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4 place Jussieu, BC 187, 75252 Paris, France

December 14, 2006

Abstract

We prove global well-posedness for the Gross-Pitaevskii equation on the plane for classes of
initial data having non zero topological degree at infinity and therefore infinite Ginzburg-
Landau energy. These classes allow to consider arbitrary configurations of vortices as initial
data. Our work follows recent results of Patrick Gérard [9] and Clément Gallo [4] where the
finite energy regime is treated.

Résumé

Nous démontrons l’existence globale en temps et le caractere bien posé de '’équation
de Gross-Pitaevskii dans le plan, pour des familles de données initiales possédant un degré
topologique a l'infini non nul, et par conséquent une énergie infinie. Ces familles permettent
en particulier de considérer des configurations arbitraires de vortex. Ce travail fait suite a
des résults récents de Patrick Gérard [9] et Clément Gallo [4] qui traitent le régime d’énergie
finie.

1 Introduction

In a recent paper, Patrick Gérard [9] has established global well-posedness of the Gross-
Pitaevskii equation in RN, N =2 or 3,

(GP) i0pu 4 Au = ([u]? — 1)u,

for initial data in the energy space. The energy in this case is given by the Ginzburg-landau

functional v ‘2 ( | ’2)2
u 1—u
5(u):/R2e(u) - /R2 e

Equation (GP) is Hamiltonian, with Hamiltonian given by £. The solutions constructed in [9]
have finite, constant in time Ginzburg-Landau energy. Clément Gallo [4] proved additional




properties of the flow as well as extensions to more general nonlinearities. One peculiarity
of £ and (GP) is that finite energy fields do not tend to zero at infinity, but have instead to
stay close to the unit circle ST.

In dimension two, the Gross-Pitaevskii equation possesses remarkable stationary solutions.
These solutions, called vortices and labeled by an integer d € Z*, have the special form

ug(z) = ug(r,0) = fq(r) exp(idf),

where f;: Rt — [0, 1] satisfies

2
i SR - =0, Ji0)=0,  futreo) =1

It is known (see e.g. [10]) that |Vug(z)| ~ d/|z| as x — 400, so that
/lwdl2 = +oo. (1)

On the other hand, the potential term remains bounded (actually [(1 — |ug|?)?/4 = md?),
as well as the modulus part of the gradient: [|V|ug||? < +o00. Notice that uy has winding
number d at infinity, in the sense that for each radius r > 0 large enough (actually for any
radius here) the map 1, : 0B, ~ S' — S! given by

uq(z)
|ua(z)]

has topological degree d. It can easily be proved that any continuous field which does not
vanish outside a compact set and has a nonzero degree at infinity has infinite energy.

The purpose of this note is to address the Cauchy problem for (GP) for classes of initial
data having a nonzero degree at infinity, and which thus do not belong to the energy space.
In particular this will include perturbations of the afore mentioned vortices. More precisely,
we will consider the space

Y = {U € L®(R%,C), V*U e L2(R?),Vk > 2} ,

its subset
v={uey, vUle*®), (1-|UP) el*®)},

and the set
Z=YV+ H'(R?.
Using regularization by convolution (see e.g [4]), one realizes that {£(u) < 400} C Z, and

actually one has .
Z N HY(R?) = {£(u) < 4+00}.

On the other hand, uy € V (this easily follows from the already mentioned properties of wugy
and from elliptic regularity), in particular in view of (1) V is different from the energy space.
Moreover, if U € V, standard Sobolev embeddings yields VU € L>®(R?).

Our main theorem is



Theorem 1. Let ug € Z. There exists a unique solution t — u(t) of (GP) such that u(0) = ug
and u(t) — up € C°(R, H*(R?)).

Since ¢ — u(t) belongs to the affine space ug + H'(R?), equation (GP) has a meaning for
u, at least in the sense of distributions. Actually, choosing a decomposition

ug = Uy + wy,

where Uy € V and wg € H'(R?), we will prove that there exists a unique solution w €

CO(R, H'(R?)) of
{ 0w + Aw = fy,(w) @)

w(-,0) = wy,

where

fvo(w) = =AUy + (|Uo + w]* = 1)(Up + w).
The function u(t) = Uy + w(t) is then the solution given in Theorem 1.

