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An axiomatic characterization of the prudent
order preference function

Claude Lamboray

Abstract

In this paper, we will axiomatize a preference function that associates to a profile
of linear orders the set of its corresponding prudent orders. We will introduce ax-
ioms that will restrict the set of linear orders to the set of prudent orders. By slightly
adapting these axioms, the prudent order preference function can be fully character-
ized. Finally, we will characterize the extended prudent order preference function by
introducing an additional Condorcet-like criterion.

Key words : Prudent Orders, Axiomatization

1 Introduction

Arrow and Raynaud[1] introduced a set of axioms that a ranking rule which combines a
profile of linear orders into a compromise ranking should verify. Among these, axiom
V' states that the compromise ranking should be a so-called prudent order. Intuitively,
a prudent order is a linear order such that the strongest opposition against this solution
is minimal, which is considered by the authors to be an interesting compromise ranking
when working in an industrial or business-like context.

Apart from the works of Arrow and Raynaud [1] and Debord [3], prudent orders have
also been analyzed by Lansdowne [9, 10] who compared their properties to other social
ordering rules. However, the particular question of characterizing the set of prudent or-
ders has not been addressed yet. This will be the topic of this paper.

*Service de Matbmatiques Appligaes, Universé du Luxembourg,162 A, avenue de laié¢tcerie,
L-1511 Luxembourg, claude.lamboray@uni.lu
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An axiomatic characterization of the prudent order preference function

A characterization will be useful to highlight the particularities of prudent orders with
respect to other common social ordering rules. The results presented in this paper can
also be seen as a first step toward characterizing other prudent ordering rules, such as for
instance the ranked pairs rule proposed by Tideman [15, 18].

Let us emphasize that, in our setting, the type of solution which we will characterize
will be neither a ranking, nor a choice subset, bsegof rankings. This has also been
the case in Young's [17] axiomatization of the set of Kemeny orders. A major difference
however with the Kemeny model is that the prudent order model is "ordinal”. In the lit-
erature, we can find characterizations of ordinal ranking models by Barbera [2], Pirlot
[11] and Fortemps and Pirlot [5], although these authors were working in very different
contexts.

The size of the set of prudent orders can be rather large in comparison to other com-
mon social ordering rules. This has been pointed out by Debord [3], who performed
simulations to estimate the number of prudent orders for small profiles.

However, from a progressive decision aid perspective, the use of prudent orders as
possible compromise rankings does make sense. Sometimes, we do not necessarily aim
at finding directly one compromise ranking, but we can also be interested in depicting a
whole range of possible compromise rankings. That is why, on the one hand, we want to
keep the set of possible compromise rankings as large as possible in order to leave enough
room for a progressive refinement. On the other hand, we want to restrict the whole set of
linear orders to those which can be reasonably considered as potential compromise solu-
tions.

This paper is organized as follows. First, we are going to recall the concept of a pru-
dent order. We will introduce the relevant axioms in section 3. In section 4, we will
present results related to the set of prudent orders, whereas in section 5 we will refine the
set of prudent orders by taking into account an additional Condorcet criterion. Finally, we
will end the paper with a conclusion.

2 Prudent orders

We denote by the set of all the linear orders (transitive, complete and asymmetric binary
relations) on afinite set of alternativesd = {a;, as, ..., a,}. Letu = (01,04, ...,0,) €
01 be a profile ofy linear orders.

230



Annales du LAMSADE f6

Given a profileu, we define majority margin®;; = [{k : (a;,a;) € Oy} — |{k :
(aj,a;) € Ox}| Vi, j. Itis easy to see thati, j, B;; + B;; = 0. Furthermore, the majority
margins of a profile of linear orders are either all even or all odd (see Debord [4]). If they
are all even, then the number of linear orders belonging to the profile must also be even. If
they are all odd, then the number of linear orders belonging to the profile must also be odd.

A linear extensior0 of arelationR is a linear order that contaid® R C O. We will
denote by¢(R) the set of all the linear extensions of relatiBn

Ifu=(01,0,,...,0,)isafirstprofile and’ = (O}, 03, ..., 0;,) is asecond profile,
then we will denote by: + v’ the profile(0y, 0y, ..., 0y, 01, 0y, ..., O,,). We denote
by (a;a;x) a linear order where; is followed bya; and then by the alternativaswith
= being an arbitrary permutation of the alternative§ {a;, a;}. Furthermore, we denote
by —z the reverse permutation af Finally, the strict majority relatiod/ is defined as
follows:

VZ,j (a“aj) EM — Bi]' > 0.

LetA € {—¢,...0,...,q} and let us define the cut-relatioRs. , and R as follows:

Vi 7é j, Bij > = (ai,aj) € Rz)\ andBij >\ = (ai,aj) € R>,\.

We say that a relatio® contains a cycle if there exists a subset of alternativgs
@iy - - -, 0, SUCh thal(a,,, a;,) € R, (aiy, a3,) € R, ..., (a;,,a;,) € R. When)'is large,
thenR. , is empty and consequently does not contain any cycle. By gradually decreasing
the cut value, some ordered pairs will be added to the corresponding strict cut-relation.
Let 3 be the smallest value such that the corresponding strict cut relation is acyclic:

f=min{\ € {—q,...,0,...,q} : R-isacyclic}.

