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Abstract

The box-occupancy distributions arising from weighted rearrangements
of a particle system are investigated. In the grand-canonical ensemble,
they are characterized by determinantal joint probability generating func-
tions. For doubly non-negative weight matrices, fractional occupancy
statistics, generalizing Fermi-Dirac and Bose-Einstein statistics, can be
defined. A spatially extended version of these balls-in-boxes problems is
investigated.
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1 Introduction and outline

The purpose of this work is to study a class of combinatorial balls-in-boxes mod-
els as a random allocation scheme of particles. Although the urn model under
study is formally in the spirit of the ones found for example in Charalambides,
[6], Johnson and Kotz, [16], or Kolchin, [17], books, it is not covered by these
manuscripts. Another unrelated balls-in-boxes process of similar flavour was
recently revisited in [15], developing some equilibrium aspects of the zeta-urn
model first introduced in [4]. In some sense made precise later, the model we



shall deal with here is concerned with random box filling of an interacting par-
ticle system derived from weighted permutations of its constitutive items.

We now describe our model in some detail. Suppose we are given a total
amount of k£ > 1 labeled particles (items) of n different types (or colors), with
n > 2. Let k,,,, m = 1,..,n be the number of type-m particles in some initial
configuration, with |k,| := k1 + .. + k, = k and k,, = (k;,;m = 1,..,n). Place
initially these k particles in boxes and more specifically, place the k,,, type-m par-
ticles in box number m, m = 1, .., n, respectively. Suppose the energy required
to move a particle from box m to box m' is —log Wi, ,y where Wy, ./ is the
m xm’ entry of some non-negative n x n weight matrix W. We shall address the
problem of evaluating the configurational weight of all particle rearrangements
which end up with k,, particles in the different boxes, regardless of their type.
Upon suitable normalization, for each Boltzmann weight matrix W, we shall use
this to define the Gibbs canonical probability generating function of the random
box-occupancies K,, , = (K, (m);m =1,..,n), given a total population of k
particles. From this model, the event K, , = k,, will be realized either because
there are k,, type-m particles in box number m but also for any rearrangement
of this peculiar configuration, the weight of each being needed to evaluate its
occurrence probability. After suitably randomizing the particle number k, we
shall rather work with the grand-canonical probability generating function of
the random occupancies K, . where ‘fugacity’ parameter z is in one to one cor-
respondence with the average number k of particles in the system. We shall
show that it has a determinantal form and that the associated probabilities are
rather permanantal, that is, can be expressed in terms of the permanent of some
enlarged matrix derived from W. Since W has non-negative entries, it turns out
that the joint distribution of K,, . is infinitely divisible (that is in the compound
Poisson class). As a result, it makes sense to raise the probability generating
function of K,, , to the power ¢, for all & € (0,00). This leads to a fractional
occupancy statistics of order «, the special case @ = 1 corresponding to the
standard Bose-Einstein occupancy model. Under the additional condition that
W is definite non-negative, it makes sense to raise the probability generating
function of K,, , to the power ¢, for all a € {.., —2, —1}: for such distributions,
the maximal number of particles within each box cannot exceed —a. The special
case a = —1 corresponds to the usual Fermi-Dirac occupancy model involving
an exclusion principle: no more than one particle within each box. Therefore,
for doubly non-negative weight matrices (that is, both non-negative and definite
non-negative), fractional occupancies of all order o € {.., —2,—1} U (0, 00) can
be defined. In the limit || / oo, a Maxwell-Boltzmann occupancy model is
found: grand-canonical box-occupancies turn out to be independent and Pois-
son distributed. All these allegations can easily be derived from the version
of the MacMahon master theorem which is relevant to our balls-in-boxes con-
text, respecting transition weights. We now briefly describe the content of the
manuscript in more details.



In Section 2, we start illustrating these ideas in the case where W is a
weight matrix with {0,1} —entries, starting with the flat matrix. Here the
configurational weight of particle rearrangements simply counts the number of
admissible rearrangements when transition from box m to box m’ is either
forbidden or allowed, depending on whether W, ,,, is 0 or 1. We discuss some
examples in Sub-sections 2.1 and 2.2; some are solvable, some are more involved.
Subsection 2.3 considers the full case of a real-valued weight matrix that is
doubly non-negative. Here we compute for instance the factorial moments of
K, ., the 2—boxes joint law of the occupancies (K, ,(m1); Ky, (ms2)), the
marginal law of K, , (m). We prove that the limiting distribution of K,, , when
a /" oo is the Maxwell-Boltzmann distribution. We characterize the limit law
of K,, ./r when the expected number « of particles goes to infinity, in terms of
a specific multivariate gamma distribution.

Section 3 is devoted to what is needed of MacMahon master theorem which
is relevant to our balls-in-boxes context.

Finally, we shall address the following problem: Assume particles can only
be placed in boxes in the positions —oco < 1 < x5 < .. < x,, < oo on the real
line. The box number of a particle now is the index of its position on R and the
model is spatially extended: a particle is attached to box number m if it stands
at m—th position z,,,. The purpose of Section 4 is to construct natural doubly
non-negative weight matrices W which are indexed by x := (21, ..,z,) € R™,
representing particle positions on the line. They are adapted to the spatially
extended version of the occupancy problem. In such models, the m x m’ entry
Winm: of W is of the form W (z,,, 2., ); using this, occupancy statistics can
be considered when —logW (z,,,Z.,/) is now the energy required to move a
particle from position x,, to position x,, . The construction of such matrices
parallels the one of non-negative correlation functions whose spectral measure
is positive. We shall also discuss the relevance of the recent notion of an infinitely
divisible weight matrix, in the context of our investigations. Several examples
are supplied.

2 Multi-type weighted particle rearrangements

As discussed in the Introduction, we start with the simplest rearrangement case
before extending the construction to more general weight matrices.

2.1 The simple rearrangement case

Suppose we are given a total amount of k£ > 1 labeled particles (items) of n
different types (or colors), with n > 2. Let kp,, m = 1,..,n be the number of
type-m particles in some initial configuration, with |k, | := k1+..4+k, = k. Place
k., particles in box number m, m = 1, .., n, respectively. When considering the
problem of enumerating the number of ways to permute these k,, particles ending



up with k,, particles in the different boxes (or urns), the following generating
function proves necessary

n

1 |k !
\kn\
1—2(ug + .. +uy) Zz 'Hu

k,, eN" ml m7n1

Here u : =(u1,..,un) € [0,1]" ‘marks’ the different types of particles and
z € [0,z.:=1/n) is a ‘marker’ of the total number of particles. From this,
interpreting the above generating function as an ‘exponential’ generating func-
tion, extracting the Taylor coefficients in the variables [ _; ufm of its series
expansion, as conventional wisdom suggests, there are |k,|! = k! ways to per-
mute the k,, labeled (distinguishable) particles. In other words, if S (ky,) is the
set of all such permutations, then |S (k)| = |k,|!. This is poorly informative,
so far.

