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Abstract

Building on the dictionary between Kleinian groups and rational maps, we
establish new connections between the theories of hyperbolic groups and
certain iterated maps, regarded as dynamical systems. In order to make the
exposition self-contained to researchers in many fields, we include detailed
proofs and ample background.
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Chapter 1

Introduction

The classical conformal dynamical systems include iterated rational maps and
Kleinian groups acting on the Riemann sphere. The development of these two
theories was propelled forward in the early 1980’s by Sullivan’s introduction
of quasiconformal methods and of a “dictionary” between the two subjects
[Bulq]. Via complex analysis, many basic dynamical objects can be similarly
defined and results similarly proven. There is a general deformation theory,
which specializes to both subjects and which yields deep finiteness results
[Mg]. Since then, the dictionary has grown to encompass a guiding heuristic
whereby constructions, methods, and results in one subject suggest similar
ones in the other. For example, in both subjects there are common themes
in the combinatorial classification theories [McMI], [Pil], the fine geometric
structure of the associated fractal objects [McM3|, [McM3], [EUT], [EUY], and
the analysis of certain geometrically infinite systems [McMJ]. A Kleinian
group uniformizes a hyperbolic three-manifold, and there is now a candidate
three-dimensional object associated to a rational map [LM], [KIJ]. Of course,
essential and important differences between the two theories remain.

Other examples of conformal dynamical systems include iteration of smooth
maps of the interval to itself and discrete groups of Mobius transformations
acting properly discontinuously on higher-dimensional spheres. However, a
theorem of Liouville [Rid] asserts that any conformal map in dimensions > 3
is the restriction of a Mobius transformation. Thus, there is no nonlinear
classical theory of iterated conformal maps in higher dimensions.

Two different generalizations of conformal dynamical systems have been
studied. One of these retains the Euclidean metric structure of the underlying
space and keeps some regularity of the iterates or group elements, but replaces
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their conformality with uniform quasiregularity. Roughly, this means that
they are differentiable almost everywhere, and they distort the roundness of
balls in the tangent space by a uniformly bounded amount. In dimension
two, Sullivan showed that the Measurable Riemann Mapping Theorem and
an averaging process imply that each such example is obtained from a ra-
tional map or a Kleinian group by a quasiconformal deformation [Full]. In
higher dimensions, Tukia gave an example to show that this fails [[Tukl]]. The
systematic study of uniformly quasiconformal groups of homeomorphisms on
R™ was begun by Gehring and Martin [GM]]. They singled out a special class
of such groups, the convergence groups, which are characterized by topolog-
ical properties. The subsequent theory of such quasiconformal groups turns
out to be quite rich. The study of iteration of uniformly quasiregular maps
on manifolds is somewhat more recent; see e.g. [IM]. At present, examples
of chaotic sets of such maps are either spheres or Cantor sets, and it is not
yet clear how rich this subject will be in comparison with that of classical
rational maps.

A second route to generalizing classical conformal dynamical systems is
to replace the underlying Fuclidean space with some other metric space, and
to replace the condition of conformality with respect to a Riemannian metric
with one which makes sense for metrics given as distance functions. Techni-
cally, there are many distinct such reformulations—some local, some global,
some infinitesimal (quasimobius, quasisymmetric, quasiconformal). An im-
portant source of examples with ties to many other areas of mathematics is
the following. A convex compact Kleinian group acting on its limit set in
the Riemann sphere generalizes to a negatively curved group (in the sense
of Gromov) acting on its boundary at infinity. This boundary carries a nat-
ural topology and a natural quasisymmetry class of metrics [GdIH], [BY.
With respect to such a metric, the elements of the group act by uniformly
quasimobius maps. Negatively curved groups acting on their boundaries thus
provide a wealth of examples of generalized “conformal” dynamical systems.

Tukia [Tukd] generalized Gehring and Martin’s notion of a convergence
group from spheres to compact Hausdorff spaces, and Bowditch [Bow]] then
characterized negatively curved groups acting on their boundaries by purely
topological conditions:

Theorem 1.0.1 (Characterization of boundary actions) Let D" be a group
acting on a perfect metrizable compactum M by homeomorphisms. If the ac-
tion on the space of triples is properly discontinuous and cocompact, then T’



is hyperbolic, and there is a I'-equivariant homeomorphism of M onto OT.

Following Bowditch [Bow3] and abusing terminology, we refer to such ac-
tions as uniform convergence groups. In addition to providing a topological
characterization, the above theorem may be viewed as a uniformization-type
result. Since the metric on the boundary is well-defined up to quasisymme-
try, it follows that associated to any uniform convergence group action of I
on M, there is a preferred class of metrics on M in which the dynamics is
conformal in a suitable sense: the action is uniformly quasimobius.

Sullivan referred to convex cocompact Kleinian groups and their map
analogs, hyperbolic rational maps, as expanding conformal dynamical sys-
tems. Their characteristic feature is the following principle which we may
refer to as the conformal elevator:

Arbitrarily small balls can be blown up via the dynamics to nearly
round sets of definite size with uniformly bounded distortion, and
vice-versa.

This property is also enjoyed by negatively curved groups acting on their
boundaries, and is the basis for many rigidity arguments in dynamics and
geometry. Recalling the dictionary, we have then the following table:

Group actions Iterated maps
Kleinian group rational map

convex cocompact Kleinian group | hyperbolic rational map
uniform convergence group ?

The principal goal of this work is to fill in the missing entry in the above
table. To do this, we introduce topological and metric coarse expanding
conformal (cxc) dynamical systems. We emphasize that topologically cxc
systems may be locally non-injective, i.e. branched, on their chaotic sets.
Metric cxc systems are topologically cxc by definition. Hyperbolic rational
maps on their Julia sets and uniformly quasiregular maps on manifolds with
good expanding properties are metric cxc. Thus, our notion includes both
the classical and generalized Riemannian examples of expanding conformal
dynamical systems mentioned above. As an analog of Bowditch’s charac-
terization, viewed as a uniformization result, we have the following result:
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Theorem 1.0.2 (Characterization of metric cxc actions) Suppose f :
X — X is a continuous map of a compact metrizable space to itself. If f is
topologically cxc, then there exists a metric d on X, unique up to quasisym-
metry, such that with respect to this metric, f is essentially metric cxc.

(See Corollary B-5.3). In many cases (e.g. when X is locally connected) we
may drop the qualifier “essentially” from the conclusion of the above theo-
rem. In general, we cannot. It is unclear to us whether this is a shortcoming
of our methods, or reflects some key difference between group actions and
iterated maps; see §B.5. The naturality of the metric d implies that qua-
sisymmetry invariants of (X, d) then become topological invariants of the
dynamical system. Hence, tools from the theory of analysis on metric spaces
may be employed. In particular, the conformal dimension (see §B.7) becomes
a numerical topological invariant, distinct from the entropy. The existence
of the metric d may be viewed as a generalization of the well-known fact
that given a positively expansive map of a compact set to itself, there ex-
ists a canonical Holder class of metrics in which the dynamics is uniformly
expanding.

Our class of metric cxc systems f : (X,d) — (X,d) includes a large
number of previously studied types of dynamical systems. A rational map is
cxc on its Julia set with respect to the standard spherical metric if and only
if it is a so-called semihyperbolic map (Theorem [£.2.3). A metric cxc map on
the standard two-sphere is quasisymmetrically conjugate to a semihyperbolic
rational map with Julia set the sphere [£.2.7. Using elementary Lie theory,
we construct by hand the metric d in the case when X is a smooth manifold
and f is a smooth expanding map, and show that in this metric f becomes
locally a homothety (§f.H). Theorems [.4.4 and imply that uniformly
quasiregular maps on Riemannian manifolds of dimension greater or equal
to 3 which are metric cxc are precisely the generalized Lattes examples of
Mayer [Mag).

Just as negatively curved groups provide a wealth of examples of non-
classical “conformal” group actions, so our class of metric cxc maps provides
a wealth of examples of non-classical “conformal” iterated maps as dynamical
systems. The case of the two-sphere is of particular interest. Postcritically
finite branched coverings of the two-sphere to itself arising from rational
maps were characterized combinatorially by Thurston [DH]. Among such
branched coverings, those which are expanding with respect to a suitable
orbifold metric give examples of topologically cxc systems on the two-sphere.



Hence by our results, they are uniformized by a metric such that the dy-
namics becomes conformal. This metric, which is a distance function on the
sphere, need not be quasisymmetrically equivalent to the standard one. A
special class of such examples are produced from the finite subdivision rules
on the sphere considered by Cannon, Floyd and Parry [CEPY], [CFKD]; cf.
[Mey]]. These provide another source of examples of dynamics on the sphere
which are conformal with respect to non-standard metrics. Conjecturally,
given a negatively curved group with two-sphere boundary, the visual met-
ric is always quasisymmetrically equivalent to the standard one, hence (by
Sullivan’s averaging argument and the Measurable Riemann mapping theo-
rem) the action is isomorphic to that of a cocompact Kleinian group acting
on the two-sphere. This is Bonk and Kleiner’s reformulation of Cannon’s
Conjecture [BKT].

In Theorem below, we characterize in several ways when a topolog-
ically cxc map on the two-sphere, in its natural metric, is quasisymmetrically
conjugate to a rational map. This result was our original motivation. The
natural metrics associated to a topologically cxc map f : S? — S? are always
linearly locally connected (Cor. P.6.9). If f is not quasisymmetrically con-
jugate to a rational map, e.g. if f is postcritically finite and has a Thurston
obstruction, then Bonk and Kleiner’s characterization of the quasisymmetry
class of the standard two-sphere [BK]] allows us to conclude indirectly that
these natural metrics are never Ahlfors 2-regular. Recent results of Bonk and
Meyer [BM], [Bod] suggest that in general, Thurston obstructions manifest
themselves directly as metric obstructions to Ahlfors 2-regularity in a spe-
cific and natural way. Differences with the group theory emerge: we give an
example of a metric cxc map on a (-regular two-sphere of Ahlfors regular
conformal dimension () which is nonetheless not ()-Loewner. In contrast,
for hyperbolic groups, Bonk and Kleiner ([BKJ], Theorem 1.3) have shown
that if the Ahlfors regular conformal dimension is attained, then the metric
is Loewner.

As mentioned above, the dictionary is rather loose in places. From the
point of view of combinatorics and finiteness principles, a postcritically fi-
nite subhyperbolic rational map f is a reasonable analog of a cocompact
Kleinian group G. By Mostow rigidity, GG is determined up to Mdébius conju-
gacy by the homotopy type of the associated quotient three-manifold. This
is turn is determined by the isomorphism type of GG. Since G as a group is
finitely presented, a finite amount of combinatorial data determines the ge-
ometry of Kleinian group G. For the analogous rational maps, Thurston [DH|
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showed that they are determined up to Mobius conjugacy by their homotopy
type, suitably defined. Recently, Nekrashevych [NeH] introduced tools from
the theory of automaton groups that show that these homotopy types are
again determined by a finite amount of group-theoretical data. In a forth-
coming work [HH], we introduce a special class of metric cxc systems that
enjoy similar finiteness principles. From the point of view of analytic prop-
erties, however, our results suggest that another candidate for the analog of
a convex cocompact Kleinian group is a so-called semi-hyperbolic rational
map, which is somewhat more general (§£.9) and which allows non-recurrent
branch points with infinite orbits in the chaotic set.

Our construction of a natural metric associated to a topologically cxc
system [ proceeds via identifying the chaotic set X of the system as the
boundary at infinity of a locally finite, negatively curved graph I' with a pre-
ferred basepoint. By metrizing I' suitably and using the Floyd completion to
obtain the metric on the boundary, the dynamics becomes quite regular. The
map f behaves somewhat like a homothety: there exists a constant A > 1
such that if f is injective on a ball B, then on the smaller ball iB it multi-
plies distances by A. In particular, f is Lipschitz, and (Theorem and
B5.7) X becomes a BPI-space in the sense of David and Semmes [DaSq]. By
imitating the Patterson-Sullivan construction of conformal measures [Paf]| as
generalized by Coornaert [Cod|, we construct a natural measure zi; on the
boundary with a perhaps remarkable coincidence of properties. The measure
(¢ is quasiconformal with constant Jacobian, is the unique measure of max-
imal entropy log deg(f), describes the distribution both of backwards orbits
and of periodic points, and satisfies Manning’s formula relating Hausdorff
dimension, entropy, and Lyapunov exponents (§§8.4 and B.J). Thus, all vari-
ation in the distortion of f is ironed out to produce a metric in which the map
is in some sense a piecewise homothety, much like a piecewise linear map of
the interval to itself with constant absolute value of slope. In this regard, our
results may be viewed as an analog of the Milnor-Thurston theorem asserting
that a unimodal map with positive topological entropy is semiconjugate to a
tent map whose slope is the exponential of the entropy [MT]]. Our estimates
generalize those of Misiurewicz-Przytycki [MB]| and Gromov [GroJ].

By way of contrast, Zdunik [£du] shows that among rational maps, only
the usual family of exceptions (critically finite maps with parabolic orbifold)
has the property that the measure of maximal entropy is equivalent to the
Hausdorff measure in the dimension of the Julia set. Our construction, how-
ever, yields a metric with this coincidence for any rational map which is



suitably expanding.

It turns out (Theorem [.2.3) that f is semihyperbolic if and only if T is
quasi-isometric to the convex hull of the Julia set of f in hyperbolic three-
space. Lyubich and Minsky [LM] give a similar three-dimensional character-
ization of this family of maps using hyperbolic three-manifold laminations.
Analogously, convex cocompact Kleinian groups are characterised by the
property that their Cayley graphs are quasi-isometric to the convex hull of

their limit sets in H?.

In summary, we suggest the following enlargement of the above dictionary:

Group actions

Iterated maps

Kleinian group

rational map

convex cocompact Kleinian group

(semi) hyperbolic rational map

uniform convergence group

topologically cxc map

uniform quasimobius convergence group

metric cxc map

Cayley graph I

graph I'

visual metric

visual metric

quasiconformal measure p

canonical measure fiy

Cannon Conjecture
on groups with sphere boundary

Thurston’s Theorem
characterizing rational maps

Cannon’s, Bonk-Kleiner’s
Characterization Theorems
of cocompact Kleinian groups

Characterization Theorem
for cxc maps
on the standard S?

Our basic method is the following. Since we are dealing with nonin-

vertible mappings whose chaotic sets are possibly disconnected, we imagine
the repellor X embedded in a larger, nice space X, and we suppose that
f: % — X, where X; C Xy. We require some regularity on f: it should be
a finite branched covering. Our analysis proceeds as follows:
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We suppose that the repellor X is covered by a finite collection Uy
of open, connected subsets. We pull back this covering by iterates
of f to obtain a sequence Uy,Uy,Us, ... of coverings of X. We
then examine the combinatorics and geometry of this sequence.

The collection of coverings {U,,} may be viewed as a discretization of Pansu’s
quasiconformal structures [Panl]. This motivates our use of the adjective
“coarse” to describe our metric dynamical systems.

Contents. In Chapter 2, we begin with the topological foundations needed
to define topologically cxc mappings. We give the definitions of topologically
and metric cxc mappings, prove metric and dynamical regularity properties
of the repellor, and prove that topological conjugacies between metric cxc
systems are quasisymmetric.

In Chapter 3, we construct the graph I' associated to topologically cxc
maps (and to more general maps as well) and discuss its geometry and the
relation of its boundary with the repellor. We construct the natural measure
and study its relation to equidistribution, entropy, and Hausdorff dimension.
The chapter closes with those properties enjoyed specifically by metric cxc
mappings.

Chapter 4 is devoted to a discussion of examples, and contains a proof of
the topological characterization of semihyperbolic rational maps among cxc
mappings on the two-sphere (Theorem [.2.11]).

Acknowledgements. We are grateful for the many opportunities given to
present our results while this manuscript was in preparation. We benefited
from many helpful discussions and encouragment. In particular we thank M.
Bonk, J.-Y. Briend, G. Havard, M. Lyubich, V. Mayer and M. Misiurewicz.

The first author thanks Indiana University for its hospitality. The sec-
ond author was supported by U.S. National Science Foundation, Division of
Mathematical Sciences grant #0400852; he thanks the Université de Provence
and the LATP for its hospitality where part of the research took place. Both
authors are also grateful to the IHP which hosted them during the trimester
on Dynamical systems Sept.-Nov. 2003.



Chapter 2

Coarse expanding conformal
dynamics

The following setup is quite common in the dynamics of noninvertible maps.
One is given a nice, many-to-one map

f:f{1—>f£0

where Xy and X; are nice spaces and X; C Xy. One studies the typically
complicated set X of nonescaping points, i.e. points x € X; for which f"(z) €
X, for all n > 0. We are particularly interested in maps for which the
restriction of f to X need not be locally injective. For those readers unused
to noninvertible dynamics, we suggest assuming that X, = X; = X upon a
first reading.

A basic method for analyzing such systems is to consider the behavior of
small open connected sets of X, under backward, instead of forward, itera-
tion. For this reason, it is important to have some control on restrictions of
iterates of the form f*: U — U, where U is a small open connected subset
of Xy, and U is a connected component of f~%(U). Hence it is reasonable
to assume that Xy, X; are at least locally connected. The nonescaping set
X itself, however, may be disconnected and non-locally connected. To rule
out topological pathology in taking preimages, we impose some tameness
restrictions on f by assuming that f : X; — X, is a so-called branched cov-
ering between suitable topological spaces. When X, is a metric space it is
tempting to ask for control over inverses images of metric balls instead of
connected open sets. However, this can be awkward since balls in Xy might
not be connected.
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We focus on those topological dynamical systems with good expanding
properties. However, a map f : X — X which is not locally injective is
never positively expansive, and neither is the induced map on the natural
extension. Thus, notions of expansiveness in this category need to be defined
with some care.

2.1 Finite branched coverings

There are have been many different definitions of ramified coverings and
branched coverings, most of which coincide in the context of manifolds (cf.
e.g. [Fox, [Ednl, DiS]l. We define here the notion of finite branched coverings
which suits our purpose: it generalises the topological properties of rational
maps of the Riemann sphere, and behaves well for their dynamical study
(e.g. pull-backs of Radon measures are well-defined).

Suppose X, Y are locally compact Hausdorff spaces, and let f : X — YV
be a finite-to-one continuous map. The degree of f is

deg(f) = sup{#/ '(y) :y € Y},
For x € X, the local degree of f at x is

des(f;) = infsup{#/ (1) N U - = € f(U))
where U ranges over all neighborhoods of x.

Definition 2.1.1 (finite branched covering) The map f is a finite branched
covering (abbrev. fbc) provided deg(f) < oo and

(i)
> deg(f;x) =deg f
zef~1(y)

holds for each y € Y;

(ii) for every xq € X and any neighborhood W of xq in X, there is a smaller
neighborhood U C W of xg in X such that

> deg(f;x) = deg(f; o)

z€U, f(z)=y

forally € f(U).
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The composition of fbc’s is an fbe, and the degrees of fhe’s multiply under
compositions. In particular, local degrees of fbc’s multiply under composi-
tions.

Given an fbe f: X — Y, a point y € Y is a principal value if #f~1(y) =
deg(f). Condition (ii) implies that if x,, — o, then deg(f;z,) < deg(f;zo).
It follows that the branch set By = {x € X : deg(f;x) > 1} is closed. The
set of branch values is defined as Vy = f(By). Thus Y — V; is the set of
principal values.

Lemma 2.1.2 Let X,Y be Hausdorff locally compact topological spaces. An
foc f: X =Y of degree d is open, onto and proper: the inverse image of a
compact subset is compact and the image of an open set is open. Furthermore,
By and V; are nowhere dense.

Since the spaces involved are not assumed to be metrizable, we are led to
use filters instead of sequences in the proof [Bou].

Proof: The map is onto by definition.
Since points have finitely many preimages under f and X is Hausdorff
and locally compact, for any € X, there is some relatively compact neigh-

borhood N(z) of  such that N(z) N f~{f(z)} = {z}. If ¢ By, then we
may assume that N(xz) N By = 0.

Claim. For any x € X, a relatively compact neighborhood V(x) CY of f(x)
exist such that, if F denotes the set of neighborhoods of f(x) contained in
V(x), then f~Y(F) N N(z) is a filterbase converging to x. Furthermore, for
any V € F, the restriction f: f~1(V(x)) N N(x) — V is proper.

Proor OF crLAIM. Let y € Y and let us consider the neighborhoods
(N (2))zes—1(gyy) defined above. Fix z € f~'({y}) and let F; be the set
of neighborhoods of 3. Since x is accumulated by f~1(F;) N N(x), it fol-
lows that if f~'(F;) N N(z) is not convergent to x, then there is another
accumulation point 2’ of f~'(F,) N N(z) in N(z) since N(z) is relatively
compact. By continuity of f, this implies that f(z) = y, so that ' = x since

ST ({yh) N N(x) = {x}.

This implies that f~!(F;) N N(z) is a filterbase converging to z. There-
fore there is some relatively compact neighborhood V(z) of y such that
YV (x)) N N(z) € N'(x) where N'(z) C N(x) is a compact neighbor-
hood of z. It follows that f~(F) N N(xz) is also a filterbase converging to
where F denotes the set of neighborhoods of y contained in V' (z).



12 CHAPTER 2. COARSE EXPANDING CONFORMAL DYNAMICS

Let K C V(x) be compact and set L = f~*(K)N N(z). Then L C N'(z)
so that L = f~1(K) N N'(x) is compact.
This ends the proof of the claim.

Let €2 C X be an open set, and let us consider x € Q and y = f(z). We
choose a neighborhood N'(z) C N(x) N as above. It follows from the claim
that a neighborhood V’(y) C V(y) exists such that f~1(V'(y)) N N(x) C
N'(z). So, for any y' € V'(y), by (ii)

> deg(f;a)) =deg(fix) > 1

' ef 1 ({y'HNN(z)

Hence, vy = f(2') for some 2/ € N(z) N Q. Thus V'(y) C f(Q). This
establishes that f is open.

Let us fix y € Y and let us consider ¢y’ € V(y). Then

d= Z deg(fiz) = ) >, deg(fi)

flx)= f@)=y \@'ef'({y'HnN(z)

= > deg(f; ).

2 ef T {y' HN(Ug(a)=y N(2))

This implies that f~'({y'}) C U=y N(z). Using the relative compactness
and the continuity of f, it follows that the filterbase f~1(F) is equivalent to
the set of neighborhoods of f~!({y}), where F is any filterbase converging
to y.

Let K C Y be a compact set and set L = f~1(K). Let F be a filterbase in
L. Since f(L) is compact, there is some accumulation point y in K of f(F).
We claim that at least one preimage of y is accumulated by F. If it was not
the case, then, for any x € f~'({y}), there would be some F, € F with = ¢
F,. Since the fibers are finite, Ny)—, Fy € F and f~1({y}) N (Nfe)= Fx) = 0.

Therefore, there is some neighborhood V'(y) C V (y) such that f=1(V'(y))N
(Nf@)=yFr) = 0. Hence V'(y) N f(Ny@)=yFr) = 0, which contradicts that y
was an accumulation point. Therefore f is proper.

The set V; cannot have interior since f has bounded multiplicity. Indeed,
if V¢ had interior, we could construct a decreasing sequence of open sets
W(yn) C V(yn)V (yn—1) C Vy, so we would have p(y,11) > p(yn)+1 > n+1,
where p: Y — N\ {0} denotes the map that counts the number of preimages
of points in Y.
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Therefore, By cannot have interior either since f is an open mapping.

Many arguments are done using pull-backs of sets and restricting to con-
nected components. It is therefore necessary to work with fbc’s defined on
sets X and Y enjoying more properties. When X and Y, in addition to being
locally compact and Hausdorff, are assumed locally connected, the following
fundamental facts are known (cf. [Ednd)).

e [f V C Y is open and connected, and U C X is a connected component

of f=YV), then f|U : U — V is an fbc as well.

o Ify € Y,and f~l(y) = {x1,20,..., 21}, then there exist arbitrarily
small connected open neighborhoods V' of y such that

f_l(V):U1L|U2|_|...|_|Uk

is a disjoint union of connected open neighborhoods U; of x; such that

f|U; - Uy — V is an tbe of degree deg(f;x;), i =1,2,..., k.

o if f(z) =y, {V,} is sequence of nested open connected sets with N,,V,, =

{y}, and if V,, is the component of f~"(V},) containing x, then N, V,, =

{z}.

2.2 Topological cxc systems

In this section, we state the topological axioms underlying the definition of
a cxc system.

Let Xy, X; be Hausdorff locally compact, locally connected topological
spaces, each with finitely many connected components. We further assume
that X; is an open subset of ¥, and that X, is compact in X,. Note that
this latter condition implies that if Xy = X5, then X, is compact.

Let f: X; — X, be a finite branched covering map of degree d > 2, and
for n > 0 put

X = fﬁl<%n>'

Then f: X,1 — X, is again an fbc of degree d and since f is proper, X, .1
is compact in X,,, hence in X;.
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The nonescaping set, or repellor, of f : X, — X is

X ={z e X|f"(x) € X, Vn > 0} :ﬂ%_n

We make the technical assumption that the restriction f|X : X — X is
also an fbc of degree equal to d. This implies that #X > 2. Also, X is
totally invariant: f~'(X) = X = f(X). The definition of the nonescaping
set and the compactness of X; implies that given any open set Y containing
X, X, CY for all n sufficiently large.

The following is the essential ingredient in this work. Let U be a finite
cover of X by open, connected subsets of X; whose intersection with X
is nonempty. A preimage of a connected set A is defined as a connected
component of f~1(A). Inductively, set U,,; to be the open cover whose
elements U are preimages of elements of U,. We denote by U = U,,>ol4, the
collection of all such open sets thus obtained.

We say f: (X1, X) — (X0, X) is topologically coarse expanding conformal
with repellor X provided there exists a finite covering U, as above, such that
the following axioms hold.

1. [Expansion] The mesh of the coverings U, tends to zero as n — oo.
That is, for any finite open cover ) of X by open sets of X, there
exists N such that for all n > N and all U € U,,, there exists Y € )
with U C Y.

2. [Irreducibility] The map f : X; — X is locally eventually onto near
X: for any z € X and any neighborhood W of x in Xy, there is some
n with f*(W) > X

3. [Degree] The set of degrees of maps of the form fk|ﬁ : U — U, where
Uel,, Uec U, , and n and k are arbitrary, has a finite maximum,
denoted p.

Axiom [Expansion] is equivalent to saying that, when X, is a metric
space, the diameters of the elements of U, tend to zero as n — oco. Axiom
[Irreducibility| implies that f : X — X is topologically exact; we give a
useful, alternative characterization below.

These axioms are reminiscent of the following properties of a group G
acting on a compact Hausdorff space X; see [Bowd]. [Irreducibility] is anal-
ogous to G acting minimally on X. [Expansion] is analogous to G acting
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properly discontinuously on triples, i.e. that G is a convergence group. Ax-
iom [Degree] is analogous to G acting cocompactly on triples; we will see
later that this condition implies good regularity properties of metrics and
measures associated to cxc systems.

Together, a topologically cxc system we view as the analog, for iterated
maps, of a uniform convergence group.

The elements of Uy will be referred to as level zero good open sets. While
as subsets of X, they are assumed connected, their intersections with the
repellor X need not be. Also, the elements of U, while connected, might
nonetheless be quite complicated topologically—in particular they need not
be contractible.

If X = X; = X, then the elements of U are connected subsets of X.

2.3 Examples of topological cxc maps

2.3.1 Rational maps

Let f: C — C be a rational function of degree d > 2 for which the criti-
cal points either converge under iteration to attracting cycles, or land on a
repelling periodic cycle (such a function is called subhyperbolic). For such
maps, every point on the sphere belongs either to the Fatou set and con-
verges to an attracting cycle, or belongs to the Julia set J;. One may find
a small closed neighborhood Vj of the attracting periodic cycles such that
f(Vy) C int(Vp). Set X9 = C —Vy and X; = f~1(Xy). Then f: X — X,
is an fbc of degree d, the repellor X = Jy, and f|X : X — X is an fbc of
degree d.

Let Uy be a finite cover of J; by open spherical balls contained in X,
chosen so small that each ball contains at most one forward iterated image
of a critical point. The absence of periodic critical points in Jy easily implies
that the local degrees of iterates of f are uniformly bounded at such points,
and so Axiom [Degree| holds. Since J; can be characterized as the locus
of points on which the iterates fail to be locally a normal family, Montel’s
theorem implies that Axiom [Irreducibility] holds. Finally, f is uniformly
expanding near X with respect to a suitable orbifold metric, and Axiom
[Expansion] holds; see [BIl], Thm. 1.1(b).
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2.3.2 Smooth expanding partial self-covers

Let Xy be a connected complete Riemannian manifold, X; C X, an open
submanifold with finitely many components which is compactly contained in
Xo. Let f: X, — Xy be a O covering map which is ezpanding, i.e. there
are constants ¢ > 0, A > 1 such that whenever f"(z) is defined, ||DfI(v)|| >
cA"||v||. If X denotes the set of nonescaping points, then f : X; — X, is
topologically cxc with repellor X—we may take U to be a finite collection of
small balls centered at points of X.

