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DISTRIBUTIONS THAT ARE CONVOLVABLE WITH GENERALIZED
POISSON KERNEL OF SOLVABLE EXTENSIONS OF HOMOGENEOUS
LIE GROUPS

EWA DAMEK, JACEK DZIUBANSKI, PHILIPPE JAMING & SALVADOR PEREZ-ESTEVA

ABSTRACT. In this paper, we characterize the class of distributions on an homogeneous
Lie group M that can be extended via Poisson integration to a solvable one-dimensional
extension & of M. To do so, we introducte the S’-convolution on 91 and show that the set
of distributions that are S’-convolvable with Poisson kernels is precisely the set of suitably
weighted derivatives of L'-functions. Moreover, we show that the S’-convolution of such a
distribution with the Poisson kernel is harmonic and has the expected boundary behaviour.
Finally, we show that such distributions satisfy some global weak-L' estimates.
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1. INTRODUCTION

The aim of this paper is to contribute to the understanding of the boundary behaviour of
harmonic functions on one dimensional extensions of homogeneous Lie groups. More precisely,
we here address the question of which distributions on the homogeneous Lie group can be
extended via Poisson-like integration to the whole domain and in which sense this distribution
may be recovered as a limit on the boundary of its extension. This question has been recently
settled in the case of Euclidean harmonic functions on Rﬁ“ in [AGPS, AGPPH|. For sake
of simplicity, let us detail the kind of results we are looking for in this context.

Let us endow R := {(z,t) : 2 € Rt > 0} with the Euclidean laplacian. The

t

(12 + 22)(n+1)/2
distribution 7" can be extended into an harmonic function via convolution w(z,t) = Py« T.
As Py is not in the Schwartz class, this operation is not valid for arbitrary distributions in S’.
The question thus arizes of which distributions in &’ can be extended via convolution with
the Poisson kernel. The first task is to properly define convolution and it turns out that the
best results are obtained by using the S&’-convolution which agrees with the usual convolution
of distributions when this makes sense. The space of distributions that can be &’-convolved
with the Poisson kernel is then the space of derivatives of properly-weighted L!-functions.
Moreover, the distribution obtained this way is a harmonic function which has the expected
boundary behaviour.

In this paper, we generalize these results to one dimensional extensions of homogeneous Lie
groups, that is homogeneous Lie groups with a one-dimensional family of dilations acting on
it. This is a natural habitat for generalizing results on R’};H and these spaces occur in various
situations. The most important to our sense is that homogeneous Lie groups occur in the
Iwasawa decomposition of semi-simple Lie groups and hence as boundaries of the associated
rank one symmetric space or more generally, as boundaries of homogeneous spaces of negative
curvature [Hd]. Both symmetric spaces and homogeneous spaces of negavite curvature are
semi-direct products & = MR of a homogeneous group 91 and R’ acting by dilations in the
first case, or “dilation like” automorphisms in the second. For a large class of left-invariant
operators on & bounded harmonic functions can be reproduced from their boundary values
on N via so called Poisson integrals. They involve Poisson kernels whose behavior at infinity is
very similar to the one of P;. While for rank one symmetric spaces and the Laplace-Beltrami
operator this is immediate form an explicite formula, for the most general case it has been
obtained only recently after many years of considerable interest in the subject (see [BDH| and
references there). Therefore, we consider a large family of kernels on which we only impose
growth conditions that are similar to those of usual Poisson kernels. This allows us to obtain
the desired generalizations.

In doing so, the main difficulty comes from the right choice of definition of the S'-
convolution, since the various choices are a priori non equivalent do to the non-commutative
nature of the homogeneous Lie group. Once the right choice is made, we obtain the full
characterization of the space of distributions the can be extended via Poisson integration.
We then show that this extension has the desired properties, namely that it is harmonic if
the Poisson kernel is harmonic and that the original distribution is obtained as a boundary

associated Poisson kernel is then given by P(z) = and a compactly supported
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value of its extension. Finally, we show that the harmonic functions obtained in this way
satisfy some global estimates.

The article is organized as follows. In the next section, we recall the main results on Lie
groups that we will use. We then devote a section to results on distributions on homogeneous
Lie groups and the S’-convolution on these groups. Section [l is the main section of this paper.
There we prove the characterization of the space of distributions that are S’-convolvable with
Poisson kernels and show that their S’-convolution with the Poisson kernel has the expected
properties. We conclude the paper by proving that functions that are S’-convolution of
distributions with the Poisson kernels satisfy global estimates.

2. BACKGROUND AND PRELIMINARY RESULTS

In this section we recall the main notations and results we need on homogeneous Lie
algebras and groups. Up to minor changes of notation, all results from this section that are
given without proof can be found in the first chapter of [Fg], although in a different order.

2.1. Homogeneous Lie algebras, norms and Lie groups. Let n be a real and finite
dimensional nilpotent Lie algebra with Lie bracket denoted [-, -]. We assume that n is endowed
with a family of dilations {d, : a > 0}, consisting of automorphisms of n of the form
0, = exp(Aloga) where A is a diagonalizable linear operator on n with positive eigenvalues.
As usual, we will often write an for é,n and even n/a for é;/,n7. Without loss of generality,
we assume that the smallest eigenvalue of A is 1. We denote

l=d <dy<--<dp:=d

the eigenvalues of A listed with multiplicity. We will write

A= {Zajdj . FCN" ﬁnite}.
acel

If v is a multi-index, we will write |a| = ay+- - -4 a, for its length and d(a) = dya+- - -+d,

for its weight.

Next, we fix a basis X1,..., X, of n such that AX; = d;X; for each j and write ¥1,...,9,
for the dual basis of n*. Finally we define an Euclidean structure on n by declaring the X;’s
to be orthonormal. The associated scalar product will be denoted (-,-) and the norm ||-||.

We denote by 91 the connected and simply connected Lie group that corresponds to n. If
we denote by V the underlying vector space of n and by 65, = ¥, oexp™!, then 6,...,6, form
a system of global coordinates on 91 that allow to see 91 as V. Note that 6 is homogeneous
of degree dj in the sense that 05 (0,n) = a®0(n). The group law is then given by

Ok (n€) = Ox(n) + 04(E) + > 0% (n)6° (€)
a#0,6#0,d(a)+d(8)=dy

for some constants cz"ﬁ and 6% = 6, ---03". Note that the sum above only involves terms
with degree of homogeneity < di, that is coordinates 61,...,0;_1. Although the group law
is written multiplicatively, we will write O for the identity of 1.

