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Abstract

In this paper, we investigate the generalization of the Call-Put duality equality
obtained in [1] for perpetual American options when the Call-Put payoff (y —x)* is
replaced by ¢(x,y). It turns out that the duality still holds under monotonicity and
concavity assumptions on ¢. The specific analytical form of the Call-Put payoff only
makes calculations easier but is not crucial unlike in the derivation of the Call-Put
duality equality for European options. Last, we give some examples for which the
optimal strategy is known explicitly.

Introduction

In [1], we have obtained a Call-Put duality equality for perpetual American options. More
precisely, for an interest rate r > 0, a dividend rate 6 > 0 and a time-homogeneous local
volatility function

(Hvo1) o :R} — R’ continuous and such that 30,7 € R, Vo > 0, ¢ < o(x) <7,
let (SF,t > 0) denote the unique weak solution of the stochastic differential equation
dSy = S;{((r —6)dt + o(Sy)dWy), S§ =« (1)

where (W3, t > 0) is a standard Brownian motion. We have proved the existence of another
volatility function 7 satisfying (Hyo1) such that

Vz,y >0, sup Ele""(y—SH)*] = sup E [e"”(?y —x)*],

-
7€70,00 7€70,00
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where (S},t > 0) denotes the weak solution to
dS} = S{((6 — r)dt +n(S{)dW,), Sg =y. (2)

Here, 7~ denotes the set of stopping times with respect to the usual natural filtration of
the underlying.
Our primal goal was to generalize to American derivatives the Call-Put duality equality

forn=o0, VT, 2,y >0, E [e_TT(y — Sgﬁ)ﬂ =FE [e_‘sT(gg - x)ﬂ (3)

which holds in the European case. In the perpetual American case, unless o is a constant
(usual Black-Scholes model), then 7 is different from o. Then it is natural to wonder
whether the European and the perpetual American Call-Put dualities are similar in nature.
The European equality is equivalent to Dupire’s formula [3] and, to our knowledge, the
existing proofs of both results rely heavily on the following specifity of the payoff function
(y —x)* : for fixed y (resp. fixed x), in the distribution sense, 92(y — z)* = §,(x) (resp.
92(x —y)* = 04(y)). This property implies for instance that the second order derivative
of the European Put price with respect to the strike variable y is the actualized density of
the underlying asset S%. It is not obvious at all that the equality (3) could be generalized
by replacing respectively (y — S%)* and (S7 — )T by ¢(S%,y) and ¢(z, Sy.).
In contrast, we are going to show that it is possible to generalize the perpetual American
duality to payoff functions ¢(x,y) which only share global properties with (z —y)*. The
loss of the specific analytical expression only makes calculations more complicated.

More precisely, from now on, we assume that ¢ : R} x R% — R, is a continuous

function such ® = {(z,y) : ¢(z,y) > 0} # 0, ¢ is C? on ® and such that

Yo,y € ®, d,0(z,y) <0, dyo(z,y) > 0, F2g(z,y) < 0 and 95¢(z,y) <O0. (4)

Of course the function (y — x)* satisfies these assumptions. More general examples are
given in Section 2.

For y > 0, let us define X (y) = inf{z > 0, ¢(z,y) = 0} with the convention inf ) = +oc0.
Thanks to (4), we have {x > 0, ¢(x,y) =0} = {x > 0,z > X(y)} and 0 < X(y) < o0.
Moreover, the function y — X(y) is nondecreasing. Let us also define Y (z) = inf{y >
0,¢(z,y) > 0} = inf{y > 0,z < X(y)}. As the pseudo-inverse of the nondecreasing
function X, the function Y is nondecreasing. Finally,

®={(v,y), ¢(z,y) >0} ={(z,y), v < X(y)} ={(z,y), y > Y(z)}.

We also make the following assumption weaker than (Hye1) on the volatility functions :

vol

(Hyor) 0 : R} — R continuous and such that 3o < 400, Vz > 0, o(z) <.

When o and 7 satisty (H.,,), then weak existence and uniqueness hold for (1) and (2) (see

for example Theorem 5.15 in [4], using a log transformation). Let

P,(z,y) = sup E [e’”qﬁ(Sf,y)} and ¢,(y,z) = sup E [e"ﬂb(w,?i)] )

7€70,00 T7€70,00
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where the notations P and ¢ standing respectively for “Put” and “Call” are slightly abusive.

The paper is structured as follows. The first section is devoted to the pricing of per-
petual American options with payoff ¢. It turns out that, as in the Call-Put case, for fixed
strike y > 0 (resp. x > 0), there is a unique z*(y) (resp. y*(x)) such that

{z: Py(z,y) > d(z,y)} = (2"(y), +o0) resp. {y: ¢cy(y,z) > o(x,y)} = (0,y"()).

These exercise boundaries z*(y) and y*(x) are characterized by some implicit equations
involving ¢, and we prove that they solve explicit ODEs. The second section deals with the
duality result. We state a general result and, for two specific families of payoff functions,
we are able to find an explicit relation between dual volatilities, as in the call-put case.

1 Pricing of the perpetual American options

1.1 Pricing formulas and exercise boundaries

In this section we will use the approach of Beibel and Lerche [2] to explicit the pricing func-
tions P, and ¢,. As in [1], we will denote by f (resp. g) the unique, up to a multiplicative
constant, positive nonincreasing (resp. nondecreasing) solution of

%O’Q<SL’)$2f”(l’) +(r—0)zf'(x)—rf(x) = 0, x>0 (5)
(resp. %?72(37)56’29"(37) + (0 —r)zg'(x) —dg(x) = 0, >0). (6)

Let us also recall that
Vz >0, f"(z) >0 and ¢"(z) > 0. (7)

This has been checked for example in [1] (Lemma 3.1) where o is assumed to satisfy (Hyo1),
but the boundedness from below is not used in the proof.