Let us note that, consequently, the relatins must contain at least one cycle. A
prudent ordeOp € O is defined as a linear order that extends the relaiop:

We will characterize a functio®Q, called prudent order preference function, that
associates to every profilethe set of all the linear extensions Bf s :

PO(U) = {Op cO: R>g - Op}
= 5<R>ﬁ)-
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An axiomatic characterization of the prudent order preference function

Since itis always possible to extend an acyclic relation into a linear order (see Szpilrajn[13]),
the set of prudent orders will never be empty. Arrow and Raynaud justified such a com-
promise ranking)p to be prudent by the fact that ordered pairs that belong to the relation
R~ g are pairs with no contradiction and a high majority. If these ordered pairs would not
belong to the final compromise ranking, there would be a large and non-divided majority
against such a ranking.

It can be shown that equation 1 is equivalent to statingdhais a linear order that, in
a way, minimizes the strongest opposition against this ranking, the value of this strongest
opposition being exactly equal tb

max B;;=0< max B;; YOe€O. 2
(ai,0;)#Op itj b (a1,0;)#0,i#] @)

Equivalently, a prudent ordepy is a linear order that maximizes the weakest link. In
fact, sinceB;; + B;; = 0, equation 2 can be rewritten as follows:
min  B;; > min B;; VO €O. (3)

(ai,aj)GOp (ai,aj)GO

Another interpretation of prudent orders worth mentioning here has been highlighted
by Debord [3]. Let us suppose that the profilés such that the strict majority relation is
not a linear order. Let us now consider any linear odez O and let. be the minimal
number of times that one has to afidto « such that the majority relation of the profile
u + o0 corresponds exactly to the linear order In fact, o corresponds to the nec-
essary strength of the linear orderto impose itself as the majority relation. We define

Hmin = minOeO Ho-

Theorem 1 Debord (1987) [3]
Letwu be a profile such that the strict majority relation is not a linear orderis a prudent
order if and only if the majority relation of the profile+ 1,,:,O is equal toO.

Hence, a prudent order can be interpreted as a linear order that one has to add the
smallest number of times to the profile so that the majority relation of the new profile
corresponds exactly to this linear order.

Several algorithms can be imagined that construct prudent orders. Let us mention
three of them: Kohler's rule [8], Arrow and Raynaud’s rule [1] and the Ranked Pairs rule
proposed by Tideman[15, 18]. Furthermore, the first two of these three algorithms verify
a form of sequential prudence (see Arrow and Raynaud [1], Lansdowne [9]). However,
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unlike conjectured by Arrow and Raynaud, Lansdowne [10] highlighted that Kohler's rule
and Arrow and Raynaud’s rule may not be sufficient to find the whole set of prudent or-
ders.

There is a straightforward approach to enumerate all the prudent orders (see also De-
bord [4]). First, use Kohler's algorithm to find one prudent or@gr. Find the strongest
opposition against this ranking, which means the lar@essuch thata;, a;) € Op. This
value corresponds t8. ComputeR. . Enumerating all the prudent orders then comes
down to enumerating all the linear extensionsifs. A constant amortized time algo-
rithm for enumerating linear extensions, that is an algorithm that ru6g [RO(u)|), is
presented in Pruesse and Ruskey [12].

The reader may wonder R-. 5 can be any possible acyclic relation on the set of alter-
nativesA. The answer will be given by the following proposition, which states that the
set of linear extensions of any acyclic relation on the set of alternativesn be seen as
the set of prudent orders corresponding to a certain profile.

Proposition 1 For every acyclic relationk on the set of alternativesl, there exists a
profile u of linear orders such thaPO(u) = E(R).

Proof: If R is a linear order, them trivially consists of this linear order, i.e.
PO(R) = R = £(R). If Ris not a linear order, then we construct the profilas
follows. For every ordered paifr:;, a;) such thaf(a;, a;) € R, we consider the two linear
ordersV;} andV;’:

V= (wagr) V3 = (~zai0),

The profileu then consists of all the linear orderg andV; such thai(a;, a;) € R:

u= ) ViV
(as,a;)€ER

This will lead to the following preference margins matrix:
2 if(a,a;) €R
Bij = -2 if (aj,ai) €ER
0  otherwise

One may show that in this casé= 0, and, consequentlPO(u) = £(R-5) = E(R). O
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An axiomatic characterization of the prudent order preference function

Let us illustrate the prudent order preference function on the following example that
can be found in Taylor [14]. There are five alternatives, c,d ande and the profile
consists of 7 linear orders:

O, | abcde
O, | adbec
Os | adbec
Oy | cdbea
Os | cdbae
Og | bedae
O; | ecdba

We thus have the following majority margins:

a b ¢ d e
al. -1 -1 -1 3
b1 . 1 -1 5
c|1 -1 . 3 1
dl1 1 -3 5
e|l-3 -5 -1 -5

In this casefs = 1, sinceR-, is acyclic, whereagt-, contains a cycle sinc8(c,d) >
1, B(d,b) > 1andB(b,c) > 1. Consequently, the relation

R>ﬁ =R = {(a7 6)’ (b7 6)7 (C7 d)’ (d7 6)}

The set of prudent orders thus corresponds to all the linear extensions of this relation.
These 12 prudent orders are listed below:

acbde | 7 cadbe
abcde | 8  beade
cabde | 9  cdabe

acdbe | 10 cbdae
cbade | 11 cdbae
bacde | 12 bedae

OOk, WN -

3 The axioms

In this section, we are going to introduce the axioms that we will need to characterize the
prudent order preference function. More generally, a preference funttsa procedure
that combines a profile into a non-empty set of linear ordeféu).
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f: 01 — PO\
u = f(u).

