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Abstract

We consider the operator H := i0; + V - (¢V) in an unbounded strip Q in R?, where c(z,y) € C*(Q).
We prove adapted a global Carleman estimate and an energy estimate for this operator. Using these
estimates, we give a stability result for the diffusion coefficient ¢(z,y).

1 Introduction

Let @ =R x (—%, ) be an unbounded strip of R? with a fixed width d. We will consider the Schrédinger
equation

Hq:=1i0¢q+ V- (c(z,y)Vq) =0 in Q =Qx (0,7),
(1.1) q(z,y,t) = b(x,y,t) on X =00 x (0,T),
q(z,y,0) = qo(x,y) on €,

where c(z,y) € C*(Q) and ¢(x,y) > cmin > 0. Moreover, we assume that ¢ and all its derivatives up
to order three are bounded. If we assume that go belongs to H*(Q) and b is sufficiently regular (e.g.
b€ HY(0, T,H%+E(8Q)) N H(0, T,H%“(a(l)) and some additional conditions), then ([L.1f) admits a
solution in Hl(O,T,H%‘F6 (©2)). We will use this regularity result later. The aim of this paper is to
give a stability and uniqueness result for the coefficient ¢(x,y) using global Carleman estimates and
energy estimates. We denote by v the outward unit normal to Q on I' = 9Q. We denote I' =TT UT ™,
where I'" = {(z,y) € I; y = ¢} and I'” = {(z,y) € I; y = —2}. We use the following notations
V - (eVu) = 0z(cOzu) + 0y(cOyu), Vu - Vv = Ozudev + dyudyv, dyu = Vu - v.

We shall use the following notations Q = 2% (0,T), Q@ = Qx (=T,T), £ =T'x(0,T) and & = I'x (=T, T).

Our problem can be stated as follows:
Is it possible to determine the coefficient c(z,y) from the measurement of 9, (d:q) on I't?

Let g (resp. q) be a solution of (EI) associated with (¢, b, qo) (resp. (¢, b, qo)) satisfying some regularity
properties:

e 0:q, V(0:q) and A(9,q) are bounded,

e qo is a real valued function in C*(Q),
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e (o and all its derivatives up to order three are bounded.

Our main result is

e — 5@11(9) < C[0v(0q) — aV(ata)liz((—T,T)xF+)7
where C' is a positive constant which depends on (Q2,I',7) and where the above norms are weighted
Sobolev norms.

We prove an adapted global Carleman estimate and an energy estimate for the operator H with a bound-
ary term on I'". Such energy estimate has been proved in [E] for the Schrédinger operator in a bounded
domain in order to obtain a controllability result. Then using these estimates and following the method
developed by Imanuvilov, Isakov and Yamamoto for the Lamé system in ], [B], we give a stability
and uniqueness result for the diffusion coefficient ¢(z,y). Note that Carleman estimates with an internal
observation has been proved for the heat equation in unbounded domains in [ﬂ] For the Schrédinger
equation, [E] gives a stability result for an inverse problem in a bounded domain.

The Schrédinger equation has got properties halfway between the heat equation and the wave equation.
This comes mainly from the dual-purpose character of this problem: neither parabolic nor hyperbolic.

On one hand, a physical background could be the characterization of the diffusion coefficient for a
strip in geophysics. Indeed if we look for time harmonic solutions of (EI)7 the problem can be written,
after some changes of variables as the reconstruction of a non local potential P in a strip for the oper-
ator —A + P. Few results for inverse problems exist in a two-dimensional strip (see [ﬂ] . For the layer
R" x [0, h] with n > 2, several results exist for the stationnary inverse problems (see EL [E], [E], [@]
i, ..

On the other hand, we can link our problem to the determination of the curvature function for a curved
quantum guide (see @], [E], [E], )

For the first time, the method of Carleman estimates was introduced in the field of inverse problems in
the work of Bukhgeim and Klibanov E] A recent book by Klibanov and Timonov [@] is devoted to the
Carleman estimates applied to inverse coefficient problems.