Proposition 1.1. Let us fiz a strike y > 0. If X(y) = 0, then Yx > 0, P,(z,
Otherwise there is a unique x%(y) € (0, X(y)) such that 77 = inf{t > 0,57 <
(convention inf ) = +00) is an optimal stopping time for P, and:

o(25(y),y)
f(@3(y)

y) = 0.
z,(y)}

Vo < x3(y), Po(2,y) = ¢(x,y), Vo > 2, (y), Loz, y) = f(x) > o(x,y).  (8)

In addition, we have

os()y) _ flasy)) (9)
9o(x5(y),y)  f25(y))
which implies the smooth-fit principle. Last, the function y € {z : X(2) > 0} — x%(y)
is Ct and satisfies the following ODE:

9:90(x5(y), y)0y0(25(y), v)
(x5 (y),y)

zy(y)°o’ (2} (v))
2[ro(xs(y),y) + (6 — )i (y)0:0(x5(y), )] — x5 (y) 20 (x5 (y))020(x5(y), y)

zy(y) = |05,0(5(y),y) — (10)

X
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It 1s strictly increasing if one assumes moreover gb@iygb > 0,¢0y¢ on P.

Proof. For x > 0, let h(z) = ¢ﬁj)’) The function h is nonnegative and we have hA(07) =0

because 1im+f(x) = 400 (see [1]) and 1im+gz5(x,y) exists thanks to the monotonicity
z—0 z—0

assumption and is finite thanks to the concavity assumption made in (4). We have

also h(x) = 0 for x > X(y). Therefore the function h reaches its maximum at some
i (y) € (0, X(y)). In particular we have h’( *(y)) = 0 which also writes F'(x%(y),y) =0

where the function F(z,y) = afé:éxyz/) f/(m is deﬁned on ®. This proves (9).
Now since ?¢(z,y) <0 on {z < X(y)} and f J@I) s a positive function (see (7) for the
convexity of f), 0, F(x,y) = —¢((333;?;Z(;;2y) + 1 f?(m)é"”) is positive on (0, X (y)) which ensures

uniqueness of ¥ (y). The implicit function theorem, yields that z* is C! in the neighborhood

* Oy F(z} B d(25 (),y) 0y b (x5 (y),y)— (x5 (v),y) 02, b (x5 (y),y)
of y and xo(y)l = ayFET(y Since F( ( ) y) = — (a;;(z;(y),y)yy Hle o )

z*(y) is positive if ¢pO? ,& > 0,00,¢ on ®. From (9) and the ODE (5) satisfied by f, one
gets

" *

M _ 2 @5 (y).y) (6= )t ()

[ () v5(y)?o? (25 (y)) L 0ed(a3(y), y)
so that we can express 0, F(z}(y),y) only with the derivatives of ¢ and deduce (10).

When x > z%(y), the optimality of 7" follows from the arguments given in the proof of

Theorem 1.4 [1]. Let us now assume that z € (0,2%(y)) and set 7% = inf{t > 0: SF = z}
for z > 0. Using the strong Markov property and the optimality result when the initial
spot is % (y), then Fatou Lemma, we get for 7 € 7 o,

Ele™"¢(57,y)] < Ele B 5 (57 TATE (u)’y)] < lim infE[eirTAT;;(y)M‘b(SfAT s Y)]-

t—-+o00 z5(y)

By Ito’s formula,

1
de™o(S7 ) = | SoP(SE)(SEPOROSE,y) + (r — 0)SF0.0(S7, ) — r(SE.y) | dt
e 0,0(SE, y)o(SE)SEAW,

On {t < 7., }, we have Sy < a7 (y) < X(y). In case r > 4, it is obvious that the
drift term is nonpositive since it is a sum of three nonpositive terms. This ensures that for
t>0,Ele ™50 >At¢(5f/\7 oY) < o(z,y) and 77 = 0 is optimal.

In case r < 4, let us check that the drift term is still nonpositive by proving that the sum
of the two last terms is nonpositive.
The function is  — (r — §)z0,¢(x,y) — r¢(x,y) is nondecreasing on (0, X (y)) since its

derivative is equal to —00,¢(z,y) + (r — §)xd2¢(x,y). Thus, using (5) for the second
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equality, we have for = < z*(y)

(r = 0)x0pd(x,y) —ro(e,y) < (1= 0)a5(y)0:d(25(y),y) — ro(xy(y), y)
f'(x5(y))

= o(z,(y),y) (T—5)$Z(y)m—r
_ L o2 (N (2] T y)
= 2¢( -Y),y)o(z, (y))x, (v) T w) < 0.

O

Proposition 1.2. Let us fir a strike x > 0 and assume Y(x) > 0. If Y(x) = +oo,
then Yy > 0,¢,(y,x) = 0. Otherwise there is a unique y,(x) € (Y (x),+00) such that
7¢ = inf{t > 0,5/ > y;(2)} (convention inf() = +oc) is an optimal stopping time for c,
and:

o(, y;(x))

(0 () 9(y) > é(z,y).  (11)

Yy > yr(x), ey, x) = d(x,y), Yy < yp(x),c,y(y,z) =

d(yn(x)  _ g9lyy (=) S .

Bd ) = o @) and the smooth-fit principle holds. Last, x € {z :
»In n

0 <Y(z) < oo} y;(x) is C' and satisfies the following ODE:

0:0(a, 3(2))9,0(z, (@)
o,y @)

) ol Pr(y3(x)

2066z, y3(@) + (7 = 010,045 @) — v P (i ()50 . @)

It is strictly increasing if one assume moreover ¢p0,0y¢ > 0,¢0,¢ on {¢(x,y) > 0}.

In addition, we have

(@) = |05,0(z,y(x)) —

(12)

Proof. We introduce h(y) = % which vanishes for y < Y'(z) and for y = +o00. Indeed,

the concavity ensures that y — ¢(z,y) is bounded from above by some linear function and

we have already shown in [1] that g(y) > cy'*@ for some a,c > 0. We then obtain easily
y—Foo

Wo(zyy(x) _ g'(yy())

o(zy;(@)  — g(y;(2))
be checked by arnguments similar to the ones given in the proof of Proposition 1.1. To obtain

the ODE (12) satisfied by y;, the calculations are the same as for (10) in Proposition 1.1
exchanging r < 0, 0 <= n and 0, < 0,,. O

. The uniqueness of y;(z) € (Y (x),+00) and the optimality of 77 can

Remark 1.3. We incidentally obtain in the proof of Proposition 1.1 that

Vo < 2 (y), (r — 6)x0:é(x,y) —ro(z,y) < 0.
Similarly,
Yy 2 y,(2), (6 — r)ydyo(z,y) — dd(z,y) < 0.

In particular, thanks to (4), the denominator of the second term in the r.h.s. of (10) (resp.
(12)) is positive.
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1.2 Estimates on the exercise boundaries

Now, we would like to get also estimations on the exercise boundaries. As in [1], we use a
comparison to the Black-Scholes model with constant volatility for which estimations are
easier to get.