Now we consider the semidirect products & = 91 x R” of such a nilpotent group 91 with
R% , that is, we consider & = 91 x R* with the multiplication

(n,a)(&,b) = (nda (&), ab).
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Finally, we fix an homogeneous norm on M, that is a continous function z — |z| from N
to [0, +00) which is C* on 91\ {0} such that

(i) |8an| = alnl,
(ii) |n| =0 if and only if n =0,
(i) |~ =Inl,
(iv) |n- & < (In] +[£]), ¥ > 1 and, according to [HY], we may chose |.| in such a way that
7 =1

(v) this norm satisfies Petree’s inequality: for r € R,

(L4 [n€)" < (1+ )" (1 + €]

This inequality is obtained as follows: when r > 0, write

L+ [&nl < 1+ (Inf +[€]) < (1 +[n)(A +[€])

and raise it to the power r. For r < 0, write

L+ 1€] < 1+ (Jn] + [n71]) < (L4 [énl + Inl) < (L+ [€nl)(L + |nl)

and raise it to the power —r.

In particular, d(n,§) = ‘77*1§| is a left-invariant metric on N.
For smoothness issues in the next sections, we will need the following notation. Let ¢ be
a fixed C* function on [0, +00] such that ® =1 in [0,1], ®(x) = = on [2,+00) and ¢ > 1
n [1,2]. Then for 4 € R, we will denote by w,(n) = (1 + ®(|n|))* which is C*> in M. In all
estimates written bellow, w,, can always be replaced by (1 + |n|)*.

2.2. Haar measure and convolution of functions. If n € 9 and r > 0, we define
B(n,r)={¢eMN: || <r}

the ball of center 1 and radius r. Note that B(n,r) is compact.

If d)\ denotes Lebesgue measure on n, then Aoexp~! is a bi-invariant Haar measure on 1.
We choose to normalize it so as to have |B(n,1)| = 1 and still denote it by d\. Moreover, we
have

|B(n.r)| = [B(0,r)| = |r- B(0,1)| =7,
where Q = d; 4+ --- + d,, = tr A is the homogeneous dimension of 9. This measure admits a
polar decomposition. More precisely, if we denote by S = {n € %t : |n| = 1}, there exists a
measure do on S such that for all ¢ € L'(N),

/& t/+“i/ (r&)r L do(€) dr

dAda

On 6 the right-invariant Haar measure is given by

Recall that the convolution on a group 91 with left-invariant Haar measure dA is given by

£ 590 /f g€~ 1) dA(e /f% ar(©).

This operation is not commutative but, writing f(n) = f(n™'), we have f xg = (§* f)".
We will need the following:
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Lemma 2.1. Let h be a C® function on N supported in a compact neighborhood of 0 such
that

| rmaxe) =1
N

Set hq(n) = a=Qh(8,-17), then the family hq forms a smooth compactly supported approximate
identity. In particular, if f is continuous and bounded on N, then f x hy, — f uniformly on
compact sets as a — 0.

We will need the following elementary lemma that can be proved along the lines of [AGPPH|,
Lemma 9]:

Lemma 2.2. Forr,s € R, let

La(n) = /ﬂ (L4 €7 (1 + | n))* dA(E).

Then, if r+s+Q <0, I, s(n) is finite. Moreover, if this is the case, there is a constant Cy s
such that, for every n € N,

Crs(1+ |n|)tet@ ifr+Q>0ands+Q >0
Ls(n) < § Crs(L+ [n))™@) log(2+ [n]) ifr+Q=0o0rs+Q=0
Crs(1+ || ymax(rss) else

Proof. From Peetre’s inequality we immediately get the first part of the lemma.
From now on, we can assume that r + s + Q < 0. Write 9t = 3 U Qo U Q3 for a partition
of M given by

o= {eems <z} wd o= {eems jg> Gl el < Gl
and let
) = [ (I (€] ).

First, for £ € €y, we have 3|n| < |£_177‘ < 3|n| so that
In]

L) <Co(1 + [nl)® / (14 €7 dA(E) < Cu(l + n])* / 1y e

01 0
Cys(1 + [|)rtst@ ifr+Q >0
<SQCrs(L+ ) In2+[n)) fr+Q=0.
Cyrs(1+ |n))* ifr+Q <0

Next, for £ € Qa, we have $|n| < [£] < 2|n]|, thus

[nl/2
L(n) <C, (1 + Inl)" /Q (L+ € n])* M) < Co(L + nl)” /0 "1y

Cyrs(1 4 |p|)r+s+€@ ifs+Q>0

)

<K Crs(T+n))"In(2+n)) ifs+Q=0.

)

Crs(1+|n)" ifs+Q <0
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Finally, for £ € Q3, we have %]5\ < |§*177‘ < 3[¢| so that

T SCo [ (4 IDPANE) < s [ 141+ 000

“+o00

:Cr,s/ ‘ t9 N1 4 t) 5 dt < Crg(1 4 |n))"H+Q.
mi
2

The proof is then complete when grouping all estimates. O

2.3. Invariant differential operators on 91. Recall that an element X € n can be identi-
fied with a left-invariant differential operator on 1 via

XF(€) = o f (€ exp(sX))

s=0
There is also a right-invariant differential operator Y corresponding to X, given by

VI = gl e8|

Note that X and Y agree at £ = 0. For X1,..., X, the basis of n defined in section P.] we
write Y7,...,Y,, for the corresponding right-invariant differential operators.
If « is a multi-index, we will write

X0 = XM .. Xon X0 = X0 ... XY

n

YO =Y Yo, ?azynan...ylal.

We will write Z¢ if something is true for any of the above. For instance, we will use without
further notice that
1 Z%w,| < Cwy_giay-

For “nice” functions, one has'

/ X f(n)g(n) dA(m) = (~1)l / Fn)Xeg(n) dAm)
N N
and
/Y“f(n)g(n)dA(n)=(—1)'“/ F)Y%g(n) dX(n).
N N

As a consequence, one also has

Xo(fxg) = fx(Xg), Xo(fxg) = fx(X°),

YUfxg)=(Y"f)xg and Y(fxg)=(Y)x*/[.
Moreover, using X f = (=1)lel(yef)” or X f = (=1)l*/(Y2f)" and correcting the proof in
[FS), one gets

(Xf)xg =[x+ (Y) and (Xf) xg = fx(Y).
Recall that a polynomial on 91 is a function of the form
P = Z ao,0%
finite

Lin [E] the ™ is missing, this is usually harmless but not in this article.
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and that its isotropic and homogeneous degrees are respectively defined by max{|«a|, a, # 0}
and max{d(«), a, # 0}.
For sake of simplicity, we will write the Leibniz’ Formula as

= AapX X Py, X (ph) = > Ao XXy,
BLa B<La

Further, we may write

(2.1) 7o = 3 px”

BELn

where Z, = {8 : |6| < |a|,d(B) > d(a)} and @a,ﬁ are homogeneous polynomials of homoge-
neous degree d(3) — d(«). In the same way, any euclidean derivative can be written in terms
of left or right invariant derivatives. We will only need the following in the next section: for
every M, there exist polynomials w,, |a| < 2M and left-invariant operators X such that

(2.2) (T-0)M= 3" waX*

lal<2M

Finally, we will exhibit another link among several of this objects. Let h, be as in Lemma
R.1] and let f, ¢ be smooth compactly supported functions. Then ((Xf) % hy, @) is