One may argue as follows. Since X is compact, there is a uniform lower
bound r on the injectivity radius of X; at points x € X. Thus, for each
x € X, the ball B(z,r) is homeomorphic to an open Euclidean ball; in
particular, it is contractible. Let Uy be a finite open cover of X by such
balls. Since f : X; — Xy is a covering map, all iterated preimages U of
elements U € Uy map homeomorphically onto their images, so the [Degree]
Axiom holds with p = 1. Since f is expanding, the diameters of the elements
of U,, tend to zero exponentially in n, so the [Expansion] Axiom holds. The
restriction f|X : X — X is clearly an f.b.c. To verify the [Irreducibility]
Axiom, we use an alternative characterization given as Proposition B.4.7(2)
below. Suppose € X and 2y € X,. Since X U{xg} is compact, there exists
L > 0 such that for all n, there exists a path =, of length at most L joining
f™(x) and xy. Let 7, denote the lift of v, based at . The other endpoint
T, of ¥, lies in f~"(xg). By expansion, the length of 7,, tends to zero. Hence
T, — x and so x € A(xy).

Following [NeR], we will refer to the topologically cxc system f : X; — X,
a smooth expanding partial self-covering. A common special case is when
X, X, are connected and the homomorphism ¢, : m (X;) — m (%) induced
by the inclusion map ¢ : X; <— X; induces a surjection on the fundamental
groups. In this case, the preimages of Xy under f~" are all connected, and
the repellor X itself is connected.

One can generalize the above example so as to allow branching, by e.g.
working in the category of orbifolds; see [NeK].

2.4 Elementary properties

Conjugacy. Suppose f : X1 — Xp and g : 9, — 9, are fb.c.’s with
repellors X, Y as in the definition of topologically c¢xc. A homeomorphism
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h: Xy — %), is called a conjugacy if it makes the diagram

(X,X) 2 @,.Y)

Il g

(X0, X) - (9p.Y)

commute. (Strictly speaking, we should require only that h is defined near
X; however, we will not need this more general point of view here.)

It is clear that the property of being topologically cxc is closed under
conjugation: if Uy is a set of good open sets at level zero for f, then Vy =
{V =h(U)|U € Uy} is a set of good open sets at level zero for g.

Suppose X1, X, are Hausdorff, locally compact, locally connected topo-
logical spaces, each with finitely many connected components, X; C Xj is
open, and X, C X,.

The proofs of the following assertions are straightforward consequences
of the definitions.

Proposition 2.4.1 Suppose f : X1 — Xy is an fbc of degree d > 2 with
nonescaping set X and let Uy be a finite open cover of X.

1. The condition that f|x : X — X is an fbc of degree d implies that the
set Vy N X is nowhere dense in X.

2. Aziom [Expansion] implies
(a) U is a basis for the subspace topology on X . In particular, if UNX

1s connected for all U € U, then X 1s locally connected.

(b) For distinct z,y € X, there is an N such that for alln > N, and
adlU e, {z,y} ¢ U.

(¢c) There exists Ny such that for all U, Uy € Un,, U NUS # 0 =
AU € Uy with U WU, C U.

(d) Periodic points are dense in X.
3. Aziom [Irreducibility]

(a) holds if and only if for each xo € Xy, the set A(xq) of limit points
of Upsof"(z0) equals the nonescaping set X .
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(b) implies that either X = Xo = X1, or X is nowhere dense in Xy.

(c) together with f|x : X — X is an fbc of degree d, implies that X
is perfect, i.e. contains no isolated points.

4. The class of topologically cxc systems is closed under taking Cartesian
products.

In the remainder of this section, we assume f : X; — X, is topologically
cxc with repellor X and level zero good open sets Uy.

To set up the next statement, given U € U,, mapping to U € U, under
f", denote by d(U) = deg(f"|U) if n > 1 and d(U) =1 if n =0.

Proposition 2.4.2 (Repellors are fractal) Foreveryx € X, every neigh-
borhood W' of x, every ng € N, and every U € Uy,,, there exists a preimage

U c fU) withU ¢ W and deg(f* : U — U) < iy where p s the

mazximal degree obtained in the [Degree] Azxiom.

Proof: Let ) be an open cover of X with the property that (i) W € ) and
(ii) there exists a neighborhood W’ C W of z such that for all Y # W in ),
Y NW’' = (. Axiom [Expansion] then implies that there exists n; € N such
that for all n > n,, any element of U, +,, containing z is contained in W.
Axiom [Irreducibility] implies that there exists ny such that f*(W') = X D U
for all n > ny. Hence for k = max{nj, ny}, there is a preimage U of U under
f=* contained in W. The assertion regarding degrees follows immediately
from the multiplicativity of degrees under compositions.

Post-branch set. The post-branch set is defined by

Pr=xn{]JVp.

n>0

Proposition 2.4.3 1. A point v € X belongs to X — Py if there exists
U € U such that all preimages of U under iterates of f map by degree
one onto U.

2. The post-branch set is a possibly empty, closed, forward-invariant, nowhere
dense subset of X.
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Without further finiteness hypotheses on the local topology of X, we do
not know if the converse of (1) holds, i.e. if every point in the complement of
the post-branch set has a neighborhood over which all preimages under all
iterates map by degree one, as is the case for e.g. rational maps.

Proof: 1. If such a U exists, then U NV = ) for all n and so x & P;.

2. All but the last assertion are clear. To show P is nowhere dense, let
x € X and let W be any neighborhood of z in X;. Let U C W be the element
of U given by Proposition P.4.9 applied with a U chosen so that d(U) = p.
Then all further preimages of U map by degree one and so Un Vin =0

for all n. Hence U N Py = (. Finally, since U N X # () we conclude that
W N (X — Pf) # 0 and so Py is nowhere dense in X.

2.5 Metric cxc systems
In this section, we state the definition of metric cxc systems; we will hence-
forth drop the adjective, metric.

Roundness. Let Z be a metric space and let A be a bounded, proper subset
of Z with nonempty interior. Given a € int(A), let

L(A,a) =sup{|la—b| : b€ A}

and
l(A,a) =sup{r :r < L(A,a) and B(a,r) C A}

denote, respectively, the outradius and inradius of A about a. While the
outradius is intrinsic, the inradius depends on how A sits in Z. The condition
r < L(A,a) is necessary to guarantee that the outradius is at least the
inradius. The roundness of A about a is defined as

Round(A,a) = L(A,a)/l(A,a) € [1,00).

One says A is K-almost-round if Round(A, a) < K for some a € A, and this
implies that for some s > 0,

B(a,s) C AC B(a, Ks).
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Metric cxc systems. A key feature of many conformal dynamical systems
is the fact that small balls can be blown up using the dynamics to sets of
definite size which are uniformly K-almost-round and such that ratios of
diameters are distorted by controlled amounts. Below, we abstract these
properties so as to apply in general metric space settings.

Suppose we are given a topological cxc system f : X; — X with level zero
good neighborhoods U, and that X is now endowed with a metric compatible
with its topology. The resulting metric dynamical system equipped with the
covering U is called coarse expanding conformal, abbreviated cxc, provided
there exist

e continuous, increasing embeddings py : [1,00) — [1,00), the forward
and backward roundness distortion functions, and

e increasing homeomorphisms 04 : [0,1] — [0, 1], the forward and back-
ward relative diameter distortion functions

satisfying the following axioms:

4. [Roundness distortion] (Vn, k) and for all
UecU,, UEUpy, JEU, yeU
if
fRU)=U, [*G) =y
then the backward roundness bound
Round(U, ) < p—(Round(U, y)) (2.1)
and the forward roundness bound

Round (U, y) < p4(Round(U, §)). (2.2)

hold.

In other words: for a given element of U, iterates of f both forward
and backward distorts its roundness by an amount independent of the
iterate.
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5. [Diameter distortion] (Vng,ni, k) and for all

Uy, Uecl,, U€EUpr, U EUpp, UCU, UcCU

if

Oy =u, ffU)=U
then _

diamU’ _ diamU’

diam0U -\ diamU
and

diamU’ diam0U’
- <0y —
diamU diamU

In other words: given two nested elements of U, iterates of f both
forward and backward distort their relative sizes by an amount inde-
pendent of the iterate.

As a consequence, one has then also the backward upper and lower
relative diameter bounds:

51 di‘amU’ _ diamq _s di'amU' (2.3)
diamU diamU diamU
and the forward upper and lower relative diameter bounds:
diam0U’ diamU’ diamU’
5t — | < = <4 ~|. 2.4
<diamU> diamU " (diamU) (24)

The [Expansion] Axiom implies that the maximum diameters of the el-
ements of U, tend to zero uniformly in n. Since U is assumed finite, each
covering U, is finite, so for each n there is a minimum diameter of an element
of U,,. Since X is perfect and, by assumption, each U € U contains a point
of X, each U contains many points of X and so has positive diameter. Hence
there exist decreasing positive sequences ¢,,d,, — 0 such that the diameter
bounds hold:

0 < ¢, < inf diamU < sup diamU < d,,. (2.5)
Ueln Uel,,
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2.6 Metric regularity of cxc systems

Suppose now Xy, X; are metric spaces. Let f : X; — Xy be an f.b.c. as in
the previous section with repellor X and level zero good neighborhoods Uj.
Throughout this subsection, we assume that the topological axiom [Expan-
sion| and the metric axioms [Roundness distortion| and [Relative diameter
distortion] are satisfied. We assume neither axiom [Irreducibility] nor [De-
gree].

In this section, we derive metric regularity properties of the elements of
the coverings U,, and the repellor X.

A word regarding notation: In this and the following section, U will
always denote an element of U = U,U,,. Generally, (-) denotes an inverse
image of (-) under some iterate of f. Often, but not always, U’ denotes
an element of U which is contained in U. Many of the statements of the
propositions below make reference to an element U of U. The typical proof
consists of renaming U as U, mapping U forward via some iterate to an
element U of definite size, making estimates, and then transporting these
estimates to U via the distortion functions.

We first resolve a technicality.

Proposition 2.6.1 Let D, denote the minimum diameter of a connected
component of Xg. Then for any ball B(a,r) in Xy where r < Dy/2, we have
diamB(a,r) > r.

Proof: Fix € > 0, and let C' denote the component of X, containing a. Pick
p,q € C with |p — q| > D — e. Then at least one of |a — p|, |a — ¢ is at least
(D —¢€)/2, say |a —p|. Since C' is connected, the function y — |a — y| has an
image which contains [0, (D —€)/2]. Thus for any s < (D —¢€)/2, there exists
y € C with |a — y| = s. Letting ¢ — 0 proves that B(a,r) has diameter at
least 7.

When dealing with balls below, we shall always assume that r < Dy /2.

Lebesgue number. Let U be a finite covering of a metric compact space
X by open sets. The Lebesque number § of the covering is the supremum
over all radii r such that, for any point x € X, there is some element U € U
which contains B(x,r). Since the covering is finite, 0 is positive.
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Proposition 2.6.2 (Uniform roundness) There exists K > 1 such that

1. (Vz € X)(VYn)(3U € U,) such that U is K-almost round with respect to
z, i.e. (Ir>0)
B(z,r)Cc U C B(z,Kr).

2. (Yn)(VYU € U,)(3T € X) such that Round(U, 7) < K.

Proof: 1. Denote the set we are looking for by U instead of U. Let § be the
Lebesgue number of the covering Uy and A = supy,, diamU. Then given
any x € X, there exists U € U, such that

B(z,6) CU C B(xz,A) = Round(U, z) < K; := %

Now let Z € X and n € N be arbitrary. Set x = f"(Z) and let U € Uy be
the element constructed as in the previous paragraph. Let U € U, be the
component of f~"(U) containing &. By the backward roundness bound (R.1]),

Round(U, &) < p_(K;).

2. Denote the given element of U, by U instead of U. For each U € U,
choose x;; € U arbitrarily. Let

Ky = max Round(U, xy).

Ueldy

Given U € U, arbitrary, let U = f"((?), and let 2y € f~"(xy) N U. By the
backward roundness bound,

Round(U, ) < p_(K,).
Thus the conclusions of the lemma are satisfied with

K = max {p_ (K1), p_(K2)}

In the lemma below, let K denote the constant in Proposition and
¢, the constants giving the lower bound on the diameters of the elements of

U, B3
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Proposition 2.6.3 (Lebesgue numbers) (Vn)(Ve € X)(Vr < $) there
evists U € U,, and s > r such that

B(z,r) C B(z,s) CU C B(z, Ks).

In particular, the Lebesgue number of the covering U, is at least o, = 5.

Proof: Given n and z, by Proposition P.6.3 there is s > 0 and U € U,, with
B(z,s) U C B(z, Ks).
Thus ¢, < diamU < 2Ks so that 5% <'s, whence r < s.
|

The next statement says that two elements of covers which intersect over
X have roughly the same diameter as soon as their levels are close.

Proposition 2.6.4 (Local comparability) There exists a constant C' > 1
such that (Vx € X)(Vn)(YU € U,)(VU" € Up+1) we have: if UNU' NX # 0

then
1 diamU’

— <

C  diamU
That is, two elements of U at consecutive levels which intersect at a point of
X are nearly the same size.

< C.

Proof: By Axiom [Expansion] there exists ng € N such that 2(d,, + d,,11)
is less than the Lebesgue number of the covering Ufy. Thus there exist r > 0
and ng such that whenever U € U,,, and U’ € U,,,,1 contain a common point
x € X, there exists V' € Uy depending on the pair U, U’ such that

vuU' c B(xz,r)CV.

By renaming as usual, let U e Ung+ns U € Upy+n+1 denote respectlvely the

sets U, U’ as in the statement of the lemma, and suppose Z € Unt' nX.
Set U = for(U), U’ = fo(U"), x = f°(z) and let

g diamU diamU’
= su max )
UeunO,U'IéunO " diamV’ diamV
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Note that S depends only on the integer ng. If V denotes the preimage of V'
under f~" containing U U U’, then the backwards relative diameter bounds

[£3) imply

diam0’

NS < —— <5 (S

+ )_diamV_ (5)
and -
diamU

5 HS) < — < 5_(9).

+ )_diamV_ (5)

Dividing yields, B
) _ diamU’ _ 0_(S)
0-(S)  diamU — 67'(S)

Since S and ng are independent of n, property [Local comparability] follows

with .
C' = max { <5+1<S)) Sup{diamU| U e Ugoun}}

J_(9) inf{diamU| U € Uy°U,,}

The following lemma shows that cxc systems are truly metrically expand-
ing in a natural metric sense, and that the §_ function depends essentially
on the relative levels of the sets involved.

Proposition 2.6.5 (Contraction implies exponential contraction) Constants
C" >0 and 0 € (0,1) exist such that, for any n,k > 0, any U € U+ and
any U €U, if UNUNX #0, then
diamU’
< C'0".
diamU —

In particular, in the upper diameter bounds, one may assume d,, = C'dy0".

Proof: The diameters of the elements of U, are bounded from below by the
constant ¢y. Since the diameters of the elements of i, tend uniformly to zero
(by the [Expansion] Axiom), and the backwards relative diameter distortion
function d_ is a homeomorphism, there exists Ny € N with the following

property:

diamU’ 1
/ / -
(VU" € Un,)(TU € Up) such that U' C U and §_ (diamU) <3
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Now let k € N be arbitrary and let U’ € Uy, n,. Let U’ = f5(U"), let U D U’
be as above, and let U be the component of f~No(U) containing U’. Then
by the backwards relative diameter bounds (B-3),

~ 1 ~
diamU’ < §diamU.
Thus, for any k € N, for any U’ € Uy, 1k, there exists U € U such that

U' Cc U and diamU’ < (1/2)diamU.

Let us set § = 27Y/No and ¢’ = 20N~ where C is given by Proposition
D64,

Let n,k > 0, and let us fix U’ € U, ;. and U € U,, such that UNU'NX # ().
There are integers a > 0, b € {0, ..., Ny — 1} such that k = a - Ny + b.

Define inductively U; € Ujny+p, j = 0,...,a, such that U, = U’, U;4; C
U; and diamUj 4, < (1/2)diamU;. It follows that

1\“ 1\
diamU’ < <§) diamU, < C* <§) diamU
by Proposition R.6.4. But
9—a _ 9k2b/N0 S 29[6
so the proposition follows.

The lemma below shows that in Xy, a possibly disconnected ball B(z, )
with z € X can be both enlarged and shrunk to obtain a pair of elements U, U’
of U whose levels are comparable and whose diameters in X, are comparable
to the diameter of U.

Proposition 2.6.6 (Balls are like connected sets (BLC)) There ezist con-

stants L > 1 and ng € N such that for all x € X and r < dq, there exist
levels m and n and sets U € U,,, U € U, such that |m —n| < ng and

B(xz,r/L) Cc U C B(z,r) C U C B(x, Lr).

Proof: We will first find U and L so that B(z,r) C U C B(x, Lr), where
L =4KC, K is the roundness constant from Proposition P.6.3, and C'is the
constant from Proposition P.6.4.
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Let 0y denote the Lebesgue number of Uy. Given x and r < Jg, the
number

n = sup{i : U, Ji with B(z,r) C U € Y; and Round(U, z) < K}

exists. (The set is nonempty by Proposition and finite by the [Expan-
sion] Axiom.) Suppose U € U,, and B(z,r) C U. We must bound diamU
from above.

By Proposition [2.6.2, Uniform roundness|, there exists V € U, for
which Round(V,z) < K. Thus, B(z,s) C V C B(z, Ks) for some s. Since
n is maximal, s < r, and so diamV < 2Ks < 2Kr. By Proposition [2:6.4,
Local comparability], diamU < CdiamV < C2Ks < 2KCr and so U C
B(z,4KC'r) as required. Thus, we have found U.

The same argument applied to B(z, /L) produces U’ such that B(x,r/L) C
U'" C B(z,r). We assume that the level of U’ is n + k.

Assume U’ € U,,, and U € U,,. If m = n + k where k > 0, Proposition
D.6.9 implies £ < —log(2L*C")/logf. If n = m + k where k > 0, then
another application of the proposition (with the roles of U and U’ reversed)
yields k < —log(2C"/log#). The factors of two arise since the diameter of a
ball of radius r is bounded below by r, not 2r (Proposition R.6.1]).

Recall that a metric space is uniformly perfect if there is a positive con-
stant A < 1 such that B\ (AB) is non-empty for every ball B of radius at
most the diameter of the space.

Proposition 2.6.7 We have diam(U N X) =< diamU for all U € U. As a
consequence, the repellor X is uniformly perfect.

Proof: Recall that X is perfect, i.e. contains no isolated points. By Propo-
sition [2.6.4, BLC] it suffices to prove that

diamU = diam(U N X)

where U ranges over any element of U.

There exists ng large enough such that for each U € Uy, we can choose
points a,b € U N X and neighborhoods U,, U; € U, of a and b, respectively,
which are disjoint and contained in U. We now assume such a choice has
been fixed.
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Given U € U, let U = fk(fj) and let a,b, U], U, be as in the previous
paragraph. Choose arbitrarily @ € U N f~%(a) and let U, € U, be the
unique component of f~*(U’) containing a. Similarly, define b and U;. Then

ﬁé and ﬁé are disjoint and are contained in U. Each contains an element

of X, since X is totally invariant. Thus, diamU N X is at least as large as
the radius r of the largest ball centered at a and contained in U.. By the
definition of roundness

1 - -
r> §diamU(~; -Round (U}, a)~".

The backward relative diameter distortion bounds (R.) imply

~ ~ 1 !
diamU} > diamU - 6, (dlamUa) .

diamU

The backward roundness distortion bound (B.1]) implies
Round (U2, @) < p_(Round(U,, a)).

Since Uy is finite, r/ diamU is therefore bounded from below by a constant
independent of k.

Definition 2.6.8 (Linear local connectivity) Let A > 1. A metric space
Z s A-linearly locally connected if the following two conditions hold:

1. if B(a,r) is a ball in Z and x,y € B(a,r), then there exists a continuum
E C B(a, \r) containing x and y;

2. if B(a,r) is a ball in Z and v,y € Z — B(a,r), then there exists a
continuum E C Z — B(a,r/\) containing x and y.

Propositions R.6.q and P.6.7 imply immediately that (i) if U N X is con-
nected for all U € U, then condition (1) above holds, and (ii) if X \ (U N X)
is connected for all U € U, then condition (2) holds. We obtain immediately

Corollary 2.6.9 If, for all U € U, the sets UN X and X \ (UN X) are
connected, then X is linearly locally connected.
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Unlike the preceding results in this section, the following lemma uses the
[Degree| Axiom. Recall that a metric space is doubling if there is a positive
constant Cy such that any set of finite diameter can be covered by Cy sets of

at most half its diameter (cf. [Hel], §10.13).

Proposition 2.6.10 (cxc implies doubling) If aziom [Degree] is satis-
fied, then X is a doubling metric space.

Proof: It follows from Proposition that an integer k, exists such that,
for any n > 0, any U € U,, and any U’ € Uy 4p,, diamU’ < (1/4L)diamU as
soon as U'NUNX # (.

From the finiteness of U, it follows that any U € U, can be covered by
N sets of level k.

Let £ C X, and z € E. If its diameter is larger than the Lebesgue
number of Uy, then it can be covered by a uniform number of sets of half its
diameter. Otherwise, one can find a level n and a set U € U,, such that

E C B(x,diamE) c U C B(x, LdiamE)
by Proposition £.6.9.
Let us cover f*(U) by N sets Uj,..., U} of level ky. Axiom [Degree]

implies that U, so E as well, is covered by at most pN sets (U}) of level
n + kg. Thus,
diamU’ < idiamfj < %diamE
b AL 4L '
and Cy; < pN.

From Assouad’s theorem (see [Hel], Thm. 12.1) we obtain

Corollary 2.6.11 If aziom [Degree] is satisfied, then X is quasisymmel-
rically embeddable in the Euclidean space R™. In particular, X has finite
topological dimension.

2.7 Dynamical regularity

Suppose again that Xy, X; are metric spaces. Let f : X; — Xy be an f.b.c.
as in the previous section with repellor X and level zero good neighborhoods
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Uy. Throughout this subsection, we again assume that the topological ax-
iom [Expansion] and the metric axioms [Roundness distortion]| and [Relative
diameter distortion] are satisfied. We assume neither axiom [Irreducibility]
nor [Degree].

Recall that a subset A of a metric space Z is c-porous when every ball
of radius r < diamZ contains a ball of radius ¢r which does not meet A. A
subset is porous if it is c-porous for some ¢ > 0.

Proposition 2.7.1 If axiom [Degree] is satisfied, then the post-branch set
Py = U,~of™(By) is porous, and the sets Byn N X, n=1,2,3,... are porous
with porosity constants independent of n.

Proof: Axiom [Degree| implies there exists ng and U, € L{no so that the
degree deg(f™|U) = p, i.e. is maximal (cf. Proposition B.4.2). Then all
iterated preimages U,, of U,, map by degree one onto U,,. So U,, and

any iterated preimage U,, lie in the complement of the post-branch set. By
Proposition P43, for every element U of Uy, there is a k(U) € N and a
preimage U’ of U,, under f~*U) which is contained in U. Let

. diamU’
o = min
Uetly diamU

Let B(z,r) be a small ball in X, centered at a point x € Py. By Propo-
sition [P.6.0, BLC] there exists some n and U € U, such that B(z,r/L) C
U C B(z,r). Let U = o U) € Uy. Then by the previous paragraph, U > U’
where U' C X — Py. If U is any preimage of U’ under f™ which is con-
tained in U then the forward invariance of Py implies UcX-— Py. By the
backward lower relative diameter distortion bounds (B.3),

diam0U’ > 5;1(co)diamﬁ > 6. (eo)r/L = i

Since good open sets are uniformly K-almost round (Proposition B.6.9), U >
B(y,cir/K) for some y € X and so X — Py is ¢-porous where ¢ = ¢; /K.
We merely sketch the second assertion. Suppose B(x,r) is a small ball
centered at a point x € By N X. Then for some n, r < diamU where
U € Uyyy. Let U= f¥(U). Since f¥(z) € Py and Py is porous, there is some
U' C U with diamU’ < diamU and U" C X — Py. If U is any preimage of U’
under f* which is contained in U’ , then UcX — B NX, and the backwards
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relative diameter distortion bounds again imply diam0U’ = diamU = r. Since
U’ is K-almost round this implies that X — By N X is uniformly porous as
a subset of X.

The next lemma shows that the roundness distortion control of f, which
was assumed only for the sets in U, in fact extends to any iterate of f and
any ball of small enough radius.

Proposition 2.7.2 (cxc is uniformly weakly quasiregular) There is a
constant H < oo and a sequence of radii {r,}> | decreasing to 0 such that,
for any iterate n, for any x € X, and any r € (0,1,),

Round(f"(B(x,r)), f*(x)) < H.

Proof: Let 7, = $ and fix r < r, and & € X. By Proposition P.6.4, there

exist U € U, and U’ € Upnin such that
B(z,r/L) c U C B(z,r) C U C B(@, Lr).

Thus diam{ < 2Lr < ¢, and so the level m > n since the sequence (¢y) is
decreasing. Set as usual U = f"(U), U' = f*(U’), and = = f™(Z). Now,

Round(U’, ), Round(U, &) < L

and B
1 _ diamU’ 1
212 diamU ~
By the forward roundness and relative diameter distortion bounds,

Round(U’, x), Round(U, x) < p, (L)

1 diamU’
< 1.
O+ <2L2) < damU = !

U c f"B(z,r)) CU.

It follows easily that Round(f™(B(Z,r)),x) is bounded by a constant inde-
pendent of x, n, and 7.

and

Moreover,
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2.8 Quasisymmetric and topological conjuga-
cies of cxc systems

Recall that a homeomorphism h between metric spaces is weakly quasisym-
metric if it distorts the roundness of balls by a uniform factor, i.e.

Round(h(B(x,r)),h(x)) < H

for all z € X and » < diamX.
We start with a result which will enable us to promote weak quasisym-
metry to the usual strong quasisymmetry.

Theorem 2.8.1 Let X,Y be two uniformly perfect doubling metric compact
spaces. Let h : X — Y be a homeomorphism. If both h and h™' are weakly
quasisymmetric, then h and h™' are both quantitatively quasisymmetric.

In the proof, we adapt the argument of Theorem 10.19 of [Hei.

Proof: The assumptions imply

1. there is a constant A > 1 such that, for any ball B in X or Y with
non-empty complement, B\ (1/)\)B # 0;

2. there are constants C', 3 > 0 such that any set of diameter d in X or Y
can be covered by at most Ce™? sets of diameter at most ed;

3. there is a constant H such that

ifa,b,r € X, |a—z| <|b—xz| then |h(a)— h(x)| < H|h(b) — h(z)|

ife,dy €Y, |e—yl<|d—y| then [h™}(c) —h7(y)| < H|[hH(d) = h™(y)].

Choose t. € (0,1) small enough so that t.A < 1/3. Let a,b,z € X and

set
o=al k()= h(x)]
b — x| |h(b) = h(z)]
Let us assume that ¢ < .. Since X is u.p., there are points by, . .., bs such

that b; € B(z,t2|b—x|)\ B(z, (t2/\)|b— x|), where s is the least integer such
that t7 <t by 1.
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It follows that if ¢ < j then

b = bl o fbi — 2] |z —bjl
|b—x| — |b— x| |b — x|

so that

‘|bb - bﬂ“ > (te/A) =t 2 (t/N) (1= Ate) > 0
-

and these points are all pairwise disjoint.
Furthermore, it follows from the definition of s that

log(1/%)
log(1/t.)

Let 0 <i < j <s—1;then |a —b;| < 2|z —b;| and

<s.

b; — ;| > (1 /A)(1 = Mt )b — 2| > 2|z — by .
Hence |a — b;| < |b; — b;| and it follows that
|h(a) — h(b;)] < HIh(b;) — h(b))]
by 3. Similarly, |z — b;| < |b; — b;| implies that
() = h(bj)| < H|h(bi) = h(bs)].

Therefore
(@) — h(z)| < 2H|h(bi) = h(b;)]-
It follows that the balls B(h(b;), (1/5H )|h(a)—h(z)|) are pairwise disjoint.
Indeed, if y € B(h(b;), (1/5H)|h(a) — h(x)]), then
[y = h(bi)| = [h(bi) — h(b;)| — |y = h(bj)| = (3/5H)[h(a) — h(z)]

so that y ¢ B(h(b;), (1/5H)|h(a) — h(z)|) . Furthermore they are contained
in B(h(x),2H|h(x) — h(b)]), so the doubling property 2. implies

t/ _6
< _
s<(C <5H)

from which we deduce that ¢’ is bounded by a function of ¢t which decreases
to 0 with ¢.
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It follows that there is a homeomorphism 7 : [0, 1] — [0,7(1)] such that
n(l) > 1 and if |a — z| < |b — z| then

la — x|

@) = )] <0 (5= ) 100) - i)

Similarly, if |¢ — y| < |d — y| then

i) -l < (1220 1) - 1)

Let us assume now that ¢ > 1/5n7*(1). It follows that
|A(b) = h(x)] < n(1/t)|h(a) — h(z)| < |h(a) = h(z)],

1) — h(a)
bal<m (\h<a> - h<x>\) la—al.

whence

It follows that
<1/ (1/t).

This establishes that f is quasisymmetric, and f~! as well.

The main result of this section is

Theorem 2.8.2 (Invariance of cxc) Suppose f : (%1, X) — (X0, X) and
g:(9D,Y) — (9, Y) are two topological cxc systems which are conjugate
via a homeomorphism h : Xy — 2),, where Xy and ), are metric spaces.

1. If f is metrically cxc and h is quasisymmetric, then g is metrically cxc,
quantitatively.

2. If X is connected and f,g are both metrically cxc, then hlxy : X — Y
1S quastsymmetric, quantitatively.

In the proof below, we use subscripts to indicate the dependence of the
metric regularity constants on the system, e.g. 64, d1,, etc.

Proof: 1. Suppose first that h is n-quasisymmetric. Then
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e [Roundness quasi-invariant| h sends K-almost-round sets with re-
spect to x to (K )-almost-round sets with respect to h(x);

e [Relative distance distortion]| for all A, B C X with A C B,

1 diamh(A) diamA
< <n
9 (diamB> ~ diamh(B) ~ diamB
T\ diama

(see [Hel], Prop. 10.8).