Proposition 1.4. Let us consider two wvolatility functions o1 and oy (resp.n; and 1y )
satisfying (H.,,) such that Vx > 0,01(x) < o9(z) (resp. Vo > 0,m(x) < ma(x)). Then, we
have:

Va,y >0, P, (2,y) < Foy(2,y) (resp. Y,y > 0,¢,(y, ) < ey, ) )

and we can compare the exercise boundaries:

Yy > 0,25,(y) < 23, (y) (resp. Yo > 0,y, () <y, (2) ).

Proof. Let us focus on the put case. If P, (z,y) = ¢(x,y), we have clearly P, (x,y) <
—r’rxial .
P,,(z,y). Otherwise we have P, (z,y) = ¢(z} (y),y)Ele 1] where for i € {1,2},
5% = inf{t > 0 : Sy"" = z} with S}"" solving (1) for the volatility function o;. Thanks
to (7), we know that f,, is a convex function. According to the proof of Proposition 1.9 [1],

x,09

— ? 1 -
Ele *#®] <E[e  *®]. Therefore,

xX,o
—r7 02

PJl(xay) S ¢(x:1 (y)ay)E[e zgl(y)] S PJQ(:E?y)'
]

Proposition 1.5. Let & (resp. 1) denote an upper bound of the function o(.) (resp. n(.)).
Then,

Yy >0 s.t. X(y) >0, X(y) <xi(y) < X(y)

a(@) —1

(resp. Ve >0 st 0<Y(z) <+oo, Y(r) <y,(z) < WY(ZL‘))

§—1462/2—1/ (6—1+62/2)2+2r¢2

where a(s) = = is an increasing function on (0,+00) such that
im0 a(s) =0 and
—T 4fdH >
lima(c) =4 o7 i "
s—0 —o0 otherwise

(resp. b(s) =1—a(s) >1).

Proof. When 6 = r, the properties of a(s) = 5 — /1 + ?—;’ are obvious. Otherwise, a(s) =

A(‘S;—J) with A(z) = 2+ § — \/(aj +3)? + 2£. Remarking that lim, ,_ A(z) = —oo,

A(0) = 0 and lim,_, 1o A(z) = —5", one easily deduces the limits of a() as ¢ tends to 0 or
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. ($+l)2+ QZI - x+l+% rx r 2 —rd
+00. Since A'(z) = ¥ 2\/(xi%)2£§%; =) and (z4+3)?+ 22— (z+ 1+ 55)" = ooz =0,
5+r
2(6—r)
d > r and positive on (—o0,0) when 0 < r. One easily deduces the monotonicity properties
of a.

Let us deduce the estimation for the put case. Thanks to Proposition 1.4, we have
*

xi(y) > zi(y). The solution of the EDO (5) with a volatility function constant equal

(e

to 7 is f(z) = @ . Let us consider the function z € (0, X(y)) r— 2z _ Jolo) g

ax¢(xyy) fé(x) ’
—o(2,y)028(x,y) + fo(x) f7 () (@) (@) fr(x) _
(O p(z,y))?

(a2 is greater than aa(agl since Oggb < 0 and J%(}”’—W =
. Integrating this inequality between z%(y) and X (y) then using (9) and remarking

A'(z) has the same sign as — (:c + ) In particular A’ is negative on (0, +00) when

derivative
a(E(l;l
that by (4), 2:¢(X (y)7,y) < 0 and 5% (X (y)7,y) = 0, we get —X(y) > “TLL (X (y) -

a(@) (@)
x%(y)) and thus:
a(o)
* >
w5 (y) = —

(@) —1

X(y).

x - g : ¢y) _ gny)
The proof for y; works in the same way considering the function y — Byoley) oy

O

Remark 1.6. In the Call-Put case ¢(x,y) = (y—x)T, since ?d(x,y) = 0 forx < X(y) =
y, under (Hyo1) one obtains xi(y) < a(ag()gzly by an easy adaptation of the arguments given
in the proof of Proposition 1.5. In [1], this estimate combined with the ODE (10) derived
below allowed us to characterise explicitly the set of exercise boundaries x’. and get a one-
to-one correspondence between the volatility functions satisfying (Hyo1) and the exercise
boundaries.

For general payoff functions ¢, because 9>¢ does not vanish, we were not able to get under
(Hvo1) an upper-bound for x¥ better than x:(y) < X(y) which already holds under (H.,,).

vol
That is why we work with hypothesis (H. ;) in the present paper.

vol

2 Duality

Let us now investigate conditions ensuring
Yo,y >0, Py(z,y) = cy(y, 2). (13)

First, in order to use the pricing formulas given in Propositions 1.1 and 1.2, we assume
that for all > 0, Y'(z) > 0 condition which implies X (0") = 0.

Since ® # (), there exists (z,y) € R% x R% such that ¢(x,y) > 0. Then X(y) > 0 and
Y (z) < 400, and by Propositions 1.1 and 1.2, the functions z — P,(z,y) and z — ¢,(z, x)
do not vanish on (0, +00). If for some ¢’ € (0,y), one had X (y') = 0, then ¢ and therefore
P, would vanish on (0,400) x (0,%/]. In particular P, would vanish on {z} x (0,¢/]
preventing (13). In the same way, if one had X (+00) < 400, then ¢, would vanish on
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(0, +00) X [X(400), +00) preventing (13). That is why we make the following assumption
on X:
Vy >0,X(y) >0, X(07) =0 and X (+00) = +00. (14)

This assumption automatically ensures Y(07) = 0, 0 < Y(z) < 400 for x > 0 and
Y (+00) = +00. We are now able give a necessary and sufficient condition for (13) to hold.

Theorem 2.1. Assume that ¢ satisfy (14) and that o and n satisfy (Hyy;). Then, (13)
holds if and only if x, and y, are increasing reciprocal functions.

Proof. This result can be checked by an immediate adaptation of the proof of Theo-
rem 4.1 [1], except for the increasing property in the necessary condition that we explain
here. The equality of the exercise regions writes

{(z,y) € R 12 <ap(y)} = {(z.y) € (RY)? 1 yp(@) <y, (15)

and thus z < 2 (y;(z)). Therefore (2',y;(x)) belongs to the exercise region for ' < x and
we get yy(z') < y,(x). Similarly, z} is nondecreasing. Therefore, using Propositions 1.1,
1.2 and 1.5 , we get that z; and y; are continuous nondecreasing functions from R onto
R%. From (15), they are reciprocal functions. Since they are both continuous, they are

increasing. U

Let us recall here that under the following assumption on ¢
60,6 > 0,60,6 on O, (16)

Propositions 1.1 and 1.2 ensure that the exercise boundaries are automatically increasing.
We give a general class of functions ¢ that satisfy all the required assumptions.

