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1

Introduction

Presburger arithmetic [Pre2q] is a decidable logic used in a large range of ap-
plications. As described in [[Lat04], this logic is central in many areas includ-
ing integer programming problems [Sch87], compiler optimization techniques
[Dmd], program analysis tools [BGP99, [FO91, and model-checking
[BFL04, Fad, [Laj. Different techniques [GBD0Z] and tools have been devel-
oped for manipulating the Presburger-definable sets (the sets of integer vec-
tors satisfying a Presburger formula): by working directly on the Presburger-
formulas [Kla04] (implemented in OMEGA [Omd]), by using semi-linear sets
[GS64] (implemented in BRAIN || ), or automata (integer vectors being

, d| (implemented in FAST ],
LAsH and Mona [KMS02]). Presburger-formulas and semi-linear sets
lack canonicity. As a direct consequence, a set that possesses a simple repre-
sentation could unfortunately be represented in an unduly complicated way.
Moreover, deciding if a given vector of integers is in a given set, is at least
NP-hard , . On the other hand, a minimization procedure for au-
tomata provides a canonical representation. That means, the automaton that
represents a given set only depends on this set and not on the way we compute
it. For these reasons, autmata are well adapted for applications that require
a lot of boolean manipulations such as model-checking.

Whereas there exist efficient algorithms for computing an automaton that
represents the set defined by a given Presburger formula, [Kla04, WB0d, BC94],
the inverse problem of computing a Presburger-formula from a Presburger-
definable set represented by an automaton, called the Presburger synthesis
problem, was first studied in [ and only partially solved in exponential
time (resp. doubly exponential time) for convex integer polyhedrons [Lat04]
(resp. for semi-linear sets with the same set of periods [[Lug04]). Presburger-
synthesis has many applications. For example, in software verification, we
are interested in computing the set of reachable states of an infinite state
system by using automata and in analyzing the structure of these sets with a
tool such as [Omd] which manipulates Presburger-formulas. The Presburger-
synthesis problem is also central to a new generation of constraint solvers
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for Presburger arithmetic that manipulate both automata and Presburger-
formulas , .

The Presburger-synthesis problem is naturally related to the problem of
deciding whether an autamaton represents a Presburger-definable set, a well-
known hard problem first solved by Muchnik in 1991 [Muc91f] with a quadruple
exponential time algorithm. To the best of our knowledge no better algorithm
for the full class of Presburger-definable sets has been proposed since 1991.

In this paper, given an automaton that represents a set X of integer vectors
encoded by the least significant digit first decomposition, we prove that we
can decide in polynomial time whether X is Presburger-definable. Moreover,
in this case, we provide an algorithm that computes in polynomial time a
Presburger-formula that defines X.
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Notations

We provide in this chapter notations used in the sequel.

2.1 Sets, Functions, and Relations

We denote by Q, Q4+, Z and N respectively the set of rational numbers, non-
negative rational numbers, integers, and non-negative integers.

The intersection, union, difference, and symmetric difference of two sets
A and B are written AN B, AU B, A\B, and AAB = (A\B) U (B\A4).

The class of subsets (resp. the class of finite subsets) of a set E is denoted
by P(E) (resp. Ps(E)). The cardinal of a finite set X is written |X| € N. A
partition € of a set E is a class of non-empty subsets of E such that X;NX5 = ()
for any X1, Xo € Cand E = [Jyce X.

The Cartesian product of two sets A and B is written A x B. The set
X™ is called the set of vectors with m € N components in a set X. Given
an integer ¢ € {1,...,m} and a vector x € X™, the i-th component of z is
written z[i] € X.

The set of functions f : X — Y, also called sequences of elements in Y
indexed by X is written YX. A function f € XY is said injective if f(x1) #
f(z2) for any x1 # xo € X, surjective if for any y € Y there exists ¢ € X
such that y = f(x), and bijective or one-to-one if it is both injective and
surjective. A function f € YX is either denoted by f : X — Y, or it is
denoted by f = (fx)zex and in this last case Y is implicitly known. Given
a function f : X — Y and two sets A and B, we define f(A4) and f~1(B)
respectively the image and the inverse image of A and B by f, given by
f(A) ={f(x); € XN A} and f~1(B) = {x € X; f(z) € B} (remark that
A is not necessary a subset of X and B is not necessary a subset of Y).

An enumeration of a set E' is an injective function f : N — E. A countable
set F is a set E that has an enumeration. Recall that a finite set is countable
and the class of finite subsets of a countable set is countable.
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Let V be a countable set of boolean variables. A boolean formula ¢ over the
boolean variables V' is a formula in the grammar ¢ := v|¢ N | U ¢|d\d|p A
where v € V. A boolean valuation p is a function that maps each boolean
variable v to a set p(v). Observe that a boolean valuation p can be naturally
extended to any boolean formula ¢. Given a boolean formula ¢(vy,...,v,)
where vy, ..., v, are the boolean variables occurring in ¢ and some sets Ei, ...,
E,,, we denote by ¢(F1, ..., E,) the unique set p(¢) where p is any valuation
such that p(v;) = F;. A set E is called a boolean combination of sets in a class
C of sets if there exists a boolean formula ¢(vy,...,v,) and some sets Ey, ...,
E, in @ such that E = ¢(E, ..., E,).

Lemma 2.1. We can decide in polynomial time if a finite set E is a boolean
combination of sets in a finite class C of finite sets. Moreover, in this case
we can compute in polynomial time a boolean formula ¢(vi,...,v,) and a
sequence En, ..., E, of sets in C such that E = ¢(F1,..., Ey).

Proof. Let us consider an enumeration E, ..., E, of the sets in € and let X =
Ui, E;. Let us consider the function f : X x {1,...,n} — P(E) such that
f(z, 1) is the unique set in {E;, X AE;} that contains x. Let us also consider
the set K, = (i—, f(z,%) and observe that F is a boolean combination of sets
in Cifand only E = {J,cp Ke. O

A relation R is a subset of S; x Sy where S; and Sy are two sets. We
denote by s1Rsz if (s1,52) € R. Such a relation is said one-to-one if there
exists a unique sy € S5 such that s;Rss for any s; € S1, and if there exists a
unique s1 € S7 such that s;Rss for any so € S3. The concatenation Rq.Ro of
two relations Rq C S7 X .Sy and Ro C Sy X S3 is the relation R1. Ry C S X S5
defined by s1R1.Rass if and only if there exists so € Sy such that s1Rq1so
and soRas3. A binary relation R over a set S is a relation R C S x S such
that S; = S = S5. Recall that a binary relation R over S is an equivalence
if R is reflexive (sRs for any s), symmetric (s1Rsz if and only if saRsy
for any s1,s2 € ), and transitive (s1Rs2 and saRs3 implies s1Rs3 for any
s1, 82, 83 € S). Given an equivalence binary relation R over S, the equivalence
class of an element s € S is the set of s/ € S such that sRs’. Recall that
equivalence classes provide a partition of S.

2.2 Linear Algebra

The unit vector e, € Q™ where j € {1,...,m} is defined by e; »[j] = 1 and
e;m[i] =0 for any ¢ € {1,...,m}\{j}. The zero vector eg,, € Q™ is defined
by eo,m = (0, ...,0).

Vectors x+y and t.x are defined by (z+y)[i] = («[i])+ (y[i]) and (t.z)[i] =
t.(z[i]) for any i € {1,...,m}, x,y € Q™, t € Q. We naturally define A+ B =
{a+b; (a,b) € Ax B} and T.A = {t.a; (t,a) € T x A} for any A, B C Q™
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and T C Q. For any a,b € Q™ and t € Q, let us define a + B = {a} + B,
A+b=A+{b},t.A={t}.Aand T.a = T.{a}.

The infinite norm of a vector x € Q™ is defined by ||z||,, = max; |z[d]|
where |z[i]] is the absolute value of x[i].

The dot product of two vectors x,y € Q™ is denoted by (x,y) =
>, alilyl].

The greatest common divisor (ged) of m € N\{0} integers x1, ..., &y, is
denoted by ged(zy,...,%m). Recall that the ged of of some integers can be
efficiently computed in polynomial time thanks to an Euclidean algorithm.

A rational number g € Q can be canonically represented as a tuple (n,d) €
Z x (N\{0}) such that ¢ = 4 and ged(n,d) = 1. The integer size(q) € N is
defined as the least (for <) integer such that n,d < 2%%¢(9)_ The integer
size(z) € N where z € Q™ is defined by size(z) = Y ;" | size(z[i]). The integer
size(X) € N where X € P;(Q™) is defined by size(X) = > . y size(x).

A function f : Q™ — Q™ is said affine if for any ¢ € {1,...,m}, there
exists v; € Q™ and ¢; € Q such that f(z)[i] = ¢; + (vi, x) for any x € Q™.

The set of matrices with n € N rows and m € N columns with coefficients
in a set X C Q is denoted by M, »(X). Its elements are denoted by Mz, j] €
X wherel <i<nand1<j<m.

2.3 Alphabets, Graphs, and Automata

An alphabet X is a non-empty finite set. Given an alphabet X, we denote by
2T the set of non-empty words over X. Given a non-empty word o = by ... by
of k € N\{0} elements b; € X, and an integer ¢ € {1,...,k}, we denote by
oli] the element ofi] = b;. We denote by e the empty word. As usual X*
denotes the set of words X7 U {e} and a language L is a subset of X*. The
concatenation of o1 € X* and o9 € X* (resp. L1 C X* and Ly C X*) is
denoted by o1.09 (resp. L1.Lo = {01.02; (01,02) € L1 X La}). Given a word
o € X*, we define as usual o* where i € N and o* = {o%; i € N}. The length
of a word o € X* is denoted by |o| € N. The residue o~ '.L of a language
L C X* by a word o € X* is the language 0~ 1.L = {w € X*; o.w € L}.

A graph G labelled by X is a tuple G = (Q, X, ) such that @ is the non
empty set of states, X is an alphabet and 0 : Q x XY — (@ is the transi-
tion function. Two graphs G1 = (Q1,X,61) and G2 = (Q2, X, J2) labelled
by X are said isomorph by a one-to-one relation R C Q1 X @2, if we have
01(q1,b)Rd2(g2,b) for any ¢1Rqe and for any b € X. As usual, the transition
function § is uniquely extended into a function § : Q x X* — @Q such that
0(g,€) = g for any g € @ and such that 6(q,01.02) = 6(6(q,01),02). Given a
word o € X*, we denote by = the binary relation over Q defined by ¢ % ¢/
if and only if ¢' = d(q, o). In this case, we say that there exists a path from a
state ¢ to a state ¢’ labelled by o. Such a path is called a cycle on q if ¢ = ¢’

and o # €. Given a language L C X*, the binary relation £, is defined by
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L= User Z,. The binary relation — is defined by =2, A state q’ is said
reachable from a state qp if gg — ¢’. The notion of reachability is naturally
extended to the subsets of Q: a subset Q' C Q is said reachable from a subset
Qo C Q if the exists a state ¢’ € @’ reachable from a state gy € Qp. In this
case the set @’ is said co-reachable from Q. A strongly connected component
Q' is an equivalence class for the equivalence binary relation = defined over
Q by g=¢ if and only if ¢ — ¢’ and ¢ — ¢. A graph G is said finite if Q
is finite. In this case |G| = |Q| denotes the number of states of G, and the
integer size(G) € N is defined by size(G) = | X|.|Q].

An automaton A labelled by X is a tuple A = (ko, K, X, 5, Kr) such that
(K, X,6) is a graph labelled by X, kg € K is the initial state and Kp C
K is the set of final states. Two automata Ay = (ko,1, K1, X, 01, Kp1) and
Ag = (ko2, K2, X, 02, K3) labelled by X' are said isomorph by a one-to-one
relation R C K; x Ky if (K1,X,01) and (Ko, X, d3) are isomorph by R,
(ko1,ko2) € R, and we have k1 € Kp; if and only if ks € Kpo for any
(k1,k2) € R. An automaton with a finite set of states K is said finite. In
this case, we denote by |A| the number of states |K| and the integer size(A)
is defined by size(A) = |X|.|K|. The language L(A) C X* recognized by an
automaton A labelled by X' is defined by L(A) = {0 € X*; 6(go,0) € Kp}. A
language L C X* is said regular if it can be recognized by a finite automaton.
Recall that a language L C X* is regular if and only if the set of residues
{o71.L; 0 € X*} is finite. In this case the automaton (£, K, ¥, §, Kr) defined
by the set of states K = {o71.L; o € ¥*}, the transition function §(k,b) =
b=1.k which is in K since b~l.071.L = (0.b)71.L and the final set of states
Krp = {k € K; € € k} is the unique (up to isomorphism) minimal (for the
number of states) automaton labelled by X' that recognizes L.



Part I

Logic and Automata






3

Finite Digit Vector Automata

In this chapter, the Finite Digit Vector Automata (FDVA) representation, a
state-based representation of set of integer vectors is presented.

3.1 Digit Vector Decomposition

In this paper, r denotes an integer in N\{0, 1} called basis of decomposition.
The set X, = {0,...,r — 1} is called the set of r-digits and the set S, =
{0,r—1} C X, is called the set of r-signs. Given an integer m € N\{0} called
dimension, we intensively used the alphabets X, ,, = X" and S, ,, = S"
whose the elements are respectively called the (r,m)-digit vectors and the
(r, m)-sign vectors. Naturally, a word over the alphabet X, ,,, can also be seen
as a word over the alphabet Y, with a length multiple of m. In order to simplify
notations, these words are identified. Moreover, given a word o € X%

T,m?
denote by ||, the length of o seens as a word over the alphabet X, ,, and
defined by |o|m = %, and given a word o = by ...b; of k € N\{0} (r,m)-
digit vectors b; € X, and an integer ¢ € {1,...,k}, we denote by o[i],, the
(r,m)-digit vector o[i],, = b;.

A (r,m)-decomposition (o,s) of an integer vector x € Z™ is a cou-
ple (o,s) € Xr, X Spm corresponding to a least significant digit first de-

composition of z in basis r. More formally, we have = = p, ,,(0,s) where
Prom @ 20 X Sr.m — Z™ is defined by the following equality:

[o]m

lolm. ri_l.a[z]

pr,m(aa 5) =r

Example 3.1. (011,0) is a (2, 1)-decomposition of 6 = 2! 4 22.

1), (1,1), (11,1), ..., (1...1,1) are the (2,1)-decompositions

(
Ezample 3.2. (e, 1
0), (0,0), ..., (0...0,0) are the (2, 1)-decompositions of 0.

of —1 and (e,
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Following notations introduced in [, function p, ,, can be defined
thanks to the unique sequence (Yrm,o)oc = of functions vy m,s : Z™ — Z™
such that v, m.oq1.00 = Yr,m,010Vr,m,0, fOr a0y 01,02 € X%, Ypm  is the identity
function, and such that 7, ., s(x) is defined for any (b, z) € X, x Z™ by the
following equality:

Yrmb(Z[1], ..., x[m]) = (relm] + b, z[1],...,z[m — 1])

In fact, we deduce that for any (r, m)-decomposition (o, s), we have the fol-
lowing equality since Yy m. (z) = r.x +w for any (w,z) € Xy, x Z™:
s

Pr,m(@ S) = ’YT,m,a(E)

Function p;, can be used to associate to any language L C X7 X S, 1,
the set of integer vectors X = p,,,(L). Remark that p,,, is a surjective
function (we have py. (X, X Spm) = Z™) because any vector x € Z™
owns at least one (r, m)-decomposition. Hence, for any subset X C Z™, there
exists at least one language L such that X = p, ., (L). However, intersection
of languages does not correspond to intersection of sets of integer vectors:
for instance, consider £L; = {(0,0)} and Lo = {(0.0,0)} and remark that
{0} = pr1(L1)Npr1(L2) # pr1(L1NLa) = 0. In order to avoid this problem,
we introduce the notion of saturated languages.

A language L C X, X S, is said (r,m)-saturated if for any (r,m)-
decompositions (o1, $1) and (o2, s2) of the same vector, we have (o1,1) € £
if and only if (02,52) € L. Remark that X, x S, is a (r,m)-saturated
language such that pnm(E;f,m X Sp.m) = Z"™, and L1#L4 is a (r, m)-saturated
language such that py o (L1#L2) = prm (L1)#prm (L2) for any pair (L1, L2)
of (r,m)-saturated languages, and for any # € {U,N,\, A}.

The (r, m)-decompositions of the same integer vector are characterized by
the following lemma @

Lemma 3.3. Two (r,m)-decompositions (c1,s1) and (o2,s2) represent the
same integer vector if and only if s1 = so and o1.s N oa.85 # (.

Proof. Consider two (r,m)-decompositions (o1,s1) and (o2,s2) such that
there exists s € S, and k1, k2 € N satisfying s; = s = spand 0;1.57" = 02.512”,
and let us prove that (o1, $1) and (o2, $2) represent the same vector. Just re-
mark that %,Ws(l—fr) = 1= for any s € S, ,,. Hence, an immediate induction
(over k1 and k) shows that (o1, 1) and (o9, $2) represent the same vector.

For the converse, consider two (r, m)-decompositions (o1, s1) and (o2, $2)
that represent the same vector. Remark that for any (r,m)-decomposition
(0, s) of an integer vector x € Z™, we have s[i] = 0if z[i]] € N and s[i] = r—1 if
x[i] € Z\Nfor any i € {1,...,m}. Therefore, as (01, $1) and (o2, s2) represents
the same vector, we deduce that there exists s € S, ,,, such that s; = s = s».
Consider k1 and ks such that |o1|+k1 = |o2|+ k2. From the first paragraph, we
deduce that (wy,s) and (ws, s) represent the same vector where wy = 1.57"
and wy = 02.512”. By uniqueness of the (r, m)-decompositions with a fixed
length, we deduce that wy = ws. O
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3.2 State-based Decomposition

A language of (r, m)-decompositions can be naturally represented by a state-
based representation. Our representation is obtain by considering the natural
one-to-one function from the set of (r, m)-decompositions to the set of words
in X ,,.0.5, m that associate to a (7, m)-decomposition (o, s) the word 0.¢.s
where ¢ is an additional letter not in X,.

Observe that an automaton A recognizing a language included in X7 ,.0.S,.,

can be decomposed into (1) a graph called Digit Vector Graph corresponding
to the part of A before a  letter, and the part of A after a ¢ letter called a
final function.

Definition 3.4. A Digit Vector Graph (DVG) is a tuple G = (Q, m, K, X, 0)
where Q) is the non empty set of principal states, r € N\{0, 1} is the basis of
decomposition, m € N\{0} is the dimension, and (K, X.,0) is a graph such
that Q C K and 0(Q, Xrm) C Q.

A Finite Digit Vector Graph (FDVG) G is a DVG with a finite set of states
K. Given a FDVG G, the integer size(G) € N is defined by size(G) = r.|K]|.
The parallelization [G] of a DVG G = (Q, m, K, X,.,0) is the graph [G] =
(Q, Xrm,0). We introduce DVG rather than graph labelled by X, ,,, in order
to establish fine polynomial time complexity results that should be useless
with an exponential size in m of the alphabet X, ,,. Naturally any graph
labelled by X, ., is equal to the parallelization of at least one DVG in basis r
and in dimension m.

Definition 3.5. A final function is a tuple F = (Q, f,m, K, Sy, 0, Kr) where
Q is the non empty set of principal states, r € N\{0,1} is the basis of
decomposition, m € N\{0} is the dimension, (K,S,,d) is a finite graph,
f:Q — K is a function mapping principal states to states in K, and Kp C K
is the set of final states such that the language recognized by the automaton
(f(q), K, Sy, 0,KF) is a subset of Sy for any principal state g € Q.

A final function F is said finite if the set of principal states Q is finite (observe
that K is finite by definition). Given a finite final function F, the integer
size(F') € Nis defined by size(F) = |Q|+|K|. The parallelization [F] of a final
function F = (Q, f,m, K, Sy, 9, Kr) is the function [F] : Q@ — P(S,, ) such
that [F](q) is the language recognized by the automaton (f(q), K, Sy, d, Kr).

A DVG G and a final function F' are said compatible if they are defined
over the same set of principal states with the same basis r and the same
dimension m. Given a tuple (¢, G, F') where ¢ is a principal state, G is a DVG
and F is a final function compatible, we denote by L((¢, G, F')) the following
language of (r, m)-decompositions:

L((q, G, F)) = {(w,5) € X7, X Srms s € [F](6(q, w))}

Recall that we are interested in recognizing (r, m)-saturated languages. A final
function F' is said saturated for a DVG G if it is compatible with G and if
L((q,G, F)) is (r,m)-saturated for any principal states ¢ € Q.

m
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Proposition 3.6. A final function F is saturated for a DVG G if and only
if F and G are compatible and [F](q1) N {s} = [F](g2) N {s} for any q1 > ¢o
with (qla S,Q2) € Q X Sr,m X Q

Proof. Assume first that L((¢, G, F)) is (r, m)-saturated for any state ¢ € @,
and let us prove that s € [F](q;) if and only if s € [F](g2) for any ¢; > g2 with
(q1,5,q2) € QX Sy x Q. Assume first that s € [F](q). Lemma B.d proves that
Prm(€,8) = prm(s,s). As L((q1,G, F)) is (r,m)-saturated, we deduce that
(s,8) € L((q1,G, F)). From g2 = 6(q1,s) we get s € [F](g2). Next assume
that s € [F](g2). We get (s,s) € L((q1,G, F)). As this language is (r,m)-
saturated and prm(s,s) = pr.m(€, s), we deduce that (e,s) € L((q1,G, F)).
Therefore s € [F](q1).

