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HEAT KERNEL AND GREEN FUNCTION
ESTIMATES ON AFFINE BUILDINGS OF TYPE A4,

JEAN-PHILIPPE ANKER, BRUNO SCHAPIRA, AND BARTOSZ TROJAN

ABSTRACT. We obtain a global estimate of the transition density p™(0,z) as-
sociated to a nearest neighbor random walk, called here ”simple”, on affine
buildings of type A,. Then we deduce a global estimate of the Green func-
tion. This is the analogue of a result on Riemannian symmetric spaces of the
noncompact type.

Key words: random walk, affine building, transition density, global estimate,
Green’s function.

A.M.S. classification: Primary: 42C05; 51E24; 60B15; 60J10.
Secondary: 31C12; 31C35; 33C52; 33E50; 60J45; 60J50.

1. INTRODUCTION

This work is meant as a first attempt to understand the full behavior of random
walks on affine buildings of higher rank. Such a study was carried out by Lalley
(see [[], id] and the report in [[LJ]) for rather general random walks on rank one
buildings i.e. homogeneous trees, and by the first author (in the joint works [ﬂ],
1B, [@]) for the heat diffusion on a general Riemannian symmetric space of the
noncompact type, which is a continuous counterpart of the present discrete setting.
Apart from its own interest, this information is pivotal for further study. For
instance, in potential theory, it is used to estimate the Green’s function and to
describe the Martin boundary. It will also be used in to study the asymptotic
behavior of normalized bridges.

Our paper deals with a simple higher rank case. We consider buildings of type
ZT, which are known to be most simple among affine buildings, and a particular
random walk to the nearest neighbors, that we shall call “simple”. This random
walk, actually its Fourier transform, satisfies a “magic” combinatorial formula,
which is technically very helpful. Our main result is a global upper bound for the
transition density p™(zx,y), which is also a lower bound, at least when n — d(z,y)
is large enough. As a consequence, we get the same upper and lower bound for
the Green function, away from the diagonal. In rank one, we recover in a simpler
way the main result of Lalley [E], specialized to the simple random walk (see [ﬂ] for
more details).

Our method consists in analyzing carefully the transition density, using the in-
verse Fourier transform. Recall that Fourier analysis was developed in the seven-
ties by Macdonald [@] for p—adic like buildings. It was resumed recently, first by
Cartwright [§] for affine buildings of type A, and next by Parkinson (L3, )
in the general case. Notice that these authors used it already to study isotropic
random walks ([, [1J], [L4]). They obtained in particular local and central limit
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HEAT KERNEL AND GREEN FUNCTION ESTIMATES 2

theorem i.e. the asymptotics of the transition densities p™(x,y) when n — 400 and
x,y remain fixed.

Our paper is organized as follows. In Section 2, we recall the setting of our study
and specify the basic objects involved: affine buildings (of type /L), the (inverse)
Fourier transform and the “simple” random walk on these spaces. Section 3 is
devoted to the rank 2 case, which is typical of the higher rank case and which is
easier to deal with first. In this case, our method works in fact for any isotropic
nearest neighbor random walk. Moreover we obtain the same upper and lower
bound for p™(z,0) in the full range |z| < n. Section 4 deals with the general case.
The result is similar, except that the lower bound is not shown to hold in the range
n— C < |z| < n, where C is some positive constant (possibly large). In Section 5,
we deduce sharp estimates (same upper and lower bound) for the Green function,
at or above the bottom of the (% spectrum.

2. PRELIMINARIES

2.1. Root system. Let R be a root system of type A, in a real vector space a. Let
ac = a+ ia be the complexification of a, equipped with its inner product (-,-). We
shall briefly introduce some standard notation (for more details see e.g [B]) First
let RT be a choice of positive roots. Let {aq,...,a,} be the set of simple roots.
We denote by ay the associated positive Weyl chamber and by @ its closure. Let
{M,..., A} be the set of fundamental weights. Let P = >_'_, Z); be the lattice
of weights. Let Pt be the subset of dominant weights, i.e. which lie in @ and
let Pt be the subset of strictly dominant weights i.e., those which lie in a;. Let
Q = Y_i_; Za; be the lattice of roots. The lattice P is the set of vertices of a
simplicial complex, which is called the Coxeter complex. We denote by W the
Weyl group and by W the extended affine Weyl group (see e.g [E]) For a € R, let

oV = ﬁa be the coroot associated to . We have

% Z CYV = i)\l
i=1

a€ER*

Let ¢ > 2 be an integer. We can define ¢,, for all w € W. Then if ty € W is the
translation by ), we have (see e.g. [[4])

th — qz aeRt <)‘10‘> .

If A\ € P*, we denote by Wy, the stabilizer of A\ under the action of Wy. If
A=>""_ ni\;, with n; € N for all 4, we denote by |[A| = >_!_; n; the length of A.
Eventually, the function 7 is defined on P by

) =[] @".».

a€ERT
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2.2. The symmetric Macdonald polynomials. The Weyl denominator A and
the functions ¢ and b are defined respectively, for z € ac, by
(a\/,z> a\/,z>
A = T 5 -,
aeRt
1— q71€7<av,z>
C(Z> - H 1— e_<a\/,z> ’

a€RT

N :A b _Z::1<)‘i7z>.