= (X pxha) = (-0 [, X o ha)) = (f,05 (Toha)")
= [ | r©een @ mz axm axe
=[] 1©eten 3 Qusm(X ) armaxe)

BELx

=[] 10 3 0 (X (@ustmeten) halm arm ae)
ﬁGI

— / / 1O 3 ()5 R (X748 ) (1) (K0) (€0)ha(m) AN (1) AA(E).
ﬁGI

1<p

As Xﬁ_‘@a,ﬁ is an homogeneous polynomial, if it is not a constant, then )?B_‘@a,ﬁ(O) = 0.
With Lemma R.1), it follows that

/m (X5=Qu5) (1) (X70) (En)ha(n) () — O

uniformly with respect to £ in compact sets, as ¢ — 0. On the other hand, if )Nfﬁ_‘@aﬂ is a
constant,

[n (X5 Qo) ) (X @) EMha(m) dA(n) = (XP7'Qayp)(0) /ﬂ (X ) (€n)ha(n) dX(n)
— XP'Qup(0) X (€)
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as a — 0, uniformly with respect to ¢ in compact sets, again with Lemma P.1. We thus get
that ((X®f) * hg, ) converges to

/{n £ S (1) S Ry (X900 ) (0) X 0(6) dA(E)

BELn L<p

On the other hand (X“f) * h, converges uniformly to X®f on compact sets, thus

(X) 5 has o) = (X F,0) = (~1)( £, X°).

As the two forms of the limit are the same for all f, with compact support, we thus get
that

(2.3) X = (=)l Y " (=)l A (X' Qa ) (0) X"

BE€La 1<pB

2.4. A decomposition of the Dirac distribution. In Section B.J, we will need the fol-
lowing result about the existence of a parametrix:

Lemma 2.3. For every integer m and every compact set K C O with 0 in the interior, there
exists and integer M, a family of left-invariant differential operators X< of order |a| < M
and a family of functions {Fa}‘QKM of class C™ with support in K such that

(2.4) > XOF, =

where & is the Dirac mass at origin.

Proof. Let us start with the proof in the euclidean case, eventhough this is classical (see [Ed)
First, for M big enough, the function Fy defined on R% by Fy(&) = 1/(1+4n2|¢[2)M (where
F is the Fourier transform of F) is of class C™ and satisfies (I — A)MF = §, where A is the
Euclidean Laplace operator.
Now let ¢ be a smooth function supported in K with ¢ = 1 in a neighbourhood of 0. Then
by Leibniz’s rule, we get that (I — A)M (Fyy) is of the form

(I = MMFy+ ) capd’Fro™e.

Note that 9%p = 0 in a neighbourhood of 0 and that Fjy is analytic away from 0 so that, if

we set H = Z cagaﬁ Fy0%p then H is smooth and supported in K. Further, as
0<la|<2M,|B|<2M

(I — A)YMEyp = ¢(0)8y = &, we have thus proved that there exists two functions G of class

C™ with support in K such that

(I —AMMG =6+ H.
To obtain (R.4), let us recall (R.2):

T-2)M= " wa X
laj<2M
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It follows that, for ¢ € D,
(T-=D)MG )y = Y (wXGw)= > (-DI*NG, X (war)))

ja|<2M la|<2M

= Z (_1)|0¢\ Z <G,Xa76waXﬁ¢>

|| <2M B<a
= Z Z <Xﬁ((—1)|o“+|mGXo‘_ﬁwa),¢>.
|a|<2M f<a
We have thus written
(I-AM@G = Z Z Xﬁ((_l)laHIB\GXafﬁwa)
a f<a

which is of the desired form. O

2.5. Laplace operators and Poisson kernels.

Definition. Let P be a smooth function on M and let P,(n) = a®P(6,-1n). We will say that
P has property (Rr) if it satisfies the following estimates:

(i) there exists a constant C' such that
1
owW-Q-T <P<Cw_g-_r;

(ii) for every left-invariant operator X, there is a constant C,, such that for every n € N,

| XP(n)| < Cow_g—1—d(a)(N);
(iii) for every k, there is a constant Cj such that for every n € M, and every a > 0,

|(aaa)kpa(77)| < Caa_Qw*Q*F(‘Sa—ln)-

Note that several other important estimates will automatically result from this estimates.
(1) First, by homogeneity of the left-invariant operator X, there is a constant C,, such
that for every n € 9, and every a > 0,
|XaPa(77)| < Caa_Q_d(a)w—Q—F—d(a) (5a—177)'
(2) Let X = X" --- X7 be a left-invariant differential operator. Set d(X) = d;;a1+---+
d;, oy, its weight, then the commutation rules in n imply that X = Zﬁ! d(3)=d( c;;X@
It follows that

@)

IXPq(n)| < CaiQid(X)wafl‘fd(X)(5a—177)'
(3) Writing Y = zﬁeIa Qo pX % where Qa5 is an homogeneous polynomial of degree
d(B) — d(«), we get that
’Ya]pa(ﬁ)‘ < CG_Q_d(a)w—Q—F—d(a) (5a_1n)'
In particular, in all estimates, P, can be replaced by P,. Also, as for the previous
point, Y may be replaced by Y = Y;* - - Y;**.

(4) The previous remark also shows that in point (ii) we may as well impose the condition
for right invariant differential operators. This would not change the class of kernels.
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Remark : A large class of kernels satisfying property Rr is associated to left-invariant oper-
ators on &. Consider a second order left-invariant operator on & of the form

m
_ 2
L= ¥7+Y.
j=1
We assume the Hormander condition i.e. that

(2.5) Y1, ..., Y., generate the Lie algebra of &.

The image of such an operator on Rt under the natural homomorphism (£,a) — a is, up to
a multiplicative constant,
(ady)? — aad,.

If @ > 0 then there is a smooth integrable function P, on 9t such that the Poisson integrals

(2.6) £ Pal) = /{n FEPL(E 1) dAE)

of L™ function f are L£-harmonic and moreover, all bounded £ harmonic functions are of this
form. In particular, P,(n) is £-harmonic.

The properties i) and ii) for P have been proved in [BDH] - see the main theorem there for
diagonal action and £ satisfying R.5. iii) follows immediately from i) and the (left-invariant)
Harnack inequality applied to the harmonic function Py(7n) i.e.

’(aaa)kpa(n)’ < CyPa(n).
Our first aim will be to give a meaning to such Poisson integrals for as general as possible
distributions f so as to still obtain an £-harmonic functions when the kernel is £-harmonic.
3. DISTRIBUTIONS ON N

3.1. Basic facts and the space D'Ll. Distributions on 91 are defined as on R™ as the dual
of the space D := D(M) of C* functions with compact support, endowed with the semi-norms
given, for K C 91 compact and « a multi-index, by

PK.alp) = sup [0%(p)].

neK
We will write the space of distributions D’ := D'(M), endowed with the natural family of
semi-norms. Notions such as support, Schwartz class S := S(M), tempered distributions

S :=8'(M),... are defined as for distributions on R™ and the space of compactly supported
distributions will be denoted &£ := £'(M). Because of the link between left invariant deriva-
tives and Euclidean derivatives (similar to the links between left and right invariant deriva-
tives, see [EY]), these spaces are just the usual spaces of derivatives on 9 seen as V ~ R™. In
particular, we will use the fact that every set of distributions that is weakly bounded is also
strongly bounded. § §

For T € D', we define T € D' by (T, ) = (T, ), while X*T is defined by (X°T,¢) =
(—1)‘O‘|<T,X'gp>.