Next, assume that [F](q1) N {s} = [F](g2) N {s} for any ¢ > g2 with
(g1, 8,q2) € QX Sy xQ, and let us prove that L((¢, G, F')) is (r, m)-saturated
for any state ¢ € Q. Let us consider two (r, m)-decomposition (o, s) and (¢’, s")
of the same integer vector such that (¢/,s") € L((¢,G, F)) and let us prove
that (o, s) € L((q, G, F)). From lemma B.3, we deduce that s = s’ and there
exists k, k' € N such that 0.5 = o’.s. As s € L((q1,G, F)) if and only
if s € L(q2,G, F) for any q1 > ¢o with q1,¢2 € @, an immediate induc-
tion shows that (¢/,s") € L((¢, G, F)) implies (o, s) € L((q, G, F)). Therefore
L((q,G,F)) is (r,m)-saturated for any ¢ € Q. O

We can now introduce our definition of digit vector automata.

Definition 3.7. A Digit Vector Automaton (DVA) is a tuple A = (qo, G, Fp)
where qo € @ is the initial state, G is a DVG and Fy is a final function
saturated for G.

A Finite Digit Vector Automaton (FDVA) A is a DVA with a finite DVG G
and a finite final function F'. Given a FDVA A, the integer size(A) is defined
by size(A) = size(G) + size(F). Given a DVA A = (qo, G, Fp), the (r,m)-
saturated language L(A) = L((qo, G, Fp)) is called the recognized language of
A. The set X = p, m(L(A)) is called the set of integer vectors represented by
A.

Let us show that any set X C Z™ can be represented by a DVA by
introducing the DVG G, (X) = (Qrm(X),m, Ky 1 (X), Xr, 0rm) where
KT,W(X) = {77:71n,w(X)7 w e 2:}a QT,m(X) = {77‘_,7171,w(X)7 w € E:,m}7 and
Srm is defined by 0y, (Y,0) = 7L (V) for any YV € K, ,,(X) and b € X,
Finally, let us consider the tuple .Arm(X) = (X, Grm(X), Frm) where Fy p, is
any final function such that [F}. ,,](Y) = Sy N(1—7).Y for any Y € Q. m(X).

Proposition 3.8. The tuple A, ., (X) is a DVA in basis r and in dimension
m that represents X.

Proof. Let us first prove that A, ,,(X) is a DVA in basis r and in dimension
m. It is sufficient to show that [F) ,](q1) N {s} = [Frm](g2) N {s} for any
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q1 > g2 where (q1, s, qg €EQ X Spm xQ. As q1 > qo, we get g = Vromos(@1)-
Remark that | Tm]( =S mN(1—7).q and [Frm](g2) = Srm N (1 —7).q2.
As Yrm,s(725) = , We deduce that [Frm](q1) N {s} = [Frm(g2)]N{s}. We
are done.

Now, let X’ be the set represented by the DVA A, ,,,(X), and let us prove
that X' = X. Let € X'. There exists a (r, m)-decomposition (o, s) of z such
that (0,5) € L(Arm(X)). Let ¢ = 6r.m(qo,0). We get ¢ = 7} (X). From
s € [Frml(q), we deduce s € Sy N (1 —71).q. Hence %= € ¢ = 7,1, ,(X)
and we obtain ¥, (13) € X. As prm(0,5) = x, we get © € X and we
have proved the inclusion X’ C X. For the converse inclusion, let x € X.
Let us consider a (r,m)-decomposition (o,s) of z. As * = p,n(0,s) and
Prom(0,5) = Vrmo(X), we get s € Sppm N (1 —7).q where ¢ = 7} (X).
Therefore gy 2+ ¢ and s € [F}.,,](¢). That means p,,, (0, s) € X’ and we have
proved the other inclusion X C X’. O







4

Modifying a DVA

The sets obtained by moving the initial state of a DVA are geometrically char-
acterized in section @ and the set obtained by modifying the final function
of a DVA are studied in section f.9.

4.1 Moving the initial state

The DVA obtained from A by replacing the initial state gy by another principal
state ¢ € @ is denoted by A,. Given a set X implicitly represented by a DVA
A with a set of principal states @), we denote by X, the set represented by the
DVA A,. In this section the set X, is geometrically characterized in function

of X, for any path q; — go where (q1,w, q2) € Q X Xk X Q.

Proposition 4.1. Let X be a set represented by a DVA in basis r and in
dimension m with a set Q) of principal states. We have X, s w(Xg) for

= Vrm,w

any path q1 — qo where (q1,w, q2) € Q X 2rm X Q.

Proof. Consider © € X,,. There exists (0,s) € L(A4) such that x =
pr.m(0,8). From (w.o, s) € L(Ag, ), we deduce that p, m(w.0,s) € Xg,. Just re-
mark that py m(w.0, ) = Yrmw(Pr.m (0, 8)) = Yrm.w(x). We have proved that
Xg, € Yrmw(Xg,). For the converse, consider = € v,}, ,(Xg,). As any vec-
tor owns at least one (r, m)-decomposition, there exists a (r, m)-decomposition
(0,5) such that & = py.m(0,s). From z € 7,1, (Xq,), we get Yrmw(z) € Xq,.
Just remark that v, () = pr.m(w.o,s). As L(Ag, ) is (r, m)-saturated, we
get (w.o,s) € L(Ag,). In particular (o,s) € L(Ag,). Hence = prm(0,s) €
X, We have proved the other inclusion ;.\, (Xg,) C Xg,. O

Theorem 4.2. Let X be a Presburger-definable set represented by a DVA
A = (qo,G, Fy). The set X, is Presburger-definable for any reachable (for
[G]) principal state q € Q.
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Proof. The proof is immediate because if X is Presburger-definable, there
exists a formula ¢ in FO (Z,N, +) that defines X. Consider a reachable (for

[G]) principal state ¢ € Q. There exists a path g — ¢ with ¢ € X*

From proposition @, we deduce that X, is defined by the Presburger formula
¢o(z) == Fy; (¥ = Yrm,o(@) A ¢(y)). Therefore X, is Presburger-definable.
O

.-
-
.-
-

P &

r Ss~a
Eo2(a)| I TTmeal

Fig. 4.1. On the left, I, , with its fix-point & 2(c). On the right I 5 (0,0)(Z7)

Previous proposition @ provides a characterization of the sets obtained by
moving the initial state of a DVA to another principal state. This character-
ization can be translated into a geometrical one by considering the unique
sequence (an,w)weg: of affine functions I} ,,., : Q™ — Q™ such that
Lymowyws = Lromowy © Lrmow, for any (w1, wa) € X%, such that I, ¢ is the
identity function and such that I, () is defined for any (b,z) € X\, x Q™

by the following equality:

Fr,m,b(z[l]a .

As vrmo(x) = Ipmo(z) for any € Z™, we deduce that 7,
I} (XN o(Z™)). Now, just remark that given o €

T,m,o

rlolm 2 4 4y o (€0.m) is simply a scaling function (an affine function of the

2*

T,m?

yxlm]) = (raz[m] + b, 2[1], ..., z[m —1])

o (X)
Lm0 (2)

form z — p.x 4+ v where p € Q\{0} and v € Q™) and I}, ,(Z™) =

Pl Zm 4 o, o (€0.m) is a pattern (see figure [L.] and section

p.3).

Remark 4.3. Function I ,, ., is the unique affine function that extends vy m, w:
there exists a unique affine function f: Q™ — Q™ such that f(z) = v rw(2)
for any x € Z™.
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The following lemma introduces the geometrically characterized vectors
&m(0) that will be useful in the sequel.
Lemma 4.4. The function &, : Xf,, — Q™ defined by &, (0) = %ﬁﬁfﬂm
is the unique function such that & (o) is a fiz-point of [y .o for any
S E,ff -

Proof. Remark that & ,,(0) is a fix-point of I'. ,, », and if z is a fix-point of
I .o, then rlolm o+ Yr.m.o(€0,m) = x and we deduce that x = & (o). O

In the sequel the sets X C Z™ such that there exists o € E;f m Satisfying
Yrm.o(X) = X are useful since intuitively &, (o) is a fix point of these sets.

Such a set is said (r, m, 0)-cyclic.

4.2 Replacing the final function

Given a set X implicitly represented by a DVA A = (qo, G, Fy) and given a
final function I saturated for G, we denote by X" the set represented by the
DVA AF obtained from A by replacing Fy by F.

4.2.1 Detectable sets

A set X' C Z™ is said (r,m)-detectable in a set X C Z™ if ~, ) , (X') =
Vrm.on (X') for any words o1,09 € X7, such that v 1 (X) =), 5, (X).
The following theorem . shows that these sets characterize the sets X’ C Z™
such that for any DVA A = (qo, G, Fp) that represents X, there exists a final

function F' saturated for G such that X’ = XF.

Theorem 4.5. A set X' C Z™ is (r,m)-detectable in a set X C Z™ if and
only if for any DVA A that represents X, there exists a final function F
saturated for G such that X' = X¥.

Proof. Assume first that for any DVA A = (qo, G, Fp) that represents X,
there exists a final function F saturated for G such that X' = XF. Let
us consider the DVA A, ,(X) = (X, Grm(X), Frm) where G, (X)) =
(Qrm (X),my Ky (X), Xy, 0rm). There exists F : Qrm(X) — P(Srm) such
that X' is represented by the DVA (X, G, m(X), F'). Consider 01,09 € X,
such that v}, , (X) = 7, 1.5,(X). By definition of A, ,(X), there exists
Y € Qr.m(X)suchthat §, (X, 01) =Y = 0p (X, 02). Proposition@proves
that v, 1 5, (X') = X{ =4}, 5, (X'). Therefore X' is (r,m)-detectable in X.

Next, assume that X’ is (r, m)-detectable in X and let us consider a DVA
A = (qo, G, Fy) that represents X where G = (Q,m, K, X,, ). Let F be a
final function over @ such that [F](q) = {s € S, m;30 € X} ,; 0(qo,0) €

0(q,8*) N\ pr.m(0,s) € X'}
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Let us first prove that F is saturated for G. Consider a transition ¢ = ¢
with s € S, and let us prove that s € [F](¢) if and only if s € [F](¢).
Assume first that s € [F](¢q). We deduce that there exists ¢ € X7, , and
integer k& € N such that §(qo,0) = (g, s*) and p,m(0,s) € X'. From
§(qo,0.8) = 6(¢',s*) and pr.m(0.5,8) = prm(o,s) € X', we deduce that
s € [F](¢'). Let us prove the converse and assume now that s € [F|(¢').
There exists a word o € X, an integer k¥ € N such that §(qo,0) = 3(¢, s*)
and such that p,..,(0,s) € X'. Just remark that 6(go,0.s) = (g, s**1) and
Prm(0.8,8) = prm(o,s) € X'. Hence s € [F](q). We have proved that F is
saturated for G.

By construction of F, we have X’ C X¥. Let us prove the converse
inclusion. Consider a vector # € X' There exists a (r, m)-decomposition
(w,s) € LE such that prm(w,s) = z. Let ¢ = §(qo, w). We get s € [F](q).
That means there exists o € X, such that §(qo,0) € 0(g,s*) and such
that prm(0,s8) € X'. By replacing w by a word in w.s*, we can assume
that 6(go,0) = ¢. From &(go,0) = &(qo,w), proposition [L.1] shows that
Yrmo(X) = Yrmw(X). As X' is detectable in X, we get v, (X') =
Yrm.w(X'). Moreover, as p,..m(0,s) € X', we deduce from the previous equal-
ity that © = p,,,(w,s) € X’'. We have proved the other inclusion X¥ C X'.
O

The following proposition will be useful for deciding if a set X’ is (r,m)-
detectable in a set X represented by a DVA A in basis 7.

Proposition 4.6. Let us consider a FDVA A in dimension m in basis r with
n states. We can compute in polynomial time a set U of at most r.m.n pairs
(01,02) of words in X=" satisfying |o1|+m.Z = |oa| +m.Z for any (01,02) €
U, and such that for any set X' C Z™, there exists a final function F such
that X' is represented by AY if and only if 73, 5 (X') = Yy 0, (X') for any
(01,02) € U.

Proof. We first show that for any z € N and for any X C Z™ we have
Uaezg 'Yr,m,a(%jil,a(X)) = X. Naturally ’Yr,m,o(’y.;,ln,o-(X)) C X for any word
o € X and in particular we get the inclusion UaeEi /77"77”,0(77:7}:1,0(‘)()) Cc X.
For the converse inclusion, let © € X. There exists a (r, m)-decomposition
(w, s) of x and by replacing w by a word in w.s*, we can assume that |w| > z.
In particular there exists a decomposition of w into w = o.w’ where o € X%
Since pr.m (0w, 8) = Yr.m,o (Prm (W', 8)) and pr.m, (o0, s) = x € X, we deduce
that ppm(w',s) € 7,1, »(X) and hence & € Ym0 (V.o (X)). We have proved
the converse inclusion.

Let S be the set of couples s = (k,Z) € K x Z/m.Z such that there
exists a word o, € X* satisfying s = (6(qo, 05),|0s| + m.Z), and let (0g)ses
be a sequence of words satisfying the previous condition, o4, m.z) = € and
|os| < m for any s € S. Observe that such a sequence (05)scg is computable

in polynomial time. Let us consider the set U of pairs (o, .b, 05,) where s; =
(k1,Z1), s2 = (k2,Z2) are in S and b € X, satisfies so = (§(k1,b), Z1 + 1).
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Note that U is computable in polynomial time and it contains at most r.m.n
pairs (o1,02) of words in X=" satisfying |o1| + m.Z = |o2| + m.Z for any
(0‘1, 0‘2) eU.

Assume first that there exists a final function F' such that X’ is rep-
resented by A and let us prove that v} , (X') = ;4 ,,(X’) for any

FYT m,o:
(01,02) € U. Remark that it sufficient to prove that v, (X’)2_ Yrmos(X')
for any pair (o1,02) of words in X* such that there exists s = (k Z) eU
satisfying (6(qo,01), |o1] + m.Z) = s = (8(qo,02),|02| + m.Z). There exists
z € {0,...,m — 1} such that Z + z = m.Z. Since 6(qo,01) = 0(qo,02) we
deduce that 6(qo,01.0) = 0(qo, 02.0) for any word o € X%, As o1. O’ and og.0
are both in E:f’m, proposition [.1] shows that Yoo (X)) = 'yrm 2. U(X')

X 0 G e proved that Ubene s 80

77‘ m,o2
Usex= Yrm.o (Ym0 (X3)). From the first paragraph we get X| = X3.
Next assume that ;) , (X) = 7,0, 5, (X') for any (o1,02) € U and let

- ’Y’l“ m,oo
us prove that there exists a final function F such that X' is represented by
AF. As previously, it is sufficient to prove that ~, ) , (X') = 4, (X')

for any pair (01,02) of words in X such that there exists s = (k Z) es
satisfying (6(qo,01),|o1| + m.Z) = s = (6(qo, 02), |o2| + m.Z). Let us remark

that it is sufficient to prove that v, ), (X') = v, ,.(X') for any 0 € 2
where s = (§(qo, o), |o| +m.Z). Let us consider a sequence by, ..., b; of r-digits

b; € X, such that ¢ = by ...0; and let s; = (6(qo,b1...b;),j5 + m.Z) € S for

any j € {0,...,i}. By hypothesis, we have 7;;705j71 b (X" = Vrimaos, (X"). In
particular V;rln,osjfl.bj...bi (X" = 'yﬂ}n 7y By rrebi (X') for any j € {1,...,i}.
We deduce that 7;;,050.1)1...(;1- (X" = %ﬁl ., (X'). Since 05, =€, 0 =b1...b;
and s; = s, we have proved that ~,}, (X') =~ , (X'). O

Let Z, s be the set of vectors z € Z™ having a (r, m)-decomposition of
the form (o, s) where o € X7, . This set is defined by the follwoing Presburger-

formula:

( A\ zlilzon( A 2lil<0)

i; s[i]=0 45 sli]l=r—1
The sets Z,., s naturally appear as (r,m)-detectable sets as shown by the
following proposition @ that characterize these sets.

Proposition 4.7. A set is (r,m)-detectable in any set X C Z™ if and only if
it is equal to a union of Zy p .

Proof. Let us consider a finite set L C S, ,,, and a DVA A that represents a set
X and just remark that US€L r.m,s is represented by the DVA AT where F
is a final function such that [F](¢q) = £ for any ¢ € Q. Therefore J, . Zrm,s
is (r, m)-detectable in any set X C Z™. Conversely, let us consider a set X’
that is (r, m)-detectable in any set X. As () is represented by a DVA with one
unique principal state go, and X’ is (r,m)-detectable in @), we deduce that
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there exists a final function F such that X' is represented by Af. Therefore
X/ = UsG[F](qo) Zrm,s- O

Ezample 4.8. The set X1# X5 is (r, m)-detectable in X for any (r, m)-detectable
sets X1, X5 in X, and for any # € {U,N,\, A}. Thus, any boolean combina-
tion of sets (r, m)-detectable in X is (r,m)-detectable in X.

4.2.2 Eyes and kernel

Consider a FDVG G = (Q,m, K, ¥,,0). Given a (r,m)-sign vector s € Sy,
let us consider the equivalence relation ~g over the principal states ) defined
by q¢1 ~s g2 if and only if §(q1,s*) N §(g2,s*) # 0. An equivalence class
Y C Q for ~; is called an s-eye (or just an eye). Given an s-eye Y, we
denote Fyy : @ — P(S,m) a final function defined by [Fsy](q) = {s} if
g € Y and defined by [F;,y](q) = 0 otherwise. Notice that a final function
F:Q — P(Srm) is saturated for G if and only if [F] is a finite union of final
functions [Fy y].

Fig. 4.2. On the left an s-eye. On the right its s-kernel.

The s-kernel kers(Y) of an s-eye Y C @ is defined by kers(Y) =
Nien (Y, s*). Remark that the s-kernel of an s-eye Y is a non empty set

of the form kers(Y) = {qi,...,qx} such that ¢1 = ga...qx = q1 (see figure

L3).
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Expressiveness

The expressiveness of the FDVA representation is studied in this section. We
first prove in section that a subset of Z™ can be represented by a FDVA
if and only if it is r-definable [EHMVQZ}I . Next in section section @, we show
that the Number Decision Diagram (NDD) [WB0(] representation, an other
state-based symbolic representation for subsets of Z™ is slightly equivalent
(up to polynomial time translation) to the FDVA.

5.1 Sets r-definable

Recall [BHMV94] that a set X C Z™ is said r-definable if it can be defined
in the first order theory FO (Z,N, +,V,.) where V,. : Z — 7Z is the r-valuation
function defined by V,.(0) = 0 and V,.(z) is the greatest power of r that
divides = € Z\{0}. Note [BHMV94 that a subset X C N™ is definable in
FO (N, +,V,.) if and only if the language {0 € X7 ; prm(0,€0,m)} is regular.
We are going to prove that a set X C Z™ can be represented by a FDVA
in basis r if and only if it is r-definable by decomposing such a set into sets
of the form f, , s(X,) where X, C N™, s € S,.,, is a (r,m)-sign vector, and
fr,m,s is the function given in the following definition.

Definition 5.1. Given a (r,m)-sign vector s € Sy, we denote by frms :
Z™ — Z™ the function defined for any x € Z™ and for any i € {1,...,m} by:

x[i] if s[i)=0

—1—2x[i] otherwise

from,s(@)[i] = {

Remark that X = U,cq  frm.s(Xs) where Xg = N™ N f,., o(X). The fol-
lowing two propositions and @ shows that a FDVA that represents X is
computable in linear time from a FDVA that represents X.

Proposition 5.2. For any (r,m)-sign vectors s € Sym, a FDVA that repre-
sents fr.m,s(X) in basis r is computable in time O(m.size(A)) from a FDVA
A that represents a set X CZ™ in basis r.
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Proof. Let us consider a FDVA A = (qo, G, Fp) that represents X in basis 7.
Without loss of generality, we can assume that G and Fjy share the same set of
states K and the same transition function 6. That means G = (Q, m, K, S, 0)
and F = (Q, f,m, K, S, 0, Kp).

Let us first assume that there exists a function [ : K — Z/m.Z such that
I(k") = I(k) + 1 for any transition k L, k' where (k,b,k') € K x X x K,
such that {(go) = 1 and I(f(¢)) = 1 for any ¢ € Q. Let us consider the two
bijective functions t, g, t, ,—1 : X — X, where ¢, ¢ is the identity function and
trr—1(b) = r—1—0for any b € X,. By replacing the function ¢ in G and Fy by
the function ¢" given by &'(k,b) = d(k,t, suek) (b)) we deduce a DVG G” and
a final function F” such that the DVA A’ = (qo, G', F’) represents fr m. s(X)
in basis r. This result is well know and the proof is left to the reader.

In the general case, if the labeling function [ does not exist, by multiplying
the size of A by m, a DVA A” that represents X in basis r and owns a labelling
function [ can be easily obtained. Hence, we are done. O

Proposition 5.3. A FDVA that represents N™ N X in basis v is computable
in linear time from a FDVA that represents a set X C Z™ in basis r.

Proof. Let us consider a FDVA A = (qo, G, Fy) that represents X. Remark
that in linear time we can compute a final function F' with the set @ of
principal states such that [F](¢) = {eom} if eo.m € [Fo](¢) and [F](q) =
() otherwise. Now, just remark that N™ N X is represented by the FDVA
(qu Ga F) o

We can easily deduce the following theorem .4,

Theorem 5.4. A set X C Z™ can be represented by a FDVA in basis r if and
only if it is r-definable.

