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MULTIPLIERS ON SPACES OF FUNCTIONS ON A LOCALLY
COMPACT ABELIAN GROUP WITH VALUES IN A HILBERT
SPACE

VIOLETA PETKOVA

Abstract. We prove a representation theorem for bounded operators commut-
ing with translations on L?(G, H), where G is a locally compact abelian group,
H is a Hilbert space and w is a weight on G. Moreover, in the particular case

when G' = R, we characterize completely the spectrum of the shift operator S ,, on
L2(R, H).

MAS Classification 2000: Primary 43A22, 43A25.

1. INTRODUCTION

Let G be a locally compact abelian group. Denote by G the dual group of G.
The groups G and G are equipped with the Haar measure. Let H be a separable
Hilbert space and denote by < u,v > the scalar product of two elements v and v in
H. Let w be a weight on G i.e. w is a continuous, positive, measurable function on

G such that
zeG W(f)

For 1 < p < +o00, we denote by LP (G, H) the space of the functions f on G with
values in H such that

< 400, Yy € G.

Goz— |f(@)l €RT

is a function in LP(G), where LP(G) is the set of the measurable functions g on G
such that

/ lg(x)|Pw(x)Pdr < +o0.
G

Let C.(G) be the space of the continuous functions from G into C with compact
support. Denote by C.(G, H) the space of the functions f on G with values in H
such that || f(.)|| € Ce(G). For a € G, define

Saw: LP(G,H) — LP(G, H)

by the formula

(Sa,wf)(x) = f(l’ - a)lv Vfe sz(G7 H)7 a.ce.



and let
Saw: Lf)(G> - Lf;(G)

be the operator defined by the formula

(Sawg)(x) = g(x —a), Vg € LL(G), a.e.
Notice that we have

wlxr +a
S0l = 180l = sup 225D vy e g,
eeG  w(T)

and consequently
p(Saw) = p(Saw), Va € G.

Here p(Sa.) (resp. p(Saw)) denotes the spectral radius of S, (resp. S,.). Denote
by C.(G) ® H the closed vector space generated by functions

fu:G>z — f(r)ue H

with f € C.(G) and v € H. The space C.(G) ® H is dense in LP(G, H), for
1 < p < 4+o0. We say that M is a multiplier on L (G, H) if M is a bounded
operator from LP (G, H) into LP (G, H) such that

MS, = S,M, Ya € G.

Define M? the algebra of the multipliers on L2 (G, H). We denote by F (resp.
F) the usual Fourier transformation from L*(G, H) (resp. L*(G)) into L*(G, H)

(resp. L*(G)). We have the following representation theorem for the multipliers on

L*(G, H).

Theorem 1. ([2]) For every M multiplier on LP(G,H), 1 < p < 400, there exists
a measurable function

Oy : G — L(H),
which is essentially bounded for the operator norm of L(H) such that

FM)(x) = 2u(F() (), ae.on G,
for every f € LP(G,H) N L*(G, H). Moreover,

ess sup [Py ()| < [|M]].
xe@

The proof of this theorem is based on the well-known result about the multipliers
on LP(G). Indeed, for every bounded operator M commuting with the translations

~

on LP(@) there exists a function h € L>(G) (see [3]) such that
Mf =hf, Vf € C(G) (1.1)

and ||h]ls < ||M||. This paper is motivated by a recent result generalizing the

representation (1.1) for a more general class of Banach spaces of functions on G.
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The spaces LP (G) are included in this class. Denote by G% the set of the continuous
morphisms from G into C* such that

|| 1@ @a| < 104z (12)

where M is the operator of convolution by f on L?(G). Define C/JE:L ={10],0 € @é}

It was proved in [6] that the set G5 is not empty, log-convex and compact for the
topology of the uniform convergence on every compact set of G. It is clear that

CT’Z, = GG, Let G be the set of the continuous morphisms from G into C*. We
have the following proposition.

Proposition 1. (see [6], [7]) If G is either a discrete group or a compact group, we
have

Gh={0€C |07 ()] < p(Sew), Vo € G}

and CTZ is isomorphic to the joint spectrum of {Syw}eec. The same result holds for
G =R.

Also in [6], it was proved the following result, which we will use.

Theorem 2. (6], [7]) Fiz 0 € G%. For every bounded operator M commuting with
the translations on LP(G), we have (Mg)0~' € L*(GQ), Vg € C.(G). There erists a

function hyg € L®(G) such that

—_—

(Mg)0=t = hare(96~1), Vg € C(G)
and ||hyrglleo < Cul|M||, where C,, is a constant independent of M.

The main result in this paper is the following.

Theorem 3. For M € MP and 0 € aﬁ, we have:
1) (Mg)6~' € L*(G,H) Vg € C.(G)® H.
2) There exists Py € L*(G, L(H)) such that

F((Mg)d~)(x) = Po(x)[F (907" )(X)], Vg € Ce(G) ® H, a.e.