The definition of the convolution of two functions is easily extended to convolution of a

distribution with a smooth function via the following pairings: for T' € D’ a distribution and
¥, v € D smooth functions
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— the right convolution is given by (T %1, ) = (T, * 1))

— the left convolution is given by (¢ * T, @) = <T, P * go>.

As in the Euclidean case, one may check that T * 1) and ¢ * T are both smooth.

We will now introduce the space of integrable distributions D, and show that this is the
space of derivatives of L' functions.

Definition. Let B := B(N) be the space of smooth functions ¢ : M — C such that, for every
left-invariant differential operator X<, X%y is bounded.

Let B := B(M) be the subspace of all ¢ € B(M) such that, for every left-invariant differential
operator X<, | X%p(u)| — 0 when |u| — co.

We equip these spaces with the topology of uniform convergence of all derivatives.

The space D}, = D},(N) is the topological dual of B(‘ﬁ) endowed with the strong dual
topology.

Note that S and Cg° are dense in B (but not in B) so that D), is a subspace of S’. Note
also that every compactly supported distribution is in D7 ,.

It is also obvious that if ' € D}, ¢ € B and X is left-invariant, then X*T' € D', and

Ll 7
T € D} ,. We will need the following characterization of this space:

Theorem 3.1. Let T € D'(M). The following are equivalent
(1) T € D/Ll (m)a
(ii) T has a representation of the form T = Z X*f, where fo, € LY(MN) and X< are
finite
left-invariant differential operators;
(iii) for every ¢ € D(M), the reqularization T * ¢ € L'(N).

Proof. The proof follows the main steps of the Euclidean case, see [Bd, page 131]. Denote by
D, the set of all functions ¢ € D such that ||9| < 1.
i) = ii1) Assume that T' € D}, and let ¢ € D. Now, note that

(3.7) (T @, ) = (T, * §)
so, if ¢ is fixed and 1 runs over Dy, the set of numbers on the right of (B.7) is bounded,

thus so is the set of numbers {(T" * ¢, ), 1 € D1}. But T * ¢ is a (smooth) function so this
implies that T % p € L',

iii) = ii) Assume that, for every 1 € D, T x1 € L', thus T 4 € L'. Now, for ¥ € D fixed,
the set of numbers

(Tx o) = (T, p) = (T, 0 9) = (T, )

stays bounded when ¢ runs over D;. It follows that the set of distributions {T x @, p € D1}
is bounded in D’ since it is a weakly bounded set.

This implies that there exists an integer m and a compact neighborhood K of 0 such that,
for every function 1 of class C™ with support in K, T * ¢ *1)(0) stays bounded when ¢ varies
over D;. Using

Txpxp(0) = (T o, P) = (T, % ¢) = (T x 9, )
we get that T % € L' for every ¢ € C™ with support in K.
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Now, according to Lemma P.J, we may write
> XOF, =6
finite
where the F,’s are of class C™ and are supported in K. It follows that
T=>Y Tx0Fu= Y 0"TxF,).
finite finite

The first part of the proof shows that the T % F,’s are in L' so that we obtain the desired
representation formula.
i1) = 1) is obvious so that the proof is complete. O

Definition. Let B, := B.(M) be the space B(MN) endowed with the topology for which p,, — 0
if,
(i) for every left-invariant differential operator X<, Xy, — 0 uniformly over compact
sets,
(ii) for every left-invariant differential operator X, the X%y, ’s are uniformly bounded.

The representation formula of T € D', given by the previous theorem shows that T' can
be extended to a continuous linear functional on B, so that D’Ll is also the dual of B.. For
example, if we write T' = fy + Z|a‘>1 X%f,, then

(T 1)y 5, = (o) = [n fo(€) dAGE).

3.2. The S’-convoultion. Recall that if G € S’ and ¢ € S then G * ¢ € C® so that the
following definition makes sense:

Definition. Let F,G € S'(M), we will say that they are S'-convolvable if, for every p € S(MN),
(p* G)F € D,. If this is the case, we define

(F*Go) ={(p* Q)F 1)y 5

If F,G € S(M), then F and G are S’-convolvable and the above definition coincides with
the usual one. Indeed, for every ¢ € S(MN),

(F«G.g) = [n F o« G(n)e(n) dA(n)

_ [n / F(€)G(E1n)p(n) dAE) dA(m)

N

= [ ([ etncoriomm) ro1are

= <(¢*G)F,1>D, B

L=e

Remark : There are various ways to define the S’-convolution that extend the definition for
functions. For S,T € D'(M), let us cite the following:
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(1) S and T are Sj-convolvable if, for every ¢ € D(N), S, @ Typ(zy) € D7, (M@N). The
Si-convolution of S and T is then defined by

(S*1 T, ) = (Sy @ Typ(zy), 1>D'Ll(m®m),8c(m®m)-
(2) S and T are S)-convolvable if, for every ¢ € D, S(T * ) € D (M)
(S*o T, ) = (S(T * ), 1>D’L1(9’t)730(‘ﬂ)'

(3) S and T are Sh-convolvable if, for every ¢,1 € S(N), (S * p)(T * ) € L*(N). The
S’-convolution of S and T is then defined by

(S Topxv) = [ (8 +@m(T 0)(n) a\).

It turns out that in the Euclidean case, all four definitions are equivalent and lead to the
same convolution [SH]. There are various obstructions to prove this in our situation, mostly
stemming from the fact that left and right-invariant derivatives differ.

Also, one may replace the D), space by the similar one defined with the help of right-
invariant derivatives. We will here stick to the choice given in the definition above as it seems
to us that this is the definition that gives the most satisfactory results.

One difficulty that arises is that the derivative of a convolution is not easily linked to the
convolution of a derivative. Here is an illustration of what may be done and of the difficulties
that arise. We hope that this will convince the reader that several facts that seem obvious

(and are for usual convolutions of functions) need to be proved, e.g. that T" % P, is harmonic
if P, is.

Lemma 3.2. Let S,T € D'(N) and let Y be a right-invariant differential operator of first
order. I]fS and T are S’-convolvable, if Y'S and T are S'-convolvable and if, for all p € S(N),
Y((p+T)S) € D}, (M), then

Y(S*T)=(YS)=T.
Proof. As (Yf)g=Y(fg) — fYg, we get that

(Y(S*T),0) = —(S*T,Y)=—(((Yy)*T)S,1)
= —(Y(pxT)S,1) ==Y ((¢*T)S), 1)+ {(p+T)YS,1)
= 0+(YS)«T, o)

the next to last equality being justified by the assumptions on F', G. U
Using this lemma inductively gives
YUS*T)=(YS)«T

provided all intermediate steps satisfy the assumption of the lemma. This is the case if S is
compactly supported.
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3.3. Weigthed spaces of distributions. We will need the following weighted space of
integrable distributions, introduced in the Euclidean setting in [Holl, o2, O1].