Would the particles be unlabeled within each type class, there would clearly
be Hnlk |k ; ways to permute the k, unlabeled particles, looking the above

generating functlon as an ‘ordinary’ generatmg function and simply extracting
the coefficients in the variables [\ _, ufm of its series expansion. In this case,
a permutation is called a rearrangement of the word 1%1..n*». Clearly, when
assigning u; = .. = u,, = 1, the [zk] —coefficient of (1 — zn)_l, which is n*,
will count the number of ways to permute (rearrange) k unlabeled particles of
n different types, regardless of the number of particles within each class.

Assuming for example n = 2, ky = 2, ks = 1, k = 3, identifying the 2
particles of the first type, there are 3 different possible rearranged words out of
122! namely 11 2, 12 1 and 21 1 whereas there are 23 = 8 ways to permute 3
unlabeled particles of 2 different types: 0 222, (1 22,212, 2 21), (112,121, 21
1) and 111 @ corresponding respectively to the partitions (k1, k2) = (0, 3), (1,2),
(2,1) and (3,0) of k = 3. Here ) is the empty box ‘word’. For more details on
rearrangements, see Cartier and Foata, [5].

Let W = J where J is the nxn flat ‘weight’ matrix whose entries are all equal
to 1, for which Spect(W) = {0,..(n — 1) times..,0;n}. With |W| := det (W)
and U :=diag(u), it turns out that
1
1—2z(ur +..+uy)

= I —20W|"
Next, we note that

l n

counts the number of ways to permute cyclically the k,, labeled particles, when

restricting S (k,,) to S. (ky,), the set of all connected (one cycle) permutations,
clearly with |S. (k,)| = (k.| — 1)

?T\
3??‘

] log |1 — 2UW| ™" = (|kn| — 1)!



With a > 0 now ‘marking’ the number of cycles, this suggests to also consider
the generating function

|[ _ ZUW‘_Q — e—alog\]—zUWl.

With p € N, the generating function [a?] |I — zUW|™ is the one counting the
permutations of n types of particles, when restricting them to be a collection of p
disconnected cycles. In particular, [a] | — 2UW|™" = —log |I — zUW| counts
the permutations of n types of particles, when restricting them to be simple
cycles. We shall return to this point later.

Canonical and grand-canonical randomization.

Let K,, ; :== (K, x (m);m = 1,..,n) denote an integral-valued random vector
which will stand for occupancies of the boxes m = 1, .., n given a total population
of k particles.

Given |k, | = k, define naturally the (conditional) probability that K, , (m) =
km, m =1,..,n by the ratio of their configurations numbers

k
b)),

PK,r =k, = W

The event K,, 1 = k,, will be realized either because there are k,, type-m par-
ticles in box number m but also for any rearrangement of this peculiar configu-
ration. In other words,

. (ﬁ ufgmk(m)) [l -z rw)

it [2%] (1 — zn) "
is its canonical (conditional) probability generating function.

To avoid considering the simplex |k,,| = k, suppose one randomizes the total
number k of particles as follows: let there be a random number K, . of particles
where
28 2% (1 - zn) !

(1—2zn)""

P(K,.=k) =

In other words, with u € [0, 1]

I-2W| 1—2zn
E Kn,z — | —
() I —zuW| 1-—zun

is the (geometric) generating function of K, ,. Then, parameters z and 0 <
k= E (K, ) are related through

k:=k(z)= T’




and, since ‘fugacity’ z € [0, z. = 1/n), these are in one-to-one correspondence.
Given k := E (K, ;) = 722, define next the probability that K, , (m) = ki,

1—2zn?

m = 1,..,n simply by

[kn|( Iknl

V4

]P(Kn,z = kn) = M, kn e N".
(1—2n)

In other words, with W = J

w 1—z(uy+..+up)) " |[I—2W|
E uEnz(m) | — ( _

stands for its (grand canonical) probability generating function, now conditioned
on the expected number « (z) of particles in the system.

Asymptotics for £ " oco.
One suspects that, for fixed n, the following convergence in distribution will
hold

Kn,z d
o k00 X,
where X,, := (X (1),..,X (n)) is an n—dimensional random vector supported
by R%. Let us prove this and characterize the joint law of X,. Recalling
k= k(z) = 2%, let us assume z = (1 — €) /n where, € being close to 0T, &,

which is of order ¢!, tends to co. Then, with s := (s, .., s,) and S :=diag(s)

E <ﬁ esmK,L,z(m)ﬂi) ~F (ﬁ e_ss7nKn,n1(1—g)(m)>
m=1

m=1
€ €

Tl (i ) /a1 (1) (n—eyy sm)/n

1 1 -
~ - — —E —smX(m) )
T+ (0 sm)/n T+ 2SW] (;_[le >

This is the Laplace Stieltjes transform of a symmetric exponentially distributed
random vector X,, with 1-dimensional marginals E (e‘sz(m)) = ﬁ,
m = 1,..,n, the ones of exponentially distributed random variables on R with

mean n L.

Fractional statistics.
Let z, := z/a. We shall also be interested in random variables with distri-
butions P, defined by

" 1= 2 (ug + . up)) I — zaW] \*
g, (1] weon) — 023 D )
([ ) = (i




where o € {.., —2,—1}U(0,00) and z < a/nifa > 0or z > 0if e € {.., =2, —1}.
Since W = J, with (o), := a(a+1).. (o +k — 1), this is

Q
7& | .k, € N™.
1 b

When o = —i < 0, the range of K, , is k, € {0,..,4}". For instance,
for k, € {0,1}", P_y (K, . =k,) is the (Fermi-) joint probability to find
one (respectively, no) particle in box number mg if k,,, = 1 (respectively,

if kp, = 0). Thus, when W = J, K, , is well-defined under P, for all
a€{.,—2,-1}U(0,00). In particular,

K 1—2zon \“
E. (u "’Z): —_—

1—z,un

]P)a (Kn,z = kn) = (1 - Zan)a : ijkn‘

showing that K, , has negative binomial(a, z4n) distribution (when a > 0) or
multinomial(—a, (—zon) / (1 — nz4)) distribution (« € {.., =2, —1}), with mean
k= Eq (K;,2) = 155 Such a—distributions may be thought of as fractional
occupancy statistics of order . When o = —1, a = +1, |a| /" oo we get a
usual Fermi-Dirac, Bose-Einstein or Maxwell-Boltzmann distribution for K,, .,
respectively. When a = k/2 where k is any integer, we get a para-Boson statis-
tics (see Aringazin et al and Greenberg et al, [1] and [14]). One of the questions
raised next is: for which W is K,, . well-defined for all o in the positivity spec-
trum {..,—2,—1} U (0,00)?