STy = M)

In particular, |b(i0 + s)| is bounded above and below by a fixed strictly positive
constant, for (0, s) € ia x ay. The symmetric Macdonald polynomial is defined (see

12, [[4) for A € P* and 2 € ac by

_1
G, Aw-2)
(1) Pr(z) = 25 D c(w-z)e™e,
WO (q ) weWp
where - denotes the action of Wy on ac. Moreover, for the root systems of type A,
we have

11
2) Py (2)=qi, ~— > e

Mxi W,
We define the function h for z € ac by

h(z):i Z e,

i=1 AEWp-\;

2.3. Affine building and averaging operators. An affine building (see [@] or
) of type A, is a nonempty simplicial complex containing subcomplexes called
apartments such that:

e Each apartment is isomorphic (see [B]) to the Coxeter complex.

e Given two chambers (simplices of maximal dimension) there is an apart-
ment containing both.

e Given two apartments that contain at least a common chamber, there exists
a unique isomorphism between them, which fixes pointwise their intersec-
tion.

The building will be assumed to be regular. By definition this means that given
any chamber C and any face F (simplex of codimension 1) of C, the cardinality of
the set of chambers different from C' and containing F' is independent of C' and F,
and is equal to ¢. We denote by X the set of vertices (simplices of dimension 1) of
the building. Observe for instance, that if » = 1, the building is a tree such that
each vertex has g + 1 neighbors.

We fix a vertex 0 called the origin, an apartment Ay containing 0, and a chamber
Cp of Ag containing 0. We can identify the set of vertices of Ay with the elements
of the weight lattice P. Then we can identify PT with a subset of Ay containing
the vertices of Cp. This subset is denoted by Af. Now given = € X, there exists
an apartment containing Cy and x. There is also an isomorphism between this
apartment and Ag fixing Cy. The image of = by this isomorphism has a unique
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conjugate by the Weyl group Wy which lies in Aar . This conjugate is called the
radial part or coordinate of x and is identified with an element of PT.

For A\ € P*, we denote by V3(0) the sphere of radius A around 0, which by
definition is the set of vertices in the building with radial part equal to A. Its
cardinality is denoted by Ny = [V} (O)|. Then we have (see [ff])

Wo(g™")
Ny = ——%q,,
A WOA (qil) Qt)\
where V(¢71) = Y oy ¢! for all subgroups V of Wy. For z € Vy(O) we set
|z| = || and T = X. We set also z; = («a;, A) for all i < r.

By A we denote the algebra of averaging symmetric operators on X. It was
proved in [ that A is a commutative algebra generated by the operators

Mf@ =5 X ). =1

A.
7 yeVa; (0)

where f is a complex-valued function on X. Consider [?(X) with a natural scalar
product

(f.9)=>_ fa)g(=).
reX
Then the closure A is a commutative C*-algebra. Moreover, A is isometrically
isomorphic to the algebra of Wy-invariant continuous functions on
U={fecal|foralla e R, (o,0) <7},

and the Gelfand map is given by

—

A; =Py,

We observe here that U is Wy-invariant and a fundamental domain for the action
of the lattice 2@ on a. Eventually, for A € A we have the inversion formula

CWola™) [ s df
A, (@) = =3 [ A0) 550

for z,y € X and y € Vy, ().

2.4. The simple random walk. This is defined as the Markov chain on X, with
transition probabilities given by

i, ifye V(o
p(x’y) — thi P Yy 'A’L( )
0 otherwise,

where

1
r -1 ’
Zi:1 qtkj Ny,

Let also p = ph(0) be the associated spectral radius. For example for the tree, i.e.

p:

the 1211 case, we have p = z_%. In the case /12 we have

3q

P= T
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and in the case 1213,
144>
1+ +q+1)+2g3(q+ 1)]

ﬁ:

2.5. The function Fy. It is defined on P+ by
Fy(A) = PA(0).

The following Proposition is the analogue of a result obtained in [m] and generalized
in [@]

Proposition 2.1. In PT,

_1
Q R =gyt T] (4 (0¥, ).
aeRt
Moreover,
(4) Fy(A\) ~ 2const - W(A)q;%.

when (o, \) — +oo, for all « € RT.

Proof. First we multiply () by 7(if) removing the singularities of the c-function,
and then we apply the operator 7(—id)|,_,. Since the left hand side is equal to
Fy(A\) up to a constant, we get

a2 Fo(N) = p(\),

where p is a polynomial in coordinates of A with highest order term proportional
to 7(\). This proves (f]) and () away from the walls. Next we extend our estimate
along the walls by using a local Harnack principle. This is obtained immediately
by using that Fp is an eigenfunction of the averaging operators:

Y plzyFo®m) = polWo - Ml Fo(@),
yeVy, (z)

forallz € X and all ¢ < r. O

3. HEAT KERNEL ESTIMATES: THE CASE /12

Let n € Nand 2 € V) (O). Let ag = oy + aa. We set 6 = %H()\—i—)\l + Az). For
i=0,1,2 we put §; = (d, ;). Let

6(8) = minfu € @y | log h(u) — (5, u)}.
The main goal of this section is to prove

Theorem 3.1. The following estimate
1

\/n2(1 — 50)(1 — 51)(1 — 52)7

1
(5) P"(0,3) = —p"e" O Fy (7)
holds uniformly on the set {|z| <n —1}.