Example 2.2. Let ¢ : R, — R, be an increasing concave function C* on (0,+00) and
such that ¥(0) = (07) = 0, ¢, : R — RY (resp. ¢, : R — R%) be a C? increasing
convex (resp. concave) function such that ¢,(07) = 0 (resp. 1,(07) = 0 and 1, (+00) =
+00). Then the function ¢(z,y) = Y((Y,(y) — Y.(2))T) satisfies (4). It is such that

X(y) = (y(y), Y (2) = b, (¢u(2)) and (14) and (16) hold.

For some specific payoff functions of this family, we are now going to state conditions
on o and n such that zj; and y, are reciprocal functions. We first recall results obtained
in [1] in the call-put case ¢(z,y) = (y — x)". Then, we address two generalizations :

o(r,y) = (Yy(y) — Ye(2))* and d(z,y) = (y —x)*".

2.1 The call-put case ¢(z,y) = (y — z)"

Let us recall here the main result obtained in [1]:

Theorem 2.3. Let us consider two volatility functions satisfying (Hyo1). The following
conditions are equivalent:

(1) ¥,y >0, Pyp(z,y) = cy(y, x).

(2) 1 =6 where 6(y) = 2y — w2 (1)) (ry — 625 (y) /[yt (Yo (@ (1))

(3) 0 = where n(z) = 2(y;(x) — o) (ry; () ~ 62)/ [y () ()]
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As proved in [1], if o (resp. n) satisfies (Hyo1), then & (vesp. 1) also satisfies (Hyor). This
very convenient property ensures that for a given volatility function o satisfying (Hyol),
there always exists a dual volatility function 7 also satisfying (Hye1) such that condition (1)
above holds. Unfortunately, for the more general payoft functions that we consider in the
sequel, stability of the Hypotheses (Hyo1) or (H.,,) is no longer straightforward. And it
may happen that no dual volatility function n can be associated with o.

2.2 The case ¢(z,y) = (Y, (y) — s (x))"

In this section, we will focus on the case ¢(x,y) = (¢ (y) — Yo (x))* where ¥, : RY — R%
(resp. ¥, : R* — R*) is a C? increasing concave (resp. convex) function such that
¥, (07) = 0 and ¢, (+00) = +oo (resp. ¥,(07) = 0). Then one has X (y) = v, (¢y(v))
and Y (@) = v, ' (12()).

Let us first give an example of application of Theorem 2.1 when ¢, and v, are power
functions and the local volatility functions ¢ and n are constant.

Example 2.4. Let us suppose that ¢(x,y) = (v —27)* wherey' € (0,1] and v > 1. When
the local volatility function o is a constant and equal to s, f(x) = 2% with a(s) given in

1/y
Proposition 1.5. The equality 22&eWy) — F@aW) 40, yzelds v (y) = (L)»J Y.

o3 (v).) flzs (y a(s)—=
In the same way, for n constant equal to v, as g(x) = 2*¥) with b(v) = 1 — a(v), yp(z) =

/
b ’ . . .
(b(y()':),y,> 7" These boundaries are reciprocal functions as soon as

7Y'als) +7b(v) = 7"

According to Proposition 1.5, when r > §, for fired ¢ € (0,400) this equation admits a
solution v € (0,+00) iff ¢ < a *(y(1 — %)) and it admits a solution ¢ € (0,+00) for
any fized v € (0,400). When 6 > r, there is no solution if y(1 — 5) < —5% and
otherwise it admits a solution v for fived ¢ < a='(y(1 — %)) and a solution < for fized

v > bl (y/(1+ V(5”4))).

For general functions ¢, and 1,, we are able to investigate uniqueness for the ODEs
(10) and (12) which respectively write :

vy) = Yy (w5(y ))w’( )
7 Uy (y) — V(25 (y))

(17)

) (y)*o* () (y))

2 (0, () — ala () + (= 0)g ()l ()] + 5 (9)20 (a5 ()05 ()

L R e)
) = @) - @) (18)
i (@) (4 (2))

2050, (@) — e (@) + (r — 0) g (2) ) ()] — w2 (i ()0} (v ()
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!/

Proposition 2.5. When n satisfies (Hyq,), the boundary y;(z) is the unique solution y(z)
of (18) on R that is increasing, such that Y (x) < y(z) and y(0*) = 0.

Proof. Let us consider y;(x) and y»(x), two solutions of (18) on R* that are increasing and
such that y;(x) > Y (z) and y;(0%) = 0 for 7 € {1,2}. In particular, y; and y, are bijections
on R* and we may define I(z) = y; '(y2(x)) /2. By an easy computation, one checks

(@[ ) = blel@)
) :c(w;(:cf(x)) l”wy<y2<x>>—wx<x>

[0y (y2()) = Pa () + (r = 0)y2(2) ¢y (y2(2))] — y2(2)*n (y2(x)) ¥y (y2(x)) '

x |1
+2

The constant 1 is clearly solution to this equation and we want to check that I = 1. Let
us suppose that I # 1. Thanks to the Cauchy-Lipschitz theorem, it induces that either
Ve > 0,1(z) > 1 or Vo > 0,1(z) < 1. Let us suppose Yz > 0, I(x) < 1. Then, it is easy to
see from the last expression that

Vo >0, I'(z) > 5(1 — I(2)).

Indeed, since v/, is non decreasing, we have (z) > 1.(z1(z)) and the terms into brackets
are also greater than 1 because v, is increasing and both denominators are nonnegative
as Yy (y2(x)) > (), yh(x) > 0 and yo solves (18). In particular we have shown that
I'(z) > 0 and therefore,

(1= 1(1)).
Thus, we get I(1) — I(x) > (I(1) — 1)In(z) — oo and so I(z) — —oo which is

Ve e (0,1), I'(x) >

SHEL=

z—0t+ z—0t
contradictory since Vo > 0, I(z) > 0.
When Yz > 0,1(z) > 1, considering y; (y1(x))/z instead of I(x), we get the same
contradiction as previously. O

Now let us turn to the uniqueness result on the boundary z(y).