In the case Vuy € L2(R?), the result is a consequence of [9] and [4]. Here, we only
require V|ug| € L?(R?), together with some less restrictive assumptions at infinity. From the
technical point of view, our new assumption does not provide any major additional difficulty
for proving local existence of solutions. For the global existence however, we cannot rely as in
[9, 4] on the conservation of €(ug) which may be infinite. Instead, we consider the quantity?

. Vuw|? Up +w|? —1)2
gUo("w):/RQ—’ 2’ —/RQ(AU())'w—i—/W(’ 0 4‘ )

for the perturbation w, and set &y, (u) = £y, (w) for u = Uy + w. This last quantity may be
regarded as a renormalized energy for u. It does not seem to have an intrinsic meaning, since
its definition relies heavily on the decomposition © = Uy + w which is not unique.

Theorem 2. Let ug = Uy + wg € Z, and let t — u(t) be the solution given in Theorem 1,

—CU u t — () ] R.

Moreover, if ug = Uy + wo € Z and t — a(t) is the corresponding solution given in Theorem
1, then

[u(t) = a(t)|[ m1(r2) < C(t, Uo, Euy (wo))lluo — toll 1 (m2)-

The definition of the renormalized energy &y, (u) was motivated as follows. For R > 0, it
is natural to introduce the difference of energies

2
A = [ fo(w) - 20,
B(R) 2
Expanding and integrating by parts, we are led to
2 2 _1)2
A(R,u):/ M—(AUO)-w+|U°+“’| ) +/ Ll (3)
B(R) 2 2 8B(R) Or

'For complex numbers z and z’, we denote by z - 2z’ the scalar product Re(zz’).



Since w belongs to H'(R?), and hence to L?(R?), and since |Up| is bounded , it can be shown
that, for a subsequence R,, — 400, the boundary term on the r.h.s of (3) tends to zero, so
that

A(Rp,u) — Ey, (u).

As a matter of fact, if it is assumed moreover that, as for vortices, |VUy(z)| < ‘—g‘, then the

full sequence converges and

REI-ir-loo A(R’ u) = gUo (’LL), (4)

providing therefore an alternative definition of the renormalized energy. This last definition
is actually very similar to the one introduced in [12].

It is also worthwhile to notice that, although it plays the role of an energy, the renormal-
ized energy may not be bounded from below. This fact is related subtle behavior of Uy at
infinity. In the case Uy = ug, it can be proved (see [1]) that &y, is not bounded from below,
unless |d| < 1. For instance, the sequence

d 0
un(z) = H uy(z — nexp(2z’7ra)),
j=1

when d > 2, has renormalized energy tending to minus infinity.

As mentioned, the space ZN H'(R?) = {£(u) < 400} corresponds to the energy space for
(GP) (see [9, 4]). It would be of interest to have a better understanding of Z, in particular
introducing a topological point of view which should for instance recognize the degree at
infinity.

To conclude, we would like to stress that the complete dynamics of (GP) exhibits a
remarkable variety of special solutions and regimes. Besides the already mentioned stationary
vortices, there are also soliton like solutions, as well as traveling pairs of vortices [7, 2]. In the
WKB limit the (GP) equation turns out to behave like a wave equation [3] whereas in other
regimes it has scattering properties similar to those of the linear Schrodinger equation [6].
An important issue is to understand how these different modes interact and possibly excite
each other (an example of radiating vortices is formally treated in [11]). Solving the Cauchy
problem as done here when vortices are present is a necessary preliminary step to address
some of these issues.

2 Local existence

In this section, we prove local existence for (2) using a fixed point argument for the map
w +— ®(w), where
. t .
(w)(t) = ePwy — z/ =98 fr (w(s)) ds
0

and wy is given and fixed in H!(R?).