Live say that f < g, when there exists a constant C' > 0 such that, ég()\) < f(A) < Cg(A) for

all A

2we say that f ~ g, when L.

g
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We will see that the function e?(®) is bounded. Thus the exponent n in the
theorem can be replaced by n + 2, which appears more naturally in the proof. The
next theorem gives a more precise statement of the estimate at the boundary of the
domain. We adopt the following notation for the binomial coeflicients:

n!

i = Kl(n — k)’

Theorem 3.2. Let K > 0. Then
(6) p"(0,2) = n(pg™ )" Cr L, g
uniformly in the set {n > |x| > n— K}, where d = n — |z|.

Note 3.1. When n—x1Vxy < K’ for some fized constant K' > 0, then the estimate
becomes
p"(0,2) < (pg~")"nin Vet
Remark 3.1. Here is the corresponding result for the tree (cf [ﬂ]) In this case we
can give an explicit formula of the function ¢ appearing in the estimate. In fact we
have
||

ny/n — |x|

@(6) = %{(1 +0)log(1+0)+ (1L —9)log(l—19)}.

_ =l
pn(o’x) = n¢(6)q 2

)

where

3.1. Proof: the beginning. If § = 010 + 0202, we set |0 = max{|61],|02|}.
We say that a weight is away from a wall, when its distance to the wall is larger
than some fixed constant (which will be determined in the proof). We denote by
C a constant whose value may change from line to line.

We begin by some elementary transformations of p™ (O, z). First, by using (E),
we get

1 1 " do
n - “P\,(i0) + = Py, (i0) )| Pr(i0) —e—
o) =C [ (3P4 5p0) P G
a0
ZCp"/ B (i6) Py (i0) — 20—
e
Next by (i) and the Wo-invariance of h, we get
(1) p(0,2) = Cpg;. / B (i) 1 02 M+32) A (i0)b(36) dD.
U

Now we make two elementary observations. First
(8) h+2:(1+e)\1)(1+67/\2)(1+6/\27)\1).

Moreover, we have the following lemma, whose proof is left to the reader (see also
Section E for a more general result).

Lemma 3.1.
7(O)[h" T3] = (n+3)(n +2)(n+1) {Z—ﬁh + 2] R"A.

The idea now is to use Lemma B.1 and integrate by parts in ([f). This will be
done in two different ways, depending on if || < & or if |z| > §. We notice that
the factor % plays no role here, and could be replaced by 1 —n for any n € (0,1).



HEAT KERNEL AND GREEN FUNCTION ESTIMATES 7

3.2. The case when |z| < §. We consider the function

n+3
q"(z) = ——~
(n+1)p
By Lemma @, after an integration by parts we get the expression

PO, 2) + 2p" (0, 2).

¢"(zr) =C P,

(n+3)(n+2)(n+1)
Now we make the change of variables 16 — 6 + s for some s € a; whose value will
be specified in the sequel, and we find

/h”+3(i9)7r(8) e—i(B,)\+>\1+)\2)b(Z~9):| de.
U

pnqt—%e—uﬂlﬂz,s)
i A

() =
@ = S m )T D)
Moreover b(if + s) and all its derivatives are bounded functions of (0, s) € U x a;.
Thus for x or X sufficiently away from the walls,

/ B30 4 5)m(@)[e =1 OA+ M+ big 4 )]do.
U

1
pnthZ 67<A+A1+A2,S>ﬂ.()\+)\1+/\2)

q"(x) =0 P (D (D)
X [i h"F3(i0 + s)e =1 @AM AT b (360 + 5)df + lower order terms.

3.3. The case when |z > %. In this case ¢" and p" are not anymore comparable.
However, when A is sufficiently away from the wall {a; — ag = 0}, then it results
from (§) and our choice of s in the next subsection (see also Remark B.2), that at

. . 1 .
least for n sufficiently large, the function 6 — T hGet 12 does not vanish on U.
Thus after an integration by parts in (ﬁ)7 we see that for A away from the walls

{ag =0} and {1 — a2 = 0},

prap e PP (A 4 A 4 M)
(n+3)(n+2)(n+1)

p*(0,2) = C

X / A3 (00 4 5)eTHOATMAA) (b 41y (i6 + 5)d6),
U
b et(A A1 +A2) i . .
where b; = W and by = mﬂ(@)[ble (A1 +)\2)] — by is the remainder.

3.4. Choice of s and the stationary phase method. In the preceding subsec-
tions we have seen that ¢"(z), in the range |z| < %, and p"(0,z), in the range
|z| > %, were comparable for A away from the walls to

W20 4+ 5) b

©) A J, ) o
with

ate s ()

Cln,2) = —

)

and b equal to hb or h(by + bs) respectively if |z| < 5 orif [z| > &. Now we choose
the shift s according to the stationary phase method, i.e. as a solution in a; of the
equation

(10) Y(s) = 4.
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Solving such an equation is classical. We consider the function ¢° : u + log h(u) —
(0,u) on a. Since |§| < 1 (by hypothesis |z| < n), this function tends to infinity
when |u| — +o00. Moreover, h is Wy-invariant, and (4, ) is maximal when u € a;.
Thus ¢° attains its minimum in @1 at some point s = s(§), which satisfies equation
([L). Without loss of generality, we will assume in the sequel that (A1, s) > (A2, ).
The following lemma collects some properties of s.