Definition. Given p € R we consider
w D (M) := w, D (M) ={T €SN : w_,T € D}:(MN)}
with the topology induced by the map
w, DL (M) — DL (M)
T = wo, T
This space admits an other representation given in the following lemma:

Lemma 3.3. Given u € R, we have

(3.8) w, D (M) =T eSMN): T= Z X%Go, where go € L' (M, w_,dN)

finite
Proof. Let us temporarily indicate with V the right hand side of (B.§). Given T € V, we can
write T' = Z X (wpfa), where f, € L'. But then,

finite
T = Z Z Ao X Puw, XPf,
finite 0<p<a

= Wu Z Z Aaﬁw—uXaiﬁ(wu)Xﬁfa-
finite 0<B<a

By definition, the distribution X7 f, belongs to DILl' Moreover, and easy computation
shows that the function w_, X% #(w,) belongs to the space B. Since D!, is closed under
multiplication by functions in B, we conclude that T" belongs to w,D" ;.

Conversely, given T' € w,D}, we can write, by definition, T" = w,, Z X*f,, where
finite
fa€Llor, T =w, Z X*(w_p9a), where go € L' (w_,d)). Now, given ¢ € S, the pairing
finite
(T, p)s s can be written as
3 (_1)\a|<gww_u)~(a(wu(p > -3 3 - ‘al/\a5<ga,w . <X°‘ B, ))?ﬁap> .
finite finite 0<8<a S8
We observe that for each multi-indexes « and 3, the function
bag = (—1)1*1A, pw_p (X Puw),)
belongs to B. Thus,

(T, ¢)s 5= Z(_l)lm<Xﬁ <(_1)Imba’ﬁgo‘) ’(p>3/ S

a76 ’

T = Z IB\X6< 1)\ﬁ|baﬂga>,

or,
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To conclude that the distribution 7' belongs to V we only need to observe that L' (w_,d\) is
closed under multiplication by functions in B. This completes the proof of Lemma [3.3.

As an immediate corollary, we get that

Corollary 3.4. The space w, D’ (M) is closed under the action of left-invariant differential

operators X< and under multiplication by functions in B.

4. DISTRIBUTIONS THAT ARE S’-CONVOLVABLE WITH THE POISSON KERNEL

4.1. Extensions of distributions with the Poisson kernel. We are now in position to
prove the following;:

Theorem 4.1. Let T € S§' and P be kernel with property (Rr). Then the following are
equivalent:
(i) T € wo+rDys,
(ii) T is 8'-convolvable with P, for some a > 0,
(iii) T is S'-convolvable with P, for each a > 0.

Proof. Tt is of course enough to prove equivalence between (i) and (ii), the equivalence with
(iii) will then automatically follow.

Let us assume that T' € wgrD},. We want to show that, if p € S, (¢ * P,)T € D). Ttis
enough to show that (¢ * I@a)wQer € B. But, for a left-invariant derivative X“ and 8 < a,

X P (o Py)(n) = @+ (X*PP,)(n) = AX“‘BPa(nﬁ‘l)w(ﬁ) dA(€)

so that

X Bu) )] <C [ e 9O 4O

<Cw_q-r—d(a+a() () /mu + €N IHTHAD=IE () dA(€)

by Petree’s inequality. As [XPwoir| < Cpwg 41—d(g), it follows from Leibnitz’ Rule that

(p * Ip’a)wQer € B. The first part of the proof is thus complete.
Conversely, let us assume that T is 8’-convolvable with P, and fix ¢ € S, a non-negative
function supported in B(0,2) and such that ¢ =1 on B(0,1). Then

o Buln) = [ PO aNE)
1
>C dA(€).
= /B(o,l) (v gy
But, for ¢ € B(0,1), [n71¢| < (In] + [£]) < (14 |n]). It follows that,

o+ Baln) > % > Cla)w-q-r(n).
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~ 1 .
As we have already shown that wgire * Py(n) € B, we get that P o € B. Finally,
writing
1 .
T =woir————=—— (¢ *FPa)(n)T
wq+ry * Pa(n)
gives the desired representation since, by hypothesis, (¢ * P,)T € D' ,. O

4.2. Regularity of the S’-convolution of a distribution and the Poisson kernel. We
may now prove the following lemma, which allows us to represent T P, as a function:

Lemma 4.2. Let T € wgyrD} (M) and P be a kernel with property (Rr). Then, the S'-
convolution of T with the kernel P, is the function given by

(4'9) n— <w_Q—F(')T7 wQ+F(')]IVDa(7771')>D/LI7BC

Proof. First note that & — wg4r(§)Pa(n™1€) is in B and w_q_r(-)T € D}, so that ([L.9)
makes sense.
We want to prove that, if T = Z wo+r X fo with f, € L', and if ¢ € S, then
finite

(T % Pg,p) := <(SD * IEDa)T’ 1> is equal to <<pr(-)T, WQ+F(')POL(77_1')>D/LI,BC’ 90(77)>-

By linearity, it is enough to consider only one term in the sum, T' = wgrX“f with

f € LY(91). But then
(woir(p+B)Xf,1) = (~)I(f, X (wair(e +Pa)))
= (1)l Y Ko / FO) X P (€)X (0 + By)(€) AN(©),
BLa n

Further, we have

R0 By) = o (XPB,)(€) = /m o) (KB (7€) ().

It follows that <wQ+p(go * P )X fo, 1> is

(410) = (=Dl A /ﬁ /ﬂ FEXPugir(€)(XPB,) (0 1) dAE) ¢(n) dA(n)

B<a
= (—1)0"/n(/ﬂf@)f(“(WQw(-)Pa(n1-))(£)d>\(£)> p(n) dA(n)

using (XPP,)(n~1¢) = )?f[@a(n—lg) and Leibnitz’ Rule. Thus

<wQ+F(‘~P * ]P’a)Xaf’ 1> = / <Xaf(§)7 wQ+F(§)Pa(77_1§)> 90(77) d)‘(n)

N

as claimed. §
All intervertions of integrals are easily justified by the fact that wg 1P, € B. O
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Corollary 4.3. Let T € wQ+pD’L1 and P be a kernel with property (Rr). Then the function
T % P, is smooth. Moreover, for any left-invariant derivative X, T is S’'-convolvable with
XP, and X*(T xP,) = T * (X*P,) and for any k € N, T is S’'-convolvable with (ad,)*P,
and (ady)*(T * Pg) = T * ((ada)*P,). In particular, T P, is harmonic if P is.