In general, the strict majority relatial/ contains cycles, which is commonly referred

to as Condorcet's paradox. However, in cdgds acyclic, then the first axiom says that
this information must be contained in the set of solutions.

Axiom 1 Condorcet Consistency (CC):
If M is acyclic, then:
f(u) CE(M).
In other words, this means that, i is acyclic and if(a;, a;) € M, thena; must be

preferred tos; in all the linear orders of (u). This axiom implies that, if\/ is a linear
order, then this linear order is the unique solution of the preference function.

Lemmal If f verifies Condorcet Consistency and\if is a linear order, thenf(u) =
{M}.

A stronger version of axiom CC says that,Af is acyclic, thenf(u) corresponds
exactly to all the linear extensions of this relatibh

Axiom 2 Strong Condorcet Consistency (SCC):
If M is acyclic, then:

It is easy to see that Strong Condorcet Consistency implies Condorcet Consistency.

Let ug be a profile such thaB;; = 0Vi,j. Adding such a profile ta,; to a given
profile will not alter the resuilt.
Axiom 3 E-invariance (EI):
flu+tug) = f(u).

The next axioms says that if the size of the profile is odd and we create a new profile
by taking twice the initial profile, then the set of compromise solutions may only increase.
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Axiom 4 Weak homogeneity (WH):
If ¢ is odd, then:

flu) € flu+u).

A stronger version of this axiom simply says that if we double an odd profile, then the
result does not change at all.

Axiom 5 Homogeneity (H):
If ¢ is odd, then:

Homogeneity implies weak homogeneity.

Before presenting our main axiom, let us introduce the concept of updating a linear
orderO by switching tow adjacent alternativesanda;:

Definition 1 Let us consider a linear ordeD and an ordered paifa;, a;). We say that
the linear order(’ is an update of) in favor of pair (a;,q;) if O = (...a;a,...) is such
thata; directly precedes; andO’ = (...a;a;...) is obtained by reversing; anda; in O.

The majority oriented profile update procedure then consists in applying an update for
each pair by taking into account the majority situation for this pair. More formally, let us
consider a profile, = (O, ..., O,) with a majority margin matri3. Let us furthermore
suppose thaj > |M]|, i.e. ¢ is at least as large as the number of ordered pairs belonging
to the majority relation of that profile. We will construct a new profile by doing the fol-
lowing for every paif{a;, a;} (i # j):

e If B;; > 0, then letO;, be an update in favor of pajt;, a;) of a linear orde;, of
profile w that has not been updated yet. Replégewith O;.

L] |f Bij - 0, then
— Do nothing.
OR

— Let O}, be an update in favor of pait;, a;) of a linear ordeiO,, of profile u
that has not been updated yet. Replé@gawith O,
OR
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— Let O}, be an update in favor of pair;, a;) of a linear ordeiO,, of profile u
that has not been updated yet. Replagevith O;.

Let us denote by“?* the profile obtained at the end of this procedure. We call this a
majority oriented profile update procedure because:

e If B;; > 0, then there is a strict majority of rankings in the initial profilehat
prefera; overa;. Updating a linear order in favor df;, a;) only confirms this
idea.

e If B;; = 0, then there are as many rankings in the prafiléhat prefera; overa;
than there are rankings that prefgrovera,. For such a pair, three possibilities can
naturally be considered:

— We will do nothing since we do not want to discriminate betweganda,.

— We will update a linear order in favor @, a;), which will break the indif-
ference by improving the situation of with respect ta;.

— We will update a linear order in favor @t.;, a;), which will break the indif-
ference by improving the situation of with respect ta,.

The next axioms says that if we update the prafii@to a new profileu*?4‘ by ap-
plying the above mentioned procedure, then the set of compromise solutions either stays
the same or shrinks.

Axiom 6 Majority Oriented Profile Convergence (MOPC):
Letu be a profile and let:“7¥** be the profile obtained using the majority oriented profile
update procedure. Then:

F) C f(u).

The axiom means that if we update the profile in the direction of the majority relation,
then the set of compromise rankings can possibly converge. Let us note that for pairs
{a;,a;} such thatB,; = 0, by breaking the indifference betweenanda; in a certain
direction, or by leaving the indifference untouched, different profifeés*c can be con-
structed. This will eventually pull the set of compromise solutigfig*?¢) in possibly
different directions. Whatever choice will be made, the proff*‘c will always be con-
sidered as "compatible” with the majority relation and the newfgetd+‘) will always
be contained in the sgtu).
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An axiomatic characterization of the prudent order preference function

We will show that CC, MOPC and El imply SCC.

Proposition 2 If f verifies Condorcet Consistency, Majority Oriented Profile Conver-
gence and E-invariance thehverifies Strong Condorcet Consistency.

Proof: Letu be a profile such that the strict majority relatidhis acyclic. CC tells
us that, sincél/ is acyclic, f(u) C £(M). We are now going to show th&t{ /) C f(u),
which will complete the proof.

LetO € E(M) = M C O. We are going to show th& € f(u).

Let us denote byp = O \ M the ordered pairs that belong to the linear or@dbut
not to the strict majority relation/.

Let B be the majority margins of profile. It is easy to see thab;; = 0 <=
(ai,aj) e Dor (aj,ai) € D. Infact, if Bij =0, then(ai,aj) g M and(aj,ai) g M.
SinceO is complete, eithefa;, a;) € D or (a;,a;) € D. Reciprocally,(a;,a;) € D =
(a;,a;) € M = B,; < 0. Furthermore, it is impossible thdt; < 0, since this would
mean thatB;, > 0 = (a;,a;) € M = (a;j,a;) € O. This is a contradiction since we
supposeda;, a;) € D = (a;,a;) € O. The asymetry property of linear orders does not
allow that both(a;, a;) € O and(a;, a;) € O.