This paper is organized as follows. In section 2, we give an adapted global Carleman estimate for the
operator H. In section 3, we prove an energy estimate and we give a stability result for the diffusion
coefficient c.

)

2 Global Carleman Estimate

Let ¢ = c(z,y) be a bounded positive function in C*(2) such that

Assumption 2.1. ¢(x,y) > c¢min > 0, ¢ and all its derivatives up to order three are bounded by a positive
constant Cy.

Let ¢ = g(x,y,t) be a function equals to zero on 90 x (=T, T") and solution of the Schrédinger equation
i0,q + V- (c(z,y)Vq) = f.

We prove here a global Carleman-type estimate for ¢ with a single observation acting on a part 't of the
boundary I in the right-hand side of the estimate. Let 3 be a C*(£2) positive function such that there
exists positive constants Cp, C1, Cp. which satisfy

Assumption 2.2. ° |VE| >Co>0 i Q 81,5 <0 on I'",
° E and all its derivatives up to order four are bounded in Q by C1,
e 2R(D?B((, Q) — Ve - VIS + 22|V B - ¢|* > Cpel¢[?, for all ¢ € C
where

D5 — 02 (c0:B)  cDu(cyf)
cdy(cdaf3)  cOy(cdyB) |-



Note that the last assertion of Assumption Eexpresses the pseudo-convexity condition for the function
3. Then, we define 8 = 8+ K with K = m||3||cc and m > 1. For A > 0 and t € (—=7,T'), we define the
following weight functions

, B E) G2NK _ ()
1 - ¢ B —
Let H be the operator defined by

(2.2) Hq:=idiq+ V- (c(z,y)Vq) in Q=Qx (=T,T).

We set ¢ = e g, My = e *"H(e*") for s > 0 and we introduce the following operators

(2.3) Mytp == idpp + V - (V) + s%c|Vn)*ep,

(2.4) Mot :=isOsnp + 2¢sVn - Vi + sV - (¢Vn)i.

Then the following result holds.

Theorem 2.3. Let H, My, M be the operators defined respectively by @), @), @) We assume
that Assumptions @ and @ are satisfied. Then there exist Ao > 0, so > 0 and a positive constant
C =C(Q,T,T) such that, for any X > Xo and any s > so, the next inequality holds:

T T
83A4/ / e 9% g da dy dt+sA/ / e | Vql* da dy dt + | Mi(e"q)|[72(a)
—T7.JQ T JQ

T T
I Ma(e ™) 22 < C [sA [ [oemrddoar apdodrs [ [ e |Ha* do dy ],
—TJr+ —-T JQ
for all q satisfying Hq € L*(Q x (=T, T)), g € L>(=T,T; Hy(Q)), 0vq € L*(=T,T; L*(I")).
Proof. If we set ¢ = e™*"q, we calculate M1 = e™ *"H(e*"1)) and we obtain:

My = Myap + Matp

with M1 and M» defined respectively by (E) and (@) Then

T T
/ / |Myop|*da dy dt +/ / | Moo *da dy dt
—TJQ T JQ

T
+ 28%(/7T/52M11/1M—21/1dx dy dt),

T
(2.5) /J/Q |My|*dx dy dt

where Z is the conjugate of z, R (z) its real part and & (z) its imaginary part. We have to compute the
scalar product in (é)

T
5}%(/ / Mld) MQQ[) dx dy dt) = Ill' + 112/ -+ 113/ + 121/ + 122/ -+ 123/ + 131/ -+ 132/ + 133/.
-TJQ

Then, we have

T T
(2.6) Ly =% ([ngz(iatw)(fisatn D) de dy dt) -2 /7T/Qa“" WP d dy dt.

T
Ly = R (2@/ / ¢ 8pVn - Vi dzx dy dt)
—-T JQ

T T
= ss(/ /CVWVQ/)&dedydt)fs%(/ /cVn-VE&tz/)d:vdydt).
T JQ T JQ



After an integration by parts with respect to the space variable in the first integral and to the time
variable in the second integral, we obtain

T T
(2.N1o = —sS (/7T /Q V- (cVn) ¢ 0 dx dy dt) + s (/7T /Q ap V(0m) - Vi dx dy dt) .