Lemma 3.2. (1) The condition (A1, 8) > (A2, s) implies 61 > 2.
(2) The function ¢° is strictly convex, thus s is the unique point where it attains
its minimum, and 6 — s is continuous on {|§| < 1}.
(3) When |6] — 1, |s| — +oo, where |s| is the Euclidean norm of s. More
precisely, when |0 — 1,
R ,
ePemhs) = -2 4 (e P2,
01
e P2sh 1 — 4]
(4) We have s = 0 if, and only if, 6 = 0. When §; — 62 — 0, then
<>\2 — A175> = 51 — 52.
Proof. Equation (E) is equivalent to the system

(11) sinh <)\1,s>+sinh <>\1 7A2,S> = 51h
sinh <)\2, S> — sinh <>\1 — AQ, S> = 52h

The first statement follows since sinh is increasing and has the same sign than its
argument. The convexity of ¢° comes from a more general result: assume that
h=73%, e is a sum of exponentials. Then the second order derivative d?¢S of ¢°
at some point u € a is given by

hd*h — |Vh|? 1 (AN
248 _ _ V2N )
d ¢u h2 (U) h2 (U) )\;/ [)\ )\] € ?

which implies that d?¢? is positive definite. Thus ¢° is strictly convex. The second
point follows immediately. By adding the both equations of ), and because
sinh < cosh, we see that |s| — oo when |§| — 1. Multiplying by e~(*1:*) in both
side of the first equation gives immediately the asymptotic of e{*2=21:5) Doing the
same in the sum of the two equations gives the asymptotic of e~ *>*). By doing
now the difference between them, we obtain in the same way the last point. The
assertion that s = 0 if, and only if, § = 0 is straightforward. This concludes the
proof of the lemma. O

Remark 3.2.

(1) As announced, the estimates of the lemma show that the function e?(®) =
h(s)e=®) in (f) is bounded.

(2) The last point of the lemma implies that (1 + ef*2=*:#+5)) is larger (up to
a constant) than §; — d, for any 6 € U. Thus, thanks to Formula (f), we
see that for n and (@1 — ag, A) large enough, Zﬁh + 2 does not vanish in

U. This justifies our assumption of section @

We consider now the phase function

(12) F2(0) = log h(if 4 s) — log h(s) — i (6, 6)
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which is well defined at least in a small neighborhood of 0, independent of s (or ¢).
By our choice of s, F°(0) = 0 and VF?(0) = 0. The next lemma gives a much more
precise result on the behavior of F% near 0. Let RF® and SF? denote respectively
the real and imaginary part of F?.

Lemma 3.3. There exists two constants € > 0 and C' > 0 such that,
RE?(0) = —qs(6), and |SF°(0)] < C10]scas(6),
uniformly for |0|eo < € and |6 < 1, where
gs(0) = eP27A (A — A9, 0)% + e 2 (Xg,0)%
Proof. Since F%(0) = 0 and VF%(0) = 0, we see that for all § € U, there exists
¢’ € U such that |0'|s < |0 and
F2(0) = d*F;.(0),

where dQFg/ is the second order derivative of F? in §’. We can compute it, as we
did for ¢° in Lemma @:

-1 2 VYR
PENO) = Y (A= N, 0)7 DN )
h(i0" + s) WY
- |h('9—/_41r i (A= N, )% X btk s) i (A X =it ),
1 S

AN s !

Next observe that |h(i6 +s)e~(*1:%)| is bounded above and below by strictly positive
constants, when |6| is small. So if we multiply up and down the right member
of the last equality by e~*(*1>%) and then take successively the real part and the
imaginary part, we get the two assertions of the lemma. O

We denote by J(n, ) the integral appearing in (f]). According to the notation
of the preceding lemma, let ¢ < e (taken small in the next proposition). We divide
J(n, \) into the sum of the integral, let say Ji(n, \), over [—¢’, ¢’]* and the integral
J2(n, A) over U \ [—¢, €']?, where [—¢, €/]? denotes the set {|0]o < €'}.
Proposition 3.1. There exists € > 0 (independent of 6 and m), such that the

following estimates hold for n large enough and A away from the walls

1
|J1(n, N)| = V(T —e)(1— o))’

()] < el o1,
Tl(l — 51)

where C' and ¢ are two strictly positive constants.

Proof. We have

Ji(n,A) = / AP0+ 50 4 ).
‘G‘OOSE/

Thus essentially the first statement of the proposition is given by Lemma @, and
a change of variable. In fact we just need in addition a control of b(if + s) for small
¢’s. In the case where || < %, this is immediate, since |b| is bounded above and
below by strictly positive constants, and by continuity of 6 — s, |h| also, if € is
sufficiently small. In the other case, where |z| > 2, by (§), we see that |k + 2|
stays away from 0 if |0| is small. Thus for A sufficiently away from the walls, bo
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becomes negligible in front of b;. Then since (hb1)(s) is real and bounded (above
and below) on @y, this gives the desired estimate of |Ji(n, A)|. The estimate of J5
is more complicated, since |hbs| may become larger than |hb;| and even explode, for
instance when (Aa — A\1,60) = 7, and §; — d2 tends to 0 (cf. (§)). Fortunately, as