2.2 Weighted restricted rearrangements: {0,1} —weight ma-
trix

These elementary considerations suggest first to introduce more generally the
quantities |I — ,zUW\f1 where W is now a n x n weight matrix whose entries
all belong to {0,1}. By doing so, we address the problem of enumerating the
number of ways to permute the |k, | = k particles when the transition from
type m to type m’ is allowed at the only condition that entry W,, ,,, = 1.
Define formally energy (cost) of transition m — m' as Hyy = —10g Wiy .
Then, would Wy, v = 0, would the transition from type m to type m’ be
forbidden as the energy required to realize this transition is infinite. Would
Win,ms = 1, the transition m — m’ requires no particular energy. Proceeding
in this way, the random occupancies K, . are now dictated by the weighted
restricted rearrangements encoded by W. For related problems, see Diaconis et
al, [9].

The quantity [I — zUW| ™" is defined for u : = (uy, .., u,) € [0,1]" and z €
[0, 2. :=1/p(W)) where, with A\,,;m = 1,..,n the spectrum of W, p (W) =
W] = max (| A |;m = 1,..,n) is the spectral radius of W. The critical fugacity



zc 1s the reciprocal of the spectral radius of W and |I — zUVV|_1 first becomes
singular at z.. Since all such W are non-negative, by Perron-Foebenius theorem,
the eigenvalue with largest modulus is real. Since W only has {0, 1} —entries,
p (W) € [1,n] and so z. € [1/n,1]. The weighted random occupancies K, . (m),
m = 1,..,n can be defined accordingly. As we shall indeed see later in the
next section, such random variables are well-defined; in fact they are always
well-defined as soon as W has non-negative entries. This is because the Taylor

. . . . . I—2W
coefficients in the variables [ _, ufm of the series expansion of % are the

permanents Per(W (k,,)). Here W (k,,) are the |k,| x |k, | matrix obtained by
repeating (removing and deleting) each Wy, ./ into a size ky, X kp,s block if ky,
and k,,» both positive (otherwise). Permanents of a matrix with non-negative
entries are non-negative. Note that the basic quantity appearing in the law of
K. reads [T —2W| " =" _, (1= 2An) "

Similarly, random variables K,, , with law P, parameterized by a > 0 are
well-defined for all & > 0 when W has in particular non-negative entries. This

is because the Taylor coefficients in the variables []" _, ufm of the series expan-

m=1"m

(0%
sion of (%) now are proportional to the a—permanents Per, (W (k,,)).

a—Permanents of a matrix with non-negative entries are non-negative (see the
next Section). In all such cases, random variables K, , with law P, (where
«a > 0) are infinitely divisible, that is in the compound Poisson class. When
a € {..,—2,—1}, a necessary and sufficient condition for K,, , with law P, to
be well-defined is that W has all its 2" principal minors non-negative (see Vere-
Jones, [21], Prop. 6.1 for the necessity condition). If K,, , with law P, is to
be defined for all @ € {..,—2, -1} U (0,00), a sufficient condition is that W it
has all its principal minors non-negative and is non-negative. If W is in addi-
tion symmetric, then a doubly non-negative W would do (doubly non-negative
matrices are those which are both definite non-negative and with non-negative
entries).

Examples.
e Assume W = I. Then, with z < 2z, =1

I—20w|" = ] (- 2um) ™

m=1

1

T 1-an_, (zum)

where 21 G xo = 1+ 2 — 122 is the commutative and associative probabilistic
sum. Here,
km

n ukr . n
LIkl 1:[1 km'] [ —2UW|" = Hlkm!

counts the number of ways to permute the k,, labeled particles when the image




particle is forced to return back to its own type. Therefore,

E (ufns) = [T — W] _(1_Z>n

I —zuW| \1-2zu

is the generating function of K,, ., with mean x = (nz) / (1 — z) . The z¥—coefficient
—n . +k—1
of (1—z)""is ("7,71).
Clearly, in this interaction-free case

K
Dn,z i)H/OO X,

K
where the components of the random vector X,, are independent and identically
distributed (iid), mean 1, exponentially distributed random variables on R.

e In the last two examples, the weight matrix is definite non-negative. It
has all principal minors non-negative. The canonical form of a {0, 1} —valued
definite non-negative weight matrix W is made of p flat Jordan blocks J; (of type
J), ¢ = 1,..,p where the sizes of J, are ny X ng, ¢ = 1,..p with 25:1 Ng=n
and 1 < n; < ... < np. Since W is symmetric, outside the Jordan blocks,
W has zero entries and so is block-diagonal. The number of such matrices
therefore is the number of partitions of n. The spectrum of W is Spect(W) =
Ur_1{0,.. (ng — 1) times..,0;n,} and with ng := 0 and 7, := Y7 ng, ¢ =

0,.,p
p

I —z2uw| ' = H (1 -z (umy_y41+ -+ um,))
q=1
= [1 - @521 (Z (uﬁq—ﬁ”l +..+ uﬁq))] '
defined for z < 1/n,. Representing the above partition sequence 1 <n; < ... <
np by the sequence 0 =: mp < 1 < my < ... < m, where each my, ¢ =1,..,7
has multiplicity d, now with -/, dymg = n,

I-2W| L1 —zmy \™
E (ufm=) = = =W] = el
() [T — zuW| ql;[l (1zumq>

is the generating function of K, ., with mean

T

k= Z (zdgmg) / (1 — 2myq) .

q=1

The first introductory example (W = J) corresponds to an irreducible case with
r =1, m; =n and d; = 1 whereas the second example (W = I) is completely
reducible with r =1, m; = 1 and d; = n.

For this class of W, K,, , is well-defined under P, for all o € {.., =2, -1} U
(0, 00).



e (Derangements) Assume now that W = J — I which is symmetric but not
definite-positive.