Proof. Assume first that X is r-definable and let us prove that X can be
represented by a FDVA in basis r. As X is r-definable, the set X; = N™ N
frm,s(X) is r-definable for any s € S,,,. As X, C N™, from [BHMVY
we deduce that {oc € X, : prm(0,€0m) € Xs} is regular. Therefore X,
can be represented by a FDVA in basis r. From proposition @ we deduce
that frm s(Xs) can be represented by a FDVA in basis r. Therefore X =
Usesr,m fr.m,s(Xs) can be represented by a FDVA in basis r. For the converse,
assume that X is represented by a FDVA in basis r and let us prove that X is r-
definable. From propositions @ and @ we deduce that Xs = N™N f, ., (X)
can be represented by a FDVA in basis r. As Xy C N™, from [ we
deduce that X is r-definable. As X = from,s(Xs), we deduce that X
is r-definable. O

SESr,m

Remark 5.5. We can easily prove that for any set X C Z™, the set X is r-
definable if and only if the DVA A,,,(X) is finite and moreover in this case
it is the unique (up to isomorphism) minimal (for the total number of states)
FDVA that represents X in basis r.
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5.2 Number Decision Diagrams (NDD)

Recall [WBO0(] that a Number Decision Diagram (NDD) A in basis r and in di-
mension m that represents a r-definable set X C Z™ is a finite automaton over
the alphabet X, that recognizes the regular language {o.s; (0,s) € p; 1, (X)}.
We do not consider NDD in this paper because (1) the class of regular lan-
guages included in X7, .S, is not stable by residue which means the au-
tomaton obtained by moving the initial state of a NDD is not a NDD any-
more, and (2) rather than replacing the final function Fy of a FDVA A by
another final function F' is structurally obvious, the corresponding operation
over NDD is not immediate since the FDVG G and the finite final function
Fy are encoded into a single automaton. Nevertheless, polynomial time algo-
rithms provided in this paper can be applied to NDD thanks to the following
translation proposition @

Proposition 5.6. A NDD that represents X in a basis v is computable in
quadratic time from a FDVA that represents a set X in basis r. Conversely, a
FDVA that represents X in basis r is computable in linear time from a NDD
that represents a set X in basis r.

Proof. Let us consider a letter ¢ not in Y. and let us consider the one-to-one
function f: X .0.Srm — X, m. It is sufficient to show that (1) a finite
automaton that recognizes L' = f(L) is computable in quadratic time from
a finite automaton that recognizes a language L C X, .0.5, m, and (2) a
finite automaton that recognizes L = f~1(L’) is computable in linear time
from a finite automaton that recognizes a language L' C X .S, .. These
two computations are immediate. 0O
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Some Examples of FDVA

The FDVA A, 1(Z), A,1(N), A, 3(+) and A, 2(V;), are given in figures @,
@ and @ Remark that a principal state ¢ € @ is labelled by the set X,
(in fact a formula in FO (Z,N, +,V;) defining X,), and a dot-edge from ¢ to
[Fb](q) is drawn for each state ¢ € @ such that [Fo](q) # 0.

=, =,

1

l

A
Sr {0}

Fig. 6.1. On the left, FDVA A, 1(Z). On the right, FDVA A, ;1 (N)
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be Xy 3; be Xy 3; be X, 3;
b[1]+b[2]=b[3] b[1]+b[2]=b[3]+r b[1]+b[2]+1=b[3]+r

bEZT,SZ
b[1]+b[2]+1=b[3]

beX, 35
b[1]+b[2] Zb[3] +1.7

bEZT,SZ
b[1]+b[2]+1&b[3]+7.Z

SESy 3;
s[1]4+s[2]+1=s[3]+7r

SESy,3;
s[1]+s[2]=s[3]

Fig. 6.2. The FDVA A, s({z € Z*; 2[1] + 2[2] = z[3]})

{(0,0)} X x{0}

(Zr\{0}) x{1}

{(0,0)}
bEZ, 2

(= (b[1]=0Ab[2]=0))

A(=(b[1]#£0Ab[2]=1))

T x(Zr\{0})

Fig. 6.3. FDVA A, .({z € Z%; V,(2[1]) = 2[2]})
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Reductions

In this section, we prove that the problem of deciding if the set X represented
by a FDVA A is Presburger-definable and in this case the problem of comput-
ing a Presburger formula that defines X can be reduced in polynomial time
to:

e the cyclic case: there exists a loop on the initial state gg. In particular the
set X represented by A is cyclic from proposition .

e the positive case: the final function Fy is such that [Fo)(q) € {0, {eo.m}}.
In particular X C N™.

7.1 Cyclic reduction
Given a word 0 € Xf,, aset X C Z™ is said (r,m, 0)-cyclic (or just cyclic)
if 0 o(X) = X and a DVA A is said (r,m,0)-cyclic (or just cyclic) if
0(q0,0) = qo. From proposition @, we deduce that the set represented by a
(r,m, o)-cyclic DVA A is (r, m, o)-cyclic. Conversely, remark that if a set X is
(r,m, 0)-cyclic then the DVA A, ,,,(X) is (r,m, 0)-cyclic. The notion of cyclic
sets is useful in the sequel for reducing some problems to the special cyclic
case since a cyclic Presburger-definable set can be defined by a Presburger

formula of a very particular form (see lemma [7.9).

Remark 7.1. The first application of the cyclic reduction is the positive reduc-
tion given in section @

Lemma 7.2. For any (r,m,o)-cyclic Presburger-definable set X, there ex-
ists an integer n € N\{0} relatively prime with r such that X can be de-
fined by a formula equal to a boolean combination of formulas of the form
(o, = & m(0)) < 0 where o € Z™ and formulas of the form x € b+ n.Z™
where b € Z™.
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Proof. A quantification elimination shows that there exists an integer ng €
N\{0} and a finite set Dy C Z™ X Z such that X can be defined by a formula
equal to a boolean combination of formulas of the from (o, z) < ¢ where
(a,¢) € Do and = € b+ ng.Z™ where b € Z™. Remark that there exists

. 7 no . .
an integer £k € N enough larger such that n = ed(mor7F Ty 18 relatively

prime with r and such that the rational number 5, . = r""k“".((r —1).c—
(at, prom (0, €0,m))) satisfies |Ba,c| < 1 for any (a,c) € Do. As v} (X)) =X,
we deduce that X can be defined by a formula equal to a boolean combination
of formulas of the form (&, ¥, , o+ (%)) < ¢ where (a,¢) € Do and ;. ,,, (%) €
b-+ng.Z™ where b € Z™. Now remark that (c, ¥, ,, ,+(2)) < ¢ is equivalent to
(o, (r = 1)z 4 prm(0,€0.m)) < Ba,c. Since (o, (r —1).2 4+ pr.m(o,€0.m)) € Z
and |Ba,c| < 1, we have proved that (&, .(x)) < ¢ is equivalent to
(o, — & m(0)) < 0if By < 0 and it is equivalent to = (—a, z — & (o)) <0
if Ba,c > 0. Finally, remark that v,mo(z) € b+ ns.Z™ is either false if
b &€ n.Z™ or equivalent to a formula of the form x € V' +n.Z™ where b’ € Z™
otherwise. 0O

Lemma 7.3. From an automaton A over X, that represents a finite language
L C X we can compute in polynomial time a Presburger formula ¢ that

r,m?

defines prm (L, €0.m)-

Proof. Let us counsider a finite automaton A = (qo, @, X\, 0, @r) that recog-
nizes L. We denote by A, the automaton obtained from A by replacing the

initial state go by an other state ¢ € Q. Let us remark that £ C ETS‘Q‘ since
otherwise L is infinite thanks to the pumping lemma. For any k € {0,...,|Q|},
we can compute in polynomial time a finite automaton that recognizes LN Xk,
Hence, without loss of generality, we can assume that there exists k € N such
that L C XF. The cases k = 0 or L = () are left to the reader. Since L C X7
and L is not empty and included in Efym, we deduce that m divides k. Let

n= % and remark that x € p, (L, €g,m) if and only if there exists a sequence

bi, ..., by, of integers in X, such that \7_, z[j] = Z?:_Ol bjtm.i-r" and such that
0(qo,b1...bx) € QF. Now remark that this last property can be translated

into a Presburger formula in polynomial time. 0O

Proposition 7.4. Let X C Z™ be a set represented by a FDVA A in basis
r and let Q. be the set of principal states reachable for [G] that have a loop.
The set X is Presburger-definable if and only if X, is Presburger-definable
for any q. € Q.. Moreover, from a sequence of Presburger formulas (¢q,)q.€q.

such that ¢4, defines X, , we can compute in polynomial time a Presburger
formula ¢ that defines X .

Proof. Assume first that X is Presburger-definable. Recall that we have
proved that X, is Presburger-definable for any principal state g reachable
for [G]. In particular X, is Presburger-definable for any ¢. € Q.. Next,
assume that X, is defined by a Presburger formula ¢, for any ¢. € Q.
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and let us prove that we can compute in polynomial time a Presburger for-
mula ¢ that defines X. For any k € {0,...,]|Q| — 1} and for any ¢ € Q,
we can compute in polynomial time an automaton Ay, over X, that rec-
ognizes Ly = {0 € XF,; 6(q0,0) = ¢}. From lemma ff.d we can com-
pute in polynomial time a Presburger formula ¢, that defines the set
Xk.qo = Pr.m(Lk,q.:€0,m)- Let us prove that X is defined by the Presburger
formula ¢(z) ==V, co. }fi'o‘l(ay 3z ((x = r*.y+2) Adg, (Y) A Pr,q.(2))). Let
x € X. There exists a (r, m)-decomposition (w, s) of x such that |w|,, > m.|Q).
In this case, w can be decomposed in w = o.w’ where o € ES,L?' is such that
there exists a loop on ¢, = §(go.0) and w’ € Xf. From & = 7, o (2') where
' = prm(w,s) and x € X, we deduce that 2’ € v}, (X) = X, . Let
k = |o|m. From x = r*.2" + p,,n(0,€0.m) € 8. Xy + Xk g Wwe deduce that
@(z) is true. For the converse, consider x € Z™ such that ¢(x) is true. There
exists (¢c, k) € Qc x {0,...,|Q| -1}, 2’ € X,, and a word o € L(Ag,q,) such
that x = 7%.2 + p,(0, €0,m). Let us consider a (r, m)-decomposition (v, s)

of /. As |o|m = k, we deduce that 2’ = v, mo(x). As qo 2 g, we have

Xg. = Vim0 (X). Hence = € vpm.o (Ym0 (X)) € X. We have proved that
reX. O

7.2 Positive reduction

The following proposition @ and proposition @ provide the positive reduc-
tion since a set S satisfying the following proposition @ is computable in
quadratic time.

Proposition 7.5. Let A be a FDVA that represents a set X C Z™. Let us
consider a set S of (r,m)-sign vectors such that S N (Fo(q)AFy(q")) # 0 for
any state q,q' € Q such that Fo(q)AFo(q') # 0. The set X is Presburger-
definable if and only if the set N™ N fr 1 s(X) is Presburger-definable for any
s € S. Moreover from a sequence of Presburger formulas (¢s)ses such that ¢
defines Xy = NN frm (X)), we can compute in polynomial time a Presburger
formula ¢ that defines X .

Proof. Naturally, if X is Presburger-definable, then Xg = N™ N f, ., 5(X) is
Presburger-definable for any s € S. Let us prove the converse. Form proposi-
tion @, we can assume that there exists a loop on the initial state. Consider
a sequence (¢s)ses of Presburger formulas ¢, that defines X. Let us consider
the function sign : Z™ — S, ,,, that associate to any vector x € Z™ the unique
(r,m)-sign vector s € Sy, such that there exists x € Z, 1, .

Let us consider the following Presburger formula s(x, k) and remark that
Os(z, k) is true if and only if = + k.%i(m) € Zrm,s N X. We denote by
K, the Presburger-definable set K, , = {k € Z; 05(x,k)}. Since K, 5 is a
Presburger definable set included in Z, there exists a unique minimal integer
ns,e € N\{0} such that there exists a finite set By, C {0,...,ns, — 1} and
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an integer ks , € Z such that Ky ; N (ks,y +N) = ks 5 + By z + ns,2.N. Let us
prove that ng, is relatively prime with 7. From lemma E, we deduce that
there exists an integer ng relatively prime with r such that Z,.,, ; N X can
be defined by a formula equal to a boolean combination of formulas of the
form (o, z) < c and © € b+ns.Z™. Now, just remark that ns , divides ns. We
deduce that n, is relatively prime with r.

> 0= yli] =
<0=yli]| =

x|t

A i)+ k2L
Os(z, k) := Jy d)sofr,m,s(y)/\/\ (\/E H+k1 ) )

(2] —

Let us consider the Presburger formula Wi(z,n) :=n > 1 A Jko Vk >
ko; Os(x, k) < 60s(x,k + n). Remark that Ws(z,n) is true if and only if
n € ns,.(N\{0}).

Next, let us denote by (s the set of principal states ¢ € @ such that
s € [Fp)(q). Observe that we can compute in polynomial time the partition
€ of @ corresponding to the equivalence relation ~ defined by ¢q; ~ g2 if and
only if Fylg1] = Folge]. Given C' € €, remark that [Fyl(g) does not depend
on ¢ € C and we can denote by [Fy](C) the unique subset of S, ,,, such that
[Fo](C) = [Fy)(q) for any ¢ € C. From lemma P.1], we deduce that for any
C € C there exists a boolean formula R¢ computable in polynomial time
such that C is defined by Re([Fo)(q)ses)-

We are going to prove that X is defined by the following Presburger for-

mula ¢(z):

¢(x) = \/ (sign(x) € [F)(C) AVN 3n > N Re(0s(w, 14 n) AW(,n))ses)
cee

Let us consider & € Z™ such that ¢(z) is satisfied and let us prove that
x € X. There exists C' € € such that sign(z) € [Fp](C) and for any N there
exists n > N such that R (0s(x,1 4+ n))ses and Wy(x,n) are true. Let us
consider N = ks, — 1 and let n > N be such that Re(0s(z,1 + n))ses and
Ws(x,n) are true. Since Ws(z,n) is true, we deduce that n € n, ,.(N\{0}).
Let us consider a (r, m)-decomposition (o, s9) of o such that rloolm > Es,o
for any s € S. Since n; , is relatively prime with r, by replacing og by a word
in 0g.s5, we can assume that rl?clm € 14 n, ,.Z. Since 1 +n and rl70lm are
both greater than &, , and the difference of these two integers (1+4n)— (r170lm)
is in n ,.Z, we deduce that 0,(z, 1+n) is equivalent to 0,(z, 717°Im ). Therefore
Ro(0s(x,1 +n))ses is true. Remark that 0,(z,7/0m) is true if and only if
T+ r“’”‘m.% € Zrm,s N X. Remark that z + r“’”'”b.% = pr.m(00,$).
Therefore 0,(x,rl70lm) is equivalent to s € [Fy](q) where ¢ = §(qo,00). We
deduce that Re(s € [Fp](q))ses is true. Hence ¢ € C and from sy € [Fy](C)
we get so € [Fol(q). We have proved that x € X.

Now, let us consider x € X and let us prove that ¢(x) is true. Since
Q is finite and [[,.gns,. is relatively prime with 7, there exists a (r,m)-
decomposition (og, sg) of x and an integer dy € N\{0} such that ¢ = §(qo, 0¢)
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satisfies 0(¢, s&°) = ¢ and such that 71%°/m and r% are in 1 + n,_,.Z. Since
C is a partition of @, there exists C' € € such that ¢ € C. Let us consider
N € Z. There exists k € N such that the integer n = rloolmtkdo _ 1 ig
greater than or equal to N and 1. Remark that n € ng ,.(N\{0}). Therefore
Ws(x,n) is true. Moreover, as © € X we deduce that s € [Fy](g) and hence
sign(z) € [Fy](C). Moreover, as ¢ € C we get Ra(s € [Fol(q))ses is true.
Remark that s € [Fp](q) if and only if pT,m(Uo.slg'd“,s) € Zrm,s N X if and
only if z + r“’o‘m"’k'do.% € Zym,s N X if and only if 0(x,1 4+ n) is true.
Therefore ¢(x) is true. O
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Linear Sets

8.1 Vector spaces

Fig. 8.1. The vector space V = Q.(2,1)

A wvector space V of Q™ is a non empty subset of Q" such that A.V CV
for any A € Q and such that V +V C V. As any finite or infinite intersection
of vector spaces of Q™ remains a vector space and we deduce that any set
X C Q™ is included into a unique minimal (for C) vector space denoted by
vec(X) and called the vector hull of X or the vector space generated by X. A
basis of a vector space V is a sequence v, .., vg of vectors in V' such that for
any x € V there exists a unique sequence A1, ..., Ag of rational numbers such
that z = Zle Ai.v;. Recall that any vector space has a basis and the number
of elements of a basis only depends on V and it is called the dimension of V,
and it is denoted by dim(V') € {0,...,m}.
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There exists unduly complicated basis of vector spaces. For instance con-
sider the vector space V = Q2 and for each n € N let v, v} be the basis of
V given by v} = (2.n + 1,n) and v} = (2,1). That means complex basis of
simple vector spaces (for instance Q?) can be computed if vector spaces are
symbolically manipulated by basis. In order to overcome this problem, we are
going to associate to any vector space a canonical basis.

A set of indices I C {1,...,m} is said full rank for a vector space V if for
any z € Q! there exists a unique v € V such that v[i] = z[i] for any i € I.

Proposition 8.1. Any vector space has a full rank set of indices.

Proof. Let us consider subset I C {1,...,m} maximal for the inclusion
amongst the subset J C {1,...,m} satisfying for any 2 € Q7, there ex-
ists a unique v € V such that v[j] = z[j] for any j € J. Remark that such
a set I exists since J = () satisfies the condition. Let us consider two vectors
v1,v2 € V such that v1[i] = vs]i] for any i € I and let w = v1 — vy. Assume
by contradiction that w # eg,,. There exists jo € {1,...,m}\I such that
wljo] # 0. Let J = I U {4jo} and let us prove that for any € Q7 there exists
v € V such that v[j] = z[j] for any j € J. By definition of I, there exists
v € V such that vo[i] = z[i] for any i € I. Let v = vy + 2lel—voljol

wljo]
remark that v[i] = z[i] for any ¢ € I since w[i] = 0 and v[jo] = 0. Therefore
I is not maximal and we get a contradiction. Thus w = eg,, and we have
proved that for any z € Q/, there exists a unique v € V such that v[i] = z[i]

foranyie l. O

2w and

A wector I-representation of a vector space V where [ is a full rank set
of indices for V' is a sequence (v;);er of vectors in V satisfying v;[¢{] = 1 and
v;[j] = 0 for any j € I\{i}. Observe that such a sequence (v;);cs is a basis
of V and given a full rank set I, there exists a unique vector I-representation
of V. The integer size(V) € N of a vector space V is defined by size(V) =
maxy (D ;. size(v;)) where (v;)ies is the unique vector I-representation of V.

The following proposition provides a simple way for computing incremen-
tally a vector I-representation of a vector space V.

Proposition 8.2. Let I be a full rank set of indices for a vector space V,
let (v;)ier be the vector I-representation of V' and let V' be the vector space
V' =V 4+ Q.x where x is any vector in Q™. The vector spaces V and V'
are equal if and only if the vectors y = x — . x[i].v; and ey, are equal.
Moreover, if V' is not equal to V' then given jo such that y[jo] # 0, the set of
indices J = T U {jo} is full rank for V' and the vector J-representation of V'
is the following sequence (v})jer:

;v -l oty ifiel
! ﬁ if = Jo
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Proof. Assume first that y = eg,, and let us prove that V = V’. Since
Yy = €o,m, we get x = >, xfilv; € V and we deduce V' = V'. Otherwise,
if V.=V’ we deduce that y € V. Since (v;);er is a basis of V, there exists
a sequence (\;)ies of rational numbers such that y = >, ; A;.v;. From this
last equality, we get y[i] = \; and from y = = — >, x[i].v;, we get y[i] =
x[i] — z[i] = 0. Thus \; for any ¢ and we have proved that y = eg,. We have
proved that the vector spaces V and V' are equal if and only if the vectors
y=x— ), ;x[ilv; and eg,, are equal.

Now, assume that V' is not equal to V and observe that J is a set of
iI;d‘i/cles full rank for V' and the sequence (v);e, is a vector I-representation
0) .o

Our representation is motivated by the following corollary.

Corollary 8.3. The size of a vector space V 1is at most polynomially larger
than the size of any finite subset Vo C Q™ that generates V.

Proof. Assume fixed a full row set of indices I of V. Let us consider a finite set
Vb of vectors that generates V. It is sufficient to show that we can compute in
polynomial time a sequence (v;);e; from Vg. By applying the polynomial time
algorithm given in proposition E and adding one by one the vector vg in V
and by selecting jo in I, we deduce that the sequence (v;);cs is computable
in polynomial time. O

8.2 Affine spaces

\

Fig. 8.2. On the left an affine space A = (0,1)4+Q.(2,1). On the right its direction.
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An affine space A of Q™ is either the empty-set, or a set of the form
A =ap+V where ag € Q™ and V is a vector space of Q™. This vector space
V' is unique, denoted by A and called the direction of A (see figure B.2). If
A = (0, we denote by A= 0 the direction of A. A non-empty affine space A
is called a V-affine space if A is equal to a vector space V.