Proof. As the proof of the implication i) = ii) of Theorem [L.1] only depends on the estimates
of the Poisson kernel from Section P.J, we get with the same proof that if T' € w@+rD}, then
T is S’-convolvable with X°P, and (ad,)*P,.

For the other assertions, we may again assume that 7' = wg 1 X f. As T'xP, is a function,
from ([.10) in the proof of the previous lemma, we get that

74 Bol) = (1) Y Ry [ HOX e (XL (Bl ') a()
B<a
It then remains to differente with respect to n under the integral. (]

We will need the space Dr1(,,,) of all functions ¢ € C* such that, for every left-invariant
partial differential operator X%, X%p € Ll(wud)\) endowed with the topology given by the
familly of semi-norms

Il = 2 |x%|

We may get a more precise estimate of the Poisson integrals at fixed level.

LY (wedN)

Proposition 4.4. Let T € wgrD},(M). For each a > 0, the S'-convolution T x Py belongs
to DLl(w_Q_pd)\) .

Proof. By linearity, it is enough to prove that, if 7 = wgirX®f for some f € L'(M), then
XYT *P,) =T * X'P, € wg+rDy1. But, from (f.9), we get that

T4 XBof) = <—1>'°“<f,)?“(wQ+r<->XLm< 1)

(4.11) = (1) S R / F(6) X g (€) XOX By (7€) dA(E)

B<a

using Leibnitz’ Formula and the facts that f € L' and wgir(-)X‘P,(n~!) € B. Using the
estimates _
X Pwqar(€)] < Ol B)wosr—d(o)+aes) (€)
and
XX 1)] < Clon B a)w—g-r-as)-a (1 €)
we see that the L'(w_g_rd\)-norm of each term of the sum in ([L11) is bounded by

c /{n w_gr(n) /{n () ey a(5) ) ra(5) et (1) AA(E) dA(H)

= C/ |f($)|wQ+rd(a)+d(5)(§)/ w_-r(Mw_q-r—a@)—aw) (M &) dA(n) dA(€)
n n

IN

C[n!f(@!wd(a)w(ﬁ) (&) dA(E)
with Lemma P.3. As d(3) < d(a) we get the desired result. O
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4.3. The Dirichlet problem in wQ+pD’L1 . We will now prove that T is the boundary value
of T+ P, in the wg 1D}, sense.

Theorem 4.5. Let T € wQ+FD’L1, then the convolution T x P, converges to T in wQ+pD’Ll
when a — 0T

Proof. We want to prove that, for ¢ € B,

(4.12) (w-q-r(T'*Pa), 0)py g = (W-@-1T 0)py 5

19

when a — 0. It is of course enough to consider 7' = wgr X f with f € L1
Write ¢_g_r = w_g-r¢ and ¢p_g-r(n) = ¢_o-r(£n). Then (w_qg_r(T *PBy), <‘O>D'leg is

= (-1 / / FOXE (worr (E)Ba(r16)) p_q-r(n) A1) AAE)
NJIN
= (e /m /m 1S Kas (X0 Pwgir)(€) X2 (Balr26)) ¢ -1 (n) dA(n) dA(E)

BLa

= (-1 /m /m £ S R g (X0 P 1)) (RO (17 o r(En) dA() dAE)

BLa

= (-1 /m /m 6 S Ko s (R0 Puag ) (€) (— D)V TP, () r(n) dA(n) AACE).

BLa

Now let 1) be a smooth cut-off function such that ¢ (n) = 1if || <1 and ¥(n) =0 if |n| > 2

and write 1) = 1 — 1. Then (w_q_r(T * Pa), ©)p BT S1 + Sz where Sy is
L ’

(—1)el /m /ﬁ 6 S Ka g (X0 P ) (€) (— )P TPy (e g r(n)(n) dA(n) dA(E)

BLa

while S = (—=1)I*1> " A 555 with
B<a

S8 — / / FEOX Pager)©) (DY, ()¢ g-r(n)d(n) dA(n) AAE).
NJIN

Let us first show that Sy — 0, that is each Sg — 0. As, for |n| > 1,

)

(1 + |n]/a)=Q T4 < qRHT+B) || =Q-T—d(B) < CuQ+T+d(B) (1 4 |])~@-T—d(¥)
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so that using the estimates of derivatives of P, and wg4r, we get that
1551 < C /ﬁ IF(E)](1 + |€])@HT—d@)+d(B8) 5
X /|n>1aQ+d(6)(1 +nl/a)~ @ T (1 4 |n)) =T dA(n) AA(E)
< CaF[ﬁ\f(g)\u + |¢])@HT—dle)+d(B) o

x /| DT e ax) ax©
n=
< Ca"||fllp
with Lemma P.9. Tt follows that Sy — 0.

Let us now turn to S;. First, from (R.1]),

S1 = O"//f ) D Rap (X uwgir) (€) x

B<a
~1)PN " Q)X Pa(n) ep-q-r (m)¥(n) dA(n) AA()
L€Zg
= (—pl F€) Y A p(XPwgyr)(€) X
AN EC) DL
x (=1)IPPy () > (=) X Qa0 e0-q-rt) () dA(n) AA(E)
L€Zg
= (=l £ A p(XPwgr)(€) X
[ J O A X
< (=1)PIBa () 3= (DS R X (Qp e0-g-r) ()X (1) dA(n) dA(E).
L€Zg V<e

Now, if // # 0, X1 is supported in 1 < [p| < 2. Further, from Leibnitz’ Rule, ¢ € B

and Peetre’s inequality we get that X*~*' (Qg Lep—@-r)(n) is bounded by Cw_g_r(§) with C
independent from 7. It follows that

' R0 SR ) dA(n)‘ <Cuqrl® [ Pai o)

<[nl<2

Consequently, since this integral goes to 0, we have

/ / FE(X*Pugir)(€)Pa(m) X (Qp, co—q-r) (1) X 9 (0) A1) AA(E) — 0
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This shows that S; has same limit as

Sy = o‘l//f ) D A (X Pugir)(€) x

B<a
< (=D)IPIBy () S (=) X Qa0 e0-qr) (M)e() A () dA(E)
L€Zg
= (—pl £ Aap(X*Pwgyr)(€) x
o [ g SDIC g
< (=D)IPRa () S (=D)AL X Q) X eo—q-r(n)tb(n) dA() dAS).
L€Zg V<e

Now, if )Nf‘_‘/@@b is not a constant polynomial, then )?‘_‘/@57L(0) = 0 so that
(113) | B X @, ()X e A

goes to 0 when a — 0, while if )Nf‘_‘/@@b is constant, then, as 1(0) = 1, this integral goes to

X Qp.(0) X ep_q-r(0).