The topological axioms ([Expansion], [Irreducibility], [Degree|) are invariant
under topological conjugacies. Axiom [4, Roundness distortion| follows im-
mediately from property [Roundness quasi-invariant] above. Thus, it suffices
to check Axiom [5, Diameter distortion]. Let us use small letters and drop
“diam” for ease of readability. Let 7j(t) = 1/(n~')(1/t), and notice that h~*
is M-quasisymmetric.

We have
%I < 77(2%) rel. dist. distortion
Zo< gy def. §_
% < n(20_5(%)) 7 increasing
v n(2%) rel. dist. distortion
Thus,
,a/ Ul
o ()
0] v
Now define

0—g(t) = n(20- 5 (M(21))).
This is a composition of homeomorphisms, hence a homeomorphism, and so
it satisfies the requirements. Finding d,, is accomplished similarly :
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2. Now suppose ¢ is metrically cxc. By Propositions P.6.10] and P.6.7], X
and Y are doubling and uniformly perfect. Therefore, it suffices to show h
and h~! are weakly quasisymmetric (cf. Theorem P8]). Since the setting
is symmetric with respect to f and g, it is enough to prove that h is weakly
quasisymmetric. To show this, it suffices to show (since h and its inverse are
uniformly continuous) that if B = B(Z,r) is a sufficiently small ball, then
its image h(B) is almost round with respect to § = h(Z), with roundness
constant independent of B. Our proof below follows the usual method (see
[Buld)): given a small ball B, we use the dynamics and the distortion axioms
to blow it up to a ball of definite size and bounded roundness. By compact-
ness, moving over to Y via h distorts roundness by a bounded amount. We
then pull back by the dynamics and apply the distortion axioms again.

Our argument is slightly tricky, since we must trap balls, which are pos-
sibly disconnected, inside connected sets in order to apply the pullback step
and make sense of the “lift” of a ball. We will accomplish this as follows. Let
U= {U,}>2,, V={V,}>, be the sequences of good open sets for f and g,

n=0"
respectively. We are aiming for the following diagram:

U'cBcU & V' c h(U') C h(B) C W(U) C V
ol Ly (2.6)
U'c ff(BycU & V'chU)cCh(f*B))=g"(h(B) ChU)CV

Below, we indicate the dependence on the map of the metric regularity con-
stants K,C, L, ¢,, d,, etc. defined in the previous two sections by subscripts.

The diameters of elements of V, are bounded from below. Since X; is
relatively compact, hl x, X — D s uniformly continuous. Hence there
exists dp > 0 such that

diamFE < §y = diam(h(F)) < ¢y = Lebesgue # of V. (2.7)

Finding U , U'. The [Expansion] Axiom implies that there exists Ny such
that dy, s < 0p. Let B = B(Z,r) where r < ¢y, r/(2Ls). By Proposition
P.6.6, there exists ng s and m € N, U € Uy, and U’ € Uy, 4, , such that

B(z,r/L;) cU' c Bc U C B(&, Lyr).

Thus diamU < 2Lsr < cn,,r and so m = Ny +n where n > 0.
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Finding U’,U. Let as usual U = f*(U), U’ = f*(U"), © = f*(z). Then
U e I/{No and U’ € Z/[No-f—no,f'

Finding V. Let y = h(x). Since U € Uy, and dy, s < 6o, (1) implies
diam(h(U)) < €y and so there exists V' € V, with h(U) C V.

Finding V'. The forward roundness bound (R.2) implies that
Round(U’, z) < py ¢(Ly).

Hence
CNo+no, ¢

2p4.5(Ly)
Since X is compact, h(B(x,s)) D B(y,t') where
t'=inf{|h(z) — h(a)| : 2 € X,|a — x| = §'}.
The [Expansion] Axiom implies that there exists ko such that dy, , < t'/2.

Proposition implies that there exists V' € Vy, such that Round(V’,y) <
K,. Then

U' D B(x,s"), where s’ =

V' nU") Ch(f"(B)) Cc h(U)cCV
where

Round(V”, y), Round(V, y) < min {%, Kg} =R

and

di'amV’ < g . p.
diamV'  dy,

Finding V,V’. Let V,V’ denote the preimages of V and V', respectively,
containing § = h(z). We have now achieved the situation summarized in

Eq).
Conclusion. The backwards roundness bound (B.1) and backwards relative
diameter distortion bound (B.3) imply

Round(V, §), Round(V",§) < R = p_ 4(R)

and _
diamV’ ~
— >D=9) D).
diamV +a(D)

Hence Round(h(B), h(#)) < 2R2/D and the proof is complete.
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Chapter 3

Geometrization

In this chapter, we assume we are given an fbe (X1, X) 7, (%X, X) and
a finite cover U which satisfy [Expansion|. To this data we will associate
a canonical conformal structure on X, thus promoting our topological dy-
namical system to a conformal one. This structure appears as the conformal
structure at infinity induced by a hyperbolic space upon which f acts by
local isometry. Assuming in addition Axiom [Irreducibility], we study the
distribution of preimages of points and of cycles.

When the map is actually cxc, then the conformal structure belongs to
the same conformal gauge as the original one, and we prove that there is a
unique measure of maximal entropy log d.

This approach follows not only Thurston’s philosophy that Topology im-
plies a natural Geometry, but also apply Gromov’s point of view that coarse
notions capture enough information to determine Geometry.

This chapter is organized as follows. In the first section, we review the
basic geometric theory of unbounded metric spaces, emphasizing hyperbol-
icity and compactifications. Section 2 is devoted to the construction of the
hyperbolic space I', and we establish its first properties. In section 3, the hy-
perbolicity of I' is proved, and its naturality is established. Then, we use the
hyperbolicity to study measure-theoretic properties: the Patterson-Sullivan
procedure produces a geometric measure which describes the distribution of
preimages and of cycles. We also estimate the Hausdorff dimension of the
repellor with respect to this canonical conformal structure. Finally, in the
last section this theory is applied to topological and metric cxc maps.

39
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3.1 Compactifications of quasi-starlike spaces

A metric space (X, d) is said to be proper if, for all x € X, the function
y — d(x,y) is proper, meaning that closed balls of finite radius are compact.
A geodesic curve is a continuous function «y : I — X such that d(y(t),v(t')) =
|t—t| for all t,¢ € I and where I is an interval. We will often not distinguish
between the function v and its image in X. The space X is said to be geodesic
if any pair of points can be joined by a geodesic.

Fix a base point 0 € X. A ray (based at 0) is a geodesic curve v : R, — X
such that v(0) = o. Let R be the set of geodesic curves starting at o, and
let R be the set of rays based at o. The space (X, 0) is K-quasi-starlike
(about o) if, for any z € X, there is a ray v € R such that d(z,v) < K.

In this section, we assume that (X, d) is a geodesic proper K-quasi-starlike
space about a point o. For convenience, we write d(z,y) = |z — y| and
|z = |z —o.

Hyperbolic spaces. The Gromov product of two points x,y € X is defined
by (z|y) = (1/2)(Jz|+|y| — |z —y|). The metric space X is Gromov hyperbolic
if there is some constant ¢ > 0 such that

(z]z) = min{(z]y), (y[2)} — 0

for any points z,y,z € X. (By Proposition 1.2 of [CDP], this definition
agrees with the more common one in which the above inequality is required
to hold for all z, y, z and o instead of just at a single basepoint 0.) Let us note
that in such a space, (z|y) ~ d(o, [z,y]) where [z, y] is any geodesic segment
joining = to y. We refer to [CDH] and to [[GdIH] for more information on
Gromov hyperbolic spaces.

Compactification. Here, we do not assume X to be hyperbolic. We propose
to compactify X using the method of W.Floyd [FId. Let ¢ > 0, and, for
z € X, define p.(x) = exp(—¢|z|).

For z,y € X, define

dufe,y) = o~ yl. =it [ .

v

where the infimum is taken over all rectifiable curves which join x to y. Thus,
[z =yl <z -yl



3.1. COMPACTIFICATIONS OF QUASI-STARLIKE SPACES 41

The space (X, |- |.) is not complete since if v € R, and if ¢ > ¢ then

t/
() = At < / s < e
t

Therefore {y(n)} is a non convergent d.-Cauchy sequence.

Definition. Let X. be the completion of (X,d.), 0X. = 0.X = X. \ X.
Thus, X, is also a length space.

Remark. If X is Gromov hyperbolic, then, for € small enough, 0.X. coincides
with the Gromov boundary of X and d. is a visual distance (cf. [[CDB, BHK])).
That is, we may extend the definition of the Gromov product to the boundary
0X. and then, |z — y|. < e=*@W) holds if 0 < ¢ < &4(§) for some constant
£0(0) > 0 which depends only on §. When dealing with a hyperbolic space
X, we will write indifferently

0.X, 0.X, 0X

to denote its boundary. In any case and unless specified, metrics on the
boundary will always be visual metrics d. as above for some fixed parameter
¢ > 0 small enough.

Topology on R. If v € R then ~ is geodesic for d.. Indeed, let v be a curve
starting from o that is parameterised by arclength. It follows that |y(t)| <t
for all ¢ € [0, £(7)]. Therefore,

v [ g s [ gy s L et
6(7) - € = (& =2 ( e ) .
0 0

We have equality when ~ is geodesic for dy.

For v € R, the limit in X, of y(¢) at £(7) exists since any sequence (7(t,))
with t,, — ¢(7) is a d.-Cauchy sequence. Let us define

w(y) = lim ~(t).
(v) = lim (1)

The closure of each element v € R is thus compact in X.. Therefore, we
may endow R with the Hausdorff topology of non-empty compact subsets of
X, with respect to d..
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Lemma 3.1.1 The set R is compact and the map 7 : R — X, is continuous
and surjective. Furthermore, Ro. is closed in R and w|r,, : Reo — 0X. is
also surjective.

Proof: Let (7,) be a sequence in R. If liminf ¢(y,) < oo, then we may
extract a subsequence which converges on any compact subset of X in the
dy topology. Therefore, it also converges for the d. metric.

We might as well assume that each 7, has infinite length. Then (R, LN
X), is equicontinuous and for any ¢ > 0, |v,(¢)| remains in a compact set
of X (|7(t)] = |t]), so we may apply the Arzela-Ascoli theorem and extract
a convergent subsequence to a continuous function v : R, — X. It follows
that the convergence is uniform on compact subsets of X and that v € R..
It remains to prove that v is also the limit in the d. topology.

Let tg > 0 be large; if t > ty, then

(@) = 7(O)le < |7(to) = (D)]e + [n(to) — v(to)]e + |7 (to) — v(t)]e
< yalto) — v(to)]e + (2/€) exp(—eto) .

Therefore, if n > 0, there is ¢y such that (2/¢) exp(—cty) < n/2, there is
no such that, for n > ng, [v(t) — v.(t)| < n/2 for all t € [0, ], and so, for
these t,

() = 7Dl < n(t) = ()] < /2

and for t > t,
2
[V (t) = ()] < [m(to) — v(to)| + -e o<n/24n/2<.

The continuity of 7 is straightforward. Let us prove that 7 is surjective.
If z € 0X,, then there is a sequence (x,) in X, which converges to z. Let
7n be geodesic segments joining o to xz,. It follows as above that (v,) is a
normal family and sub-converges to a geodesic ray v € R4. One obtains,
for t < |x,|,

|:E - W(V)Ls < |7T(7) - V(t)|a + |/7(t) - Vn(t)|a + |/7n(t) - xn|e + |xn — Tle

< (2/e)exp(=et) + [y(t) =y (D)e + 20 — 2.
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Let n > 05 if t > ¢y then (2/¢) exp(—¢et) < n/3. If n is large enough, then
[z — 2nle < /3, and |y(to) — Yn(to)l < 1/3 so that |z —x(7)]: < 7 and
v = ().

Lemma 3.1.2 The following hold
X.=B.(0,1/),0X. = {z, |t]. = (1/2)} and B(o.R) = B.(o, (1/e)(1—¢").

Proof: Let z € X and v € R be a geodesic segment joining o to x. It follows

that
|| 1 1
|z|. < /p6 = / e =ds = ~(1 — ey < =
. 0 5 5

This implies that B(o, R) = B.(o,(1/¢)(1 — e %)) and X. C B(o,1/¢).

Let x € 0X.. There is a sequence (x,) of X such that z,, converges to x.
Since X is a proper space, it follows that |z,| — co. Furthermore,

|2nle > (1/)(1 = eel™))
so that |z|. = 1/e. This establishes the lemma.
|

Shadows. Let z € X, R > 0. The shadow U(z, R) of B(z, R) is the set of
points y in X, for which there is a dy-geodesic curve joining o to y which
intersects B(x, R). Let U (z, R) = U(z, R)NOX. be its trace on 0X.. When
R =1 we employ the notation U(z) for U(z,1).

Lemma 3.1.3 For any x, R, there is a constant Cg > 0 such that
diam.U(z, R) < Cre~le!,

Proof: Let y € U(z, R). There is a geodesic segment [o,y| and a point
p € B(z, R) N [o,y]. Therefore,

ly =zl < |y —ple + |z —ple.
Since [z — R < |p| < |z|+ R, it follows that |z —p|. < Re*"e~<1*l. Moreover,
|yl 6z—:R 62€R
p—yle <" / ectdt < S el < & p—clel
lp| € £

This establishes the estimate.
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Remark. Shadows are almost round subsets of the boundary. More pre-
cisely: if X is Gromov hyperbolic and K-quasi-starlike, then, for a fixed R
which is chosen large enough, there is a constant C' = C'(e, R, K') such that,
for any x € X, there is a boundary point a € 90X such that

B(a, (1/C)e *1*l) ¢ B (x, R) C B(a, Ce 17l).

A proof of this fact can be found in [Cod]. Furthermore, the family {int(O(z, R))}
defines a basis of neighborhoods in X, for points at infinity.

Distance to the boundary. If z € X, we let 0.(x) = dist.(z, 0X,).
Lemma 3.1.4 If X is K-quasi-starlike, then for all x € X,

e—e\x\ e—5|a:|
S 55(1‘) S CK,E

€

Proof: Let z € X. We start with a first coarse estimate:

o 1
de(x) > / e ctdt = —e eIl
|

z| €

If there is a ray 7 € R, such that x € v, then

o —elz
e(w) = / etdt = S— = pel).
‘ 3 3

z|

In general, since X is K-quasi-starlike, there is a ray v € R, and a point p €
B(z, K)N~y. Therefore, |z|— K < |p| < |z|+K and |z —p|. < Cre~ |z —p|.
Then

—¢(|z|-K)

3u(a) < o = ple+0:(9) < O e < O

Quasi-isometries versus quasisymmetries. A quasi-isometry f : X —Y
between two metric spaces is a map for which there are constants A > 1 and
¢ > 0 such that



3.2. SPACES ASSOCIATED TO FINITE BRANCHED COVERINGS 45

1. [bi-Lipschitz in the large| for any z, 2’ € X,

1
Tle =@l —e<|f(z) = fl@)] < Az — 2| + ¢,

2. [nearly surjective] for any y € Y, there is some = € X such that
[f(x) —y[ < e

We note that if f : X — Y is a quasi-isometry, then there exists a quasi-
isometry ¢ : Y — X such that |go f(z) — 2| < C for some constant C' < oc.

It is well-known that if ® : X — Y is a quasi-isometry between two
hyperbolic spaces, then it extends as a quasisymmetric homeomorphism ¢ :
0X — 0Y, if we endow the boundaries with visual metrics. For the converse,
we have

Theorem 3.1.5 (M. Bonk & O.Schramm) Let X, Y be two quasi-starlike
hyperbolic space. For any quasisymmetric homeomorphism ¢ : 0X — 9Y,
there is a quasi-isometric map ® : X — Y which extends .

For a proof, see Theorem 7.4 and Theorem 8.2 in [BY].

3.2 Spaces associated to finite branched cov-
erings

Suppose f : X; — X; is an f.b.c. with repellor X, and all the conditions
on Xo, %1, f, and X stated at the beginning of §2.9 are satisfied. We as-
sume furthermore that we are given a finite open covering U = Uy of X by
connected subsets of X, which satisfies axiom [Expansion] in the definition
of topologically cxc. We assume neither axiom [Irreducibility] nor axiom
[Degree].

Under these assumptions, we prove

Theorem 3.2.1 The pair (f,U) defines a proper, geodesic, unbounded, quasi-
starlike, metric space I' together with a continuous map F : I' — ' with the
following property. There is a constant g > 0 such that, for any e € (0, &),
there exists a homeomorphism

¢ : X — 0.
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such that ¢.o f = F o ¢..

The map F extends as a Lipschitz map F : T, — T'. sending the boundary
to the boundary, and, F(B(¢,re %)) = B(F(€),r) holds for any € € T\ {o}
and any r € (0,|F(£))]:).

In the above theorem, I', and O.I" are defined as in the previous section,
and B((,) denotes the ball of radius r about ¢ in ..

Note the similarity of this statement with the case of hyperbolic groups.

In the next section, we investigate more closely the geometry of T..

Definition of I'. From the map f : X; — X, and the cover U, we construct a
topological space I which is a graph equipped with a distinguished basepoint
and which we define as follows.

The set V(I') of vertices is the union of the elements of U = U,>¢lU,,
together with a base vertex o = {X}. It will be convenient to reindex the
levels as follows. For n € N set

Z/[n—l if n Z 1,
S(n) =

{o} ifn=0.

For n € N and a vertex W € S(n), we set |W| = n. Thus, V(I') = U,>05(n).
Two vertices Wy, W5 are joined by an edge if

IWi| = [Wa)| <1 and WinWen X #0.

This definition forbids loops from a vertex to itself and multiple edges be-
tween vertices, so I' is indeed a graph as claimed. The graph I" is turned into
a geodesic metric space in the usual way by decreeing that each closed edge
is isometric to the Euclidean unit interval [0, 1]. Since each S(n) is finite,
the valence at each vertex is bounded (though not necessarily uniformly so)
and so I' is proper. Since as subsets of Xy, any vertex W € S(n) intersects
aset W’ € S(n — 1), any vertex W can be joined to the basepoint o by a
geodesic ray in I'. Hence I' is connected. It is also 1/2-quasi-starlike, since
the midpoint of edges joining vertices at the same level lies at distance 1/2
from every geodesic ray emanating from o. By construction, S(n) is the
sphere of radius n about the origin o.

Action of the finite branched covering. If n > 2 and W € S(n) =
U,—1, then as subsets of Xy, f(W) € S(n —1) = U,—2, so f induces a map
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F : Up>25(n) — Up»2S(n — 1). Define F(W) = o for all W € S(1) U S(0);
thus F' is defined on the vertex set V(I'). To extend F' over edges, observe
that if n > 1 and if (as subsets of X) W, W' are distinct inverse images
of W, then W, w’ , being distinct components of the inverse image, cannot
intersect. Thus, if W7, W5 are joined by an edge, the definition of edges given
above then implies that either

1. F(Wy) # F(W,) and F(W;), F(W,) are joined by an edge, or
2. |W1|, |W2| S 1 and F(Wl) = F(Wg)

Letting E be the union of edges joining pairs of elements of S(1), properties
(1) and (2) above imply that F' extends naturally to a continuous map F' :
I' — T" which collapses B(o,1)US(0)U E — {o}, and which otherwise sends
all edges homeomorphically onto their images.

Properties of F.

— F'is 1-Lipschitz.

F' decreases levels by one: |F(&)| = [¢] — 1 for all [¢] > 1.
— F sends rays to rays: F': (R,Re) — (R, Ro)

— F has the path lifting property for paths which avoid the base point o:
any path v in I\ {o} can be lifted by F~'.

Once a basepoint has been chosen, the only ambiguity in defining the
lift arises from vertices corresponding to a component on which f is
non-injective. In the sequel of the paper, we will use this property
without mentioning it explicitly.

Lifts preserve lengths: if 4/ is a lift of a curve v, then £(vy) = £(v').

— F maps shadows onto shadows: for any [£| > 2, F(U(&)) = G(F(£)).

To see this, note that since F' maps rays to rays, it follows that F'(U(€)) C
O(F(§)). For the converse, let ¢ € G(F(£)) and let us consider a
geodesic curve 7y joining F(£) to ¢. The function ¢ — |y(t)| is strictly
monotone. Since F' has the lifting property, there is a strictly mono-
tonic geodesic curve 7/ starting from ¢ such that F(y') = ~. This
curve can be extended geodesically to the base point o. It follows that
G(F(§)) C F(U(E)), which proves the claim.
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Let £, € '\ B(o, 1) and let v be a geodesic segment joining these points.
Then

d(F(£), F(C)) g/ eEIF(“f(t))IdFS/eE(IV(t)1)dt§€€d€(£7g)_

F(v) v

Therefore F' is uniformly continuous so it extends to an e®-Lipschitz map
F:T.—T..

Proposition 3.2.2 For any ¢ € T, and v < |F(¢)|., F(B.(§,7e79)) =
B.(F(&),7).

Hence F'is an open mapping.

Proof: We already know that F'(B.(&,re %)) C B-(F(§),r). Let us consider
(" € B(F(§),r) and +" a d.-geodesic curve joining F'(£) to ¢’. Since r <
|F'(£)]., it follows that ~" avoids 0. We let v be a lift of 4/ which joins £ to a
point ¢ € I'.. Tt follows that

€= Clo < L.(7) = / pe(€)ds(€) = e / pe(F(€))ds(€) = / p-(€)ds(€)

7 gl -
SO \ﬁ - C|z—: < 6_5|F<§) _ C/|€ <ecrand (€ B€<f,€_67’).

The following proposition says that if F™ is injective on a ball, then it is
a similarity on the ball of one-fourth the size.

Proposition 3.2.3 Suppose B = B({,r) CT. and F"|g : B — B(F(£),e"r)
is a homeomorphism. Then for all (1,( € B(&,r/4),

|[F™(C) — F"(G)]e = €"|C1 — Cale-

Proof: We first claim that the above equality holds when (; = ¢ and ( = (,
is an arbitrary point in B. The upper bound is clear. To show the lower
bound, notice that F'=" : B(F"(&),re®") — B(,r) is well defined, and let
v C B(F™(&),re®™) be a curve joining F"(€) to F(¢). It follows that F'~"(7)
is a curve joining ¢ to ( inside B, so the proof of Proposition shows
that

L(F7"(y) = e (7).
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Since F"|p is a homeomorphism, the claim follows.

The proposition follows immediately by applying the claim to the ball
centred at ¢; of radius |(; — (3|., which by hypothesis is contained in B and
hence maps homeomorphically onto its image under F™.

Comparison of X and 0I'. For any = € X and n € N, let W,, € S(n)
contain x. The sequence (W,,) defines a ray v, in R such that v,(n) = W,.
There is a natural map ¢; : X — 0.I' defined by ¢¢(z) = m(7,). In other
words: the sequence (W,) is a Cauchy sequence in T, and we let ¢(z) be
its limit. This map is well defined: if (W) is another sequence contained
in a ray 7., then d(W,,,W/!) <1 since x € W, N W/ N X, so 7(y:) = 7(7.).
Furthermore, F'o ¢y = ¢y o f on X.

Proposition 3.2.4 The map ¢; : X — O.I' is continuous and onto.

Proof: To prove surjectivity, suppose £ € OI'.. By Lemma B.I.1, there
exists a ray v € Roo such that 7(y) = & For k € N let Wy, = ~(k), so that
Wy € S(k). Then Wy, € T. and € = lim W,,. But each W, is also a subset of
X, whose intersection with the repellor X contains some point wy. Since X
is compact, there exists a limit point z of (wy).

We claim ¢¢(x) = £ By definition ¢s(x) = limV,,, where V,, is an
arbitrary element of S(n) which as a subset of X contains x and where the
limit is in I'.. Then for each n € N, since V,, is open and wy, — z, there exists
k(n) € N such that W, NV, N X # 0 for all k > k(n). By the definition
of shadows, W}, € UO(V;,). By Lemma B.1.3, [Wipm) — Vale — 0 as k — oo.
Hence & = lim Wy, = lim Wy,) = lim V,, = ¢¢(2) as required.

To prove continuity, suppose z, — x € X. For all n € N choose W,, €
S(n) containing z, so that £ = ¢¢(z) = limW,, € Us(W,). Then for all
n € N there exists k(n) such that z, € W), for all £ > k(n). By the definition
of ¢f, ¢p(xr) € Ueo(W,,). By Lemma B.1.3, |ds(xx) — €| < Ce ™" — 0 as
n — oo and so ¢f(zy) — & = ¢f(z).

We now turn to the proof of Theorem B.2.1. We first prove the existence
of a preliminary metric in which the diameters of the sets ¢;(U), U € U,
tend to zero exponentially fast in n.
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Theorem 3.2.5 Suppose Aziom [Expansion] holds. Then there exists a met-
ric on the repellor X and constants C' > 1,0 < 1 such that for alln > 0,

sup diamU < C0".
Uelty,

The proof is standard and mimics the proof of a preferred Holder structure
given a uniform structure; see [Bod].

Proof: Let Ny be given by Proposition P41, 2(c) and put g = f™, V, =
ujyggluj, D, = f VX, Dy = Xp, and V, = g-™V,. Then g is a finite
branched covering, the repellor of g is X (by total invariance), and the mesh
of V, tends to zero. The conclusion of the above proposition (applied U] =
Ul = V') and the definition of g implies

YV eV, 3V eV, with V' CV. (3.1)

This and conclusion 2(b) of Proposition R.4.1 imply immediately that for any
distinct x,y € X, the quantity

[z|y] = max{n : V1 <i<n,3V; €V, with {z,y} C V;}

is finite. For 2 = y set [x,y] = co. The statement (B.1]), Proposition B.4.1]]
(c) and the definition of g imply for any triple z,y,z € X,

(2]2] > min{[aly], [y]2]} - 1.
Fix € > 0 small, and define
oe(z,y) = exp(—e[z[y]).

Then ¢.(x,y) = 0 if and only if z = y, and indeed p. satisfies all properties
of a metric save the triangle inequality. Instead, we have

0e(, 2) < e“max{(e(r, ), 0c(y, 2)}-

There is a standard way to extract a metric bilipschitz equivalent to o..
Ife< % log 2 then Proposition 7.3.10 of [[GdIH] implies that there is a metric
d. on X satisfying

(1 - 2\/§)Q€(az,y) < dE(xay) < Qe<x7y)'
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Letting diam. denote diameter with respect to d., it is clear from the defi-
nitions that V € V,, = diam/V < exp(—ne). It is then easy to check that
taking 0 = exp(—¢) and

C = max{diam U : U € UN% 'U;}
will do.

We may now prove Theorem B.2.1]

Proof: (Theorem B.2.0)) It follows from Theorem B.2.5 that there is a metric
and constants C' > 0 and 6 € (0, 1) such that, for any W € S(n), diam W <
Co". Let x,y € X and let us consider a curve v = (W,,) ez joining ¢¢(x) to
¢¢(y). It follows that

—e[Wh|

—e|Wa| € .
65(’}/) = ZG Wal — Z WdlamWn .

If ¢ > 0 is small enough, then e=*"=I > (1/C)0"=l > (1/C)diamW,,. Fur-
thermore, there are points (z,) such that z, € W,, N W,,;;. For all k € N, we
let v, be the subcurve of v joining W_j to W. Then

() > (1/C) ) diamW,

In|<k

> (1/C) Y dx(zn, 2nt1)

In|<k

Z (1/C)dx(,2,k, Zk) .

Since 7y is a subset of v, {z_x, 2} tends to {x,y}, this implies that ¢.(y) >
(1/C)dx(z,y), where C' is independent of . Therefore, d.(¢s(x), dr(y)) >
(1/C)dx (. ).

The fact that F' is Lipschitz and maps balls to balls is the content of
Proposition B.2.3.
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3.3 Geometry of I

Let f: X1 — X, and U satisfy the conditions listed at the beginning of §B.2.
The main result of this section is

Theorem 3.3.1 If (f,U) satisfies [Expansion], then T is Gromouv hyperbolic.
If (f,V) also satisfies [Expansion], then T'(f,U) is quasi-isometric to T'(f,V).
If g=f":X,_1 — Xo, then I'(g,U) is quasi-isometric to T'(f,U).

Hence, as long as the expansion axiom is satisfied, the quasi-isometry
class of I' is an invariant of the conjugacy class of f: X; — X,.

The proof of Thm will follow from both Proposition and
Proposition B.3.13.

The naturality results given above are analogous to those enjoyed by
Cayley graphs of finitely generated groups.

3.3.1 Metric estimates

We start by gathering information on the geometry of balls, and how they
interact with the coverings.

Our main estimates are the following, which assert that the elements
¢ (W) enjoy geometric properties with respect to the metric d. similar to
those enjoyed by the sets U with respect to a metric for a cxc map; compare
Propositions (Uniform roundness) and (Balls are like connected

sets).

Notation. For an element W € S(n), regarded as a subset of X1, we denote
by ¢ (W) the set ¢p(W N X).

Proposition 3.3.2 1. There is some constant C' > 1 such that, for all
W e V \{o}, there is a point £ € ¢ps(W) so that

B.(&,(1/C)e™™) € 65(W) € UBao(W) C Ba(€, Ce™™).

2. There is a radius r1 > 0 such that, for any n > 1 and for any & € O.T,
there is some W € S(n) so that B.(§,r1e™°") C ¢f(W).

3. A mazimal radius ro > 0 exists such that, for any r € (0,ry) and any
€ € 0.1, there exist W and W' in U such that |W — W'| = O(1),

¢r(W') C B-(&, 1) C op(W),
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and
max{Round(@; (W), &), Round(g (W), €)} = O(1).