An affine I-representation of a V-affine space A where I is a full rank
set of indices of V' is a couple (a, (v;)ier) where a is a vector in A such that
ali] = 0 for any ¢ € T and (v;);er is the I-vector representation of V. Observe
that such a couple is unique. The integer size(A) € N of a non-empty affine
space A is defined by size(A) = max;(size(a)) + size(V) where (a, (v;)icr)
is the unique [-affine representation of A. The integer size(()) is defined by
size()) = 0. Notice that size(A) = size(V) if the affine space A is a vector
space A =V since in this case a = eg .

The direction of affine spaces, has an interesting application intensively
used in the sequel and given by the following lemma.

Lemma 8.4 (Comparable affine lemma). Two comparable (for C) affine
spaces that have the same direction are equal.

Proof. Consider two affine spaces A; and As such that A; C As and such
— — — —
that A; = As. Naturally, if A; = (), as A; = Ay we deduce that A3 = () and
we are done. Assume that A; # (). Consider a; € A;. As a; € A; C Ay, we
— — — —
deduce that A2 =a + AQ. From A1 = AQ, we get A2 =ay + A1 = Al. O

Recall that any finite or infinite intersection of affine spaces of Q™ remains
an affine space, and we deduce that any set X C Q™ is included into a unique
minimal (for C) affine space denoted by aff(X) and called the affine hull of X
or the affine space generated by X. The direction of aff(X) is denoted by
— —_—
aff(X) = aff (X).

Finally, recall that the orthogonal X+ of a subset X C Q™ is the vector
space X+ = {y € Q™; Vz € X (y,z) = 0}. Recall that (X+)* = vec(X). In
particular, X = V is a vector space if and only if (V+)+ = V. The orthogonal
projection over a non-empty affine space A is the unique function I74 : Q™ —
A such that ITy(z) — z € (X)J- for any 2 € Q™ (see figure B.J). Recall that
I14 is an affine function that satisfies ITa(z) = (1 — >0, z[i]). I a(€0,m) +
Yo wli] I a(em)-

8.3 Vector lattices

An additive group M of Q™ is a non-empty finite subset of Q™ such that
—M C M and M 4+ M C M. As any finite or infinite intersection of additive
groups remains an additive group and Q™ is a group, any set X C Q™ is
included into a minimal (for C) additive group, denoted by group(X) and
called the group generated by X. An additive group M such that there exists
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Fig. 8.3. Orthogonal projection IT4(z) = &2 of z = (3,-2) over A = (0,1) +

Q.(2,1). ’

a finite set X satisfying M = group(X) is called a vector lattice. Lattices are
characterized by introducing discrete sets. A set Z C Q™ is said discrete if
for any x € M, there exists a rational number € > 0 such that ||z — y|| > €
for any y € M\{z}.

Proposition 8.5 ([]) A group is discrete if and only if it is a vector

lattice.

Proof. Assume first that M is a discrete group and let us prove that M is a
vector lattice. Since eg,, € M, there exists € > 0 such that ||z||,, > € for any
x € M. Let V be the vector space generated by M and let vy, ..., vg be a basis
of V formed by vectors in M. Let us denote by B = {Zle Ali]-vi; 0 < Al <
1}. The rational k = 2?21 ||vi] o, satisfies ||b]|, < k for any b € B. Assume by
contradiction that M N B contains more than (221)" elements. Hence, there
exists x1,22 € M N B such that z; # 2 and such that ||z; — 22|| < €. By
definition of € we deduce that 1 —z2 = eq,,, and we get a contradiction. Thus
MNB is finite. For any € M, there exists A € Q¢ such that z = Zle Ali].v;.
Let us consider a vector z € Z% such that 0 < A[i] — 2[i] < 1 and remark that
sz?:l z[i]w; € MNB. Thus M = group({v1, . ..,vq}U(MNDB)) and we have
proved that there exists a finite set X of vectors such that M = group(X).
For the converse, assume that M is a vector lattice and let us prove that M
is discrete. There exists a finite set X of vectors such that M = group(X).
Let us consider an integer d € N\{0} such that d.X C Z™ and let us remark
that for any x,y € M such that x # y, we have ||z —y|| > %. Thus M is
discrete. 0O

Thanks to this characterization, we deduce that any group included in a vector
lattice is a vector lattice since any set included in a discrete set remains
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discrete. Given a vector space V', a vector lattice M such that V' = vec(M) is
called a V-vector lattice. The previous proposition also proves that Z™ NV is
a V-vector lattice since it is a discrete group such that vec(Z™ NV) =V.

8.3.1 Hermite representation

We are going to provide a canonical (up to a full rank set of indices I for V)
representation of any V-vector lattice.

An Hermite matriz B of order d is a lower triangular (we have BJi, j] =0
for any j > i), non-negative square matrix B € My 4(Q4), in which each
row has a unique maximal entry which is located on the main diagonal of B.
Given a full row set of indices I = {i; < --- < igq} of a vector space V, an
Hermite I-representation B of a V-vector lattice M is an Hermite matrix B
of order d such that we have the following equality where (v;);cs is the vector
I-representation of V:

d

M = group{z Blk,jlvi; je{1,...,d}}
k=1

The integer size(M) € N of a V-vector lattice M is defined by size(M) =
max (size(B)) + size(V).

The following theorem shows that the Hermite I-representation provides
a canonical representation that is polynomially bounded by the size of any
finite set X such that M = group(X).

Theorem 8.6 (Theorem 4.1, 4.2 and 5.3 of [Sch87]). Given a full rank
set of indices I of a vector space V', any V -vector lattice M owns a unique
Hermite I-representation. Moreover, this representation is computable in poly-
nomial time from any finite set of vectors that generates M.

This theorem also proves that for any V-vector lattice, there exists a basis vy,
.oy Vg of V such that M = 2?21 Z.v; (for instance take v; = Zzzl Bk, j].vi,.).
Such a sequence vy, ..., vq is called a Z-basis of M.

The following proposition will be useful in the sequel.

Proposition 8.7 (Corollary 5.3b and 5.3c of [Sch87]). From an I-

representation of a vector space V', we can compute in polynomial time the
Hermite I-representation of the V -vector lattice Z™ NV

8.3.2 Stability by intersection

Naturally, any intersection of vector lattices remains a vector lattice. The
following lemma @ shows that the class of V-vector lattice is stable by fi-
nite intersection (remark @ shows that this class is not stable by infinite
intersection).
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Lemma 8.8. The class of V-vector lattices is stable by finite intersection.
Moreover, given a finite sequence My, ..., M, of V-vector lattices, we can
compute in polynomaial time the V -vector lattice ﬂ?zl M;.

Proof. Let I be a full rank set of indices. Recall that from an Hermite I-
representation of M, we get a Z-basis vy j, ..., vq,; of M;. Now, remark that
x € M where M = (\;_; M; if and only if there exists z1, ..., 2, in 7% such

that © = Zle zjv;; for any j € {1,...,n}. Let us consider the vector space
W = {(z,21,...,20) € Q" x Q¢ x ---Q% Nj_yz = 2?21 zj.0;,j . From
proposition @ we deduce in polynomial time a Z-basis of Z™ N W of the
form (z1,21,1,---521,n)s -y (Td, Zd15- - -, 2d,n)- Let us remark that ﬂ?zl M; is
the V-vector lattice generated by x1, ..., xq. We deduce the [-representation
of M in polynomial time. 0O

3

Remark 8.9. The class of V-vector lattices is not stable by infinite intersection.
In fact, let M,, be the V-vector lattice M,, = (n+ 1).Z™ where V = Q™, and
just remark that (), .y M, = {€0n} is naturally a group as any intersection
of groups, but it is not a V-vector lattice if m > 1.

8.3.3 Sub-lattice

The quotient M'/M of two V-vector lattices M C M’ is defined by M/M' =
{m'+ M; m’ € M}. The following theorem proves that this set is finite.

Theorem 8.10 ([Tau92]). Given two vector lattices M C M, there exists a
unique sequence ny, ..., ng of integers in N\{0} such that n; divides n;+1 for
any © and such that there exists a Z-basis vy, ..., vq of M’ satisfying ni.vy,
ceey MgUg 18 a Z-basis of M. Moreover such a sequence (ny,v1), ..., (ng,vq) is
computable in polynomial time.

The unique sequence n1, ..., ng is called the characteristic sequence of M in
M.
The following lemma will be useful in the sequel.

Lemma 8.11 ([[Tau92)]). Given three V -vector lattices M C M' C M", we
have the following equality:

M JM|IM /M| = | M /M|

8.3.4 Vector lattices included in Z™

In the sequel we denote by h, : N\{0} — N\{0} the function defined by
hr(n) = m, and we denote by 6,, is the function 6,, € {1,...,m} —
{1,...,m} defined by 0,,(i) € (i =1 +m.Z) N {1,...,m}.



42 8 Linear Sets
Inverse image by 7, m,o0

Theorem proves that any V-vector lattice M included in Z™ is a set of
the form M = 2?21 n;.Z.v; where vy, ..., vg is a Z-basis of Z™ NV and nq, ...,
ngq are integers in N\{0}. Thus, the following lemma shows that the class
of V-vector lattices included in Z™ is stable by inverse image by Vr,m.eq. . -

Lemma 8.12. Given a Z-basis v1, ..., vqg of Z™ NV where V is a vector space

and a sequence ny, ..., ng of integers in N\{0}, we have:
d d
7;7171,eo,m, (Z n;.Z.v;) = Z hr(n;).Z.v;
i=1 i=1
Proof. Let x € 'y;’,%,eo . (Zle n;.Z.v;). There exists z1, ..., z4 in Z such that
r.T = 2?21 n;.2;.0;. In particular x € Z™ NV and there exists tq, ..., tg in Z
such that x = Zle t;.v;. As vy, ..., vgq is a Z-basis, we get r.t; = n;.z; for any 1.

Therefore r;.t; = hy(n;).z; where r; = As r; and h,(n;) are relatively

prime, there exists u;, v} in Z such that u;.r; +u}.hy(n;) = 1. From w;.r;.t; =
hr(n;). iz, we get t; = hp(n;).(u;.z; +ul.t;). Therefore, x € 2?21 he(n;).Z.v;
and we have proved the inclusion ’y;%wo’m (Z?Zl n;.Z.v;) C Zle hy(n;).Z.v;.

hr(n;).Z.v;. There
exists a sequence z1, ..., 2¢ in Z such that x = Zle hy(n;).z;.v;. Hence
Yrimeom (@) = Yorq The(ng).zi0;. As n; divides r.hy(n;), we deduce that

Let us prove the other inclusion. Consider z € 2?21

Yrom.eom (L) € S niZ.v;. Therefore x € 7;,1717907”(2?:1 n;.Z.v;) and we
have proved the other inclusion. 0O

The stability of vector lattices by inverse image by 7, 0 is provided by
the following proposition .

Proposition 8.13. The set M, = v, ;. (M) is a V;-vector lattice included
in Z™ for any V-vector lattice M included in Z™ where V, is the vector
space V, = I, 7 (V) and for any z € N. Moreover, from an Hermite I-
representation of M, we can compute in polynomial time the Hermite I,-

representation of M, where I, = 6% (I).

Proof. Recall that form the I-representation of M, we immediately deduce a
Z-basis v, ..., vq of M. Let us remark that 7;;70(M) is the set of vectors z €

Z™ such that there exists a vector k € Z% satisfying I'7,, o(z) = Zle kli].v;.
Let us consider the vector space W = {(k,z) € Q% x Q™; I7,, () =

r,m,0
Z?Zl kli].v;}. Remark that W is a vector space and J = {1,...,d} is a
full rank set of indices of W. From proposition @ we deduce that we can
compute in polynomial time the J-representation of W. That means we can
compute in polynomial time a Z-basis of Z™ N W denoted by (ki,z1), ...,
wq = (kq,zq) where k; € Z% and z; € Z™. Now, just remark that 7;;70(M)
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is a the V,-vector lattice generated by the vectors xi, ..., x4. Therefore,
the I.-representation of v, 7 (M) is computable in polynomial time for any
z €{0,...,m — 1}. Observe that in general, an integer z € N can be decom-
posed into z = 2’ + m.k where k € N and 2’ € {0,...,m — 1}. Observe that

—k (M) can be computed in polynomial time thanks to lemma . O

’Yr,m,eg,m

Relatively prime properties

A V-vector lattice M included in Z™ is said relatively prime with a basis of
decomposition r if the integer |Z™ N'V/M]| is relatively prime with r.

Thanks to lemma , we deduce that the class of V-vector lattices in-
cluded in Z™ and relatively prime with r is stable by finite intersection. In fact
given two relatively prime V-vector lattices M7 and Ms included in Z™, from
MiNMy Cn.Z™NV C Z™NV where n = |Z™NV/M1|.|Z™NV/Ms|, we deduce
that |Z™ NV/My N\ Ms|.|MyN\ My /n.Z" NV | = |Z" N\ V/n.Z™ NV | = ndim(V),
In particular |Z™ N V/M; N Ms| divides an integer relatively prime with r.
That means it is relatively prime with 7.

We are going to show that the V-vector lattices included in Z™ and rel-
ativelly prime with r naturally appear when computing inverse images of a
V-vector lattice by v, m,o-

As h,(n) < n for any integer n € N\{0} we deduce that (h¥(n))ken is a
non increasing sequence ultimely stationary: there exists k, € N such that
hE(n) = hkn (n) for any k > k,,. We denote by h2°(n) this limit. Remark that
h2°(n) is relatively prime with r and h2°(n) = n if and only if n is relatively
prime with r. The previous lemma shows that ('er,j%,eo,m (M))ken is a
non decreasing sequence of V-vector lattices ultimately stationary. The limit
is denoted by ;- %° (M) and naturally satisfies the following equality:

T,M,€0,m

77‘777(:710190,7n (M) = U Wgﬁlan,WL (M)
keN

From the previous lemma we deduce that v, >, (M) is relatively prime
with r and if M is relatively prime with r then v, 7°, (M) = M. In partic-
ular the class of V-vector lattices relatively prime with r is stable by inverse
image by Yr,m.eq, -

Let us remark that the elements in v, 2, (M) are geometrically char-
acterized by the following lemma

Lemma 8.14. Given a vector lattice M included in Z™ and a vector x € Z™,
we have x € v . (M) if and only if there exists k € N such that r*.ax e M.

Proof. Let V. = vec(M). There exists a Z-basis of M of the form ny.v1, ...,
nq.vg where nq, ..., ng are integers in N\{0} and vy, ..., vg is a Z-basis of
Z™ N V. From lemma we deduce that h2°(ni).v1, ..., A (ng).vq is a Z-
basis of v, 7o, | (M). Remark that there exists an integer ko € N such that
rkoh2e(n;) divides n; for any i € {1,...,d}.
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First, let us first prove that there exists k € N satisfying 7*.2 € M for
any € 7, %, (M). There exists z € Z such that x = Z'ii:l hee(n;).z[i].v;.

In particular 7%0.z = Zle rko . h%°(n;).z[i).v; € M and we have proved that

there exists an integer k € N such that r*.oz € M.
Next, let us show that x € v °° (M) for any x € Z™ such that there

7,1M,€0,m

exists k € N satisfying r*.2 € M. As r*.2 € M, we deduce that x € Z™ N

V. Hence, there exists z € Z? such that z = Zlez[i].vi. Hence r¢.2 =

2?21 z[i]r*.z[i].v;. Moreover, as r*.x € M, there exists t € Z?¢ such that
rkx = Zle ni.tlilvi. As vy, ..., vg is a Z-base, we get rF.z[i] = n;.t[i].
As h2(n;) divides n;, we deduce that n; = 7=t 15 N. Hence rk z[i] =
h2°(n;).n;.tli]. As h$°(n;) is relatively prime with r, then hS°(n;) is relatively
prime with 7%, and we deduce that r* divides n’.t[i]. Hence z[i] € h>°(n;).Z.
We deduce that z € v, 1, o, (M). O

8.4 Affine lattices

An affine lattice P is a subset of Q™ of the form P = a + M where a € Q™
and M is a lattice. A V-affine lattice P is an affine lattice P of the form
P =a+ M where M is a V-vector lattice.

Given a V-affine space A, observe that Z™ N A is either empty or a V-
affine lattice of the form a + (Z™ N'V') where a is any vector in Z™ N A. The
following proposition will be useful for computing a vector in Z™ N A when
such a vector exists.

Proposition 8.15 (Corollary 5.3b and 5.3c of [Sch87]]). Given an affine
space A, we can decide in polynomial time if Z™ N A is non empty and in this
case, we can compute in polynomial time a vector a in this set.

Corollary 8.16. Given two affine lattices P, = by + My and Py = b + My
where by, by are two vectors in Q% and My, My are two vectors lattices, we
can decide in polynomial time if (by + M1) N (ba + Ma) # 0. Moreover, in this
case we can compute in polynomial time a vector a in this set. Observe that
we have Py N Py = a+ (M N Ma).

Proof. From the vector I;-representation of Mj, we deduce in linear time a
Z-basis vy 1, ..., v1,4, of My, and from the vector I>-representation of My, we
get in linear time a Z-basis v 1, ..., v2,4, of M. Observe that (by + M;p) N
(ba + M) # 0 if and only if Z™ N A is non empty where A is the affine space
A= {($1,$2) S le X de; b1 + E;tl xl[i].vu = by + Zfil mg[’i].vg,i}. Note
that proposition provides a polynomial time algorithm for deciding if
Z™ N A is non-empty and in this case it provides in polynomial time a vector
(1‘1,1‘2) € Z™ N A. Note that a = by + szél ZEl[’L‘].’ULi is a vector in P; N Ps.
(]
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Semi-linear Sets

9.1 Semi-linear Spaces

As V3
Vi

Ay

/

Fig. 9.1. On the left a semi-affine space S. On the right its direction.

A semi-affine space (resp. a semi-vector space) S of Q™ is a finite union of
affine spaces (resp. vector spaces) of Q™ (see figure P.1). Given a vector space
V', a finite union of V-affine spaces is called a semi-V -affine space. In this
section we show that a semi-affine space can be canonically decomposed into
maximal affine spaces, called affine components. Moreover, by proving that
any finite or infinite intersection of semi-affine spaces remains a semi-affine
space, we define the notion of semi-affine hull.
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9.1.1 Affine components

Definition 9.1. An affine component A of a semi-affine space S is a mazximal
(for C) affine space included in S. The set of affine components is denoted by
comp(S).

We are going to prove that comp(S) provides a canonical representation of S.
We first prove the following lemma, intensively used in the sequel.

Lemma 9.2 (Insecable lemma). Let C be a non-empty finite class of affine
spaces and Ao be an affine space such that Ay C |J,ce A. There exists A € C
such that Ag C A.

Proof. Let us consider an affine space Ay and let us prove by induction over
n € N\{0} that for any finite class C of affine spaces such that |C] = n
and Ag € [Jyce A, there exists A € € such that A9 C A. Naturally the
case n = 1 is immediate. Assume that the induction hypothesis is true for
an integer n € N\{0} and let us consider a finite class € of affine spaces
such that [€] = n+ 1 and Ag C (J,ce A. Let us consider A" € €. The case
Ap C A’ is also immediate so we can assume that Ay € A’. Let us consider
€' =C\{A'}. As Ay € A, there exists ag € Ag\A’. Let a1 € Ag and remark
that a; = ag + t.(a1 — ag) € Ay for any ¢t € Q because Ag is an affine space.
From Ag C (J e A, we deduce that for any ¢ € Q, there exists A € € such
that a; € A. As Q is infinite whereas € is finite, there exists A € € and at
least two different ¢ € Q satisfying a; € A. As A is an affine space, we deduce
that a; € A for every t € Q. From ag € A and ag € A’, we deduce that A € €.
We get a1 € Jycer A- We have proved that Ag C (Jycer A. From [C'] = n,
we deduce that there exists A” € € such that Ag C A”. We have proved the
induction hypothesis for €. O

Proposition 9.3. The set comp(S) of a semi-affine space S is finite and S is
equal to the finite union of its affine components S = UAecomp(S) A. Moreover,
from any finite class € of affine spaces such that S = |J e A, we can compute
in polynomial time comp(S).

Proof. Let us consider a semi-affine space S = (J ce A where C is a finite
class of affine spaces.

Consider the class €’ of non-empty affine spaces in € maximal for C. Let
us first prove that S = (J, ce A’ Naturally, from €’ C €, we deduce that
Uacer A' € S. For any A € C, either A = () and in this case A C [ /e A4,
or A # ), and in this case there exists A’ € €’ such that A C A’. Hence
ACUpce A’ Therefore, S =] co A'.

By replacing € by €', we can assume without loss of generality that C is
a finite class of non-empty affine spaces such that A; C Ay implies A1 = Ay
for any A;, As in C.

Let us now prove that comp(S) = €. Let Ay € € and consider an affine
space A’ such that A9 € A’ C S. Insecable lemma E proves that A’ C S =
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Uace A implies that there exists A € € such that A’ C A. From Ap C A and
A, Ag in C, we get Ay = A. We deduce that Ay = A’. Hence Ay is a maximal
(for C) non-empty affine space such that Ag C S. That means Ag € comp(S)
and we have proved that € C comp(.S). Let us prove the converse inclusion.
Let Ag € comp(S). As A9 € S = Uyce A, insecable lemma P9 shows that
there exists A € € such that Ag C A. From Ay C A C S, we deduce by
maximality of Ay that Ay = A. Hence Ay € € and we have proved that
comp(S)C €. O

9.1.2 Size

The set of affine components provides a natural way for canonically repre-
senting semi-affine spaces as finite set of affine spaces. The integer size(S) € N
where S is a semi-affine space is naturally defined by size(S) = ZAecomp(S) size(A).