For every(a;, a;) € O, let us consider the following two linear orders:
Vi = (aja;2).
Vi = (~waja;).
Let us add these linear orders to profite
u=u+ Z Vi + Vi

(a’ivaj)eo

Since for every paifa;, a;) € O, Vi} and Vg are two opposite orders and sin¢e
verifies E-invariance, we must have:

f') = f(u). 4)

Let us note that the majority margind’ of profile v’ are exactly the same as the
majority marginsB of profile u. We are going to apply the majority oriented update
procedure ta/’ as follows:

For every paifa;, a;}, do the following:
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Figure 1: The transformation of the majority margins of a profilénto the majority
margins of profileu” .

o If Bj; > 0, then we are going to updal€ in favor of (a;, a;). Note that/;? actually
belongs to profile:’ sinceB;; > 0 = Bj; > 0 = (a;, ;) € O.

o If B; = 0 and(a;,a;) € D, then we are going to updai¢’ in favor of (a;, a;).
Note thatV;; actually belongs to profile’ since(a;, a;) € D = (a;, a;) € O.

Let us denote by3” the majority margins of the profile” obtained at the end of the
procedure. In factB” can be obtained from the majority margiBsby shifting two units
to the right the positive pairs (B> 0), and consequently shift two units to the left the
negative pairg B;; < 0). Furthermore, the pairs such tha}, = 0 and(a;, a;) € D are
shifted to the right whereas the pairs such tBgt = 0 and(a;, a;) ¢ D are shifted to
the left. This is schematically represented in figure 1, where a square represents a major-
ity margin evaluation;; of a pair(a;, a;) and the vertical axis represents the mid-value 0.

Since we suppose that verifies Majority Oriented Profile Convergence, we must
have:

f’) < f@). ()
Let us denote by//” the strict majority relation of the profile”:
o (a“aj) € A[ = BZ/] = Bij > 0 = B;; = Bz/]+2 > 0 = (ai,aj) € A ”.
[ (ai,aj) eD= B;] = B,‘j =0= B;; = Bz,j +2>0= (ai,aj) e M”.

ConsequentlyM UD =0 C M" = O = M" (M" is an asymmetric relation), and
henceM” is a linear order. By applying lemma 1, we thus have ff{at') = {O}. Given
equation 4 and 5, we can finally conclude thaE f(u). O
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We will also use a slightly different version of the MOPC axiom, namely Majority
Oriented Profile Invariance, which says that changing the profile in the sense of the ma-
jority does not alter the result at all.

Axiom 7 Majority Oriented Profile Invariance (MOPI):

Letu be a profile and let:**?@* be a profile obtained using the majority oriented profile
update procedure. If the strict majority relation af*é** contains at least one cycle,
then:

f(uupdate> — f(u)

Axiom MOPI is the same as axiom MOPC, except that the inclusion is replaced by an
equality, under the condition that the strict majority relation of prafiée*c contains cy-
cles. It means that if we obtaif*?*** by applying a majority oriented update procedure
to profileu, and the new profile“*%‘ contains cycles (either existing cycles of profile
or new cycles created through the update procedure), then the set of compromise rankings
must stay the same.

Let us note that removing the cyclicity condition of profil&?i*c from this axiom
will lead to a contradiction with axiom SCC. In fact, if the strict majority relation of pro-
file u*rdete denoted byl “r?te  is acyclic, then the strict majority relation of profile
denoted byM, must also be acyclic, since one can show thiat_ M/*rte, According
to SCC,f(u) = E(M) and f(urdete) = £(Murdete). If we suppose that! C Murdate,
then it can happen that(u ) C f(u).

4 Characterization

First, we are going to show that the prudent order preference function verifies the axioms
introduced so far.

Proposition 3 The prudent order preference function verifies Condorcet Consistency,
Strong Condorcet Consistency,E-Invariance, Weak Homogeneity, Homogeneity, Majority
Oriented Profile Convergence and Majority Oriented Profile Invariance.

Proof: It is easy to see that prudent orders verify EI, WH and H. Let us first prove
that that they also verify SCC, i.e. il is acyclic, therPO(u) = £(M). Either M is
complete or not.
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e )M is complete.
Lety = max{B;; : (a;,a;) € M} : M = R, and SoR.., is cycle-free. There
exists(a;, a;) ¢ M such thatB;; = ~. SinceM is complete anda;,a;) & M,
(a;,a;) € M. ConsequentlyR. contains a cycle. Hencg, = v andPO(u) =
E(Rs) = E(Rs) = E(M).

e M is not complete.
By definition, M = R-, and soR- is cycle-free. Sincé/ is not complete, there
must exist two alternatives, anda; such that(a;, a;) ¢ R~ and(a;,a;) ¢ Rso.
SinceB;; < 0,B;; < 0andB;; + Bj; = 0, we must have thab;; = B;; = 0.
ConsequentlyR-, contains a cycle. Hencé = 0, and SOR-3 = Ry = M .
Consequently,PQu) = £(M).

SCC implies CC.

Let us now prove that prudent orders also verify MOPC. Bdte the majority mar-
gins of profileu and letB**4 be the majority margins of profile»4e*¢. Furthermore,
let 3 be the optimal cut-value for profile and let3*%* be the optimal cut-value for
profile yurdate,

If 3 < 0, then the strict majority relation of profile is a linear order. The strict
majority relation of the profile“?%a'* must then be exactly the same linear order. In that
case we have th@0(u) = PO(u*%') and so MOPC is verified. Let us from now on
suppose that > 0.

