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Decompositions of displacements of thin structures

G. GRISO

Abstract. In this study we present first the main theorem of the unfolding method in linearized elasticity. Then we prove that
every displacement of a thin structure (curved rod or shell) is the sum of an elementary displacement and a warping. Thanks to the

previous theorem we obtain sharp estimates of the displacements of this decomposition.

Résumé. Dans cette étude on présente d’abord le théoréme fondamental de la méthode de I’éclatement en élasticité linéaire. On
montre ensuite que tout déplacement d’une structure mince (poutre courbe ou coque) se décompose en la somme d’un déplacement

élémentaire et d’un gauchissement. Grace au théoréme fondamental on obtient les estimations des déplacements de cette décomposition.

KEY WORDS: linear elasticity, beams, curved rods, plates, shells, junctions, unfolding method.

I. Introduction

Two mathematical methods have been developed to study thin structures. The first one is the formal
asymptotic method in which we determine the first term of the asymptotic expansion and then justify the
result by an error estimate (see books by J. Sanchez-Hubert and E. Sanchez-Palencia [22] (rods) and Ph.
Destuynder [6] (plates)). The second one is the more recent variational asymptotic method in which, for
the first time, linearized elasticity of rods, plates or shells has been studied without any geometrical or
mechanical a priori hypotheses. This method is presented in works by L. Trabucho and J. M. Viano [24]
(rods) and P.G. Ciarlet [4,5] (plates and shells). Our paper is dedicated to a new method in elasticity : the
unfolding method in linearized elasticity. The unfolding method offers new tools to study the asymptotic
behavior (see [10,11,14,15]) and the homogenization (see [12]) of structures formed by a large numbers of
rods, plates or shells. These tools consist essentially in new decompositions of the displacements of a thin
structure and in estimates of the elements of these decompositions. These decompositions make it quite
easy to obtain the Korn inequality in a thin domain as well as the asymptotic behavior of the strain tensor
of a sequence of displacements. The limits are expressed in terms of formal displacements of the reference
structure (see [10,11,12, 13, 14,15]).

Our paper is organised into three parts. Section II is dedicated to Theorem 1.3. This theorem is the
main result of the unfolding method in linearized elasticity (see [10,11,13]). It is a generalization of Lemma
3.1 in [10]. We choose a domain O in R™ included in a ball of radius less than R and star-shaped with respect
to a ball of radius R;. Theorem 1.3 gives estimates of the distances for different norms between an element
belonging to W1P(O;R"), 1 < p < oo, and the space of rigid body displacements. The constants appearing
in these estimates depend on n, p and on the two parameters R and R; which caracterize the geometry
of the open set. To do so, we prove that a displacement u in W1P(O;R") is written u = v + w where v
is defined thanks to Newtonian potentials and where w is a harmonic displacement. A rigid displacement
r which approximates u is obtained with the mean value of w and the mean value of the skew-symmetric
part of Vw. The estimates of u — r are due to the Poincaré-Wirtinger inequality for functions belonging
to Wﬁ)’f (O) (Proposition 1.2). In fact in Theorem 1.3 we give an upper bound of the distance between the
gradient of u and the space of the skew-symmetric matrices with the help of the strain tensor norm of wu.
This theorem can be compare with a result obtained by G. Friesecke, R. D. James and S. Miller which

stands out in nonlinear elasticity. In [9] these authors have proved that the distance between the gradient of
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a function ¢ € H'(O; R") and SO(n) is estimate by the L? norm of dist(V¢, SO(n)) and a constant which
depends only of the open set O.

The Korn inequality in an open bounded set star-shaped with respect to a ball is an immediate conse-
quence of Theorem 1.3. We also deduce from this theorem Korn’s inequality in an open bounded set with
lipschitzian boundary.

Several proofs (see [5,7,20]) of Korn’s inequality refer to a lemma of J.-L. Lions [7,20], yet this lemma
does not give the dependence of the constant in this inequality with respect to the open set. New proofs
of this inequality for displacements in H'(O;R") are given in [2,10,17]. In these articles we explicitly find
the dependence of the constant in Korn’s inequality with respect to the open set O. We also find in [19]
a proof of Korn’s inequality for displacements belonging to W1P(€2;R™) where 2 is an open bounded set
with lipschitzian boundary. But in this paper the authors do not give the dependence of the constant with
respect to the open set.

Section III is dedicated to the decompositions of the displacements of a curved rod. The curved rod
has a length of L and a thickness of order §. We define the class of elementary displacements of the curved
rod (Definition 2). These displacements are the generalization of the Bernoulli-Navier displacements (see
[10]). Then, to any displacement u of the curved rod we associate an elementary displacement U, and a
warping u, v = U, + @ (Definition 3). Theorem 2.1 gives sharp estimates with respect to § and the strain
energy of u for this kind of displacements. In order to study structures made of rods we give, Lemma 2.2,
an extension of u at each of its extremities and, Proposition 2.3, a second decomposition of u in the sum
of an elementary displacement and a residual one such that this new elementary displacement is equal to a
rigid body displacement in a neighborhood of the extremities of the curved rod (see also [18]). Of course all
results of this section are true for straight rods.

Section IV is dedicated to the decompositions of the displacements of a shell. The shell has a thickness
of 2§. As in the previous section we define the class of elementary displacements of the shell (Definition
6). These displacements are the generalization of the Kirchhoff-Love displacements (see [11]). Then, to
any displacement u of a shell we associate an elementary displacement U, and a warping w, v = U, +u
(Definition 7). Theorem 3.1 gives sharp estimates with respect to 0 and the strain energy of u for this
kind of displacements. Our first decomposition of a displacement is the simplest and the most natural. In
this decomposition the normal component of the rotation is null. In order to obtain the Korn inequality
more easily and to study structures made of several plates or shells we introduce a new decomposition of
displacement v into the sum of an elementary displacement and a residual one. In this decomposition the
normal component of the rotation vector will not be null any longer (Definition 8) and the estimates of this
new decomposition (Theorem 3.3) are simpler than those of Theorem 3.1. To do so we must give, Lemma
3.2, an extension of u in a neighborhood of thickness 2§ of the lateral boundary of the shell. Of course all
results of this section are true for plates.

The last section is dedicated to two geometrical lemmas and to the proof of Lemma 3.2.

As a rule, the Greek indices a and (3 take values in {1,2} and the Latin indices i, j, k, [ and ¢ take

values in {1,...,n}.
II. The fundamental theorem of the unfolding method in linerized elasticity

1. Poincaré-Wirtinger’s inequality in an open bounded set star-shaped with respect to a ball
In this section O denotes an open bounded subset of R™ included in a ball of radius R and star-shaped
with respect to the ball B(O; Ry). The following lemma and proposition are the generalizations of the

Lemma 2.6 and Proposition 2.5 in [10].



For any 1 < p < oo and any bounded open set 2 de R™ we denote
wir(@) = {o e 1) | V0 € (L))" }

where p(z) is the distance between x and the boundary of €.

Lemma 1.1 . For any ¢ belonging to WPLP(O), 1 < p < oo, we have

n R n+p—1
(1.1) 161500 < 2 { b {1l s momy + 1090l zuoye |

Proof . Let 6 be a mapping belonging to C>°(R*;[0,1]) and such that

4
iz o) =1 if By <t 00 <~  vieRr*

=0if0<t< —
0t)=0if 0<t < ) < =

We recall that for any v € W'»(0,a), a > 0, such that 1(0) = 0, we have the Hardy’s inequality
[ Wi <p [ a- o @pas
0 0

Let ¢ be in C>®(0). We consider the segment joining the origin O to an arbitrary point P belonging to the
boundary of @. We apply the Hardy inequality to the restriction 6(r)¢(x) on this segment. We obtain

[1P]]2 [1P]l2
(12) / 10(r)p () Pdr < pp/ v ’ M‘pdr
0 0 87'
where 7 = ||z||2 (euclidian norm of x). The open set O is star-shaped with respect to the ball B(O; Ry). So
we have
R

(1.3) |T*|\P||2|:||1’*PH2<R—P( z) and  [r—[[P|o[ <R
From the inequalities (1.2) and (1.3) we deduce

[1P]2 oapR)P [I1Pl2 SpR)P [
(1.4 srar < 2 [ payvopar+ B [ o par

R Rl % Rl %

Riyn—1
We multiply the above inequality by {71} . Then, in the right hand side we replace this quantity by

i)

n—1

r™~" and in the left hand side we replace it by ( . Finally we integrate on all rays (that is to say

on the unit sphere of R™) to obtain

nt3p— R ntp-
/O\B(O.R ) |¢(z)|Pdz < 27F3P 1pP{R—1} {HPV¢H ooy + |\¢||§p(B(O;R1))}

To the above inequality we add ||¢||? Lo(B(O:Ry)) We have proved (1.1) for any function ¢ belonging to C>°(O).
The space C*°(0) is dense in Wl’p(O) then we obtain (1.1) for any ¢ € W1P(O).