Moreover, as ([.13) stays bounded by Cw_g_r(§), from the Dominated convergence theorem,
we get that

Sp = (0 [ 03 Ras X agun)(©)

B<a
DS (DS A0 XU Q00 X g1 (0) AA(E)
LEI@ JU<e
I / £6) S R s (X0 P ) (€) XPe_qr(0) dA(E)
B<a

where we have used Identity (R.J) in the last equality. But )Nfﬁggo,Q,p(O) = )Nfﬁgo,Q,p(é) S0
that Leibnitz’ Formula implies that this limit is

1)l / FOX (worre—o-r)(€) AAE) = (—1) / FOXp() AA(E) = (X1, )
N
as claimed. ]

Remark : Assume that P, is harmonic for some left-invariant differential operator £. The
above result imply that given for a distribution 7' € wg 1D}, the function u = T x P, is a
solution of the Dirichlet problem

Lu=0 in &
u‘a:() =T

where the boundary condition is now interpreted in the sense of convergence in wgrD}, as
a— 0t.
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5. GLOBAL ESTIMATES FOR POISSON INTEGRALS OF DISTRIBUTIONS IN wo4rD},

In this section, we will prove that the Poisson integrals of distributions in wg D}, satisfy
some global integrability conditions. In order to do so, we will use the following notations.
Notation : For a Borel set F' C &, we denote by |F| its measure with respect to d\da. A
function on & is said to be in L1">°(d\ da) if there exists a constant C' such that, for all a > 0,

() €6+ [f(na)l > o}l < .

For I' > 1, let ®r(n,a) = W and note that 2@{‘ € LY*°(d\da). Indeed
1 a-1/(Q+D)
{(n,a) : a‘br(ma) >a}| = /0 |B(0, T~ D/(@+1) ~1/(@+1) _ 4| da
a-1/(Q+D) 0
_ /0 ((@1/@0g 1@+ _ )% gq
= l /1 (t(F—l)/(Q'i‘F) _ t>Q dt
@ Jo

d\d
by changing variable ¢ = aa!/(@TD | Tt should also be noted that ®p ¢ Lo <_a>
a

We will denote by Mr the set of measures p on 91 such that

/{n (14 1€)~@HD djp (€) < +oo.

For 1 € Mr and n € N, let us denote by p,, the left translate of 1 by 7, that is the measure
defined by

[ et = [ oty ance
Nn Nn

for all continuous functions ¢ with compact support on 9. From Petree’s inequality, we get
that p, € Mr. Further note that, if 4 € Mr, then

u(B(0,r)) < (1+r)Q+F/ 1+ 1)~ @D duE) < o1 + )@t

gl <r

We are now in position to prove the following;:

Theorem 5.1. Let I' > 1 and let P be a kernel with property (Rr). If p € Mr then

1
(L+a+n) @ xPy(n) € LY (dAda).

a

(5.14)

Moreover, for every ag > 0,

(5.15) (I+a+ ) 9 Ta T uxPa()X{(na)es asa} (M, a) € L (dNda).
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Proof. Let E; = {(n,a) € 6 |n| <1and a <1} and E; = &\ E; and let 7y € 91 be such that
|no| > 2. Assume that we have proved that for every E C E,

1

~(Lta+ )™ pxPa(m)xe € L (dAda)

for every measure u € Mrp. Without loss of generality we may assume that p is a positive
measure Applying this to £ = 7, LE, and to the left-translate g € Mr of p by Mo L we get
that

(I +a+n)~9 "a wx Pa(n)xe, (1, a)
= (L4 a+In)"% e o * Pulng ' m)xy1 s, (05 ', @)
< O(L+atlng )9 a™ o * Pa(ng '), , (05 ', @)
€ LY (d\da).
It is thus enough to prove that

1
—(1+a+ 0~ uxPa(n)xe, € LV (dAda).

(5.16)

Note that if P has property (Rr) then (1+a + |n])~%Ta~'u x P,(n) is bounded by

a1 / du(€)
(L+a+ )@t Jo (a+[n=tE)erT

_ oY / + / + / dp(¢)
(L +a+ DT\ i<t Jim<ier<em Jami<ie ) (@+ =g

= I+I1I+111.
Let us first estimate I. Note that, if [¢| < 3|n], then

_ 1
a+|n'€l = a+ [n| — ¢ 2 a+ gl 2 Cla+n)) 2 1+ nl)/2

since we only consider (n,a) € E,. It follows that

s, < o [ awen+ e

xXe, < w +1m) 7 XE

! (I +a+ )T Jig<py !
1 al’

< 0= LY (d)\da).
S O lhxarmpeT € (dAda)

Moreover, this computation also shows that a1 +11 € L>°(d\da).

Let us now estimate I11. Note that, if || > 2|n|, then

- 1
(5.17) atn el = a+ ] = Inl = a+ SlE] = Cla+ ).
Further, as (n,a) € E, then either ¢ > 1 or |n| > 1 in which case || > 2. Therefore
a+|n7tE > C(1 +[£]). Tt follows that

(r-1) T
i / (14l 9 Tdpu(e) < X
N a(

a
14 a+|n)@+T

IITxg, < C e Lb*°(d)\da).

(1+a+[n)@*T
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Again, the same computation shows that a " T1I1T € L°°(d\da).

We will now prove the result for /1. To do so, notice first that, if a > ag then

1 ab
1< —— / du(€) < C = < Ca 97!
a%*t Jig<apy a aQt (1 + [n))Q+T

and again a ' I Ty,se, € L(dAda). Tt is thus enough to prove the result for ITxa<aq-
Now note that, if $|n| < [£] < 2[n|, then (1 +a+ |n])~ 9T < C(1+|¢))~9T, thus

: 1
=0y Or(n & a)(1+[€) "9 T du(€) = C= Or(n~ '€, a)d
o /§n|§£S2n| (&) ) o a /élnﬁlﬁlﬂln r( % a)dvid)

where v is a finite measure on 9. Thus 1] is estimated with the help of the following
proposition:

Proposition 5.2. For every finite positive measure v on N, the function U, defined on &

by

aF—l

000 = | Gy 0

belongs to LY*°(d\da).

The proof will follow a simplified version of that of Theorem 1 in [B]] which deals with the
Euclidean case, for more general measures.
Notation : On & we denote by Dy, the distance given by Do ((1, @), (', ")) = max(|n~17/|,|a—

dl).

Proof of Proposition [5.4. We want to prove that U, € LV*°(d\da), that is, that there exists
a constant C' > 0 such that for all a > 0,

2 1Q

{(n,a) €& = U(n,a) > a}| <

For iy a non-negative integer, let
Ko = B(0,2%)x]0,2%].
It is enough to prove that there is a constant C' > 0, independent of ig such that, for all & > 0

{0n.0) €6 : Uylna) > a) 1 Kol < &

To do so, we will show that there is a constant C' such that, for each o > 0, we may construct
a set S which satisfies the following properties:
(i) H(n.a) = Uy > a} N Kol < CIS];

(ii) Uy(n,a) > & for all (n,a) € 5;
(iii) for all n € M,

aF—l
Usto) = || g 0%

satisfies Ug(n) < C.
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Once this is done, we can conclude as follows

C2
[{(n.a) €&+ Up(n.a) > a} N K| < ClS] = — SUu(n,a)dA(n)da
02
= — [ Us(n)dv(n)
a Jam
C3
< ?HVH

where we have respectively used Property [, [, Fubini’s Theorem and Property [ii.