we will see, this is compensated by the exponential decay of e(MFDRF*(i0+3)  Tndeed

|h(i9(—|—) s)] _ eélog(l_(l_%)) < 6_%[1_%]
h(s -

But
BRI _ 1 Ze<)\+)\’,s> —cos(\— V
! h2(s) h*(s) & 4 A= X6

Multiplying again the numerator and denominator by e=2( 1)

h(i0 2 /
% (2215 Lo eymeboad noxo?,
AN

, we obtain

1

for some constant ¢ > 0. Observe now that since s = 0 < § = 0 and s is continuous,
then s stays away from 0 when |z| > %. In particular (A;,s) and (A2, s) stay also
away from 0. Therefore with (§) we see that |bi| or |b2| can explode only when
1+ e*2=M is small, i.e when (\y — A1, 60) £7 and &; — J; are small. But in this case

(n+2)eP2=205) (Ay — A1, 0)% < (n+2)(1 — 6,) = n,
since d; — d2 small implies that 1 — ¢; is away from 0. As a consequence

e §(n42) Sy PN A 0) (3 x ) (|hb1(i0 + s)| + |hb2(i0 + 5)])

is bounded in U. The estimate of |Jo(n, A)| follows with Lemma B.J and a change
of variable. 0

By the preceding proposition, when n(1—|d]) — oo, J2 becomes negligible in front
of J;. Thus we can find a constant K > 0 such that C'(n, \)|J(n, \)| has the estimate
() when X\ is away from the walls and n(1 — |§]) > K. Moreover the preceding
proposition implies also that C(n, \)|J(n, A)| is bounded by the expression in ([).
Now the rest of the proof can be decomposed into two steps. First we prove the
lower estimate when n(1—|d|) < K. Then we extend our estimate along the walls by
using a local Harnack principle, and we prove by the way that ¢ (z) is comparable
to p"(0,z) when |z] < 3.

3.5. Lower bound when n(1 — |§]) < K. We present two proofs. The first is
analytical, and the second is purely combinatorial. One advantage of the second
proof is that it is valid in the whole range n(1 — |4|) < K, whereas the first is
only valid when A is away from the walls {as = 0} and {an — s = 0}. Another
advantage of the combinatorial approach is that it provides a more elementary proof
of the upper bound.

3.5.1. Analytical proof. We begin by
Lemma 3.4. When (n+ 2)(1 — §1) — 400 and (n + 2)(61 — §2) — +oo, then

b(i0 + s) — 1, uniformly in U.
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Proof. Two cases may cause problems. Either when §; — 2 tends to 0. But in this
case (a,\) < n for all a € RT, since the line Ay = Xy does not cross walls in the
range n(1 — |0]) < K (at least if n is large enough). Thus when n(d; — d2) — +o0,
|b2| tends to 0. The other case is when (1 — d;) — 0, because we are not sure a
priori that the function b tends to 1. But this becomes true if n(l — §;) — +oo.
Now the proof of the lemma is straightforward. O

By the preceding lemma there exists a constant K’ > 0 such that if (n + 2)(1 —
91) > K" and (n+2)(6; — d2) > K’, then J(n, A) is comparable to

1 n+2(; —i(A+ A1 +A2,0)

(s /Uh (i0 + s)e 1A 6.

We denote by I(n,\) the integral in the last expression. We compute it by devel-
oping h"*2(if + s) and using that the integral of e*1:9) is null whenever p is a non
zero weight. We get, if |[U| denotes the Lebesgue measure of U,

n+2
IUIZm,nQ

where the sum is over the family of integers (n, ... ,ng) such that ny + -+ +ng =
n+2,n —ng+ns —ng=x1+1and ng —ng —ns + ng = x9 + 1. In particular
we can choose ny = x1+1—d, ng =x2+1+d, ns =d, no =ng = ng =0, with
d =n — x1 — x2. Thus, by Stirling’s formula, we get

(n+2)m+2 1

I(n,A) = a— -
11-i-1 d 2+1+d\/_
d/M+2 5 g n+2 1
> con (—) 1+1 d(—) otl4d__ &
z1 Z2 n(l—4d1)
1 1 1
> C3nd

5T1+1—d (1 _ 61)12+1+d n(l — 61)7

where c¢1, co and c3 are strictly positive constants. The passage from the second to
the third line is justified by the inequality w > 1. On the other side, with
Lemma @ we get

h(s) T2 A Hataas) o ( 01

1-46;

14 1

zo+14d 1\n+2

T = ) A T aT
Then

, ) 1
h(s)n+26—<)\+)\1+k2,5) = ( - 7151 )mg—i—l-{-d nd.

Thus we have proved the lower bound when (n 4+ 2)(1 — ;) > K’ (and X is away
from the walls).

