup — log P ({y < T)> <-—-L,

This concludes the proof. |

4.3 Lower bound of Theorem 4.4

The proof of the lower bound relies on a change of probability and on the use of Girsanov
Theorem. We follow the work of Léonard [31], Kipnis Léonard [30], and thanks to a Riesz
theorem, use the links between the trajectories in the domain of the action functional and
between some evolution equations obtained by perturbation of (1.2). We prove a local minoration
for the neighborhood of trajectories associated to bounded perturbations.

4.3.1 Representation of the paths of the action functional

Proposition 4.10. Under Assumptions 2.1, 2.4 and for z € Dy such that Ig;(z) < +00, there
exists a function h* € LP"% satisfying V(f : (a,s) — fs(a)) € CHRE x [0,T],R):

T
/ / W) (@, )17 (a, u, s)m3 T (da, du) ds, (4.22)
o JE
where (T (f,z) has been defined in (4.6). Thus:

77 / / =(f) — p((f))] dmeT ds, (4.23)

and z is the solution of Equation (4.7).
Proof. From the definition of IfTo , we have for every f € C}H(RY x [0,7T],R) and every x € R*:

TIRT () = %ET(f, z) —cl <£,z> < T,y (2) < +o0.
Using the notation 7(z) = max(p(w),p(—:ﬁ = p(|z|):
%ﬁT(f,z) SIg(z)—i— <¢E€f )dszd5<IT / / < )dmi’Tds.
Choosing k= [[(f)llp. et £ = —[[¥(f)l|pe, we obtain |7(f,2)] < (1+ZE () 100 |per

from (4.4). The map ¥(f) — £T(f,z) is hence linear and continuous for the norm ||.||,. on

¥ (CHRL x [0,T],R)) C By(E x [0,T],R). By Hahn-Banach’s theorem, it is possible to extend

this continuous linear form into a continuous linear form on E#*(E x [0, T]). Thanks to Theorem

4.1, there exists a function h* € LP"+* satisfying (4.22). From (4.22) and (4.5), we deduce (4.23).

(4.7) is a consequence of (4.22) and (4.6). [ |
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The function h* given by the previous proposition is not unique, since it is only characterized
by the functions of ¢ (C}(RL x [0,T],R)) C By(E x [0,T],R).

Lemma 4.11. We can choose h* such that h*(a,0,s) depends only on s € [0,T].
Proof. Let us h* € L”"* be the perturbation given by Proposition 4.10. We are going to modify
it on R% x {0} x [0,T]. Vf € C}{(RL x [0,T],R),

T T _
/ £(0, 5)h(a, 0, 5)b(a)z (da)ds = / £(0, 8)% ()b(a) 7+ (da)ds,
0 JrL

Rd
Jra h*(a,0, 5)b(a)zs(da)
with: h*(s) = R
fRd a)zs(da)

(If fRd a)zs(da) = 0, the choice of h* on R x {0} x [0, 7] is arbitrary). By the convexity of
p* and by Jensen’s inequality, V& > 0,

/OT/M[)*@ZS)) 2)24(da) ds_/ /R (fRdﬁf;O s Zi(zjz:(da)>b( s
S/T RdW[/}R;{ <hz(a’£05 a)zs(da) | b(a)zs(da)d

/ /Rd <hz 2l 8)> b(a)zs(da)ds,

and the new choice of perturbation obtained by replacing h* with h* on R% x {0} x [0,77] is
again a function of LP™%. |

4.3.2 Non-variational formula for Zg;

In order to obtain a non-variational formula for the action functional, we are going to use (4.23)
and approximate the perturbations h* by perturbations of the form h,, = e¥(m) — 1 with
(fm)men+ a sequence of C} (Ri x [0,T],R). The result of this section is given in Proposition
4.14. To establish it, we will use the following lemma, which is a particular case of a result due
to Israel [24] who generalized a Theorem of Bishop and Phelps [5]:

Lemma 4.12. Let § be a closed subspace of a Banach space € and let € the topological dual of
¢. Let A be a convex continuous function from € to R and let OA(x) be its sub-differential in
x € € defined by ON(z) ={f € & | Vye & Alx)+L(y) < Az +y)}. Let by € € such that:

dec e R, Vo € € A(x) > ly(z) + ¢, (4.24)
then: Ye > 0, 32’ € §, I € OA(2)), VYV € F, |lo(x) — V()| < e|z]|.
Definition 4.13. Vz € Dy, Vg € By(E x [0,T],R), Vh € B(E x [0,T],R), Vv € (L®(E x

[0,T],R))’,
/ / (a,u, s))m>" (da, du) ds (4.25)

* L z,T z,T
7 .(h) '_fecl Rs(quOT {/ /hz/; f)dmZ* ds — / /Ep(w(f))dms ds} (4.26)

f;,z(y) = sup {<V7 g> - Fp,z(g)} . (4.27)
gEBL(EX[0,T],R)
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By (4.5) and (4.23):
I8 (z) =T% . (h7). (4.28)
The main result of this Section 4.3.2 provides a non-variational formula for the action func-
tional IgTO (2) =T} .(h*), and an approximation result when we regularize h*:

Proposition 4.14. Under Assumptions 2.1, 2.4, for z € Dy such that Ig; (z) < +o0, and for

the associated perturbation h* € LP"% (see Proposition 4.10), there exists a sequence (hy,)men-
of Co(E x [0, T],R) such that:

(i) Vm € N*, 3f,, € CLREL x [0, T],R), hy, = ¥Um) — 1,

(ii) the sequence (hm)men+ converges to h* dmZ' ds-a.e.

(i4i) Ym € N*, T} (hm) = Tps 2 (him).

(iv) h* € [—-1 —i—oo[ dmZ " ds-a.e. and there exists f* € B(RY x [0,T],R) such that dmZz " ds-a.e.
on {h* > —1}, h*(a,u,s) = ¥ @ws) 1,

(v) We have the following non-variational representation for the action functional:

T
T =Ty o) = [ [ 70z as
T
/ / 11y (RF0(F7) — p(0(f7))) dim>Tds + /0 é Lo _ydm?Tds.  (4.20)

A difficulty lies in the fact that I'} ,(h?) and f;z(hz dmZ" ds) do not coincide a priori, since
the sup in (4.26) and (4.27) are taken on different sets. This is due to the particular formulation
of our problem which leads us to deal with births and deaths.

Before enoucing Proposition 4.14, we give a lemma for the functions of Definition 4.13.

Lemma 4.15. Under Assumptions 2.1, 2.4, for z € Drp,

(i) T'p . is convex continuous,
(ii) Let f € Co(R% x [0,T),R). O, .(¢(f)) is a singleton {v} characterized by:

Vg € By(E x [0,T],R), (v,9) / / w(f) - 1 dm>7T ds. (4.30)

(iii) We have: Yh € B(E x [0,T],R), h > —1 dmZ " ds-a.e, and:
% (h) < T3 (hdmzTds) < Tpe .(h). (4.31)

Proof. The convexity of I, . is a direct consequence of the convexity of p. For the continuity,
we can see by dominated convergence that if g € By(E x [0,T],R) and if (g4)4en+ is a sequence
that converges uniformly to g in By(£ x [0,T],R), we have limg— 4o I') 2(g4) = 'y 2(9)-

To characterize OI', . (¢(f)), let g € By(E x [0,T],R),

i Do) +20) = o) _ / [ ( EETEV LT

e—0 £ e—0 IS

/ / dm"‘ T ds. (4.32)

This is obtained by taking the derivative under the integral. I', . is hence Gateau-differentiable
in ¢(f) and its sub-differential in 1 (f) exists and is a singleton characterized by (4.30) (Ekeland
and Temam [14], Proposition 5.3 Chapitre I).
The first inequality of (4.31) is a consequence of the inclusion ¥ (C{ (R x [0, T],R)) C By(E x
[0, T],R). The second inequality is a consequence of the fact that V(a,u,s) € E x [0,T], Vg €
By(E x [0,T],R), h(a,u,s)g(a,u,s) — p(g(a,u,s)) < p*(h(a,u,s)). [
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We can now prove Proposition 4.14.