Since the set X; is not assumed to be endowed with a metric, we shall

use uniform structures [Bou].

Since X; has compact closure in Xg, there is a unique uniform structure
on X; compatible with its topology. We consider the uniform structure on ¥,
induced by the one on X;. Let us recall that an entourage ) is a neighborhood
of the diagonal of X; x X;. If z € X, then Q(z) = {y € X4, (z,y) € Q} and

QOQ:Q2:{<£7Z)€%1 X%h ElyE%h (.T,y)EQ, <y72>EQ}'

Proposition 3.3.3 Given an entourage €2, there is some constantr = r(2) >
0 such that, whenever U € S(1), u € UN X and Qu) C U, then, for
any n > 1, any U € S(n) such that f"_l(fj) = U, and any preimage
aeUn f~mV({u}), the ball B.(¢s(a), re ") is contained in qbf(fj).

Let us first prove some lemmata.

Lemma 3.3.4 Lety:R — T be a curve such that v(Z) C V' \{o} and which
connects two points u and v from the boundary. Letr € (0,1/e). If .(y) <r
then

Unezos(7(n)) C Be(u, ).
Proof: For any fixed n and any z € ¢¢(y(n)),
|z —ule < |z = ()] + |v(n) —ul..
But Lemma implies that
|2 = 7(n)]e = diste(v(n), 0.T) < |7(n) — vl < Le(V]n,00)

and |y(n) — ul. < lo(Y[j—0om) s0 that [z — ule < l(y) < r. Therefore
z € B.(u,l:(7)) and ¢¢(y(n)) C Be(u, (7)) for all n € Z. Hence

Unezdf(v(n)) C B:(u,r).
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Definition. Given u € 0.I' and r € (0,1/¢), we let V(u,r) be the set of all
vertices of I' contained in curves of d.-length less than r joining u to another
boundary point.

It follows from the lemma above that ¢f(U) C B.(u,r) for any U €
V(u, ).

Lemma 3.3.5 There is a function n : (0,1/¢) — N tending to infinity as r
goes to 0 such that, the level of any U € V(u,r) is at least n(r).

Proof: Let U € V(u,r) and denote by v a curve defining U. One has

1
ge_s‘m = dist (U, 0I") < l(y) <7

so that |U| > (1/¢)log1/(er).

Lemma 3.3.6 Let Q) be an entourage of X1. There is a radius r > 0 which
depends only on Q such that, for any u € OI', W C Q(gb;l(u)) whenever
W e V(u,r).

Proof: Let us consider an entourage )y such that Q2 C .

Since [Expansion] holds, an integer ng exists so that, given any n > ny,
any € X and any W € S(n) with € W, the inclusion W C Qy(z) holds.

The uniform continuity of Qﬁjil provides us with a first radius r; > 0
(independent from u) such that, for any u € 9T, gb;l(Bg(u, r1)) C Qo(gb;l(u)).

We choose r € (0,71) as large as possible so that n(r) > ny. Note that
r depends only on Q. Thus, if W € V(u,r) and v € ¢(W) then <;5J71(v) €
QO(¢]71(U)) by Lemma B.3.4. Besides, |W| > ng, so that W C Qo(gb;l(v)).
Therefore, W C QF(¢; " (1)) C Q¢ (u).

We are now ready for the proofs of the Propositions.

Proof: (Proposition B.3.3). Let Q be an entourage of Xy, U € S(1), u €
U N X, satisfy Q(u) C U. Let us choose another entourage € such that
Qo C Q.
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Choosen > 1,U € S(n) and @ € == ({u})NU such that f*~(U) = U.
Let us also consider the constant r» > 0 given by Lemma applied to Q.

Let v € QZ)JZI(BE(qu(ﬂ), re~*("=Y)) and v be a curve joining ¢(@) to ¢;(0)
of d.-length less than re==("~1_ Set

K = Upezy(n) C Xo.

Then K is a continuum by definition which joins @ to ©. Therefore, f"~1(K)
joins u to f"1(0) = v, and F" Y(¢;(K)) C B:(¢s(u),r). By Lemma B.3.4,
fH(y(k)) is in Qo(gb;l(u)) for any k € Z, so that f"}(K) c U. It follows

that K C U since f"!: U—Uis proper and K is connected.

Proof: (Proposition B.3.]) Let € be an entourage such that, for any z € X,
there is some U € S(1) such that Q(z) C U.

1. Let n be the level of W and pick some 2/ € (X N f*~1(W)).

Let x € f~(=U({2’'})NW; it follows from Proposition .3.9 that ¢ (W)
will contain the ball B.(£,re™*") where r = r(Q) and £ = ¢¢(x).

Furthermore, Lemma implies that diam.¢ (W) =< diam O(W) =
e~cWI Tt follows that there is some constant C' > 1 such that, for all
W eV, there is a point £ € ¢;(WW) so that

B.(&,(1/C)e W) € ¢ (W) C Uuo(W) C B.(&, Ce™W).

2. Similarly, Proposition B.3.d implies that, for any n > 1, there is some
W € S(n) such that ¢;(W) will contain the ball B.(&,rje ") where
ry = r(2) is given by the proposition.

3. Fix r € (0,9) and £ € OI', where ¢ is the Lebesgue number of S(1) in
o.T.
It follows from point 1. above that, for any n and any W € S(n),
diam.¢ (W) =< e=".

Moreover, from point 2., there is some W such that Round(¢ (W), &) =
O(1) and B.(§,me ") C ¢p(W). Let m > n be so that the diameter of
any element of S(m) is at most 7. It follows from the diameter control
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above that m may be chosen so that |m —n| = O(1). Point 2. provides
us with an element W’ € S(m) so that Round(¢s(W’),£) = O(1) and

¢r(W') C Be(&, 7).
u

As a consequence of Proposition B.3.9 and its proof, we obtain the fol-
lowing. For n € N, let V,, = {¢4(U) : U € U,,}. Thus for each n, V, is a

covering of 0.I" by open sets which, in general, need not be connected.

Proposition 3.3.7 The map F : 0.I' — 0.I' and the sequence of cover-
ings Vo,mn = 0,1,2,... together satisfy Axioms [Roundness distortion] and
[Relative diameter distortion).

Remark: If in addition axiom [Degree] is satisfied, it would be tempting to
assert that F: 9.I' — 0. is also metrically cxc . However, even though T is
locally connected (since shadows define connected neighborhoods of points at
infinity), the boundary 0.I" need not be (locally) connected. Our definition
of metrically cxc is not purely intrinsic to the dynamics on the repellor X
since we require that the covering U, consists of connected sets which are
contained in an a priori larger space X;. Unfortunately, in general we do
not know how to modify the definition of I" so that ' : I, — T'. becomes a
finite branched covering map on an open connected neighborhood of 0.I". If
this were possible, it seems likely that one could then establish a variant of
Proposition B.3.7 in which the conclusion asserted that the model dynamics
was indeed metrically cxc.

Proof: The forward and backward relative diameter distortion bounds follow
immediately from Proposition B.3.3. Since F' maps round balls in the metric
d. to round balls, the forward roundness function p, may be taken to be
the identity. We claim that we may take the backward roundness distortion
function to be linear. B

First, suppose F" : (V,£) — (V,€) where V = ¢r(W) and W e S(k).
Suppose B(&,7) CV C B(&, Kr). Then Kr =< e~¢¥. Proposition shows
that B(E,ce™"r) C V for some uniform constant ¢ > 0. By Proposition
B33, diam. (V) = e~ Hence

. 67(n+k)e

Round(V,¢) <

= K =< Round(V,¢).

e "er
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Proposition 3.3.8 Suppose axiom [Expansion] holds. Let'Y denote the set
of points y in X such that there exists an element U’ of U containing y such
that all iterated preimages U' of U' map by degree one onto U'.

If Aziom [Degree] fails, and if Y N X is dense in X, then O.I' fails to be
doubling.

Remarks:

1. We have always f~'(Y) C Y. If Axiom [Irreducibility] holds and Y is
nonempty then Y is dense in X, so the above proposition implies that
0.1 fails to be doubling.

2. It is reasonable to surmise that Y = X — Pjy-this is the case e.g. for
rational maps. However, we are neither able prove this assertion nor
find counterexamples.

Proof: Suppose Axiom [Degree| fails. Tt follows easily that then there exists
some U € Uy such that for all p € N, there exists n € N and a preimage
U € U, of U such that f*: U — U has degree > p. The assumption and
axiom [Expansion] imply that there exists U' C U, U" € Uy independent of
p and of U such that U contains at least p disjoint preimages U of U.

By Proposition B33, ¢;(U ) and <;5f(U’) are uniformly almost round,
diam€(¢f((~])) = exp(—en), and diam€(¢f((~])) = exp(—e(n + N)). So at
least p balls of radius C”-exp(—&(n+ N)) are needed to cover a ball of radius
C'exp(—en), where C’,C are independent of n. Therefore 0.I" fails to be
doubling.

We close this section with the following consequence of Proposition B-3.9
which will be useful in our characterization rational maps; cf. Definition

£.6.§ and Corollary 2.6.9.

Corollary 3.3.9 If for each W € US(n), the sets p(WNX) and X \ p(W N
X) are connected, then OU is linearly locally connected.
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Proof: Let us fix B.(£,r). Proposition B:3:3, point 3, implies the existence
of vertices W, W’ such that ||W|—|W'|| < C; for some universal constant C
and such that
¢(W) C B:(€,7) C o(W).
Therefore, diam.¢(W) < diam.B. (£, r) < diam.p(W').
If ,(" € B.(&, 1), then they are connected by ¢(W’) which is connected
by assumption. Similarly, if ¢,(" ¢ B.(&,r) then they are joined within

X\ o(W).

3.3.2 Hyperbolicity
We are now ready to prove the first part of Theorem B.3.1].

Proposition 3.3.10 If ¢; : X — I' is a homeomorphism, then I' is hyper-
bolic.

The proof is an adaptation of Proposition 2.1 in [BF and its main step
is given by the following lemma.

Lemma 3.3.11 For any W, W' eV,
diam, (¢ (W) U ¢p(W')) < e =WV

Proof: We assume that |W'| > |WW|. We let n € NU {oo} be the smallest
integer such that
dist. (¢ (W), pr(W')) > rie™"

where 7 is the constant given by Proposition B.3.9. Let (&,&') € ¢;(W) x
s (W) satisty dist.(¢p(W), ¢r(W')) = | — &'|.. Let m = min{|W|,n} —1;
there is some C' € S(m) such that B.(§,rie ") C ¢¢(C), so that W, W' e

U(C) and
diam, (¢ (W) U ¢ p(W')) > max{dist.(¢ (W), dp(W')), diam.¢p(W)}.

The maximum of dist.(¢r(W),¢s(W')) and of diam.¢r(W) is at least of

order e ™. Hence

diam, (¢ (W) U ¢p(W")) Z eI
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Since (W|W') > |C], it follows that
diam. (¢, (W) U ¢ (W')) 2 e ="M,

For the other inequality, we let {W}o<;<jw—w be a geodesic chain which
joins W to W'. For convenience, set m = |W|, m' = |W'| and D = |[W —W'|.
Then

diam€(¢f( U ¢f Z diam, ¢f ))

0<j<D

< Z diam, (¢ (W, Z diam. (¢ (W;))

0<j<k k+1<j<D

DN i E T

0<j<k 0<j<D—(k+1)

5 e—c(m—k—1) + e—e(m/—D—I—k))

Choosing k = (1/2)(D +m — m'), one gets
diame (67(W) U 6, (W)  e-=/2m+m=D) < c=e(WIW).
The lemma is established.
|

Proof: It follows from Lemma B.3.1] that if Wi, Wa, W3 are three vertices,
then

e~ =WiWs) < diam. (¢ (W1) U ¢5(Ws))
S diam (¢ (W) U ¢ (W2)) + diam. (¢, (W2) U ¢4 (W3))
S 6*€(W1‘W2) + 6*€(W1|W3)

S max{e_a(WﬂW?)’ e_E(WQ‘W3) }
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so that there is a constant ¢ such that
(Wi [W3) = min{(W:[Ws), (W2|W3)} —c.
This proves the hyperbolicity of X.
|

The hyperbolicity of I' implies that the homeomorphism and quasisym-
metry type of OI' does not depend on an ¢ > 0 provided that e is small
enough, and that, for such a parameter,

1€ —Cle =< eeEl0)

for points on the boundary.

We turn now to the second part of Theorem B.3.1-the uniqueness of the
quasi-isometry type of I' = I'(f,U).

Proposition 3.3.12 Assume that f : (X1, X) — (X9, X) is a finite branched
covering of degree d. Let Sj(1), j = 1,2, be finite coverings. We denote by
L, Fj, ¢ and ¢; : X — OL'; the graph, dynamics, weight and projection map
associated to Sj(1). If both coverings satisfy [Expansion| and if ¢1 are ¢o are
both homeomorphisms, then I'1 is quasi-isometric to I's.

By Theorem B.1.3, it is enough to show that OI';, j = 1,2 are quasisym-
metrically equivalent, and this is what we actually prove. Without further
combinatorial finiteness or uniformity properties, it seems difficult to work
directly with the graphs I'; to show that they are quasi-isometric.

We start with some lemmata.
Axiom [Expansion] and Proposition R.4.1(2)(a) imply the following result.
Lemma 3.3.13 For j = 1,2, integers n; exist such that

1. for any U; € Sj(n;), there is Us_; € Ss_;(1) which contains U;.

2. for any Us_; € S5_j(1), there is U; € Sj(n;) contained in Us_;.
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Proof: The finiteness of Si(1) U Sy(1) implies that there is some entourage
Q2 of X; such that any U € S1(1)USy(1) contains Q(x) for some x € X, and,
for any € X, Q(x) is contained in some element of S;(1) and of Sy(1).

We treat the case j = 1. Since [Expansion| holds, there is some n; so
that any W € Sj(n;) is contained in (z) for any z € W N X.

1. If Uy € Si(ny), then consider x € U; so that U; C Q(z). There is some
U, € S5(1) such that Q(x) C Us. Therefore U; C Us.

2. If Uy € S5(1), let « € U, such that Q(z) C Us. Let Uy € Si(ny) contain
x. Thus,
U, C Q(l‘) C Us.

Lemma 3.3.14 A constant K > 1 exists such that, for j = 1,2, for any
r € X and any n > nj, there are some U € S;(n), W' € Ss_;(n +ns_; — 1)
and W € Ss_j(n —n; + 1) such that

1. xeW cUcCW.

2. Round,,(¢;(U), ¢j(v)) < K, Round., ;(¢s—;(W'),¢3_;(z)) < K and
R,OllIldE?ﬁj (¢3,j(W), ¢3*j (.I‘) < K.

It follows that
diamgs_jgbg_j(W') = diamag_j gbg_j(U) = diamgs_jgbg_j(W) .

Proof: We let j = 1. Proceeding as usual, let us rename =z = 7.
Let € X. Using the fact that S;(n) is finite, there is some U € S(n;)
such that Round., (¢1(U), ¢1(f" ™ (2))) < K7 for some constant K; > 1.
Let U be the component of £~ (1) which contains #. Then U € S;(n)
and Propositions B:3.9 and B3.3(1) imply Round., (¢1(U), $1(z)) < K; for
some constant K7 > 1.

By Lemma B.3.13, there is some W € Sy(1) which contains U. It follows
from compactness that there exists a constant K independent of & such that

Round., (¢o(W), ¢o(f*™(7))) < Kb;
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see the proof of Proposition P-6.3(1).

Let W be the component of f~™=") (W) which contains #. Then W €
Si(n —ny + 1) and Proposition B.3.3 implies Round,, (¢2(W), ¢2(%)) < Ky
for some constant Ky > 1.

By Lemma B-3-13, the point f"~!(Z) belongs to some W’ € Sy(ny) con-
tained in f"1(U). Since Sy(ny) is finite, one can assume that

Round., (¢2(W'), ¢2(f"7'(2))) < K}

for some constant K35 > 1.
Let W’ be the component of f~"~V (') which contains #. Then W' €
S1(n 4+ ne — 1) and Proposition B.3.3 implies Round,, (¢2(W'), 92(7)) < K

for some constant K5 > 1.

Let K = max{Ki, Ky, K3}. The lemma follows from Proposition B.3:3
once we have noticed that |W — W’| = ny + ns.

We now give the proof of Proposition B.3.19.

Proof: (Proposition B-3:19)

Let Uj, j = 1,2 denote the corresponding collections of open sets defined
by two different coverings at level zero. For j = 1,2 let | - |; denote the
metric on the repellor X of f : X; — X, obtained by pulling back the metric
de; on O, I' via the homeomorphism ¢;. Roundness and diameters in these
metrics will be denoted with subscripts. We will show that the identity map
is quasisymmetric: we want to find a homeomorphism n : R, — R, such
that, given any z,y, 2z € X,

[z — 2] <1 <|$—Z|1) _
[z =yl |z =yl
Let € be an entourage such that, for any x € X any j = 1,2, there is
some U; € Sj(1), such that Q(z) C Uj.
By the uniform continuity of ¢y, ¢o and their inverses, it is enough to
consider x,y, z € X such that y, z € Q(x).

The strategy is the following. Let us assume that z is closer to x than y.
Then, we may find neighborhoods U,,U, € U of x and y respectively such
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that the “ring” U, \ U, separates the set {z, 2z} from y. The 3-point condition
will follow from a straightforward argument using what is known about the
sizes of the neighborhoods in each of the two metrics.

By Proposition B.3.2, there exists a neighborhood U, € U; of z not
containing y such that |z —y|; < diam; (U,), and Round, (U,, x) < K, where
K is a uniform constant.

Again by Proposition B.3.9, there exists a neighborhood U, € U; of x
containing z such that |z — z|; < diam;(U,) and Round;(U,, 2z) < K.

Therefore, Lemma implies the existence of W, € Sy(|Uy[1 +n2—1)
which contains z but is contained in U, such that Roundy(W,, ) < K and
diamy (W) =< diamy(U,).

Similarly, a vertex W, € So(|U.|; + ny + 1) which contains U, exists such
that Roundy(W,, z) < K and diamy(W,) =< diamy(U,).

Since Roundy (W, z) < K, it follows that

o= 22 o diama(We) _cyqwefa-wyia)
[z —yla ~ diamy(W))

But since z € W, N W,
‘WZ‘Q - |ng‘2 = (‘Uz‘l - |Uy‘1) + (ng - nl)

o= sl (d?amlwz))”/“ < (Ix— zll)‘”/“
|z —yl2 diam; (U,) |z —yh

and so the identity map is a quasisymmetry.

one obtains

This concludes the proof of the second conclusion of Theorem B.3.]).

The last conclusion of Theorem is easily proved along the following
lines. There is a canonical inclusion ¢ from the vertices of I'( f",U) to those
of I'(f,U) which sends a vertex of I'(f",U), say V € Uy, with |V| =k, to
the vertex in I'(f,U) called again V' € U, with now |V| = nk. The image
of ¢ is clearly n-cobounded, an isometry on horizontal paths, and multiplies
the lengths of vertical paths by a factor of n. Hence ¢ is n-Lipschitz. Using
these facts one proves easily that ¢ is in fact a quasi-isometry, and the proof
of Theorem is complete.
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3.4 Measure theory

In this section, we assume that f : X; — X is a degree d fbc with repellor
X as in §B.9. As in the previous section, we assume that we are given a
covering U of X by connected open subsets of X; which satisfies [Expansion].
Let T = T'(f,U) be the Gromov hyperbolic graph associated to f and U as
in the previous section. Fix € > 0 small enough so that ¢; : X — 0.I' is a
homeomorphism.

We now assume that axiom [Irreducibility] holds as well.

The main result of this section is the following result.

Theorem 3.4.1 Assume that Azioms [Expansion] and [Irreducibility] hold.
Then there is a unique invariant mizing and ergodic measure [y which is
quasiconformal of dimension (1/¢)logd on (OI',d.). This measure describes
the distribution of preimages of points and of periodic points. Furthermore,
the metric entropy and topological entropy satisfy the following bounds

logd — /logdp dpg < hy(F) < hiop(F) < v <logd
and

hu(F)

log d
<dimpy < dimo.I' < Y < °8 )
€ €

where 1
v = lim —log|S(n)|.
n

Precise statements and definitions are given in the next few subsections.

In the top chain of inequalities, the first one is a consequence of Rokhlin’s
formula, which we will show applies. The second follows from the Variational
Principle, the third from generalities since F' is Lipschitz, and the last since
F is a degree d fbc.

In the remainder of this section, we dispense completely with the topo-
logical spaces X, Xo, X; and deal exclusively with F : T, — T..

3.4.1 Quasiconformal measures

Recall that f induces a continuous surjective Lipschitz map F : T, — T,
which maps vertices to vertices and edges (outside B.(0,2)) homeomorphi-
cally onto edges.
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Multiplicity function for F. Let d;(z) denote the local degree of f at a
point x € X.

~ It €€ a1, let dp(€) = dy(¢71(€)).
S W eV, [W| > 2, let dp(W) = deg(flw).

— For each (open) edge e = (W, W’) with |W|,|W'| > 1, choose a point
e WNW nNX.

If e C T. \ B(o,2), set, for all £ € e,

dp(€) = > dy(y).

ye(WnW'nf=1(zp)))

Remarks:

1. The definition depends on the choices of points ., but this is irrelevant
for our purposes.

2. The function dr may vanish on certain edges. For example, let X =
X, =X+0=R/Z,let f(z) = 2z modulo 1, and let Uy = {U, V'} where
U=X—-{1/4+Z} andv =X —{3/4+Z}. Note that 0+Z C UNV
but that U NV is not connected. S(1) consists of the two vertices
U,V joined by a single edge e. Choose ., = 0+ Z. The four elements
of S(2) are the two preimages of U given by the intervals (mod Z)
(—3/8,1/8) and (1/8,5/8) and the two preimages of V are (—1/8,3/8)
and (3/8,7/8). According to the definition, the edge joining (1/8,5/8)
and (—1/8,3/8) is given weight zero by dp since the intersection of
these two intervals contains neither 0 nor 1/2, the preimages of the
origin.

3. If dp(€) > 2 at a point £ in the interior of an edge e (such as when
the chosen point z, € 9. is a branch point of F' on the boundary),
then F'is never a branched covering with degree function dp, since dp
is constant on interiors of edges, and an honest f.b.c. is unramified on
a dense open set. Conversely, if dp = 1 on OI';, then F'is an fbc in a
neighborhood of 0.T".

The following properties hold.
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Lemma 3.4.2 The multiplicity function behaves as a local degree function.
More precisely,

(i) for any € € .\ B(o, 1),

> de(Q) =d;
F(Q)=¢

(ii) for any € € T \ B(o,2), there is a neighborhood N such that, for any
CEN,

de(§)= > de(¢).
Cer-1({F(OHNN

Proof:

(i) The statement is clear for vertices and points from the boundary. Let
e = (W, W’) be an edge, and let us denote by Wi, ..., Wy the compo-
nents of f~1(W), and by W], ..., W/, the components of f~1(W’).

If f(y) = x., then y there exists a unique edge é = (Wy, Wy/) such that

yeW,n W; Therefore

Sa@=Y Y dw= Y dw=d

F(e)=e F(é)=e ye(WynW,)Nf~1(zc) )=

(ii) The statement is clear on I' \ B(0,2). Let £ € OI'. There is some
vertex Wy such that ¢r(Wy) 3 &, and dp(Wy) = dp(§). Let Wy C Wy
small enough so that Us(F(Wh)) C ¢s(F(Wy)). Thus, for any U €
int(O(F(Wh))), U C F(W,), so that

Z dp(U) = dp(Wo) = dp(€) .
F(U)=U,UcW,
|

Note that if we set dpn(€) = dp(€)...dp(F"71(€)), then the lemma re-
mains true for dp» as well.
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Action of I on measures. If ¢ is a continuous test function defined on T'.\
Bc(0,1), then its pullback under F', given by the formula F*p(¢) = ¢ o F (&),
defines a continuous function on I'. \ B(0,2). By duality, one may define for
Borel probability measures v with support in I, \ B(o, 2) its pushforward by
(Fov,¢) = (v, F*¢). Thus in particular, (F,v)(E) = v(F~(E)) for all Borel
sets I,

The point of the construction of the multiplicity function dg is the fol-
lowing. If ¢ is a continuous test function on I'. \ B.(o, 1), its push-forward

under F
Fp) = ) de(Qe(C)
F(O)=¢

is again a continuous function on I' \ B(o,1). By duality, we define the
pullback of a Borel measure v by the formula (F*v, @) = (v, F.¢) (cf. [DiS]],
§2).
Quasiconformal measures. If u,v are measures we write u << v if v
is absolutely continuous with respect to u. Let p be a regular Borel prob-
ability measure on 0.I'. Inspired by the group setting [Cod], we say p is
quasiconformal measure of dimension « if, for all n > 1, (F")*u < pu and
the Radon-Nikodym derivative satisfies
d(F™)
dp
The quantity €™ stands for the derivative of F" (cf. Proposition B.2.9).

Let u be a quasiconformal measure on 0.I". Fix n € N. Suppose E C 9.I'
is a Borel subset of positive measure, F"|g is injective, and the local degree
of F™ is constant on E, i.e. for all £ € E, dpn(§) = dg. Then, it follows from
the regularity of the measure that

(" 1xe) = (s (Foxed = |3 de(OxelQ)dule) = den(F ().

Fr(¢)=¢

and quasiconformality of the measure implies ((F™)*u, xg) < €"*u(F).
Hence

= (") p—ae..

noe

p(F"(B)) = (). (32)

Axiom [Irreducibility] implies that the support of a quasiconformal mea-
sure is the whole set 0.I". Therefore, there is some m > 0 such that, for all

v e SQ1), pler(W(z))) = m.
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We let d(W) be the degree of f" !y for W € S(n). Since u is a quasi-
conformal measure, it follows that

noe
(&

0 <m < (s (f" (W) = u(F" " op(W)) = Wﬂ(‘bf(W)) :

This proves
Lemma 3.4.3 of the shadow. For any W €V,
W85 (W) = d(W)eoe",
We use this lemma for the classification of quasiconformal measures.

Theorem 3.4.4 Let i be a quasiconformal measure of dimension «. The
following are equivalent.

(i) w is atomic.
(ii) o = 0.
(#ii) O.I' is a point.

If a > 0 then o = élog d, and any two such quasiconformal measures are
equivalent.

Proof: Consider first the constant function ¢ = 1 on 9.I'. Then F,p = dy
so that

(F™)*p, ) = {1, Fo) = (p, d"p) = d™ < ™.
Thus,
1
a = —logd.
€

It follows that a = 0 if and only if d = 1, so that 0.I" is a point since f
satisfies [Expansion|. Hence (ii) implies (iii).

If o is atomic, then there is some & € O.I' such that u{{} > 0. By
definition, for all n > 0 and any = € 0.,

(F") ) ({z}) = dpn(2)p{ F" ()}

and since p is quasiconformal then by Equation (B-2)

dpn(§)p{F"(§)} =< e"* pu{&} = d"p{&}
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But dpn (&) < d™ so p{F™(&)} 2 u{&}. Since the total mass of y is finite,
the orbit of € has to be finite. Let ¢ = FY(&) be periodic and let k be its
period. Then p{¢} > 0 and

(dre(C))"p{CH = (F™)" ) ({¢}) = " p{C}

from which we deduce that dpx(¢) = d*. This means that the local degree
at every point in its orbit is maximal, so that its grand orbit is finite. Since
f satisfies [Irreducibility], the grand orbit of any point is dense in X (Propo-
sition 2.4.13(a)) and so 0.I" is a point, d = 1 and @ = 0. So (i) implies (ii)
and (iii).

The last implication (iii) implies (i) is obvious.

The Lemma of the Shadow (Lemma B.4.3) and the assumption that qua-

siconformal measures are regular imply that two measures of the same di-
mension are equivalent.

|
We will now construct a quasiconformal measure using the Patterson-
Sullivan procedure [Cod. It turns out that this measure will be invariant.

Poincaré series. In this part, we construct an invariant quasiconformal

measure. Let
mn— —ns 1
DS d e =S|

n>1

It follows that P(s) < oo if and only if s > logd. Let, for s > logd,

Z Z —nSd

n>1 ¢eS(n)
For every n > 1, F" : S(n +1) — S(1) has degree d". Recall that for
¢ € S(n), we denoted by d(§) = dpn-1(§). So

[S(n+ Dl =d" SO = Y [dE) 1]
¢eS(n+1)

and D ccoinin) d(ﬁ) = d"|S(1)|. Therefore

Z DI )Ze*md"*1|5(1)\ =1.

n>1 EES( n>1
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Hence {f15}s>10g4 18 a family of probability measures on I'.. Let iy be any
weak limit of this family as s decreases to logd. Since the Poincaré series
diverges at logd, it follows that its support is contained in OT.

If ¢ is a continuous function with support close to dI', then

1 —ns
(Fus @) = By ;e 5§ d(¢
1
e " (¢ dp(
ORI F@Z rl
1
- - —ns d
P(s Z cesznzﬂ)

= e* (s, ) + O(1/P(s))

where we have used that d(¢) = d(F(¢))dr(C).

It follows that, as s decreases to logd,

(F" g, p) = (dpiy, @)
and so F*uy = dug. In other words, py is a quasiconformal measure of
dimension (1/¢)logd.
Let us look at Fl iy

(Fipg, ) = (g, o) = (L/d)(F* g, Fp) = (1/d) iy, Fu(Fp)).

F(F o)) =| > de(Q(F9)Q) | = de(§).

Therefore, Fijuy = py so py is an invariant measure.