Proposition 1. Let T > 0 and 0 < v < 1. For every w € CO((=T,T), H'(R?)), the function
®(w) belongs to CO((—T,T), H' (R?)). Moreover, for T <1 and w € C°((—T,T), H'(R?)), if

sup ([[w(®)ll w2y + 0| e2)) < R,
te(=T,T)



then

sup | (w)(t) — B(@)(1) || prrey < C(1,Up)(1+ R TT sup  [w(t) — @(t) | 1 ). (5)
te(—T,7) te(—T,7)

The proof relies mainly on estimates for fy,(w), combined with classical Strichartz esti-
mates.

Lemma 1. Let w € HY(R?) and 1 < r < 2 be given. Then fy,(w) = fi(w) + fo(w), where
filw) € L*(R?), fo(w) € L"(R?), and

I fi(w)ll2 < CU) (L + wliFn), (@)l < O Uo)lwll g (1 + [lwlF)-
Proof. We write fi(w) = —AUy+ (jw+Up|? —1)Up and fo(w) = (|w+ Up|? — 1)w and expand
Up +w* =1 = (|U> = 1) +2Up - w + |w]?.

Since by assumption w € H!(R?), we have by Sobolev embedding w € LP(R?) for any 2 <
p < +oo with |w||zr < C(p)||w| 1. Since by assumption Uy € V, and hence Uy € L*>(R?)
and (1 — |Up|?) € L*(R?), it follows that (|Uy+ w|* — 1) € L?(R?). The conclusion follows by
Hoélder’s inequality. O

Lemma 2. Let w € H'(R?) and 1 < r < 2 be given. Then V fy,(w) = g1(w) + g2(w), where
g1(w) € L*(R?), ga(w) € L"(R?), and

lgr(w)llz2 < CWo) (1 + lwlFp),  Nlg2(w)llzr < Clr,Uo)wll g (1 + |[wl]|Zn).
Proof. Differentiating, we write
O, f, (W) = —A8,, Uy + 0y, (U + w|* — 1)(Up 4+ w) + (|Up 4+ w|? — 1)y, (Uy + w).
Expanding once more |Uy + w|? — 1 = (|Up|* — 1) + 2Up - w + |wl|?, we set

g1(w) = — A0y, Uy + 0y, (|Up|> — 1)Up + 0s,(2Uy - w)Up
+2(85,Up - w)yw + (Jw|? + (|Uo|* — 1))VUy

and

g2(w) =0, (|w]*)(Uo + w) + 2(Up - 8z,w)w + 0o, (|Uo|* — 1w
+ (U2 = 1+ |w|* + 2(Up - w))Vw + 2(Ug - w)VU.

Since by assumption |Up|? — 1 € LN L%, we have |Uy|?> — 1 € LP for all 2 < p < +o0. By the
Gagliardo-Nirenberg inequality (see lemma A.1 of the Appendix),

1 1
||VU0||L4(R2) < m HUOHZoo(Rz)||AU0H1§2(R2), (6)

and by Sobolev embedding ||w||zr < C(p)||wl||g1. The conclusion then follows using various
Hoélder’s inequalities, and the assumption Uy € V. [l



Proof of Proposition 1 Recall that by the Strichartz estimates (see e.g. [8, 5]) we have for
every 1 <r <2

t
i(t—s)A Nd oo <C r :
H/o e f(s,-)ds|| L2 12 (RxR2) < (T)“f”Lg—zf— Ln(RXR?)

It follows by Hélder’s inequality that for every T > 0,

L 3_1
H/o et )Af(s")dSHL;X’L%((—T,T)X]RZ) S C)T277 || fllzee L ((~7.1) xR2)- (7)

Set

Py (w) = —i /0 itt=sa Fuo (w(s))ds.

Combining Lemma 1 and Lemma 2 with (7) for fi(w), fa(w), ¢g1(w) and g2(w), we are led,
for 1 <r<2and0<7T <1, to the estimate
3_1
15 () L5 s ey < COVTE (U 0] 1 oy ®)

Moreover, for 0 < |t|,|t/| < T, we have

!

Oy (w)(t) — On(t) = (DA —1d)Dy(t) —i /t " it =) Foo(w(s))ds.