Let us cut relationB at level 3 (= R.3) and let us cut relatiofs“»4c at level 3 + 2

(= RU%). One may check that i > 0, then:

Rupdate _ R>6- (6)

>64+2

SinceR. s is acyclic, so ist}fj;e. Consequently3“rdete < 3, and so:

__ pupdate update
R>ﬂ - R>g+2 g R>5u,pdate'

This means thaP O (u**4e) = £(R** ) C £(R>5) = PO(u), which proves MOPC.

>Bupdate

Let us finally show that prudent orders also verify MOPI. Let us suppose that the strict
majority relation of profile;“7¥*** contains at least one cycle.

241



An axiomatic characterization of the prudent order preference function

o 3 <0.
This means that the strict majority relation of profilés a linear order. Conse-
quently, the strict majority relation of profilg“*? is also a linear order. We are
not interested in this case in the MOPI axiom, since we suppose that the strict ma-
jority relation of profileu“*4*‘¢ contains at least one cycle.

e 3=0
We know already that“rdc < 3 4 2 = 2 (see equation 6). We furthermore know
that gurdate > (), since we suppose that the strict majority relation of prafifef«e
contains at least one cycle. Sinde= 0, the profilesu andu*¥* must be even
and consequently the majority margins and the optimal cut values take only even

values. Hence3*dte = 2. Following equation 6, we have th ’gif;fatc = R.3,

which means thaPO(u) = PO(urdete),

e 3>1
In that case, we can show thﬁtg”f}djg“’ = R>g. SinceRg contains at least one

cycle, then this means th ’gljt; also contains at least one cycle and consequently

perdate — 342, Following equation 6, we have t pﬂdfjjm = R. 3, which means
thatPO(u) = PO(urete),

We thus showed that, if the the strict majority relation of profite‘c contains at least
one cycle, thePO(u) = PO(uPde). This proves MOPI.

O

Let us now present our first result. In fact, we will show that if i) we want to use the
axioms Condorcet Consistency, Majority Profile Convergence, E-Invariance and Weak
Homogeneity and ii) we want to have a set of possible compromise solutions as large as
possible, then we must use the prudent order preference function.

Let us insist on the interpretation of keeping the set of compromise rankings as large
as possible. In a progressive decision aid approach, it can be interesting to keep the set
of compromise solutions as large as possible. Since it is useless to consider all the linear
orders, the above mentioned axioms will restrict the set of possible compromise solutions
to all the prudent orders.
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Theorem 2 The prudent order preference function is the largest preference function (in
the sense of the inclusion) that verifies Condorcet Consistency, E-Invariance, Weak Ho-
mogeneity and Majority Oriented Profile Convergence.

Proof: We are going to show that any preference functjotiat verifies the above
mentioned axioms is such such that

f(u) € PO(u)

Since, by proposition 3, prudent orders verify these axioms, the proof will be complete.

Let us suppose that the size of profilds even. LetB be the majority margins of
this profile and let? be the optimal cut-value of this profile. Hend@O(u) = £(R-p).
If 3 < 0, then this means that the strict majority relation is a linear order. In that case,
lemma 1 tells us that(u) = {M} = PO(u). Let us from now on suppose that> 0.

Let us consider the following relations:

A1 {(al,aj) : Bij = 2}

For every(a;,a;) € As, s = 1,...,p, we are going to consider the following linear
orders:

Vk=1,...,s: ng = (—za;a;).
For every(a;, a;) € R, we are going to consider the following linear orders:
Vk=1,...,p: V= (a0:)

Vk=1,...,p: VZ?’“ = (—zaja;)

We are going to define a new profil€ as follows:

2
wW=ut+ Y VEHVEYEY Y (VI +

(ai,aj)EAl k=1 (a;, aJ)EAz
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p
£ T et T wen
k=1 (aj,a;)eAp k=1 (ai,a;)€R>p

Let us denote by3° the majority margins of profile’. In fact, B is linked to B in the
following way:

B =0 otherwise
Hence, the strict majority relatioh/® of profile v is in fact equal taR- 5, and soM” is
acyclic. By applying axiom CC, we can tell that:

f(u®) CEM®) = E(Rsp) = PO(u).

Let us apply the majority oriented update procedure'tm the following way: For every
pair {a;, a,}, do the following:

o If B, > 0, then(a;, a;) € R>p. Letus updaté/}" in favor of (a;, a;) by reversing
the preference between anda;.

o If B), = 0and(as;, a;) € A, then let us update}" in favor of (a;, a;) by reversing
the preference between anda;.

Let us denote by:! the profile obtained at the end of this procedure. Let us denote by
B* the corresponding preference margifs.can be obtained from the majority margins
B of the profileu” by shifting to the right the positive pait$; > 0), and, consequently,
to the left the negative pairs QB< 0). Furthermore, the pairs such thﬁf =0and
(ai,a;) € A, are shifted to the right whereas the pairs such Bfat= 0 and(a], i) €A,
are shn‘ted to the left. The remaining pairs such tB@t = 0 and(a;,a;) € A, and
(aj,a;) € A, simply do not move. The transformation froR? into B is schematically
illustrated in figure 2.

By applying axiom MOPC, we know that:
flu') C f(’) S PO(u).