Proposition 2.6. Let o satisfy (H.,,) and 1, be such that :

vol
Va € (0,1),3C, > 0,Vz > 0, Y.(az) > Coth,(x). (19)

The boundary x}(y) is the unique solution x(y) of (17) on RY that is increasing and
such that 3o € (0, 1),
Vy >0, aX(y) <a(y) < X(y). (20)

Hypothesis (19) is satisfied by the function z* with @ > 1 but not by the function
exp(bz) — 1 with b > 0.
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7)1
Let x; and 2 denote two solutions of (17) satisfying (20) with respective constants oy, ap €

(1
(0,1) and I(y) = 4y (27" (22(y))) /¥ (y). One has

Proof. The boundary z(y) satisfies (20) with a = a(a (@) according to Proposition 1.5.

), L(y) = vul@2(9)) /2y ()
T =w < [ L= Gulaa()) 0)
20, () (F(y) ~ 1) y
N W) — @)+ (= sy <>>]+m(y)%%m(y»wm<y>>] ””)'

Let us suppose that I (y) # 1. Thanks to the Cauchy-Lipschitz theorem, we have either
Yy > 0,1(y) > 1or Yy > 0,I(y) < 1. Let us suppose that Vy > 0,(y) > 1. As in the last
proof, the second bracket is greater than 1, and we get

P (y) Vo (22(y)) /0y (y)
¥y (y) 1 —u(w2(y)) /Uy (y)

Since x2(y) < X(y) = (¥2) (¥, (y)), we have 0 < 1, (22(y))/¢,(y) < 1 and therefore
I'(y) > 0. Since x, satisfies (20) with constant a,, we get by (19)

Yy >0, Yu(z2(y)) > e X (y)) > Cazd’y(@/)-

Vy >0, I'(y) = = (I(y) = 1)

Since z +— 1= = —1 + L is increasing on (0, 1) and I is increasing, we deduce that
T ,lvz)l (y) T Ca
Vy>1, I'(y) = = =S(I(1) = 1)—2
wy <y> 1 - Caz

As a consequence,

i) = 1) = (F(1) - 1) faga In (Zzgs) T oo

In the same time, since z; satisfies (20) with constant a;, we have X (y) = (¢) " (¢, (v))
1

ar71(y) and therefore (@) < (%)*1(%(51))- We get vy (27" (22(y))) < %(wi(f’))
Yelza(y) wy » ) and thus I(y) < c which is contradictory with I(+o00) =

ay
When Vy >0,1(y) <1, cons1der1ng Uy (x5 (21(y))) /by (y) instead of I(y), we reach the
same contradiction as previously. O

IA A

Like in the call-put case, we are now able to state a more precise duality result.

Theorem 2.7. Let us assume that o and n satisfy (H.,,) and set
Aly) = [wy(y)%(l‘?}(y))r o 2r@y W)= (25 W)+ r=0)zg (W)v% (s ()] +as (v)*0? (25 W)¥E (w5 (v)
Y EACAMIAN) w5 )70 (5 (4) ’

)
(@) -ba (@) |2 2y (@)~ @)+ =8y () @) - (P ) e e)
B(z) = [‘wu;)w‘;(y‘;(m] X : @I @) T which
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are positive functions according to Remark 1.3. Then, the following assertions are equiva-
lent :

(1) VYz,y >0, Py(z,y) = cy(y, ).

(2) Yy >0, min[1+ 97 (y) A(y), 64y (y) — a5 () + (r = 0)yiby (y)] > 0 and 1 = & where

1

5(y) = ;\/ 2510y () — a2 (1)) + ( — D)y (3)] —— )

L+ (y)Aly)

(21)

If one assumes moreover that v, satisfies (19), they are also equivalent to

(8) Vo >0, min[1 =7 (z) B(x), (¥, (y;(2)) — ¥ (2)) + (r = 6) 2, (2)] > 0 and o = n where

1

) = ;\/ 20 (1 (05 (@)) — (@) + (7 — D)t (@)] -

1 —il(x)B(x)

(22)

Notice that one easily recovers the call-put formulas given in Theorem 2.3 if one takes

o) = 2 and Py (y) = y.

Proof. Since the payoff function satisfies (16), by Theorem 2.1 the assertion (1) is equiv-
alent to the reciprocity of the functions x; and y;. Therefore the implications (1) =
(2) and (1) = (3) are obtained by combining respectively (y;) (z;(y))z;(y)" = 1 and

lea

() (yn(x))yn(x)" =1 with (17) and (18), the positivity of the terms between brackets in
(21) and (22) coming from Remark 1.3.
Let us prove (2) = (1). Computing (2 ') (z) thanks to (17), then using (21) written

at the point y = 2 '(z), we check that x:~! solves the same ODE as Yy Since it is

increasing and z;~'(07) = 0, we conclude by Proposition 2.5 that 3" = y7.

To prove (3) = (1), we check in the same manner that y;;_l(y) solves the same ODE as
23 (y). The function y; (x) is increasing and according to Proposition 1.5, y;(z) < BY (z) for
g = b(bﬁ()ﬁzl > 1. With the concavity of ¢, and ¢; ' combined with v, (07) = ¢ 1(0") = 0,
this ensures

vy >0, (y,) " (y) = X(y/B) = (Va) " Wy (y/B)) = ()" (¥ (y)/B) = X () /5.

By Proposition 2.6, we conclude that (y;;)*l =z, O

(e

To give an analytical example of non constant dual volatility functions, we now assume
that |¢(z,y) = (ay —27)" | with @ > 0 and v > 1. For a,b,c > 0, we introduce the
reciprocal functions

1 y:c7+a
—T
o bxY+e¢

Yy (x) = and z*(y) = B (bay —a++/(bay —a)? + 4cay>] . .

Under some assumptions on the coefficients a, b and ¢, these functions are the exercise
boundaries associated with explicit dual volatility functions.
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Proposition 2.8. Let us assume that either r > § and max(c/a,b) < 1 with min(c/a,b) <
1 orr < ¢ and max(c/a,b) < 1+(5/+1)7 with min(c/a,b) < m. Let us also assume
(v —1)b(2¢ —a) + c(y+ 1) > 0. Then, the volatility functions

ola) = l\/ 2fr(ag () = 27) + (r = §)a7]

1 ay*(x) — x7
y*(z) [ ayart

n(y) = 5\/ 2[ray — ox*(y) ] A(y) with A(y) =

B(x)
=70y = o 2B(x)

with B(x) =

], and

= Lo

are well defined and satisfy (H.,q,;). Moreover, we have Yp =y" and x; = x* and thus the
duality holds: Vx,y >0, P,(x,y) = ¢,(y,x).