One can check that Spect(W) = {—1,..(n —1) times..,—1;n — 1}. Then,
with z < z. =1/ (n — 1), it holds that

_ 1
I —2UW| " = -
1=3,02”(p—1)op(u)

where
P
o= > [lum,
1<mi<..<mp<ng=1

are the elementary symmetric functions. For this example,

eal TT Yo" -1

counts the number of ways to permute the k,, labeled particles, when no per-
muted particle is allowed to return to its own type. A permutation in this class
is called a derangement (see Gillis, [13]).
In this case, with 0 <z < 1/p (W) =1/(n—1), we get
_ 1 1
‘I - ZW‘ ! = n n n—
1=30 522 (=1 () (1+2)""[1-(n-1)2

with [2%] [T — W = Z;C:O (-1)" ("+ll_2) (n—1)*"">0. So, for instance

T LN AL L

= zuW|  \1+zu 1-(n—1)zu

is the generating function of K, ., with mean

H:(n—l)z[l_(nl_l)z_ 142—2}

For this class of W, K,, . is well-defined under P, for all o € (0, 00) (see Foata
and Zeilberger, [12]) but, since the principal minors can be negative, not for
ae{.,—2—1}.

o If W is any of the (n — 1)! orthogonal matrices of a cyclic (connected)
permutation

1
I—2UW| ' = , 2 < Ze=1.
| | 1—T10 .y (zum)

For this example, there is no way to permute the k,, labeled particles, unless all
kp = ki, m = 1,..,n in which case this number is (k;!)" . Here,

=W 1=z

= zuW| 1= (zu)"

E (uf")

10



is the generating function of K, ., with mean x = (nz") /(1 — 2™). Note that
the spectrum of W consists in the n roots of unity. With X, = e27(m=1/n

n

m =1, ..,n note the identity > _, 1?;;'\1 = L =k
Clearly, in this case

K
o i)/-c/‘oo Xn

K

where, with E ([[_, e=*=X(™)) = (14 (3] sm)/n)”", X, has symmetric
multivariate exponential distribution.

For this class of W, K,, , is well-defined under P, for all a € (0,0) but,
since the principal minors can be negative, not for a € {.., -2, —1}.

The next two examples are more involved and would require some additional
knowledge of the weight matrix spectrum:

e (periodic nearest neighbors interactions):

Assume Wio = Wi, = LW my1 = Wium—1 =1, m = 2,..,n — 1 and
W1 = Wyn—1 = 1, the other entries being all equal to 0. In this case, p (W) = 2
and z, = 1/2. Matrix W is symmetric with real eigenvalues. In a standard
(non-periodic) nearest neighbors interactions model, Wy , = W,, 1 = 0 and W
is strictly tridiagonal.

e tournaments: assume W, ,, = 0, m = 1,..,n. For all m’ > m, fix
Winm € {0,1} and force Wiy, = 1 — Wiy, so that Zm’m/ Winm: = (Z)
Each W fulfills W + W’ = J — I. There are 2("~1/2 tournaments as issues of
pair matching games with n players. O

Remark.
The distribution of K,, . is exchangeable if and only if E (H;:l uﬁ"“Z(m)) =

E (H:;:l uf,(,:’Z(m)) for all permutation o of {1, ..,n} ; in other words, if and only

if |I — zUW/| is a symmetric function of u := (uq,..,uy). This will be the case
under the following special conditions: W = al+b(J — I) where a and b belong
to {0,1}. Thus, when W =1, W =J — I or W = J. And also when W is the
weight matrix of a cyclic (connected) permutation. In all these cases, for each
order, all principal minors of W coincide, which is a necessary and sufficient
condition for the distribution of K,, , to be exchangeable. This is clear from the
development of |I — zUW/| in terms of all principal minors of W. <

2.3 Rearrangements from doubly non-negative weight ma-
trices

Let W be an arbitrary weight matrix with real non-negative entries and with
non-negative principal minors. With z, := z/a, we are interested in random

11



variables K, . with probability generating functions

T ko) (= zaW]\®
(ML) - (F=)
where o € {.., —2,-1}U(0,00) and z < a/nifa > 0orz > 0if o € {.., -2, —1}.
These random variables are well-defined for all « in the prescribed range and
infinitely divisible when o > 0. They correspond to occupancy a—distributions
arising from rearrangements with weight W. If W is in addition symmetric, then
W belongs to the class of doubly non-negative matrices.

For general doubly non-negative real-valued matrices, K,, . is well-defined
under P, where a varies in the announced range.

Factorial moments of K,, ..

Let kp, > 0, m = 1,..,n and {n}, :=n(n—-1)..(n—k+1), {n}, :== 1.
Define the factorial moments of K, . to be

fa (kn) == Eq (H { Ko,z (m)}km> :
m=1

‘We have

- I—ZQW| @ |I—ZQW‘ «
Eo Koomy | — (1= 2aWI T _
<71_—[1um ) <|f—2aUW| 11— 2aW =20 (U—-T) W]

—x

=([-w-nz2wa—zmt|) =@ -nw. )

Therefore, the factorial moments p, (k) of K,, . exist; they are given by the

Taylor coefficients in the variables [ _; (um — 1)*™ of the series expansion of

(I — (U —=1)W.,|)~* namely Pero (W., (ky)), where W, = 2o W (I — 2,W) ™"
is the resolvent matrix of W. If W has non-negative entries, so does W,
and therefore the factorial moments of K, ., namely Per, (W, (k,)) are non-
negative. If W is definite-positive with positive eigenvalues A,,, so does W,
with eigenvalues (zoAm) /(1 — 2aAm). For doubly non-negative weight matri-
ces, lo (k) are well defined for all « in the full range {..,—2, -1} U (0, c0).

Marginal distribution of K, . (m).
With U,, a diagonal matrix whose m x m entry is u.,,, all other diagonal
entries being 1, with z, := z/a, we have

EJMMWQZAJ;@EL _ |1~z W]
m ‘I—ZaUmW| |I—ZO(W—ZO¢ (Um _I) W|

—Q

- (‘1_(Um_1)zaW(I—zaW)*1D (I - U —-DW, )
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- (1 — (tm — 1) (Wza)mm)% = (11_pm)“

— PmUm
> 0, when « > 0, this is the distribution of a negative bi-

Wza)mim
T+(W.

o)m,m

Since (W)

m,m

nomial random variable with parameters (a, Pm = ) . Here p,, is

the success probability depending on z and a. When a € {..,—2,—1}, this
generating function is the one of a multinomial distribution with parameters
(—a,ﬂ'm =—-(W.,)
Bernoulli random variable takes the value 1.
Note from this analysis that in any case for «

) where 7, now is the probability that the underlying

m,m

k=K, (K, .) =« Z W) mm = tr(Ws,).
m=1

Joint distribution of (K, , (m1), K, , (m2)).