Now we take ¢ in Wpl’p((’)). Let O be the range of O in the homothety of center O and ratio 1 —¢, € €0, 1].
The restriction of ¢ to O. belongs to W1P(0,), hence

ntp—1
161821, < 2+ orpp{ 2 3 {10Vl + 1900 —0mn )
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where p(x) is the distance from « to the boundary of O.. We have p.(z) < p(z). Then (1.1) follows for any
o€ Wpl’p(O) by passing to limit as ¢ — 0 and thanks to the Beppo-Levi’s Theorem. O

We denote Mq(¢) the mean value of ¢ in Q,
1
Ma(g) = 1l / ¢ ¢ € L'(Q), || = measure(£)
Q

Proposition 1.2 . (Poincaré- Wirtinger’s inequality.) For any function ¢ belonging to Wg’p(O), 1<p< oo,

we have

n n R ”+571
(15) 16 = Mo(@)llzroy <p2" /P { b7 19Vl w0y

Proof . Let ¢ be in Wg’p(O). We apply the Poincaré-Wirtinger inequality to the restriction of ¢ to the
ball B(O; R1/2) (see [8] chapter 7)

¢ = Mp(o:r,/2) (¢)||ZP(B(O;R1/2)) < Q(nil)pRIf/ Vé(z)[Pda
B(O;R1/2)
The distance from a point in B(O; R1/2) and the boundary of O is more than R;/2, hence

H¢ - MB(O;R1/2)((Z5)||Z£p(B(O;R1/2)) < 2np/

lp(2)V(x)[Pdr < 2"||pV T, o)
B(O;R1/2)

We apply Lemma 1.1 to function ¢ — Mpo;r, /2)(¢) and we use the above inequality. We obtain

n+p

n R 71
||¢ - MB(O;Rl/Z) (d’)”ip(o) < 2Pt L+3PPP{R_1} ||pV¢|I[)Lp(O)]n

We integrate ¢ — Mp(o;r, /2)(¢) on the open set O. We deduce an estimate of Mo(¢) — Mp(o;r, /2)(®)-
Then, thanks to the above inequality we obtain the Poincaré-Wirtinger inequality for any function belonging
to Wr(0). O
2. Distances between a displacement and the set of the rigid body displacements

Let © be an open set in R"™. We denote (1 < p < 00)

lulp.ap = ||VUH[LP(Q)]TL27 lule,0p = ||(VU)S||[LP(Q)]H23 L
D (6. ) = [[Vull? £ ) = (v » u € WHP(Q; R™).
p(”’ ) - || UH[Lp(Q)]n27 p(uv ) - ||( U)SH[Lp(Q)]nz’

where (Vu)g is the symmetric part of the gradient of w or strain tensor. The elements of this matrix are

1{6% +6uj}

i (u) = 2 Ox;  Ox;

We recall that a rigid body displacement r is a function from R" into itself such that there exist a € R™

and a linear mapping ¢ whose matrix is skew-symmetric,

r(z) = a+ ¢(x) x € R"™.
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Theorem 1.3 . Let u be a displacement belonging to WEP(O;R™), 1 < p < oo. There exists a rigid body

displacement r such that

R n+£71 R n+571
16  Jurlpo,<C{p} " oy  lu—rllmom <CR{E] T luleo,

The constants depend on n and p.

Proof . In every estimate of this proof the constants depend only on n and p.

We recall (see [8] chapter 9) that the Newtonian potential F' of function f belonging to LP(0), 1 < p < oo,
belongs to W?2P(0O) and verifies

ar—f w o, [ z]ax 5| < MllEson

Let u be a displacement in W1P(O;R™). We denote v;;, (i,5) € {1,...,n}?, the Newtonian potential of
7vij(w). We define the displacement v by

- 0 0
v=(V1,...,0n) where Vg, :Z{Za—xlvklf 6—%11”} ke{l,...,n}.

=1

This displacement belongs to W1P(0O;R™) and verifies |[v|g 0, < Clv|p,o, < Clulgo,. Now we consider
the displacement w = u — v. It belongs to W1?(O;R™). From the estimate of |v|g 0, we deduce that
lwle.0p < Clule 0,p. We have

- 0 0 ,
Avy = Z{Qa—xl’ykl(u) — 8—3%7”@)} = Auy, in D'(0)
=1

We recall the following classical result about the harmonic functions :
Let Q be a bounded domain in R™ with lipschitzian boundary. Any harmonic function u belonging to LP(2),

1 < p < o0, belongs to W,}’p(Q) and verifies the classical inequality

pVaul|iLe @y < 4nflullLe @)

The components of displacement w are harmonic functions in O and we have

0wy, 0 0 0

~ om B, )~ g 4 Ayy(w)=0 in O,
dx;0z, Oz Vig(w) + Oz, Vit (w) e Yig(w) an ’yj(w) in

We apply the above estimate to the harmonic functions ~;;(w). We obtain

(L.7) > o T ] <03 9w luscop < Cluleop < Clule.op

1,j=1 3,5=1

Let A be the skew-symmetric part of matrix Mp(o;r,)(Vw). The matrix Mp(o.r,)(Vw) — A is the mean
value in the ball B(O; R) of the symmetric part of the matrix Vw. We get

(1.8) \Mpo;r)(Vw) — Al < CR; *|wle,0, < CRy ” |ule,0,p
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The estimate of |v|p,0 p, the Poincaré-Wirtinger inequality (1.5) and inequalities (1.7) and (1.8) give us

[IVu = Al|[Le@rn ) < [[VO[[Lr0rm)n + [V = Mp(0;ry) (VW) ||[Lr (05R)]n
(1.9)

1 R +1
+ IMpoiny (Vo) — A0 < {5} 7 Tuleoy
Now, let r be the rigid body displacement defined by r(x) = Mp(o;r,)(u) +Ax. Thanks to (1.9) and a last
use of the Poincaré-Wirtinger inequality applied to the restriction of function u — r to the ball B(O; Ry) we

obtain an upperbound of ||u — 7|[1» (O;rn)- |

Corollary 1 . (Korn's inequality in a bounded domain star-shaped with respect to a ball.) Let u be a
displacement in WP(O;R"™), 1 < p < co. we have

2n+42p—1
R —

uoy <O}t 7 {gullmom +luleos )

The constant depends on n and p.
Proof . Let u be in W1P(O; R™). Theorem 1.3 gives a rigid body displacement r verifying estimates (1.6).
We have

ntp—1

17l Lo (B(OsR1 )RR < |IPllLe(omny < NullLe(omn) + [lu = 7]|Lrirn) < [ullLe©;rn) +CR{R—1 " uleop

Besides we get

C »
ulp.0p < lu—rlpoy+lrpoy ad  Irinoy < g{ 5} Irllome
From the above inequalities and (1.6) we deduce the estimate of |u|p,o p- O

Corollary 2 . (Korn’s inequality.) Let Q be a bounded domain in R™ with lipschitzian boundary. For any
displacement u in WP (Q; R"™), 1 < p < oo, we have

lulp,0p < C{llullrrn) + |ule.ap}

The constant depends on n, p and Q.
Proof . Any bounded domain in R™ with lipschitzian boundary is the union of a finite sequence of open
sets star-shaped with respect to a ball. The estimate of |u|p o p is a consequence of the previous corollary

of Theorem 1.3. 0

ITI. Decompositions of the displacements of a curved rod

1. Notation

Let ¢ be a curve in the euclidian space R? parametrized by its arc length. The current point of the
curve is denoted M (s3) where s3 is the arc length.