When r > ¢, it is easy to fulfill the required assumptions by taking for example a, b
and ¢ such that b < 1 and 1/2 < ¢/a < 1. When r < §, the first condition is satisfied if

max(c/a,b) < m and the second condition can be rewritten 2 > ¢ — 122 Thus
v c v—1
taking for example b < m and then £ = 63—3, one can get dual volatility functions.

Proof. First step: let us check that the functions o and n are well defined and satisfy
(Hio)- Since we have max(c/a,b) < 1 and min(c/a,b) < 1, we get y*(z) > a7 = Y ()
(and thus 2*(y) < (ay)¥? = X(y)). Since y*(x)’ > 0 (and thus z*(y)' = 1/y* (z*(y)) > 0),
this ensures B(z) > 0 and A(y) > 0. For r > ¢, it is then clear that r(ay*(z) — 27) +
(r —9d)yz” > 0 and ray — 0x*(y)” > 0. For 6 > r, the condition max(c/a,b) <
and min(c/a,b) < m
ray — 0z*(y)Y > 0 (or equivalently ray*(z) — éx7 > 0) since
Thus, n is well defined and positive. Since

1
1+(6/r—1)y
ensures that r(ay*(z) — 27) + (r — §)y2Y > 0, but also

1
mgr/éfor’}/Zl

() 1 ba® + 22" 4 ac
x) = —yx ,
Y o (bxY + ¢)?

B(x)
1-y(y=1)z7=2B(z)
1

1y (b7 +¢)((1 = b)x” +a — ¢)
B (= DR T (0 — Db(2e — @)+ ey + D) + el + a— o)

we get after some calculations that is equal to

and is positive because we have assumed (7 — 1)b(2¢ — a) + ¢(y + 1) > 0 (all other terms
are positive). Thus o is well defined and we have

5()(1 +(y=1)b)x* + ((y = Db(2c —a) + e(y + 1))z + c(ye+a —¢) (23)

(e = \/ > [(EE - )+ =00 e + o= b +a—0

that is clearly bounded from above. To see that 7 is also bounded from above we calculate
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| ray —o0x*(y)Y oy —a*(y)  br*(y)* + 2cx*(y) + ac
) = \/2 v T a5 ey tep

using that 1/2%(y) = y*'(2*(y)).

Second step: We have ~27 < y*(z) < max(3,2%)Lz7 and thus max(b, =1 () <

o). 2 xT
7*(y) < (ay)'/". From the definition of o, we get B(x) = 2[r(ay*(m)—ﬂ)+(r—6)£/m)ﬂ+y(y—1)aﬂa2(x)'
Combining this equality for = x*(y) with the definition of B, we deduce that z* solves
the ODE (17). In the same manner, we show that y* solves the ODE (18). Thanks to

Propositions 2.5 and 2.6, we conclude that y* = y; and 2™ = z7. U

Remark 2.9. For b =1, we get cases where o and n satisfy (H.,) but not (Hyo1) since

% r—ob)xY +ra—adc b2 +2cxY+ac)((1—=b)zY+a—c
n(y*(x)) = %( Zﬂt; x (:z::jrrct)()l>(:'§”Jrc))Qwr L For § > rb = 1+(5/1rfl)’7

v > 1 we get cases where 1 satisfies (Hyo1) and o satisfies ( v01) but not (Hyo1) (see (23)).
If we have max(c/a,b) < 1 when r > ¢ or max(c/a,b) < when r < §, one can

check that o and n satisfy (Hyo1)-

and

1+(5/r71)fy

We have plotted in Figure 1 an example that illustrates the duality. We have computed

prices of American options with finite maturity T, precisely sup E[e ""¢(S*, y)*] and
T7€T0,T

cs(T,y,x) = sup E[e 57(;5(3:,?2)] where the supremum is taken over 7pp, the set of

€Ty,
stopping times almost surely smaller than 7. We see that both converge to the same limit
when 7' is large.

2.3 The case ¢(z,y) = (y —x)*", v € (0,1]

Let us first give an example of application of Theorem 2.1 for this payoff when the local
volatility functions o and n are constant.

Example 2.10. When the local volatility function o is a constant and equal to ¢, f(z) =

2% with a(s) given in Proposition 1.5. The equality az?if%g)i/) = f/((;;((g)))) then yields
* a(s)

xi(y) = a0 Y- In the same way, for 1 constant equal to v, as g(z) = 2*@) with b(v) =

L —a(v), y;(r) = b(b()”) x. These boundaries are reciprocal functions as soon as

a(s) +b(v) =~.

According to Proposition 1.5, when r > §, for fived ¢ € (0,400) this equation admits a
solution v € (0,+00) iff ¢ < a~(y—1) and it admits a solution ¢ € (0,+00) for any fized

v € (0,+00). When 0 > r, there is no solution if v —1 < —<"— and otherwise it admits a
solution v for fived ¢ < a'(y — 1) and a solution s for fized v > b~ (y + s&).
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0.10

o
o
)

Figure 1: P, (T, z,y) (solid line) and ¢z (7, y, z) (dashed line) in function of the time T for a = 1.5,
b=5/9,¢c=12=1,4y=0.99,r=0.2and § =0.1.

For the particular choice ¢(z,y) = (y — x)*” the ODEs (10) and (12) write

L ()20 (w5 ()
ECA s OV ) R ) e ] PRy 9 B g ey o e e o B
e (@) (@) )
) = ) = T = @i — 2] F A0 =D @R )

Since Y'(z) = z, y;(x) > = and by Remark 1.3, d(y;(z) — ) +v(r — &)y;(x) > 0. It turns
out that uniqueness holds for the ODE (25) under these conditions.

Proposition 2.11. When n satisfies (H.,), the boundary y;(z) is the unique solution y(z)
of (25) on R that is increasing, such that y(07) = 0 and minfy(z) —z, §(y(z) —z) +~v(r —
dy(z)] > 0 for all z > 0.