Let us apply the majority oriented update procedure'toFor every paif a;, a;}, do
the following:

o If B}, > 0, then(a;,a;) € R U A,. Let us updaté/;;* in favor of (a;, ;) by
reversing the preference betwegranda;.
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Figure 3: The transformation frofa! into B2.

o If B} = 0and(a;,a;) € A,y, then let us updat&;' in favor of (a;,a;) by
reversing the preference betwegranda,.

Let us denote by the profile obtained at the end of this procedure. Let us denote
by B? the corresponding preference margins. The transformation f8érinto B? is
schematically represented in figure 3.

By reapplying axiom MOPC, we can tell that:
f(u®) C fu') C f(u°) € PO(u).
By reapplying these argumenigimes, we finally get:

F?) € F) €. € () € (') € f(u) € POLu)

In fact, the profileu? can be written as follows, where we denotew = (a;a;z)
the linear order that has been obtained by reversjranda; in Vi}’“ (k=1,...,p).

w=ut Y RV N RV

2
L]
(as,a5)€AL k=1 (a;,a;)€A2
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+i V2k+v2"+z Yoo (V.

k=1 (a;,a;)€Ap k=1 (a;,a;)€R>p

In fact, u? can be written as + ug, Whereuy is a profile where all the majority margins
are zero. Using axioms El, we thus have tfigi’) = f(u). Consequently:

f(u) € PO(u).

This completes the proof for even profiles. Let us now suppose:thas an odd size. We
then create an even profile by taking the profilevice. Applying the previous result to
the even profile: + « and using axiom WH, we get:

f(u) C flu+u) CPO(u+u)=PO(u).
O

Using similar axioms, the following theorem fully characterizes the prudent order
preference function.

Theorem 3 The prudent order preference function is the only preference function that
verifies Strong Condorcet Consistency, E-Invariance, Homogeneity and Majority Ori-
ented Profile Invariance.

Proof: We know from proposition 3 that the prudent order preference function veri-
fies SCC, MOPI, El and H.

Let us suppose that the size of profilés even. LetB be the majority margins of this
profile and lets be the optimal cut-value of this profile. Hend@O(u) = E(Rp). If
£ <0, then this means that the strict majority relation is acyclic and consequently axiom
SCC tells us thaf (u) = E(M) = E(R>5) = PO(u). Let us from now on suppose that
the majority relation contains at least one cycle and consequéntly).

As in the proof of theorem 2, let us define a profifewith majority marginsB° and
an acyclic strict majority relation/°. Applying axiom SCC, we have:

F) = E(M°) = E(Ro) = PO(w).

As in the proof of theorem 2, let us define a profifeby applying the majority oriented
profile update procedure id. Let us denote by/! the strict majority relation of profile
u'. Infact, M' = R.5 U A, = R>3, which must contain at least one cycle. Heri¢é is
not acyclic and we can apply axiom MOPI:

') = f(u") = PO(u).
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As in the proof of theorem 2, let us define a profifeby applying the majority oriented
profile update procedure id. Let us denote by/? the strict majority relation of profile

u?. In fact, M* C M? and sinceM! is not acyclic,M/? is not acyclic. Consequently, we
can reapply axiom MOPI:

fw?) = f(u') = PO(u).

By reapplying the same argumeantimes (as in the proof of theorem 2), and by using the
axiom El, we finally get:

flw) = fu") = f(w™) = ... = f(u’) = f(u) = f(u) = PO(u).

This completes the proof for even profiles. In case, the prafile odd, we apply the
previous result to the even profile+ « and using axiom H we have:

fu) = f(u+u) =PO(u+u) =PO(u)
O

In comparison to theorem 2, we strengthened Condorcet Consistency by Strong Con-
dorcet Consistency, and Weak Homogeneity by Homogeneity. Furthermore, Majority

Profile Convergence was replaced by Majority Profile Invariance, although the latter does
not imply the first.

Let us emphasize the independence between the five axioms used in the characteriza-
tion of theorem 3.

1. Strong Condorcet Consistency
The preference function that associates to every profile the whole set of linear or-
dersg; (u) = O Vu trivially verifies MOPI, El and H, but is clearly not SCC.

2. E-Invariance
Let us consider the following four linear orders:

01 abede | O3 deabe
Oy eabed | O4 cdeab

Let us denote by, = (01, 0,, 03,0,) the profile that consist of these 4 linear
orders. The following majority margin8* are associated with this profilg:

Bla b ¢ d e
a|. 4 2 0 -2
b | -4 2 0 -2
c |2 -2 2 0
d|0 0 -2 . 2
e |2 2 0 -2
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We are going to define a new preference funcgeas follows:

if u=u*

w=19
P = PO(u)  otherwise

Hencey, corresponds to the prudent order preference function except for the profile
u*. Itis easy to see that verifies SCC. It also verifies H. Letbe an odd profile.
Hence we know that # u* sinceu* is even. We thus have that(u) = PO(u).
Furthermoreyu + u # u* since, for instance, the linear ordércde only appears
once in the profile.*. We thus have that,(u + u) = PO(u + u).

g» also verifies MOPI. Let, be a profile and let**4¢ e the profile obtained
after applying the majority oriented profile update procedure.toOn the one
hand, we have that # u* because we would need a profile of at least 7 linear
orders are needed to apply the majority oriented profile update procedure, given
the majority marginsB*. A similar argument shows that‘*%‘ £ y*, Hence

92(u) — PO(U) —_ PO(uupdate) — g2<uupdate).