Proof of Proposition 4.14. We have I£T0 (2) = I, .(h*) < +oo by assumption, but we do not
know whether f;z(hzdm?Tds) < +o0. Since h* € LP*, we however know by (4.31) and by
(4.4) that:

~ h? h?
I dmi’Tds> <Tpe. <> <1. (4.33)
& <IIhZHp*,z SN[ P

and by (4.33), it is possible to write: Vg € By(E x [0,T],R),

h*

z,T z,T
gdmg  ds — ( dmy ds),
/ /E‘h Hp z Hh HP "z

and the condltlon (4 24) is satisfied. Applying Lemma 4.12 with the closed sub- spac T
adh (¢ (C&(Ri )) of L*(Ex[0,T],R) gives: Vm € N*, Elfm € adh (Cl(Rd ],R
EIIA]m € 8FP:Z(¢(fm))a Vg € Cl(Rd [OaT]vR)’

By definition of T P

).

dm= T ds — (B, w<g>>\ < Mol (4.34)

g <
ol o[l

By Point (ii) of Lemma 4.15 and setting A, := HhZHp*’Z(ew(fm) —1):

h
m dm?Tds <
<||h T thup*,z)

Since fm is bounded and since dmZ” ds is a finite measure, Fp*,z(i;m) < +00, implying by (4.31),
that T% _ (7umdm?" ds) < +o0. From the definition of T .: Vg € By(E x [0,T],R),

T ~ ~ ~
g) > / / hong dmzTds = T, (RpdmiTds)
0 E

Applying the Lemma 4.12 and Point (ii) of Lemma 4.15, there exists a sequence (fy,)men+ of
adh(C}(RL x [0,T],R)), and a sequence of continuous and bounded perturbations (A, )men-
defined by R, := e¥(fm) — 1 such that: ¥m € N*, Vg € C}(RZ x [0, T],R),

19l

4.35
2ml|P? | (43

“4m

Since each function f,, is the uniform limit of a sequence (fim p)pen+ of C} (Ri x [0,T],R), hy,
is the limit, for the uniform norm and in L'(E x [0, T], dmZ" ds) (since the measure dmZ” ds is
finite) of the sequence hy,p, = e?mp) — 1. Replacing Ay, with him.p for sufficiently large p, we
obtain the existence of a sequence (fy,)men+ of CL(RE x [0, T],R) satisfying:

2T ||g||oo
)dm ds| < om (4.36)
From (4.35) and (4.36): Vm € N*, Vg € CL(R% x [0,T],R),
o — 1) =T ds| < 190l 4.37
( ) dm el (4.37)
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with:

T T
| [ 6@ =17y dmiTas = [ [ g0.9) (709 < 1= 15(0,0,5)) bla)zu(da)ds
0 JE 0 JRY
T
- / / g(a,s) (e_fm(“’s) —1—h*(a, 1,3)) d(a, zsU(a))zs(da)ds. (4.38)
0 JRY
For g € CL((R*)4 x [0,T],R), which satisfies Vs € [0,77], g(0,s) = 0, we obtain the vague
convergence of the sequence of measures (hy, dmZ’ ds)men+ to h* dmZ’ds on (R)? x [0, 7).

Hence, there exists a sub-sequence of (e™/™ — 1),,en+ that converges to h*(.,1,.) zs(da)ds-a.c.
n (R’jr)d x [0,T]. For g € C} (Ri x [0,T],R), and for the previous sub-sequence of (f,)men=:

/OT9(07 s)

/ <efm<075> — 1 - h*(0,0, s)) b(a)zs(da)ds
R¢

_ Cllgl

m

- / Toco (e’fm(a’s)—l—hz(a,l,s)) d(a, 25U ()2 (da)ds (4.39)
=

If we prove that:
(zs(da), 1,—0) =0, (4.40)

then, h*(0,0, s) will be the ds-a.e. limit of a sub-sequence of (e/m(0:5) — 1), o+, which will entail
that h* is the dmZ’ ds-a.e. limit of a sub-sequence of (¢¥(/m) —1),.cn-. Let us prove (4.40). For
e > 0, let ¢. € C}(RL,R) be a non-negative function, bounded by 1, such that ¢-(0) = 1 and
¢e(a) =0 for |a|] > e. For t € [0,T] and for the function f.(a,s) = ¢-(A(t, s,a)):

(a1, 02) = (. 1) = (€0, fo) / / 0=(A(t,5,0))(1 + h*(a.0, 5))b(a)zs(da)ds
—/0 » 0 (A(t,s,a))(1+ h*(a,1,s))d(a, zsU(a))zs(da)ds. (4.41)

For s < t and a € RY, ¢.(A(t,s,a)) — 0 when ¢ — 0. Since ¢-(A(t,s,0))(1 + h*(a,0,s))b(a)
and ¢-(A(t,s,a))(1 + h*(a,1,s))d(a,zsU(a)) are dominated by (1 + h*(a,0,s))b(a) and (1 +
h*(a,1,s))d(a, zsU(a)) which are integrable with respect to zs(da)ds, the right hand side of
(4.41) converges to 0. The left hand side converges to (zt, 14—0). This proves (4.40) and thus
Points (i) and (ii).

Since hm = e¢(fm)_17 p*(hm) = ew(fm)d}(fm)_ed)(fm)'{'l = hm¢(fm) (6w (fm) — w(fm) - 1)

T
(hm) = /O [ ) = p 0 iz s
< sup [/ / hn¥0(f) dmZ T ds = Tp.(p(f))| =T . (hm). (4.42)

feCt (R x[0,T))
From (4.31) and (4.42), I'} _(hm) = fp*7z(hmdm§’Tds) =TIy« - (hp,). This proves Point (iii).

Since (R )men+ converges dm?Tds—a.e. to h* and since Vm € N*, h,, > —1 dmy’ Tds-a. e.,
then h* > —1 dmZ” ds-a.e. As h* € LP"* C LY(E x [0,T),dmZ" ds), hz < +oo dmZ T ds-a.c. In
the sequel, we have to separate the cases h* = —1 and h* > —1 to take the logarithm of 1 + hZ*.
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On {h* > —1}, ¥(fim)(a, u, s) = log(hm(a,u, s)+1) converges dmZ’ ds-a.e. to (f?)(a,u,s) :=
log(h*(a,u, s)+1). The sequence h*9( fr,) — p(¥(fm)) thus converge to h*e(f*) — p(¢(f*)) when
m — 400, and the latter function is nonnegative:

0 < p*(h?) :ew(f2)¢(fz) — ¥ 41
— (ed’(fz) + 1> w(fz) o <e¢(fz) _ w(fz) _ 1> _ hzw(fz) - p(w(fz)) (443)

On {h* = —1}, the sequence (Y(fm))men+ diverges to —oo. Then, h*Y(fm) — p(¥(fm)) =
—e¥Um) 41 converges to 1. 5
Let us define the sequence (fy,)men+ by:

O(fin) =0 () Lihe () —p((fm)) 30, ho 513 T U (i) L1 fmn)<0, ho=—1}- (4.44)

The nonnegative sequence (b (fin)—p(W(fin)))men+ converges to [hZ0(f2) — p(v(f7))] Lipes1yt+
1ip-——1y = p*(h*). Thus, Ty« .(h*) < +o00. Else, by Fatou Lemma and (4.43):

F* hz _ hz d Z,Td}
pz(h7) = m@ﬁngm{/)/‘ V(f) = p((f))) dm3" ds

> lim inf / /E (P = (6 fm))) dmiTds > / /E tim inf (A () = p(6( ) ) dm 7 ds

m—-+00 0 m—>+oo
T
—/ / p*(h*)dmZTds =Ty ,(h*) = +o0, (4.45)
0o JE
which contradicts the assumption I' ,(h*) < +oo. Integrating (4.43) gives the last equality of
(4.29). Moreover Point (iii) of Lemma 4.15 and (4.45) imply the first equality of (4.29). [

Remark 4.16. When h* is bounded, we can choose the functions hy,, bounded by ||h?||s. Indeed,
if we regularize the functzons fm in the neighborhood of the points where ( f,) > log(||hz||oo+1)

we obtain a new sequence (h = V(fm) — D)men+ bounded by ||h?||c and satisfying |h* — hy,| =
Mﬁ_WMWQJW_w%‘ﬂM_mL