Let us prove that y is ergodic. Let E be an invariant subset of 0.I' with
positive measure. Let v = ps|p/ps(E). It follows that v is also an invariant
quasiconformal measure. The Lemma of the shadow (Lemma B.4.3) implies
that (W) < v(W) forall W € V. This implies that /1y and v are equivalent.
Hence pf(E) = 1.
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Since iy is an ergodic invariant measure, it follows that p, converges to
¢ in the weak-* topology when s decreases to logd.

Remark. On 0.T, the local degree function dp is multiplicative: dp=(§) =
H;‘:ol dr(f'(€)). From the Birkhoff Ergodic theorem and the ergodicity of F'
with respect to puy, it follows that for pip-almost any & € O.T',

1
lim —logdpn(§) = /logdp dpiy .

n—oo N,

Thus, either the critical set has measure 0 and the Jacobian of F' with re-
spect to py is constant and equal to d almost everywhere, or almost every
point visits the branch set so frequently that the local degrees increase ex-
ponentially fast. Unfortunately, given the assumptions under which we are
currently working, we have neither a proof that this latter possibility cannot
occur, nor an example showing that it can occur.

3.4.2 Entropy
We refer to [KH], [Mad] and [PU], chap. 1, for background on entropy.

Topological entropy. Let T : Z — Z be a continuous map of a com-
pact metric space to itself. The dynamical distance and the corresponding
dynamical balls at level n are defined as

4a(6,6) = max {d(T/(). T'(C)} and S(Emm) = {C € Z, du(€.C) <1}

Let ¢,(r) be the minimal number of dynamical balls S(-,n,r) at level n
needed to cover Z and s, (r) the maximal number of disjoint dynamical balls
S(+,m,r). The topological entropy of T may be defined as

1 1
hiop(T) = lim lim sup — log ¢, (r) = lim lim inf — log s,,(7) .

r—0 500 TN r—0 n—oo N

We now estimate hy,,(F), where F denotes the restriction of F : T.—>T.
to the boundary 0.I.

Since F'is e®-Lipschitz, we have d,,(€, () < e"d.(&, () and hence S(&,n,r) D
B.(§,re™"). For any n > 1, {Ux(§)}ecsm) is a covering of OI' by at
most |S(n)| sets. For any ¢ € S(n), diamU, (&) < Ce™ll. So, U (€) C
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S(&,p,Ce=s(=P)) for any p € N and for any £’ € U, (€). Hence ¢, (Ce=s"P)) <
|1S(n)].

Recall that by definition v = lim = log |S(n)|; the limit exists since |S(n+
1)| <d|S(n)|. Let n > 0 be small. For any p > 1, there is some n € N such
that 7 < e~*(""?) meaning that n ~ p + (1/¢)log 1/5. The discussion above
implies that 0.I' C Ugesn)S(&, p, Ce =™ P). Since for any i/ > 0 and any n
large enough, log |S(n)| < n(v+7') holds, we have logc,(n) < n(v+n') and

p+ (1/¢)log1/n

hiop(F) < lim lim sup

n— pP—00

(v+1)

from which Ay, (F) < v follows. Since |S(n)| < d", one has v < logd.

Measure-theoretic entropy. We recall first the definition of measure-
theoretic entropy. Suppose (Z,v) is a probability space, T': Z — Z preserves
v. If P is a measurable partition of Z, define its entropy with respect to v

by
H(P,v) =) v(A)log(1/v(A)).

AeP
For n € N set
P,=PVT ' (P)...vT"(P).
Then
h(P,v) = Tim %H(Pn, V)

exists. The supremum of h(P, v) over all partitions with finite entropy defines
the metric entropy h, (7). A partition P with finite entropy is called a
generator if it separates points i.e., for any distinct z, 2’ € Z, there is some
n > 0, disjoint sets A, A" € P, such that z € A and 2/ € A’; equivalently,
there is some n > 0, disjoint pieces A, A" € P such that T"(z) € A and
T"(2') € A’. For a generating partition, h(P,v) achieves the maximum of
h(P’, 1v) over all measurable partitions with finite entropy so that h(P,v) =
h,(T') holds.

The wariational principle (see [Wal], Thm. 8.6) asserts that, when T
is continuous, then hy,(T) = sup, h,(T) where p varies over all invariant
ergodic Borel measures.

Jacobian. Let T': Z — Z be a continuous map countable to 1, and v
an invariant regular Borel probability measure on Z. A special set A is a
measurable subset of Z such that T'|4 is injective. A weak Jacobian is a
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measurable function J, : Z — R, such that there is some set Y such that
v(Y) = 0 and, for any special set A disjoint from Y,

v(T(A)) = / J,dv
A
holds. The function J, is a (strong) Jacobian if one can choose Y = (). Weak
Jacobians always exist for finite branched coverings defined on a compact set
Z, and there are well-defined mod 0 sets. Let us sketch their construction in
this case.

Let A be a finite measurable partition of Z by special sets. Let us first
fix A € A. Since T'|4 is injective, the formula v4(B) = v(T'B) defined on
measurable subsets B C A defines a measure on A. By the invariance of v,
it follows that v|4 is absolutely continuous with respect to v4 so that the
Radon-Nikodym theorem implies the existence of a measurable non-negative
function h4 defined on A such that dv = hadyy.

Let Y4 = {ha = 0}, and let us define J, on A by

0 on YA
J, =

1/hA on A\YA

It follows that v(Y4) = 0 and that for any special set B C A disjoint from

YA7
V(TB):/dI/A:/ JV(hAdI/A):/ J,dv .
B B B

Let us define Y = U4Yy; it follows that v(Y) = 0 and for any special set
B disjoint from Y,

v(TB) =Y v(T(BNA))= EA: /BOA J,dv = /B J,dv .

A

If v is ergodic, and if it admits a countable generator of finite entropy,
then the so-called following Rohlin formula holds:

h,(T) = /log J,dv

where J, is the Jacobian.
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We now estimate h,,, (F') where I : OI' — OI" and py is the quasiconformal
measure constructed in the previous section. To do so, we first prove the
existence of a finite generator:

Proposition 3.4.5 Let (X1,%0, X, f) be a finite branched covering of degree
d > 2. Let us assume that there is a finite cover U of X by open connected
sets that satisfies [Expansion]. We let T be the hyperbolic graph associated to
(f,U). For any ny > 1, a finite cover by Borelean sets Q of O of diameter
at most e =" q constant A > 1 and an iterate k > 1 exist such that, for any

Q€ Q, for&,CeQ,
[F*(&) = F*(Q)le > M€ = ().

holds. Furthermore, for any Q € Q, there is some dg such that, for any

The proof will be achieved in 12 steps. The first four steps use the hy-
perbolicity of the graph I' to construct normal curves joining pair of points,
from which we can read their distance, and use the definite contraction com-
ing from path-lifting. The fifth step provides us with a first finite cover by
open sets which isolates different inverse branches. The sixth step shows
that pieces of degree 1 already satisfy the proposition. The remaining steps
are devoted to splitting further components which contain branch points.
Step 7. defines building blocks for the splitting, and some of their properties
are established in 8. and 9.. Steps 10. and 11. define the splitting of a
component with branch points and step 12. concludes the proof.

Preliminary steps.

1. For each £ € 0TI, fix once and for all a sequence (W, (£)), € [[S(n) such
that Round(W,,,§) < K (cf. Proposition B33, 3.]).

2. If ¢ € 0T is another point, let ¢ = ¢(£, () be the largest level n such that
W,(§) NW,L(C) # 0. Note that ¢ is well-defined, since all the rays meet at o,
and since diam W, (§) < e ".

It follows from hyperbolicity that

|c(€,¢) = (€10 < C(9)

so that
|£ - C|z—: = eiec
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where the implicit constants depend only on K, 6 and €. We write { = ¢(z)
and ¢ = o5 (y).

Fix k > 1, which will be defined later. For each £ € 0.I" and n > 1, let
W!(€) € S(n) be the component of f~%(W, 1 (F*(£))) that contains z.

It follows from Proposition that

Round(W/ (¢),¢) < K’

for some universal K”.

Let ¢ = (&, () be the largest level n such that W/ (£)NW/({) # 0. Then
(€, ¢) = (€]Q)] < C7(9)

and
‘g - C‘s = 6786/
hold, and once k has been chosen the implicit constants depend only on K,
0 and €.
If F¥(¢) = F*((), then either W/ (&) "W/ (¢) =0 or W.(£) = W/(¢). In
this last case, deg W) (§) > 1.

3. Let &, ¢ € OT" be such that ¢(£, () > 1; let us consider the normal curve

V(& Q) =7 ={Wa(&),n = c(§, O} U{Wn((),n = (€, ()}

which joins € to (. Similarly, we let
V(6 Q) =7"={Wn().n = (O U{W(C),n > (&)}

Let us define K(7) = Upezy(n) which is a compact connected subset
of X;. It follows that f=*(K(v)) is a disjoint union of continua which join
preimages of £ to preimages of (. These continua induce a relation between
the preimages of & and (: to belong to a common component of the set
fH(K(y)). If €,¢" are in relation, F*(¢') = € and F*({') = ¢, then the
component of F~*(K(v)) which contains & also contains the curve v/(¢', (")
joining &’ to ¢’. Note that if &, ¢’ are related, then F*(v/(£', (")) = ~(&,¢), so
that

le(y) = () = 1€ = (™ = e E10H

4. Let &,...,& € 0@ be such that ¢(§;, ;) > 1. Define

Lo =Uiziv(&, &) -
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From hyperbolicity (“Approximation par les arbres” in [GdIH]), there is a
tree T and a (1, C')-quasi-isometry

QO:F0—>T.

Let Ty be a connected component of F ~*(Ty)NT, so we can also define an
approximate tree 7", and the map F* : T' — T is an isometry along normal
curves between endpoints with distinct images. B

If we consider preimages &7,...,&; of &,...,& in I, then

Therefore, given A > 1, for any iterate k large enough,

|§j - €z|5 Z A |§; - §ZI|5 .
The implicit constants are swallowed by k to keep the expansion.

We fix such an iterate k, and write G = F*.

5. Let us fix ng > 1. The facts presented at the end of §P.1] imply that
for any x € X, there is some Uy(x) € U with |Up(x)| > ng such that the
following hold:

e for any component U of f~*(Uy(x)), U N f~*({z}) is a single point
o deg(f*,U) = deg(f*, &), and

e if U and U’ are two components of f~*(Uy(z)), then distg(gbfﬁ, gbﬂ?') >
4 max{diam.¢;U, diam.¢;U'}, so that each component U is indepen-
dent from the other preimages.

We let Uj(z) € U be another neighborhood of x so that, for any &, ( €
¢(Ui(z)), K(v(&,Q)) C Up(z), where K(v(¢,()) is defined in 3..

This forces an even better independence. It will also allow us to work
with normal curves. So, if (,£ € ¢(Ui(z)), and if ¢, ¢ are two preimages,
then some lift of a normal curve under G joins € to ¢ only if €, ¢ belong to
the same component of G~ (¢;U;(z)).

We let V be the family of sets {U;(x)}, W' be a finite cover of X provided
by V, and we let W be the cover of dI' obtained by pulling back W' with f*
and by mapping it into OI' under ¢;.
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The actual proof.

6. Let W € W, and let us assume that dg(1W) = 1. Then, according to 5,
for any &, € W, there is a unique pull-back of v(G(§),G(()) ending at &
and (, so that

1G(§) = G(Q)le = A-|€ —(¢le

Therefore, W will be one of the pieces of the cover we are looking for.

Let W € W, and let us assume that dg(WW) = p > 1. We need to split
W into finitely many pieces; the local degree of G on each piece will be
constant. We start with degree 1, and then proceed to higher ones. Step 7.
fixes further notation.

7. e W, we let
Co(€) ={C e W, (& ¢) > max{c' (£, (), ¢ € GTHG(OI\A{},

CE) ={¢CeW, d(&¢) > max{d(¢,¢), ¢ € GHAONCIN{de = da(€)}
Co(€) = {C €W, ¢(€,¢) > max{c(¢,¢), (€ GTHG(I\{¢}}-

and

C(&) ={¢CeW, d(£,¢) > max{d(&,(), ¢ € GTHGONCHIN{de = da(€)} -

We note that any point in CAO(§) is related to &, and that points from
Co(§) are uniquely related to &, since the inequality is strict in the definition

of C()(f)
For any ¢, (" € Cy(&), the set

V(€ QU )

is connected, and the structure of its tree is provided by both of these curves,
so that we can read from it the distance | — (|-, hence

IG(Q) = G- = A=
according to 3 and 4.

We now begin the procedure of splitting W.

8. We let & € G(W) be a regular value for G|y. Therefore, £ has p
distinct preimages &, ...,¢, under G in W. We note that U;Cy(§;) = W,

~

and UjC(fj) =Wn {dG = 1}
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We let Q0<§]> = C(gj)

We need to make choices in order to split the remaining points. This will
be done inductively on the sets from V.

It follows that if ( € W and ¢ ¢ UQy(&;), and if d(¢) = 1, then ¢ belongs
to some é\o(gj) for some j € {1,...,p}, and there is some (' € é\o(ﬁj) such
that G(¢) = G({’') and

¢ = &le = 1¢" =&l
Roughly speaking, ¢ and ¢’ are beyond a critical point as seen from &;.

9. Let ¢ = ¢¢(y) € W with dg(¢) = 1, then it follows from 5. and 6. that
¢r(U1(y)) < Co(Q)-

10. The set G(W) is covered by countably many pieces from V of higher level
which we may arrange into a sequence. We will first construct a finite cover

o~

of W N {dg = 1} inductively. We assume that Q,,(&;) C C(&;), 7 =1,....p,
has been constructed so that for any ¢, ¢’ € @, (&),

G(1'(¢.¢) =7(G(¢), G(()

and
|G(Q) = G(()]e = A-[¢ = (e

We let U’ € V be the vertex V which arises next in the sequence, which
is not contained in any G(Q,(¢;)), and such that there exists a preimage of
U’ under GG meeting W and having local degree 1. If no such U’ exists, then
we have split W N {dg = 1} into finitely sets.

Let (' e U\ (NG(Qn(&)))) be a regular value. It follows that each com-
ponent of G71(y(¢,¢’)) has as many points of G7'(¢’) than G~(¢') at its
ends (recall that ¢’ has been defined in 8.). So we may consider a splitting of
G~1(¢') associated to G™*(¢’) such that, if ¢ € Q,(&;), then ( is paired with
¢;. We label G™1({’) so that (; is paired with &;.

Let us define

~

Qn+1(&5) = Qn(&;) U (C(G) NC(E;)) -

-~

Let ¢ € C(¢;) NC(E5)), € € Qn(&)), and let us consider

Lo = 7(G(E), G(&5) Un(G(E;), G(EG)) U(G(E), G(C))-
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We note that the rays

{Wa(G(&5)), n = min{c(G(E)), G(€)), e(G(&5), G(G)) )
{(Wa(G(€)), n = c(G(§). G(§))}
{(Wn(G(G)), n = min{e(G(G), G(Q)), e(G((), G(&))} }
{Wa(G(Q)), n = e(G(C), G(G)) )

force the structure of the tree, so that it provides an approximate value for

‘C_g‘s-

The connected set

To =~'(€6,&) Uy (&,¢) UY (&, €)

provides the pull-back of I'y which contains respectively &;, &, ¢ and ; since

~

(;, € € C(&) and ¢ € C(¢;). It follows from 4. that

1G(§) =G Q)] = A- € — (-

We may then proceed to the next vertex. We note that every non-
branched point is contained in some vertex with local degree 1. So, by
9., in the end, we have split W N {dz = 1} into p Borel sets on which G is
A-expanding.

11. We assume that we have already split W N {dg < po} into finitely many
sets on which G is A-expanding. We proceed inductively as above : we look at
the first vertex in G=1(V) of degree py which contains a point ¢ of local degree
po too. We then define Qy(&) = C(&), and similarly for the other preimages
of G(&) with the same local degree (if any). Inductively, we make choices
according to the natural splitting for points with local degree py which we
distribute so that they are associated to £ only if it belongs to C(§).

In the end, we have split W N {dg = po} into finitely many Borel sets on
which G is A-expanding.

12. Finally, steps 10. and 11. have split W into finitely many Borel sets
as required. We proceed as above for all non-injective vertices to prove the
proposition.



80 CHAPTER 3. GEOMETRIZATION

Corollary 3.4.6 For any ergodic invariant probability measure,

h,(F) = /log Jydv .

Proof: It follows from the proposition above that we can define a finite
measurable partition which separates points by taking finite intersections of
the cover Q. Therefore, since it is finite, it will have finite entropy for any
probability measure. Rohlin formula then applies.

For v = piy, one has J, .(F) = d/dp, so that

hw(F):/8F10gJW(F)d,uleogd—/ logdpdyy .

0.

The variational principle applied to F' then implies
logd — /logdpduf = Iy, (F) < hyop(F) < v <logd.

We obtain

Proposition 3.4.7 If the branch set Bp has measure zero, then jiy has maz-
imal entropy logd.

3.4.3 Thermodynamic formalism

In the section, we introduce a couple of notions from the thermodynamic
formalism and apply them to the study of fbc’s satisfying [Expansion].

Let (Z,T) be a continuous finite-to-one map defined on a compact set.
Given a potential ¢ : Z — R, one can define its topological pressure via the
formula

Ple) =sup { (1) + [ v}

where the supremum is taken over all ergodic invariant probability mea-
sures v. Let us remark that the topological entropy appears as the pressure
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function of the potential 0. An ergodic invariant measure v is called an
equilibrium measure associated to a potential ¢ if

P() = h(D) + [ v
In this section, we prove:

Proposition 3.4.8 Let (X1, Xo, f, X) be an foc satisfying [Expansion]. The
measure (g s the unique equilibrium measure associated to the potential
log(dp/d), the pressure of which is 0.

This will imply the following result.

Corollary 3.4.9 If there is an invariant measure v of entropy logd, then
v = py. In particular, the measure [y is the unique measure of mazimal
entropy as soon as the critical set carries no pg-mass.

It is known that the corollary applies at least in the following situations,
assuming [Expansion| as usual:

e X, is a surface (the critical points form a discrete set, and iy has no
atoms according to Theorem B.4.4 as soon as d > 2);

e no critical point is recurrent (by Poincaré recurrence theorem, it then
follows that the critical set carries no pp-mass);

e the postcritical set is not dense (as above);
e the map is topological cxc (cf. Theorem B-5.4).

Transfer operator. We are grateful to Guillaume Havard for this exposi-
tion. We specialise the definitions to our setting. Let T': Z — Z be an fbc
defined on a compact space, and let us assume that v is an invariant Borel
probability measure.

Let L'(v) denote the Banach space of real-valued v-integrable functions.
In this subsection, we show the existence of an induced transfer operator

L,: L'v) — L'(v)
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satisfying the following property: V¢ € L>=(v), V¢ € L'(v),

/w L,(9) dv = /@P °T)-¢ dv = /W) T%;m z(é))

where J,, is the Jacobian of T". Since our transformation may be locally non-
injective, the role played by the Jacobian is crucial. We have not found a
general detailed treatment in the extant literature, so we provide full details
here.

Given a function ¢ € L'(v), define a signed measure v, on the collection
of v-measurable sets A by

wold) = [ o dv= [ (i) av

where x4 denotes the characteristic function of A. The pushforward of this
measure under 7', which we denote here by v, 0 T, is defined by

dv(z) (3.3)

oo T ) =) = [ sdv= [ (i) v

Since x4 0T = xr-14 We have

(vp 0 TY) (A) = / (xaoT)- ) dv.

If A is such that v(A) = 0 then, by the invariance of v, we have v(T~(A)) =
0. It follows that the pushforward measure v, 0 T is absolutely continuous
with respect to v. By the Radon-Nikodym theorem,the Radon-Nikodym
derivative ddLj is an element of L'(v), which we will denote by £,(¢), such

that for each v-measurable set A,

oo ) = [(GaoT)0) dv= [ (xa- £u(6) dv

The assignment ¢ +— %” yields a linear operator £, : L'(v) — L'(v), and

the preceding equalities show that £, has norm bounded by 1.
It also follows from the previous computation that for every ¢ € L*(v),

[ i) av= [(wer)-0) a
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In other words: the dual of £,, acting on L>(v) which is the dual of L'(v),
is the composition with 7.

We derive now the expression for £, (¢) at v-almost every point given by
Equation (B.J). Since T is assumed to be an fbc on a compact set, there
exists a finite measurable partition A of Z such that T| 4 is injective for each
A € A. From the definition of the Jacobian we may assume that for each

Aec A,
v(T(A)) = / J, dv.
A
Let t4 : T(A) — A denote the inverse of T'|4 : A — T(A). For B C A we

have then
/ XBotAdl/:/ XT(B) dl/:/XB'Jydl/.
T(A) T(A) A

We obtain that for every h € L'(v),

/ hOtAdI/:/h'Jde.
T(A) A

Since v is invariant, J, > 1 almost everywhere with respect to v, hence
J% € L'(v). Applying the preceding equality (with J% in place of h) shows

that hot
/ °M = / b dy.
T(a) Jv O la A

Letting ¢ € L>®(v), ¢ € L*(v), and h = (¢oT) - ¢ in the above equality then

vields
Jotsorir = [wer)-0a
= Z/WoT)-qsdu

_ Z 1/1 (pota) qy
J, oty

A v A
B ). oW\ s
a /w ) T%x T () w(z)
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This operator is extended to any measurable non-negative functions using
the above formula, so that the identity

[ £torar = [ oa

still holds (by truncation and the monotone convergence theorem).
The invariance of the measure implies that £,(1) =1 a.e.

Transfer operators with respect to potentials. Given a measurable
real-valued potential function ¢ : Z — R, the transfer operator with potential
@ is defined by

L) =)= Y e "),

T(z')==

Remark. In the case of our main interest—when (Z,7,v) = (0.1, F, puy)—
Equation B.J implies that

‘C,uf <¢) = (l/d)F*¢ = Elogd/dF <¢)

for every continuous function ¢ : 0.(I') — R.

We will use the following result which is proved using the concavity of

the logarithm [Hav:

Proposition 3.4.10 (G. Havard) Let ¢ > 0 be a measurable function de-
fined on a backward invariant set of v-full measure. There is a set Z' C Z
of v-full measure such that, for any z € 7',

L, (log %) <log(Liog»(1)(2)) -

Moreover, if the equality holds on a set of full v-measure, then J, is a
strong Jacobian and J, = pLiog (1) o T

Proof: (Proposition B.4.§) We apply Proposition toZ=0I,T=F
and ¢ = d/dp, and to any ergodic invariant probability measure v on OI':
one obtains

£, (10822 (€) < 108 L (1)6)
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But

so that we get

Integrating against v,

/CV (logJy—logdi) dv < 0.
F

From the definition of the transfer operator, it follows that
d
/logJ,,dV — /log —dv <0.
dp

d
h, (F) + /log FFd” <0.

By Rohlin formula,

This shows that the pressure of log(dg/d) is non-positive.
Now, if we take v = pf, then

d
hW(F)Jr/logFquf:/logJWd,uf—/logJWd,uf:O

so that gy is an equilibrium measure for log dr/d, and P(logdp/d) = 0.
Let us prove the uniqueness of the equilibrium measure. Let v be a

measure such that
d
/log Jydv — /log —dv = 0.
dr

/EV (logJV —logi) dv =20,
dr

but since the integrand is non-positive, we can deduce that

It follows that

d
L, (log J, —log d—) =0 a.e.

F

Therefore, the case of equality in Proposition applies, so that J, is
a strong Jacobian, equal to d/dg. This implies that v is a quasiconformal
measure and that v = puy.
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Proof: (Corollary B.4.9). If the entropy of an ergodic invariant probability
measure v is log d, then, it follows that

/log dpdv < P(logdr/d) =0

so that dp = 1 for v a.e. & Thus, v is an equilibrium measure for the
potential log dr/d, and, by uniqueness, v = p.

If the critical set has py-measure 0, then J,, = d a.e., and h,, = logd,
so the previous argument applies.

3.4.4 Equidistribution

In this subsection, we prove that iterated preimages of points and periodic
points are equidistributed according to p .

Let us note that since F, F*p = dy, the operator v +— (1/d)F*v has norm
equal to 1.

Theorem 3.4.11 (Equidistribution of prgimages) For any probability
measure v whose support is disjoint from o € I'., the sequence (1/d")(F™)*v
converges to iy in the weak-* topology. In particular, if we set

ph = (1/d") Y dem(Q)8 = (1/d")(F")* 5
Fr(Q)=¢

for any € € T.\ {o} and n > 1, then ps converges to u; in the weak-x
topology.
We may then deduce the following.

Theorem 3.4.12 (Equidistribution of periodic points) The sequence
of measures supported on OI'.

R 1
Fr(€)=¢

converges to iy in the weak-+ topology.
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Remark: Since the number of cycles of period n is not known, the measures
[, need not be probability measures.

We start with a lemma (compare with the theory of primitive almost
periodic operators, e.g. Theorem 3.9 in [EI]]).

Lemma 3.4.13 For any continuous function ¢ : T \ B(o,1) — R, the se-
quence of functions (1/d")(F™).p is uniformly convergent towards the con-

stant function
/ ey -

Proof: Let us define A(p) = (1/d)F.p. Let us consider two points ¢ and
¢ close enough so that there exists a curve v joining them and avoiding o.
It follows that the points of F~"({¢}) and F~"({(}) are joined together by
subcurves of F~"(7) of length bounded by ¢.(7) - e~".

If ¢ is a continuous function on '\ B(0,1) with modulus continuity w,,
it follows that

A€ = AP < o 3 den(@pllee™) S wllelr)e ™),
Frg)=¢

This shows that the sequence (A™y) _is uniformly equicontinuous and that
any limit is locally constant. Thus, if '\ B(0, 1) is connected, then any limit
is constant. Furthermore, since [y = dpy, it follows that, for any n,

/ Apdpy = / edpy

so that any constant limit has to be [ @dpuy.

If T\ B(0, 1) is not connected, one can argue as follows. Adding a constant
if necessary, we can assume that ¢ > 0. Then (A"p) is a sequence of non-
negative functions, and

AP oo < llplloo;

so that the norms of (A"(¢)) form a decreasing convergent sequence. Let
Voo be any limit. One knows that it is locally constant; let us assume that
it is not constant. We let k be any iterate large enough so that, for any
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maximal open set F such that o, is constant, F*(E N AI') = dI'. Then, for

any £ € 0T, ;
(F9apoe@)l = D —res(0) < llpsclloc

FE(Q)=¢
since @ is not locally constant, but non-negative. This contradicts the fact
that

[Poolloo = f [[A™ ()| -

Thus ¢ is constant.

Corollary 3.4.14 The measure py is mixving.

Proof: For any continuous function ¢, and almost every & € 0.1, the se-
quence (1/d™)(F™).p(€) tends to the value p17(¢) by the above lemma. The
operator A has norm one, so for all £, |(1/d")(F™).¢(&)| < ||¢||s- Hence

1 2
(P = ng(e)| < 4|l %

and the dominated convergence theorem implies that Fo — us(p) in L*(0.T, puy).
It follows from Proposition 2.2.2 in [DiS]] that p is mixing.

Proof: (Theorem B-4TI]) Let v be a measure supported off the origin in T".
For any continuous function ¢, one has

((1/d")(F")v, @) = (v, (1/d")(F")p) = /A%dl/-

It follows from dominated convergence that this sequence tends to

/ < / soduf) dv = / edpy = (g, @)

so that (1/d™)(F™)*v tends to juy.
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We begin the proof of Theorem .4.19 by a couple of intermediate results
concerning periodic points, beginning with an index-type result.

Proposition 3.4.15 Let U be a Hausdorff connected, locally connected and
locally compact open set, U’ a relatively compact connected subset of U, and
g : U — U a finite branched covering of degree d > 1 which satisfies Azxiom
[Expansion] with respect to the covering Uy = {U}. Then

d= Z dy()
g(z)==

Proof: If, for every n, g~"(U) is connected, then Axiom [Expansion] implies
that Nf~"(U) is a single point =, which is fixed: thus d = d,(z).

Otherwise, let kg be the maximal integer such that ¢~"(U) is connected.
Then g~*o+1(U) is a finite union of connected open sets Uy, .. ., Up,, where
mo > 1. Each restriction g; : U jQ — g~ *(U) is a finite branched covering of
degree d; < d, and d =) d;.

For each g;, one may repeat this procedure until it stops. The proposition
follows easily.

Lemma 3.4.16 Let U be a vertex, and let us consider open subsets Wi and
Wy of I'. \ {o} which intersect O.I' such that Wi C Wy and such that Wy N
0.I' C ¢f(U). Forn large enough,

fo (W) < fin (W) and  fin(Wh) < puy) (W)

Proof: See Figure B.4.4.

Suppose U € S(n+|U|) and, as a vertex point in I., belongs to W;. Then
¢s(U U) C Wy if n is large enough, since d.(U, or(U )) (1/e)e17 — 0. Hence
UC ¢ YW, N o.T) C U. So, if moreover f"(U) = U then e - U—U
satlsﬁes the hypotheses of Proposition and so

i@ =Y dpla).

f”(x):a:,areﬁ

For the periodic points x appearing in the sum, ¢;(z) € Wa.
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UnXx
— ¢ (WanaI).
- UNnX __.
X
oy
0.I'
I.

Figure

Therefore,

p W) = — Y dp(U)

= = > > dp(a).

M (O)=U0eW; zeU,f"(z)=x

Since for each such U appearing in the sum, (i) ngf(ﬁ) C Wy, and (ii) for
fixed n, the U’s and their images under ¢ are pairwise disjoint, we have

R < 3 dp(e) = f(IT2).