We suppose that the mapping s3 — M (s3) belongs to C?(0, L; R?) and that it is injective. We have

M

— =T T, =1
dss ) H H2 )

where || - ||2 is the euclidian norm in R3.



Let Nj be a function belonging to C'(0, L; R?®) and such that
Vs3 € [07L], ||N1(83)||2 =1 and T(Sg) 'N1(83) =0.

We put
Ny =T ANj.
In the sequel, w denotes a bounded domain in R? with lipschitzian boundary (while obviously, @ denotes
the closure of w). We choose the origin O of coordinates at the center of gravity of w and we choose as

coordinates axes (O;e;) and (O;eq) the principal axes of inertia of w. The cross-section ws of the rod is

obtained by transforming w with a dilatation of ratio § > 0.

Introduce now the mapping ® : R? x [0, L] — R? defined by
o (81, S92, 53) | — M(Sg) + SlNl(Sg) + SQNQ(Sg)

There exists dp in |0, L/3] depending only on ¢, such that the restriction of ® to the compact set ws, % [0, L]

is a C'— diffeomorphism of that set onto its range. We can also choose &y such that

3
Vs € Qs < [lIVes)lllz < 5

1
2
where |||A]]|2 is the spectral norm of the matrix A.

Definition 1 . The curved rod Ps is defined as follows :
Ps = CI)(Q(s), f07" 1) 6}0,50], Qs = w5X]0,L[.

The cross-section of the curved rod is isometric to ws. The point M(s3) is the center of gravity and the

axes of direction N1(s3) and Na(s3) are the principal axes of inertia of the cross-section of the curved rod.

Notation (i). Reference domains and running points. We denote x the running point of Ps. The running
point of the cylinder €y is s.

(ii). Displacements. For any displacement u € L (Ps;R?), we write u instead of u o ®.

2. First decomposition of displacements of a curved rod.

Definition 2 . We call elementary displacement of a rod, any element v of the space LY (Q5;R3) that is

written in the form
v(s) = V(s3) + A(sz) A (51N1(53) + 52N2(53)), for a. e. s € Qy,

where V and A are functions in L*(0, L; R3).
The first component V of v is the displacement of the center line. The second component A, gives us
an information about the relative displacement of the cross-section {M(s3)} x ws of the rod, that is to say,

rotations whose axis are directed along the vector A(ss).

To any displacement u of the rod we associate an elementary displacement defined as follows :
Definition 3 . The elementary displacement U, associated to u € LY(Ps;R3), is given by

(21) Ue(.,ShSQ) =U+RA (S1N1 + SQNQ), (81, 82) € wsg,
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where

U= (5%&4/% u(s1, S2,.) dsidsa,
(2.2) R-T= m /w {(slNl + $2N2) Au(st, s2, .)} - T dsydss,

R-N, = ?154 /w(; [(slNl + SQNQ) A u(s, s2, )] - Ny dsidsog, I, = /wsids1d82.
We write
(2.3) u=U.+u

This displacement u is the warping.
The next theorem plays a fundamental role in the study of curved rods with the unfolding method. It
provides sharp estimates of the components of the elementary displacement U, and of the warping @ in terms

of § and of the strain energy of u.

Theorem 2.1 . Letu € WLe(Ps:R3), 1 < p < oo, and u = U, + U the decomposition of u given by
(2.1)-(2.3). There ezists 51 €]0,do] which depends only on w and on the middle line of the rod such that for
any 6 < 01 the following estimates hold :

|E|D Ps,p <C |U|5 Ps.p> ||ﬂ||Lp(w5;R3) <C 6|u|5,775,pa

(24) au C
~RAT| <= .
Hd53 Lr(0,L;R3) d53 L7 (0,L;R3) - 52/;0 |U|E»P6»P

The constants are independent of §.

L L
3575]7 and set ak:kﬁ, ke{0,...,N}.

L 3
We have § < N < 55 . The reference cross-section has a diameter less than 2R. We choose R such that 1 < R.
Then the domain Qs =]y, ag+1[Xws has a diameter less than 3R4. The mapping s3 — (T, Ny, Ng)
belongs to C*([0, L; (R*)3). Hence there exists Cp > 0 which does not depend on ¢ such that

2L
Proof . Let N be an integer belonging to {—

V(s,3) € Qsp X Qs [V®(s) — VB(3)]||2 < Cod
In the sequel we will work with portions of the rod Ps denoted Ps s,
Ps :¢(W6X]ak7ak+1[) ke{0,...,N —1}.

e First Case . We suppose that the reference cross-section is star-shaped with respect to a disc of radius
R, 0 < Ry <1/2. The domain 25 is star-shaped with respect to a ball of radius R;0. We take J such that

o<t {52z (o) %)

So we have
Ry \3 . 3 =12
Co < (qp) b (VR IRIIT2E) I}

Thanks to the corollary of Lemmas 4.1 and 4.2 (see Section V) the domain Pj has a diameter less than
9RJ and it is star-shaped with respect to a ball of radius R10/8.

8



From Theorem 1.3 there exist rigid body displacements rj such that
Dp(u—1k,Ps i) < CE(u, Ps.i)s lu— rk||ip(P5yk;R3) < CoPEy(u, Psi),

where the constants do not depend on & and 6.

¢ Second Case . The cross-section is a bounded domain in R? with lipschitzian boundary. There exists

a finite sequence of open sets w), ..., w@) such that
U o0 we U
1<ISK 1<I<K

and such that every w® is star-shaped with respect to a disc of radius Ry, 0 < Ry < 1 /2. Moreover, the
open set w is connected, then there exists Ry €]0, R1] such that if w(™ N w() # @ then this intersection
contains a disc of radius Rs.

The domain Q( 5k = wg) x]ag, ag41] is star-shaped with respect to a ball of radius R16. As in the first
case, there exist rigid body displacements r,(cl) such that

Dy(u—r), P) < CE,PY),  u—r|P < CorE(u,PY), Pl =a@f)).

Lr(P{ iR3)

If w) Nw'®) £ § the portion 77 )N 735 & contains a ball of radius R26/8. This allows us to compare the rigid

(r)

body displacements 7, ° and r . Eventually we define r; as the mean value of r . We obtain

(2.5) Dp(u—1k,Ps i) < CEN(u, Ps.i)s |l rk||Lp(p5 RS < C6PE,(u, Ps i),

The constants do not depend on k and d. They depend only on w and on the middle line of the rod.

Now we go on as in Theorem 3.3 in [10]. Recall that the displacements rj are of the form
T’k(x):Ak + Bx Az, l‘Epa,k, Ak,Bk €R3.

Taking the mean value over the cross-sections of the curved rod, and using definition (2.2) of & and R, we

deduce the inequalities

1 C
(26) 5_1)Hu B Ak B Bk A M||§p(ak7ak+1;R3) + ||R B Bk||i?(ak7ak+1;ﬂ{3) < 6_2 EP(U7P5J€)'

Consequently [[u — Ue| rr(asmrs) < Célule ps,p, where C' depends only on the center line of the rod.

Note now that both functions ¢/ and R belong to W1P(0, L;R3). We compute the derivatives of the
displacement u to get
ou dIN, dN,

Ju
650{—v UNQ, a—sgfv [T‘i’ ld_3+52d53}'

Taking the restrictions of these derivatives to 5 = wsX|ag, ap41[, from (2.5) we obtain

T AN LR dNQH

< .
LP(QS &R3) H Js3 dss dss Cgp(ua PJ,k)

— - B
Hasa kAN

LP(Qs,1;R3)



Then, from (2.6) and by eliminating By we get

dN4 dNy
U _RA[T+ + 52|
H@sa llLr(asir3) H833 [ 51 dss 52 dss ] LP(Q5;R3)
ou dNy dN2 . .
By taking the mean value of — — R A [T +s ld— + Sog—— Is ] over the cross-section of the rod we obtain
53 53 53
U g . O
Hds3 LP(0,L;R3) — §2/P Y

dR
We now estimate the LP norm of T To begin with, let us introduce the function
s3

1

V(s3) = 5%

/ (31N1(83) + 52N2(33)) A u(s) dsidss.