Let 1 < my < mg < n. With Uy, m, a diagonal matrix whose entries
my X myp and mg X mg are Um,, and u,,,, all other diagonal entries being 1, we
have

I—2z,W| ¢ _
Ea ( Ko,z (m1) K"’z(mZ)) = | @ = (|1 — mi,m -1 ”z “
uml umg ‘I _ ZaUml,yn2W| (| (U 1,Mm2 ) a|)

= 1= D (e =) (W) s, + Wy = 1) (i, — 1) [We, (ma,mo))]
ie{1,2}

where |[W,_ (m1,m2)| is the corresponding minor of W, _. From this, we get in
particular

Cova (Ko (m1) s Koz (2)) = & (W) g (Wer) gy = W (ma, o)

=« (Wza)

which is non-negative when W,_ (or W) is non-negative or when W, _ (or W) is

symmetric (in particular definite positive). When a > 0, (K, » (m1) , Ky, » (m2))

are positively correlated. Note that the above covariance decreases with o

and that Covy (Kp . (m1), Kp 2 (M2)) 7 0. In sharp contrast, when o €
[e% o0

mi,msa (H Za)mz,ml

{..,—2,—1}, these random variables are negatively correlated.

Limiting distribution of K,, ; when « / o0.
To the first order in «, the exponential-trace expression of the determinant

gives
n «
I—z,W]
E I I Ky .(m) — | (e}
o <m—1 m > <|I — ZQUW | a,/o0
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n
e—tr(zW)—H:r(zUW) — H e—Z(l—um)Wm,m.
m=1
This shows that asymptotically

d
- Pn,z

where P, ., = (Pn.(1),.., Py, (n)) are mutually independent Poisson dis-
tributed random variables with respective intensities zWp, ,,,, proportional to
the diagonal terms of W. This is the limiting Maxwell-Boltzmann distribution
for K, ..

Limit law of K,, ./x when x /" co.

Assume first @« = 1 and let z. := 1/p(W). Assume W differs from the
identity. Letting z := z. (1 —¢), xk = tr(W.) grows like ¢!, to the first order
in e. This is because kK = >} (2Am) / (1 — 2A,) where (Asy;m = 1,..,n) are the
eigenvalues of W with p (W) the largest (real) of these: this model does not
show up phase transition phenomena because k := k (z) is always divergent at
critical fugacity z..

Now, with s := (51, ..,5,)" and S :=diag(s)

L I—2z(1—¢)W|
E esmKn, . (m) ~ |
(He )e\() [T —2z.(1—¢€)(1—eS)W|

m=1

I — 2. W + ez W|
0 T = 2W + eze (I + S)W]|
Observing |I — z.W| = 0, the exponential-trace expansion of the determinant
gives in this singular case

|7 — 2. W + ez W] € tr (z.W - adj (I — z.W))

where adj(A) is the adjugate matrix of A. Thus

L tr (z.W -adj (I — z.W)) oo
E esmKn, - (m) —F SmXn(m) )
(H € )SO tr (1 + ) 2aW -adj (I — z.W)) I

m=1 m=1

This shows that asymptotically

K d
n,z 4, Xn
K K,/ 00

where the law of X,, := (X,, (1),.., X, (n)) is characterized by the above joint
Laplace-Stieltjes transform. Developing the traces, with (s, X,,) the scalar prod-
uct of s > 0 and X,,, we get more specifically

n -1
E (€7<S’X">) = (1 + Z Sm,“fm) = (1 + <S7/’l’n>)_1
m=1
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where p,, == (p11, -, fin) s fn = b/ >y bi and by, = (z.W - adj (I — ZCW))m’m,
m = 1,..,n are the diagonal terms of the matrix z.W-adj(I — 2.W). In any
case, it holds that > f1,,, = 1 so that >} X,, (m) has mean 1 exponential law.
The marginals of X,, are exponentially distributed with mean p,,. Note that,
unless some special conditions hold on W, the distributions of K,, , and X,, are
not exchangeable. The telling feature of X,,—law is that any linear non-negative
combination of its components remains exponentially distributed.
When « > 0, considering the model K,, . now under P,, similar arguments
would show that, with x = tr(WW,_)
Kn:

X
K &700 "

where the law of X,, is now a multivariate-gamma distribution given by

E (e*<s>xn>) = (1 + zn: smum> N = (14 (s, 1))

m=1

where p,, is now given in terms of the following b, :

b = (2ze,aW -adj (I — ZC7aW))m7m ,m=1,.,n

with z. o 1= 2./a. The latter Laplace-Stieltjes transform of X,, is well-defined
because for all s > 0, all A > 0, E (e‘MS’X")) , which is the Laplace-Stieltjes
transform of the positive scalar random variable (s, X,,), is a Bernstein (com-
pletely monotone) function, of gamma type. The general shape of the moment
generating function of a multivariate gamma random variable X,, is determi-
nantal such as: E (e’<s’x">) = |I + SM|™® for some admissible matrix M. In
our case, M takes the particular form: M = [u11,..,p,1] where 1: = (1,..,1)".
The spectrum of such matrices is {0, .. (n — 1) times..,0; ] pm = 1} with non-
negative real eigenvalues only; by Proposition 4.6 of Vere-Jones, [21], it gives a
well-defined Laplace-Stieltjes transform.

3 Combinatorics related to MacMahon Master
Theorem

In this Section, we shall develop some combinatorial aspects of the MacMahon
master theorem which are useful to our purposes. We shall let N ={0,1,2,..},
N.={1,2,..}.

We shall assume that W is an n X n non-negative weight matrix, with [W| =
det (W). We shall let PerW stand for the permanent of W. We recall that
k,=(ki,...k,) € N |k,| = k1 + .. + kp. u=(ug,..,u,) € [0,1]" and that
U =diag(u), I =Identity. Define W (ky,) to be the |k,| x |k, | matrix obtained

15



by repeating (removing and deleting) each W, ,,,» into a size k,, X ks block if
Em and k.- both positive (otherwise). Assuming that z € [0,1/p (W)), we have

I—2UW|h = Y sl Hu

k,, eNn m=1 m=1
L™
ko Um
= 3 Al ] P perw ()

k, €N m=1 """
nkm
m

_ }: lkn HT }: HWmUlmlm)
k,, EN" m=1 " oeS(kn) Mylm

where, if o (m, 1) = (M), ly =1, . kp, m = 1,..,n, o1 (m, 1) = m’ gives
the type of the image of particle [,, in the class m. In the formulae displayed
above, the first identity is due to Mac-Mahon (see Comtet, [8], for a short proof).
It took some time to realize that the Taylor coefficients in u of the above expres-
sion can in fact be identified to the permanent of W (k,,) which is the content
of the subsequent expressions (see [21] and [22] for historical remarks and back-
ground).