T
(2.8) Ly = s (/ /QV- (eVn) ¥ O dx dy dt) )
-7

Note that I3 vanishes with the first term of I,o/.

T
%(—is/ /&n@V-(CVi/))dm dy dt)
-rJa
T
R YV (9¢n) - Vb de dy dt | .
([ [ coviom v day i)

Using integrations by parts, we obtain

(2.9) Ly

T p—
(2.10) Iy = 2sR (/ / cV - (eVY)Vn - Vip)dz dy dt)
= ,3/\/ / | V*( EVB) + AE|VBI?) da dy dt

T
+ s/ / Ea,n 0,0 do dt + 28)\2/ / o’ |V B - V| Pdx dy dt
—1Jog

+ 2AR (/ / pc Z Ox, (€O, B) Oz, t) Oa, ¥ da dy dt)
i,j=1
= —SA/ /(p|V1/)| (*VB) + A\ |VB|°) dx dy dt
T
- SA/ / 9 8,810, do dt+25)\2/ /cch|V,6-V1/)|2dm dy dt
-7 JoQ =T JQ

+ 25AR (/T/¢D25(vw,va) dx dy dt).
—-T JQ

Using integration by parts, we obtain
T
(2.11) Iy = sR (/ /V-(CVQp)V-(cVn)de dy dt)
—-T JQ
T
= s)\/ /ccp [VY|*(V - (eVB) + Ae|VB|?) da dy dt
T JQ
2 T
= [ [ eV evevavaplls dy di
3
- 2 / [ BV V)l s dy de
4 3
- 2 / [ o 1081wl dy dt %5 / [ v @IVl s dy de
2
2 / /Wvg V(V - (eVB) + Ac|VBI?) |2 dx dy dt

N 87 / /Q‘PV’(CV(V’(CV5)+>\CIV5|2))|¢|2dx dy dt.
-7



And we obviously have

(2.12) I3 = s°R (/ / —i0m V) |Vn|*y dz dy dt)

T
(2.13) Iy = 25°R (/ /c2|vn|2¢ Vn - VY dz dy dt)
—-T JQ
T
= 33/ /c2|V77|2V77~V|1/1|2 dz dy dt
—T JQ
3413 T 3 2 2 2
= [ [t (VBPY - (98) + V8- V(ATA) [0l do dy d
-TJQ

T
+ 333)\4/ /Qc2<p3|w3|4|w|2dx dy dt.
-T

T J—
(2.14) Iy = s°R (/ /Qc V>V - (V)Y dx dy dt)
-7
T
= —83)\3/ /Qc O°|VBIPY - (eVB)|¢|Pde dy dt
-7

T
- 83)\4/ /02¢3|Vﬁ|4|w|2dx dy dt.
—-rJa
So, by (R.g)-(R.14), we get :

m([iAM1¢M—wdxdydt)

T
23)\2/ /<pc2|v,3-v¢|2dx dy dt
T JQ
T
- s)\/ / @ ¢ Ve-VBIVy[Pdr dy dt
T JQ
T p—
+ 25AR (/ /w%(vw,vw) dz dy dt)
T JQ
T
+ 283)\4/ /02<p3|V,6|4|1/)|2dm dy dt
T JQ

T
- s)\/ / 98, 30,9 do dt + X,
—T J o

where

A ;S/T / Duny |91 do dy dt“S%/T / UV (9rm) - Vipde dy dt
- X / / OV - (cV - (eVB)VE) [¢|*dx dy dt
- SA?) / / c|VBIPV - (eVB)|dx dy dt
- sv/ /wc V8|2 da dy dt — SA?’/ /(pV EIVBEVB) [ de dy dt
- 2 / / eV - V(Y - (V) + A VB dx dy dt