9.1.3 Direction

Definition 9.4. The direction S of a semi-affine space S is defined by S =
—
UAEcomp(S) A

Remark that the semi-affine space direction definition extends the affine
space direction definition because if S = A is a non-empty affine space then
comp(S) = {A}, and if S = () then comp(S) = 0. Remark also that insecable
lemma, shows that for any class € of affine spaces such that S = ace A
we have S = Uace A even if € is not equal to comp(S). That shows in par-

N
ticular that a semi-affine space S is a semi-vector space if and only if S = S.

Example 9.5. Let us consider the semi-affine space S = A; U Ay U A3 U Ay
where A; = Q.(2,1), A2 = (0,1) + Q.(2,1), A3 = (—1,0) + Q.(3,—4) and
Ayq = {(—3,—3)} given in figure[9.]. We have S = ViUV, where 17 = Q.(2,1)
and V3 = Q.(3,—4). Remark that S owns 4 affine components comp(S) =
{41, Az, A3, Ay} and S owns only 2 affine components comp(?) = {1, V3}.

9.1.4 Semi-affine hull

Following proposition @ proves that any finite or infinite intersection of semi-
affine spaces remains a semi-affine space. In particular for any subset X C Q™,
there exists a minimal (for C) semi-affine space written saff(X) that contains
X. This semi-affine space is called the semi-affine hull of X. The semi-vector

—
space saff (X)) is written saff(X).

Proposition 9.6. Any finite or infinite intersection of semi-affine spaces re-
mains a semi-affine space.
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Proof. Observe that a semi-affine space is a finite union of affine spaces that
can be represented by a finite set of vectors in Q. Hence the class of semi-
affine spaces is countable. In order to prove the lemma, it is therefore sufficient
to prove that [,y S is a semi-affine space for any sequence (.S, )nen of semi-
affine spaces. As the class of semi-affine spaces is stable by finite intersection,
we can also assume that (S, )nen is non-increasing. Let us prove by induction
over the dimension k € NU {—1} that any non-increasing sequence of semi-
affine spaces (Sp)nen such that dim(zﬁ)f(So)) < k, is ultimately stationary.
Case k = —1 is immediate because in this case S, = () for any n € N. Now,
assume the induction true for £ > —1 and let us consider a non-increasing
sequence of semi-affine spaces (S, )nen such that the dimension of aft (So) is
equal to k+ 1. Remark that if S,, is an affine space for any n > 0, then (S, )n>0
is a non-increasing sequence of affine spaces. In particular, this sequence is
ultimately constant. So, we can assume that there exists an integer ng > 0
such that S,, is not an affine space. There exists a finite class C of affine
spaces such that S, = [Jce A Let A € C. From A C S, € Sy C aff(Sy),

we deduce that the dimension of A is less than or equal to k+1. Moreover, if it
is equal to k+1, from A C aff(Sy), we deduce A = aff(Sp) and we get S,,, = A
is an affine space which is a contradiction. As the sequence (S, N A)p>o is
a non-increasing sequence of semi-affine spaces such that the dimension of
aff (SnNA) C A is less than or equal to k, the induction hypothesis proves
that there exists n4 > 0 such that S, N A =95,, N A for any n > na. Let us
consider N = maxace(no,na). For any n > N, we have S, € Sy, = U ce 4
and S, N A = Sy N A Hence S, = Sp N (Unced) = Unee(SnNA) =
Usace(Sn N A) = Sy N (UaceA) = Sy for any n > N and we have proved
the induction. 0O

Ezxample 9.7. The semi-affine hull of a finite subset X C Q™ is equal to X
because X is the finite union over x € X of the affine spaces {z}. The semi-
affine hull of an infinite subset X C Q (remark that m = 1) is equal to Q. In
fact, the class of affine spaces of Q is equal to {Q, 0} U {{z}; = € Q}.

Remark 9.8. As aff(X) is an affine space and in particular a semi-affine space
that contains X, we deduce that saff (X) C aff(X). This last inclusion can be
strict as shown by the example X = {€pm,--.,em,m}. In fact, in this case,
we have saff(X) = X and aff(X) = Q™.

The following lemma will be useful to compute the semi-affine hull of some

subsets of Q™ (see example )

Lemma 9.9 (Covering lemma).

e For any affine function f : Q™ — Q™ and for any subset X C Q™, we
have saff(f(X)) = f(saff(X)).

e For any subsets X, X' C Q™, we have
- saff(X x X') = saff(X) x saff(X’),
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- saff (X U X') = saff(X) Usaff(X), and
- saff(X + X') = saff(X) + saff (X”).

Proof. Let us consider an affine function f. From X C saff(X), we de-
duce f(X) C f(saff(X)). As f(saff(X)) is a semi-affine space that con-
tains f(X) (observe that f(A) is an affine space for any affine space A
and for any affine function f), by minimality of the semi-affine hull, we
deduce saff(f(X)) C f(saff(X)). Let us prove the converse inclusion. As
f(X) C saff(f(X)), we have X C f~!(saff(f(X))). As f~!(saff(f(X))) is
a semi-affine space (observe that f~1(A) is an affine space for any affine space
A and for any affine function f), by minimality of the semi-affine hull, we
get saff(X) C £~ (saff(f(X))). Hence f(saff(X)) C f(/~ (safi(f(X)))). Re-
call that for any function g : A — B, and for any subset Y C B, we have
glg~ (V) = g(A) N Y. Hence f(f~(saff(f(X))) = £(Q") N saff(f(X)).
From f(X) C f(Q™), we also deduce saff(f(X)) C f(Q™) and we get
F(Q™) Nsaff(f(X)) = saff(f(X)). Therefore f(saff(X)) C saff(f(X)).

Let us consider X, X’ C Q™ and let us prove that saff (X UX') = saff(X)U
saff(X’). From X U X’ C saff(X) U saff(X’), we deduce by minimality of
the semi-affine hull saff(X U X’) C saff(X) U saff (X’). Moreover, from X C
X UX' Csaff(X UX'), we get saff(X) C saff(X U X’) and symmetrically
saff(X’) C saff (X U X'). We have shown saff (X) U saff(X’) C saff(X U X).

Let us consider X, X’ C Q™ and let us prove that saff (X x X') = saff (X) x
saff (X'). From X x X’ C saff(X) x saff(X'), we deduce that saff(X x X') C
saff(X) xsaff(X'). By considering the affine function f; , : Q™ — Q2™ defined
by fi,..(z') = (z,2"), we get saff({z} x X') = {z} x saff(X’) for any z € X.
From {z} x X’ C X x X', we deduce saff({z} x X’) C saff(X x X'). So
X x saff(X') C saff(X x X’). In particular, for any 2’ € saff(X’), we have
X x {2/} C saff(X x X'). Affine function f, : Q™ — Q™ defined by
fo.u () = (x,2") proves that saff(X) x {2’} C saff(X x X’) for any 2’ €
saff(X"). So, we have proved saff(X) x saff (X’) C saff(X x X').

Let us consider X, X’ C Q™ and let us prove that saff(X + X') =
saff(X) + saff(X’). By considering the affine function f : Q*™ — Q™ de-
fined by f(z,2") = x + 2/, we deduce that saff(X) x saff(X') = f(saff(X) x
saff (X)) = f(saff (X x X)) =saff (f(X x X)) =saff (X + X'). O

Ezample 9.10. The semi-affine hull of N is equal to Q™. In fact, from covering
lemma .9, we deduce saff(N™) = 37" saff(N.e; ) = S, saff(N).e; ., =
221 @-ei,m =Qm.

9.1.5 Cyclic sets

Recall that a (r,m, 0)-cyclic set X where o € X, is a subset of Z™ such that
Vr. }mU(X ) = X. The following proposition shows that the semi-affine hull
of a (r,m,o)-cyclic set X C Z™ is a finite union of affine spaces of the form
&rm(0) +V where V is a vector space.
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Proposition 9.11. We have saff(X) = & (o) + sﬁ(X) for any (r,m,o)-
cyclic set X CZ™.

Proof. Tt is sufficient to prove that for any affine component A of saff(X),
we have &, (s) € A. Consider z € X. As 7,1 ,(X) = X then 7F, (2) =

k1ol (z — (o)) + &(0) € X for any k € N. Covering lemma .4 proves that
Q (x — &.m(0)) + & m(0) C saff(X). In particular, for any A € Q, we have

AM(X = &m(0)) +&rm (o) C saff(X). From covering lemma 0.9, we also prove
that A.(saff (X) — &.m(0)) + &rm (o) C saff(X). Let A be an affine component
of saff (X). We have proved that Q.(A — &m(0)) + &rm(0) C saff(X). From
ACQ.(A =& m(0)) + & m(o) C saff(X), we deduce by maximality of the
affine component A, the equality A = Q.(4A — £(0)) + & m(0). In particular
&ml(o) e Ao O

9.2 Semi-affine lattices

L 2 2 J

Fig. 9.2. On the left a semi-Q?-affine lattice P;. On the right a semi-Q.(1, 1)-affine
lattice Ps.

A semi-V -affine lattice P is a finite union of V-affine lattices. Observe that
the class of semi-V-affine lattice is stable by boolean combinations.

Lemma 9.12. For any non-empty semi-V -affine lattice, there exists a mon-
empty finite set B C Q™ and a V-vector lattice M such that P = B+ M.

Proof. There exists a non-empty finite sequence (a;, M;),;e; where a; € Q™
and M is a V-vector lattice such that P = J;. ;(a; + M;). From lemma B.4,
we deduce that M = ﬂjeJ M; is a V-vector lattice. Since M C Mj, theorem
shows that there exists a finite set B; C M such that M; = B; + M. We
have proved that P = B + M where B is the finite set B = (J;c;(a; + B;).
O
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The group of invariants inv(X) of a subset X C Q™ is the group of vectors
v € Q™ that let X invariant: we have X —v = X.

Lemma 9.13. The group of invariants of a non empty semi-V -affine lattice
is a V -vector lattice.

Proof. Let P be a non-empty semi-V-affine lattice. Lemma proves that
there exists a non-empty finite set B C Q™ and a V-vector lattice M such
that P = B+ M. Let us show that inv(P) C (VN (B — B)) + M. Consider a
vector v € inv(P). Let b € B. Since P — k.v = P for any k € N, there exists
by € B and my € M such that b — k.v = b, + my. Since B is finite, there
exists k1 < ko such that by, = bg,. We deduce that (k; — k2).v = myg, — my,.
In particular v € V since M C V. Moreover, from v = b — by + m; and
m1 € M CV, weget b—by € V. We have proved that v € (VN (B—B))+ M.
Thus inv(P) is included in the discrete set (V N (B — B)) + M and we have
proved that inv(P) is a vector lattice. Let us prove that vec(inv(P)) = V.
From inv(P) C (V N (B — B)) + M we get vec(inv(P)) C V. Moreover, from
M C inv(P) we get V = vec(M) C vec(inv(P)). Therefore inv(P) is a V-
vector lattice. O

The V-vector lattice of invariants of a non-empty semi-V-affine lattice is
geometrically characterized by the following proposition .

Proposition 9.14. Let P be a non-empty semi-V -affine lattice and let M be
a V -vector lattice. There exists a finite subset B C Z™ such that P= B+ M
if and only if M C inv(P).

Proof. Observe that if there exists a finite set B C Z™ such that P = B+ M,
we deduce that M C inv(P). Let us now prove the converse. Assume that
M is a V-vector lattice such that M C invy (P) and let us prove that there
exists a finite set B C Z™ such that P = B + M. Lemma proves that
there exists a non-empty finite set By C Q™ and a V-vector lattice My such
that P = By + My. As M C inv(P), we deduce that P = By + M+ M. Since
M C My+ M, theorem proves that there exists a finite set By C Mo+ M
such that Mo+ M = By + M. Therefore P = B+ M where B = By+ B;. O

Proposition 9.15. Let M be a V-vector lattice and let B be a non-empty
finite subset of Q™. We can compute in polynomial time the V -vector lattice
of invariants of P = B + M.

Proof. Let us fix a vector by € B and let us prove that the V-vector lattice of
invariant inv(P) is equal to the V-vector lattice M’ generated by M and the
vectors v € B — by such that v+ B+ M = B+ M. Observe that M’ C inv(P).
Conversely, let © € inv(P). We have x + B+ M = B + M. In particular
T+ by € B+ M and we deduce that there exists v € B — by and m € M such
that z = v+m. Observe that t+ B+ M = B+ M impliesv+ B+ M = B+ M.
Thus © € M’ and we have proved that inv(P) = M’. Note that a vector
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v € Q™ satisfies v+ B+ M = B+ M if and only if for any b € B there exists
b’ € B such that v + b — b € M. Since we can decide in polynomial time if a
vector is in M, we are done. 0O

Corollary 9.16. Given two semi-affine lattice Py = By + M7 and P, = Bs +
Ms where By, By are two finite subsets of Q™, and My, My are two vector
lattices, we can decide in polynomial time if By + M1 = Bs + M.

Proof. Naturally if B; and By are both empty then P, = P, and if only
one of then is empty then P; # P,. Thus, without loss of generality, we cam
assume that By and By are non empty. From proposition , we deduce
that inv(P;) and inv(P,) are computable in polynomial time. Observe that
if inv(Py) # inv(P,) then P; # P,. Hence we can assume that there exists
a vector lattice M such that inv(P;) = M = inv(P,). We have reduced our
problem to decide if By + M1 = Bs + Ms where M; and Ms are equal to a V-
vector lattice M. Let S1 and Sz be the semi-V-affine spaces S; = (J,¢ g, (0+V).
If S; # Sy then P, # P». So, we can assume that there exists a semi-V-
vector space S such that S; = S = S5. Remark that P, = P, if and only
if (BiNA)+ M = (BanNA)+ M for any affine component A of S. Thus
we can assume that B and Bs are included into a V-affine space A. Let
ag € A (for instance take ap € B;p) and notice that P, = P, if and only if
(B1 —ag) + M = (By — ag) + M. Hence, we can assume that B; and By are
included in V. From an Hermite I-representation of M, we get in linear time
a Z-basis v1, ..., vg of M. Let us consider the function A € V — Q¢ defined
by A(v) is the unique z € Q¢ such that 0 < z[i] < 1 and such that there
exists k € Z¢ satisfying v = Zle(z + k)[i].v;. Note that A(v) is computable
in polynomial time and By + M = Bz + M if and only if A(B1) = A\(Ba).
Thus, we can decide in polynomial time if B1 + M = Bo+ M. O

Example 9.17. Let Py be the semi-Q?-affine lattice P; = {(0,0), (1,0), (0,1)}+
2.7 and let P, be the semi-Q.(1, 1)-affine lattice P» = {(0,0), (0,1) (0 2) (1,2)}+
7.(2,2) given in figure p.4 We have inv(P,) = Z.(2,0)+Z.(0,2) and inv(Py) =
7.(2,2).

9.3 Semi-patterns

A V-pattern is a V-affine lattice included in Z™ and a semi-V -pattern is a
semi-V-affine lattice included in Z™.

Observe that the the V-lattice inv(P) of a non-empty semi-V-pattern P
is included in Z™ NV and if P is empty then inv(P) = V. We denote by
invy (P) the V-vector lattice invy (P) = Z™ NV Ninv(X) for any (empty or
non-empty) semi-V-pattern P.



9.3 Semi-patterns 53
9.3.1 Inverse image by ;. m,o

Proposition proves that the class of semi-patterns is stable by inverse
image by v.m,. where o € 2.

Proposition 9.18. Let B be a finite subset of Z™ and let M be a V -vector
lattice included in Z™. For any word o € XY, we can compute in polynomial
time a finite set B, C Z™ such that |B,| < |B| and v, }, ,(B+ M) = B, +

Ym0 (M).
Proof. Let us consider for each b € B such that v, o(Z™) N (b+ M) # 0,
a vector b’ € Z™ such that v, m (') € b+ M. We denote by B’ the set of
b’ € Z™ obtained. Note that corollary provides a polynomial time algo-

rithm for computing B’. Let us prove that ~, % (B+ M) = B’ + '77|0| (M).

T,m,o r,m,0
Let x € B’ + V;JT(Z}O(M)- That means, there exists b € B’ such that
|o]

Yrm,o(® —b") € M. Moreover, by definition of b', there exists b € B such

lo| —lo|

that v,.m.0(b') € b+ M. From v,", o(x = V') = Ym0 (T) — Y mo(b'), we get
Yrmo(2) € B+ M. Therefore z € ~, ), (B + M), and we have proved the

inclusion B’ + 1, Jsﬁlo(M ) € Yrm.o(B + M). For the converse inclusion, con-

sider € ;% ;(B + M). There exists b € B such that v, ;o (z) € b+ M.

By construction, there exists b’ € Z™ such that v, (') € b+ M. Hence
Yrm,o () = Vrm,o(0') € M. From 77@:1,0(5” = V) = Yrmo(T) = Yrm.o(V'), we
lo|

get Vpm oz —b') € M. Therefore z € b’ + 7;7‘:;‘0(M) and we have proved the
other inclusion. O

9.3.2 Relatively prime properties

A semi-V-pattern P is said relatively prime with r if the V-lattice invy (P) is
relatively prime with r. From lemma we deduce that the class of relatively
prime semi-V-patterns is stable by boolean combinations. In fact, consider
two semi-V-patterns Py and P, and # € {U,N,\, A}. Observe that invy (P;)N
invy (P2) Cinvy (Pi#P2) C Z™NV. From these inclusions, lemma proves
|Z™ N V/invy (Pu#P)|.linvy (Py#P2) /invy (Py) N invy (Ps)] is equal to the
integer |Z™ N V/invy (P1) N invy (P)]. As invy (P) and invy (P;) are two
V-lattices relatively prime with r, we deduce that invy (Py) N invy (Ps) is
relatively prime with r. In particular |Z™NV/invy (Py#P,)| divides an integer
relatively prime with » and we deduce that this integer is relatively prime with
r. Hence Py#Ps is relatively prime with r.

The following lemma provides a geometrical characterization of these semi-
V-patterns. This characterization and proposition prove that the class of
semi-V-patterns relatively prime with r is stable by inverse image by v, ms
for any o € X7 .
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Lemma 9.19. A semi-V -pattern is relatively prime with r if and only if there
exists a V -lattice M relatively prime with r and a finite set B C Z™ such that
P=B+ M.

Proof. Remark that if P is relatively prime with r then there exists a finite
subset B C Z™ such that P = B + invy (X). Conversely, assume that there
exists a V-lattice M relatively prime with r and a finite set B C Z™ such that
P = B + M and let us prove that P is relatively prime with r. Since M C
invy (X) CZmNV, 1emma shows that |Z™NV/invy (X)|.|invy (X ) /M| =
|Zm™NV/M|. As |Z™ NV /M| is relatively prime with r, we deduce that |Z™ N
V/invy (X)| is relatively prime with r. Thus P is relatively prime with r. O

The class of semi-V-patterns relatively prime with r that are also included
into a V-affine space naturally appear when computing the inverse image of a
semi-V-pattern by 7y, m,. when o is a word enough longer in X7 as proved
by the following proposition .

Lemma 9.20. Any (r, m,w)-cyclic semi-V -pattern P is relatively prime with
r and included in the V-affine space A = & m(w) + V.
Proof. As P is (r,m,w)-cyclic, we deduce that P =~_'  (P) for any k € N.

rym,wk

From proposition , we deduce that P is relatively prime with . Moreover,
from proposition P.17, we get saff(P) = &, (w) + E(P). As P is a semi-V-
pattern, we deduce that &E[)‘(P) is either empty or equal to V. Hence saff(P) C
& om(w) + V. From P C saff(P), we are done. O

Proposition 9.21. The class of semi-V -pattern relatively prime with r and
included into a V-affine space is stable by inverse image by Yrm.o for any
o € X7, Moreover, given a general semi-V -pattern P, there exists an integer
k € N such that %_ﬁ%a(P) 18 a semi-V -pattern relatively prime with r and
included into a V -affine space for any word o € Z%’;

Proof. Let us first consider a semi-V-pattern P relatively prime with r and
included into a V-affine space A, let o € X and let us prove that v, }, ,(P) is
a semi-V-pattern relatively prime with r and included into a V-affine space.
Recall that we have previously proved that -, }mg(P) is a semi-V-pattern
relatively prime with r. Since P C A, we deduce that -, }ma(P) C A’ where
A’ is the V-affine space A’ = I'7}, (A). We are done.

Now, let us consider a general semi-V -pattern there exists an integer k € N
such that ~,- 7%L(,(P) is a semi-V-pattern relatively prime with r and included
into a V-affine space for any word o € Z%’fl Since P is Presburger-definable,
there exists a FDVA A that represents P in basis r. Let us consider the integer
k = |A| the number of principal states of A. Now consider o € X} . Since
|o| > |Al, the word o can be decomposed in o = o1.02 such that there exists a
loop g = ¢ where w € Xt and ¢ = 0(qo,01). As Py =~} ,, (P) this set is
a semi-V-pattern. Moreover, as 7, }, ,,(Py) = Py, lemma [.2( proves that P,
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is relatively prime 7 and included in a V-affine space. Finally, as v, 7%L(,(P) =
Yrm.co(Pq), the previous paragraph shows that v, 1 ,(P) is relatively prime
with r and included into a V-affine space. 0O

Given a non-empty semi-V-pattern P included into a V-affine space A, we
naturally deduce that +, ), (A) = 0 implies v, ,(P) = 0. The class of semi-
V-pattern relatively prime r that are included into a V-affine space plays
an important role since the following corollary intensively used in the
sequel proved that for this class, the converse is true: v, 7%w,(P) = () implies

Vrm.o(A) = 0.