€W, fr(z)=x
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Similarly, if f"(z) = = and # € Wy, then there is a unique U € f~"(U)

such that x € U. Therefore, for n large enough, ¢;(U) has compact closure
in Wy and U € W,. Thus

< S Y dp@sg Y de(@) = m(W)

fr(U)=UUeWs fr(z)=z,¢racl f(O)=U,UeW;

Proof: (Theorem B:4.13) Note that the number of cycles is unknown. Nev-
ertheless, it follows from Lemma that {fi,}, is relatively compact in
the weak topology. Let {1 be an accumulation point. We will prove that
ft = iy using their Borel regularity.

Let U be a vertex, and let us consider a compact subset K of 0I', open

subsets Wy, Wy and W3 of T'\ {o} such that
KcWynal c Wy Cc Wy C Wy C W

and such that W3 N AT C ¢;(U).

Let ¢1 and ¢ be two continuous functions such that

X <01 < xw, < xwe < 92 < Xws-

Let us fix n > 0; if n is large enough then

;

(p5) = ()] <

s (i) — 1 (@5)] <

\

for j =1,2.
Therefore, by the preceding Lemma B.4.16 and the regularity of the mea-
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sures,

< () +n < (W) 41

}2
s}
IA
}2
AS
A

< pfWa)+n < pd(ea)+n < pp(ee) + 21

< pup(U) +2n.

Since this is true for any compact subset of U, the regularity of the measures
imply fi(U) < ps(U).
Similarly,

IN

p(K) 15 (01) < pl(e)+n < pl(Wh)+n

IN

n(Wo) +1 < () +1 < fi(e2) + 21

< pp(or(U)) +2n

from which we deduce i(¢f(U)) > ps(opp(U)), so that i = py.

3.4.5 Hausdorff dimension

For a nonempty subset U of a metric space Z let |U| denote the diameter of
U. Given 0 > 0, a d-cover of U is a covering of U by sets of diameter at most
0. For s > 0, set

H5(U) = inf Y |U[*

where the infimum is over all d-coverings of U by sets U;. As  decreases, H;
increases and so the s-dimensional Hausdorff measure of U

HU) = lim H3(U) € [0, ]
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exists. The Hausdorff dimension of U is given by
dimpg(U) = inf{s : H*(U) = 0} = sup{s : H*(U) = oo}.

Using balls instead of arbitrary sets in the definition leaves the dimension
unchanged. See for instance [Maf].

We now compute the Hausdorff dimension of the boundary 0.I'. Fix
s > 0. By Lemma B.1.3, for any vertex & € S(n), diam.U(§) < Ce ="
Therefore 0.I' is covered by at most |S(n)| sets of diameter 9,, = Ce™" and
SO

H;,(0.1) < |S(n)]e ™.

Suppose now that s > 2. Recall that by definition, v = lim £ log [S(n)|.
There exists n > 0 with v +n7 — s < 0. It follows that for all n sufficiently
large,

Hgn(ael—‘) < |S(n)|6*€ns < 6”(”4"’7*68) - .

Hence
v
H*(0.T) < oo forall s> —
€

and therefore dimp (0.I') < 2.

We now investigate lower bounds by appealing to the following result,
which is similar to R. Mané’s dimension formula [[Mar] :

Theorem 3.4.17 If pu is an ergodic invariant measure with positive entropy,

then
log p(B:(€,7))
log r

lim inf

> hu(F)/e,
for p-almost every &.

Proof: Since F is e*-Lipschitz, it follows that B.(£,r) C S(§, n,re™). Since
p is invariant and ergodic, it follows from a formula of Brin and Katok [BK]|
that an equivalent definition of metric entropy is

h,(F) = lim lim sup —% log u(S(&,n, 1)),

U nooco

for p-a.e. €.
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Choose a generic point £ for p and let n > 0; we will write B.(r) =
B.(&, 7). There are some ry > 0 and ng € N such that, if r < ry and n > ng
then

1
- log S (n, ) — h,(F)| < 2n.

&

We choose r,, = rge™*" and we obtain

log pu(Bc (1)) o log 11(S(n, o)) - h,(F) —2n

logr,  —  n(e —log(ro)/n) ~ &—log(ro)/n’
SO
log 7, €

Given r > 0, fix n so that B.(r,41) C B:(r) C B:(r,) and
log p(Be(r)) _ _ log p(B:(rs))

logr a (log r:ﬁ—zl) +logr, .
Thus,
. log p(Be(r))
hmme > h,(F)/e.

It follows that for the measure we have constructed and for any n > 0

and 7 small enough,
pi(Ba(r)) < r/Ehu(F)=n

This implies that the local upper pointwise dimension of y satisfies dim p1p >
(1/e)h,(F). Therefore

h,(F 1

M <dimpy < dimdl'. < ¢ < —logd.

€ e €

Proof: (Theorem B.4.]) By ergodicity and uniqueness of the class of qua-
siconformal measures of given dimension, it follows that p; is unique (cf.
Theorem B.4.4)). Theorem B.4.T1] and Theorem B.4.19 prove the equidistribu-
tion of preimages and periodic points according to jy. The mixing property
has also been proved (Corollary B-4.17). The claimed entropy and dimension

estimates were proven in §8.4.9 and §B.4.7, respectively.
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3.5 Properties for cxc maps following hyper-
bolicity

In this section we assume that f : X; — Xy has repellor X and is topologi-
cally cxc with respect to some open cover Uy. Thus, the topological Axioms
[Expansion], [Irreducibility], and [Degree] hold.

Let I' = T'(f,Uy) be the associated Gromov hyperbolic graph as in Sec-
tion B.3. Recall that by Theorem B.2.]], for ¢ > 0 small enough, there is a
homeomorphism ¢; : X — O.I' conjugating f on X to the Lipschitz map
F.0.I' = o.T.

Theorem 3.5.1 If f s topological cxzc, then T is hyperbolic for any covering
with a mesh small enough and F : OU — OU' satisfies azioms [Roundness
distortion] and [Relative diameter distortion] with respect to the covering
Vo = {or(Uo N X)Yvewy,- If f is furthermore metric cxc, then O.I' is qua-
sisymmetrically equivalent to X.

So, if f is topologically cxc, dynamics on X equipped with the metric
pulled back from I' via ¢ is essentially metrically cxc.

Remark: Since F' : 0.I' — 0.I' is not metrically cxc, Theorem P.8.9 does
not apply.

Proof: Since f is topological cxc, a metric exists so that the mesh of S(n)
has exponential decay (cf. Theorem B.2.5) and ¢; : X — 0.I" is a homeomor-
phism as soon as ¢ is small enough. Therefore Theorem implies that I’
is hyperbolic and that its quasi-isometry is well-defined.

We let V = ¢4(U). Axioms [Irreducibility], [Expansion| and [Degree]
hold through the conjugation. The [Diameter distortion] and [Roundness
distortion] Axioms follow from Proposition B.3.7.

Let us assume from now on that f is cxc. Our strategy is as follows. We
will first establish that ¢ is weakly quasisymmetric by the blowing up/down
argument given in the proof of Theorem P.8.3. The proof concludes by argu-
ments similar to those given in the proof of Proposition B.3.13.

Let 0 be the Lebesgue number of Uy = S(1). Let x € X and let r €
(0,9/L) where L is given by Proposition P.6.4.

It follows from Proposition that we may find vertices W', W such
that
B(z,r/L) c W' C B(z,r) C W C B(z, Lr).
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It follows from diamW’ =< diamW that |W — W’| = ||[W]| — |[W'|| < N
for some constant N. Let n = min{|W/|, |W’|} — 1. It follows that f"(W’) C
fM(B(z,r)) € f(W) and that the roundness of f*(W'), f"(B(z,r)) and
fr (W) at f"(x) is bounded by p (L).

It follows from the uniform continuity of the conjugacy ¢; and its inverse,
and the fact that all these sets have a definite size, that a constant K exists

such that the roundness of ¢¢(f"(W')), ¢r(f™(B(z,r))) and ¢¢(f"(W)) at
¢¢(f™(x)) is bounded by K.

Therefore, radii r and r’ exist such that
B(F"¢p(x),7'e?) C op(f"(W')) C B(F"¢s(x), Kr'e™)

and

B(F"¢ps(x),re?) C ¢r(f"(W)) C B(F"p¢(x), Kre™)

From Proposition B.3.3, it follows that there is some finite constant H
such that

- diam.¢ (W)

diame¢r(W) _ _cqw-wr) o 1
~ diam.¢ (W) ‘ -

Round(¢4(B(x, 7)), d5(x))
Therefore ¢ is weakly quasisymmetric.

By the uniform continuity of ¢; and its inverse, it is enough to consider
x,y,z € X such that |x — y|x, |xr — z|x < J/L. We argue as for Proposition

B3.12

It follows from above that we may find W and W, in I" such that
Ly ¢ W, diamW, = |z — y|x and Round(W,,z) < K,
2. z € W,, diamW, < |z — z| and Round(W,,z) < K,

for some universal K.
It follows that
¢p(x) — ¢p(y)]e _ diam W)
|ps(2) — dp(2)]. — diam. W,

If |x —y|x and |z — z|x are equivalent, then Proposition P.6.4 implies the
bounds.
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If [z — y|x is small in front of [x — z|x, then W, C W.. Therefore

: /
v —ylx _ diamWy oy Syl w
v — z|x ~ diamW, — F dq '

where we recall that ¢, denotes the smaller diameter of sets in S(n).
This implies that
[05(2) = &s(y)le
|05(2) = ¢5(2)le

is bounded by a function of
[z —ylx
|z — z|x

which goes to zero as the ratio tends to zero.

If [z — y|x is large in front of [z — 2[x, then W D W.. Therefore

|z — z|x _ diamW, o5 <sz|W1;+1) '

lz—ylx diamW, — a1

We may conclude as above.
This proves that ¢ is quasisymmetric.

Remark. Theorem .87 can be recovered with Theorem B.3.1] and Theorem
B.5.1.

As an application, we obtain the following result.

Definition 3.5.2 Let f : X1 — X have repellor X and be topologically cxc
with respect to some open covering Uy. The associated conformal gauge G
is the set of all metrics on X which are quasisymmetrically equivalent to a
metric of the form ¢}(d.), where d. is the metric on 9.I' and ¢y : X — O.T
s as above.

Theorem 3.5.3 (Canonical gauge) 1. Let f : X1 — Xy have repellor
X and be topologically cxc with respect to some open covering Uy. Then
the conformal gauge G is nonempty and depends only on its topological
conjugacy class.
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2. If UN X s connected for every U € Uy, then the conformal gauges of
f:X — X0 and f|x : X — X agree.

3. If the system is in addition metrically cxc with respect to some metric
d on Xg, the conformal gauge G of f agrees with the conformal gauge
of the metric space (X, d|x).

Proof: (1) follows from the uniqueness result Theorem and (3) from
the preceding Theorem B.5.]. The graph constructed using f and Uy is
naturally identified with that constructed using f|x and Vo ={UNX : U €
Up} and the induced conjugacies respect this identification. Therefore the
metrics on X obtained by pulling back the metrics on the boundaries of the
two graphs coincide and (2) follows.

Remark. The preceding theorem implies that the gauge depends only on the
dynamics near the repellor. One may surmise that it should really depend
only on the dynamics on the repellor itself. Conclusion (2) implies that this
is true once X is locally connected. In the non-connected case, however, a
proof remains elusive.

To illustrate the subtleties, fix d > 2, let X = {1,2,...,d}" be equipped
with the metric |z — y| = 27 where (2]y) = min;{z; # v;}, and suppose
h: X — X is a topological conjugacy, i.e. an automorphism of the one-sided
shift on d symbols. If the gauge of f depends only on the dynamics on X,
then every such h should be quasisymmetric. This is indeed the case, and a
proof may be given along the following lines.

1. Start with a round closed disk D C C. Fix 0 < A << 1. For each
i=1,...,d choose a similarity g; : C — C such that g;(D)Ng;(D) =0
whenever ¢ # j. This defines a conformal iterated function system
(IFS). There is a unique nonempty compact set K C D for which
K = U4 ,g;(K). Using a blowing up/down argument, one shows that
the attractor of this IF'S is quasisymmetrically equivalent to X.

2. Using quasiconformal surgery, one builds a uniformly quasiregular map
G : C — C such that G|, p) = g; ' for each i, and such that G = 2% +
O(2%71) as z — co. By Sullivan’s Theorem 4.1, (i is quasiconformally
conjugate to a degree d polynomial p(z), and K is quasiconformally
(hence quasisymmetically) equivalent to the Julia set J of p.
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3. By results of Blanchard, Devaney, and Keen [BDK]|, every automor-
phism of the shift on d symbols is realized as monodromy in the shift
locus of degree d polynomials. (The proof depends on the existence of
a nice set of generators.)

4. As a polynomial varies in the shift locus, its Julia sets varies holo-
morphically [MY. Hence the induced monodromy is quasiconformal,
hence quasisymmetric. In conclusion, we see that every automorphism
is realized by a quasisymmetric map.

There seems to be a combinatorial obstacle to promoting topological con-
jugacies to quasisymmetric conjugacies for noninvertible expanding confor-
mal dynamical systems with disconnected repellors. Even for hyperbolic ra-
tional maps f, g with disconnected Julia sets Jy, Jy, it is not known if every
topological conjugacy h : J; — J, is quasisymmetric.

This is known in the following special cases. First, if A extends to a
conjugacy on a neighborhood of J¢, J; then Theorem P.8. applies and h
is quasisymmetric. However, even for maps with connected Julia set, such
an extension need not exist. Second, if f and g are merely combinatorially
equivalent in the sense of McMullen [McM4] on a neighborhood of their Julia
sets, then there is a quasiconformal conjugacy between f and g near their
Julia sets. In both cases, conditions on the dynamics near, not just on, the
Julia sets are assumed.

In contrast, we have the following result in the setting of hyperbolic
groups. Suppose G, Gy are two hyperbolic groups, and suppose h : 0G; —
0G5 conjugates the action of Gy to the action of Gy. By definition, this
implies that there is some isomorphism ® : G; — Go for which h(g(z)) =
O(g)(h(x)) for all € 0G; and all g € G;. One has necessarily that h arises
as the boundary values of ®. To see this, note that it is enough to verify
that h = 0® on the dense set of fixed points of hyperbolic elements. Sup-
pose g1 € G is hyperbolic with attracting fixed point w; and g, = ®(g1)
has attracting fixed point ws. Since h is a continuous conjugacy we have
h(wy) = wy. But w; = lim, g/ and this forces 0®(w;) = wy = h(wp). Thus,
every topological conjugacy on the boundary is induced from a combinatorial
equivalence, i.e. from an isomorphism of the groups.

This suggests that perhaps there is yet another essential difference be-
tween the setting of noninvertible cxc maps and of hyperbolic groups.
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Corollary 3.5.4 If f: X — X is a topological cxc map, where X1 = Xg =
X, then F: OU — 01 is metrically cxc. Therefore X admits a metric, unique
up to quasisymmetry, for which the dynamaics is metrically cxc.

Proof: The assumptions imply that X is locally connected, and that (S(n)),
is a basis of the topology by connected open sets. Proposition implies
the cxc property.

Corollary 3.5.5 If f : (X1,X) — (X0,X) is a topological cxc map with
[ a non ramified covering, then there is some R > 0, such that, if we set
Vo = T2\ B(o.R) and 9, = F(Q)y), then F : (2,,0T) — (D, T) is cac.

Proof: Since f is a cover, there is some level ng such that, for any n > ny,
any U € S(n), the restriction of f to U is injective. This implies that the
local degree function for F'is 1 at any point close enough to OT'.

Furthermore, if ny is large enough, then F~1(G(U)) will be a disjoint
union of d shadows based at F~!({U}).

Therefore, if we set 9, = I'. \ B:(0,e™™) and 9, = F~1(Q),), then
F:), — 9, is a degree d covering.

For any £ € 0T, let V(&) be the connected component of the interior of

O(W) for some W € S(ng) containing ¢;1(§). Note that the interior of O(W)

is not empty since it contains ¢;(W). Since T is locally connected, V (£) is
open, and we may extract a finite subcover V. Proposition implies that
F'is cxc.

We may now state and prove the following theorem.

Theorem 3.5.6 Let f: (X1,X) — (X0, X) be a topological cxc map. Then
the measure ji; is the unique measure of mazimal entropy logd, and is Ahlfors
reqular of dimension o = (1/¢)logd.

Proof: Ahlfors regularity follows from Axiom [Degree|] and the Lemma of
the shadow. Let us fix a ball B.(£,r) C OI'. First, Proposition implies



3.5. PROPERTIES FOR CXC MAPS FOLLOWING HYPERBOLICITY101

that we may find two vertices Wy, Wy such that ¢(W;) C B.(§,7) C ¢5(W2)
and

r=< e cWil < g=elWal

From the Lemma of the shadow and Axiom [Degree| follows
P e < g (B(E 1) S el < e

The fact that the entropy is log d follows from Theorem and Axiom
[Degree]: since the degree is bounded along any pull-back, it follows that, for
any £ € 0T,

1
lim —log dg- (&) = 0.
n

Hence Birkhoft’s ergodic theorem implies that

/logdpd,uf =0

so that dp(§) = 1 for ps-a.e. every &.
The uniqueness of iy follows from Corollary B.4.9.

Remark. Since ¢ is a homeomorphism, on can choose to see piy on X rather
than on OI'. In that case, the measure is just doubling (there is some constant
C > 0 such that pp(2B) < Cpuyg(B)), since this property is preserved under
quasisymmetric mappings (cf. [Hel]), and since any Ahlfors regular measure
is doubling.

BPI-spaces. Following David and Semmes [DaSd], a bounded space (X, d, 1)
is called BPI (“Big pieces of itself”) if X is Ahlfors regular of dimension
a, and if the following homogeneity condition holds. There are constants
0 < 1 and C > 1 such that, given any balls B(xy,r;) and B(xq,re) with
r1,7e < diamX, there exists a closed set A C B(x1,71) with u(A) > 0r{ and a
homeomorphism h : A — B(xq, 1) such that h is a (C, ry/r)-quasisimilarity,

i.e.
o1 h@ = b _
= (re/r)la =0 ~
for all a,b € A.
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Theorem 3.5.7 Suppose f : X1 — Xy has repellor X and is topologically
cxc with respect to some open cover Uy. Let I' be the hyperbolic graph and €
the constant given by Theorem [F.2.1. Then for all ¢ < €y, the metric space
0.I" is BPI.

Proof: We start with a preliminary step.

Suppose ¢ : X — 0.I" is the conjugacy given by Theorem and d. is
the metric on 0.X. Let d. x = gb’}(da) For convenience of notation, we will
show (X, d. x) is BPL

Recall that since f is topologically cxc, there is a uniform (in n) upper
bound p on the degree m(U) by which an element of U € U, maps under
f™. Choose W € U, arbitrarily so that the multiplicity m(W) is maximal,
so that any further preimages W of W map onto W by degree one i.e., are
homeomorphisms. It follows from Proposition B.3.9 that its image under ¢y
contains some ball B.(£,4r), such that, for any iterate n, any & € F~"(€),
F": B.(€,4re ") — B.(€,4r) is a homeomorphism. Therefore, Proposition
B.2.9 shows that F™ : B.(E,re ") — B.(€,r) is a (1, e™) quasisimilarity.

By Proposition .4.2, for each Uy € Uy, there exists k& € N and some
W € U,, such that

° ﬁ C Uy,
e Wisa preimage of W under f*, and
o deg(f": W — W) =1

Since U is finite, the W’s considered above have a level bounded by some
ng + k’o.

Furthermore, for any n and any U € U,,, one has f*(U) € Uy, so one may
find a preimage Wy, of W so that Wiy C U, and |[Wy| = n+O(1). Thus, one
can find a ball B(¢', re=*("*%)) € Wy so that f*+* . B(&', re=s+k)) — B(¢,r)
is a (1, e °("**)) quasisimilarity. Let us note that re=*("**) < diam.U.

Now suppose we are given d. x balls B, = B(&;,r;) C X, i = 1,2. By
Proposition B:3.3, there exist U/, U; € U with

Ui/ﬂXCBiCUZ‘ﬂX

such that n, = |U/| = élog% + O(1). For each i = 1,2, let W, be a
preimage of W so that W; C U/, and |W;| = n; + k; as in the previous
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paragraph. Moreover, we consider balls B(&!, re~s(itk)) C W, as above.
It follows from Ahlfors-regularity that p;(B(&, re k) < 1, (B;). Let
h; = frithi B(el re—=(ni+Fi)) for i = 1,2; the map h = hy ' o h; is a quasisimi-
larity between big pieces of B; and Bs.
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Chapter 4

Examples of cxc systems

4.1 No exotic cxc systems on S'

Metric cxc systems on the Euclidean circle include the covering maps z — 2,

|d| > 2, and essentially nothing else.

Theorem 4.1.1 (Cxc on S! implies gs conjugate to z%) Suppose f : X —
X is a metric cxc dynamical system where X is homeomorphic to S*. Then
there ewists a quasisymmetric homeomorphism h : X — S conjugating f on

X to the map z — 2987 on the Fuclidean circle S.

Proof: An open connected subset of S! is an interval. Since f is open, it
sends small open intervals onto small open intervals. Moreover, if these in-
tervals are small enough, f must be injective on such intervals, else there is
a turning point in the graph and openness fails. Hence f is a local homeo-
morphism. A local homeomorphism on a compact space is a covering map
[see [AH|], Thm. 2.1.1]. In particular f is strictly monotone.

Such a map admits a monotone factor map 7 onto g(z) = z? where
d = deg f [[KH], Prop. 2.4.9]. If 7 is not a homeomorphism, then there
is an interval I C 7 '(x) for some z € S!. Axiom [Irreducibility] implies
fN(I) =S for some N. Then

g™ (z) = ¢"(n(I)) = n(f¥(I)) = n(S") =
which is impossible. Thus 7 is a homeomorphism and f is topologically
conjugate to g. Since g is cxc with respect to the Euclidean metric, 7 is
quasisymmetric, by Theorem B.8.2.

105
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4.2 Semi-hyperbolic rational maps

We endow the Riemann sphere C with the spherical metric, and we will talk
of disks D(x,r) rather than balls B(z,r) in this context.

If ¢ is a rational map, the Fatou set F'(g) of g is the set of points z € C
which admit a neighborhood N(z) such that the restrictions {(f™)|n()}n
forms a normal family. The Julia set J(g) of g is the complement of F(g).

We shall say that g is chaotic when J(g) = C.

The class of semi-hyperbolic rational maps has been introduced by L. Carleson,
P. Jones and J.-C. Yoccoz in [CJY]. In their paper, they provide several dif-
ferent characterizations, some of which we recall now.

Theorem 4.2.1 (definition of semi-hyperbolic rational maps) Let g be
a rational map. The following conditions are equivalent and define the class
of semi-hyperbolic rational maps.

1. A radius r > 0 and a mazimal degree p < oo exist, such that, for any
z € J(g), for any iterate n > 1 and any connected component W of
g "(D(x,r)), the degree of g"|w is at most p.

2. A radius v > 0, a maximal degree p < oo, and constants ¢ > 0 and
0 < 1 exist such that, for any x € J(g), any iterate n > 1, and any
component W of g~™(D(z, 1)), the degree of the restriction of g" to W
s at most p, and the diameter of W, is at most c6".

3. The map g has no recurrent critical point in the Julia set nor parabolic
cycles.

4. A mazimal degree py exists such that, for any r > 0 and any x € J(g),
if we let n be the least iterate such g"(D(z,r) N J(g)) = J(g)) then
g"|D(x,2r) has degree at most pg.

We refer to Theorem 2.1 in [CJY] for the proofs of the equivalence above.

Corollary 4.2.2 (Topological cxc rational maps are semi-hyperbolic)
A rational map is topological cxc if and only if it is semi-hyperbolic.

Proof: Let us assume that f is a topological cxc rational map. Then it
satisfies conclusion 1(1) of Theorem [L.2.]] with radius the Lebesgue number
of the cover U.
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Conversely, the classification of stable domains implies that the comple-
ment of the Julia set J(f) consists of points which converge to attracting
cycles under iteration. Thus if X is the complement of a suitable neighbor-
hood of attacting cycles and their preimages, then X; = f~1(X;) has closure
in Xy and the branch points of f: Xy — X; lie in J(f).

The axiom [Irreducibility]| holds for any rational map in a neighborhood
of its Julia set.

If f is semihyperbolic, Theorem [.2.]] asserts that there is an r > 0,
p < oo, c >0, and 6 < 1 such that, for any x € J(f), any iterate n > 1,
and any component W/ of f~"(D(x,3r)), the degree of the restriction of f"
to W/ is at most p, and the diameter of W/ is at most c8". We let U, be
a finite subcovering of J(f) of {D(x,r), z € J(f)}, and U,, be the set of
components of f~™(U) when U ranges over Uy. Therefore, Axioms [Degree]
and [Expansion] hold, so that f is a topological cxc map.

Note that the last item shows that any point in the Julia set is conical (as
for convex cocompact groups), meaning that we may use the dynamics to go
from small scales to large scales and vice versa with bouded distortion (cf.
Lemma [.2:4q below). Indeed, Lyubich and Minsky [CM] call semihyperbolic
maps conver cocompact and show that such maps are characterized by the
following property: the quotient (by the induced invertible dynamics of f)
of the convex hull of the “Julia set” (the hull taken in their affine hyperbolic
three-dimensional lamination associated to f) is compact.

The aim of this section is first to prove that these maps are cxc (Theorem
[27]) and also to strenghten their relationship to convex cocompact Kleinian
groups within the dictionary by establishing new characterisations of this
class. Theorem [£.2.4, Theorem and Theorem below imply the

following.

Theorem 4.2.3 (Characterizations of semi-hyperbolic rational maps)
Let g be a rational map. The following propositions are equivalent.

1. g is semi-hyperbolic.
2. g is metric cxc on its Julia set, with respect to the spherical metric.

3. There is a coveringU of J(g) such that the associated graph T is quasi-
isometric to the convex hull of J(g) in H?® by a quasi-isometry which
extends to ¢g = J(g) — OT.
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The map ¢, in the statement above is the one defined by Theorem B.2.1].

The last paragraphs deal with the topological characterization of semi-
hyperbolic maps in the spirit of Cannon’s conjecture for hyperbolic groups,
which claims that a hyperbolic group G with a topological 2-sphere as bound-
ary admits a faithfull cocompact Kleinian action.

4.2.1 Characterization of cxc mappings on the stan-
dard 2-sphere

Theorem 4.2.4 (semi-hyperbolic rational maps are cxc) Let f be a semi-
hyperbolic rational map with Julia set J. Then there are closed neighborhoods
Xo, X1 of J in the sphere such that f : X1 — Xy is cxc with repellor J with
good open sets given by a finite collection Uy of open spherical balls.

Notation. Let o = |dz|/(1 + |2|?) denote the spherical Riemannian metric
on C. For a simply-connected hyperbolic domain V' in ((/f, let py denote the
hyperbolic metric on V' and V¢ its complement in C. Given a metric g,
B(a,r;g) denotes the ball of radius r about a and diam(A; g) the diameter
of a set A.

Lemma 4.2.5 (Comparing metrics) There exists a universal constant C
such that the following holds. Let W C C be a simply-connected hyperbolic
domain of spherical diameter < w/4, v € W, and D = B(z,2; pw). Then, re-
stricted to the domain D, the metrics pw and o /diam(D, o) are C-bilipschitz
equivalent.

Proof: By applying a rigid spherical rotation we may assume W is contained
in the Fuclidean unit disk A about the origin. For such domains, ¢ and the
Euclidean metric |dw| are bilipschitz equivalent. By the Koebe 1/4 theorem,
pw is 4-bilipschitz equivalent to the metric

1
— dist(w, We)

U |dw|

where dist(w, W¢) denotes the Euclidean distance from w to the complement
We of W in C. Suppose ¢ : (A,0) — (W, x) is a holomorphic isomorphism.
By compactness of the space of Schlicht functions, and the fact that D is a
hyperbolic ball of radius 2,

diam(D; o) =< diam(D; |dw]|) < |¢'(0)]. (4.1)
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Let w € D. The Schwarz lemma implies dist(w, W¢) < const-|¢'(0)|, and
the Koebe 1/4-theorem implies dist(w, W¢) > const - |¢'(0)], so that

dist(w, W¢) =< |¢'(0)]. (4.2)
Dividing (1) by (2) yields
diam(D;0) )
dist(w, We) —
and so
pw (w) _ diam(D; o)

= 1.

o(w)/diam(D; o) ~ dist(w, We)

Lemma 4.2.6 (Distortion of p-valent maps) For p € N and 7,7 > 0,
there exist real-valued functions Cy(p,r) and C, *(p,r), tending to zero asr,

tend to zero, with the following property. Suppose W, W C C are hyperbolic
simply-connected domains, f : W — W 1is a proper, holomorphic map such

that #f~(w) < p for allw € W, and f(0) = w.

1. Let B = B(w,r;pw) C W and let B be the component of f~(B)
containing w. Then

(a) B(w,r;py) C B C B(w, Cu(p, 7); piy)-
(b) If B is replaced by an open connected set, then

diam(B; py) < diam(B; pi) < Ch(p, diamB).
2. Gwen 1 >0,
B(w, Gy (p,7); pw) € f(B(,7; pi)) € Blw, 7 pw).

Basically, the above lemma says that for connected sets of a fixed size, preim-
ages cannot be too large or too small, and images cannot be too large or too
small.