We derive V' with respect to s3

ou dNy dN,

dv 1
d_$3 = 6—4/(‘;6 |:(51N1 + SQNQ) 8 3( )+ (Sld—sg +52d—53) A U(S)] d51d52.

ou dNy dN
We replace 95, by R A [T + sld— + 59 15 2] and u by U.. We obtain (summation on «)
83 83
av dN,, dN
N, Io(R+ 22N, <= .
’ dss <R ) dss + (R dss ) Lp(0,L;R3) — §1+2/p |U|S’P5’p

The derivatives of the functions T, N; and Ny are

dT dN dN
= a1N1 + asNy e —a1T + bNo =2 —asT — bIN;
dss dss dss3

where a, and b are continuous functions defined on [0, L]. Hence (no summation on «)

av
— .T— . _ . < -
‘ dss T-ah(R-Ni) —azla(R NQ)‘ Le(o,L) — 61+2/p fuleps.»
H d83 aaly (R . T) +0(L — 1) (R “N3_o ) ’ Lr(0.L) < s1+2/p ule,Ps.p-
1,
Using the definition of R and V, one can write (summation on «) (I1 + )R =V + 7 (V-Ng)N, and
3—a
so (summation on «)
dR  dV 1, dav dN dN,,
L+1 2[5 NN, No+ (V- No)==2 .
( o 2) ng ng + Ig_a (d83 ) +( ) +( ) ng
We deduce that (no summation on «)
dR dv a1l azly
L+L)— T=—T—-—(V -N;y)——(V-N
i+ R)gg; ds3 , Vo N) = TE (VN
dR dv aola b(h — 1)
Lo N, =% N, - V.T V- Nio
3% dss dss 11+12( )+ I, ( 3-a)



p- Now, observe that

H 5H—‘ <
ence dssllLe(0,L;R3) — 52/p Y

0 ou
E(U*Ue) = asa *R/\Na,
0 _Ou du dN; dN, dR
b V) T ag T RNy o ] g N N N,
_8u_ dNy dNyy  rdU _dR
(983 RA [T+ s d e d83 ] (d83 RA T) d83 4 (SlNl * S2N2).

From these expressions and taking into account the above inequalities, we finally obtain the estimate of

gradient . O

Remarks . i) We have
\Uele,ps,p < |Ue +le pyp + [Ule,psp < |tlepsp + [UlD,psp < Clule,py p

By an easy computation we can see that this estimate of |Ue|¢ p, p is equivalent to

- mo
LP(0,L;R3) dss

[ <5
dss Lr(0,L;R3) — §2/P

ii) If the rod is clamped at one of these extremities, {0} x ws for example, we have R(0) = U (0) = 0. O

Corollary of Theorem 2.1 . (Korn’s inequality). We suppose that the rod is clamped at one of these

extremities, then we have

> Q

[ulp,ps.p + |ullLo(psires) < —<lulepsp

The constant does not depend on 6.
Proof . This is an immediate consequence of (2.4). O
3. Second decomposition of displacements of a curved rod.

In this paragraph we suppose that the reference cross-section w is of diameter 2R and that it is star-
shaped with respect to a disc centered in the origin and of radius Ry, Ry < 1/2 and R > 1.
Now we suppose that the mapping ® introduced in the previous subsection is defined on [—I, L+1] x s, ,

[ >0, and it is a C'— diffeomorphism of that set onto its range and verifies

1 3
Vs € [~1, L +1) x B, S <IVeE)ll < 5

Lemma 2.2 . Let p be a strictly positive real and u a displacement belonging to WP (Ps;R3), 1 < p < oo.

There exists an extension P(u) of u to the curved rod
Py = (| — pd, L+ pd[xws)  (5<1/p)

such that
P(u) e W'P(P3; %) P(u),, =u |P(w)lgpr , < Clule pyp.

The constant does not depend on 6.
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Proof. The domain | — pd, (2+ p)d[xws has a diameter less than 2(R+ 1+ p)d and it is star-shaped with
respect to a ball of radius R;d. We put

PO,P5 = (I)(]07 (2+p)(5[><w§) P(I),pé = q)(] —p670[><w5).
From Theorem 1.3, there exists a rigid body displacement r such that
Dp(u—1,Po,p5) < CEH(u, Po,ps), lu— r||gp(P0,pégR3) < C6PEL(u, Po,ps),

where the constants do not depend on §. Now we consider the restriction of (u — r) o ® to the domain
10, (2 + p)d[xws. By a reflexion with respect to the plane s3 = 0 we obtain an extension of (u —r) o ® on
the open set | — pd, 0[Xws. Hence an extension v of u — r on the portion P(/J,pé of the curved rod. We define
P(u) by P(u) = v+ r. We do the same with the other extremity of the curved rod. O

From now on any displacement belonging to WP (Ps; R?) is extended to a displacement belonging to
wtep (P;;R?’). We denote again u this extension.

We denote B the ball centered at O and of radius R;/16. We put

\Bl|:/ dx M1:/ ||x\|§dm
B1 Bl

Notice that for all s € [0, L] the ball centered in M (s3) and of radius R;/16 is included in P(;.
To any displacement u of the curved rod we associate a new elementary displacement defined as follows :

Definition 4 . The elementary displacement U',, associated to u € Ll(P(;;R3), is given by

’

(2.7) U,(s) = U (s3) + R (s3) A (s2Ni(s3) + s1Na(s3)), for a. e. s €] — pd, L + pd[xws,
where

ul(83) S u(M(s3) + dx) du,

|B1| /5,
/ 3 S3 € [O,L],

o8) R (s3) = YV . x Au(M(ss) + 6z) da,

U (s3) =U (0) + R (0) A (M(s3) = M(0)) 5 €] — pd,0],

U (s3) =U (L) + R (L) A (M(s3) — M(L)) sz €[L, L+ pd],

R (s5) =R (0)  s3€]— pd,0], R (s3) =R (L)  s3€[L,L+ pl.
We write
(2.9) u=U,+7

The elementary displacement Ue/ is a rigid body displacement in the additional parts of the curved rod.

Proposition 2.3 . Letue WhP(Ps;R3), 1 < p < 00, and u = U;—&-H, the decomposition of the extension
of u given by (2.7)-(2.9). There exists 5/1 €10, 8] which depends only on w, p and on the middle line of the
rod such that for any § < 6'1 the following estimates hold :

[@lppp < C lule,ps p, [ 1| Lo psy < C dlule Py ps

(2.10) R’ al C
i Y I A
dss |lLr(0,L;R?) + dss L?(0,L;R3) — 62/P [ule s

12



The constants are independent of §.

Proof . Let N and (ag)o<k<ny be the integer and the sequence introduced in Theorem 2.1. We put
a1 =-p5 any1=L+pd
We denote P(;)k the rod portions
Pso = ®(wsx]—p8,26])  Psp = ®(wsx|(k—1)8,(k+2)5]) 1<k <N-1,  Pgy = ®(wsx]L—3,L+pd[)
From Theorem 1.3 there exist rigid body displacements r;, 0 < k < N, such that

Dp(u — 71, Py i) < C&(u, Ps 1),

, = A + By A, €P:,, Ag B cR®.
SC(;pSP(uapé,k)> +(2) LG € Pon S

= 7ul s

Now we go on as in proof of Theorem 2.1. Using definition (2.8) of 4 and R we obtain (s3 € [0, L])

p p 1 p
}Z/{( 3) — A, — By A M(s3)[" < \(u— i) (M(s3) + 6z) [P dz < W/Pék(u—rk)(xﬂ dz

~1B1| /g,

¢ Bl|(U—7"kl)(M(83)+5$)|pd$§ 5;33 /79’ [(u—rg)(x)Pdz

S,k

IR (s3) = Bel” <5

The constant depends only on p. We also have for s3 € [—pd,0] and for s3 € [L, L + pd] (k=0 or N)

/ / C
|t (s3) — A, — B, A M(s3)|” +67|R (s3) — By|" < 6_3/' [(u—ri) ()| da.
P

5.k

We integrate on [ag, agt1], —1 < k < N. We obtain

C’
Ep(u, 735 k)-

1 ,
6_P||u *Ak*Bk/\MHp ||Lp (cn,ansniRS) = 52

LP(ak,ars1;R3)

+ ||72 By

Consequently |Ju — Ué||L,)(Pg Rr2) < Cé|ulg ps.p, where C' depends on the middle line of the rod and on p.