- —/ /w (eV(V - (eVB) + Ae| VB [0 da dy dt

+

33)\3/ /@30V5~V(C|Vﬂ|2)|1/1|2d:v dy dt.
T JQ



Recall that:

||M7/1Hi2(@) - HMIUJHiZ(@) + ||M2¢||2L2(@) + 2R(Mrtp, Matp).
Then :

T
(2.15) ||M1¢||i2(é) + HM21/1H2LZ@) + 4s)\° /_T /Q @’ |V B - VP dz dy dt
T _ T
+45AR (/ / ©D?*B(Vih, V) dx dy dt) - 25)\/ / @ ¢ Ve- VBV de dy dt
—T7JQ —-T JQ

T T
+4s3)\4/ /Qc%3|v5|4|¢|2dx dy dt — 23/\/ /BQ 0, 8|0, Y| do dt < || MY|[72 5, + 2|1 X].
—-T -T

Taking into account
o 1Bl +VB| + |V(V- (eVB)|+ |V - (V(V - (¢VB)))] < C(Co,C1) in €,
o [0un| <O(T)@%  |0epl SC(T)p% < C(M)p°, ¢* <C(T)$%,

T T
. |ss(/ / cpV (0im) - Vipdz dy dt)| < C(T)s)\/ / cp|VB - VY| de dy dt
—T7.JQ —T JQ
T
+C(T)s/\/ /cga3|1/1|2dx dy dt,
-rJo
where C(C~'o7 Ch) is a positive constant depending upon Co, Cy and C(T) is a positive constant depending

upon 7. Therefore we obtain the following estimation for X (with C(C~O,C17T) a positive constant
depending upon Co, C1,T):

T T
|X| < C(Co,Ch,T) {(5A4+s3>\3)/ / O [Y|Pde dy dt+s)\/ / VB - V|’ dx dy dt| .
—TJa T JQ
The two terms of the previous estimate of | X| are neglectable with respect to

T T
53)\4/ / EO° VB w|Pde dy dt or 5)\2/ / o’ VB - Vi Pdx dy dt,
—rJa -rJa

for s and A sufficiently large. Using Assumption @, we have

T , _ ) - T . ,
4sA\R ([T/S2¢D B(VY, V)dz dy dt QSA[Tfsz(p ¢ Ve - VE|IVY|“dx dy dt

T T
+45A2/ /cch|V,6-V1/)|2dm dy dt > C’pcs)\/ /<p|V1/)|2dm dy dt,
—TJQ —-T JQ
SO () becomes

T
IMi)1726) + 1M2]172 ) +453)\4/T/Q(32<,03|Vﬁ|4|¢|2dx dy dt

T T
+3A/ / | VyPdx dy dt < 25)\/ / 00, BlO,Y|? do dt + | M35 5
—_7JQ —T JoQ

Recall that 8,8 < 0 on I'™, ¢(z,y) > ¢min > 01in Q, |[VB| > Co > 0 and ) = e~ "q, then the proof is
complete.
O



3 Inverse Problem

In this section, we establish a stability inequality and deduce a uniqueness result for the coefficient c.
The Carleman estimate (@ proved in section 2 will be the key ingredient in the proof of such a stability
estimate.
Let ¢ be solution of

10:q+ V- (cVg) =0 in Qx(0,7T),
(3.1) q(z,y,t) = b(z,y,t) on 0Qx(0,T),

q(z,y,0) = qo(z,y) in Q,
and ¢ be solution of

10:q+V-(cVg) =0 in Qx(0,7T),
(3.2) g(x7y7t) =b(z,y,t) on 9N x(0,T),

q(z,y,0) = qo(z,y) in
where ¢ and ¢ both satisfy Assumption EI If we set u =¢q— ¢, v =0 and v = ¢ — ¢, then u and v
satisfy respectively

0w+ V- (cVu) =V -(7Vq) in Qx(0,7T),

(3.3) u(z,y,t) =0 on 90 x(0,7),
u(z,y,0) =0 in  Q,
0w+ V- (Vo) =V-(yWVog) =f in Qx(0,T),
(3.4) v(z,y,t) =0 on 90 x(0,T),
v(z,y,0) = 1V - (vVqo) in Q.