Remark. If W is diagonal, with positive diagonal entries (A, m = 1,..,n),
one can check that PerW (k) =[] _; (km!Afm) so that, as required
n

II— ZUW|_1 = Z (k| H u m/\k = H ( Zum/\m)_l' <&

k, eNn m=1

Let « > 0 or @« € {—1,-2,...}. Let cyc(o) be the number of cycles in
o € S(ky). Then

nokm
—2uw| ™= 3 2T Zm'PeraW(kn)
k, €Nn m=1 "
ool TT " ()
— n m cyc(o
> A X LI Wonormton
k, eNn m=1 """ seS(kn) Myl
b o b 1\ e l—eve(o)
= S @ Y (3) T T W
k,EN" m=1""" 5eS(k,) Myl
Thus,
_ n : [kn|—cyc(o)
z @ K, ukm 1
‘I* aUW = Z‘ | H Tl Z (0&) H Wm,ol(m,lm)
k, €ENn m=1""" 5eS(k,) m,lm
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and

z -« 1
]1 - —UW‘ = .
a 1-(1-|I-20wW|")
with
5 a bl 1y ukp _ 1)\ [kl —eve(o)
1—’I—EUW‘ = > I X (a) T Wonotmton)-
k, eN” m=1 """ 5eS(kn) Myl

Further, with ‘tr’ standing for trace, the weight function

0 — Wqy (0’) = acyC(J) H Wm,al(m,lm)

mylm

being multiplicative (equal to the product of the weights over the connected
components of o)

z 1\Ft 2k
—alog ‘I - aUVV’ =3 (a> —tr ({UW}’“) -

k>1

1 [knl—1
Z <Oé) H Wm,ol(m,lm)

ceSc(kn) Myl

n K,
‘kn‘ umn
k.|

m=1

Kk, eN? m:*

where S, (ky,) is the subset of connected permutations o from S (k,,), satisfying
cyc (o) =1 and o (n,k,) = (1,1). Thus

0 [kn|—1
[zkn 11 Zm'l {~atog|r-Zvw|} = Y (;) 1T Worortma
m=1 "

G’GSC(kn) Mylm

involves cyclic weight products []" _, Hi:::l W01 (miln)s Since o € Se(kp)
with o1 (n, k,) = 1. In particular,

n Ufnm
lzlknl ]:[1 km'] {~log|T—2UW[}= Y]] Woitminm) = w1 (Se (kn)).

O'ESc(kn) m,lm

If in particular o = —1, then
n k
- kn, Um" [kn|—cye(o)
|7+ z2UW| = Z Zlknl H Tm' Z (-1) Y H Wino1 (mlm)
k,, eN" m=1 oGS(kn) Myl
where

k., |—cyc(o
Z (_1)| |—cyc(o) H Wonor (mitn) = W (Kn)|

UES(kn) m,lm
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which is null unless k, € {0,1}". Thus, with |W ({m1,..,m,})| a principal
minor of W

n p
|I+ZUW‘ =1—|—ZZP Z Humq |W({m1"'7ml)})|'

p=1 1<mi<..<mp<ng=1

Note that

n

1= |I—2UW[=) (1)’ > I wm, W ({ma,..omy 3|

p=1 1<m<..<mp<nq=1

so that
1

1— (11— 20W))

From these combinatorial developments, it is clear (from positivity of in-
duced probabilities) that if W is definite non-negative, the occupancies K,, ,
are well-defined under P, for all @ > 0 and infinitely divisible. If in addition W
is definite non-negative, all principal minors of W are non-negative and so K, .
are well-defined under P, for all « € {..,—2,—1}. For more on permanents,
determinants, MacMahon master theorem and the like, see [19], [2], [7], [21],
[22] and [5].

I —UW| " =

4 Doubly non-negative and infinitely divisible
weight matrices. Spatially extended boxes.

Recall a weight matrix which is both non-negative and non-negative definite is
doubly non-negative matrix. As underlined before, doubly non-negative weight
matrices play a special role in our occupancy problems.

A probabilitic construction of doubly non-negative weight matri-
ces.

Let us first give a systematic construction which generates doubly non-
negative matrices. In the process, we shall obtain the spatially extended system
on the real line discussed in the introduction.

Let (X1, X2) be a pair of iid random variables on R with a density, say ¢ (z).

Consider the random variable X = X; — X5. Its density, say f (z), exists and
v v

is given by f (z) = ¢* ¢ (x), x € R, where ¢ (z) := ¢ (—z) and * stands for

convolution. Clearly f (z) = f (—z) and f is symmetric. Let ® (i\) = E (e/**1)

be the common characteristic function of both X; and X,. Then |® (iA)]* is

the (real) Fourier transform of f (x) or the characteristic function of X. Clearly

g(A) = 5= [® (i) |> > 0 for almost all A and since f is continuous and integrable,
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by Bochner theorem, f is definite non-negative in that, for all integer n, all real
numbers x := (T, m=1,..,n) and all z € C" : 2’ [f (), — Tp)] 2 > 0. In this
interpretation, the function g (\) should be regarded as the integrable spectral
density associated to the correlation function f. Here, [f (2, — @y )] is the nxn
square matrix whose (m,m’) entry is f (2, — Tmy). Assuming W = [Wi, ]
and Wy, = f (£m — Tpm), then the weight matrix is doubly non-negative. It
should be emphasized that strictly speaking, W = W (x), now is a function of
x. Note also that this construction yields a correlation function which is also
a probability density function so that total mass of f is 1, which is purely
arbitrary.

Let 9 () > 0 be any non-negative function on R. Then, with W, ,,, =
Y (@m) [ (@m — 2m) Y (), W = [Wyy, ] is diagonally congruent to the latter
and so is also doubly non-negative. Clearly, its entries are indeed non negative
and definite positiveness is preserved under congruence. If ¢ (z) = C' > 0, this
constant can be used to readjust the mass of f if needed.

Remarks.