3.5.2. Combinatorial proof. We have just seen above that

1
h(s e—(6,s) n anJrZ d nd
(e 0 = O

for z and n such that (n 4+ 2)(1 — |§]) < K. Now observe that in this range

Cn+2dv n n—d
x1+1— dAx+1 x1—d’
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and q;, =< ¢*". Thus we are lead to prove the estimate of Theorem @ In fact it is
more convenient to prove the corresponding result for the radial random walk. If p
denotes its transition kernel, then by definition p"(0, \) = p™(0,2)N) for all n € N,
all A\ € Pt and all = € V,(0). Since N, is comparable to ¢;, we have to prove that

-n n o yn—d
7"(0,A) > c(gp)"Cl% n?,

for some constant ¢ > 0. But for any A € P, gp = p(\, A+ A1), and when A € PT+,
we have also ¢p = p(A\, A + A2). Thus it suffices to prove that, if n +2 — |\ < K,
then the number of paths from 0 to A in P, is comparable to C’;’;_dd n?. This is
elementary, and can be seen as follows. Consider the sequence of increments of the
radial random walk up to time n, (e1,...,€,), with €, € {£A1, A2, £(A1 — A2)}
for all i < nm. Then choose in arbitrary order, 1 — d terms equal to A1, x2 + d
terms equal to Ao, and d terms equal to A\; — A2. The number of ways to do it is
comparable to C;‘;dd n®, which proves the lower bound.

In fact we can also prove the upper bound by combinatorial arguments. Indeed,
there must be at least 1 — d terms equal to A1 in the sequence, and at most x1 +d.
Otherwise the random walk could not reach the point A at time n. Now if A\
appears k € {x1 —d,...,x1 + d} times, then for the same reason there must be
also at least n — d — k terms equal to A\s. But when k is fixed, the number of
sequences satisfying these conditions is bounded (up to a constant) by C,Z*d n.
Moreover, since 1 > %1 (and d < K), there exists a constant ¢ > 0 such that
C;;—d < CC:I_—ddv for all k € {z1 — d,...,x1 + d}. This proves the desired upper
bound.

3.6. Local Harnack principle and estimate along the walls. Let us assume
that the estimate proved until now is valid when T is at distance at least D from
the walls {2 = 0} and {a; — @z = 0}. From the heat equation satisfied by p, we
know that there exists a constant C' > 0, such that

(13) p"(0,y) < Cp" (0, 2),

for all neighbors x and y. Let now x € X be such that T is at distance less than
D of the wall {as = 0} for instance. By repeated applications of ([[3) we see that
there exist vertices y; and yo such that g1 =T + D(Aa — A1), T2 = T + Do, and

ep™ P (0,51) < p™(0,2) < Cp"tP(0,12),

where ¢ > 0 and C' > 0 are other constants. Therefore, we only need to show
that our upper estimate of p"+”(0,%2) is comparable to our lower estimate of

p"~P(0,71). This yields to prove that e™¢(9v2)=¢(%1)] is bounded, where 0y, =

YitAi+A2

5. But by an elementary calculus, we see that

V() = —s.
Hence
<v¢(5y1)7 5742 - 5y1> <0.
This implies well that e?[#(%2)=¢(u1)l is bounded. This proves that our estimate

extend near the walls. The only missing part now is to see that ¢"(z) and p™(0, x)
are comparable when |z| < F. This results also from (). Tndeed it implies that

p"(0,2) < ¢"(z) < Cp™+3(0, ),

n+3

and our estimates show that p"™ is comparable to p™ when [z < &.
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The proof of the theorems B.1 and B.9 is now finished. The extension of (fJ) when
|z| = n is straightforward.

Remark 3.3. For the rank 2 case, this proof may in fact be applied for any
isotropic nearest neighbor random walk. Let us detail. Such random walk has
transition density given by p(z,y) = p; if y € V), (x), for i = 1,2, and p(z,y) = 0 if
z and y are not neighbors. Now in rank 2, ¢;, = ¢,, and Ny, = Ny,. Thus we
have the formula similar to ()

p(0,2) = Cpig; / B (i) e~ 102+ X432 A (10)b(36) 0,
U

_1 .

but with p~! = thf Ny, and h = p; EAGWUAl e* + po Z)\GW{)AQ e*. In particular
observe that the spectral radius p := ph(0) is the same for all these random walks.
Now remark that for some constants ¢, ¢’ > 0, we have

h+c+ed®=c(l+cdeM)14 e M) (14 e 2).

Namely ¢/ = pa/p1 and ¢ = p?/p2. So all the preceding proof can be applied, and
Theorem can in fact be deduced for all the isotropic nearest neighbor random
walks.

4. HEAT KERNEL ESTIMATE FOR GENERAL BUILDINGS OF TYPE /L«

Given x € V5 (0) and n > 0, we set § = %, and for i <, let &; := (a;,d).
We define again ¢ by

¢(0) = min{u € ay | logh(u) — (u,d)}.
We have the following result

Theorem 4.1. There exists a constant K > 0, such that the following estimate
holds uniformly in the set {|x| <n — K}
) 1

\/nT 1_[04612+ (1 - <Oé, 6>)

Moreover, the upper estimate holds in the whole domain {|x| < n}.

n L nn _
(14) p"(0,z) < TR e 90 Fy(z

Proof. The proof follows exactly the same lines as in rank 2. After elementary
computations we get

P(0,2) = Cplg; /U i (i8)e (AT A A (1)) do.
The next result is the analogue of Lemma @
Lemma 4.1. The following formula holds
(9) [h"*'Rﬂ] — (n+|R)) ... (n+ Drn(R)R"A,
where T, is a polynomial of the form