We extend the function v on Q x (=7,T) by the formula v(z,y,t) = v(z,y,—t) for every (z,y,t) €
Q x (=T,0).

3.1 Energy Estimate

We assume throughout this section that v € Hg(Q). We introduce

(3.5) E(t) = /96728"('5)|8tu(t)|2dx dy + /Q e () e 2M|9,Vu(t)Pde dy.
In this section, we will give an estimation of E(0).

First Step: We first give an estimation of [, e 2510)9,u(0) [*dz dy.
We set ¢ = e”*Tv. With the operator

(3.6) Mty = idpp + V - (V) + 87| V| >,

we introduce, following @],
0
I:Q%(/ /leadag dy dt).
—rJa

Assumption 3.1. 0:q, V(0:q), A(9:q) are bounded by a positive constant.
We have the following estimate

Lemma 3.2. We assume that Assumption @ is satisfied. Then there exists a positive constant C =
C(Q,T,T) such that for any A > Xo and s > so, we have

7 = /6_25”(”0’”’0)|8tu(x,y70)|2 dz dy
Q

and

I < CsA / 2@ (132 4 |VA|?) da dy
Q

T
+cs*1/2x1/ / e > © 8,8 |0, do dt.
—_TJr+



Proof. In a first step, we calculate 7

T

0
2 (/ / (0 ¥+ V - (V) ¥+ 5° [Vl ) du dy dt)
—-T JQ

23%(/_0T/Qatwdmdydt)
_ /_OT/Qatw;F de dy dt

= [ 10 do dy
Q

_ / e 2@ .0 42,y 0)? dz dy.
Q

So, we have
7= / e 2@ .05, u(z, y,0))? dz dy.
Q

In a second step, we estimate Z. Using Young inequality we can write

T 3 T 3
2 (/ / |Mi9)? da dy dt) (/ / e > o|? da dy dt)
—TJQ T JQ

T
O(T)s EA~2 (||M1¢||iz<@>+83k4 / / e o] da dy dt)
T JQ

1zl

IN

IN

with C(T') a positive constant which depends on 7. Then with the Carleman estimate (E) proved in
section 2 we have

T T
7] < Cs 372 (SA/ / €200, B80nv[* do dt+/ / e 2NV - (yVOig) da dy dt) :
—T Jr+ T JQ

where C' = C(Q,T'", T) is a positive constant. Using Assumption EI, since
e 2n@ut) < o =2n@w0) o all t e (=T, 7T),

we obtain for s and A sufficiently large the estimate

(3.7) ] < C 572272 / 2O (|32 4 |9y ) da dy
Q
T
+C s\ / e "0 8,8 |0,0|? do dt.
—TJr+

where C' = C(Q,T'", T) is a positive constant. a

Second Step: We then give an estimate of [, ¢~"'(0) e 251019, Vu(0)|2dx dy.
We denote

(3.8) E(t) == / ¢ ot (t) eV () Pda dy,

Q
where o™ = é. We give an estimate for F(0) in Theorem @ In a first step we prove the following
lemma :

Lemma 3.3. Let v be solution of (@) in the following class
ve C(0,T), H'(Q)), d,v e L*(0,T, L*(I)).

Then the following identity holds true

E(1) — E(r) = —2R (/T /Q e > f o 0T da dy dt)



+R (/ / c e P (—4sA + 20p 10T VB - Vo dx dy dt)
K Q

723/ / ce > 9|Vl da dy dt+/ / ce >0y (™ 1) | Vu|?,
K Q K Q
for f € H} ().

Proof. Since v is solution of (3.4) note that 9,7 = if —iV - (cVD). Therefore, we obtain the two following
equalities.