Lemma 9.22. Let P be a semi-V -pattern relatively prime with r and included
into a V-affine space A. We have v, . ,(P) = &m(s) + P — prom(0, s) for any
semi-V -pattern P relatively prime with v and included into a V -affine space
A and for any (r,m)-decomposition (o,s) such that pym(o,s) € A and such
that rlelm € 1 +|Z™ N V/invy (P)|.Z.

Proof. Let us consider x € ;. ,(P). We have vy o () = rlolm x4 pp (0, 5).
Hence rl7lm (2 — &.,,(s)) € P — prm(0,s). In particular, from P C A and
prm(0,8) € A, we deduce that r7.(x — &..n(s)) € V. Hence © — & n(s) €
Z™ N V. From rllm € 14+ |Z™ N V/invy (P)|, we deduce that (rlolm —1).(x —
&m(8)) € vy (P). Aso—&, n(s) € P—(rlolm —1).(2—&,1n(8)) = pr.m (0, 5), we
get & € &.n(s) + P — prom(0, s) and we have proved the inclusion v, ,, ,(P) C
&rm(s) + P — prm(o,s). For the converse inclusion, let z € & n(s) + P —
Prm(0,8). From .m0 (x) = r19m (= &.,,(5)) + pr.m(0, 8), we deduce that
there exists p € P such that v, () = 717" .(p — pr.1n(0,5)) + prom(o, s).
Hence Yy.m.o(z) = p+ (rl?lm —1).(p — pr.m(0,5)). As prm(0,s) and p are
both in A, we deduce that p — p,..(0,s) € Z™ N'V. Moreover, as rl7lm — 1 ¢
|Z™ N V/invy (X)|.N, we deduce that (r17lm —1).(p — pr.m(0,8)) € invy (P).
From p € P, we get vrm,o(z) € P and we have proved the other inclusion
&rm(8) + P = pram(o,s) C 'Yr_,%z,a(P)' U

Corollary 9.23 (Dense pattern corollary). Let P be a non-empty semi-
V -pattern relatively prime with r and included into a V-affine space A. The

set 7;717170(P) s a non-empty semi-f’;'ﬁ)(V) -pattern relatively prime with r

and included into the ' (V)-affine space I} _(A) for any word o € X

r,m,0 r,m,o

such that ~, ), (A) # 0.

Proof. As 7, L _(A) is non empty, there exists a couple (w,s) such that

,m,o
Prom(w, s) € v}, 5(A) and such that |o| 4 |w| € m.Z. By replacing w by a
word in w.s*, we can assume without loss of generality that rlo®lm ¢ 1+ |Z™N
V/invy (P)|.Z. From lemma P.29, we deduce that ;% .., (P) = &.m(s) + P —

T,m,o.w

prom (00, 5). AS Y 50 (P) = V(Ym0 (P)) and 40, o, (P) # 0, we de-
duce that v} ,(P) # 0. From proposition we deduce that v, ,(P)

is a semi—F;LZ‘O(V)—pattern. Let us now show that ., ,(P) is relatively
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prime with 7. Since P C A, we deduce that v} _(P) is included in the

r,m,o

)7L (vV)-affine space I'-L _(A). Now, let us prove that Yrm.o(P) is rela-

r,m,0 T,m,o
tively prime with r. From proposition we deduce that 7, 7‘;‘0(invv(P)) -
invy (9, 1.0 (P)). As invy (P) is relatively prime with r we get 5, > (invy (P)) =
invy (P). Hence 3,0 (v o (imvy (P)) = %o (v (v (P))) = 7,7 (invy (P)

and we have proved that =, 7‘;‘0 (invy (P)) is relatively prime with r. From the

inclusion v, Jr?,lo (invy (P)) € invy (v, 3, (P)) and lemma B.11], we deduce that
invy (7,4 o (P)) is relatively prime with r. We are done. O



10

Degenerate Sets

Given a vector space V', a subset X C Q™ is said V-degenerate if V is not
included in saff (Z™ N X). The following lemma shows that the binary
relation ~" defined over the subsets of Q™ by X; ~Y X5 if and only if X; AX,
is V-degenerate, is an equivalence relation. The equivalence class for ~V of a
subset X C Q™ is denote by [X]".

%

Lemma 10.1. The binary relation ~V is an equivalence.

Proof. The binary relation ~V is an equivalence relation. Naturally ~V is

reflexive and symmetric. So, it is sufficient to prove that ~" is transitive.
Consider X1, X2, X3 C Q™ such that X; ~Y X5 and X5 ~Y X3 and let us
prove that X7 ~V X5. We have Z™ N (X1 AX3) C (Z™ N (X14X5)) U (Z™nN
(X2AX3)) and from insecable lemma P-4, we deduce that V is not included
in saff(Z™ N (X1 AX3)). Hence X; ~V X3. O

Given two equivalence classes X7 and X2 and a boolean operation # €
{U,M,\, A}, the following lemma shows that [X;#X5]V is independent
of X1 € X1 and Xy € Xo. This equivalence class is naturally denoted by
X1#Y Xs.

Lemma 10.2. We have [X1#X5]V = [X{#X3]V for any X1, X}, X2, X} C
Q™ such that X1 ~V X{ and Xo ~V X} and for any # € {U,N,\, A}.

Proof. Let us prove that (X1#X2)A(X{#X5) C (X1AX])#(X2AXY)) for any
X1, X], X2, X, C Q™ and for any # € {U,N,\, A}.

Case # equals to A: in this case, we have the equality (X1#X2) A(X{#X)) =
(X1 AX)#(X2AXY) and we are done.

Case # equals to N: we have (X1#X2)A(X{#X5) = (X1 N X)\(X1 N
X)) U (X1 N XH\ (X1 N Xz)). Remark that (X1 N X)\(X1NXS) = ((X1nN
XQ)\X{)U((Xl ﬁXg)\Xé) From (XlﬁXg)\X{ g Xl\X{ and (XlﬂXQ)\Xé g
X2\ X}, we deduce that (X1 N X2)\(X7 N X45) C (X1\X7) U (X2\XY) C
(X14X]) U (X2AXY%). By symmetry, we also get (X{ N X5\ (X1 N X3) C
(X1 AX]) U (X2AX)). We are done.
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Case # equals to \: this case can be reduced to the previous case N. In
fact, if # is equal to \ then (X1#X2)A(X[{#X5) = (X1 N (Q™\X2))A(X] N
(Q™\X}%)). From the previous case N, we deduce that (X1 N (Q™\X3))A(X]N
(@Q™\X1)) € (X1 AX]) U ((Q™\X2) A@@™ N X). As (Q™\X5) A(Q™ N X}) =
X2 AXY, we are done.

Case # equals to U: we have (X1#X2)A(X{#X5) = (X1 U X2)\(X] U
XONU(X]UXH\(X1UX3)). Remark that (X7 UX0)\(XjUX)) = (X1 \(X]U
X5)) U (X2\(X7 UXJ)). From X1\ (X] UXS) C X1\ X7 and X2\ (X7 U X))
X2\ X}, we deduce that (X7 U Xo)\(X] U X)) C (X1\X]) U (X2\X3)
(X14AX]) U (X2AXY)). By symmetry, we also get (X] U X5)\(X1 U X3)
(X1 AX]) U (X2AX)). We are done.

From insecable lemma, E, we deduce that if X7 ~V X] and X5 ~V X
then X1#Xo ~V X|#X) for any # € {U,n,\,A}. O

NN 1IN

o~

For any equivalence class X and for any word o € X, , following lemma
J shows that the equivalence class [, m »(X)]V does not depend on X € X.
Thls equivalence class is denoted by v, U(I)C)

Lemma 10.3. We have ;.\, (X) ~V 770 (X') for any X, X' C Q™ such

’Y’I‘mo'

that X ~V X', and for any o € X7,

Proof. Consider X, X’ C Q™ such that X ~Y X’. We denote by Z =
s
Zm N (XAX'). As X ~V X', the vector space V is not included in saff(Z).
We have Z™ N (9, g0 (X1) Avyh 5, (X2)) = 7704 o (Z). From covering lemma
we get saff(y. ), ,(Z)) C Frnllg(saff( ). By considering the direction of
the previous inclusion, we get saff('y;ﬁnyo(Z)) C SE%(Z) since I'ymo(T) =
17l 2 4~y .o (€0.m). As V is not included in ﬁf( Z), we deduce that V is nei-
-
ther included in saff (Z"™N (v, 1 o (X1) Ay g 0, (X2))). Therefore v, 1, ,(X) ~V
-1 (X/)

/-}/’f’ m,o
The following lemma provides a commutativity result.

Lemma 10.4. We have v, o(X1#Y X2) = v, 0 o (X0)#Y v o (X2) for any
equivalence class X1 and X, for any # € {U,N,\, A}, and for any o € X7,

Proof. Consider X; € f)Cl and X9 € Xo. We have V;mo(xl#vxg =

[Vrma(Xl#XQ)] [ r, (Xl)#/%:%m,a(XQ)] [Vrma( )] #Vh/rmo(XQ)] =
’Vr,m,o(xl)#‘/’yr m, a(x )

I:I
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Polyhedrons

In this section, we recall the definition of a polyhedron and associate to a
polyhedron C included into a vector space V, a boundary that only depends
on the equivalence class [C]V.

N\ N

N A\

Fig. 11.1. Let a = (1,1). On the left {z € Q% (a,z) < 0}. On the right {z €
Q% (a,z) > 0}.

11.1 Orientation

A V-hyperplane H, where V is a vector space, is a set of the form {z €
V; {a,z) = ¢} where (o, ¢) € (V\{eom}) x Q. A V-hyperplane H provides
a partition of V\H into two open V-half spaces {x € V; {(a,z) < ¢} and
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{x € V; (a,x) > ¢} that only depends on the V-hyperplane H (see figures
11.1]).

An orientation o is a function that associate to any couple (V, H) where
H is a V-hyperplane, one of these two open V-half spaces. Given an im-
plicit orientation o, we denote by (V, H)> and (V, H)< the open V-half spaces
(V,H)” =0o(V,H) and (V, H)< = (V\H)\o(V, H). We denote by (V, H)= the
hyperplane H and the closed V -half spaces (V, H)Z and (V, H)< are naturally
defined by (V,H)Z = HU(V,H)> and (V,H)S = HU (V,H)<.

Remark that a V-hyperplane H is an affine space and in particular H is
well defined. Moreover, H is also a V-hyperplane. Remark that H 4 (V, ﬁ)>
is an open half space of the form (V, H)# where # € {<,>} depends on H.
A uniform orientation is an orientation that only depends on the direction of
the V-hyperplane H: we have (V,H)#* = H + (V, ﬁ)# for any # € {<, <, =
>, >}

In the remaining of this paper, we assume fixed a uniform orientation (see
remark for the existence of such an effective and efficient orientation).
Moreover when V is implicit, the set (V, H)# is simply written H7.

Remark 11.1. Consider the function o that associate to any (V, H) where
H is a V-hyperplane, the open V-half space H + (Q4+\{0}).ITy (e;) where
i € {1,...,m} is the least (for <) integer such that ITy (e;) ¢ H. Remark
that such an integer i exists because if [Ty (e;) € H for any i € {1,...,m},

=
then V' C H which is impossible. Remark that o is an uniform orientation
computable in polynomial time.

11.2 V-polyhedral equivalence class

Recall that a polyhedron C of Q™ is a boolean combination in Q™ of sets
H?# where H is a Q™-hyperplane and # € {<,<,=,>,>}. A V-polyhedron
C is a polyhedron included into a vector space V. A polyhedron C is said
(V, H)-definable, where H is a finite set of V-hyperplanes if C' is a boolean
combination in V of sets in {H#; (H,#) € H x {<,<,=,>,>}}.

Lemma 11.2. A polyhedron is a V-polyhedron if and only if it is (V,H)-
definable for a finite set H of V -hyperplanes.

Proof. Naturally, if C is (V,H)-definable then C' is a V-polyhedron. For the
converse, consider a V-polyhedron C. By definition C' C V' and there exists
Dy € Pr(Q™\{eo,m}) and K € P;(Q) such that C' is a boolean combination in
Q™ of sets {x € Q™; (ay, z) #c} where (ag,c) € Do x K and # € {<,<,=,>
,>}. From C' C V we deduce that C = C NV and in particular C is a boolean
combination in V of sets {z € V; (ap,z)#c} = {x € V; (IIyv(w),x) #c}.
Let D = IIv(Do)\{eo,m} and consider the set of V-hyperplanes H = {{z €
V; (o, x) = ¢}; (a,¢) € D x K} and let us prove that C is (V, H)-definable.



11.4 Degenerate polyhedrons 61

Let (o, ¢) € Do x K. Remark that {z € V; (ITy(ao), z) #c} is either empty
or equal to V in the case ITy (ag) = €g.m, or it is in the class {H#; (H,#) €
H x {S, <,=,>, Z}} if Hv(ao) 75 €0,m- O

Definition 11.3. A V-polyhedral equivalence class € is the equivalence class
for ~V of a V-polyhedron.

H [ ]

L] | ]

Fig. 11.2. Let V = Q2. On the left a V-degenerate V-polyhedron Ci. On the right
a non V-degenerate V-polyhedron Cs.

11.3 Open convex polyhedrons

A V-polyhedron C' is said open convex in V (or just open convex when V' is
implicitly known) if it is equal to a finite intersection of open V-half spaces
(in particular V' is an open convex).

Definition 11.4. Given a finite set H of V-hyperplanes and a sequence
# € {<,>}7C we denote by Cv,4 the open convex V-polyhedron Cyu =
ﬂHeﬂ{ H#H (ij‘f = (D, then CV,# = V)

Given a (V,H)-definable polyhedron C, remark that C\(Uycq H) is a
finite union of open convex polyhedrons Cy. 4 where # € {<, >}7(. As [C]V =
[C\(Upeqc H)]Y, this property will be useful for decomposing V-polyhedrons.

11.4 Degenerate polyhedrons

We geometrically characterize the V-degenerate V-polyhedrons (see figure

[[1.9) thanks to the following proposition [LL.7.
We first prove the following two lemmas and [[1.6.
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Lemma 11.5. For any V-hyperplanes Hyi, Ho such that 1—71> = 172), the open
convex V -polyhedron H{ N Hy is V-degenerate.

Proof. Let a € Z™ N V\{eom} and ci,c2 € Q such that H = {x €
Vi {a,x) > c1} and such that Hy = {x € V; {(a,z) < c2}. Let us prove
that C = H{ N Hy is V-degenerate. Let K = {k € Z; &1 < k < ca}
and remark that for any € Z™ N C we have ¢ < (o, z) < ¢z and
(o, ) € Z. Hence, there exists k € K such that (a,z) € K. We deduce that
Z"NC C Upex Hr where Hy, is the V-hyperplane H, = {z € V; (a, z) = k}.
Hence E(Zm NC) C{z eV; (o,x) =0}. As ais in V but not in this semi-
vector space, we deduce that V' is not included in saff (Zz™ N C). Hence C is
V-degenerate. O

Lemma 11.6. We have [Cy.x]Y # [0]V if and only if M peqc H#u # 0, for
any # € {<, >} where H is a finite set of V-hyperplanes.

Proof. Let us consider a sequence (ay, ) gesc of elements in (V\{eg,m})xQ
such that H#*# = {z € V; (ay,z) > ey}, and let C = (g H#H.

Assume first that (7);cq¢ H#n # () and let us prove that C' is non V-
degenerate. Consider a vector v in this open convex V-polyhedron and remark
that {ap,v) > 0 for every H € H. By replacing v by a vector in (N\{0}).v, we
can assume that v € Z"™ N V. Let us first show that there exists g € Z™ NC.
In fact, there exists k € N enough larger such that (apy,k.v) > cy for any
H € 3. For such a k, just remark that xo = k.v € Z"™ N C. Next, let us prove
that there exists a finite set Vi of vectors in Z™ that generates V and such that
(apr, v) > 0 for any (vg, H) € Vo x H. We know that there exists a finite set
Vb of vectors in Z™ that generates V. By replacing Vy by Vy+k.v where k € N
is enough larger, we can assume that (o, vo) > 0 for any (vg, H) € Vp x H.
We have proved that xg + Z’UoEVo N.vg € Z™ N C. From covering lemma @,

we get saff(zo + >, cy, Novo) = 0 + V. Hence V C E(Zm N C). Therefore
C is non V-degenerate.

Now, assume that (4 H#n = (). Hence, for any v € V, there exists
H € 3 such that {ap,v) < 0. In particular for any v € C, there exists H € H
such that ¢y < (ag,v) < 0. Lemma shows that C' is V-degenerate. O

Proposition 11.7. A V-polyhedron is V-degenerate if and only if it is in-
cluded into a finite union of Hi NHy where Hy and Hy are two V -hyperplanes
with the same direction.

Proof. As a finite union of V-degenerate subsets of V' remains V-degenerate,
we deduce from lemma that if a V-polyhedron is included into a finite
union of H{ N Hy where Hy and Hy are two V-hyperplanes with the same
direction, then it is V-degenerate.

For the converse consider a V-polyhedron C' such that for any finite set
D C V\{egm}, the V-polyhedron C' is not included in (J,cp{z € V; —1 <
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(a, ) < 1}. Let 3 be a finite set of V-hyperplanes such that C is (V, H)-
definable. Recall that ¢’ = C\(Uyeqc H) is a finite union of open convex
definable polyhedron Cy 4 where # € {<, >} and it satisfies [C]V = [C']V.
So, we can assume without loss of generality that C = Cy, . Consider a
sequence (au, cpr) mesgc of elements in (V\{eg,}) x Q such that H## = {z €
V5 (am,z) > cy}. Naturally, C # () (otherwise we obtain a contradiction).
Hence, there exists g € C. Let us consider ¢ € Q such that ¢ > 1, ¢ > (ay, xo)
and ¢ > —cy for any H € H. As C is not included in (Jycq{z € V5 =1 <
<”‘TH,x> < 1}, there exists 1 € C and such that for any H € I either
(am,x1) > cor {ag,r1) < —c. As 21 € C, recall that (apy,x1) > ¢,. Hence
(o, 21) < —c implies ¢ < —¢, which is impossible. Therefore (ay,z1) > ¢
for any H € H. Consider v = 21 — 29 and remark that (g, v) > 0 for any
H € 3. Hence v is in () ;cq¢ H#1 . From lemma [[1.1d, we deduce that C is
non V-degenerate. 0O

Example 11.8. The Q2-polyhedrons C; = {z € Q% (-1 < z[1] + z[2] < 1)V
(-1 < z[1] —2[2) < 1)} and Cy = {z € Q% —=z[1] +2.2[2] > 0A2.2[1] —
2[2] > 0} are given in figure [L1.9. Remark that C} is Q?-degenerate because
Sﬁ(Zm NCy) = Vi UV, where Vi = {z € Q% z[l] = z[2]} and Vo = {z €
Q?; z[1]+x[2] = 0}, and C5 is non Q?-degenerate because SE)T(ZWQCQ) = Q%

11.5 Boundary

We are interested in associating to a V-polyhedral equivalence class C, a set
of V-hyperplanes that intuitively corresponds to the “constraints of C”.

A possible V-boundary H of a V-polyhedral equivalence class C is a finite
set of V-hyperplanes such that there exists a (V, H)-definable polyhedron in
C. Following lemma shows that a possible V-boundary can be translated, and
in particular the direction of any possible V -boundary remains a possible V -
boundary.

Lemma 11.9. For any possible V-boundary 3 of a V -polyhedral equivalence
class C and for any sequence (Vir)mesc of non-empty finite subset of V, the
set {v+ H; H € H;v € Vig} is a possible V-boundary of C.

Proof. There exists a (V, H)-definable polyhedron C € €. That means C'is a
boolean combination in V of sets in {H<, H<, H=,H>, HZ; H € H}. Lemma
proves that [(v + H)#]V = [H#]V for any (H,#) € H x {<, <, =,>,>}
and for any v € V. 0O

Lemma 11.10. Let C' be an open convex V -polyhedron and Hy be a V-
hyperplane such that [C N HY # [0]Y and [C N HT]Y # [0)Y. For any
V -hyperplane Hy such that 17(; #+ 171), there exist #o0 € {<,>} such that
[CnHFNHFY # [0V and [COHF N HZ)Y #[0]Y.
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Proof. As C'is an open convex set, there exists a finite set H of V-hyperplanes
and # € {<, >}?Csuch that C = Cy. 4. Let us consider a sequence (o, cxr) gesc
of elements in (V'\{eg,m}) x Q such that H## = {x € V; (ay,x) #ncu}. Let
us also consider (ag, ¢o) and (ay,¢r) in (V\{0}) x Q such that H?® = {z €
Vs (a0,2) #oco} and H* = {z € V; (a1,0) #hrcr}. As [C N HP'Y # (07,
lemma, shows that there exists vy, € Q™ such that (a1, v4,) #10 and
such that (ap, vy, ) #m50 for any H € H.

Let us first prove that there exists a finite set V; of vectors in (o4, H#n
that generates Hy. There exist < and ps in Q4 \{0} such that the vector
V= = f<.U< + s .05 satisfies (o, v—) = 0. Remark that v— € I’fl and satisfies
(o, v=) #n0 for any H € H. Let us consider a finite set of vectors V; that
generate I’fl and just remark that there exists u € Q4 enough larger such
that {(ap,v) #10 for any (H,v) € H x (V4 + p.v=). Finally, as V; generates
I’fl and v= € ;I?, the set Vi + p.v— also generates I’fl By replacing Vi by
Vi + p.v=, we are done.