Both functions &’ and R’ belong to WP (—pd, L + pd; R?). We compute the derivatives of U and R .
First notice that

’

AR du
T RAT=0  on ] ps0UL,L+ pd[.
d83 d83
We obtain (s3 € [0, L])
au' 1 dR' 3
A (s) = — | Vu(M 52)T dr, T (s3) = AV ou(M §52)T da.
- (s3) Bil u(M(s3) + 6x)T dx s (s3) S /B T u(M(s3) + 62)T dx
Hence
au’ Py AR p_C
L (s3) — Bu A T(s;;,)‘ + ]5—(53)‘ <= | Velu—re) (@) da.
d83 d 53 0 Sk
By integrating over [ay, ay41] we get
P C ’
<= ¢
H d53 ‘Lp(ak’akJrl;Ra H ng Lo (o ans1R3) — 02 p(uvpﬁ,k)v

13



and then we obtain

|5 = o

< — |u ’o
LP(0,L;R3) H dss llLe(0,L;r3) = 62/P | |‘9’776’p

Now we compute the derivatives of @ (s € ’P;’ )

%—%—R AN, = [V,uN, — By AN,] — [R = B)] AN,
%_%%%A(51N1+52N2)R/A(1%+ (21:32)
:{VIU(T+S1d +822N32) Bk/\(T+816§:1+ ngb)} — {%—Bk/\T}
—z—i A (51N1 + 52No) — (R — By) A (51‘;—1;131 + 52%)
Eventually |ﬂ'\D,P§,p < Clulg.py.p- 0

Now we modify the elementary displacement U, é in order to obtain a new elementary displacement which

is rigid in the neighborhood of the extremities of the curved rod.

Let m be an even function m belonging to C*(R; [0, 1]), which satisfies
mt)=0 Vte[0,p, m)=1 Vie[p+1,+oo0], |m(t)<2 VteR,

The new elementary displacement Ue” is defined by

' (s5) =m(Z2)m(2 =W (55) + (1= m(52)) [ (0) + R (0) A (M(s5) — M(0))]
s3 — L ’ ’
1) + (1-m(Z=2) ) U (L) + R(L) A (M(s5) = M(L)]
R (53) =m (%) m (2R (s3) + (1= m(3))R 0 + (1 - m(2=E))R (1)
U;/ (s) ~u" (s3) + RN(S;J,) A (51N1(33) + 52N2(53)) s €] — pd, L + pd[xws
We have

U =U, in  ®((p+1)8L— (p+1)d[xws)
and U;' is a rigid body displacement in the portions <I>(] — po, pé[xw(g) and <I>(]L —po, L+ pé[xwg).
We write

(2.12) u=U, +7 .

PI‘OpOSitiOIl 24 . Letu e WHP(Ps;R3), 1 < p < oo, and u = U! +u  the decomposition of the
extension of u given by (2.11)-(2.12). There exists 6, €]0,80] wich depends only on w, p and on the middle
line of the rod such that for any § < 51/ the following estimates hold :

T |p 73’ <C |U|5,7’a,p7 @ ||Lp(7>;,;R3) < C 6|ule,ps.p,
(2.13)

C
< So7p [ulepsp-

- R’ /\T‘

H dss ‘LP(OLR?’) H dss L7 (0,L;R3)

14



The constants are independent of §.

Proof . We easily verify that

v dR"  dR
R =R llgso,nm9) + 0| 5= = = <
] e oz + dss  dsg llLe(o,Lw3) — §2/P [ule P
Lo i’ dud
— _ ) - _ = <
5||U u HLP(O’L’R?’) * H dss dss llLp(0,L;R3) — 62/p |u|5’7)“’p
The constants depend on p. Hence we deduce
U, — Ue‘D,Pé,p < Cluleps.p U — Ue”Lp(p;;R”) < Célule,ps p-

Then from (2.10) we obtain the estimates (2.13). O
IV. Decompositions of the displacements of a shell

1. Notation
Let w be a bounded domain in R? with lipschitzian boundary. We give us an injective mapping ¢ from
w into R? of class C? and we denote S the surface ¢(w). We suppose that the two vectors 8—8(1(3\) are linearly
independent at each point 5 € @.
We denote
¢ ¢ T ATy

le— T2:— N:

8817 (982, HT1 /\T2||2.

Vectors T; and T5 are tangential vectors to the surface S and vector N is a unit normal vector to this

surface.

Now we consider the mapping ® : @ x R — R3
s = (81,52,53) = ¢(s1,52) + 53N (51, 52)
There exists o > 0 depending only on S, such that the restriction of ® to the compact set Qs, =
W X [~d0, 6] is a C1— diffeomorphism of that set onto its range. We also choose dp such that there exist
constants cg > 0 and ¢ > ¢o verifying

Vs € Qs,, co < |[Ve(s)lll2 < 1

These constants depend only on ¢.

Definition 5 . The shell Qs is defined as follows :
Qs = @(Q(;) fO’I“ 1) 6]0,50]7 Qs = wX] - (5,(5[

The mid-surface of the shell is S. The lateral boundary of the shell is I's = ®(dw x] — 4, d]).

Notation (i). Reference domains and running points. We denote z the running point of Qs. The running
point of the domain €y is s.

(ii). Displacements. For any displacement u € L'(Qs;R?), we write u instead of u o ®.

15



2. First decomposition of displacements of a shell.

Definition 6 . We call elementary displacement of a shell, any element v of L'(Q5;R3) that is written

in the form

v(s) = V(5) + s3.A(8) AN(3), s = (s1, 82, 83) = (5, s3) € Qs,

where V and A are functions in L'(w;R3).

The first component V of v is the displacement of the middle surface. The second component A, gives
us an information about the relative displacement of the fibers {M(S)}x] — 4, d] of the shell, that is to say,
rotations whose axis are directed along the vector A(S).

To any displacement u of the rod we associate an elementary displacement defined as follows:

Definition 7 . The elementary displacement U, associated to u € LY(Qs;R3), is given by

(31) Ue(~753) =U+ s3R AN, S3 E] 75,5[7
where
1 /[? 3 /[°
(3.2) U= %/—5 u(., s3) dss, R = 255 /—5 s3N(.) Aul., s3)dss.
We write
(3.3) v=U.+7u

This displacement u is the warping.
The next theorem plays a fundamental role in the studies of plates and shells with the unfolding method. It

provides sharp estimates of displacements U, and @ in terms of § and of the strain energy of u.

Theorem 3.1. Let u e WLP(QsR3), 1 < p < oo, and U, be the elementary displacement defined by
(3.1)-(8.8). There exists 61 €]0,do] which depends only on the middle surface of the shell such that for any
6 < 01 the following estimates hold :

(3.4) |Uele, 05.p + [UlD,05.p < C lule,05.p; [l L (Qsirs) < C dlule, g, p-

The constants are independent of §.

Proof .