Proof: 1(a) is the content of Lemma 2.2 in [CJY]] and implies the lower
containment in (2) and the upper bound in 1(b). The lower bound in 1(a)
and the upper containment in (2) follow from the Schwarz-Pick lemma.
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Proof: (Theorem f.2.4) Suppose f : C — Cis semihyperbolic. Let r,p be
the constants as in Theorem [.2.1] Let Xy be the complement of a forward-
invariant neighborhood of the attractors as in the proof of Corollary 2.3
and X; its preimage, so that f : X; — X( is an fbc. To define the level zero
good open sets Uy we proceed as follows.

Definition of U,. For z € J(f), let W (x) be the spherical ball whose radius
is r/2. By Lemma there exists 7 so small that Cy,(p,rg) < 1/2 and let
U(z) = B(x,70; pw(a))- Let Uy be a finite open cover of J(f) by pointed sets
of the form (U(z), x). Then we have a finite set of triples (W (z), U(z),z). By
taking preimages, we obtain for each n € N a covering U,, of J(f) by Jordan
domains U such that each has a preferred basepoint 7 and is compactly
contained in a larger domain W. Moreover,

w0, ) — (WU, z)

whenever U € U,, U € U, and f*(2) = x. Note that by construction and
Lemma [L.2.0, for all n and all U € U = U,U,, with basepoint z,

B(x,ro;pw) C U C B(z,1/2; pw).

In particular, 2ry < diam(U; py) < 1.

Diameter distortion. Suppose f* : ((7, (7’) — (U,U’), and let W and W
be the larger sets given with U and U. We have by Lemma

diam(U’; o) ) , ) ) /
% : L)) = : 4,
Giam (U 0) diam(U’; o /diam(U; o)) < diam(U"; pw) (4.3)
and similarly N
diam(U’; o) .
————= =< diam(U"; pw )- 4.4
diam(U; o) (U i) (44)
By Lemma 1(b), we have
diam(U"; py) < diam(U'; piir) < Cu(p, diam(U’; pw)). (4.5)
Together, (£.3), (E4), and (E.3) imply
diam(U’; o) < const - dlam(({;a)

diam(U; o) diam(U; o)



4.2. SEMI-HYPERBOLIC RATIONAL MAPS 111

and

diam(U"; o) ( diam(U’; cr))

—————~ < const-Cy | p,const————=

diam(U; o) diam(U; o)
as required.

Roundness distortion. We first estimate the distortion of roundness with
respect to hyperbolic metrics, and then relate the hyperbolic to the spherical
metric.

Suppose U € U = U, U, a € U, and Round(U, a) = K in the hyperbolic
metric of W. By the definition of roundness, there exists s > 0 such that
with respect to the hyperbolic metric on W,

B(a,s) C U C B(a, Ks)
and no smaller K will do. Thus

1
§diam(U) < Ks < diam(U).

Since by construction 2ry < diam(U) < 1 we have K =< 1/s.

Now suppose f*: (U,a) — (U, a).
Backward roundness distortion. By Lemma [£.2.G 1(a), with respect to
the hyperbolic metric on W,

B(a,s) C U C B(a,Ch(p, Ks)) C B(a, Cp(p, 1))

and so
Ch (p7 1)

Round(U, d) < .

< const - K
since K < 1/s. Hence we obtain a linear backwards roundness distortion
function.

Forward roundness distortion. Suppose now Round(U,d) = K. Then
with respect to the hyperbolic metric on W, there exists s > 0 such that
B(a,s) c U c B(a, K3) C B(a,1)

so that K = 1/5. Hence by Lemma [2.4(2), with respect to the hyperbolic
metric on W,

B(a, C’,;l(p, §)) cU C B(a,1)
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and so B
Round(U, a) < 1/C; ' (p,5) < a function of K
since § = 1/K.

It remains only to transfer the roundness estimates from the hyperbolic
to the spherical metric. Suppose U € U has basepoint z, a € U, and
Round(U, a) = K with respect to the hyperbolic metric on W. By construc-
tion,

U= B(x,ro; pw) C B(z,1; pw)

and we have already shown
B(a, Ks; pw) C B(a, 1; pw).

Therefore, U, its largest inscribed ball B(a,s) about a, and smallest cir-
cumscribing ball B(a, K's) about a are all contained in the hyperbolic ball
D = B(x,2). On this set, Lemma implies that the hyperbolic metric
pw is bilipschitz equivalent to the metric o/diam(D; o). Since roundness is
invariant under constant scalings of the metric, the factor 1/diam(D;0o) is
irrelevant. It follows easily that the roundness computed with respect to the
hyperbolic metric on W is comparable to that computed with respect to the
spherical metric o.
This completes the proof of Theorem [£.2.4.

We may now provide a converse statement :

Theorem 4.2.7 (cxc on the Euclidean S? implies uniformly quasiregular)
Suppose f : S? — S? is an orientation-preserving cxc with respect to the stan-

dard spherical metric. Then f is quasisymmetrically, hence quasiconformally
conjugate to a chaotic semi-hyperbolic rational map.

This result is reminiscent of D. Sullivan’s theorem which says that a uni-
form convergence group which acts as a uniform quasiconformal group on the
Euclidean standard 2-sphere is quasiconformally conjugate to a cocompact
Kleinian group [Bull]].

Proof: Any iterate f" is also a finite covering from the sphere to itself, hence
has exactly 2d™ — 2 critical points counted with multiplicity. We will first
prove that a constant K exists such that " is K-quasiregular for all n > 1.
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Fix n and consider a small disk 2D disjoint from the critical set of f™. It
follows from Lemma P.7.9 that there is a constant H < oo such that, for all
r€2D,

o D@ = @) eyl =Y

r—o - min{|f"(z) = f*(y)| : |z —yl=r}
Therefore F. Gehring’s metric characterisation of quasiconformal maps im-
plies that there is a universal K = K(H) such that f" is K-quasiconformal
on D [Gell].

This implies that f" is K-quasiregular off the critical set of f". But
finitely many points are removable for quasiregularity, hence ™ is K-quasiregular.
It follows from Theorem that f is quasiconformally conjugate to a ra-
tional map. The semi-hyperbolicity follows from the property of bounded

degree along pull-backs (cf. Theorem [£.2.1)).

4.2.2 Convex Hull of Julia sets

In this paragraph, we prove the following theorem.

Theorem 4.2.8 Let f be a rational map. There is a finite cover U of J(f)
such that the space I' = T'(f,U) is quasi-isometric to the convezr hull of the
Julia set in H? by a quasi-isometry which extends as ¢y : J(f) — 0T if and
only if f 1s semi-hyperbolic.

We note that if I" is quasi-isometric to the convex hull of J(f) then the
elements of S(n) have their diameter exponentially small, which forces f to

be a so-called topologically Collet-Eckmann map, cf. [PR] and [PRLY].

Proposition 4.2.9 Let f be a rational map, and U the graph constructed
from a finite coveringU. If T is hyperbolic and ¢¢ = J(f) — 0. is quasisym-
metric for some € > 0 then f is semi-hyperbolic. Furthermore, the measure
of mazimal entropy is doubling on C.

Under the assumptions of Proposition [[.2.9, and since ¢ is a homeomor-
phism and the mesh of (S(n)), tends to 0 with respect to the metric d., it
follows that (f,U) satisfies the Axiom [Expansion].

We start with a lemma.
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Lemma 4.2.10 Let K be a compact subset of J(f) — {oo}; for any a =
(wo, W), where W € U and wy € W N K, let Ay(2) = wo + diam(W)z.
Under the assumptions of Proposition [-2.9, the family of maps {f™'o A,}a
1s normal on C. Furthermore, any limit is open.

The collection {W,,} of neighborhoods of wy is a local basis of neighbor-
hoods, so eventually each W,, is contained in some fixed Euclidean disk about
wo on which the Euclidean and spherical metrics are comparable. Changing
metrics does not affect normality, so we use whichever is most convenient.

The notation diamW will denote the diameter with respect to the spher-
ical metric in C, otherwise, we will write diam, for the metric d. on OI.

Proof: Let us consider a sequence (a,); if the sequence of levels is bounded,
then the lemma is clearly true. So we might as well assume that o, =
(wn, W,,) with |W,,| = n. We shall then write A,, = A,.

We note that F™ is e*"-Lipschitz in 9.I'. But Proposition asserts
that diam. W =< e~*Wl for all W € V. Therefore, if W € S(n), then the
Lipschitz constant of

n . d€
F" (ar, diamew) — (00, d.)

does not depend on W nor n.

We assume that ¢ is n-quasisymmetric. We observe that the family

1 de
oo Ay AP (o1 o)

is equicontinuous. This follows from Proposition 10.26 in [Hel: all these
maps are n-quasisymmetric, and normalized: for any z,w € W,

A (2) — A (w) <1

n

and

652) = Syl _ (12—l o
diam.¢ (W) =1 <2diamW) < (24,7 (2) = A (w)]) <n(2).

This implies that, for all R > 0, all the (f" o An)|-1(;(5)np(o.r) Share a
common modulus of continuity wg since

f”oAn:¢;1oF"o(¢foAn)
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and
de

F" |0, ————
( " diam W

)~ or.a)

is uniformly Lipschitz.

Let us now prove the lemma. If (f™ o A,),>0 was not a normal family
at a point z,, € C, then Zalcman’s lemma would imply the existence of a
convergent sequence of points (z;) with z as a limit, a decreasing sequence
to 0 of positive numbers p; and a subsequence (ny) such that f™ o A, o By

tends to an open map g : C — C where Bi(2) = 21, + prz [£al].

Let R = 2|2], and let us choose R’ > 2d(0,g ' (J(f)). Then, for k large
enough, it follows that By(D(0, R")) € D(0, R) and

diamn(f™ 0 A,,) 0 By(D(0, R) N (An, 0 B) " (J(1)) < wr(204R)

which tends to 0. This contradicts the fact that g is open since diam(g=(J(f)N
D(0, R')) > 0.

Therefore, (f™ o A, )n>o is a normal family on C.

By construction, for all k& the domains (f™ o A, )~!(W,) have diame-
ter one, contain the origin, and map onto the domain W,. Therefore h is
nonconstant, hence open.

Proof: (Proposition .2.9) We will prove that the condition 1. in Theorem
follows from Lemma [E2.10: let r > 0 be such that any disk of radius r
centered at a point of J(f) is contained in some open set defining the cover
U. 1f the condition was not satisfied, we would find a sequence of points
2, € J(f), connected components Wy, of f~"(D(zx,r)) such that the degree
of ™|y, would tend to infinity. Let wy € W be such that f™ (wy) = 2.

It follows from Lemma that (z — f™(wy +diamWyz)); is a normal
sequence on C with open limits. So the degree has to be eventually bounded.
Therefore, f is semi-hyperbolic.

The statement on the measure follows from the following argument. Since
f is semi-hyperbolic, f is also cxc (Theorem [.2.4), so Theorem implies
that puy is the unique measure of maximal entropy and that /s is also Ahlfors-
regular of dimension (1/¢)logd.
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In particular py is doubling: there is a constant C' > 0 such that, for
any ball B(z,r), with r < diam 0, ps(B(z,2r)) < 2ug(B(x,r)). Since this
condition is preserved under the application of quasisymmetric mappings, the
same is true for ¢}uy (cf. Cor.4.15 from [Hei]). Furthermore, metric entropy
is invariant under Borelian isomorphisms (Proposition 4.3.16 in [KH]), and
in particular under homeomorphisms, we recover the fact that f admits a
unique measure of maximal entropy : the pull-back under ¢ of jif, and this
measure is doubling.

We may now prove Theorem [L.2.§:

Proof: (Theorem [.2.§) Suppose T is quasi-isometric to the convex hull of
J(f) via a map which extends as ¢;. First, since quasi-isometries between
proper geodesic spaces preserve hyperbolicity, it follows at once that IT' is
hyperbolic. Alternatively, the comment following the statement of Proposi-
tion [L.2.9 shows that one may apply Theorem to get the hyperbolicity
of I'. Second, since quasi-isometries extend as quasisymmetric maps, ¢; is
quasisymmetric.

Therefore, Proposition applies and shows that f is semi-hyperbolic.

Conversely, if f is semi-hyperbolic, then Theorem shows that ¢y is
quasisymmetric and that I" is hyperbolic. Since both sets I' and the convex
hull of J(f) are quasi-starlike Gromov spaces, then the quasisymmetry ex-
tends as a quasi-isometry between I' and the convex hull of J(f) (Theorem

B-L3).

4.2.3 Topological characterizations of chaotic semihy-
perbolic rational maps

In this paragraph, we prove the following theorem.

Theorem 4.2.11 (Characterization of chaotic semi-hyperbolic rational maps)
Let f : S* — S? be an orientation-preserving finite branched covering map

defined on a topological 2-sphere which satisfies [Expansion] with respect to

some covering U, and suppose € is small enough so that Theorem [F.2.1 ap-

plies. Then the following are equivalent:
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1. f s topologically conjugate to a semi-hyperbolic rational function R :
C — C with Jgp = C.

01 is quasisymmetrically equivalent to the standard Euclidean S?.
I is quasi-isometric to hyperbolic three-space H3.

The gauge of Ox ' contains a 2-Ahlfors regular metric.

The map f is topological cxc and the sequence {Uy,}, of coverings of S*
i1s conformal in the sense of Cannon.

Let us recall that the conformal gauge of a metric space (X, d) is the set of
metrics d on X such that the identity Id : (X,d) — (X, d) is quasisymmetric
(see Chapter 15 in [Hei]).

The equivalence with 5 will be proved after developing some needed back-
ground. This corresponds to a theorem of Cannon and Swenson for hyper-
bolic groups whose boundary is homeomorphic to the two-sphere [C3).

Proof: Suppose U = U, satisfies [Expansion|. Then there exists some N
such that for all n > N, elements of U,, contain at most one branch value of
f. Let V be a finite covering of the sphere by Jordan domains V' which is
finer than Uy and such that 0V avoids the countable set of forward orbits of
critical points. The elements of V = U,,},, are then homeomorphic to Jordan
domains, since they are coverings of disks ramified over at most one point
and their boundaries are unramified covers of the Jordan curve boundaries
of elements of V. Since the quasi-isometry class of I' does not depend on the
cover (Theorem B.3.1]), we may assume at the outset that &/ =)V and hence
that elements U of U and their complements in the sphere are connected.

1. = 2. Suppose h; : S? — C conjugates f to a semi-hyperbolic rational
function R and hy : S? — O.I conjugates f to the dynamics F on the
boundary of I'. Since R is semi-hyperbolic, f is topologically cxc (Corollary
1.2.9) and so F is topologically cxc as well. By Corollary B.5.4, F' is metric
cxc. The rigidity theorem, Theorem P83, implies that hy o hy': C — T is
quasisymmetric.

2. = 1. Suppose h : O,,' — S? is a quasisymmetric map, where S? is
the standard Euclidean two-sphere. By Propositions B.3.1 and R.7.9, F' is
uniformly weakly quasiregular. Since this condition is preserved under qua-
sisymmetric conjugacies, so is G = hFFh~!. By Theorem I1.6.2 in [Rid|, G is
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uniformly quasiregular. D. Sullivan’s Theorem [f.4.]] implies that G is conju-

gate to a rational map R. But, since h is a quasisymmetry, Theorem
and Theorem B.I.J imply that R has to semi-hyperbolic.

3. <= 2. This is follows from Theorem B.I.5: boundary values of quasi-
isometries are quasisymmetries and, conversely, quasisymmetric maps of bound-
aries extend to quasi-isometries. R

4. <= 2. The fact that 2 implies 4. follows from the fact that C is
naturally a 2-Ahlfors regular metric space.

For the converse, since all elements of U are Jordan domains, Proposition
R.6.9 shows that OI' is linearly locally connected. Since linear local connec-
tivity is a quasisymmetry invariant [Hel], there exists a metric in the gauge
of I' which is both linearly locally connected and, by hypothesis, Ahlfors
2-regular. By M. Bonk and B. Kleiner’s characterization of the standard two-
sphere [BKT]], this implies that this metric is quasisymmetrically equivalent
to the standard Euclidean two-sphere.

These statements mimic similar theorems for Gromov hyperbolic groups
in the context of Cannon’s conjecture. Statement 2 is concerned with Sul-
livan/Tukia’s straightening theorem of quasiconformal groups [Sull], [Tuk?];
statement 3 is due to J. Cannon and D. Cooper [[CJ] in the context of groups;
statement 4. is due to M. Bonk and B. Kleiner, and can be deduced either
from [BKZ], or from [BKI] and [BKJ].

In [BK3J|, M. Bonk and B.Kleiner also prove that a Gromov hyperbolic
group admits a cocompact Kleinian action on C if the Ahlfors-regular confor-
mal dimension of the gauge of its boundary is attained. The Ahlfors-regular
conformal dimension of (X, d) is the infimum of the Hausdorff dimensions
over all Ahlfors-regular metrics in its gauge. In our context of non-invertible
dynamical systems, this statement does not hold:

Proposition 4.2.12 There is a metric d on the 2-sphere S* and a cxc map
[ (S%d) — (S*d) such that the Ahlfors-reqular conformal dimension is
giwen by d, but f is not conjugate to a rational map.

Proof: Let us consider F': C — C be defined by F(x + iy) = 2z + 3iy. Let
us consider the metric d(z + iy, 2’ +iy’) = [r — 2’| + |y — ¢'|* where a =
log2/log 3. One may check that (C, d) is Ahlfors regular of dimension 1+1/«
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and that this dimension is also its Ahlfors-regular conformal dimension since
the (1 4+ 1/a)-modulus of the family of horizontal curves is clearly positive
(cf. Theorem 15.10 in [Hel)).

Since F'(Z[i]) C Zi] and F(—z) = —z, this map descends to a map
f: C — @, on which one can push down the metric d to a metric d. It
follows that this metric satisfies the same properties as d. Furthermore,
since d(F(z), F(2')) = 2d(z, 2') clearly holds for any z, 2’ € C, it follows that
f is cxc with the metric d.

But since the conformal dimension of (C, d) is strictly larger than 2, The-
orem [L.2.T]] shows that f is not equivalent to a rational map.

This implies that the sphere need not be a Loewner space even if the
Ahlfors-regular conformal dimension is attained. But, if 9I" admits an Ahlfors
regular Loewner metric in its gauge, then the theorem above with [BKI|]
imply f is conjugate to a rational map.

4.2.4 Cannon’s combinatorial Riemann mapping the-
orem

Before we prove the equivalence with (5), we will first review the notions that
are needed to understand the statement and the proof.

Combinatorial moduli. Let S be a covering of a topological surface X.
Denote by M(S) the set of maps p : & — R, such that 0 < > p(s)? < oo
which we call admissible metrics. Let K C X ; the p-length of K is by
definition

and its p-area is
SNK#D
If T is a family of curves in X and if p € M(S), we define

L,(T,S)= inﬁﬁp(v),

~e
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and its combinatorial modulus by

Ap(X)
d(I,S) = inf —2"7_- = inf d(T, p,S).
mod(T, ) pEl/I\}i(S) L, S)? pel/\I}t(S) mod(T', p, 5)
Let A be an annulus in X. Let I'; be the set of curves in A which join
the boundary components of A, and I'y; those which separate the boundary
components of A. Define

modg,, (A4, S) = and modiye(A,S) = mod (I, S) .

1
mod (Ft, 8)

The classical moduli of I'y, Iy are mutually reciprocal. In the combinato-
rial setting, this is no longer quite true. However J. Cannon, W. Floyd and

W. Parry have proved that always modiy¢(A4,S) < mody,,(4,S) [CEPT].
A covering § has N-bounded overlap if, for all x € X,

Z X3<x> <N

where x, denotes the characteristic function of s. Two coverings are said to
be N-equivalent if each piece of one intersect at most /N pieces of the other,
and vice-versa.

Sequence of coverings. In order to state J.W.Cannon’s combinatorial
Riemann mapping theorem, we introduce a couple of new notions.

Definition. A shingle is connected compact subset of X, and a shingling is
a covering of X by shingles.

Definition. A sequence of coverings (S,,) is K-conformal (K > 1) if
1. the mesh of (S,) tends to zero;

2. for any annulus A in X, there exist an integer ng and a positive constant
m = m(A) > 0 such that, for all n > no,

mods,p (A, Sp), modine (A, S,,) € [m/K, Km];

3. for any x € X, any m > 0 and any neighborhood V, there is an annulus
A C V which separates = from X \ V such that mod,(A,S,) > m for
all large n, where % € {inf, sup}.
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The quantity m(A) will be referred to as the combinatorial modulus of A
with respect to the sequence (S,). If S’ = (§),) is another sequence of shin-
glings whose elements S are N-equivalent with S,,, where N is independent
of n, then the combinatorial moduli computed with respect to S and S’ are
known to be comparable (Theorem 4.3.1 in [C]]). Hence S is conformal iff
&' is conformal.

Theorem 4.2.13 (combinatorial Riemann mapping theorem [Cail])
If (S,) is a conformal sequence of shinglings, on a topological surface X, then
X admits a complex structure such that the analytical moduli of annuli are
comparable with their combinatorial moduli.

There is also a converse :

Theorem 4.2.14 If (S,) is a sequence of shinglings on the Riemann sphere
such that the mesh goes to zero, each S, has overlap bounded by some uni-
versal constant N, and such that a constant K > 1 exists such that, for
any n, any s € S,, there are two concentric disks Dy C s C Ay with
diamA, < KdiamDy, then (S,) is conformal.

This is slightly different from Theorem 7.1 in [Cad]. There, the smaller
disks D, are required to be pairwise disjoint. There is no such assumption
here, so we provide a proof. We will use the following lemma of J. Stromberg
and A.Torchinsky [BT]]. Below, disks are spherical, and integrals over the
whole sphere.

Lemma 4.2.15 Let us consider a family of disks B € B to which we assign
a positive weight ag > 0. For any p > 1 and any X\ € (0,1), a constant
C = C(p,\) > 0 independent from B and from the weights exists such that

/(Z anB>p < C/ (Z aBXAB)p .

Proof: (Theorem {.2.14) It suffices to prove that there is some constant
C' > 0 such that, for any annulus A, there is some n(A) such that, if n > n(A),
then modin (4, S,) > (1/C)modA and modg,,(A4,S,) < CmodA.

Fix an annulus A. Since the mesh of S, tends to 0, we may find some n(A)
and x > 0 (x independent from A and n) such that, for any n > n(A), any
piece s € S, which intersects A and any curve v € I'; U I'y which intersects
s, the length of v N 2A, is at least kdiams.
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Let T' denote I'y or I'; and § = §,, for some n > n(A). If v € T, the
family of pieces s € § which intersects 7 is denoted by S(7).

It p: S — R, is an admissible metric for I', we define a classical test
metric

. p(s)
p= ; diams X2Bs s

where yaas denotes the characteristic function of 2A,. Therefore, if v € T,
then the definitions of p and s imply

o 2 Y P ynaag

seS(y)

> kL,(I',S)

and so
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On the other hand,

2
~ s
Area(C, p) :/A (Z d/:(rr)l X2As>
C seS ains

2
3 p(s)

<

- C[/[\j (ges diamsXDs)

by Lemma [£.2.15. Since S has bounded overlap,

(Sati) = (om{fien))

2
- ZS ( diams P

Therefore
Area(C,p) < CNQZ/ pls) )’
’ - s \ diams
seS
< CN*K’r Z p(s)?.
seES
Hence N N
Area(C, p) < CN*K*1A,(C). (4.7)

Combining ([.0) and (£.7) yields
mod(T") < ¢ mod(T', S)
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where ¢ = C(NK)?r/k? is independent of the level n of S = S,,. Taking
I' =T, we obtain

1 2
modiyr(4,§) = mod(T, ) > ~mod(I',) = gmod(A).
Taking I' = I';, we obtain
1
modg,p (A4, S) = <& imod(A).

mod([';,S) — mod(l';) 27

4.2.5 Proof of rational iff Cannon-conformal

Proof: [5= 1] We assume that f is topological cxc, given by covers (U,,), and
that this sequence is conformal. Considering a cover S(0) by Jordan domains
fine enough, the existence of some constant N independent from n so that
the covers U,, and S(n) are N-equivalent follows from Axiom [Degree]. Thus,
(S(n)), is conformal, and we may now apply the combinatorial Riemann
mapping theorem: J,I" has a complex structure compatible with its combi-
natorial structure. In other words, there is a homeomorphism h : d,,I' — C
such that, for any annulus A and for n large enough,

mod,(A,S,,) < modh(A).

Hence the map G = hoFoh™!is a ramified covering of C. Let us prove that it
is uniformly quasiregular: this will establish 1. by D. Sullivan’s straightening
theorem (Theorem [L.4]]), and the fact that G is topological cxc (Corollary
[23). Fix k and z € C off the (finite) branching set B(G*) of G*. Let V be
a neighborhood of z disjoint from B(G*). Therefore, G*|V is injective so, if
A C V is an annulus, then, for all n large enough

modG*(A) < modgy, (F*(h™1(A)), S(n)) = modgy, (R~ (A), S(n+k)) < modA

hence G*|y is K-quasiconformal for some universal K. Therefore, G* is
K-quasiregular since B(G*) is finite hence removable.
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Proof: [2= 5] Let ¢ : S — O be the conjugacy given by Theorem B-21.
Let us fix a quasisymmetric homeomorphism A : 0, % — C.

It suffices to prove that (ho¢(S(n))), satisfies the assumption of Theorem
[2.14. Since h is quasisymmetric, Proposition B.3.3 implies that the round-
ness of h o ¢(W) is uniformly bounded for any W € US(n). Furthermore,
each covering has bounded overlap, so Theorem [.2.14 applies.

Furthermore, since [2= 1], it follows that f is also topological cxc.

4.3 Finite subdivision rules

Finite subdivision rules have been intensively studied since they give natural
concrete examples with which to study Cannon’s problem of determining
when a sequence of combinatorial structures yields a compatible conformal
structure; see [CFPZ, [CFKH], [CEPJ] and the discussion in the preceding
section.

A finite subdivision rule (f. s. r.) R consists of a finite 2-dimensional
CW complex Sz, a subdivision R(Sg) of Sk, and a continuous cellular map
or : R(Sr) — Sr whose restriction to each open cell is a homeomorphism.
When the underlying space of Sx is homeomorphic to the two-sphere S? (for
concreteness, we consider only this case) and ¢ is orientation-preserving, ¢r
is a postcritically finite branched covering of the sphere with the property
that pulling back the tiles effects a recursive subdivision of the sphere. That
is, for each n € N, there is a subdivision R"(Sr) of the sphere such that f
is a cellular map from the nth to the (n — 1)st subdivisions. Thus, we may
speak of tiles(which are closed 2-cells), faces (which are the interiors of tiles),
edges, vertices, etc. at level n. It is important to note that formally, an f. s.
r. is not a combinatorial object, since the map ¢, which is part of the data,
is assumed given. In other words: as a dynamical system on the sphere, the
topological conjugacy class of ¢ is well-defined.

Let R be a finite subdivision rule on the sphere such that ¢5 is orientation-
preserving. R has mesh going to zero if for every open cover of Sg, there is
some integer n for which each tile at level n is contained in an element of
the cover. A tile type is a tile at level zero equipped with the cell structure
induced by the first subdivision. R is irreducible if, given any pair of tile
types, an iterated subdivision of the first contains an isomorphic copy of the
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second. If R has mesh going to zero, then it is easy to see that R is irre-
ducible: any two tile types are joined by a path of edges of some bounded
length. R is of bounded valence if there is a uniform upper bound on the
valence of any vertex at any level.

If in addition R has bounded valence, then R yields a topologically cxc
dynamical system on the sphere with respect to a naturally arising family
of open sets at level zero. To define these sets, we recall a few notions from
[CEPJ]. Given a subcomplex Y of a CW complex X the star star(Y, X) of
Y in X is the union of all closed tiles intersecting Y. Let X denote the CW
structure on the sphere at level zero, and set X,, = R"X.

Lemma 4.3.1 Suppose R is a finite subdivision rule on the two-sphere which
15 orientation-preserving and has mesh going to zero. Then there exist ng,ny €
N with the following property. For each closed 2-cell t € X,,, the set
Dy = star(t, Xpgin,) i a closed disk which, if it meets the postcritical set

P of ¢r, does so in at most one point, and this point lies in the interior Uy
of D.

Proof: Mesh going to zero implies that for some ng, each 2-cell ¢ of X,
meets P in at most one point. It also implies that for some n,, for any 2-
cell s of Xy, and any two O-cells x,y of s, no 2-cell of X,,, contains both x
and y. Together, these two observations imply that for any 2-cell ¢ of X,
Dy = star(t, X,,,1n,) is a cell complex which contains ¢ in its interior Uy, and
which, if it intersects P, does so in its interior. Since Dy is the closure of U,
and its boundary is a simple closed curve, D; is a disk.

Let Uy be the finite open covering of the two-sphere underlying X given
by the Jordan domains U; constructed above, and consider the topological
dynamical system f = ¢r : X — X together with U,. Since R is irreducible,
Proposition P47 3(a) implies that axiom [Irreducibility] in the definition of
topologically cxc holds. For any k € N, the restriction of f* to an element U
of U, is a branched covering onto its image U which is ramified at at most
one 0-cell ¢ which maps onto some 0O-cell v . Let @ € U be a 0-cell and put
w = f*(w). Then w is joined by an edge-path (i.e. a union of 1-cells) to v
whose interior avoids v, and the length of this edge path (i.e. the number
of 1-cells comprising it) is at most some constant ¢q. Since f* : U—Uis
ramified only at ¢, this edge-path lifts to an edge path of length at most ¢
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joining w to c. It follows that the combinatorial diameter of the zero-skeleton
of U is uniformly bounded. Since R has mesh going to zero, it follows that
axiom [Expansion| holds.