(3.9) 8%/ / e o0, do dy dt = R (72/ / e 2 o'V - (¢ V) dx dy dt) ,
K Q K Q

(3.10) R (/ / c e 9T (—4sA + 20 VB - Vo dz dy dt)
K Q
=R (z/ / ce P F (—4sA+ 200 VB - Vo da dy dt)
K Q
—R (z/ / c e P (—4sA + 220" )V - (¢VT)VS - Vo da dy dt) :
K Q

We multiply the first equation of @) by e 727 19,5 and we integrate on (1, 7) xQ, where [x, 7] C [0, T].
So, if we consider the real part of the obtained equality, we have

0= (1/ / e 2 o N ow|? dx dy dt) =R (/ / e 2 f o9, dx dy dt)
K Q K Q

—R (/ / e TV - (eV)8T da dy dt) .
K Q

Then by integration by parts, we obtain

0=%"N (/ / e 2 f o9 dx dy dt) + R (/ / Vo - V(e * ¢ ' 9,7) da dy dt)
K Q K Q
0="%x (/ / e f o7 9,5 dx dy dt) — 2s% (/ / c o e 9TV - Vi da dy dt)
K Q K Q

— AR (/ / c e 2 (p*latEVv -VG dzx dy dt) + R (/ / ¢ o2 wlw -V(8:) dx dy dt) )
K Q . Q
Note that

E(t)— E(k) = / / ¢ 8:(e” > o\ Vul?) dx dy dt.
QJk

Therefore we have

0="R (/ / e 2" f o705 dx dy dt) — 2sR (/ / co e 9V - Vi da dy dt)
K Q K Q

—AR (/ / ce " o 9wV - VB dx dy dt) + %E(T) - %E(n)
K Q

+s/ / c e oo V| da dy dt — %/ ce 9, (¢ 1) |Vo]? dx dy dt,
K Q K

and the proof of Lemma @ is complete. d



Theorem 3.4. Let v be solution of @) in the following class
ve C(0,T), H (Q)), d,v e L*(0,T, L*(I)).

We assume that Assumptions E and @ are checked. Then there exists a positive constant
C=C(Q,T,T) > 0 such that

T
(3.11) E(0) <C {SW/ / e *9 8,83 |0,v]? do dt—&—sA// 6—25”|f|2}
-7 Jr+ Q

for s and \ sufficiently large.

Proof. We apply Lemma E with kK =0 and 7 = T. Since E(T) = 0, we obtain
T T
E(0) = 2R (/ / e 2 » ' 0,T dx dy dt) -R (/ / c e M (—4sA 4 20p” 0T VB - Vo dx dy dt)
o Ja 0o Ja

T T
—&—25/0 /Qc e > o V| dx dy dt —/0 /ch_anat(cp_l)|Vv|2A

We give now estimates of the four integrals in the previous equality.

First integral: B := 2R <f0T Joe o7 f 0 da dy dt).
Using (@)7 we have :

T T
(3.12) B=2R (/ / e~ 0T da dy dt) =R (/ / e o7 8,7 dx dy dt)
0 Q 0 Q

T
+3R (—1/ / e > f V- (c VD) dz dy dt) .
o Ja
Recall that if we set ¢ = e~ *7v, then M) = e *"H (e*")) = M1y + Mat) for s > 0 with

Mytp == idup + V - (V) + s°c|Vn|*1p,

Mot :=isOenp + 2¢sVn - Vi + sV - (¢Vn)i.
So (B.19) becomes

T T
B=2R (/ / e o7 f 8,7 dx dy dt) =R (/ / e 2o f e (sDymp + 0p)) dx dy dt)
o Jao o Ja
T j— j— J— p—
+R (—z/ / e > e (sV - () + ¢ 82 Vn)PY + 2¢ s V- Vi + V- (V) dx dy dt)
0o Jo
T J— p—
—R (72/ / e Mo f e (i0) 4+ V - (V) dx dy dt)
0o Jo
T —
+R (/ / e 2o f e (s8m — i sV - (¢Vn) —i ¢ s°| VP da dy dt)
o Jo
T —
+R (—z/ / e f 12 s V- Vi da dy dt)
o Jo
Note that

i0u) + V - (V) = My — s2¢|Vn|*4.