4.3.3 Local lower bound

The proof of the local lower bound enounced in Theorem 4.4 relies on a change of probability,
and on the use of Girsanov Theorem. Let P" = L£(Z"). It is a probability law on Dp. Let
z € D7 be such that IgTO (z2) < 400. Our purpose is to construct a sequence of probability
measures (P™),en+ on Dy that are absolutely continuous with respect to (P™),en+ and which
can be interpreted as a recentering on z. To achieve this, we use the perturbed equation (4.7)
satisfied by z. The use of the Girsanov Theorem is allowed if h* has a particular form and
proper regularities. Since h? € L% is not a priori bounded or differentiable, we use regularized
perturbations h,, of the form given in Point 1 of Proposition 4.14. It is hence natural to
introduced the sequence (2™),en+ of the solutions of (4.7) perturbed by the h,, and to apply a
recentering associated with these 2z™. Unfortunately, we can prove the convergence of (2™),,cn=
to z only in the case were h”® is bounded. The case where A® is unbounded remains open. Thus,
we will be lead to introduce the additional assumption h* € L>®(E x [0,T],R).
The following result implies the lower bound of Theorem 4.4:

Proposition 4.17. Under Assumptions 2.1, 2.4, 4.2, for z € Dy such that Ig;(z) < 400 and
h* € L*®(E x [0,T],R), we have for any open subset O of Dp containing z:

hmmf—logIP’(Z" €0)>— ( ). (4.46)

n—+oo N

(in the case where Ig;(z) = 400, the result is automatically satisfied).
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First, we complete the approximation result of Proposition 4.14 by showing that every path
z of the domain of the action functional IgTO associated to a bounded h* can be approximated

by a sequence of paths (2™),,en+ associated to perturbations h,, of the form h,, = efm — 1 with
fm € CL(RL x [0,T],R).

Proposition 4.18. Under Assumptions 2.1, 2.4, for z € D such that Ig;(z) < 400 and
h* € LF"* N L®(E x [0,T],R), there exists a sequence (fm)men+ of CL(RL x [0, T],R) such that
the sequence defined by by, = e?Um) — 1 satisfies:

(i) (hm)men= converges to h* dmZ ' ds-a.e. and (4.37) is fulfilled,

(ii) For every m € N*, the evolution equation: Vf € CH(RY x R.),

t T
o £ = (oo )+ [ (o o¥atit st [ [ exp @i unymy® ds - caa)

admits a unique solution in y, which is denoted by z™ € C([0,T], Mp(RL)).
(i11) The sequence (z )meN* converges to z € (C([0,T], (MF(Rd) I|. HTV)) II-loo) -

(i) We have ] (2 fo I (Rt (fim) — p((fm))) dmZ"™ ds—fo Sz p*(h m)dmZ Tds and:
mliTOOIT( ™) =1 (2). (4.48)

Proof. Point (i) is a consequence of Proposition 4.14. By Remark 4.16:
(2", 1) <(6o,1) / / m(0:9)p, 2" (da) ds < (&, 1)e (”hz”oo"!‘l)l;t,
]Rd

we can define A7 = max <supt€[07T]<zt, 1), supyepom (2" 1), m € N*) which exists and is finite
and independent from m.

Existence and uniqueness of the solution 2™ € C([0,T], Mp(R%)) of (4.47) is an adaptation
of the results of Section 3.2 (the birth and death rates are perturbed by continuous bounded
factors and Assumptions 2.4 are still satisfied).

Let t € [0,7] and ¢ € C{(RL,R) such that [|¢[lcc < 1. Let f : (a,s) € RL x [0,T] —
f(a,s) = ¢(A(t,s,a)) € R.
<A+ B, (4.49)

(2t = 2", 9)| =

¢ t
z z,T _ 2™ T
E(l + R*) ) (f)dmZ* ds / / (14 hm) Y (f)dmZ - ds

where by (4.37):

(f)dm>T ds| < —, (4.50)

and, by Remark 4.16 and computations similar to (3.1):

t
[ ) () [dm3 ™ = dm3™ 7] s gC(HhZHOO,T)/ 25 — 2™ lrvds, (4.51)
0

We deduce from (4.49), (4.50), (4.51) that:

1 t
[(ze — 2", 9)| §m+0(\|hzlloo,T)/0 I2s = 2" lTvds,
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Since every function ¢ € Cb(Ri,RJ,.) bounded by 1 can be written as the pointwise limit of a
sequence of Cg(R‘i, R4 ) bounded by 1, we obtain by taking the supremum in the left hand side:

1 t
sup [|2u — 2 ll7v < — 4+ C([[h7 o, )/ sup |[|zu — 2" [[Tvds, (4.52)
u€[0,t] 0 u€l0,s]

and by Gronwall Lemma: sup;cjo 71 [12t — 2¢"[|[7v < C([|h*]|o, T) /m. Hence:

Ve >0, 3mg =mo(e,T) € N*, Ym > mg, sup ||z — 2{"||rv < e, (4.53)
t€[0,T]

and (2™)men- converges to z in C([0,T], (Mp(RL),|.|rv)) uniformly in ¢ € [0, 7).

By an adaptation of the proof of Point 3 of Proposition 4.14:

T e om(hm) =T o (o). (4.54)

2™
By (4.5), (4.23), (4.31) and (4.54) Ig(;(zm) [ om(hm) = Tp sm(hyy), which proves the first
part of (iv). Finally let us prove (4.48).

0<\ IE (2™ —Ii ()| < A+ B

m)dm>Tds — / / (h*)dm>Tds
m)dm’ Tds—// dmZTds

By (4.53): Vm > mgy, B < fo ||hm\\oo)(b+d(1+AT)+LdUAT)||zs—zmHTVd3 < C([|h*||oo, T)e.

Since (hum)men+ converges dmy’ Tds-ae. to h* , and since these functions are bounded, we have
by dominated convergence that limy,, .40 Ips 2 (hm) = Tpe 2 (A7) = Iég (2), and lim,,—, 4 A = 0.
This concludes the proof of (4.48). [

(4.55)

Thanks to Propositions 4.14 and 4.18 and under the Assumptions of Proposition 4.17, we
can restrict the study of the local minoration to ”"regular” paths:

Assumption 4.19. We consider a path z belonging to the domain of the action functional IgTO
and such that h* = e/ — 1 with f* € C}(RY x Ry). Then:

/ [ ) = ot ) am s
We construct the change of probability corresponding to a centering around a such path z.

Proposition 4.20. For a path z as in Assumption 4.19, the following SDE on [0,T]:

t
Dy =1+ / / D¢ 1u<npy [(ef 09 — 1) Lio<o<mi(s,zp i)}
0 JE
Z(A; T),s 2] )
+ (P ) ez y<tmatoze | @(ds,disdO) (4.50)

admits a unique solution (Dy')iejo,m) which is a P"-exponential martingale:

D = exp<n 7 1) A 5D //R( VLS @)+ @) ) 22 ) as

/0 t /E B(f7) dmZ" T ds — /0 /E pw(fZ))dmsZ”’TdsD, (4.57)
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Under the probability P := DI.- P", the compensator of the random measure @ is:

q(ds, di, d0) = 1gi<npy [efz(o’s)l{oseml(svzg_ )}
z Ai ;7‘ S .
o (AZE) )1{m1(s,ZgL,i)<9Sm2(sz§L’i)}] dsn(di)df. (4.58)

Proof. We wish to perturb the birth and death rate of the particles, so that the new rates are
multiplied by 1+ h*(a,u, s) = e?(F)(@ws) 4 ¢ {0,1}. This is why we introduce SDE (4.56). For
the proofs, we refer to Jacod and Shiryaev [25], Theorems 3.24 p.159 and 5.19 p.181. |

Proposition 4.21. Under Assumptions 2.1, 2.4, 4.2, for z € Dy satisfying Assumption 4.19
and under (P™)nen+ of Proposition 4.20, the sequence (Z™)pen+ converges in probability to z.

Proof. Birth and death rates are perturbed by continuous bounded functions:
b(a) — " O)p(a),  d(a, Z0U(a)) — e @9d(a, ZMU(a)). (4.59)

Assumptions 2.4 are still satisfied. We can then prove, with proofs similar to the ones of Section
3 (Corollary 3.4), that Z™ converges weakly to z in P"-probability. [

We are now able to prove the lower bound announced in (4.46).