Step 1 . We prove that there exist R > 1 depending only on dw and a family of open sets (w(;,k)k N
verifying

w= U @

kENs

and such that every open set of this family has a diameter less than Ré and is star-shaped with respect to
a disc of radius §/2 and moreover such that any point of w belongs to a finite number (independent of ) of

sets Ws k-

The boundary of w is lipschitzian. Hence there exist constants C < B < A and M strictly positive,

a finite number K of local coordinate systems (s1,, s2,) in (O,;e1,,e2,.) and mappings f. : [0,A] — R,
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Lipschitz continuous with ratio M, 1 < r < K, such that

K
Ow = U {(sm sor) | sor = fr(s17), s1r €]B/2, A~ B/2[}7
r=1
K

{§6 w | dist(s, Ow) < C} C U{(smsw) | fr(s1r) — B < sa, < fr(x14), S1r G]O,A[} Cw,

X« r=1
wo \w C U {(31“827“) | fr(s1r) < 820 < fr(s1) + B, s1r E]O,A[} CR?\ w.

r=1

Through the use of easy geometrical arguments we show that if 6 < inf{C/2, B/4(M + 1)}, we have

K

{(Fewl|dist(3,00) <26} c | {(slr, s20) | Fr(s10) — 26(1 + M) < 82, < fr(s12), 510 €]0, A[}.
r=1
: . . 2A A
We suppose also that § < inf{A/6,B/(6M + 2)}. Let N be an integer belonging to [52_67 %}, and set
A A
o = kﬁ’ k €{0,...,2N}. We have N greater than 3 and § < N < ;6. For any k € {0,...,N — 1} the
domains

B((;T;z = {(s1r,520) | fr(51) = 20(3M + 1) < 52, < fr(s17), S1p €)van, Qogrn)l}

are star-shaped with respect to the disc centered at (aop41, fr(aok+1) — (3M + 1)) and of radius /2 and
they have a diameter less than (8M + 5)0 = RJ.
Now we complete the family of sets B((;T,z, re{l,...,K}and k € {0,..., N — 1}, by taking all domains

1k6, (k + 1)8[x]16, (1 + 1)4], (k1) € Z*

included in w. We denote (w&k) KEN the family of all these sets.
Step 2.

The open set Q55 = ws kx| — 6, d[ has a diameter less than 2RJ and is star-shaped with respect to a ball
centered on w and of radius §/2 (here Ry = 1/2). The mapping s — (T, T2, N) belongs to C(w; (R?)3).
Hence, there exists Cy > 0 which does not depend on ¢ such that

Vs € Qg)k, Vs e Q(s)k, H|VCI)(S) — V‘b(g)mg < 005

In the sequel we will work with the portions Qs = ®(Q5.), k € N, of the shell.
Now we take § such that

0 < inf{ccogc% (%)3750}

Then we have

Cop < (giaz5) . (VRGBT 112}

Thanks to corollary of Lemmas 4.1 and 4.2 (see Annexes) the domain Qs has a diameter less than 6Rd

and is star-shaped with respect to a ball of radius §/16.
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From Theorem 1.3 there exist rigid body displacements rj such that
(35) Dp(u — Tk, Qé,k) S Cgp(ua Q(S,k)a ||u - rngp(Q(;’k;D@) S C(Spgp(uv Qé,k)a

where the constants do not depend on & and 6.

Now we go on as in Theorem 2.1. Recall that the displacements rj are of the form
Tk(l‘) = A + By N x, WS Qé,k, Ay, By e R3.

Taking the mean value on the fibers of the shell, and using definition (3.2) of ¢/ and R, we deduce the

inequalities

||Z/l — A — Bi A ¢||Ilip(w5,k;R3) < C’(Sp_lgp(u, Q&k)’
(3.6) C.
[RAN = Be AN[], 0 mo) < 5 &l Qo).

where the constants are independent of k and . Consequently [[u — Uel|zr(0y:rs) < Clulg g;.p, where C
depends only on the middle surface of the shell and on p.
Note now that both functions & and R belong to W (w;R?). We compute the derivatives of the

displacement u to get

o
851

ON ou

ON Ju
6—51), 6_82 —V u N.

= Vmu (T1 +83 8—82), 853

= qu (T2 + 83

Taking the restrictions of these derivatives to {25, from (3.5) we have the estimates

ON )
084

p P
H——Bk/\ T, + s34— H——Bk N‘

LP (Q5,1;R3)

LP(Q5,55R3) < C&p(u, Qo).

0 ON
By taking the mean value of a—u — B A (Ta + s3 6T) on the fibers we get
C
(3.7) \ = & (1, Q).

Lp(wé,k3R3) -

We now estimate the LP norm of the derivatives of R A N with respect to s,

RAN —225 /(S 83 [u(.,s;»,) — (u(.,33) . N)N} dss

0 u u
8a (R AN) %[6 53[88?&(.,33) — (;—(,53) “N)N — (u(., s3) - a—N)N— (ul.,s3) N)=—

Js Sa asa

0 ON
Then we replace % by Bi A (Ta + S3£) and u by A + By A (¢ + s3IN). We obtain

(03

0 ON
3.8 H—R/\N B A 2N < (1, Qs 1)-
(3.8) asa( ) k Gsa LP(ws,k;R3) spt+1 p (1, Qsk)
: . ou ||p .
From the above inequalities and from (3.6) we get H B5: | Lo s 1 89) < C &y (u,Qsx), hence with a change of
i WLP(ws k3

variables [U|p,0,.p < C |u|g g,,p- Eventually observe that

< Clule,0s.p

\Uele,0s.p < [Ue +le,0s.p + [Ule,0s.p <

18



where the constant does not depend on . |

Remark . Thanks to (3.7) and (3.6) it follows by eliminating By,

ou

C
3.9 H— Ty + 5 - Tal H RAN) - <= .
39 Fsa "9 Lrw)  19sy * ) Ta Lr(w) — OY/P [ule. o5 »
Now from (3.7) and (3.8) we obtain by eliminating By
0 ou ON C
1 — N)- T v .
(3.10) Hasa (R " ) 8t 9en 0s3 05 1 Lp(w) = 61FL/p lule.0s.p

The constants do not depend on . The inequality |Uele g, p <

estimates (3.9) and (3.10) (see [6] for the expressions of the covariant components of the strain tensor). O

3. Second decomposition of displacements of a shell.

For any n > 0 we denote w, the open set
wy = {(51,52) € R?| dist((sl,SQ),w) < 77}

In this paragraph we suppose that the mapping ® introduced in the previous subsection is defined on

Wy X [=60, 0], I > 0, and it is a C'— diffeomorphism of that set onto its range and allways verifies
Vs € w; X [—50,50], cy < \|\V<I>(s)\||2§cl

Lemma 3.2 . Let u be a displacement in W1P(Qs;R3), 1 < p < oco. There exists an extension P(u) of u to
the shell

Q5 = ®(wasx] — 6,0))

such that
P(u) S WLP(QS;R‘?) P(u)‘gé = |P(u)|£,Q;,p < C|u|g’95’p.
The constant does not depend of § and of u.
Proof . See Section V. O

From now on any displacement belonging to W1?(Qs;R?) is extended to a displacement belonging to
W'P(Q5;R3). Again we denote u this extension.