Then, we obtain

T
B=®R (72/ / e Mo f (M) — s2¢|Vn*Y) dx dy dt)
o Jo
T —
+R (/ / e 2 f e (sBm — i sV - (¢Vn) —i ¢ s°| VP da dy dt)
o Jo

10



T
+R (—z/ / e Mo f e12¢ s V- Vi dz dy dt) .
o Ja

If we come back to the function v, the previous equality becomes :

T
B=®R (fz/ / (fe "o "My (e °"T) — s*¢|VnPe "o ' £ T) dx dy dt)
o Ja

T
+R (/ / e > f (50 — i sV - (V) 4+ i ¢ 82| Vn|*)T da dy dt)
o Jo

T
+R (72/ / e Mo f 2 s V- VT da dy dt) .
o Ja

Then there exists a positive constant C = C(Q, ', T") such that:

T
(3.13) |/O /Qe_QS"cp_lf 0y dx dy dt| < C {SA//Qe—QSWE da dy dt + ||Mi(e”*"0)[|72(q)

+53)\4// e 2 PPw|? dx dy dt + s)\// e > \Vol? dx dy dt} .
Q Q

Second integral: D := R (fOT Joc (—dsA+2x 07 1) e (1 + ¢ 1o VB - Vv dz dy dt) .
We denote by p := —4s)\ + 2Ap~*. Using (), we have

T T
2D =% (/ / ce *pdT VB - Vo dz dy dt) +R (2/ / ce *F pV3- Vo dx dy dt)
o Jeo o Jo

T
—R (1/ / ce MV - (eVT)VE - Vo dz dy dt) :
0 Q

If we introduce ¥ = e~ ""v, we get:

T T
2D =R (/ / ce >V - VB(s8ime® ") + e*"0p)) d dy dt) +R (1/ / ce >V - VB [ dx dy dt)
0 Q 0 Q

T
—R (2/ / ce > pVuv - VB[s>c|Vn|?e® 4 25ce®"Vip - Vi + se* 1)V - (V) + e*"V - (CVE)]) .
o Jo
Therefore

T T
2D =% (71/ / ce” " pVv - VB[Mi) + Maip] dx dy dt) +R (2/ / ce Vv -V f dx dy dt) .
o Jo o Jo

Thus there exists a positive constant C' = C(2,T',T") such that

(3.14) |2D] < C {SA//QHMl(e*%)F + | M2(e™*"%) %] da dy dt

+s)\// e 2|Vl +5A// e 2 f1? da dy dt]
Q Q
Two last integrals:

There exists a positive constant C' = C(Q2,T",T) such that

T

(3.15) |/ / ce >0, (o™ ") |Vo|? da dy dit| < C// e > |\Vol® dzx dy dt,
0o JQ Q

and
T

(3.16) |5/ / cdme > Vo] dx dy dt] < C s// e V| dx dy dt.
0o Ja Q
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Using now the Carleman estimate of Theorem E and Lemma E, from (3.9)-(3.12), we deduce the
existence of a positive constant C'= C(2,T",T") such that:

T
E(0) <C {SW/ /+ e 9 8,8 |0,v|° do dt + SA// e > I dx dy dt| ,
-TJTr Q

and the proof is complete. O

3.2 Stability Estimate

Now following an idea developed in @] for Lamé system in bounded domains, we give an underestimate
for E(0). We adapt the proof of lemma 3.2 of ] to an unbounded domain.

Assumption 3.5. e qo is a real valued function in C3(£2)

e qo and all its derivatives up to order three are bounded
o |V3-Vaq| >C >0 onQ.

Lemma 3.6. We consider the first order partial differential operator

(Pog)(z,y) = 0zqo(x,y)0ug(x,y) + Oy(x,y)0yg(x,y), Pog := Vqo - Vg

where qo satisfies Assumption @ Then there exist positive constants A1 > 0, s1 >0 and C = C(Q,T',T)
such that for all A > A1 and s > s1

[ o g drdy < [ gpt e Pogl? do dy
Q Q

with 1o (x, y) == n(z,y,0), o(z,y) := @(x,y,0) and for g € Hy(Q).