Proof. Let yl( ) and yo(z) denote two solutions of (25) satisfying the above hypotheses
and I(z) = ﬂ We have I'(z) = 1 (% — f(:p)) where

F(zy) =2y —2)[0(y — 2) + 7y(r — &)yl +v(1 — 1y’ (y).
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Writing the estimations satisfied by 1 (resp. ) at y; '(ya2(z)) (resp. z) one obtains
F(zI(z),y2(z)) > 0 (vesp. F(z,y2(z)) > 0). Moreover, since d.F(z,y) = —2[20(y —
z) + y(r — 6)y] both zI(z) and x belong to the interval (0, W) on which z —
F(z,y2(x)) is decreasing. One easily concludes by the same argument as in the proof of
Proposition 2.5. 0

Proposition 2.12. If o satisfies (H.,,) and max <r — 0, (6_7(2(_“/;5;23;7)7’)) > (1= «/ , then

z(y) is the unique solution x(y) of (24) on RY that is increasing and such that 35 > 0,

(e

Yy > 0, ey < z(y) < min <1, (1_7)#) y.

vol

Proof. By the convexity of @ — 1/xz, one has r/(v0 + (1 —v)r) < r(y/6 + (1 —7)/r) =
(yr + (1 —v)6)/6. Therefore, using Remark 1.3 for the first inequality, one deduces

< 7”’“1_7)5@/.

Toly) < yo+ (1 — fy)ry - )

Let x(y) denote a solution of (24) and I(y) = %, one has I'(y) = f(y)flG(y)
with

20r(I(y)y? — x5(y)?) + 7(r — i (y)?] — v(1 = )i (y) o (x5 (y))
2r(y — = (y))2 Y(r = 8)xs(w)(y — 25 (v)] + (1 =)z (y) 2o (z;(y)

(“() y = 25(y) < zX(y) < y, which implies that the

Gy) =

denominator in the definition of G is not greater than <2ny[ v T () — 7)62> ki (y)2.

a*(o) a(@) o

Ifr—o6> % and z(y) < y, then z*(y) < 2~ (% (y)) = yI(y) and

V()20 5) ~ (1))
e T [t BT P ol

o—r)(vé+(1 r 1— 1 S+~r % T
If A > | 2% and z(y) < Sy then St (y) < v (23(y)) = ¥l (y)

and using the first inequality in (26), we get

_ 6—r)(vo —~)r _
~va(3) (2( (I)E'I{);LJ(F{W“/) ) (1- 7)02)
29°r + (1 — v)a?(0)5?

> 0.

> 0.

Yy >0, G(y) >

In both cases, when I(1) > 1 then Yy > 0, I(y) > 1 and for y > 1, I(y) — I(1) >
c(I(1)—1)log(y) for some positive constant c. This contradicts the inequality = (z%(y)) <

27! (y) < ¥ which holds as soon as for all y > 0, z(y) > ey. When I(1) < 1, then for y > 1,
I(y) — I(1) < ¢(I(1) — 1) log(y) which contradicts the positivity of I. O

Theorem 2.13. Let us assume that o and n satisfy (H.o;). Then, the following assertions
are equivalent:
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(1)Vx,y >0, P,(z,y) = c,
(%Vy>0 zh(y)*o?(x)(y)) >
52(y) = 200 = 7o (y)* + ;(J’f’ —0yly — 25 (y))]
20r(y — x5 (y))* +v(r — kb (y) (y — x5 (y)] + (1 — 7)xh(y) o (x5 (y))
Y22 = y)wg(y)2o?(xx(y) — 2(1 = 3)[r(y — 25(y))? +v(r — 0)xi(v)(y — 25 (y))]

(Y, )

L[ (y — x5 (1) +(r = 0)as (y) (y — 25(y))] and n =5

If moreover max (r -9, (6 - V5+(1 2)r) ) > , they are also equivalent to
5

(3) Yo > 0,y;(x)*n (yn(x)) =[5y (« ) 2)? +(r — 8y () (yn (@) — )], yy(2) >
o+(1—)r

x and o(x) = n(z) where

() = 2[r(y,(z) —2)* +~(r — 0)a(y,(x) — )]
'] N2
y 2[0(yp () — x)* +y(r = O)yy () (y; (2) — 2)] + (1 = 7)ys(x)*n*(y; ()
V(2 = )y (@) n* (v (@) — 2(1 = N)[6(yy(x) — @)% + y(r — 0)y;(@)(y;(x) — )]
Using (26), the numerator in the first term of the r.h.s. of the equation giving 52(y) is

positive. Notice that in (3), the condition y;(z) > M
the analogous term is satisfied as soon as § < r.

x that ensures the positivity of

Proof. The proof is similar to the one of Theorem 2.7. For (1) = (3), y;(z) > SLANERS )L

comes from y; = 2" and (26). For (2) = (1), one remarks that according to (26)
and Proposition 1.5, Vo > 0, 2~ *(z) > max(ﬁ, x) which, combined with Proposi-
tion 2.11, ensures that z: 7" = y;.

For (3) = (1), since according to Proposition 1.4, Example 2.10 and Remark 1.3, 7= )7) x>

y;(l’) > max (17 m) x, one has (b(n()) )y <y~ Y(y) < min <1’ “/TJr((lS*“/)é) y. O

To obtain an analytical example of non-constant dual volatility functions, we consider
the same reciprocal boundaries as in [1] :

1
y(x) ==z and z*(y) = 5 (by —a++/(by —a)?+ 4cy) with a,b,c > 0.

Under some assumptions on a, b, ¢, these functions are the exercise boundaries associated
with explicit dual volatility functions.

Proposition 2.14. Let us assume that max(c/a,b) < min(1, a min(c/a,b) > 1—v

Tyrrs):

and 151 [max(g, ¢) —1][r max(, %) — ((1 —)r +~0)] < max ( -0, %). Then
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the volatility functions

0l bx? + 2cx + ac+ (v — 1)(bx + ¢)?

2y — 2 W)]é(y — 2*(y)) +v(r — 0)yl[bz*(y)* + 2ca*(y) + ac]
v y?[b(b+ v — Da*(y)® + 2¢(b+ v — D)a*(y) + ca(€ + v — 1)]

o(z) = ¢2h@—®+a—dhv—wﬂ—vﬁ+wm+av—ﬁﬂ—v%+vw}

are well defined and satisfy (Hyo1). Moreover we have y; = y* and xj, = x* and thus the
duality holds: Vz,y > 0, P,(x,y) = ¢,(y,x).

We have plotted in Figure 1 an example that illustrates this duality result.