Proof of Proposition 4.17. We have P"(0) = P"™(O)E" (10455 /P'™(0)) (these terms may

all be equal to zero). By Jensen’s inequality and the definition of D7:

m 1 1
lim 1nf log P™"(O) > lim mf log P™(0) + lim inf EP (— A D%) .

By Proposition 4.21, lim,,_, . log P™(0O) — 0, which implies: liminf, %10g P"™(0) = 0.

From (4.57), from Proposition 4.21, from the fact that z is continuous and that h* and f* are
continuous and bounded, we obtain the following convergence in probability:

@ 1) 2 5 //R( Vfia) + 58 ) 22 s
[ [z tas— [ [ pw (fz))dmfn’TdS]
[ [ [ [ nanst as -7,

by (4.22) and (4.29). Since: Llog D2 < C(T, | f*]s0) <1+supt€[07T]<Zf,1>2> , we obtain, by
Point 2 of Assumptions 2.10 and by Proposition 2.8:

1
lim —log D} = hm
n—oo N

lim sup EF™ ( P 0) DT) / / [W*)(f7) — p (W (£7))] dm™T ds = T{ (2).
This concludes the proof of Theorem 4.4. |
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5 Application to problems of exit of domains

We deduce from Theorem 4.4 some estimates on times of exit of domains. The computations that
we present are inspired by results obtained by Freidlin and Ventzell [17], Dembo and Zeitouni
[12] (Section 5) in finite dimension, and Da Prato and Zabczyk [38] (Chapter 12). We adapt
these works to the case of our measure-valued processes.

This allows us to control the probability of exit of a tube around the deterministic solution
(Section 5.1) and to give estimates for the exit time of a neighborhood of an attractive domain
of the deterministic limit solution in the particular case of logistic age-structured populations.

In the proofs, the distance W, appears naturally since the consideration of an age-structure
leads us to introduce functions f of C} (Ri, R) such that V,f is bounded. These functions are
Lipschitz continuous. The total variation norm arise since we do not know if the perturbations
h? are Lipschitz continuous. However, under the constraint that z € &, these perturbations
remain bounded. The difficulty will be to deal with these two distances. We have:

i, v € Mp(RL), Wils,v) < llp—vllry. (5.1)

We denote by Bry (u,7) (resp. By, (i,7)) the ||.||7y-ball (resp. the Wi-ball) of radius r > 0,
centered in p € Mp(X). dpr is the Skorohod distance on D (see. [4, 25]).

5.1 Exit times from tubes and pits

Proposition 5.1. Let R > 0, 6 > 0 and let K(R) and By, (K(R),6) be the sets defined by:
K(R)={z€Dr, IL(2) <R} and K(R)s={z€Dyr, 32 € K(R), dpr(z,7)<d}.

Under Assumptions 2.1, 2.4, 4.2:

(i) VR > 0, V6 > 0, Ve > 0, Ing € N*, ¥n > ng, P(Z" € K(R)s) > 1 — e ™E~9),
—n T z €

(ii) ¥z € &, Y6 > 0, Ve > 0, Ing € N*, ¥n > ng, P (dp1(2",2) < ) > e [ ]

Proof. For R > 0,6 > 0 and z € Dy, K(R)§ is closed in Dy and {y € Dr | dpr(z,y) <4} is

open. The results are then consequences of Theorem 4.4. |

Remark 5.2. Since {y|dpr(y,&) <} NG # 0, the lower bound of (4.10) provides information
for the times of exit from tubes centered on the solution & of (1.2).

5.2 Exit times from the neighborhood of a stationary state of the Logistic
age-structured population

Recall the example of the logistic population structured by a scalar age presented in the intro-
duction. Let us introduce the probability II(a1,a2) that an individual of age a1 lives until age
az and the net reproduction rate Ry.

Tl(ay, as) = exp <— / d(a)da) and  Ro = /0 T b(@)TI(0, a)da. (5.2)

Assumption 5.3. In the following, we assume that Ry > 1, implying that b > d since: b/d =

f0+oo be~%da > Ry > 1.

There exists a unique classical solution to PDE (1.5) that describe the large population
limit of the microscopic process and we have an explicit expression (Proposition 5.4). Under
Assumption 5.3, the behaviour of the solution of (1.5) is moreover known: there exists a unique
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nontrivial stable stationary solution to which every solution starting from a nonzero initial
condition converge (Proposition 5.5). These are results due to [6, 22, 33, 49].

The estimates given by Section 5.1 tell us that the microscopic stochastic process behaves as
its deterministic approximation on compact time intervals, and we prove in Proposition 5.6 that
for sufficiently large T' > 0 and n, Z7 finds itself with "large probability” in a neighborhood of
the stationary solution m(a)da of (1.5).

However, the same Proposition 5.6 indicates that in long time, (Z™),cn+ does not converge to
m(a)da, but to the null measure. The realizations (Z}');cr, almost surely leave the neighborhood
of m(a)da to drive the population to extinction.

Proposition 5.4. Under Assumptions 2.1, 2.4, 5.1, if 3mg € CL(R4,Ry), &(da) = mo(a)da:
(i) (Z")nen+ converges in probability in D to the weak measure solution (&)ier, of (1.5).

(ii) For every t € Ry, & is absolutely continuous with respect to the Lebesgue measure on R .
The family of the densities (m(.,t))cr, is the unique classical solution of (1.5). It belongs to
CHR%,Ry)NLY(RZ,Ry) and its explicit expression is given by: Ya € Ry, Vt € Ry,

M, mo(a—t) . .
m(a,t) = 0 V(CL t) with: v(a,t) = Mo l(a —t,a) SZ_ az=t,
14+ M, fo *v(a,s)dods’ B(t —a)ll(a,0) si a<t,

IT being defined in (5.2) and for g*™ the nth_convolution of the function g with itself:

0

0= B[S gm(0)) . Bolt) - 1 /mb( ™ 110, at)da, gla) = b(a)TI(0, a)1
= By nzzog , Bo(t) = 1i>0 ; a+ N a,a+t)da, gla) = 0(a ,a)1g>0.

Proof. Existence and uniqueness of a weak function solution are particular cases of Corollary
3.4 and Proposition 3.5. The computations of [6, 22, 33, 49] tell us that (1.5) admits a classical
solution. This provides regularity information and an explicit expression of the function solution
of (1.2) in this case. [ |

Proposition 5.5. Under Assumption 5.5:
(i) The following equation: 1 = f0+oo e~ Me(a)I1(0, a)da, admits a unique solution Ay > 0.
(ii) The solution m(a,t) of (1.5) has the following long-time behaviour:

)\16_)‘1‘11_[(0 a)

tllgloom(a t) = 77f+oo NaTI(0, )da =:m(a), (5.3)

the following limit being uniformly in age on the bounded interval of Ry .
(iii) m is exponentzally asymptotzcally stable and V¢, € MF(]Rd) VR > 0,317 = T1(R,&) >
0, Vt > Ty, Wi(&,€) < R, where £(da) = m(a)da.

Proof. These assertions are proved in [6, 33, 49] and Proposition 5.6.4 of [45]. [

Proposition 5.6. If 3mg € CL(R4,R4), &(da) = mo(a)da:
(i) For n € N*. P-a.s. lithJroo(Zt", 1) =0.
(ii) Ve > 0, Vs > 0, 371 = T1(s) > 0, Iny = n1(e, T1(s)) € N*, Vn > ny, POV ( T,§)>g)<€

Proof. Let n € N* be fixed. The idea in the proof of Point (i) is to dominate stochastically
({(Z*,1))ier,, by the following process (Y;");er, with values in (1/n)N

t
1 .
Yt =(Zy,1) +/O /51{z'§nYS"}n (1oga<b(Ai(Z;;)) - 1b(Ai(ZgL))§0<b(Ai(Z;?7))+d+nY;1) Q(ds, di, df)

t
1 .
+/0 /gn [I{Y;L:O,ie[[l,n]],Ge[O,l]} + 1{z’§an’i}10§0<E—b(Ai(Zg7))} Q'(ds, di, dp). (5.4)
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Q is the Poisson point measure introduced in Definition 2.5 and @’ is an independent copy. The
second term of (5.4) implies that 0 is not an absorbing state for Y and, when Y;* > 0, completes
the births events so that the birth rate is b. Let us prove that Y™ is recurrent positive. This
process is irreducible. Its generator A is defined by: VF € C((1/n)N,R,), Vi € N,

i () - () () -+ () )2
(r () o)1 -

If we choose for F' the Lyapounov function V" : i/n + i/n, then Vi € N,

. . _ . 1 1 . 7 . 2 1
avt (2) =5 o nt] teot a2 (D)4 O L 6
n n n n

n n 4n3n n

since b —d —ni/n < —1 fori>n(l_)+1*d)/77a and

i [+ i (b—d)?
sup — |b—d — ] } <
n(b4+1—d) {712 { 77n 4n3n

n

The inequality (5.6) is of the form Vi € N, AV™" (l) < —cVm (%) + . A criterium of Meyn et

n

Tweedie ([36], Theorems 6.1 and 7.1) then entails that Y is recurrent positive.