Moreover,
ess sup || Py(x)|| < C,||M]|.
xe@

2. PROOF OF THEOREM 3

Since Theorem 2 plays an important role in the proof of Theorem 3, for the con-
venience of the reader we give a sketch of the proof. The detailed proof is exposed
in [7] and [6].

Sketch of the Proof of Theorem 2. First, every multiplier M in LP(G) is
the limit for the strong operators topology of a net (M,,) where ¢, € C.(G) and
3



| My, || < C,||M]|. This may be proved by using the fact that the restriction of every
multiplier on C.(G) is a convolution with a quasimeasure (see [2]). Fix M € MP and

let (My,) be a net satisfying the above property. Fix 6 € G%. From the definition
of G, it follows that

007100 < 1My, || < CLlIMI|, ¥ € .

If we replace (¢,) by a suitable subnet, we obtain that (m) converges to a
function hyre € L®(G) for the weak™ topology o(L>°(G), L*(G)). This implies that
for each f € C.(G), the net

(F(Mo )07 = (F((0ur 1)67)) = (06717077
converges to h M,gf/e—\l with respect to the weak topology of LQ(@). Consequently,
lim(M,, )07 = F Y (haro f0-1), Vf € Cu(G)

with respect to the weak topology of L?*(G). On the other hand, since LP(G) C
Li .(G) and the inclusion is continuous, for g € C.(G), we get

| 907 (M5.16) = 3170y =0

We conclude that for every f € C.(G) the functions (M f)6~! and ./T_l(hM,gﬁ:)
define the same linear functional on C.(G) and so (M )0~ (z) = F Y (hare f01)(x),
for almost every = € G. We conclude that (M f)6~! € L%(G) and
(Z\/[g)é’_1 = hM79(99_1), Vg € C.(G). O
In order to proof Theorem 3, we need the following lemma.
Lemma 1. Let g € L>(G,H) and v € H. Then we have
F(<g(),v>)00) =< Flg)(0),v >,

for almost every x € G.

lim
«

Proof. Let g € L*(G, H) and (g,)nen C C.(G, H) be a sequence converging to
g in L*(G, H). Then, we have

F(<g(),v>)= hrf F(< gn(.),v>),
with respect to the norm of LQ(C/J\). For fixed y € Gandve H, the map
C.(G,H) 5 h —< h(x),v > C
is a continuous linear form. For given ¢ € C’c(@), the integral

/G 0n(2)B 00X (@)da
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is a convergent Bochner integral with values in Cc(a, H). Indeed, we have

/ sup | ga (2)6(x)x " (x)|dz
G

X€G

< ”¢||oo/G||gn(x)||dx < 400.

Since the Bochner integral commutes with continuous linear maps, we have for every
x €@,
PON)F (< gn(-), v >)(X) = ¢(x) < Fgn)(x),v > -
Since limy_ 400 F(gn) = F(g) with respect to the norm of L%(G, H), if we replace
(gn)nen by a suitable subsequence, we get
Jim [[F(ga)(x) = Flo) (I = 0, ae.

and hence
lim < F(g,)(x),v >=< F(g9)(x),v >, a.e.

n—-+00

We conclude that
F(<g(),v>)x) =< F(g)(x),v >,
for almost every y € G. U

Proof of Theorem 3.
Fix M € MP? and fix v and v € H. Introduce the operator M, , defined for
f € LP(G) by the formula

M,,(f)(x) =< M(fu)(z),v >, a.e. (2.1)

Notice that M, ,(f) € LE(G) for every f € LP(G). Indeed, since M(fu) €
LP (G, H), we have

/ | < M(fu)(x),v > |Pw(z)Pdz
G

< [ M) @I olPeprds < +oo.

G

Moreover, notice that
[Muol < [M|[ull[lv]-
It is clear that
< M(Su(fu))(z),v >=< M(fu)(x —a),v >, a.e.

hence M, , is a multiplier on LP(G). From Theorem 2, we obtain for every 6 € é\g,

(M, )07 € L*(G), Vf € Cu(G) (2:2)

~

and there exists @y, € L*(G) such that
F((Muu /)07 (X) = P )F(F071) (x), ace. (2.3)
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Let O be an orthonormal basis of H and let F' be the set of finite linear combi-
nations of elements of @. We have

|(I)9,u,v(X)| < CwHMu,vHv Vx € G\Nu,vv

where N, , is a set of measure zero. Without loss of generality, we can modify Py, ,
on N = Ug)erxrNyyp in order to obtain

|P0.u0 ()| < Col| M|l < Col|MI[l[ulllv]], Vu, v € Fae.
For fixed y € G\N
FXF 3 (u,v) — Pgu(x) € C

is a sesquilinear and continuous form on F' x F' and since F' is dense in H, we
conclude that there exists an unique map

Hx H 3 (u,v) — ®,,(x) €C

such that B
®9,’U,,”U(X) = ®0,U,U<X)7 V/U/7U E F.