Construction of the set S.
We will use a dyadic covering of Ko:
— Set Q; = B(0,2/0) x [2io=i=1 2i0=i] j —(,1,...
— cover each @); by sets of the form
Qij = B, 2071 7%) x [200777 1 2007

in such a way that each element of @); belongs to at most  sets (); ; where « is a set that
depends only on the group M. This is possible thanks to a covering lemma that may be found
e.g. in [FY, Section 1.F].

We will order the @; ;’s by lexicographic order and define inductively the authorized pieces
A; ; and the associated set of forbidden pieces F; ; as follows:

— A= Qi if
(a) |Qi; N{(n.a) € Ko : Uy(n,a) > a}| >0,
(b) and Qi; ¢ | Fi
(L,k)<(i,4)
Else, we set A; ; = 0.
— if A;; # 0 we define the set of forbidden pieces as

S
Fij={Qux : (I,k) > (i,7) and Do (Qup, Qij) < 20 Famrty,

Else we set F; ; = 0.
Note that the authorized pieces are disjoint and that, if A; ; # 0, then F; ; has the following
property:

(5.13) U @l <clal
QEF; ;
Proof of ((.1§). Assume that Qs € F;j and let (,a) € Q. Then

d(m, M\ B(1,2°717%)) + Doo Qs Qi) + d (3,5, M\ B, 2°77%)

d(n,mi5) <
< gio=1-3 | gio—itgyrHl 4 gig—i-3
<

21'07@4%4&.

It follows that N
Ql,k C B(77Z‘7j7 0220_’+W) x [Qio—l—1’ 21'0_1].
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Now, as pieces of different order are disjoint,

+o0
Ue=>| U Qim
QEr; ; m=0 |Qi4+m, kEF ;
and as those of a given order overlap at most k times, this is

< K Z ‘B(ni,ja C2210*1+W+1) « [2i07i7m71’ 2i07i7m]

m=0
< C Z 2 Zo*l‘Fm Q2i07i7m

m=0

~+00 r

— Ol d@H) 3 gmFE oA,

m=0

Finally, we set S = U A;j.
(4,9)
Proof of Property .

By construction, the authorized and the forbidden pieces cover {U, > A} N K and as these
overlap at most s times, we obtain

{ona) € Ko - Ouma) > ) < 3 [14u+ 3 1)
(i.5) QEFi;
< (CH+D)Y_ Al = (C+ 1S
(4,5)
where C is the consant in (p.1§).
Proof of Property [i].
If (n,a) € S, that is if (n,a) € A, ; for some (7, j) then there exists (1',a’) € A; ; such that

U,(n',a’) > X\. But then |p~1y/| < 200772 < % so that, for £ € M,

/
_ _ _ a _
d+1EM = d =+ g 1n\25+!§ n]

1 _
> o+ e ).
From this, we immediately get that

a<U,(n,d)<CU,(n,a).

Proof of Property [].

Set S; = U A; j the set of authorized pieces of order i and write
J

Si =T x [207 71 20077,
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Set
r—1

0o = |, G e

for the part of Ug issued from pieces of order .

Lemma 5.3. There ezists a constant Cy such that, for all n € N and all i > 0, U;(n) < Cs.
Moreover, if p > —i and d(1,T;) > 2%, then Ui(n) < Co2~(PHIT.

Proof of Lemma [5.3. By definition

9ig—i - d)\(f)

A _ I'—1
(5.19) Ui(n) /2,.0_1-_1 ¢ /T (@t @
Thus

- 2io—i 4 dA(§)
Ui(n) = /Qio—i—l a@+1 /T, (L+ 167 n|/a)@+T e

207 dA(¢)
— - d
/21'02'1 a /1“¢/a (1 + |C71 ’ (77/61)|)Q+F "

changing variable ( = {/a. By translation invariance of d\ we thus get that
2i0—i
1 dA(€)
Ui(n) < / - / ——==—=da < C}.
W= Jpiva Jp T e 4=

Further, if d(n, T;) > 29%P then, for £ € T3, |¢~1n| > 290 so that, from (§.19), we deduce
that

io—i dA(g)
vitn) < 2o [
(77) — T (220—1—1 + ‘5—177’)@4-1—‘

io—i dA(€)

< 2(20 z)F/

- -1p>2i0+r [€7 QT
io—i dA(¢)

< 2(20 z)F/

¢|>2iotr [C]QFT
— o (i+p)l
when integrating in polar coordinates. O

Now, for every n € N, there exists an m such that
(5.20) C27 ™1 < Uj(n) < 027 ™

(where Oy is the constant of Lemmaf.J). From Lemma[.3, we get that d(n, T;) < 2/0+(m+1)/T=7,
On the other hand, by construction, if ¢ < j then

AT, T)) > gio—it gt
so that o
d(n,Tz) > d(ﬂ77}) . d(n’jv]) > 220—24—%4-1 . 2i0+(m+1)/f‘—j.
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It follows that d(n,T;) > 2.2°7 T @sr — 2itmID/T=i - Further, if io + (m + 1)/T - j <
ig— 1+ %, in particular, if j —i > (m + 1)/T", then

From Lemma [.d we then get that
T .o
(5.21) Ui(n) < Cy2 @m =)
for i < j—m.
We will now prove by induction on j that there exists a constant Cs for which, for every
n > 0 and every j > 0, there exists a permutation o = o, of {0,...,j} such that, for each
T .
i €{0,...,5}, Ui(n) < Cp2~ a7,
It then immediatly follows that )  U; is convergent and uniformly bounded as desired.
For j = 0, this is just Lemma p.J. Assume now the hypothesis is true up to order j — 1.
Let n € M and let m be such that Co27™~1 < U;(n) < Cp27™.
r .
— If m > j, then Uj(n) < Cy2~ @+ Further, by induction hypothesis, there exists a
r _. )
permutation o;_;, of {0,...,j — 1} such that, for i € {0,...,j — 1}, U; < PR ION
is then enough to extend oj_1, by setting 0 ,(i) = 0j_1,(7) if i < j and 0;,(j) = J.
T .o
— Otherwise, m < j and the (f.21)) shows that, fori = 0,...,j—m—1, U;(n) < 022_W(3_2).
By the induction hypothesis, Uj_,,(n), ..., U;—1(n) are bounded by m—1 different elements

I I .
of {02,022_W, e ,CQQ_W(j_l)}. But these are decreasing, so we may as well assume
that they are bounded by the m — 1 first elements of the family. In other words, there
exists a one-to-one mapping o1 from {j — m,...,j — 1} to {0,...,m — 1} such that, for

T .
i=j—m,....j—1 Un) gFCQQ*W"(”.
Finally, as Uj(n) < C22” @+ 7™ if we set
j—i ifi=0,....5—m—1
o) = oi(i) ifi=j—m,....j—1.

m ifi=j
the proof of the induction is completed. (]
We have thus completed the proof (5.15). O
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