Let B be the ball centered at the origin and of radius 1/16. We put

1B] =/ dz M =/ | B
B B

To any displacement u of the shell we associate a new elementary displacement defined as follows :

Definition 8 . The elementary displacement U;, associated to u € Ll(Q;;R?’), s given by

’

(3.11) Ul(,s3)=U +s3sR AN,  s3€]—30],
where
(3.12) () |B| / 5) + bx) du, R (3) = %/Bx Au(9(3) + 0x) d Sew.
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We write

(3.13) u="U,+7
Theorem 3.3 . Letu e WP(QsR?), 1 < p < oo, and u = U; +7 be the decomposition of u given by
(3.11)-(8.13). There exists &, €]0,80] which depends only on the middle surface of the shell such that for
any § < 5/1 the following estimates hold :

[u \D 0s.p < Clule gs.p; ||E v (sre) < C6lule, 05 ps
(3.14)

‘u|5,Qa,P'

X ol
LP (w;R?) 050 | Lr(wirsy = 61/p

H 054

The constants are independent of §.
Proof . Let A be the set of every (k,1) € Z? such that the open set

w:ikl =](k — 1/3)4, (k+4/3)5[x](I — 1/3)0, (I + 4/3)4]
is included in wos. We put
ws k1 =)k9, (k + 1)0[x]ls, (1 + 1)d]

We have

w C U Ws Kl

(k,1)EN

The open set Q:;’kl = w;’klx] — 0,0[ has a diameter less than 46 and it is star-shaped with respect
to the ball centered at the point ((k + 1/2)6, (I + 1/2)d) belonging to w and of radius §/2. The mapping
5+ (T, To,N) belongs to C!(w@as,; (R?)3). There exists C;y > 0 which does not depend on & such that

V(s,8) € g X Uy jas [V (s) = VO(3)[[]2 < Cod

In the sequel we will work with the portions Q;,kl = @(Q;Jd), (k,1) € N, of the shell.
Now we take ¢ such that

o< ng;%(%)s

then we have

cho< (2)" mt {IveE)IRIIvac) I3)

Thanks to corollary of Lemmas 4.1 and 4.2 (see Section V) the domain Qs has a diameter less than 126
and it is star-shaped with respect to a ball of radius §/16.
From Theorem 1.3 there exist rigid body displacements rj; such that

(3.15) Dp(u — 111, Qo) < C&(u, Qs 1)y Nluw— 1l < O6PE,(u, Qs 1)

LP(Q5 ,,5R?)

where the constants do not depend on k, [ and 9.

Now we go on as in Theorem 3.1. Recall that the displacements ry; are of the form

ri(v) = A + B ANz, x € Q:S,klv Apl, By € R?.
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Using definition (3.11) of 4  and R’ we obtain

U (3) = A — Buno(3)|" < |B|/ [(u = 732) (6(5) + 62) |P dar < 53|B|/ (u—ri) ()P do
5kl

W@—mwsﬁémﬂmwywmmmgﬁé (= ) )

5.kl

The constant depends only on p. We integrate on ws k. Thanks to (3.15) we obtain

Q

(316) U — At = Bis Ao, sy < OO E0(w, Qi) (IR = Buall7, oy i) < 5 Enlu Qs pa)-

Consequently ||u — U;”LP(Q(;;RIS) < Cdlul, ol where C' depends only on the middle surface of the shell and
on p. Both functions #" and R belong to WP (w; R3). We compute the derivatives of i and R’ to get

R . 3 -
E 3) |B|/ Vou(9(3) + 02) Ty dz, a(s)f Q—W/Bz/\vzu(gb(s)Jr&c)Ta dx

Hence
au’ OR C
e mnt +o| 2@ <& [ atwmap i
0Sq 084 1) o
By integrating over ws i we obtain
ou’ C
1 | 5PH =
(3 7) 3 Lp(w(;,kl;RS 85,1 LP(ws,ki;R3) 5 (u Q§ kl)
Thanks to (3.16) we get
Z R AT H <=
H@sa LP (w;R3) 08 lLr(wir3) — §1/P b

. _/
Now we estimate [ |p o, p. We have

or  du /
6_53:6_83772 AN = [VouN — By AN] = [R' = Bu] AN
Jdu _ du ou _ 383 /\N—83'R A 8_N — [V u(Ta—|—538—N) — B A (Ta +S3Z—N)]

05a 050  05a 054 95a ? D50 Sa
ou’ oR’ ON
[ AT } ° AN-s3(R - B
{asa M %3 084 83( kl) [“)sa
/ p ’
Thanks to (3.15), (3.16) and (3.17) we obtain H < C&(u, Q5 ), and eventually | |p o, p <
651 LP(Qs5,,1;R3)
C |U|S,Qg,p' O

Now we compare the elementary displacements U, and Ué.

Corollary 1 . We have

|Ue - Ue|D,Q5,p <C |U|E,Qs,pa ||Ue - UeHLP(Qs;RS) < C‘S|“|S,Qa,p
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Moreover

U = Ul msy < C 6 Plule, 0,0, IR AN = RAN||oms) < C6 7 Jule, 0,
ou  ou 9 i
= A <ol C e RAN) - S (RAN) | <
H 08a  0sa llLP(wiR3) Jule. s 05 ( ) 5‘5a( )| = fule. 050
The constants do not depend on §.
Proof . These estimates are immediate consequences of (3.4) and (3.14). O

Let v9 be a part of dw of measure non null and T'ys = ®(y9%x] — 6, [). If the displacement w is null over

[ps then we have Y = R = 0 on vg. From (3.4) and Poincaré’s inequality we deduce
(3.18) U] o (30589) + ORIl (rosm3) < C8 /7 Jule g, -

Corollary 2 . (Korn’s inequality). We suppose that the shell is fized over Tos. Then we have

C
[ulp,0s.p + [|ull Lr(gsim3) < glu|5,95,p

The constant does not depend on 6.

Proof . This is an immediate consequence of (3.14) and (3.18). O

V. Appendix

We denote
e ||z||2 the euclidian norm of z,
o |||A]||2 the spectral norm of the matrix A,
e B(a; r) the ball centered at a and of radius r,
e [3 the unit matrix.
Lemma 4.1 : Let U be an open set included in B(O; R), star-shaped with respect to the ball B(O; Ry) and

D the linear transformation
®(z) = Az + b where A is an invertible matriz and where b € R®.

The open set V = ®(U) is included in the ball B(b; |||All|2R) and it is star-shaped with respect to the ball
B(b; Ry/IlA]2).

Proof . The open set V is star-shaped with respect to the points of the set @(B(O; Rl)). This set is
included in the ball B(b; Ry/|||A7Y|]2)- O

Lemma 4.2 : Let U be an open set included in B(O; R), star-shaped with respect to the ball B(O; Ry) and
® o C! diffeomorphism from U onto ¥V = @(ﬂ) verifying

®0)=0 and Vel |IVe(z)- Ll < (15)

The open set V = ®(U) is included in the ball B(O; 2R) and is star-shaped with respect to the ball
3 _ —

Proof . We put ¢ = (%) . For any (x,y) € U x U such that [z,y] € U we have

(4.1) 10(z) —@(y) = (z =yl <cllz—yll: = [[®@)—z|l2 < cf[z]]2
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The open set V is included in the ball B(O; 2R) since ||®(z)||2 < 2||z]|2.
Now we prove that the open set V is star-shaped with respect to any point of the ball B(O; R;/4).

Let A be a point in the ball B(O; R1/3). We prove by contradiction that the open segment joining ®(A) to
any point on the boundary of V is included in V.

Let 4 be a point on the boundary of V. There exists y € OU such that y = ®(y). We put A = O(A). If
the segment [A’,y [ contains a point z = ®(z) on the boundary of V then

z e U and 2 =2+ (1 =Ny A €]0,1].
From the second inequality in (4.1) we deduce that

14" = Al = [|®(A) - Al|2 < c||Al]2 < cR1/3

, } — |\z/—(/\A+(1—)\)y)||2§cR
lly —yll2 = [|2(y) —yll2 < cllyll2 < cR
Besides we get

o= A+ (L= Al = [1[z = 8] + [ = A4+ (1= )]l < clzlls + R < 20R < 32

Hence z belongs to the coloured cylinder (see Figure 1). In Figure 2 we consider the plan containing A, y
and z. The point z belongs to the exterior of the convex hull of the set B(A; R1/3) U {y} (this convex hull

minus {y} is included in &) and in the same way y is outside the convex hull of the set B(A; R;/3) U {z}.
_lly - All
- 10

Then we have ||y — z||2 and o < zyA <7 — o

Figure 1. Figure 2.
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The open set U is star-shaped with respect to every point in the ball centered at A and of radius R;/3.