Moreover, if in addition R has bounded valence, then the ramification

of f* at ¢ is uniformly bounded. This implies that U comprises a uniformly
bounded number of cells and hence that the degree of f* : U — U is uniformly
bounded, so that axiom [Degree| holds.

Hence, f: X — X together with U, yields a topologically cxc system on
the sphere. By Corollary B.5.4, there is a preferred metric on X for which
the dynamics is metrically cxc. By Theorem f.2.T7], X is quasisymmetrically
equivalent to the standard two-sphere if and only if f is conjugate to a
postcritically finite rational map whose Julia set is the whole sphere; compare

[Mey].

4.4 Uniformly quasiregular dynamics

Let M be a compact Riemannian manifold of dimension n > 2. Given
K < oo, a non-invertible continuous map f : M — M is said to be K-
quasiregular if f € W,"(M) and if |D,f|* < K - Jf for almost every .
References on quasiregular mappings include S. Rickman’s monograph [Rid].

When f is not constant, then f is a finite branched covering (see § 1.4
in [Rid). We say that f is uniformly quasiregular if all its iterates are K-
quasiregular for a fixed K.

When n = 2, D. Sullivan proved the following theorem [Sulj] in parallel
with a similar statement for quasiconformal groups on the 2-sphere [Sulll]:

Theorem 4.4.1 (D. Sullivan) A uniformly quasireqular map of the stan-
dard Euclidean two-sphere to itself is quasiconformally conjugate to a rational
map.

The iteration of uniformly quasiregular on the standard two-sphere boils
down to the iteration of rational maps. In higher dimension n > 3, these
maps generalize one-dimensional holomorphic dynamics, and have been in-
troduced in this setting by T.Iwaniec and G.Martin in [[M]. Uniformly
quasiregular maps on space-forms have been classified in [MMP]. They can
be seen as analogs of quasiconformal groups.

For such maps, Fatou sets are defined as the set of normality, and Julia
sets as the set of non-normality.
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In [May], V. Mayer proposes a generalization of Lattes examples to higher
dimensions. They are uniformly quasiregular maps of finite degree f : M —
M, where M is a compact Riemannian manifold, which are defined as follows.

There are a crystallographic group I and an onto ['-automorphic quasireg-
ular map h : R" — M such that h(z) = h(y) if and only if there is some
element v € T" so that y = (z), and there are a matrix U € SO,(R) and a
constant A > 1 such that, if we set A = AU, then ATA~! C I" and such that
the following diagram commutes

R* — R"
hl Lh
M oM

For more precise statements, we refer to V. Mayer’s article [May]].

Let us recall the following compactness result (cf. Theorem 2.4 [MSV]):

Theorem 4.4.2 (normality of qr mappings) Suppose that 0 <r < R <
00, 0 <1 <o, 1 <K< oo, N>1, and that F is a family of K-
quasiregular mappings f : B"(R) — R™ such that every point has at most
N preimages, f(0) =0, and such that for each f € F there is a continuum
A(f) with the properties

0e€ A(f), max{|z|, z € A(f)} =r, max{|f(x)], v € A(f)} ="

Then F is a normal family and any limit map is K-quasireqular, and any
point in the range has at most N preimages.

This implies that, under the assumptions of Theorem f.4.3, assuming
R =1, there are functions d; and d_ such that dy(t) — 0 with ¢ and such
that, for any f € F, and any set U C B"(1), diamf(U) < d(diamU) and,
for any compact connected subset V' of the image of f which contains the
origin, diamW < d_(diamV’) where W denotes the component of f~1(V)
which contains the origin.
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Theorem 4.4.3 Lattes examples are cxc.

Proof: Axiom [Irreducibility] clearly holds.

Fix 7o > 0; for any = € R", we denote by W (x) the connected component
of h™Y(B(h(z),r9)) which contains z. It follows from the quasiregularity
and the fact that h is automorphic with respect to a cocompact group of
Fuclidean motions that we may choose 7y > 0 such that a constant N < oo
exists so that, for all z € R”, the degree of h‘W(x) is bounded by N (Lemma
[1.4.1 in [Rid]).

We fix some size r;1 > 0 small enough so that, for any x,y € R", if
x belongs to the component V(y) of h='(B(h(y),r1)) containing y, then
B(z,2diamV (y)) C W(x).

We define Uy as a finite subcover of { B(z,r1), x € M}. Then U, satisfies
[Degree] and [Expansion]. It remains to prove [Roundness distortion] and
[Diameter distortion]. Since f is semi-conjugate to a conformal map, one then
needs only verify (i) A distorts the roundness of (small) sets by a controlled
amount, and (ii) & distorts ratios of diameters of nested sets by a controlled
amount.

We note that since M is compact, one may find uniformly quasiconformal
charts which map balls of radius 3r; in M onto the unit ball of R™. Therefore,
we may assume that h takes its image into R™ in the sequel.

For each xy € R™ and each connected open set V' contained in some V ()
which contains xg, we consider the map
1

ooy 2 € BM0,1) = ——
ov T € B )Hdlamh(V)

- h(zg + diamVz).

All these maps define a compact family F of degree at most N according
to Theorem since hy, v (B(0,1)) contains at least one point at distance
1/2 from the origin.

If WV CR" then it follows that W C B(xq,diamV’) and
diamh(W) - diamW
diamh(V) = "\ diamV )
Similarly, if V! C M is small enough, if W/ C V'’ and if V" and W denote
connected components of A~ (V) and h~' (W) such that W C V, then
diamW <4 diamW’
diamV = \ diamV’ J ~
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This establishes (ii).

Let V' C R™ contained in some V (y), and let xy € V. Denote by K =
Round(V, xg) its roundness. Then B(zg,diamV/(2K)) C V so

B(h(xo), d-(1/(2K))diamh(V))  h(V).

This proves that Round(h(V),z) < 1/d;(1/(2K)).

Let us denote by F(K’) the subset of F obtained from pairs (V, zo) such
that diamh(V) < r; and Round(h(V),h(zg)) < K’. This family is also
compact, so the roundness of V' at zy depends only on K’. Hence (i) holds.

This ends the proof that a Lattes example is cxc.

Conversely, one has:

Theorem 4.4.4 Let f : M — M be an orientation preserving metric crc
mapping, where M is a compact Riemannian manifold of dimension at least
3. Then f is a Lattés map.

Proof: It follows from Proposition and Theorem I1.6.2 in [Rid] that f is
uniformly quasiregular. Furthermore, it follows from compactness arguments
of qr mappings that every point is conical: for any zy € M, a sequence of
sizes 1, — 0 and a sequence of iterates k, exist such that z € B(0,1)
[ (zo+rpx) defines a convergent sequence to a non constant map. Therefore,
Theorem 1.3 in [MM] implies that f is a Lattes map.

Let us note that V. Mayer has also generalized the notion of power maps in
[May]] : these are uniformly quasiregular maps f : S — S§", n > 3, such that
the Fatou set consists of two totally invariant attracting basins, the Julia
set is a sphere S"!, and the dynamics on the Julia set is of Lattes type.
These maps are also clearly cxc, if one restricts the dynamics to suitable
neighborhoods of the Julia sets.

For all other known examples of uniformly quasiregular maps, the Julia
set is a Cantor set, and the Fatou set is the basin of an attracting or of a

parabolic fixed point [[M, Mar]], Pel, [ HMM, Mard, MMB]. In the former
case, when f has degree d, then there are d 4+ 1 embedded balls By, ..., By,
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such that By, ..., By have pairwise disjoint closures, all of them contained in
By, and the restriction to each Bj, j = 1,...,d, is a homeomorphism onto
By: the Julia set is contained in these balls, and the restriction of f to these
balls is clearly cxc.

4.5 Expanding maps on manifolds

A baby example. Let X = T? = R?/Z? be the two-torus and f: X — X
the degree twelve covering map induced by v — ¢v where ® : R? — R? is the
linear map given by ®(z,y) = (3z,4y). Equip R? with the norm |- | given by

|(z,y)| = max{|z, [y}
where A = log 3/log4. Then for all v € R?,
[@(v)] = 3[v].
It follows that for all a,b € X sufficiently close,
|f(a) = f(b)] = 3la—b|

and it follows easily that (X, f) is cxc.
We now (greatly) generalize this example.

Theorem 4.5.1 (From expanding to homothety) Let f: M — M be a
Ct expanding map of a compact connected C* Riemannian manifold to itself.
Then there exists a distance function on d on M and constants 6 > 0 and
p > 1 such that for all x,y € M,

and such that balls of radius < § are connected and contractible.

Corollary 4.5.2 (Expanding implies cxc) The dynamical system ((M,d), f)
15 cxe. Hence the metric d is unique, up to quasisymmetry.

Proof: (of Corollary) We remark that f : M — M is necessarily a covering
map of degree D = deg f.
Since f is expanding on a compact manifold, Axiom [Irreducibility] holds.
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Let Uy be a finite open cover of M by open balls of radius 6. If U € U
then since U is contractible we have

o) =UJu

where the union is disjoint and where each f \(72 : (72 — U is a homeomor-
phism which multiplies distances by exactly the factor p. Thus for each ¢
there is an inverse branch g; : U — U; which is a homeomorphism and which
contracts distances exactly by the factor p~!. By induction, for each n and
each U € Uy there are D" inverse branches of f over U which are homeo-
morphisms and which contract distances by p~". Verification of the axioms
is now straightforward. The last claim follows from Theorem P.8.2.

The proof of Theorem [L.5.1] occupies the remainder of this section.

Sketch of proof. One way to prove the theorem is to apply the geometric
constructions of the previous chapter. We prefer however to give a self-
contained proof using the algebra hidden behind expanding covers of Rie-
mannian manifolds.

I. By a celebrated result of Gromov [[Gro]], f is topologically conjugate
to the action of an expanding endomorphism on an infra-nilmanifold.
Thus we may assume M is an infra-nilmanifold modelled on a simply
connected nilpotent Lie group G and f is such an endomorphism.

II. Let f denote the lift of f to the universal cover GG. We shall show
that there exists an associated f-homogeneous norm |-|: G — [0, 00)
satisfying the following properties for all z € G:

1]z =0 <= z=1g,
2 |27 = |,
3 3p > 1 such that |f(z)] = p|z|

4 | -] is proper and continuous.

ITI. For some 0 < € < 1, the function

z,y— |z Yyl
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is bilipschitz equivalent to a left-invariant metric d = dc on G. In the
metric d, the map f expands distances by the constant factor p¢, and
thus d descends to a distance on M with the desired properties.

We now begin the proof of Theorem f.5]].

Infra-nilmanifolds. For background, see [Del]. Let G be a real, simply
connected, finite dimensional, nilpotent Lie group. Then G x Aut(G) acts
on G on the left via

@2y = g. B(x).

An almost-Bieberbach group is a torsion-free subgroup E < G x Aut(G) of
the form L x I where L < G is discrete and cocompact and F' < Aut(G) is
finite. Recalling that F then acts freely on G, the quotient E\G (which is
not a coset space) is called an infra-nilmanifold modelled on G.

Expanding endomorphisms. Suppose F is an almost-Bieberbach group,
M = E\G, and (g, ®) € G x Aut(G) satisfies (g, P)F(g,®)"! C E. Define

f:G—=aG
by )
flo) = .
Then f descends to a map
f-M—-M

which is called an endomorphism of the infra-nilmanifold M. It is called
expanding if all eigenvalues of the differential d® : g — g lie outside the
closed unit disk, where g is the Lie algebra of G.

We remark that

f@)y ™ fy) = (9%2) - (9%y) = d(a'y), (4.8)

Homogeneous norms. If ¥ € G x Aut(G), a function |- | : G — [0, 00)
will be called a W-homogeneous norm if it satisfies properties (1)-(4) in (II)
with f replaced by ¥ in (3). Equation ([£§) implies that if f is given by
the action of (g, ®), then | - | is a f-homogeneous norm if and only if it is a
®-homogeneous norm.

Since G is simply connected, the exponential map exp : g — G is a
diffeomorphism. Hence we may identify g and G. In this identification,
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® becomes dP, which we again denote by ®. Thus, we may assume that
® : g — gis a linear map and search for $-homogeneous norms on g.

The case when ® is semisimple is treated in detail in [FY]. In general, we
need the following development.

Linear algebra.

Lemma 4.5.3 LetV be a finite-dimensional real vector space and ® € Aut())
have all eigenvalues strictly outside the closed unit disk. Then there exists a
function

‘~|ZVH[0,00),

and a real 1-parameter family &, C Aut(V) with ® = &1 such that for all
veVandallt € R

1. v]=0 <= v=0
2. [ =] =1v|
3. |®(v)] = €[]

4. || is proper and continuous.

Assuming the lemma, we proceed as in [F'J). Let |- | be the homogeneous
norm on g given by Lemma and transfer this via the exponential map to
a homogeneous norm on G satisfying conditions (1)-(4) in the sketch of the
proof. Now we are done with Lie algebras and work only on G. Condition
(4) implies that

{(z,y) € G X G|+ |yl =1}

is compact. Therefore

Q = sup{[zy| : 2| +[y| = 1}
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exists. For any z,y € G, let ¢t be so that e’ = |z| + |y|. Then

lzy| = e'e'|ayl

= '[P y(zy)]

= €t|q)7t(x)q>,t(y)\

VAN

elQ

= Qlz[ +[yl)

since |®_y(x)| + |P_4(y)| = 1 by construction. In summary, the norm | - |
satisfies the additional property

5. [wy| < Q|| + |yl)
for some constant @) > 0.

Quasimetrics. The function

o(z,y) = |z~ y|

satisfies the symmetry and nondegeneracy conditions of a distance function
by properties (1) and (2) of the norm | -|. However, the triangle inequality
fails if () > 1; the function p is then called a quasimetric.

It is well-known that, given any quasimetric o, there are constants C, a >
0 such that C'p* defines a metric. We outline the construction below and

refer to e.g. [GAIH]|, §7.3 for details. Define

oc(z,y) = a7yl

which is now a quasimetric with constant Q)°. Moreover, it satisfies the
homogeneity property

0e(®(2), ®(y)) = pee(, y). (4.9)
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Given z,y € G a chain C from z to y is a sequence
T =20, T1y.--5Tn =Y

of elements of G its length is given by

1.(C) = Z 0c(Ti 1, ;).

The set of chains from z to y is denoted C,,. Define a new function on pairs
of points by
de(z,y) = inf{l(C) : C € Cpy}.

The function d, is symmetric and trivially satisfies the triangle inequality.
Since g, satisfies Equation (f£9), so does d.. Moreover, if Q¢ < /2 then for
all x,y € G, one has (ibid, Prop. 10)

(3—=2Q%0c(z,y) < dc(z,y) < oc(z,y)

so that the nondegeneracy condition holds and the functions d., o, are bilip-
schitz equivalent.
This completes the proof, modulo the proof of Lemma [L.5.3.

Proof: (Lemma [£.5.3) Assume first that ® lies on a 1-parameter subgroup

d, = exp(¢t)

for some ¢ € End(V). Then the real parts of the eigenvalues of ¢ have strictly
positive real parts.

Claim. There exists a basis for V such that if || - || is the corresponding
Fuclidean norm, then for all 0 # v € V the function

18 strictly increasing.

The claim implies that for nonzero v, there is exactly one ¢(v) such that
[|®i) ()]| = 1.
Define |0] = 0 and for v # 0 define

[v| = e~t®),
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Conclusions (1) and (2) are clearly satisfied. To prove (3), note that the
conclusion is obvious if v = 0 and if v # 0 we have

L = |[®)v]]| = [|Pr0)—sPs(v)]]

hence
H(Dy(v) = €7 = Dy (v)] = €e°[v].

Clearly | - | is continuous. To prove properness, note that the Claim implies
that for all t <0, and for all v with ||v|| = 1, ||®¢(v)|| < 1. Thus

B={v: jv] <1}
is compact. Therefore, given any r = ¢’ we have by (3) that the set
{v: o] <7} =®(B)

is also compact. It follows easily that | - | is proper.

Proof of Claim. To prove the claim, let V = @&;V; be the real Jordan
decomposition of V given by ¢ (not ®), and choose a basis of V such that
each Jordan block is either of the form

Ai 1 pilRg, 1

1 or U

Ai 1 piltg, 1
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cosf) —sinf
where \;, p; > 0, I is the 2-by-2 identity matrix, and Ry =
sinf  cos@

If 7 corresponds to a block of the second kind we set \; = p; cos6;; this is
positive since this is the real part of the corresponding complex eigenvalue.
By making a coordinate change of the form

5—1

§—(m=1)

for an m-by-m block we may assume that the off-diagonal elements are § in
the first case and 67 in the second, where

0<d <.
Thus if ¢; = ¢|y, then
¢i = NI +0N; + K;

where NN; is the nilpotent matrix with ones just above the diagonal, K; is
skew-symmetric, and the three terms commute pairwise.
So setting

P} = exp(¢;t)

we have
®! = exp((MI + ON;)t) - exp(K;t)

where the second factor is orthogonal.
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Let (-, -); denote the inner product on V; corresponding to the above basis
on V; and extend to V in the obvious way so that the V; are orthogonal. The
claim is proved once we show that for each ¢

t =[]y (v);

is strictly increasing.

We have for all ¢ € R and all v # 0

D (B(0), ®y(0)) = |y, (eWTrHONDLy - OulitdNDLy )

_ N I+ON;)t d Nil+O0N;)t
2<6( + )O,E t=t 6( + )U>

— 2 <€(>\i1+6Ni)t0,U’ ()\Z[ _'_ 5N@'>€(>\i1+6Ni)t0'U>

= 2X\ (y,y) + 20 (y, Nyy)

where y = el +9Ntoy) The Cauchy-Schwarz inequality shows that | (y, Niy) | <
(y,y) and so since 0 < \; we have that the derivative at ¢, is strictly positive
and the claim is proved.

If ® does not lie on a 1-parameter subgroup we proceed as follows. It is
well-known that ® lies on a 1-parameter subgroup if and only if the Jordan
blocks with negative real eigenvalues occur in identical pairs. If this is not
the case, we first change notation so ® = ®'. Next, let M; : V; — V; be given
by —id if the ith Jordan block of ® is real with negative eigenvalue and by
id otherwise, and set M = @;M; : V — V. Then &' commutes with M and
we set & = M®'. Then & lies on a 1-parameter subgroup ®, = exp(¢t) and
we set &}, = MP,. Since

|2 (0)]| = [[MPy(v)][ =1 <= [[P:(v)[] =1

we have
@ (v)] = €'[v]

for all nonzero v and the proof is complete.
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Remarks: In many cases, raising to a power in step (III) of the construction
of d is unnecessary and a representative metric d can either be written down
explicitly or is a well-studied object.

For example, suppose g is abelian (i.e. all brackets are trivial) and ® is
diagonalizable over R. This is a generalization of the baby example and one
can write the metric d explicitly. The resulting gauges on the universal cover
R™ are studied by Tyson [[[yq], §15. If not equivalent to the Euclidean gauge,
these gauges are highly anisotropic: there exist a flag Vo Cc V; C ... CV,, =
R™ such that any gs automorphism h satisfies h(Vy) = Vi, k=1,...,m.

Another well-studied situation arises in the Carnot-Carathéodory case,
i.e. when ®|H = Aidy on a subalgebra H which generates g as a Lie alge-
bra. In this case any two points are joined by a smooth curve with tangent
in the distribution defined by H. The resulting length space is a so-called
smooth Carnot-Carathéodory metric space; cf. Pansu [Pang]. The prototyp-
ical example is the map (z,y, z) — (2x,2y,4z) on the Heisenberg manifold
M = H/T" where H is the three-dimensional Heisenberg group of upper tri-
angular matrices with ones on the diagonal and T is the lattice consisting of
such matrices with integer entries.

In both cases, the conformal dimension (i.e. the infimum of the Hausdorff
dimension over all quasisymmetrically equivalent spaces) is given by

1

— M+t )
At

where \; < \y < ... < )\, are the eigenvalues of ®.

The classification of Lie algebras admitting expanding endomorphisms is
still in progress; see [DIJ.

4.6 Non-cxc maps with periodic branch points

4.6.1 Barycentric subdivision

Given a Euclidean triangle T', its barycentric subdivision is the collection of
six smaller triangles formed by the three medians. Barycentric subdivision
is natural with respect to Euclidean affine maps: if A : R?> — R? is affine,
then the small triangles comprising the barycentric subdivision of T" are sent
by A to those comprising A(T). If T is equilateral, the six smaller triangles
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are congruent. Suppose T has side length one, and let B be an orientation-
preserving affine map sending 7' to one of the six smaller triangles in its
barycentric subdivision. Then

B=LoSoK

where K is an linear isometry, L is a translation, and

1/2 V/3/6
0 1/3

Using the naturality of barycentric subdivision and the fact that the Eu-
clidean operator norm of S is (v/7 4+ 1)/6 ~ .608 < 1, it follows easily that
for any triangle, under iterated barycentric subdivision, the diameters of the
smaller triangles after n subdivisions tends to zero exponentially in n.

Let T" as above be the Euclidean equilateral unit triangle. Equip 7" with an
orientation and label the vertices of T" as a, b, ¢ as shown. Let T} be one of the
two smaller triangles in the first subdivision meeting at the vertex ¢, and let
¢ : T — T be the restriction of the unique orientation-preserving Euclidan
affine map fixing ¢ and sending T} onto 7. Regard now the two-sphere S? as
the double T'U T of the triangle 7" across its boundary. Equip S? with the
complete length structure inherited from the Euclidean metric on T" and its
mirror image, so that the sphere becomes a CW complex X equipped with a
path metric. By composing with reflections, there is a unique affinely natural
extension of ¢ to an orientation-preserving degree six branched covering map
f = ¢r : S? — S? sending each of the twelve smaller triangles at level one
onto T or T; see Figure [6.1].

The twelve smaller triangles give a CW structure R(X) on X subdividing
the original one, and we obtain a finite subdivision rule (in the sense of §f.3)
with mesh going to zero. Notice, however, that this f.s.r. does not have
bounded valence, since the branch point ¢ of ¢ is a fixed 0-cell.

Let Uy be the finite open cover of the sphere whose elements are given by
the construction in Section .. The discussion there implies that together,
[ 5% — 5% and U, satisfy axioms [Irreducibility] and [Expansion], but not
[Degree| in the definition of topologically cxc, and that the diameters of the
elements of U, tend to zero exponentially in n.

Let I'y = I'(f,Up) be the associated graph constructed in §B.2. By the-
orem B-2.1], for some ¢ > 0, there is a homeomorphism ¢, : S* — 9.T'y
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T >

6 7

Figure .67

conjugating f to the induced map F' on the boundary. Since Pj consists of
a finite set of points, Proposition B.3.§ applies and hence 0. fails to be
doubling.

The map f is not the only dynamical system naturally associated to the
barycentric subdivision rule. Let H C C denote the upper half-plane and let
p: T — H be the unique Riemann map sending a +— 0, b +— 1, ¢ +— oco. By
Schwarz reflection, this defines a conformal isomorphism p : S? — C, where
now S? is the sphere endowed with the conformal structure of the path metric
defined above. Let ¢ : 77 — T be given by the unique Riemann map fixing ¢
and sending vertices to vertices. As before, this determines an f.s.r. S with
an associated map v : S? — S%. By the symmetry of the construction, the
map g : C — C given by po ¢s o p~! is a rational map; it is given by

4 (2 —2+1)>3
9(=) = 27 22(z—1)2

See [CFET).

The composition &' = (¢r|7r,) "' o (¢s|r,) : Tt — T} extends by reflection
to a homeomorphism 7} : (S?,a,b,c) — (52, a,b, c). Letting h) = id, then

hy o ¢s = Pr o b}

and hy is isotopic to A} relative to the set {a, b, c}. That is, as postcritically
finite branched coverings of S?, ¢r and ¢s are combinatorially equivalent.
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Letting hy = /o p=! gives hgo g = f o hy with hg, h; isotopic relative to the
set {0, 1, 00}.

By lifting under the dynamics, we obtain for each n € N a homeomor-
phism h,, : C — S? such that h, o g = f o h,4; with h, ~ h,, relative to
{0,1,00}. Since f is uniformly expanding with respect to the length metric
on 5% the sequence of maps {h, } converges uniformly to a map h : C — 2
for which hg = gh. Since g is locally contracting near infinity, the diameters
of the preimages of the two half planes H* under ¢~* which meet the point at
infinity remain bounded from below as k — oo. Therefore A is not injective.
Indeed, it is easy to see that h collapses the closure of each Fatou component
to a point. R

Let Vo = {h"Y(U) : U € Uy} be the open covering of C given by pulling
back the elements of Uy under h~* and let T'y = I'(g, V,). Then h induces an
isometry hp : I'y — I'y. The natural map ¢, : J, — 01, satisfies ¢y o h|.J, =
Ohr o ¢4|.J, and collapses the closure of every Fatou component to a point.

4.6.2 Expanding polymodials

For z = re let f : C — C be given by f(2) = 1—are’® where a = (14++/5)/2
is the golden ratio. This map is an expanding polymodial in the sense of [BCM]|
and is studied in their Example 5.2.

The origin is a critical point which is periodic of period three, hence for
each n € N, f3" is locally 2"-to-one on neighborhoods of the origin. The
point —f3 ~ —1.7 is a repelling fixed point with preimage /3. Let I = [—[3, 3],
I~ =[-p,0],I" =[0,8]. Then f|;+ : I* — I is a homeomorphism which
expands Euclidean lengths by the factor a.

Let Tj be the metric tree with underlying space I and length metric given
by the Euclidean length metric oy. It is easy to see that for all n € N, the
set f~YT,,) is a tree which is the union of T}, together with a finite collection
of smooth closed arcs .J;. Each such J; is attached to 7T,, at a single endpoint
which lies in f~""1({0, f(0), f(f(0))}), and f]|,, is a homeomorhpism onto

its image. Inductively, define a length metric o,, on 7;, by setting

Ji — CL_1<f J¢>*<0n)'

Then f :T,,1 — T, mutliplies the lengths of curves by the factor a.
Let w11 : T,,41 — T, be the map which collapses each such “new” interval
J; to the point on T}, to which it is attached. Clearly, 7, is distance-decreasing

On+1
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for all n. Let
X:TogTIETQ

denote the inverse limit. Metrize X as follows. The diameters of the T, are
bounded by the partial sums of a convergent geometric series and thus are
uniformly bounded. Hence for all z = (z,,),y = (yn) € T,

SUp 0 (T, Yn)
is bounded and increasing, hence convergent. It follows easily that T  inherits
a length metric o such that the map f of 7" induced by f| T — T
multiplies the lengths of curves by the factor a.

It is easy to see that near the origin, for each £ > 1 X contains an iso-
metrically embedded copy of the one-point union of 2¥ copies of a Euclidean
interval of length a=* where the common vertex is the origin (0,0,0,...).
This implies that X is not doubling, since (i) doubling is hereditrary under
passing to subspaces, and (ii) at least 2* balls of radius a=* /2 will be needed
to cover the ball of radius a=* centered at the origin. On the other hand, it
is also easy to see that (X, f) satisfies the other axioms for a cxc system.

Tn+1

4.7 The p-adic case

The construction of the graph I' is reminiscent of certain constructions in p-
adic dynamics. Below, we give a quick and partial account of p-adic dynamics
in order to point out some formal similarities and major differences between

our setting and the p-adic setting. References include [BH|, Bed, RLI]].

The main object of p-adic dynamics is to understand the iterates of ra-
tional maps with p-adic coefficients acting on P*(C,), where C, is the metric
completion of the algebraic closure of Q, endowed with the p-adic norm.
C, is an algebraically closed, non-Archimedean valued field, and a complete
non-locally compact totally disconnected ultra-metric space.

Let us note that the first difference with our setting is that C, is neither
locally compact nor connected !

Since the metric on C, is an ultrametric, two balls are either disjoint,
or one is contained in the other. In turn this induces a tree structure on
the family of balls: the vertices are the balls of rational radii, and the edges
originating from such a vertex are parametrised by the residual field F,. If
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B C B’ are two balls, then the edge joining them is made of the intermediate
balls, and if B N B’ = (), then the edge joining these balls is made of the
two edges joining these balls to the smallest ball which contains both of
them. This is the p-adic hyperbolic space H [RLZ. H can be metrized to
become a complete R-tree i.e., a 0-hyperbolic metric space. The projective
space P'(C,) is a part of the boundary of H. The tree H is isometric to the
Bruhat-Tits building for SL(2, C,) and is closely related to the Berkovich line
Bet].

We emphasize that the boundary at infinity of H is larger than P'(C,),
since some intersections of balls with radii not converging to 0 may be empty,
yielding points of 9H not in P*(C,).

It turns out that rational maps send balls to balls, and that rational maps
always act on the tree H. So in the p-adic setting, the natural hyperbolic
space ‘H on which any rational map f acts does not depend on the dynamics:
it is a universal object independent of f. Another difference is that dynamics
can be tame on the boundary, but never on the tree. That is, in P*(C,) the
chaotic locus may be empty, but in H it is always nonempty. In contrast, in
our setting, the dynamics is always chaotic on the boundary JI', while the
induced dynamics on the tree I' itself is transient.

Finally, one can define, for rational maps R of degree d on C,,, an invariant
measure 4 such that R*p = dp. While its metric entropy is at most logd,
there are examples for which the inequality is strict. This happens when the
Julia set is contained in the hyperbolic space ‘H and the topological degree
of the map on the Julia set is also stricty smaller than d; see for instance

[FRI).

Of course, there are examples of rational maps over the p-adics for which
the dynamics on the Julia set is conjugate to a full shift. In such cases, one
obtains cxc maps. But generally, the p-adic case is rather different from ours,
and the similarities are merely formal.
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