0<i<

A sufficient condition for Point (i) to be proved is that P (3t € Ry, Y* =0) = 1. Let
C > 1and 7¢ = inf{t>0,Y"=0o0rY"”=C/n}. Since (Y;");cr, is recurrent positive,
Peyy (Y7 =0) > 0 (under Peyy,, Y™ starts from C/n).

(7

P(OteR, Y =0)=P (YL =0)+P(Y), =C/net Ry, Y7,  =0)

=P (Y], =0) +P (Y}, = C/n)Pc/, (3t € Ry, Y =0), by the strong Markov property
(Y2 =0)+P (Y} =C/n) [Posm (Y2 =0) +Poy (Y, =C/net Ite Ry, Y =0)]
(

TC
+oo

Y =0)+P(Y} =C/n) Z]P’C/n (Y2, =0) Py, (Y, = C/n)e , by recursion
=0

Po/n (Yo =0)

C

1—Pcy, (Y2, =C/n)

=P(Y! =0)+P(Y], =C/n) =1

This concludes the proof. Point (ii) is a consequence of Proposition 5.1. |

Assumption 5.7. Assume that the functions a — b(a) and a — d(a) are Lipschitz continuous
from Ry to Ry, with constants Ly and Lg.

We assume that the limit & of (Z§ )nen+ in (Mp(Ry), w) is absolutely continuous with respect
to the Lebesque measure, with a density mo € C1(R4,Ry) N LY(Ry, Ry).

For numerous applications (see [45], Chapter 6 for instance), it is of great interest to evaluate
the time during which the microscopic process stays in the neighborhood of the stationary stable
solution m(a)da of its deterministic approximation.

Let 0 < v < <§, 1). We study the problem of exit from the domain Byy, (E, «v) using the results
of Theorem 4.4. Results are stated in Propositions 5.8 and 5.13. Notice that fol" this choice of
7, this neighborhood does not contain the null measure. The exit time of By, (§,7) is:

T" = inf {t >0, | Z" ¢ By, (£, ’y)} . (5.7)
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For R > 0 and & defined in (4.9):

V =in { () | T>0,2€Dr NG, zo—ﬁ,zTgéBWl(ffy)} (5.8)
V(R) =i { (2) | T>0, 2 €Dy, Wi(20,8) < R, 21 ¢ By, (€, 7)} , (5.9)
V= lim V(R). (5.10)

When the set in (5.8) (resp. (5.9)) is empty, V (resp. V(R)) is infinite. The estimates given
in the following sections (Propositions 5.8 and 5.13) are then automatically satisfied. Notice
that V is well defined in Ry U {4+o00}: (V(R))Rr>0 is an increasing sequence when R | 0 and:

=1li <V. 11
V.= lim V(R)<V (5.11)

Notation:

Recall that ¢ is the solution of (1.2) starting from &y € Mp (R4 ), which is the limit of Zj for
the weak convergence. Until the end of this section, we will consider £y € By, (2, 7). We denote
by ¢#0 € C(R4, Mp(Ry)) the solution of (1.2) starting from the initial condition g € Mp(Ry).

For z € Dy such that Ig)(z) < +o0 with T > 0, there exists h* € L% such that z is the
solution of (4.7) perturbed by h*. We denote by z#° the solution of this equation perturbed by
h* starting from pp € Mp(Ry).

5.2.1 Upper bound of the exit time
Proposition 5.8. Let & € By, (é\, v). Under Assumptions 2.4, 4.2, 4.19, 5.7:

lim sup — logE (T") < V. (5.12)
n——+oo N
The following corollary, obtained by the Markov inequality, give us an interpretation of this
result: the exit time 7" is upper bounded by eV up to an exponentially small probability.

Corollary 5.9. Let { € By, (E, v). Under Assumptions 2.4, 4.2, 4.19, 5.7 : ¥§ > 0, 3C > 0,

lim sup — logP (’T” > e”(v+5)> < -C. (5.13)
n—+oo M

The proof of Proposition 5.8 relies on the following lemmas. Lemma 5.10, proved in the end
of this section, establishes a result of continuity with respect to the initial condition. Lemma
5.11 shows that z — Ig; (z) wanishes only at £. Its proof stands in [20] page 490. Notice that
the results given by these lemmas use the total variation norm. Indeed, we do not know if the
perturbations h* are Lipschitz continuous. However, under the constraint that z € & in the
definition of V and in the lower bound of Theorem 4.4, these perturbations remain bounded.

Lemma 5.10. Let T' > 0, let z € Dy N & with initial condition zyp € Mp(Ry).
(i) Ve > 0, 36 > 0, Vo € Brv(20,0), supepor l12¢° — zellTv <e,
(i) The map po +— IZ;(Z“O) from (MpR4), ||.|[7v) into Ry is continuous at point pg = 2.

Lemma 5.11. Let T > 0. We have Ig)(z) = 0 is and only if z = £, the unique weak measure
solution of (1.4)-(1.3) starting from &o.

Proof Proposition 5.8. Let z € D(Ry, Mp(Ry)) such that zgp = ¢ 3T > 0, zp ¢ By, (E, v),
(2t)tejo,r) € G. We do this assumption since the upper bound (5.12) is based on the lower bound
n (4.10). In order to establish the Proposition 5.8, it is sufficient to prove that:

lim sup — logE (T™) < TL(2). (5.14)
n—+oo 1 3
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The left hand side does not depend on z, and we can take the infimum in z in the right hand
side, which gives (5.12) by (5.8).
In order to obtain (5.14), we establish an upper bound of the form:

Vn € N*, Vk € N*, P(T" > kC(z,T)) < (p(z, T))*, (5.15)

where C(z,T) is a nonnegative constant. For this purpose, we lower bound the probability
P(T" < kC(z,T)) by the probability that (Z).cjo.xc(z,) goes through the neighborhood of
zr € Mp(Ry) situated outside of Byy, (E, v).

Step 1 : We begin with bounding below the exit probability of By, (E, ~) when the initial

condition is "near” E, by using the parth z.

Let ¢ := inf{(Wi(21,v), y € B, (E, v)}. Since zr ¢ By, (5, v), 0 > 0. Let us consider the
perturbed evolution equation (4.7) satisfied by z starting from £ and let pg € Mp(Ry).