However,g, odes not verify El: add the two linear orderk:d anddcba to profile
u*. We then have thaj,(u*) = O andgs(u* + abed + deba) = PO(u* + abed +
dcba) # O.

. Homogeneity

Let us consider the preference margin matik and the preference margin ma-
trix B’ compatible in the sense of the majority with a profile yielding a preference
margin matrix3*.

Bla b c||Bla b c
a | . 3 -1lila|. 2 -2
b |1-3 . 3|bl|-2 . 2
c |1 -3 c |2 -2

We are going to define a new preference functjgrs follows, whereB denotes
the majority margin matrix of the profile.

{0 HNEN:B=B
BU=\ PO(u) otherwise

Hencegs corresponds to the prudent order preference function except for profiles
with majority marginsB* + \B'.

Such a procedurg; verifies SCC and El. It also verifies MOPI.
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u | update in favor off u"Pdete
O; | dcba (a,b) dcab
Oy | cabd (a,c) acbd
O3 | cbda (b, c) beda
O, | dbac (b,d) bdac
Os | dcab (c,d) cdab
O¢ | adbc (d,a) dabc
O | abed n.a. abed
Og | abed n.a abed
Oy | abed n.a abed
O1o | beda n.a beda
O11 | cbda n.a cbda
O19 | dabc n.a dabc
O3 | dabc n.a dabc
Oy | cbda n.a cbda
O15 | bacd n.a. bacd

Table 1: The profile; before and after the update procedure.

However,g; does not verify H. Let: be a profile with majority margins equal to
B*. Consequentlyys(u) = O. However,gs(u + u) = {abc}. Although the size of
profile w is odd,g3(u) # g3(u + u).

. Majority Profile Invariance

Kemeny orders [6] can be defined as follows:

g1(u) = {0k € O Z Bij > Z B; YO €O}

(ai,a;)€0K (ai,a;)€0

Kemeny orders verify SCC, El, H but not MOPI, as will be shown by the example
depicted in table 1. The majority margins of this profile will be:

Bla b ¢ d

a 1 1 -3

bl-1 . 3 3| — gi(u)={beda}
cl|-1 -3 3

d|3 -3 -3

Let us apply the majority oriented profile update procedure & shown in table
1. Let us then compute the Kemeny orders of the prefite®® with preference
marginsBrdate;
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Bupdate

a b c d
a .3 3 -5
b -3 . 5 5| — giu) = {abed}
c -3 5 . 5
d 5 5 -5

Henceg, (uPde'¢) £ g4(u).

Let us note that the same counter examples can be used to check the independence of the
axioms of theorem 2:

1. ¢, verifies EI,WH and MOPC but not CC.
2. go verifies CC,WH and MOPC, but not EI.
3. g3 verifies CC,El and MOPC, but not WH.
4. g, verifies CC,El and WH, but not MOPC.

5 Extended prudent orders

Let us come back to Taylor's example introduced in section 2. The strict majority relation
of this profile can be graphically represented as follows:

N/

O o - O

This strict majority graph seems to indicate that andd could be put before in a
compromise ranking. However, the prudent orders 1-9 do not follow this argument. One
reason for this is that prudent order preference function does not verify what Truchon [16]
calls the extended Condorcet Criterion. Let us introduce this additional condition.
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Given a strict majority relatiod/, we say thaf’C'(M) is the top cycle of\/ if itis the
smallest possible subsetdfsuch that for alk; € TC(M) and for alla; € A\ TC(M)
we have(a;,a;) € M. We partitionA into ordered subsetd;, A,, ..., A, with A; =
TC(M]A\U;;.A;). We call this ordered partition the top-cycle partition (see for instance
Truchon[16] or Klamler[7] for further comments on this partition). In Taylors example,
the top-cycle partition consists of three blogs; = {b, ¢, d}, A; = {a} and A3 = {e}.

If the strict majority relation is acyclic, then we know already from axiom CC that

Va; € Ay,a; € A, k<l: (a;,a5) € OVO € f(u).

The following axiom then says that, also for profiles with a non-acyclic strict majority
relation, the top-cycle partition should not be contradicted by any solution belonging to
the set of compromise rankings.

Axiom 8 Extended Condorcet Criterion (XCC):

Let us suppose that the strict majority relation contains at least one cycle and let
Ay, ..., A, be the top-cycle-partition. We say that a preference funcfiorerifies the
Extended Condorcet criterion if:

Va; € Ag,a; € A, k<l:  (a;,a;) € OVO € f(u).

Given a top-cycle partition, we can very naturally define the following partial order
T:

(ai,a;) €T <= a; € A, anda; € A, andk <

Axiom XCC simply says thaf(u) C £(T'). In order to incorporate this axiom into the
prudent order model, we define the following new preference functi®@®, called the
extended prudent order preference function :

Vu XPO(u)=E(RspUT)
The set of compromise rankings thus corresponds to all the linear extensions of the re-
lation k-3 U T. We will show thatR.; U T is acyclic. Since we can always extend an

acyclic relation into a linear order (see Szpilrajn[13]), the&K@t. s U T) is never empty
and consequentl’PO is a true preference function.

Proposition 4 The relationR- 3 U T is acyclic.
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Proof: If 8 < 0, then) is a linear order and/ = R.3 = T. Consequently,
R.sUT = R.gis acyclic. Let us suppose > 0. Let us suppose by contradiction that
R.5 U T contains a cycle. Since this cycle cannot appear inside a bloc of the top-cycle-
partition (by definition?" is empty inside a bloc anf- s is acyclic), there must exist;
anda; such thaty; € Ay, a; € A,k < land(aj,a;) € R-g. Hence,Bj; > > 0 =
(aj,a;) € M = (a;,a;) ¢ M. This is impossible since we supposed thabelongs to a
higher bloc in the top-cycle partition tha.