(7) Let P be the permutation matrix which maps the indices of (z,,,m = 1,..,n)
into the ones of —o0 < 21 < .. <z, < oo where now the z,, are ordered on the
real line. By considering instead the novel congruent weight matrix P'W P, we
can assume, without loss of generality, that Wi, 1 = ¥ (2) f (2 — ) ¥ ()
where the x,, are ordered. Note that in this construction, a particle is attached
to box number m if and only if it stands at m—th position z,, on the real line.
In this context, Hy, p 1= —log Wy, npy is now the energy required to move a
particle from site x,, to site x,,.

(1) let w, be a (stationary) white noise (d—correlated) process, indexed by
x € R. Let z; := (¢ xw), where ¢ is as above. Then z,, x € R, is a stationary

process whose correlation function is Cov [z4 2z 42] = f (x) = ¢x (\; ().

(#i1) Assume both (X7, X5) have common law supported by (0,00) in the
above construction. Then, it can be checked that f (z) = h(|x|) where h(2) =
foo¢(y+2) 0 (y)dy, z> 0.

(iv) Assume both (X7, X2) have symmetric common law supported by R.
Then f(z) = ¢*? and E (¢"**) is real. A given f belongs to this class if it is
2—divisible on R. Note that f (x) = h(|z|) where h(z) = [, ¢ (2 —y) ¢ (y) dy,
z > 0.

(v) Exploiting this Fourier isomorphism on integrable positive functions,
reversing the role played by ‘space’ x and wave number A, we conclude that
f(z)=5|® (iz)|? is a correlation function whose associated spectral measure

s g(A) = % 6 (\), \ER. O

Examples. (i) Let ¢ (z) = e ®1 (2 > 0). Then, f(z) = e 1*l/2, 2 € R,
is a continuous integrable correlation function with spectral density g (\) =
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1/ [7r (1+)\2)]. For all n and -0 < z; < .. < x, < oo, the matrix W =

[e*”m*zm"] has the required properties. Let ¢ (z) = e”. Then, with W, py =

ePme|Tm =2 leTn = min (e2*m, e*®m’ ), W = [Wy,,m/] also has the required

properties. Specifying x,, to z,, = (logm) /2, the matrix with entries min (m, m’)
has the required properties. Putting ¢, = e*m, W := [min (¢,,, t,,/)] has the re-

quired property where we recognize the correlation kernel of standard Brownian

motion on R,.

(73) Let ¢ (z) = \/%76_3”2/2, z eR.
Then g(\) = 5=e~*", showing that f(z) = ¢ (z) = [pe g (\)d) =

7 e=®/4 xR

(i7i) Assume ¢ (z) = exp [— (z + e~*)] so that X; has Gumbel density on R.
One can check that f(z) = 1/[2(1 + cosh (z))]. We have ® (iA) = I'(1 —i))
and g (\) :=|T (1 —4\)|*/ (27) = A/2sinh (M)

More generally, let 8 > 0 and assume now ¢ () = exp [— (Bz + e~ *)] on R.
Then, with B (.,.) the Euler beta function, f () = [1/2 (cosh, (z/2))*° /B (8, 3).
We have @ (i\) = T' (8 —i)) /T (8) and g (\) :== [ (8 — i\)|* / (27).

Specifying 8 = 1/2, we obtain

f(x)=1/(2mcosh (z/2)) and g (\) =1/ [27 cosh (7\)].

This shows that the pair f (z) = 1/cosh (z) and g (\) = 1/ cosh (7)/2) is ad-
missible. Thus W, ;s = 1/ cosh (2, — T’ ) but also

Winm = €*me" [ [2cosh (Tp, — xm/)] =1/ (e—mm + 6—2%,)

is doubly non-negative. Assuming a lattice case x,, = (—logm) /2, the Cauchy
matrix with entries 1/ (m + m') has the required properties.

(tv) Assume f (z) = Me’mv, z € R, v € (0,1]. The above construc-
tion could apply if, in partlcular one could prove that there is a ¢ supported
by (0,00) such that W = [ ¢ (+2)¢(y)dy, = > 0. But, unless
~v = 1, this is not the case. In fact, in this case, there is a symmetric ¢ such that
f(z) < e 1#I” = ¢*2. ¢ is characterized by 2 fooo cos (\z) ¢ (z) do = [2mg (A)]/?
where g () is a symmetric stable(vy) density (see Feller, [10], page 583, for an
expression). Indeed, f (z) is a symmetric distribution whose density restricted

o (0,00), namely fi (z) = mefﬁ, xz € Ry, v € (0,1), is completely
monotone. By theorem 10.1 page 202 of Steutel, van Harn, [20], f (z) is in-
finitely divisible so that, for k£ integer, there is a probability density ¢, on R
such that f = qﬁ,*ck. The above claim follows from this with & = 2.

However, it is not necessary to prove this to conclude that f (z) (even When

€ (0,2]) is indeed a correlation function because g(\) 1= 5= [o e f (z
is a stable (strictly positive) density with shape parameter ~ and so is > O for
almost all \.
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(v) Assume ¢ (z) = 1 (x € [0,1]). Then, f(z) = (1 — |z|)1 (z € [-1,1]) and
. 2
g(\) = = (Sm A/2) is an admissible pair. Note that 1 (z € [0,1]) is not itself

27 A/2
a correlation function as its Fourier transform, which is %% isnot > 0. O

The set of doubly non-negative correlation functions forms a closed cone
as this property is preserved under convex linear combinations and point-wise
products and if a sequence (fx;k > 1) of such correlation functions converges,
then the limit remains doubly non-negative.

If f; and f5 are 2 doubly non-negative correlation functions with associated
weight matrices W; = [f; (€ — Zm)], © = 1,2, then the weight matrix W
associated to f = fi- fo is W = W 0W; where o stands for Hadamard (or Schur)
entry-wise product. The Hadamard product of doubly non-negative matrices
indeed is a doubly non-negative matrix.

Fix 1 < m; < .. < mp < n a subsequence of length p from {1,..,n}.
Considering the principal sub-matrices W ({mq,..,m,}) of W, we get a sub-
matrix of the same type as the original one. This is useful in the computation
of |W ({mu,..,m;})| since this can be read from the one of |W|. For instance,

it W= [(e“’” + e*m )71}, it has been known since Cauchy that
’ m 2
o H1§m<m'§n (efm’ —e*m)

= H1Sm<mlgn (ea;m/ + ewrn) .

(W

From this, we immediately get
Tm 4 Tom 2
_ H15q<q/§p (e T ¢ q)

W ({m1,...,mp})| =
W ({ DI Moeyre, (¢

Tm

a + e”“”Q) '

Infinitely divisible weight matrices.