By Point (l) of Lemma 5.10, Vdy 6]0, 5[, ddo > 0, {H/m — EHTV < 52] = [HZ%O - ZTHTV <d-— 51] .
We deduce by the triangular inequality: Vug € BTV(E, d2),

ian Wl(zé,fo,y) Z ian Wl(zT,y) — ”Zéﬂo — ZTHTV Z o — (5 - 51) = 51 > 0,
yEBwl (677) yEBwl (§7’Y)

and thus 25 ¢ By, (é\, v).
By Point (ii) of Lemma 5.10:

Ve >0, 30 > 0, Yo € Brv (€, 60), |Z1 (21°) — (z) <e. (5.16)

Assume that & € BTV(S\, 09N d2). We can lower bound the probability of exit of By, ({A, v) by
the probability that the path stays in a tube of radius ¢; around 2%°: Ve > 0, Ing € N*, Vn > ng,

n T
P(T"<T)>P (dD,T(Z",sz) < 51) > M Tt S o T @RE 5

by Proposition 5.1 and by (5.16).
Step 2 : We now consider an initial condition £, € By, (E, «v) satisfying Assumption 5.7. By

Proposition 3.5, the marginals & of the solution of (1.2) are absolutely continuous with respect
to the Lebesgue measure. By Point (iii) of Proposition 5.5,

3Ty = T (60 A 62, €,79) > 0, |0, — Ellv < 6o A ba. (5.18)

Let 03 = inf;cjo7y) (fy -W (&,E)) > 0 (the deterministic path £ remains in By, (E, 7v)). Since

(Z7, )Jnen+ converges in probability to {7, € Bry (E, 0o A\ d2), we obtain from (5.17), and from the

strong Markov property:

P(T” <T+ Tl) >E <1T">T1PZ531 (T" < T))
SP (dpy (27, €) < 03) e "¢ T 5 (I, (5.19)

where the lower bound for P (dp 1, (Z",&) < 63) is obtained by Proposition 5.1 and Lemma 5.11.
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. —n(ZX (2)+3¢) %
Step 3: We now establish (5.15). Let p:=1—e¢ ¢ . Assume that for k € N*, we
have shown that for & € By, (E, v):

P(T" > k(T +T))) < p". (5.20)

o~

By the strong Markov property and since on {7" > k(T + 1)}, Zrrsmy) € B (&,7) converges
to Eremy) € Bwy (€,7):

k(T+T1)

P(T" > (k+1)(T+T1) <E (Bzp, . (T">T+T) Lrosgrer)
<pP(T" > k(T +T7)) < p*+t. (5.21)

By recursion, we obtain (5.20) for every k € N*.

Step 4: We deduce for & € By, (€, 7) :
Tn +oo rk+1 Tn
E = P >t)dt
—+00 1 677,(1?(2’)4-38),

SZP(T“ >K(T+T)) < ﬂ =
k=0

(5.22)

by definition of p. Then limsup,,_,, ., + logE (7") < Ig (2)+3e. The choice of € > 0 is arbitrary
and the Proposition is proved. |

Remark 5.12. In order to obtain the inequalities (5.17) and (5.19), the fact that we only have
a local minoration in (4.10) is not restrictive, since we consider deviations with respect to the
path &, which belongs to & (4.9).

Proof of Lemma 5.10. Let € > 0, 6 €]0,1] and g € Bry (€0,9). We have supepo 77(2 +21°, 1) <
(2(¢0,1) + 1)e’T =: Ar independent of pg and 4.

Let ¢ € C}(Ry,R4) such that ||@flc < 1. Let t € [0,7] and (f : (a,s) — dla+t—3s)) €
C{ (R4 x R4, R). With a computation similar to (3.1):

(2t — 21" d) <| [ ola+t)z(da) — |  dla+t)uo(da)

Ry Ry
¢ ¢
z z,T o z zFho T
+ ; /Ew(f)(h + 1)dmZ* ds /O/Ei/z(f)(h + 1)dm? "' ds

¢
<|lzo — pollrv + (|h*||cc + 1) [b +d+ 277AT] / l|zs — 2H°|| v ds (5.23)
0

Taking the supremum in ¢ € C} (R4, R}) bounded by 1 gives:
|2t — 2£°(|7v < exp ((|F*]loc + 1) [0+ d + 2nA7] T), (5.24)

(||h2||oo+1)[b+d+2nAT]T>  we

by Gronwall’s Lemma and by choice of ug. Choosing § = min (1, ge”
have ¢ €]0,1] and can upper bound the right hand side of (5.24) by e, which proves Point (i).
Now let us consider Point (ii). For f* defined in Proposition 4.14 and using (4.29):

[T () = T, (2) | SN0 (F7) = p((f) T (b + d + 20A7) ab lze = 2 l7v. (5.25)
€0,

Thanks to Point (i), there exists § > 0 such that for all py € B(z0,0), the right hand side of
(5.25) is upper bounded by e. |
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5.2.2 Lower bound of the exit time

We now consider the probability P(7" > e™¥=9) for § > 0. We rely on the large deviation
upper bound (4.10). The skeleton of the proof looks like its counterpart in finite dimension (see
[12], Section 5), but the proofs of all the technical lemmas have to be changed, when dealing
with our measure-valued processes. Another difficulty is that V is possibly infinite.

Proposition 5.13. Let & € By, (fA, v). Under Assumptions 2.4, 4.2, 5.7 :
1. If V < 400, then ¥6 > 0, lim, oo P (77 > e"V=9) = 1.
2. If V. = 400, then VYV > 0, lim,,, 1 P (T" > e"v) =1.

Let p €]0,+/2[. For such p, we define the following stopping times:
o, = inf {t >0, Z7 € By, (£, p) U By, (&, 7)} . (5.26)

0, is the first time when (Z}');cr, enters Byy, (5, p) or leaves Byy, (2, 7). The proof of Proposition
5.13 is based on the following lemmas, proved at the end of the section. The interesting vase is
when p < Wl(&),g), & € By, ({A, )\ Bw, (E, p). The estimates of Lemmas 5.14, 5.15 and 5.16
are automatically satisfied if p > Wy (&, E ).

Lemma 5.14. Let p €]0,7/2], limy— o limsup,,_, o, 2 logP (0, > t) = —cc.
Lemma 5.15. (i) lim,_olimsup,, ., = logP (ng € Byy, (E, 7)) < =V (where V s possibly

equal to +00).
(i) We deduce that for p €]0,v/2[, limy, 400 P (Z;’}p € By, (E, p)) =1.

Lemma 5.16. Let p €]0,~/2[. Yc > 0, 3T(c,p) > 0,
lim sup — 1ogIP’ sup WI(Z].Z5) > p | < —c. (5.27)
n—+oo M te[0,T(c,p)]

Lemmas 5.14, 5.15 and 5.16 tell us that the following probabilities are exponentially small:
1. the probability that the path (Z¢),¢(o,4 remains in the set Byy, (5 Y\ Bw, (5 p) when t — o0,

2. the probability that Z" leaves this set by leaving By, ({ ),
3. the probability that Z" ”strongly” deviates from its initial condition Z in short time.
Notice that the use of W is fundamental in the proof of Lemma 5.16.

Proof of Proposition 5.13. Let § > 0 and let:

- { Y iV <oo, (5.28)

V4o if V=+c0,

with an arbitrary V' > 0 as in the terms of the Proposition. By Lemma 5.15, Jp €]0,v/2],
limsup,,_, | % logP (ng € By, ({, 7)) < =V +6/4, and: Ing € N*, Vn > ny,

P (z:;p € BS, (€, 7)) < e (V-9/2) (5.29)

We define the following stopping times: Vk € N,

By =0 (5.30)
7, = inf {t > Ok, Z € By (€, p) U BSy, (€, ’y)} , (5.31)
Opi1 = inf {t > 7, 20 € By, (€, 2p)} , (5.32)
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with the convention 6y11 = +o0 si Z7, € By, (€,7). 7% is the first time of exit from Byy, (€,7) \

Bw, (£, p) after 6y, and if 77 € Bw, (€, p), Ops1 is the first time of exit of By, (,2p). Notice
that the exit time 7" is one of the 7, k € N.