U

Itis clear that/u, XYPO(u) C PO(u). In Taylor's example, the sétPO will consist
of the prudent orders 10-12.

Interestingly, the extended prudent order preference function verifies all the axioms
used in theorem 2.

Proposition 5 The extended prudent order preference function verifies Condorcet Con-
sistency, Majority Oriented Profile Convergence, E-Invariance, Weak Homogeneity and
Condorcet Criterion.

Proof: El and WH are easy to check. Furthermore, XCC is verified by construction.

Let us show that CC is verified. [#/ is acyclic, thenR.; = M (see proposition
3). Furthermorel’ C M = T C R.3 = R.3UT = R.3 = M. Consequently,
XPO(u) =E(R-pUT) =E(M).

Let us show that MOPC is verified. We denote bythe strict majority relation and
T the top-cycle relation of profile. We denote byl/“rdt the strict majority relation
andTdete the top-cycle relation of profile»é. Furthermore, leB be the optimal cut-
value for profilex and let3"»4' be the optimal cut-value for profile“»de‘c. We know
from proposition 3 thaPO(dte) = (R ) C PO(u) = (Rsp). Hence:

>3update

R.y C R
We are now going to show th@at C 7“?t¢ which will prove MOPC sinc@® O (v "Pdate) =
E(Tupdate U Rupdate ) C E(T U R>ﬂ) _ XPO(U)

>ﬂupdate

Let us show that ifa;,a;) € T, then(a;, a;) € T, Since(a;,a;) € T, there
exists two blocks in the top-cycle partitio#y, A; such thats; € Ay, a; € A; and such
thatk < 1. Let. 4], be the block of the top-cycle partition af“%* to whicha; belongs
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and letA}, be the block of the top-cycle partition aff*7#*** to whicha; belongs. We

want to show tha&’ < [, which will prove that(a;,a;) € TP, Let us suppose
by contradiction that’ > I'. If &' > ', then this means thdt:;, a;) € Mupdate  since
a; € A}, anda; € Aj,. Thisisimpossible since we know that, a;) € M, M C Mvrdate

and Mvrdee is asymmetric. Ifi = [, then this means that anda; belong to the same
block in the top-cycle partition af/*Pde‘¢, Let us denote this block byl = A}, = A,..
Let us consider the following subsets of alternativéy: = A' N Ay, D, = A'N A,,
D= ANA, LetD = Ui Dland letD~ = A\ D*. We know that bothD*
and D~ are non-empty sincéq;} C D; € D* and{a;} C D; C D~. We know that

Vo € Dt andVy € D, (z,y) € M = (z,y) € M"?, HenceA’ cannot be a block of
the top-cycle partition ofi/“»¥*¢ since D* is dominatingD~. This proves thaf’ C T".
U

It will now be easy to show that if i) we want to use the axioms Condorcet Con-
sistency, E-Invariance, Weak Homogeneity, Majority Profile Convergence and Extended
Condorcet Criterion and ii) we want to have a set of compromise solutions as large as
possible, then we must use the extended prudent order preference function.

Theorem 4 The extended prudent order preference function is the largest preference
function (in the sense of the inclusion) that verifies the Condorcet Consistency, E-Invariance,
Weak Homogeneity, Majority Profile Convergence and Extended Condorcet Criterion.

Proof: We know from theorem 2 that axioms CC, MOPC, El and WH imply:
f(u) € E(R>p)

Axiom XCC implies that
flu) CE(T)

Combining these two inclusions, we get:
flu) CE(TURsp) = XPO(u)

Since the extended prudent order preference function verifies the 5 axioms (see proposi-
tion 5), it is consequently the largest preference function that verifies the 5 axioms. This
completes the proof. O

Let us finally check the independence between the axioms CC, El, WH, MOPC and XCC.

1. The preference functiofy (u) = £(T') verifies EI, WH, MOPC, XCC but not CC.
Consider for instance a profile with three alternatiyesy, ¢, d} and with the fol-
lowing acyclic strict majority relatiod/ = {(a,b), (a,¢), (¢,d)}. Thenfi(u) = O,
and consequently; (u) Z E(M).
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2. The preference functiofy will be defined as follows (see preference functigh

hlu) = 0 if u=u*
271 APO(u)  otherwise

fo verifies CC, WH, MOPC, XCC but not El.
3. The preference functiofy will be defined as follows (see preference functigh
fg(U)—{g ifﬂ)\e.N:B:B*Jr)\B/
PO(u) otherwise
f5 verifies CC, El, MOPC, XCC, but not WH.

4. The preference functiofy(u) = g4(u) (Kemeny orders) verifies CC, El, WH, XCC
but not MOPC.

5. The prudent order preference functiyu) = PO(u) verifies CC, EI, WH, MOPC
but not XCC. Consider for instance Taylor's example.

6 Conclusion

In this work we presented a first axiomatic characterization of a preference function that

associates to a profile of linear orders the whole set of prudent orders. Among the axioms
that we introduced, the axioms of Majority Oriented Profile Convergence and Invariance

are the most specific of the prudent approach.

The main issue of future work will be to analyze and characterize other prudent rank-
ing rules in the same axiomtatic framework. As a first illustration, we introduced the
extended prudent order preference function, which could be characterized by simply con-
sidering an additional axiom.
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