2R R 4R R 4R
Moreover Tl <I|ly—Alls <R+ ?1 < = and ||z — Al < R+ ?1 < = Then we have

Let z be the common point to the two coloured lines. We have

cly—zll _ S8R

. My ==l _ 8R
~ sin(2a) T 3Ry

~ sin(2a) T 3R [ly = =ll2

[y = ]2 Iy = 2ll2 |z — z[]2

3R —
since sin(2«a) > 8—Rl The segments [y, x] and [z, 2] are included in U so, from the inequalities (4.1) we
obtain

1(2() — 2(A)A(B(y) — 2(2) — (s~ 2) 12 < [1B(0) — (A 2|2 (0) = B(=) — (5~ 2
< (1402 18() ~ B(E) — (- 2]l

4R

=

<1+ o)—Il(2y) —2(2) — (y — @) + (2(2) — @(2) — (z — 2))|2

4R 64 R?
< (1 9eflly = olla + [l = 2lla} < 1+ )5 lly = 2l

The points y = ®(y), 2 = ®(z) and A" = ®(A) are on the same line, hence
1(@(y) — 2(A) A (D(y) — @(2) = (y = 2)) ]2 = [[(2(y) — B(A)) A (y = 2)]2
=y — A+ [2(y) — 2(A) — (y = A A (y — 2)I2

4R
>ty = A A (y—2)ll2 = e=-lly — 2l2

3
) /\
We recall that ||y — Al|2 > % and % <sin(a) < sin(zyA). That gives
R? R AR 16R R3
B2l < 2Ly — —A<—A—<—[1—1— — >
Myl < T lly—2llally = Alls < 1ty A)A (=)l < 2 [(1+e) 32 +1] gl o> M

which is a contradiction. The open set V is star-shaped with respect to the point ®(A).
The ball B(O; Ry /4) is included in the range by ® of the ball B(O; R, /3) since for every 2 € V we have

1, i 1
{2 < [[@7H(@)ll2 <

T+e Tl ll2

O

Corollary of Lemmas 4.1 and 4.2 . Let U be an open set included in the ball B(O; R), star-shaped with
respect to the ball B(O; Ry) and ® a C' diffeomorphism from U onto V = @(H) verifying

— R1 3 —1
veell Vo) - Vo)l < (15) IVRO)IEII(TE©) I3

The open set ¥V = ®(U) is included in a ball of radius 2|||V®(O0)|||2R and is star-shaped with respect to a
ball of radius Ry /(4]]|(VE(0))™'||l2).
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Proof . We consider the mapping

Up(x) = ®(0) + VO(O)x xeu
The open set W = ¥, (U) is included in the ball B(®(0); R') (R = |||V®(0)|||2R) and it is star-shaped with
respect to the ball B(®(0); R)) (R} = Rl/H\(VCD(O))_lH\g). Now let ¥; be the mapping ¥; = ® o ¥y
This map is a C! diffeomorphism from W onto V. We have ¥; (®(0)) = ®(0) and o) (®(0)) = I3. Moreover

Vyew 11%3(y) = Llll2 < [[[VE(¥7 () = VE(O)[|2[[(VO(0)) ]|z

< Ve (@5 (1) ~ VRO (ve(0)) o = (1)

The open set V is included in a ball of radius R’ and it is star-shaped with respect to a ball of radius R/1 /4.0

Proof of Lemma 3.2 .

We use again the mappings introduced in Step 1 of Theorem 3.1. Through the use of easy geometrical
arguments we show that if § < inf{C/2, B/4(M + 1)}, we have

K
was \w C U {(slT, sor) | fr(s1r) < Sor < fr(s14) +20(M + 1), s1p E]O,A[},

r=1
K

{sewldist(s,0w) <25} C U {(slr,sw) | fr(s1r) —20(M 4+ 1) < s9p < fr(81r), S1r G]O,A[}.

r=1

Now we extend the displacement u € W1P(Qs; R?) near the portion of the boundary given by the
mapping f.. We begin with r = 1. Without being detrimental to the general case we can suppose that

(O1;e11,e21) = (O;e1,e2). In order to simplify the notation we replace f; by f.

2 A

320 %}

set ay = k%, k€{0,...,2N}. We have N greater than 3 and § < % < gé. For any k € {0,...,N — 1}

the domains

We suppose also that § < inf{A/12, B/(18 M+2)}. Let N be an odd integer belonging to [—

Bs i = {(s1,2) | f(s1) = 20(9IM +1) < 53 < f(s1), $1 €Jask, aorr)[}x] — 6,0
B:Lk = {(51782) I f(Sl) — 25(9M + 1) < S9 < f(Sl) + 2(5(9M + 1), S1 G]agk,ag(k+1)[}x] — 5,(5[

are star-shaped with respect to the ball of center (aggt1, f(2r+1) + (9M + 1),0) and of radius §/2 and
they have a diameter less than 6(42M +9). We put

Ctg)k = interior (B&72k U 8572/“_1 U 85’2/.34_2)
/ . . 7 7 7
C(;,k = 1nter101r<l'j’572,C U dek“ U 35’2k+2)

R e
Csp = mtemor(BM,C U Bs,2k+1 U 8572k+2)

The open sets Cs, ;, and C;,k are star-shaped with respect to the ball of center (g3, f(aar+3)—6(9M +1),0)
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and of radius §/2 and they have a diameter less than (42M + 15)6 = RJ.

l'ines of slope

/+M and -M

R

//7<

00

Figure 3. The domain Csj, N {s3 = 0}

There exists Cy > 0 which does not depend on § such that
V(s.3) € Cin x Cone [[[VB(s) — VO(3)][|2 < Cos

In the sequel we will work with the portions B, = ®(Bs,i), B;S,k = ‘b(B(/s,k) and (C:ik = (I)(C:S,k) of the shell.

Now we take § such that

Then we have

Cos < (Z2)" mt {IIveEs)IRIITaes) I3)

Thanks to the corollary of Lemmas 4.1 and 4.2 the domains B; 5, have a diameter less than 3Ré and they are
star-shaped with respect to a ball of radius §/16. From Theorem 1.3 there exist rigid body displacements

N -1 N -3
rgk,ke{0,...,T}andfk,k€{0,...,T}suchthat

43) { Dy (u — 1ok, Bs,ok) < CEH(u,Bs o), { Dp(u — 7k, Cs) < CE(u, Cs 1),
|

||U - TQkHip(]B&Y%;RIS) < Cépgp(uvﬁéﬂk)a - fk”][),p((cé’k;Rfi) < Cépgp(uv (C(S,k)a

where the constants do not depend on k£ and 4.

We define the one-to-one mapping ¥ : C;,k —] —3,3[x] —1,1[x] — 1,1] by

51— oupys S2— f(s1) s
““SQ’S‘”’)H( 5 ’6(18M+2)’6>

We have
1

Vs € C(;,k det (V\I/(S)) = m
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N -1
For every k in {0, e T}, the function (u —ray) o @ is defined on Bs k. We extend (u— 7o) o ®o W1

by reflexion and then we return in B;mk and we add rgx to the obtained displacement. We call again u this

new displacement. We have (the constants do not depend on k and ¢)

En(1, By ox) + Dp(u = 120, By o) < CE(w,Bozn)s  u—raul], 0 pay < COPEy(u, Boaw).
5,2k’

Figure 4. A portion of the boundary of the shell and the first extension of displacement u.

Thanks to (4.3) we can compare 7k, rop and ropro. We obtain

E( Chy) + Dyl = 7, Ciy) < O, o)y a7kl o g < COPE(u,Cp)
5,k
The function (u — 7x) o @ is defined on C(;:k. There exists a linear and continuous extension operator P
from WP(] — 3,3[x] — 1,1[2\] — 1,1[x]0,1[x] — 1,1]) into W'P(] — 3,3[x] — 1,1[?). Using P we extend
(u— 7)o ®o W™ then we return in (C:iQk and we add 7y to the obtained displacement. We call again u this

new displacement. We have

(N=-3)/2 (N-3)/2
Ep(u, U Cé,k) < C&p(u, U Cosx) < CE(u, Qs)
k=0 k=0

Now we go on with the other portions of the boundary of the shell. We take r = 2. If the extension is
already defined on a part of the domain {(512, $92) | fo(s12) < s22 < fa(s12)+ B, s12 €0, A[}, we preserve
only the part defined on the first or on the last domain of type B;’ & O
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