Consequently, there exists an unique map
Dy : G — L(H)
such that N
< Py(x)[u),v >= Py (X)), Yu, v e H.
It is clear that

[Po()ll = sup [ < Pp(x)[u],v > | < CLl|M]], a-e.

l[ull=1,[lv]|=1

Fix 6 € CA?’Z and f € C.(G). For every y € @, we have f/Q*\l(Xm € H. Next for
almost every x € G, we obtain

< B[O (x)ul, 0 >=< Bo(x)[ul,v > FO-1(x)

= Do (V) FOT(x) = F(Myo /)0 (x)
= F(< M[fu],v > 0" (x).
Consequently,
.7:_1(< q)g(.)[jt/@*\l(.)u},v >)(z) =< M[fu](z),v > 9_1(35), (2.4)

for almost every x € (G. Now, consider the function ¥y on G defined for almost
every x € GG by the formula

Wo(x) = Po(x)[f07 (x)u]
and observe that U, € L2(G H). Indeed, we have

/ @4 (x f9 (0)ul[2dx



< [\r@a<x>\|2|rﬁ7<x>ur\2dx
G

< CIMIE [ [T 0 Pl < +oc.
This makes possible to apply Lemma 1, and we get
FH< @o()[fO- ()], v >)(2) =< FHPe()[fO (Ju])(@),v >,
for almost every z € G. It follows from (2.4) that we have
M(fu)(2)0~" (z) = FH(@o()[ 071 ()ul) (2),
for almost every x € GG and this yields
M[ful0~' € L*(G, H).

Moreover, we obtain

FM[fulo™)(x) = So(x)[FO-1(x)ul,
for almost every x € G. O

3. THE CASE G =R

In [4] we have established a more complete version of Theorem 2 concerning
multipliers on weighted spaces on R. Let w be a weight on R and denote by S, the
operator Sp, on L? (R, H). Define

L, = [=Inp(S;7), Inp(S.)]
and

Q,={2€C, Imz € 1,}.
For f € L2(R, H) denote by (f), the function

(fla(z) = f(x)e™®, Va € L,.

We have the following theorem.

Theorem 4. ([4]) Let w be a weight on R and let M be a multiplier on L2 (R).
i) We have (M f), € L*(R), Vf € C=®(R) and there exists h, € L>(R) such that

o — o~

(M f)a(x) = ho(z)(f)a(z), Ya e l,, Vf e CF(R), a.e.
and
[1alloo < Cul[ M.

i) If S;w # (0, then there exists h € HOO(QOM), such that for every f € C*(R),
MF(2) = h(2)f(z), Vz € (fw,

where

]\/47(56 +ia) = (m(x), Vo +ia € f;w.
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Using the same methods as those exposed in Section 2 combined with Theorem
4, we obtain the following interesting version of Theorem 3 in the particular case
G=R.

Theorem 5. Let w be a weight on R. Let M be a multiplier on L? (R, H). Then
i) We have (M f), € L*(R,H), Vf € C.(R)® H and there exists ®, € L=(R, L(H))
such that

— —

(M [)a(x) = Pa(2)[(f)a(z)], Va € L, Vf € C(R) ® H, a.e.

and
ess sup || P, (7)[| < Cu[|[M].

z€R

i) If (iu # (), then there exists

O 0, — L(H)
such that for every f € C.(R) ® H,

Mf(2) = B(2)[f(2)], ¥z € .,

where

—_— (o}

MFf(z+ia) = (Mf)a(z), Vo +ia € Q.
For every u,v € H the function
z —< O(2)[u],v >
is i H™ ().
Since the proof of Theorem 5 is very similar to that of Theorem 3, we omit the

details. Notice that following the results of [4] and [6], if G = R, the set G, given
by (1.2), which we have used in Theorem 3 is isomorphic to the strip €2, and the

set G&Y is isomorphic to the segment I,,. Applying Theorem 5, we get the following
proposition.

Proposition 2. Let w be a weight on R. We have
1
spec(S,, :{ZGC,—ig 2| < p(Sy }
(5.) S <l <e(s)

Proof. Let a ¢ spec(S,). Then M = (S, — al)™! is a multiplier. Applying
Theorem 5, we get that for every a € I, there exists &, € L (R, H) such that

o — —

(Mf)a<x) = CI)a({L‘)[(f)a(ZL’)], Va € ]un Vf € CC(R) ® H? a.c.

and
ess sup ||, ()] < Cu|| M.
reR
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Replacing f by (S, — al)™1g in the above formula, we obtain
(9)a(z) = o) []—"(((Sw - ozf)g)a) (x)}, Vg € C.(R) ® H, Va € L, a.c.

We have
F(((5. = aDa).) @) = [ (ol =1) = aglt)er'eat

—

= (g>a($)<€*ixea - Oé), vg € CC(R) & H, Va € [w: a.e.
Consequently, we get

— 1 —

Do()[(9)a(2)] = m(g)a(x), a.e.
and hence ,
”(I)a(x)H Z m, a.e

This shows that e* # |a], for every a € I, and from the definition of I, it follows
that

1
- < < .
We deduce that

{z e C, <z < p(Sw)} C spec(S,,)

1
p(S51)
and this completes the proof. [J
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