Remark 2.15. Let us comment briefly the assumptions on the coefficients a,b,c. Under
the second hypothesis, max(1/b,c/a) < (1 — )~ and therefore the third assumption will
be automatically satisfied if

| <

(max(1/b,a/c) —1) < r — 9 whenr >,

(6 —r)(y0+ (1 —7)r)
(1 =)0 +~r

2

(max(1/b,a/c) — ((1 =) +~0/r)) < when r < 4.

20 2

When r > 6, it is always possible to take b and a/c close enough to 1 so that the equivalent
condition max(1/b,a/c) < 1+ ~*(1 — &/r) is satisfied. In the same manner, if 6 > r, the
first hypothesis writes min(1/b,a/c) > 1 —~+4~d/r, and the third assumption will be always
satisfied if one takes parameters such that 1/b and a/c are close enough to 1 —~ + ~d/r.
This is nonetheless compatible with the second assumption only if 1 — v < m, i.€.

5/r < f:J Otherwise, there are no parameters a,b, ¢ that fulfill the three assumptions. Let
us remark incidentally that this condition is the same as the condition v —1 > —s— which
appears in the Black-Scholes case (see Example 2.10).

Proof. First step: let us check that the functions o andn are well defined and satisfy (Hyo1)-
The denominator in the definition of o is equal to b(1 + (y — 1)b)z? + 2¢(1 + (y — 1)b)x +
ac(l 4+ (v — 1)c/a): this is a second degree polynomial with positive coefficients because
max(c/a,b) < 1. It is then easy to check that o is well defined and satisfy (Hyo1) using

that max(c/a,b) < min(1, (1—v)++75) We get after some calculations

(4" (2) 2[2(1=0) +a—c][(yr+ (1 —=7)8) —ob)x + (yr + (1 —v)6 — 6<)a][br? + 2cx + ac]
x)) =4[] —

4 v (x+a)?*[b(b+~ —1)z% +2¢(b+v — 1)z + ca(S + v — 1)]

From the first hypothesis and the argument given at the beginning of the proof of Propo-

sition 2.12, one obtains max(c/a,b) < min(1, M). Using the second hypothesis and

the one-to-one onto property of the function y*, we deduce that 7 is also well defined and

satisfies (Hyol) -
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Second step: We easily check that z* and y* respectively solve the ODEs (24) and (25).
Since max(c/a, b) < min(1, w), we have y*(z) > x and 0(y*(x) —x)+~y(r—0)y*(z) >
0. Proposition 2.11 then ensures that y* = y. Since bz* + 2cx + ac > (bx + ¢)?, we have

) 2 2(1—=0)+a—cxfr—b(1—y)r+70)] +alr— (1 —7)r+~0)]
o () < =

v bx + ¢ bx + ¢
% [max(z, %)~ 1 rmax(z, %) = (1= 2)r +10)

S max(y, — rmax(y, — V) —+

<2 ax (T_(;’ (5—7“)(75+(1—7)7“))'
1—7 (1 —=7)0 +~r

By Proposition 2.12, we conclude that z* = z7. U

2.4 The theoretical calibration procedure

In [1], the calibration issue was the practical motivation for our interest in Call-Put duality.
Even if, in the present framework, calibration is purely theoretical since the payoff ¢(x, y) is
not traded, we are going to explain shortly how to recover the local volatility function from
the perpetual prices of options. More precisely, let us suppose that we observe for all K > 0
the market price p(K') of the American security with payoff ¢(., K), with either ¢(z,y) =
((y —x)")” and v € (0,1] or ¢(x,y) = (¢Y,(y) — ()T, with ¢, and 1, satisfying the

assumptions mentioned before. We also assume that either max <7’ — 0, %#) >

% or v, satisfy (19) so that we have equivalence between the three conditions in

Theorems 2.13 or 2.7. We denote by x( the current value of the stock, and we suppose
that there is a function o satisfying (H.,,) such that VK > 0, p(K) = P,(x¢, K) and that
 is well defined and satisfy (H.,,). Within this framework, as in the call-put case, we are
able to get (o(x),0 < x < zy).

Indeed, let us define Y = inf{K > 0,p(K) = ¢(zo, K)}. Since p(K) = ¢5(K, ), we
have Y = y%(zo) and

VK <Y, w#'(K) + K6 —7r)p(K)—0p(K)=0

We deduce then VK <Y,6(K) = K\/2(5P(K J;{,((;( W) hecause p(K) = 0%c5(K, x9) =
¢(z’z‘;§/)g (K) >0 for K <Y using (7). Then, we get (y%(z),0 < 2 < xq) solving backward
either (25) or (18) starting from y%(x¢) = Y. Finally, we get (o(x),0 < x < z) thanks to
Theorem 2.13 or 2.7, using that o(z) = g(z).

Now, to formalize our calibration result, we introduce the set

¥ = {0 satisfying (H.,,) s.t. & is well defined and satisfies (H.;)}-
Proposition 2.16. Under the above assumptions on ¢, r and 8, for oy,09 € 3,

VK >0, P, (29, K) = P,,(20, K) & 01}(0@0} = 02‘(0@0} and y5 (o) = y3,(70).
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Proof. The necessary condition is a consequence of the above calibration procedure. To
check the sufficient condition, we consider o; and o9 in X such that

Vo < xg,01(z) = 09(x) and y} (x0) =y, (20) =Y.

On the one hand, we have z} (Y) = 2} (Y) = x¢, and thus z} (y) = ,(y) for y <Y
since they solve the same ODE. Therefore, using either Theorem 2.13 or Theorem 2.7,
one gets d1(y) = d2(y) for y < Y. On the other hand, the smooth fit principle gives

95, (Y) Oyd(x0,Y g5,(Y) . -
= ;‘é’iof’y)) = 547y The set of solutions to sy%53(y)g" (y)+ (0 —r)yg'(y) —dg(y) =0

on (0,Y7] is a two-dimensional vectorial space, and by the previous equality, g5, and g5, are

proportional on (0,Y]. Therefore, we have for 0 < K <Y, P, (xo, K) = ¢(xo, Y)Zfl((lé)) =
51

d(10, V)22 = P (20, K), and Py, (0, K) = ¢(z0, K) = Py, (20, K) for K > Y. 0

955(Y)

Like in Proposition 5.1 [1], we can get an analogous calibration of the complementary
upper part of the local volatility function to the perpetual prices of the “Call” options with
payoff ¢(K, xg) by exchanging the roles of  and o, and of r and 4.
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