— — —

Naturally, if Vi C Hy then H; = Hy which is impossible. Hence, there
exists v1 € V1 such that (ag,v1) # 0. Let #¢ € {<, >} such that (ag, v1) #00.
Remark that there exists ¢ € Q4 enough larger such that vy, + pov €

— — —
Nuege H#7 N Ho#o N Hi# for any #; € {<,>}. Lemma shows that
[CnHF NHFY # 0]V and [CNHF NHZ)Y #[0]Y. O

Lemma 11.11. Let C' be an open conver V-polyhedron and H be a V-
hyperplane such that [C N H<]V # [0]Y and [C 0 H>]Y # [0]V. The set

= — —
C N H is non H-degenerate open convexr H -polyhedron.

Proof. Without loss of generality, we can assume that C =X and H = H.
Since C N H# is an open convex non V-degenerate V-polyhedron, there exists
a vector vy in this set. Let us remark that there exists two rational numbers
T<, x> in Q4 \{0} such that x = z..v« + x> .vs € H. Since z.,x~ are both
in C' and z., - are strictly positive rational numbers, we deduce that x € C.
Hence z € H N C and from lemma we deduce that H N C is non-H-
degenerate. 0O

Proposition 11.12. Let € be a V-polyhedral equivalence class and Hy (C) be
the set of V -hyperplanes H such that there exists an open convex V -polyhedron
Cu such that [Cy N H<]V # 0]V and [Cy 0 H>]Y # [0]V, and such that
[Cu]Y NV € is equal to one of these two equivalence classes. The set Hy (C)
18 a possible V-boundary of € included into the direction of any possible V -
boundary of C.

Proof. Let us first consider a possible V-boundary H of C and let us prove
that for any Hy € H\Hy (C), the set H\{Hp} is a possible V-boundary of
C. Let H' = H\{Ho}. As H is a possible V-boundary of €, there exists a
(V, H)-definable polyhedron C' in €. We have the following equality:
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e:

()]

14
= U [evaenHEsnC) W [CvenHsnC]Y
#e{<, >}

As C is (V, H)-definable, we deduce that Cy,» N HS#O N C is either empty or
equal to Cyx N Hg#“. Let us prove that [Cy. 4 N C]Y is either equal to [(]V
or equal to [Cy, 4]V Naturally, if Cy,» N Hy or Cy.x N Hy is V-degenerate,
we are done. Otherwise, [Cy,x N Hy Y # [0]V and [Cvx N HSY # [0]V.
As Cy 4 is an open convex V-polyhedron and Hy ¢ Hy (€), we deduce that
[Cy.4]V NY € is neither equal to [Cy,x N Hy]Y nor equal to [Cy,x N Hy Y.
However, (Cy,»x NC)\Hy is either equal to 0, Cy 4\ Ho, Cy,4 N H or Cy,4 N
Hg . As the two last cases are impossible, we deduce that [Cy, ] NV € is
either equal to [(]V in the first case, or equal to [Cy x]" in the second case.
We have proved that the following (V, H')-definable polyhedron C’ is in €.
That means H' is a possible V-boundary.

C' = U Cv.4

#E{<, > [Cv gV Ve

Finally, let us now consider a possible V-boundary H of € and Hy € Hy (C),
and let us prove that I’{z € ﬁ Lemma shows that we can assume that
H = K. As Hy € Hy (€), there exists an open convex V-polyhedron Cy, such
that [Cp, NHg Y # [0]V and [Cu, N Hy Y # [0]Y and such that [Cp, ]V NY €
is equal to one of these two equivalence classes. Assume by contradiction that
— =

Hy ¢ H. From lemma , an immediate induction proves there exists # €
{<, >} such that [Cy,NCy,xNHFY # [0]V and [C,NCy,xNHG Y # [0]V.
As H is a possible V-boundary of €, we deduce that [Cy, 4]V NV € is either
equal to [0]V or equal to [Cy 4]V In particular [Cy, N Cy,x]V NV € is either
equal to [(]V or equal to [C, N Cy.4]". Moreover, as [C,]Y NY € is equal
to [Cr, N H]Y or [Cy, N HG 1Y, we also deduce that [Cg, N Cy,x]V NV € is
either equal to [Cr, N Cy,x N H ]V or equal to [Cy, N Cy,»x N Hy]V. Hence
there exists #o € {<,>} such that [C, NCy.xNHZ ]V is either equal to []V
or equal to [Cp, N Cy,«]V. The first case is impossible and the second case
implies [Cy, N Cy,» N HS%]V = [0]V where #{ € {<,>}\{#0}. We obtain a
contradiction. Therefore I?o € ﬁ O

The previous proposition shows in particular that the set of direc-
tions of possible V-boundaries of a V-polyhedron C, owns a minimal elements
for C.

ey

Definition 11.13. The finite class Hy (C) is denoted by boundy (C) and called
the V-boundary of C.
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Ezample 11.14. Let Co = {z € Q% (a1,z) > 0 A {(ag,z) > 0} be the Q-
polyhedron given in figure where oy = (—1,2) and s = (2,—1). Let H;
and Hy be the Q*hyperplanes defined by H; = {z € Q% (a1,z) = 0} and
Hs = {z € Q% (ag,z) = 0}. Naturally, as Cy is (Q?, {Hy, H2})-definable, we
deduce that {Hy, H2} C boundge (IC2]2). Let us show the converse inclusion.
Consider the open convex Q2-polyhedron Cy, = {z € Q% (az,x) > 0A
2[2] > 0}. Remark that [Cy, N HS) and [Cy, N HZ]? are not equal to
012" and [Cph, N C5]? is equal to one of this two classes. We deduce that
H, € boundgz(C5). Symmetrically, we get Ha € bounsz([Cg]@z). Therefore
boundge ([C5]%°) = {H;, Ha}.

11.6 Polyhedrons of the form C 4+ V+

In the sequel, we often consider Q™-polyhedrons of the form C + V- where
C is a V-polyhedron. In this section, we provide some properties satisfied by
these sets.

Given a V-polyhedral equivalence class C, following lemma shows
that the equivalence class [C' + V+]" does not depend on the V-polyhedron
C € €. This equivalence class [C' + V*]V is naturally denoted by € + V.

Lemma 11.15. We have C +V+ ~V C' 4+ VL for any V-polyhedrons C and
C' such that C ~V C’

Proof. We have Z™ N ((C +V1)A(C' + V1)) =Z™ N (Cy+ V1) where Cp =
CAC'. As C ~V ', we deduce that Cj is V-degenerate. In order to prove
the lemma, we have to show that V' is not included in sﬁ(Zm N(Co+ V1)),
Proposition proves that there exists a finite set D C Z™ N V\{eo,m}
and an integer k& € N such that Co € U,ep{z € Vi [{(a,2)| < E}. Let
K ={—k,...,k} and remark that we get Z™ N (Co+V+) C Uamenxrf{z €

Q™; (a,z) = k}. Hence E(Zm N(Co+ V™) CUpepat. As a €V for any
a € D, we deduce that V is not included in a* for any a € D. From insecable
lemma @ we deduce that V' is not included in (J,. at. In particular V is

—
not included in saff(Z™ N (Co + V+)). Therefore C +V+ ~V '+ V4. O

Remark that even if [C' + V4]V does not depends on a V-polyhedron C € €,
there exist subsets X C V in € such that [X + V4]V # [C 4+ V4]V as shown
by the following example . That explains why our definition of € 4+ V*
is limited to V-polyhedral equivalence classes C.

Example 11.16. Assume that m = 2, let V = {z € Q?%; z[1] = z[2]}. Let us
consider the V-polyhedron C' = ) and the set X = (3, 2)+(Z™NV). Remark
that [O]Y = [X]Y. However [C + V*]V = [0]V whereas [X + V1]*+ # [0]V
since Z™ N (X + V+) = (0,1) + 2.Z%.
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Let us finally proves that 4}, (€ 4+ V+) = €+ V= for any V-polyhedral
equivalence class € and for any word o € X7 . In fact, given a V-polyhedron
C € @, we have the following equalities:

Yo €+ VEY =770 ([C+VHY)
= o (C+ VY
= [ (C+HVHY

We can easily prove that I, ,(C' + V1) is a Q™-polyhedron of the form
C' + V+ by introducing the sequence (I'V,rm,o)oes:,, of affine functions
Ivymo:V — V defined by the following equality for any z € V:

FV,T,W,U(‘T) = 7«|U| .+ HV (’%‘,m,U(eoﬂn))

Remark that I'v, m.o1.00 = LVrm,on © LV,rm,0, for any word oy, 09 € E:f’m,
I'V,rm.c is the identity function, and I}, ,(C+V+) = F‘Z;m,a(C) + V4 for
any subset C C V.

Thanks to the following proposition , we deduce the following corol-

lary .

Proposition 11.17. We have [, ,(C)]Y = [C]Y for any V -polyhedron C
and for any o € X7 .

Proof. Let us consider a finite class H of V-polyhedrons such that C'is (V, H)-
definable. As C is a boolean combination in V of sets H# where H € K
and # € {<,>}, we can assume that C is equal to such a set. As H and
Iy ;m,a(H ) have the same direction, from lemma [LLJ, we are done. 0O
Corollary 11.18. We have 7;,}116(@ + VL) = C+ V* for any V-polyhedral
equivalence class and for any o € X, .
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Presburger Decomposition

A subset X C Q™ can be naturally decomposed into X = | J
where Xy is defined by the following equality:

Vecomp(saff (X)) Xv

Xy =XnN U A
A€comp(saff (X))
Acv

Obseve that Xy is non empty and as shown by the following dense component
—
lemma [[2.1], the semi-affine hull direction saff(Xy) is equal to V.

Lemma 12.1 (Dense component lemma). We have saff(X N A) = A for
any subset X C Q™ and for any affine component A of saff (X).

Proof. We have saff(X) = AU S where S is the semi-affine space equal to the
finite union of affine spaces A" € comp(saff(X))\{A4}. From X C saff(X), we
deduce that X C (XNA)US C saff(XNA)US. By minimality of the semi-affine
hull, we get saff (X)) Csaff(X N A) U S. As A C saff(X), insecable lemma
shows that either A C saff(X N A) or A C S. In this last case, by definition of
S, insecable lemma [0.9 proves that there exists A’ € comp(saff(X))\{A} such
that A C A’. As A is an affine component of saff(X) and A C A" C saff(X),
we get the equality A = A’ which is impossible. Therefore A C saff(X N A).
Moreover, as X N A C A, we get the other inclusion saff( X N 4) C A. O

We are going to prove that this decomposition of X can be refined when
X is Presburger-definable. In fact, in this case, we show that Xy can be de-
composed (up to V-degenerate sets) into sets of the form PN (C + V=) where
P is a semi-V-pattern and C is a V-polyhedron.

Naturally, a set PN (C + V) is Presburger-definable. The semi-affine hull
direction of such a set is characterized by the following lemma
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Lemma 12.2. Let P be a semi-V -pattern and C a V-polyhedral equivalence
class. We have [P]V NV (C + VL) £ [0]V if and only if P # 0 and € # [0]V.

Proof. Naturally if P = ) or C = [0]V then [P]Y =[]V or €+ V+ = [0V
and in this case [P]Y' NV (€ + V+) = [0]V. Assume that P # () and € is
non V-degenerate and let us prove that [P]V NV (C+ V1) # [0]V. As €
is polyhedral, there exists a V-polyhedron C' € €. Let us consider a finite
class 3 of V-hyperplanes such that V' is (V,3()-definable. As C\(Uycqc H)
is a finite union of V-polyhedrons of the form Cy 4 where # € {<,>}’t and
[H]Y = [0]V, we can assume without loss of generality that there exists # such
that € = [Cy,4]V. Moreover,as a semi-V-pattern is a finite union of V-pattern,
we can also assume without loss of generality that there exists a € Z™ and a V-
group M such that P = a-+M. We have to prove that [P]V'nY (C+V+) # [0]".
That means V' is included in ﬁ‘((a%*M)ﬁ(VV’#‘i’VL)). Let (omr, crr) mesc be
a sequence of elements in (V\{eg.,})xQ such that H## = {z € V; (ag,z) >
cp} for any H € H. Lemma proves that there exists v € V such that
(apr,v) > 0 for any H € H. By replacing v by a vector in (N\{0}).v, we can
assume that v € M. Let @’ = Iy (a) be the orthogonal projection of a over V.
Vector v/ = a—a’ € V*. There exists an integer & € N enough larger such that
(o, @’ + k.v) > cy for any H € H. In particular o’ + kv € C. As kv € M, we
deduce that a+k.v € P. From a+k.v = (a/ +k.v)+v" we get at+k.v € C+V+.
Hence 29 = a + k.v € PN (C + V=). Let us now consider a finite set Vy of
dim (V') vectors in Q™ that generates V. By replacing Vp by k.Vy where k €
N\{0} is enough larger, we can assume that V; C M. Moreover, by replacing
Vo by Vo + k.v where k € N is enough larger, we can assume that (ag,vp) > 0
for every (H,vo) € H x Vy. We deduce that zo+3", oy, Novg € PN(C+ V).

Covering lemma @ proves that saff (o + X y,evy, Nvg) = V. In particular
from o+ 3, oo Noog © PN (C+VE) we get V C &E)f(Pﬂ (C+Vv+h). o

Definition 12.3. A V-polyhedral partition (C;);cs is a non empty finite se-
quence of V -polyhedral equivalence classes such that C;, NV C;, = [0]Y if and
only if i1 # i2 and such that [V]V = UZVGI C;.

Theorem 12.4 (Decomposition theorem). Let X C Z™ be a Presburger-
definable set and V' be an affine component of &;)f(X). There exists a unique
V-polyhedral partition (Cv,p(X))pep, (x) indeved by a non-empty finite class
Pv(X) of semi-V -patterns such that:

1%
xXvlY' = | (P Y Cup(X)+Vh)
PEPy(X)

Proof. Let us first prove that two V-polyhedral partitions (Cv, p)pep, and
(Cv.pr)prep;, that satisfies (Xv]V = Ugeyv([P]V NY (Cv,p + V*)) and
(Xv]Y = Ug,e?%([P’]V nv (Cypr + V1)) are equal. Consider P € Py. As
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V]V = U;,ef% Cy. pr, we deduce that Cyp = U;,ef%((?v,p NV ey p). In
particular, there exists P’ € P, such that Cy,p NV Cyp # [@]y. Consider
such a P’ € P},. By intersecting the equality Ugeyv([P]V NV (Cy.p(X) +
V) = U (P17 0V (&) (X) + V1) with Cyp 1V €y we get
[PAPTY AV ((Cyp NV Cp) + VE) = [0]V. Lemma proves that
PAP' = (). Hence P = P’ and we have proved the inclusion Py C P,

and by symmetry the equality Py = P},. Remark that we have also proved
that for any P’ € Py \{P} we have Cyp NV €y p, = [0]V. Therefore
Cy,pnY (U;,GT,V\{P} €y pr) = [0 As (€Y, p/) prey, is a V-polyhedral parti-
tion, we deduce that Cy p CV G’V7P and by symmetry Cy p = G’V7P. We have
proved that (Cv,p)pep, and (Cy p)prep;, are equal.

Next, let us prove that there exists a V-polyhedral partition (Cy. p)pep,
satisfying [Xy ]V = Ugeyv([P]V NV (Cv.p + V1)). Let us denote by Ay the

set of A € comp(saff(Xy)) such that A =V and let Xy =Xv N (Usca, 4)-
As X, is Presburger-definable, a quantification elimination shows that X{, is
a boolean combination in Z™ of sets of the form {z € Z™; (o, z) € c+ n.Z}
and of the form {x € Z™; (o, x) #c} where (o, #,¢,n) € (Z™\{0}) x {<,>
} x Z x (N\{0}). Remark that any boolean combination of sets of the form
{x € Z™; (o, z) € c+n.Z} is a semi-Q™-pattern and any boolean combination
in Q™ of {z € Q™; (a,x)#c} is a polyhedron. Hence, there exists a finite
sequence (P;, C;)ier where P; is a semi-Q™-pattern and C; is a polyhedron
such that Xy, = (J;c;(PiNC;). Let us consider a sequence (v/y) ac 4, of vectors
vy € A. For any i € I and A € Ay, we have ANC; = AN (Ci 4 + V1) where
C;.a is the V-polyhedron C; 4 = (AN C;) —v'y. As I x Ay is finite, there
exists a finite set H of V-hyperplanes such that C; 4 is (V, H)-definable for
any (i, A) € I x Ay. We have:

X\ @E+vy) = |J Xpn(Cuge+vh)
HeH #e{<, >}
- U U (PnAn(Cia+VH N (Cry+V7h)

#e{<, >} (1,A)EIX Ay

= U U @nAN(CianCry) +V1h)
#e{<, >} (i,A)eIx Ay
= U Pun(Cyy+ Vl)
#e{<, >}
Where Py is the semi-V-pattern Py = U ajerxay; c; ancy. ,20(Fi NA) (re-
call that C; 4 N Cy,% is either empty or equal to Cy,%). Let us denote by
Py = {Py; [Cvxlv # [0]v} and consider the sequence (Cy,p)pep, of V-
polyhedrons defined by:

Cyvp = U Cv,x

#e{<,>} Py=P
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Remark that (Cy, p)pep, where Cy p = [Cy p] is a V-polyhedral partition.
Moreover, the set Zy = XvA(Upegp, (PN (Cv,p 4+ V™)) is included in the
union of UAecomp(saff(Xv))\Av A, U#e{<,>}~”; [Cv 4]v=[0]v (P#Q(CV,#‘FVL)%
and U yeqc(Xv N (H + V1)), Remark that for any A € comp(saff(Xy))\Avy,
we have [A]Y =[]V, for any # € {<, >} such that [Cy 4]y = [0]v, lemma
shows that [Py N (Cyv,x + V)Y = [0]V, and for any H € 3, we have
(XvN(H+VH]Y = [Xy]Y WV [H+VAY = [Xy ]V V0]V = [0]Y. We deduce
that [Zy]Y = [0]V. Therefore [Xy]V = Uﬁe.‘?v([P]V NV (Cvp+V™H). O

Fig. 12.1. The Presburger-definable set X = {z € N?; (z[2] > 4.2[1]) V (=[] >
4.2[2])}

Ezample 12.5. Let us consider the Presburger-definableset X = {z € N?; (z[2] >
4.2(1])) v (z[1] > 4.2[2])} given in figure [[2.]. We have saff(X) = Q2. Hence

V = Q2 is the only affine component of saff (X). The V-polyhedral parti-
tion ([Cv,p]Y)pep, defined by Py = {Z% 0}, Cyz2 = {z € Q% 0 < z[1] <
4.2[2] VO < 2[2] < 4.2[1]} and Cyyp = V\Cy z2 satisfies decomposition theo-
rem.

The following proposition shows that the decomposition theorem can be
also applied to [X]V since [Xy]V = [X]V.
Proposition 12.6. We have [Xv]V = [X]V for any set X C Z™ and for any
—
affine component V' of saff(X).

Proof. Let us consider the semi-affine space S equal to the affine component

A of comp(saff(X)) such that A C V. Recall that X3y = X N S. In order to
prove that [Xy]V = [X]V, it is sufficient to show that V is not included in
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sﬁ(Zm N (XAXy)). Remark that Z™ N (Xy AX) = X\S. Moreover as X C
Uaccompsati(x)) 4> we deduce that X\S C U sccomp(satt(x)) (A\S). Naturally,
if A CV then AC S and in particular A\S = (). Hence X\S is included into
the finite union of affine component A of saff(X) such that A Z V. Assume
by contradiction that V' is included in saff (X\S). From insecable lemma P.2,
we deduce that there exists such an affine component A such that V C A.
Hence V C A C &;)f(X) and as V is an affine component of &Ef(X), we
deduce that V = A which is in contradiction with A Z V. Hence V is not
included in E(X\S) and we have proved that [Xy]V = [X]V. O






Part III

From Automata to Presburger Formulas






13

Strongly Connected Components

A component T of a FDVG G is a strongly connected component of the
parallelization [G].

13.1 Untransient strongly connected components

A component T is said untransient if there exists a loop ¢ — ¢ where ¢ € T
and o € ij m- Otherwise, the component 7" is said transient.

In this section, we prove that for any untransient component T" of a FDVG
G there exists a unique vector space Vi (T') and a unique sequence (ag(q))qer
of vectors in Vi (T)+ such that we have the following equality:

+

saff ({€rm(w); ¢~ q}) = ag(q) + Va(T)

Moreover, an algorithm for computing Ve (T) and (ag(q))qer in polynomial
time is provided.

Remark 13.1. The vector space Vg (T) does not depend on g € T.

The polynomial time computation is based on a fix-point system provided
by the following proposition

Proposition 13.2. Let T be an untransient component of a FDVG G and
let Ko be the set of states kg € K reachable and co-reachable from T. There
exists a unique minimal (for the point-wise inclusion) sequence of affine spaces

(Agy ko, not equal to (D)g,er, such that for any transition ko LN ki where
(ko,b, k) € Ko x Xy x Ko, we have the following inclusion:

I (Ak) C© A

r,m,b

ezt
Moreover, this sequence satisfies saff({&m(w); ko e, ko}) = Ag, for

any ko € K.
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wext
Proof. We denote by Zy, the set of Zy, = {& m(w); ko LT, ko}. By

developing the expression §T,m(01.wk.og) where o1, 09 are in X} such that
o1.00 € Ut ., we X, and n € N, we obtain the following equality:

T,m?