Similar computations as above yields

v i(t'—s 31
||/t IR fu (w(s))ds| e rzy < COE = 81277 (L [0l gy (17 xm)-

Combined with the fact that t — €2 is a strongly continuous group on H'(R?), we therefore
infer that ®(w) € CO((-T,T), H'(R?)).
For the second statement in Proposition 1, we write
Juo(w) = fuy(@) = (|Up +w]* = 1)(w — @) + (|Up + w|* — Uy + @[*)(Up + w)
= ([Uo + w* = D(w — @) + (2Up - (w — @)) + |w]? = [@]*)(Uy + ).

Decomposing each term as in Lemma 1 and Lemma 2 we obtain, if

Wl oo (=11, 11 (R2)) + 1@ Lo (=1,7), 111 (R2)) < R,

that

1@ (w) — SN (D) || Lo~y 82)) < C(Uo)(1 + R?)|[w — @ oo (—1.1), 11 (R2) 5
i from which (5) follows. O

We are now in position to assert local existence

Proposition 2. Let Uy € V be given. For every R > 0 there exists a constant T depending
only on Uy and R such that for every wy € H'(R?) satisfying ||wo| g < R equation (2) has
a unique solution w € CO((—=T*,T*), H'(R?)). Moreover, if ||wo|/2 < R, and @ denotes the
corresponding solution to (2), then

|w — @ poo ((—+ 1), 11 (R2)) < 2||wo — Do 111 (R2)-



Proof. The proof follows from the standard contraction mapping theorem applied to the map
®. We first show that for 7§ is sufficiently small, then ® maps B(2R), the ball of radius 2R
centered at zero in L°((—1p,Tg), H'(R?)), into itself. Indeed, for the linear part of @,

™A wol| g1 2y = llwol| g ey < R.
On the other hand, by (8) we have, for w € B(2R),
g
PN (W)l Lo (—73 1), 11 (R2)) < C(Uo) (1) 2 (1 + 8R%) < R

if T is sufficiently small. For the contraction, we deduce form (5) that for 0 < 7% < T,

=

1@ (@) — N ()| oo (—1+ 1), 11 (R2)) < C(U)(T*)Z (1 + AR ||t — wl| oo (—7+ 1), 11 (R2)

so that if T* is sufficiently small

[N (@) = @n ()| Lo ((—1* 1), 11 (R2)) S 510 = Wl Lo (o 1) 11 (R2))- (9)

N —

Finally, for the continuous dependence upon the initial datum, we write w — @ as e“A(

wWo) + Py (w) — @ (W), so that

wo —

[w — D] poo (1= 7o), 11 (R2)) < [[wo — Wol| 1 (r2) + (| PN (D) — P (w)l| oo (e 1), 11 (R2))

and the conclusion follows from (9). O

3 Global existence

In order to prove global existence, we will prove that the renormalized energy remains con-
served. In a first step, we establish the previous statement for more regular solutions. In this
direction, we begin with

Proposition 3. Let Uy € V and wg € H?(R?). There exists Ty > 0 depending only on Uy
and ||wol| g2(r2) and a unique solution w to (2) in C°((=To, Tp), H*(R?)).

Proof. Since H?(R?) is continuously embedded in L>(R?), the map w + fy,(w) is locally
lipschitz on H?(R?) and the conclusion follows from standard (semi)-group theory. O

Lemma 3. Let T > 0 and w € CO((=T,T), H*(R?)) be a solution of (2). Then

CEu ) =0 for te (-TT). (10)

Moreover,
[w(®) ||z ®2) < lwoll ey exp(Clt))  for t e (=T,T), (11)

where the constant C' depends only on Uy and [|wol| g1 (r2)-



Proof. Invoking once more the embedding of H?(R?) into L>°(R?), we deduce that the term
fuo(w) belongs to L ((—T,T), L*>(R?)). On the other hand, Aw € L ((-T,T), L*(R?)),

and therefore we deduce from (2) that dyw € LS ((—T,T), L?(R?)). We may thus compute
the derivative

igUO(w(t)) = /}R2 Vw - Voyw + /R2 fuo(w) - Ow

d
_ / (—Aw + fu (w)) - Fpw = / (i0yw) - Bpw = 0
R2 R2

which yields (10). For the second statement, by Cauchy-Schwarz inequality we have, for any
w € HY(R?),