Proof. Let g € H{ (). We denote by w = e~ g with no := n(z,y,0) and Qow = e~ Py(e*w), so
we get Qow = swhPyno + Pow. Therefore, we have:

/ 5" Qow Qow du dy = 52/ o5 w2 Porpol? de dy+/ 5" [Powl® do dy
Q Q Q

+2s%R (/ 0ot w Pono Pow da dy)
Q

= 32)\2/ wo |w|*(Vqo - VB)? dx dy+/ oot [Powl]? dx dy — s)\/ Vao-V3 Vo - V(lw?) dz dy.
Q Q Q

So, integrating by parts, we obtain

/ @51 Qow Qow dx dy = 52)\2/ ©wo |w|2(qu -V,B)2 dx dy +/ @51 |Pow|2 dz dy
Q Q Q

+s)\/ V- (Vgo - VBV q)|w|* dz dy.
Q

Thus
[t e mipgl dody > 2% [ o [V5-Saol?e gl di dy+5h [ 5705 Tan)e g d dy.
Q Q Q

Using Assumptions EI and 4.3, we can conclude for s and A sufficiently large. O

Then, we deduce the following result.
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Lemma 3.7. Let u be solution of @) We assume that Assumptions @ and @ are satisfied.
Then there exists a positive constant C = C(Q,T',T) such that for s and X suﬂ%czently large, the two
following estimates hold true

(3.17) 82/\2/ po €™My [? da dy < C/ po " e ™ |0u(,y,0)|” dx dy,
Q Q

(3.18) s*A? / e >V dz dy < C / po e ™ (IV(Deu(,y,0)))* + ) de dy,
Q Q

for~ € Hg(Q).

Proof. We apply Lemma @ to the first order partial differential equations satisfied by
e 7 given by the initial condition in @)

Poy := 02900x7 + 9yqo0yy = i0iu(w,y,0) — vAqo,
.7 given by the z-derivative of the initial condition in (@)

Py0ry = 02900:(0x7) + 0yqo0y(0x7)
= Zat ((%u(x, Y, 0)) - az’Y(AqO + 811(10) - 8yfyazyq0 - 781 (Aq0)7

7y given by the y-derivative of the initial condition in (@)

Podyy = 0:q00x(9y) + 0yqo0y(9y7)
= 10:(0yu(z,y,0)) — Oyy(Ago + Iyyqo) — O2Y0xyqo — YOy(Aqo).

Then using Lemma @ and Assumption @, the proof of Lemma E is complete. O

Theorem 3.8. Let q and q be solutions of @) and (E) such that ¢ — ¢ € H3(QY). We assume that
Assumptions @ @ @ and @ are satisfied. Then there exists a positive constant C = C(Q,T,T)
such that for s and \ large enough,

T
/ o e " (lc — & + |V(c—d)?) dz dy < C/ / © € 29,6 |0, (8rq — 0:9)|* do dt.
Q —7 JT+

Proof. Adding ( and (B.14) we obtain (with C' a positive constant) using the estimate (@) for |Z]
and the energy estimate (B.11) for F(0)

"\ / o e |V + [y[?) dedy <C / po ' e (IV(Oeu(x,y,0)* + |diu(z, y,0)|*) de dy
Q Q
< C(|Z] + E(0))

gcs*3/2x2/ e 20 (g2 + |VA|?) dz dy + Cs™ 2\~ / / e >0 8,8 |8,0|? do dt

+05A/ / e *9 8,8 |0,0)° do dt+C’s)\// e 2 12

T
32/\2/ po e (VA + ) do dy < Cs2/\2/ / e © 8,3 8,0 do dt
Q —-TJ1r+

So we get

+Cs/\// e IV - (yVOg)|? dx dy dt
Q

T
< 082)\2/ / e > 9,8 10| do dt—&—C’sA// e (IVA)? + 71?) de dy dt.
—_TJr+ Q

Then, for s and A sufficiently large, the theorem is proved. O
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