[RT|

ra(h) =Y cr(h+2)F"

k=r

BIRTI—k
CES N T )

with constants ¢, € R.
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Proof. Let us first show that

r+1
(15) h+2= H (1+e/\) = H(1+e)\i*Ai71),
AEWH A1 1=1

with the convention A\_; = A\.4+1 = 0. We prove it by using a well known symbolic
description of the fundamental weights and of their conjugates by W,. We associate
to A1 the symbol z1, to A2 the symbol x1 + x2, and so on until A, to which we
associate the symbol 1 + - - - + ., with the rule 1 4+ --- + x,41 = 0. For instance
Tg + - -+ + xp41 represents the weight —\;. Then we have a nice description of the
conjugates of a fundamental weight

Wore = {ziy, + -+ x4, |4 #ia--- # i),

for all k£ < r. With this notation it is now elementary to see that

T

h—|—2:]:[(1+e:“),

i=1
which gives ) Next, for any subset I of RT, we define 7/ on P* by

o) =] @ N.

We have
|R¥|
7(0) [thrIRH} _ Z(n+ |R+|) (n+ |R+| —k+ 1)hn+\R+|,kfk,
k=1
where
fr = > [ (@)(h+2)] ... [ (0)(h +2)],

IUIU---Ul, =Rt
for all k < |RT|. The polynomials fj are skew-invariant. Thus they are divisible
by A. Moreover, fj is of degree less or equal to k. It implies that fr = 0 when
k < r, since A is of degree r. Thus we may assume k > r. Now we observe that
there is only r roots « in RT such that (o, A1) # 0. The same holds for all the
conjugates of A\;. Therefore, by (E), fx is divisible by all the factors (14 e®¥*1)k=".
Hence, it is also divisible by (h +2)*~". Since h is Wy-invariant, we obtain that fy
is proportional to (h + 2)*~"A. This concludes the proof of the lemma. O

For the rest of the proof we need to divide ay in a few parts. If {i1,...,4i,} =
{1,...,r}, we set

A(ir, .. yip)i={s€ay | (N\iy,8) == (N, s)}
In fact only a few of these sets are enough to cover a

Lemma 4.2. The set A(i1,...,i,) has a non empty intersection with ay if, and
only if, for all 2 < j <, there exists k < j, such that i; =i £ 1.

Proof. Let s = sja1 + -+ - + spa, be the decomposition of s € a in the basis of
the simple roots. Assume that the hypothesis on i1, ..., of the lemma does not
hold. Tt means that for some i, we have either (\;,s) > (Aiy2,8) > (A1, ), or
(Nita2,8) > (i, 8) > (Nit1,$). Assume that we are in the first case (the second is
similar). Then s; > s;42 > s;4+1. But on the other hand, since s € a, <a)/+1, S> > 0.
This is absurd because <a;’+1, s> = 8i+1 — %(si + Siy2). (]
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Now for the same reason than in rank 2 the equation Vh(s) = dh(s) has a unique
solution in ay. In the sequel we will assume that it lies in A(1,...,r). The proof
works the same in the other cases.

Lemma 4.3. (1) Foralll1<i<r,
eRit1 =28 = (1 — (g + - + a4, 0)).
(2) For all2 <i<wr, when (A\; — X\i—1,8) — 0,
(Ni — Xiz1,8) < 0; — 1.

Proof. Let us prove the first claim by induction on ¢ < r. The equation (ay, Vh(s)) =
d1h(s) may be rewritten as

Zsinh M+ p,8) = 51(2 cosh (A + g1, s) + eP2%) 4 Z ey,
" " v

where the last sum is over weights v such that (v, s) < (Ag, s). Multiplying the left
and right members of the last equality by e~ 15} gives immediately e(*2=*1:%) =
1 —671. Let now 7 < r. We write

(g + -+ oy, Vh(s)) = (a1 + -+ + a, 6) h(s).

The exponential e*Tr+1=% appears in the right member of the last equality,
whereas it does not in the left member. Then we conclude by the same argument
as before. The last statement is proved in a similar way, by using the equations
(aip1 — oy, Vh(s)) = (641 — 6;)h(s). This concludes the proof of the lemma. O

The end of the proof of Theorem is now completely similar to the rank 2
case, if one avoids Section @ Let us just notice that the quadratic form appearing
in Lemma is equal in general to

™

g5(0) = Y _ €M iy — A, 6)

i=1
We leave the other details of the proof to the reader. O

5. GREEN’S FUNCTION ESTIMATE

5.1. statement of the result. Green’s function is defined for x,y € X by
G(z,ylz) = > p"(z,y)2",
n>|z|

for all z € C such that |z] < 2. We set

G(z, z) := G(0,z|z).

We will give a sharp estimate of this function when z is real positive. As usual we
always use the implicit notation = € V;a(0) relating x and .
Theorem 5.1. (1) Let z € (0,p7 ). Then

1

- —(A,s0)
Glw )= ez e o)

™l

where sq € Gy is uniquely determined by the conditions: h(sq) = (pz)~*
and Vh(sg) is proportional to .
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(2) We have
1
~—1y\ _
Glz,p7) = WFO()‘)-

5.2. Proof.

5.2.1. The case z < p~'. First we need some preliminary results. We set g =
Vlogh, and for any § € a1, we define s = s(d) as the unique point in @y such that
g(s) = . We have the following

Lemma 5.1. The function g is locally invertible. Moreover, its differential dgs at
any point s € ay satisfies (u,dgs(u)) > 0, for all u € a.