: ! 1 —|Up + w?)?
Eunlu) 2 SVl — OOl ey + [, A
RQ
so that )
V(t)+ §||VZU||2L2(R2) < Euy (wo) + C(Uo) | wl| 12 m2) (12)

where we have set V(t) = 1 [(1 — [Up + w(t)[*)%. On the other hand, we may compute

d

—/ \w\2:2/ w-@tw:2/ iw - [Aw — AUy + (1 — |Uy + w|?)(Uy + w)]
dt Jr2 R2 R2

S /RZ iw - (AU + (1 — U + w|2)Up)

so that J

| 0Ol @2)| < CO)wB)llz2@e) + [w®lz2@2)V (©)- (13)
Combining (12) and (13), we deduce

d .
| w2 @)| < CU0; Eury (wo)) (1 + [lw(t)72 ).
therefore
(1 (t) 22 gey) < (1+ g2z exp(CE])

and the conclusion (11) then follows from (12). O

Lemma 4. Let w € CO((—T,T), H*(R?)) be a solution to (2). There exists a constant T; > 0
depending only on Uy and ||wo|| g1 ey such that, if T < T,

[wllzo ((~1.1), 52 R2)) < C(Vo, [[woll g1 (r2)) lwoll 72 (r2)-
Proof. We consider the equation for m = Aw, namely
i0ym + Am = A fy, (w).
We expand the right hand side of this equation as

— AUy + ([Uo + wl* = AUy + w) + A([Up + w|* = 1)(Ug + w) + 2V (|Up + w|*)V(Up + w).



As in the proof of Lemma 2, invoking various Hélder’s inequalities and Sobolev embeddings,
we obtain that for any 1 < r < 2,

A fuo (W)l oo (z24-Lry < C(Uo, [lwoll g1 ) (1 + [|Aw]| oo £2).

Therefore, it follows from Strichartz inequality that

1
[l oo (—11),22R2)) < [[Awol| 22y + C'(Uo, lwol| g1 m2)) T2 (1 + [[m|| oo (—1,7),22(R2)) )-

N

We choose T1 so that C'(Uy, [|wol| g1 (r2)) Ty = 3, and we obtain

|Aw|| poo ((—7,7),L2(R2)) < C(Uo, lwoll g1 (r2)) (1 + [|Awo || 2 (r2))-

We may now prove

Proposition 4. For Uy € V and wy € H?(R?), equation (2) has a unique global solution
w € CO(R, H?(R?)).

Proof. Let T* be the maximal time of existence for (2) with initial datum wg, and assume
that T* < 4o00. In view of Proposition 3, this implies that

i 0(t) | re) + lim inf 20(8) 2 ey = +0c. (14)
On the other hand, by (11),
o= sup ”w(t)HHl(R2) < +o0.
te(=T*,T%)

By Lemma 3, we obtain, for every 0 < 1T < T,

*

T*
sup [[w(t)||g2g2) < C(Uo, @) T wol| 2 z2),
te[-T,T)

a contradiction with (14). O

Proof of Theorem 1. Notice first that, in view of Proposition 4, Theorem 1 has already
been proved when the perturbation wy belongs to H?(R?). For the general case we proceed
by approximation: let wg € H'(R?) and (w?)nen be a sequence in H2(R?) such that w§ —
wo in H'(R?) as n — +oo. We denote by w™ the global solutions given by Proposition
4 and corresponding to the initial data wf, and by w the solution given by Proposition 2
and corresponding to wy. Let T™** denote the maximal time of existence of w. In view of
Proposition 2, if T** < 400 then necessarily

sup lw()|| g1 (r2) = +o00. (15)
te(=T** T**)