Let ¢ € N* and Tp = T'(V, p) as given by Lemma 5.16. The event {7™ < ¢Tp} implies that
there exists k € [0, ¢] such that either 7" = 7, or one of the ¢ first "excursions” [r_1, %] for
k € [1,q] is of length upper bounded by Tp. In this last case, one of the trajectories [1_1, k[ is
covered in less than 7. Thus:

q
P(T"<qTp) <Y [IP’ (Tt =m) +P <1r<nkigq(0k — Tj—1) < TO)} +P(T" = m) (5.33)
k=1 -

By Markov strong property and by (5.29), Ing > 0, Vn > ng, Vk € N,
P(T" = 1) =P (Pzgk (T" = 10) 1Tn>Tk_1)

(B (23, € By, (€1)) Lrosm, ) < e 7002, (5.34)

by noticing that for sufficiently large n, Zg belongs to By, (E, 7).
By choice of Ty, by the strong Markov property: Vn > ng, Vk € N*,

PO — 71 <To) <P [ sup Wi(Z],25) 2 p | <e (V02 (5.35)
te[0,To)

By (5.33), (5.34), (5.35) : Vq € N*,
P(T" < qTp) <P (T = 7o) + 2qe"(V=9/2), (5.36)

Since {7" =10} = {Z; € By, (€,7)}, then, for the choice of ¢ = [e“(f/_‘s)/To] +1:

= ~ 4
P (T" < e"W—‘”) <P(T" < qTp) <P (ZZ; € Byy, (é,v)) e (5.37)
0

The right hand side of (5.37) converges to 0 when n — 400, as:

lim P (ng € B, (5,7)) —0, (5.38)

n—-400
by Lemma 5.15. |

Proof of Lemma 5.14. If £y € By, (E, p), Lemma 5.14 is true. Assume that p < W, (E, €o). Then,
& € Bw,(&,7) \ Bw, (&, p). Let L > 0. It is sufficient to show that: 37" =T(L) > 0,

1
limsup —log P (0, > T) < —L.
n—+oo N
By Point (iii) of Proposition 5.5: V&, € By, (E, v)s EITl(p,g,’y) >0, Vi > Ty, Wi( f“,g) < p/2.
Let T > Ty. If the path (Z}')cjo,r) remains in Bw, (§,7) \ Bw, (€, p), we have necessarily
Wi(Z5,€5) > p/2.
The sequence (L(Z"))nen+ being exponentially tight, IK(L,T) C Dg compact, Ing €
N*, Vn > ng, P(Z2" ¢ K(L,T)) <e "l
The following set:

A(T) = adh { € Dy, vt € [0,T], 2 € By, (€,7)\ B (6,p) } 0 K(L,T). (5.39)
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is compact, does not contain £ by choice of T and Vz € A(T), IgTO(z) > 0 (Lemma 5.11). Then:

1 1 1
hmsup—logIF’(ap > T') <max (hmsup —logP(Z" € A(T)), hmsup—logIP’(Z” ¢ K(L, T)))

n—-+o0o n—-+o0o n—-+00

Smax( inf IT( )s L) < 0.
z€ A(T)

It remains to show that for sufficiently large T,

f IT > L. 5.40
zelfi() o (2) > (5.40)

Let z € A(T) starting from & € By, (€,7) \ Bw, (€, p) with T > T1. Let ¢ € C1(R4,R) be
bounded by 1, t € [0,7] and f : (a,s) € R2 — fs(a) = ¢(a +t — s) € R. We have:

) / /R | (la)olt =) = dla -+t = 5) (dla) iz 1) (5~ 6)d)ds
— a — 5 Ze — a)ds t 2dm>T ds.
/0 [ oast o8 1) ) +/0/Ew<f>hd AT g

For z € A(T) and by choice of v, supycpo (&, 1) + (21, 1)) < 4(€,1)e"T := Ap, which is finite
and does not depend on & € By, (€,7) nor on z € A(T). We then deduce that:

t t
(1 — &.0)] < (b+ d + 20Ag) / sup [z — Eullpyr ds + / / 17| dm3T ds
0 E

0 u€(0,s]

Taking the supremum in ¢ in the left hand side, by Gronwall’s inequality and by (5.1):

T o
sup Wi(zt,&) < sup |z — &llpy < (/ / |PZ|dmT d$> elotdt2nAr)T, (5.41)
te[0,T] te[0,T] o JE

Since supyejo 7] Wiz, &) > p/2:

/T/ ‘hz| dm? dS >£ 1 e —(b+d+2nA7)T
0 JE fo Jpdm 2f fEdms

and since p* is an increasing function on R, :

dmzT P 1 e
- : (P (b+d+20Ar)T 42
(/ f e T dme T ds )—p Serirmammr ) e

On the other hand, by Jensen’s inequality:

o Dy R R R

By (5.42) and (5.43), and for T = T}:

T
/ / (h*)dm3 " ds = T} (2)
Ty 1 -
([ o0} (™)
(b + d + 77AT1)AT1 T1

T T (b+d+277AT1)
> inf dmZtds =Cs >0, 5.44
- (zG.A (Ty) / / ) (b =+ d + UATl)ATl T1 2 ( )

37




by compactness of A(7}) with paths that do not vanish (by choice of v and since they remain in
adh(Byw, (&,7))). Notice that the constant Cy does not depend on the particular choice of the
initial condition & € By, (£,7) \ Bw, (&, p) nor on the path z € A(T).

Let now T > 0 be such that T" > J T} with J € N*. We have:

e J JT1 - J T ; i
Ze (2) = / / p*(h*)dmZ" ds = / / p*(h*)dmZ " ds, 5.45
0<>;UlmE<> j;o () (5.45)

where Vt € [0,T1], 2] = Z(j—1)y1+4¢ 18 a path in A(T1) which solves: V(f : (a,s) — fs(a)) €
CH(Ry x [0, T3], R),

. t ) 8 8 3 t ;
(5 fr) =(z-vm f0>+/0 <Z" 5ot t aJ; > ds+/0 /E(1+hz Yo(f)dmZT ds,

which is an equation obtained by the perturbation of (1.2) with 2’ (a,u, s) = h*(a, u, (j—1)T1+s5)
for s € [0,T1]. By (5.44) and by recursion Ig;(z) > JC5. This proves (5.40). |

Proof of Lemma 5.15. Let us prove Point (i). Let p €]0,~/2[. Let R > 0 be such that V(R) <
+o0. By Lemma 5.14 :

3Ty > 0, Ing € N¥, ¥n > ng, P (0, > Tp) < e "E), (5.46)

where V(R) is defined in (5.9). For T' > 0, we define:

A(T) = {z € D(0.T), Mr(Ry) | 3t €[0.T), & By (€.7)} (5.47)

which is closed since z +— sup,cp 7 Wl(zt,g) is continuous. From (5.9): V&, € By, (E, 2p),
inf,caem) Ig (z) > V(2p). Using the large deviation upper bound (Theorem 4.4) :

Z" e A(Ty)) < — inf TI1%(z) < —V(2p). (5.48)

1
lim sup — log P i e
2

By (5.46) and (5.48) :

1 o~
lim sup — log IP (ng € Byy, (&, ’Y))

n—-+oo T

1 1

< max (lim sup —logP (0, > T3),limsup — logIP (Z" € A(Tg))) <max (—V(R),-V(2p)).
n—+oco M n——+oo T

By (5.10), lim, o limsup,,_ . = logP <Zf§p € By, (€, fy)) < —=V(R), and letting R tend to 0,

we obtain the result of Point (i), since the left hand side does not depend on R.
Let us consider Point (ii). Let € > 0, p €]0,v/2[ and R > 0 satisfying V(R) < 400 and:

1 o~
limsup - log P(Z5, € By, (€,7)) < ~V(R) + .

n—+oo N

(the existence of such R is given by (i)) Then Inyg € N*,Vn > ng, P (ng € By, (€, fy)) <

e~ mV(R)tne and:

P (25, € By (€ ) =1-P (25 € Bjy, (7)) 21— e "),

Choosing € < V(R) and letting n tend to +00 completes the proof. |
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Proof of Lemma 5.16. Let T > 0 and ¢ > 0. By Point (i) of Lemma 4.7, there exists N =
N(e,T) > 0 such that:

1
lim sup — logIP’ (N<T)< (5.49)

n—-+o0o

Let ¢ € C} (R4, R) 1—Lipschitz continuous bounded by 1, t € [0,T], and f(a,s) = ¢(a+t—s) €
Ci(Ry x R4, R). With the notation of Definition 2.5:

t/\CN
/ /1{1<N" f(0,8)Yo<my (s, zn i)

<uizgny+ M0,

[ R

A (é(a+ ) — d(a)) 20 (da)

— fAZ] ), 8) Ly (5,20 ,i)ge<m2(s,z;1,i)} Q(ds,di,dd, dx")

where N (t) is a Poisson random variable with parameter tN(b+ d + nN). We deduce:

n n n N(t
Sup Wi (70 i, 28) < 170, 1) + 20
s€[0,t] n
n n n p t) _p
P VAN A I <P Z0, 1) > = P{—=>=].
and (;1[10%]1/\71( ancn o Z0) _P> < (t< 0, 1) = 2) + < o = 2)

Since:

lim sup — logIP’ (N( ) > %) < glog(tN(l;+J+ nN)),

n—+oo T

which tends to —oo when ¢ — 0. Then: 373 €]0, T, Vt € [0, T3],

1
limsup - log P (N(t) > %) < —c (5.50)

n—+oo M

By Point 2 of Assumptions 4.2, Ing € N*, Vn > no, (Zy < Cp + (£o,1). Then, for Ty <
p/(2(Co + (€0, 1))): ¥t € [0,Tal, ¥ > o, P (£(Z5,1) > £)

Hence, for t € [0,T3 ATy AT :

1)
= 0.

n—-4o00 36[0775] n—-4o00

1
lim sup — log P < sup Wi (Z{', Zy) > p) < max [hm sup logP(Cy < T,
n

lim sup — logIP’< (Zy,1) > g) , limsup—logIP’ (./\/(t) > n;)] < —c. (5.51)

n—4oo N n—+too N
|

This concludes the proof of Proposition 5.13.