We shall briefly discuss here conditions under which raising W to the power
B (in some sense) gives birth to a family of doubly non-negative matrices for all
6> 0.

e Let H be anxn symmetric matrix. With 8 > 0, consider the weight matrix
Wg = e PH . For all 3 > 0, this weight matrix is definite non-negative (eigen-
values are real and non-negative) but, unless some extraordinary circumstances,
its off-diagonal entries have no reason to be non-negative, even if W = e~ were
chosen so as to have itself non-negative entries. A question could be: which are
the doubly non-negative weight matrices W whose g—powers remain doubly
non-negative for all 5 > 07 Preserving positive definiteness and entry-wise pos-
itivity of (standard) S—powers together is a very rare combination and very
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much basis-dependent. We now turn to a related question which is more mean-
ingful in our context.

e Let W be a doubly non-negative weight matrix. With 8 > 0, let W°? be
the Hadamard S—power of W, with entries (Woﬁ)mym, = thm,. This new
matrix has non-negative entries and, in any case, when 3 > (. := n—2 it remains
definite non-negative (see Fitzgerald and Horn, [11]). However (when n > 3),
only under some peculiar circumstances is it still a non-negative definite matrix
for all 8 > 0 (although by Schur theorem it always is when [ is an integer).
Doubly non-negative matrices whose Hadamard S—powers remain doubly non-
negative for all 8 > 0 are called infinitely divisible (ID) matrices (see Bhatia,
[3]). The Schur product of infinitely divisible matrices yields a novel infinitely
divisible matrix. Examples of infinitely divisible matrices are

Wt = (€5 + )1 T (%™ 4 e 4+ 1) /[T (e + 1) T (e +1)],

-1
_ 1
max (%™, ¢®n’) "' = min (e=®m,e~"m"), cosh (2 (T — xmf)) )

exp [~ |Tm — || and more generally exp [— |2, — Zp|”] for v € (0,2].

where —oco < 1 <25 < .. <z, < 0.
In some (stationary) cases, the correlation kernel W, v = W (2, T ) only
depends on the difference of (2, Tim).

Remark.

In the above language to construct doubly non-negative weight matrices W
from positive correlation functions f, it can be checked directly that W is in-
finitely divisible if and only if f (x)ﬁ remains a correlation function for all § > 0
which clearly is the case for the examples displayed above. If the correlation
function f fulfills this property, then, considering its spectral density g (\), for
each integer k, there is a spectral measure g (A) such that g = gzk. In this
context, infinite divisibility is the eventual property of the spectral density. <

For such infinitely-divisible doubly non-negative matrices (with strictly pos-
itive entries), the Hadamard logarithm of W, defined by

H = [Hm,m/] and Hm,m’ = *log Wm,m/7

satisfies z’Hz < 0 for all z € C" such that Y _| z,, = 0; the ‘energy’ matrix
H is said to be conditionally definite non-positive. The converse is also true:
conditional definite non-positivity of H implies infinite divisibility of W = e=°H
(see Loewner, [18]).

Further, H is conditionally definite non-positive if and only if the (n — 1) x
(n — 1) matrix A with entries

/
Anb,m’ = HnL,m’ + Hm+1,m’+1 - Hm,nL’-‘rl - HnL-l—l,m’y m,m € {L -y I — 1}
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is definite non-positive (z’Hz < 0 for all z € C").

Example.

The matrix Wi, s = exp [|Zm|” + |Zm/|” — |2m — zms|"] is ID because it is
congruent to an ID matrix when 7 € (0,2]. Therefore —H,y, 1 = log Wi, s =
|Tm|” + |Zm|” = |Tm — Tmr|” is conditionally definite non-negative. In the lat-
ter expression, we can recognize the correlation kernel of fractional Brownian
motion with Hurst exponent /2.

| 0l

A block-diagonal matrix whose Jordan blocks are individually infinitely di-
visible is globally infinitely divisible. So is a matrix which be brought into this
form after a simultaneous permutation of its rows and columns. O

Assume particles can only be placed in boxes in the positions —oo < z1 <
T2 < .. < x, < oo on the real line. In this setting, the box number of a particle
is the index of its position on R and the model is spatially extended. Let W°8
with W = e~°H infinitely divisible where H,, ;s = H (T, Tm/) are, say, as in
the previous examples. For such matrices W, for all « € (0,00], >0

L |1 — za WP “
E, (H ugn,z(m)> — <a>
- [T — 2o, UWoB]
m=1

is the probability generating function of a well-defined infinitely divisible random
vector corresponding to box occupancies associated to W°?. When o = 1 (Bose-
Einstein statistics), it addresses the problem of computing the grand-canonical
weight of the configurations obtained by rearranging an average number Kk =
Kk (z) of multi-type particles when the weight associated to transition m to m’
at ‘temperature’ 1/8 > 0 is e PHmm  The probability of these configurations
follows next upon normalizing. Since for all § > 0, W°? has all its minors
non-negative, it is also the probability generating function of a well-defined
generalized multinomial random variable when o € {.., =2, —1} . We note that,
since W° is definite non-negative

|1 — 2 U = ]1 - zaUl/ZW"ﬁUl/z‘_a = T @ - zadoms ()~

m=1

where A, g (u), m = 1,..,n are the real non-negative eigenvalues of U'/2W°A{71/2
which is congruent to W°? and definite non-negative for all u € [0,1]" . There-
fore, with A, 5 := Am 5 (1) the eigenvalues of W°°

n T— WP " 12 -
E Kn,z(m) _ } [ _ a’\m,[3 .
" (,ﬂ o ) (II o) ~ G

m=1

This shows that the probability generating function of K,, ., under P, can be
factorized. As a very particular (interaction-free) example, if 0 < 27 < x5 < .. <

23



xn < 1l and if W = diag(x1, .., x,), then H = diag(ey, .., €,) with €, = —log z,,
0<e, <..<¢€ and

SOt N B LA UG N O B e
Ea <H um > - <|I—ZQUWOB| - H 1_Zaume_ﬁem

m=1 m=1

with independent negative binomial factors. In particular, if « > 0

n n
_ a (Oz)km _
Pa (Kn,z = kn) - H (1 — Zq€ ﬁem) . Z(‘]k"‘ H Tl (& 6kmém7 kn c Nn
m=1 m=1 m
which favors states with lower energy. This model is familiar in occupancy prob-
lems of discretized energy levels.
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