Assume that T** < 4-00. We infer from Lemma 3 applied to each w{ that

R:= su ma w™(t < Cllw )
n_)foote[_T*fT**] [[w™( )”Hl(R?) < OHHl(R?)



where C' depends only on Uy, |lwo|| g1 gr2) and T**. Invoking Proposition 2 with @y = wg and
passing to the limit n — 400 we obtain

sup flw(t)||lm(re2) < R,
te(—T*,T%)

where T* < T** is given in the statement of Proposition 2 and depends only on Uy and R.
After at most 7%*/T* shifts in time and further uses of Proposition 2, we finally deduce that

sup  flw®)|[ g m2) < R < 400,
te(—T**,T**)

a contradiction with (15). Hence T** = 400 and the proof is complete. O

Proof of Theorem 2. Conservation of (renormalized) energy as well as continuous depen-
dence upon the initial datum have already been proved for wy € H?(R?). As in the proof of
Theorem 1, the general case follows by approximation. We omit the details. [l

Appendix

A special case of the Gagliardo-Nirenberg inequality on R states that , for any function
u € H?2(RY)N L>®(RY), we have

1 1 1
IVl gy < ON)* ll g A0l e (16)

The proof of this inequality is actually elementary. By density, it suffices to prove it for
u € CX(RN). We write, fori = 1,..., N,

4 _ .3
Uy, = Uy Ug,;

Integrating by parts on RV, we are led to

4 _ 2
/]RN Upy == o 3Uz, U, U

Using Cauchy-Schwarz inequality, we obtain
Hul‘z H%‘l RNY < 3Hu1‘z ”%4 RN ”uml‘z ”LQ(RN)HU’”LOO(RN)v
(RY) RY)

so that by summation

N

Z Humi\|%4(RN) < 9||AUH%2(RN)HU||%OO(RN)
i=1

and the conclusion follows from the inequality of means. This result can be extended in our
context to fields which do not necessarily tend to zero at infinity as follows.

Lemma A1l. For any u € L®(R?) such that Au € L*(R?), we have

1 1 1
IV ullemy < 18% ol oy | Sl oy

10



Proof. Let (0¢)->0 be a standard mollifier, and consider for R > 1 the cut-off function yg(-) =
X(g), where 0 < x < 1 is a smooth function such that x = 1 on B(1) and x == 0 outside
B(2). We set

Ue = Uk O, and Ue R = U XR-

Since us g € C° (R?), we may apply the classical Gagliardo-Nirenberg inequality to assert
that

1 1 1
IVl zaqay < 18% el e o 10l gy

We expand Vu, g = Vu.xr +u.Vxr and Aue g = Aucxr + 2Vu VxR + u.AxR.
Clearly, we have, for some constant C' > 0 depending only on ¥,

[Aucxrlrz@e) < [|Aullrz@ezy,  and || ueAxgrll2gz) < Cllull<R™
Similarly, we write
[Vuexrllzagey < IV(uexr)llpame) + [[ue VXr) | 1 @2)
1
< |[Vue rllpawe) + Cllull oo m2y B2

Combining the previous inequalities, we obtain, for R > 1,

1 1 1 _1
IVuexrll o me) <187 [[ul|foo o) 1AUl F2 g2y + Cl|tllLoo@2) B2 + [ Ve || Lo r2\B(R)))- (17)
Next, we let € fixed and send R to +00. We claim that
R (Ve oo w2\ B(R)) = 0. (18)
Indeed, since Au. = . * Au and Au € L?(R?), we have, for every k > 2,
limsup/ |DFu|? = 0.
‘x‘—)-}—oo B(Z‘,l)
Therefore, by Sobolev embedding

lim sup osc(Vue, B(x,1)) =0,

|| =00

and thus, for every r > 0,
lim sup osc(Vue, B(z,7)) = 0.

|z|—+o0

Since ue € L, the claim follows. Passing then to the limit R — +oo in (17), we are led to
the inequality

1 1 1
HVUE“L‘l(R?) < 181 Hu”zoo(W)HAu”z?(w)-

Finally, we let € tend to zero to obtain the conclusion. O

11
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