Proof. We compute the differential of g at some point s

dgs(u) . 1 Z[</\,U>>\+ </\’,U> N — <>\,u> N — </\/,’U,> /\]€<)\+X’S>_

= 72
() 2 2 2
Thus 1
_ / 2 _(A),s
(g1 = gy DI ) = ()] e >,
for all u € a. In particular dg, is invertible at each point s. We conclude by using
the local inversion theorem. O

For t > |A| we set §; = 2, and s; = g~*(6;). Now we define the function ¥ in
(IA], 00) by
U(t) = tllog h(st) — (d¢, s¢) + log(pz)].
We have
W'(t) = log h(s¢) +log(pz),
and

(L) = — <5t,dg,;1(%)>-

In particular, by Lemma f.1], ¥”(¢) < 0 for all ¢ > |A|. Thus ¥ is strictly concave,
and attains its maximum at a unique point ¢o, which satisfies the equation h(s¢,) =
(pz)~ L. For simplify we set sq := sy, and dgp = &;,. Observe that they depend only
on 7. We have

Lemma 5.2. There exist constants ¢ > 0 and C > 0 such that for all x € X,
c<lsg| <C and c<lhp|<1l—c

|ea

Proof. The proof is straightforward. First h(sg) = (pz)~!. Moreover h is continu-
ous, h(0) < (pz)~t, and h(s) — oo, when |s| — co. Eventually s — 0 when |§] — 0,
and |s| — oo when |§] — 1. O

In the sequel it will be convenient to introduce also the function ® defined for
any [0] <1 by

®(§) =logh(s) — (4, s) + log(pz).

We have
(16) V() = —s,
and for all u € a,

(17) d*®s(u) = — (u,dgy " (u)),
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where d?®; is the second order differential of ® at the point §. Writing the Taylor
development of ® at order 2, we get

®(0) = — (9, 50) — (6 — 50,d95_01(5 —60)) + O(|6 = 6o]?).
Thus there exists € > 0, ¢ > 0 and C' > 0 such that
(18) —C16 = do* < @(8) + (4, 50) < —cld — dol?,

for all § such that |§—dg| < e. Taking smaller e if necessary, we can also assume that
there exists a constant ¢ > 0 such that for ¢ in the preceding range, ¢ < 0] < 1—c.
We can now prove

Lemma 5.3. We have the estimate

1
E n n _ —(\,80)
|6 —30|< P N ‘ Fa(2).
n—00|X€

Proof. First by Theorem [L1], we see that for all n such that |5, — o] < e,
p"(0,2)2" =<

But ¥(n) = n®d(s,). Thus by ([L§)
e—<,\,so>—cn\5—5o\2 < ¥ (n) < e—(x,s(,)—cnw—&oﬁ

3

for all n such that |6, — dg| < e. Now we write
—+o0
LSS 3 SV(n).
16, 00| <e P=0 51 <[6,—00|< 55

op+1
Next for all p > 0,

€ € €|
{r | g < n =l < o | = -

Thus

N4 I —(x — |/\|% A|/2%P
Z e?™ < const - [\[ZeH0) Z L emelAl/2™,
op
‘5n,_60|§5 p=0
Moreover it is elementary to see that the last sum is bounded. Therefore we get as

expected
T ) < e,
‘5n,—(50|§6
for some constant C' > 0. By the same argument we can prove the lower estimate
> 0> b
[6n—0d0|<e
for some constant ¢ > 0. This concludes the proof of the lemma. O
The proof is now almost finished. Since ¥ is concave, there exists ¢ > 0 such
that
T(n) < —(\ sp) — cn,
for all n such that |6, — dg| > €. Thus
(19) > ¥ < O|A|e Psor =l

[6n—00|Z€, |6n|2€
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In fact in the preceding sum we must assume that n > |z|, because the estimate of
pl#1(0, z) is not contained in Theorem . But by the Harnack principle (given by
the heat equation), there exists a constant C' > 0 such that for all z,

P10, z) < Cp*12(0, 2),

which gives also a control of the term pl*! (0, x). Taking now smaller e if necessary,
we can assume that there exists ¢ > 0 such that,

pzh(s) <1 —e¢,
when |6 < e. Then, by Theorem [i.1,

YooY 1-ogr<o-ot.

[0n]<e n>12
— €
Taking again smaller € if necessary, we get

(20) T M < el
‘5n|§5

Together with Lemma E, and (E), this proves Theorem @ in the case z < p~ L.

5.2.2. The case z = p—'. First by Lemma [.1] dgo is invertible. Thus |s| < |§| near
0. It implies with (E) that there exists a constant ¢ > 0 such that

() < —cld]?,
for all |§] < 1. Therefore for all € > 0, we get a constant ¢’ > 0 such that

> pm(0,2)p7 < e R ).

[6n|>e€

Moreover, by (L4) and ([4), V®(0) = 0 and d?® is definite negative. Hence we
get

®(0) = |8,
near 0. It follows that

> 0 < R [ e
[0n|<e e

where m = |R*| + £. Next we do the change of variable t — @ and we find the

desired estimate. This concludes the proof of Theorem @
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