Thanks: [ am greatly indebted to Sylvie Méléard for having proposed this subject to me and
for her constant support during this work. I also wish to thank Christian Léonard for numerous
helpful discussions and pertinent corrections.

References

[1] D. Aldous. Stopping times and tightness. Annals of Probability, 6:335-340, 1978.
[2] K.B. Athreya and P.E. Ney. Branching Processes. Springer edition, 1970.

39



[3]

[25]

R. Bellman and T.E. Harris. On age-dependent binary branching processes. Annals of Mathematics,
55:280-295, 1952.

P. Billingsley. Convergence of Probability Measures. John Wiley & Sons, 1968.

E. Bishop and R.R. Phelps. The support functionals of a convex set. In Amer. Math. Soc., editor,
Proc. Sympos. Pure Math., volume 7, pages 27-35, Providence, 1963.

S. Busenberg and M. Tannelli. A class of nonlinear diffusion problems in age-dependent population
dynamics. Nonlinear Analysis Theory, Methods and Applications, 7(5):501-529, 1983.

N. Champagnat, R. Ferriere, and S. Méléard. Individual-based probabilistic models of adpatative
evolution and various scaling approximations. In Proceedings of the 5th seminar on Stochastic
Analysis, Random Fields and Applications, Probability in Progress Series, Ascona, Suisse, 2006.
Birkhauser.

N. Champagnat, R. Ferriere, and S. Méléard. Unifying evolutionary dynamics: from individual
stochastic processes to macroscopic models via timescale separation. Theoretical Population Biology,
2006.

K.S. Crump and C.J. Mode. A general age-dependent branching process i. J. Math. Anal. Appl.,
24:494-508, 1968.

K.S. Crump and C.J. Mode. A general age-dependent branching process ii. J. Math. Anal. Appl.,
25:8-17, 19609.

D.A. Dawson and J. Gartner. Large deviations from the McKean-Vlasov limit for weakly interacting
diffusions. Stochastics, 20:247-308, 1987.

A. Dembo and O. Zeitouni. Large Deviation Techniques and Applications. Jones and Bartlett
Publishers, Boston, 1993.

R.A. Doney. Age-dependent birth and death processes. Z. Wahrscheinlichkeitstheorie verw., 22:69—
90, 1972.

I. Ekeland and R. Temam. Convex Analysis and Variational Problems. North-Holland, Amsterdam,
1976.

H. Von Foerster. Some remarks on changing populations. In Grune & Stratton, editor, The Kinetics
of Cellular Proliferation, pages 382-407, New York 1959.

N. Fournier and S. Méléard. A microscopic probabilistic description of a locally regulated population
and macroscopic approximations. Ann. Appl. Probab., 14(4):1880-1919, 2004.

M.I. Freidlin and A. Ventzell. Random Perturbations of Dynamical Systems. Springer-Verlag, 1984.

F. Galton and H-W. Watson. On the probability of the extinction of families. J. Anthropol. Inst.
Great B. and Ireland, 4:138-144, 1874.

F. Golse. Polycopié de cours sur les edp. http://www.dma.ens.fr/~golse/Cours/cours.html,
2003.

C. Graham and S. Méléard. A large deviation principle for a large star-shaped loss network with
links of capacity one. Markov Processes and Related Fields, 3(4):475-492, 1997.

C. Graham and S. Méléard. An upper bound of large deviations for a generalized star-shaped loss
network. Markov Processes and Related Fields, 3(2):199-224, 1997.

M.E. Gurtin and R.C. MacCamy. Nonlinear age-dependent population dynamics. Arch. Rat. Mech.
Anal., 54:281-300, 1974.

T.E. Harris. The Theory of Branching Processes. Springer, Berlin, 1963.

R.B. Israel. Existence of phase transitions for long-range interactions. Communications in Mathe-
matical Physics, 43:59-68, 1975.

J. Jacod and A.N. Shiryaev. Limit Theorems for Stochastic Processes. Springer-Verlag, Berlin, 1987.

40



[26]
[27]
[28]
[29]

[30]

[50]

P. Jagers. A general stochastic model for population development. Skand. Aktuarietidskr, 52:84-103,
1969.

A. Jakubowski. On the skorokhod topology. Annales de ’Institut Henri Poincaré, 22(3):263-285,
1986.

A. Joffe and M. Métivier. Weak convergence of sequences of semimartingales with applications to
multitype branching processes. Advances in Applied Probability, 18:20-65, 1986.

D.G. Kendall. Stochastic processes and population growth. J. Roy. Statist. Sec., Ser. B, 11:230-264,
1949.

C. Kipnis and C. Léonard. Grandes déviations pour un systeme hydrodynamique asymétrique de
particules indépendantes. Ann. Inst. H. Poincaré, 31:223-248, 1995.

C. Léonard. On large deviations for particle systems associated with spatially homogeneous boltz-
mann type equations. Probability Theory and Related Fields, 101:1-44, 1995.

T.R. Malthus. An Essay on the Principle of Population. J. Johnson St. Paul’s Churchyard, 1798.

P. Marcati. On the global stability of the logistic age dependent population growth. Journal of
Mathematical Biology, 15(2):215-226, 1982.

A.G. McKendrick. Applications of mathematics to medical problems. Proc. Edin. Math.Soc., 54:98—
130, 1926.

S. Méléard and S. Roelly. Sur les convergences étroite ou vague de processus a valeurs mesures.
C.R.Acad.Sci.Paris, Serie I, 317:785-788, 1993.

S.P. Meyn and R.L. Tweedie. Stability of markovian processes iii: Foster-lyapunov criteria for
continuous-time processes. Advances in Applied Probability, 25(3):518-548, 1993.

K. Oelschléger. Limit theorem for age-structured populations. The Annals of Probability, 1990.

G. Da Prato and J. Zabczyk. Stochastic Equations in Infinite Dimensions. Cambridge Uiversity
Press, 1992.

S.T. Rachev. Probability Metrics and the Stability of Stochastic Models. John Wiley & Sons, 1991.
M.M. Rao and Z.D. Ren. Theory of Orlicz spaces. M. Dekker New York, 1991.

S. Roelly. A criterion of convergence of measure-valued processes: Application to measure branching
processes. Stochastics, 17:43—65, 1986.

W. Rudin. Real and Complex Analysis. McGraw-Hill International Editions, third edition edition,
1987.

F.R. Sharpe and A.J. Lotka. A problem in age distribution. Philos. Mag., 21:435-438, 1911.

W. Solomon. Representation and approximation of large population age distributions using poisson
random measures. Stochastic Processes and their Applications, 26:237-255, 1987.

V.C. Tran. Modéles particulaires stochastiques pour des problémes d’évolution adaptative et
pour Dapprorimation de solutions statistiques. PhD thesis, Université Paris X - Nanterre.
http://tran.ensae.net/these.html.

P.F. Verhulst. Notice sur la loi que la population suit dans son accroissement. Correspondance
Mathématique et Physique, 10:113-121, 1838.

C. Villani. Topics in Optimal Transportation. American Mathematical Society, 2003.

F.J.S. Wang. A central limit theorem for age- and density-dependent population processes. Stochastic
Processes and their Applications, 5:173-193, 1977.

G.F. Webb. Theory of Nonlinear Age-Dependent Population Dynamics, volume 89 of Monographs
and Textbooks in Pure and Applied mathematics. Marcel Dekker, inc., New York - Basel, 1985.

C. Zuily and H. Queftélec. Eléments d’analyse pour l’agrégation. Masson, 1995.

41