Fr,m,al o gr,m(w)

1— 7“‘0'1-0'2‘m,+77“|w|7n

Erom(o1.w".02) = + FTT#L,O’Q 0 &rm(w)

Let us first prove that (saff (Zx,))k, ck, satisfies the fix-point system. Con-
sider a transition kg LR k{ where (ko,b, k) € Ko x Xy x Kg. As ko and k{, and
in the same strongly connected component, there exists a path k{ 2L, ko. By
replacing o1 by o1.(b.o1)™ ™1, we can assume that o1.b € Ejfm. Let us consider
T € Zy,. There exists a loop kg 2, ko where w € Z;fm such that z = &, (w).

Remark that for any n € N, we have the loop & guwb, k{. Therefore

&om(orw™b) € Z k;- Thanks the the equality given in the first paragraph and
covering lemma @, we deduce that Q.1 0, (z) + 121, (2) C saff(Z; ). In

r,m,b
particular I’ T;}Lb(x) € saff(Z; ). We have proved the inclusion I T}iyb(Zko) -
saff(Z, ) and from covering lemma b.g, we get F;%yb(saff(Zko)) C saff(Zy).
We have proved that (saff(Zy,))k,cx, satisfies the fix-point system.

Now, let us prove that saff(Zy,) is an affine space. Remark that this semi-
affine space is not empty and in particular there exists at least one affine
component A of saff(Zy,). Let x € Zj,. Assume by contradiction that Zj,\ A
is not empty. Let us consider a vector z € Zy,\ A. By definition of Zj,, there
exists a loop kg — ko where w € X, such that # = & (w). From the

previous paragraph, we deduce that % . . (saff(Zy,)) C saff(Z,) for any

n € N. In particular I} ,(A) C saff(Zy,) for any n € N. Remark that
Fgﬁhwn (A) = r~™I*l (A — 2) + 2 thanks to @ = &, (w). Covering lemma P.9

shows that Q.(A—xz)+z C saff(Zy,). As A C Q.(A—x)+x C saff(Zy,) and A is
an affine component of saff(Z,), we deduce the equality A = Q.(A — z) + «.
In particular x € A and we obtain a contradiction. We have proved that
Zi,\A = 0. Therefore Z, C A. We get saff(Zy,) = A. Therefore saff(Zy,)
is an affine space (remark that even if these proof is similar to the one pro-
vided by proposition , we cannot apply this proposition since Zj, is not
necessary (r, m,w)-cyclic).

Finally, let us consider a sequence of affine spaces (A, )k,cx, not equal
to (0)r,ex, such that It (Ag,) C Ay for any transition (ko LN k{ with

r,m,b

(ko,b, ky) € Ko x X x Ko and let us prove that saff(Zy,) C Ay, for any
ko € Ko. An immediate induction shows that I} _(Ag,) C Ay, for any path

r,m,o
ko = k{ where (ko,0,kl) € Ko x X x Ko. Since saff(Zy,) is an affine space,
it is sufficient to show that Zy, C Ayg,. Since (Ag,)kock, is not equal to the
empty sequence (§), e i, , there exists at least a state k1 € Ko such that Ag, f.
By definition of Ky, there exists a path k; = ko. From I o (Ak) © Ag,

we deduce that Ag, # (. Hence, there exists a € Ag,. Since x € Zy,, there

exists w € Z;‘"m such that kg - ko. From the path kg wr, ko, we get
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I wn(Agy) C Ay, for any n € N. Hence I, ,n(a) € Ay, for any n € N.
Since Iy, n (@) = r=1n (@ — & (w)) + &m(w), from covering lemma b.d,
we get Q.(a — & m(w)) + & m(w) € Ag,. In particular &, ,,(w) € Ay, and we
have proved that Zg, C Ay,. Thus saff(Zy,) C Ay, for any ko € K.

Since (saff(Zg,))kock, is not equal to (@), cx,, we are done. O

We deduce the following proposition that shows that a characteristic
vector space denoted by Vi (T') is associated to any untransient component
T of a finite DVG G. This vector space is extremely useful in the sequel for
extracting geometrical properties from a FDVA.

Proposition 13.3. Let T be an untransient component of a finite graph G
labelled by Xy . There exists a unique vector space Vg(T') and a unique se-
quence (ac(q))qer of vectors in Vg (T)t such that for any q € Q:

wex;t

saff({&.m(w); ¢ —— ¢}) = ac(q) + Va(T)

Proof. Let Ay = saft({&r,m(w); ¢ ﬂ q}). The previous proposition
proves that A, is a non empty affine space. It is sufficient to show that the
vector space Z; that does not depend on ¢ € T'. By symmetry, it is sufficient to
prove that A’q; - A.q; for any q1,q2 € T. Since T is strongly connected, there

exists a path ¢, = ¢ with o € 2y m- Proposition proves by an immediate
induction that I} (A4, ) C Ag,. Since the affine space I} (A4, ) is equal

r,m,o _T,)m,w
to r~1%lm (A, — pp(w, e0.m)), its direction is equal to A,, . We deduce that
—_—  —

Alh g Alh' O

13.1.1 A polynomial time algorithm

Thanks to the fix-point system provided by proposition , we are going to
show that V(T is computable in polynomial time from G.

Theorem 13.4. Let T be an untransient component of a FDVG G. The vector
space Vg (T) is computed in polynomial by the algorithm given in figure .

Proof. Naturally, the algorithm terminates in polynomial time. Let us prove
that the vector space V returned by the algorithm is equal to Vg (T'). Let

wezt
(Sko Jkock, be the sequence of affine spaces Sk, = saff ({&, m (w); kg ———

ko}). For any state kg € Ko let us consider the set Jx, = A(ko) — A(ko) the
set of difference of two elements in A(ko).

Let us show that for any ko, k{, € Ko, we have Jy, + m.Z = gy + m.Z.
It is sufficient to show the inclusion J, C Jk(/) + m.Z. Let 41,12 € Jg,. There
exists two paths ¢ —> ko and go = ko where lo1| € i1 + m.Z, |oa] €
io + m.Z and q1,q2 € T. Since T is strongly connected (for [G]), there exists
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a path kg — kjy. From the path q; =% kj) and go > k}) we deduce that
(Jo1| + [w]) = (Jo2| + |w]) € Jp; + m.Z. Hence iy — iz € Ji; + m.Z. We have
proved that for any ko, k{, € Ko, we have Jy, + m.Z = Iy + m.Z.

Thanks to the previous paragraph, we deduce that 177" (V)= e (V)

r,m,0 r,m,0
for any i1,i2 € A(ko) and for any kg € Ky is an invariant of the algorithm.

Thus, for any ko € K, there exists a vector space Vi, such that Vi, =
b (V) for any i € A(ko). For any transition kg LN k{ such that (ko, b, k() €

r,m,0

Ko X X x Ko, let @y, 50 = F&}Lb(@,m(ako)) — &m(owy), and let Ay, =
ETJTL (Uko) + Vko'

Let us show that Vg (T) C V. Since for any transition kg LA k{ where
(ko, b, kp) € Ko x Xy x Ko and for any i € X(ko), we have I7 . o(xr,5.11) €V,
we deduce that F;nl%b(Ako) = Ay, and in particular (Ag, )k, K, is a sequence
of affine spaces satisfying the fix-point system provided by proposition
and not equal to ()g,ck,. By minimality of the sequence (Sk,)k,cri,, We
deduce that Si, C Ay,. Taking the direction of the previous inclusion, we get
Va (T) cV.

Let us prove the converse inclusion V' C V(7). Remark that V' is gen-
+m.0(Tho kg ) Where ko LA k{ is a transition such that
(ko, b, k{)) € Ko x X\ x Ko, and i € (ko). Since V(T) is a vector space, it is
sufficient to prove that F:ﬁ,o(zko,b,k(’,) € Vo(T). Remark that &, (0k,) € Sk,
and since I}, (Sk,) C Sky, we get r!

r,m,b .m

erated by vectors I

(&rm(ok,)) € Sky. Moreover, as
€T,m(ak6) € Sk, and Sy, is an affine space, we get xp, px; € ?ké. By def-
inition of )\, there exists a path ¢ = ko such that |o| € i + m.Z. As T
is strongly connected for [G], there exists a path kj — q where ¢ € T
and obw € F, . As I, (Sk) € Sy, taking the direction of the previ-

_ — N
ous inclusion provides I |w|(Sk6) C Vg(T). From xp, pk € Sy, we get

r,m,0
Trobpy € D04 (Ve (T)). As I, o (Ve (T)) = Ve (T) (in fact for any vector
space W we have I (W) = W), we deduce that Gamma‘rf"Jlﬁo(Vg(T)) =

I’_(Hl)(Vg(T)). Thus ' F! (Tko,b,ky) € Vo (T') and we have proved the other

r,m,0 r,m,0

inclusion V. C Vg(T). O

Ezample 13.5. Let A,1({1}) be the FDVA given in figure [[3.3. The two
components 77 = {{0}} and T, = {0} are untransient,and the component
To = {{1}} is transient.

Ezample 13.6. Let A, 3(+) be the FDVA representing {z € Z3; z[1] + z[2] =
x[3]} and given in figure p.4. We denote by qo, ¢1 and ¢, , the principal states
G0 = {x € 7% al1] + 2[2] = 23]}, g1 = & € Z™; af1] + 2[2] + 1 = 2[3]} and
g1 = 0. The two strongly connected components Ty = {qo,q1 } and T, = {q. }
are untransient. We have Vg(T1) = Q3 and Vg(Tp) = {z € Q3; z[1] + z[2] =
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function Vg (T).

input

A FDVG G = (Q,m, K, ¥\, ) and an untransient component of T of G.
output

Va(T).

begin

for each state kg € K.
let o), € X, such that ko —2s ko.
let A(ko) — {i € {0,...,m —1}; T -2, ko).

end for.

let V «— {eo’m}.

for each transition kg LN kj.
let © I} 0 (Enm(0ko)) = Erm (k)
let V=V + 3y ho) QLo (@)

end for.

return V.

end

let Ky be the set of states kg € K reachable and co-reachable from T'.

Fig. 13.1. An algorithm computing in polynomial time Ve(T).

ZeA{1}  Ze\{0}

Fig. 13.2. The FDVA A, ({1})

Ezample 13.7. Let A, (V) be the FDVA representing {z € Z?; V,.(z[1])

x[2]} and given in figure E We denote by qo, g1 and ¢ the principal states
qo = {z € Z%; V.(2[1]) = 2[2]}, 1 = Z x {0} and ¢, = 0. The three strongly
connected components Tp = {qo}, T1 = {q1} and T, = {q. } are untransient.
Moreover, the vector spaces associated to Ty, T1, T'| are respectively equal to

{eo,m}, Q x {0} and Q2.
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13.2 Detectable semi-V -patterns

In this section, we prove that any semi-V-pattern P € Py (X) introduced by
decomposition theorem is (r,m)-detectable in X for any affine compo-
nent V of saff (X)) and for any Presburger-definable set X. That means, given
a DVA A that represents X, there exists a final function F such that P is rep-
resented by AF. Independently, being given a semi-V-pattern P and a FDVA
A that represents a set X not necessary Presburger-definable, a polynomial
time algorithm for deciding if there exists a final function F' such that P is
represented by A¥ is provided.

Lemma 13.8. Given a Presburger definable set X, an affine component V' of

—
saff(X) and a word o € X7, we have:
1%
Frme (X1 = U (Drmo PNV 0 (Crp(X) + V1))
PEPy(X)

Proof. Recall that [X]V = U;eTV(X)([P]V NV (Cv.p(X)+ V™)) from decom-
position theorem [[2.4 and proposition [[2.6. We deduce that N (XY =
UPE?V(XE% 'yf [17770(]3)] AV (Cy.p(X) + V1)) from lemmas [10.9 and [[0.4 and
corollary a

Corollary 13.9. Let X be a Presburger-definable set and V' be an affine com-
ponent of &;)f(X). Any set P € Py (X) is detectable in X .

Proof. Let us consider a pair (01,02) of words in X}, such that 5,1 , (X) =
Vrm.oo(X). From lemma we deduce that UPGTV(X)([%’myol PV Y
(Cv,p(X) + V1)) = Uge?v(X)(hf,vln,gZ (P)]V' NV (Cy,p(X) 4+ V7). By in-
tersecting the previous equality by Cy,p(X) 4+ V*, we get [y, 1, (P)]V NV

(Cyv.p(X) + VL) Nrim.os PV 0V (Cy,p(X) + V). From lemma we
deduce that v, ), , (P) =% 5, (P). O

Even if the following two corollaries are not used in this section, they
become useful in the sequel.

Corollary 13.10. Let X be a (r,m,w)-cyclic Presburger-definable set and let

V' be an affine component of EF(X). Any semi-V-pattern P € Py (X) is
relatively prime with r and included in the V-affine space A = & p(w) + V.

Proof. Since any P € Py (X) is (r,m)-detectable in X, we deduce that any
P € Py(X) is (r,m, w)-cyclic. From lemma P.20, any P € Py (X) is relatively
prime with r and included in A. O

Corollary 13.11. The set Z™ N (§.m(w) + V) is (r,m)-detectable in X
for any Presburger-definable set X C Z™ and any affine component V €
comp(saff(X)).
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Proof. Let A be the V-affine space A = & m(w) + V. Let us consider P €
Py (X)\{0}. Tt is sufficient to prove that Z™ N A is (r, m)-detectable in P.
Consider a pair (01,02) of words in X, such that there exists P’ satisfying
Yrm.or(P) = P =77, (P). Remark that if P’ = then the dense pattern
corollary P.23 shows that v}, , (Z™"NA) = 0 =~} 5, (Z"NA). If P = f, we
deduce that saff(y, ), ,.(P)) = I} ,,(A). Therefore I/} (A) =17} . (A).

In particular, by intersecting the previous equality by Z™, we get 7, ﬁlm VAlde
A) = 7;7%,0_2 (z™"nA). O

Theorem 13.12. Let A be a FDVA, let M be a V-vector lattice included
in Z™, and let B be a non empty finite subset of Z™. We can compute in
polynomial time a partition By, B1, ..., B, of B such that a semi-V -pattern
P of the form P = B’ + M where B’ C B is represented by a FDVA of the
form AL if and only if there exists J C {1,...,n} such that B = Ujes Bj-

Proof. Let us denote by € the class of subsets of X’ C Z™ that can be
represented by the FDVA A% where F is any final function. Since € is stable by
boolean operations in {U,N,\, A}, we deduce that exists a unique partition
By, Bi, ..., B, of a subset of B satisfying the theorem. From proposition
@, we deduce that there exists a finite set U of pairs (01,02) of words in
X% computable in polynomial time such that |o1| + m.Z = |o2| + m.Z for
any (01,02) € U, and such that a subset X’ C Z™ is in in C if and only
if Yo (X)) = 9k 5, (X7) for any (01,02) € U. Let us consider the binary
relation R over B defined by b;Rbs if and only if there exists (o1, 02) € U such
that v, 1, . (b1 + M) N~} (b + M) # 0. The symmetrical and transitive
closure of R denoted by R’ provides an equivalence relation of B. Let us
consider the equivalence classes By, ..., By, of R’ such that the last classes
B}, 1, ..., By, are the equivalence classes such that Bj 4 M is not in C.

Let us prove that By = Uf:n_H B! and B, ..., B, are equal up to a
permutation to Bj, ..., B,. Observe that B; + M is in € for any ¢ > 1. Thus
for any (01,09) € U, we have vy, 1, (Bi+M) =, . ,,(Bi+M). In particular
b1 Rby implies that there exists ¢ > 0 such that b1,bs € B;. We have proved
that for any equivalence class B’ of R’, there exists ¢ such that B’ C B;. Note
that if B’ C By then B’+ M is not in € by definition of By. Next, assume that
B’ C B; with i > 1. Let us consider (01,02) € U and let x € ~,}, , (B'+M).
There exists by € B’ such that v, .0, () € by + M. Since B; + M € €, we
get Vom0 (Bi + M) = 7%, (Bi+ M). As by € B’ C B;, we deduce that
there exists by € B; such that ¥, m.o, () € by + M. Thus ~,. 5, , (b1 + M) N
Vrm.os (b2 + M) # 0 and we have proved that byRby. Since by € B’ we get

by € B’ and we have proved that %_,51,sz'gma1 (B'+ M) Cn~ L, (B +M). By

r,m,o2
symmetry, we get the equality ~, 1 , (B'+ M) =, .. (B'+ M). We have
proved that B+ M € €. Since B’ is non emgty and included in B;, we deduce
that B’ = B;. We have proved that By = | B! and By, ..., By, are equal
up to a permutation to By, ..., By,.

Therefore, it is sufficient to prove that we can decide in polynomial time

if vy b o (b1 + M) Nk o (ba+ M) # 0 for any by, by € B, and we can decide

1=n—+1
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in polynomial time if B+ M € € for any B’ C B. Proposition prove
that for any word o and for any finite subset B’ C Z™, we can compute in
polynomial time a finite subset B, C Z™ and a vector lattice M, such that
|Bs| < |B'| and 7, ,(B" + M) = B, + M,. Therefore, it is sufficient to
prove that given two vector lattices M; and Ms, two finite subsets B; and
By of Z™, and two vectors by and By in Z™, we can decide in polynomial
time if by + M; N by + My # @ and we can decide in polynomial time if
(B1 + M;) = (B2 + Ms). From corollaries and , we are done. 0O

13.3 Terminal components

A terminal component T of a FDVA A = (qo, G, Fp) is a component of G
satisfying:
e T is reachable (for [G]) from the initial state qo,

e there exists a state ¢ € T such that [Fp](q) # 0, and
e any state ¢’ reachable (for [G]) from T such that [Fp](q') # 0 is in T.

The set of terminal components of a FDVA A is denoted by T4.
Observe that Vg (T) is defined for any terminal component T' since the
following proposition show that such a 7' is untransient.

Proposition 13.13. A terminal component is untransient.

Proof. Let T be a terminal component of a FDVA A. Consider a state ¢ € T
such that [Fo)(q) # 0, and let s € [Fo](q). Since Fy is saturated for G and s €
[Fb](q) we deduce that s € [Fo](d(g,s™)) for any n € N. As T is terminal, we
have 6(qo,s™) € T. Moreover, as @ is finite, there exits n € N and d € N\{0}
such that 6(qo, s"*?%) = d(qo,s™). We have proved that there exists a loop of
the state ¢’ = §(q, s™). From ¢’ € T we deduce that T is untransient. O

The terminal components have a lot of applications in the sequel. In this
section we show that saff(X,) = ag(q) + Ve (T') and we provide a geometrical
characterization of the sets X,.

Lemma 13.14 (Destruction lemma). Let 0 € Xf, be a non-empty word
and let A be an affine space. There exists ko € N such that 7;7171 ko (Z™NA) =
0 if and only if & m(o) € A or Z™" N A =10.

Proof. We can assume without loss of generality that Z™NA # (). In particular
A is a vector space (because A is non empty) and there exists a finite set
D C Z"\{eo,m} such that A= {z € Q™; Apep (o, ) =0}

Assume first that &.,,(0) € A. The set Z™ N A is equal to {z €
Z™; Npep (0,2 — & m(0)) = 0}. Remark that ) (Z™ N A) = {z €
Z"™; Noep (@ Yrmo () = &rm(0)) = 0} = Z™NA. In particular 7;; ok VAlde
A) # () for any k € N. o



13.3 Terminal components 85

Next, assume that 7;; (ZmNA) #£ 0 forany k € N. AsZ™ N A £ 0,

ok

there exists a € A. For any’k € N, we have:

77:7171,0’“ (Z™ N A)
- {:z: ez, /\ <a,%1m70k($) — a> = 0}
= {z ezm; A <a,r’“-‘“‘m.(z —&m(0) + &rm(0) — a> = }

rk-lolm

= {:L' ezm; /\ <o¢7 (T\U\m —1).x +7T1m70(e01m>> _ (T\G\m —1).
aceD
Let us consider & € N enough larger such that |(rl7lm — 1).7@"1;_5‘;&(0)” <1

for any a € D. As v} ,(Z™ N A) # (), there exists  in this set. From

T,Mm,o

{(a, (rlolm —1).2 4+ 9y .0 (€0,m)) € Z, we deduce that (rllm — 1)%

is in the set {c € Z; |c| < 1} = {0}. Therefore (a,a — & (o)) = 0 for any
a € D. That means &, ,,(c) € A. O

Proposition 13.15. Let A = (qo, G, Fo) by a FDVA that represents a set
X, letY be an s-eye of a FDVG G and let T be a terminal component that
contains kers(Y). We have saff(st’Y (@) = ac(q) +Va(T) for any principal
state q € T'.

Proof. Let us denote by Z, the set Z, = {& m(w); ¢ — ¢}. Recall that
saff(Z,) = ag(q) + Vo (T).

Let us first prove that saff(Z,) C saff(XfS’Y). Consider a vector = €
Z,. There exists a loop ¢ — ¢ with w € Xt such that o = & (w). Let
q € kers(Y). As ¢ and ¢ are in the same component, there exists a path
q 2 ¢ with ¢ € 2,.,,. Remark that p,. ,,,(w*.0,s) € st’y for any k € N. By
developing pr..(w*.0, s), we get pym(wF.o,8) = rFvln (p, (0, 5) — x) + .
From covering lemma .9, we get Q.(pqm(0,8) — x) + = C saff(st’Y). In
particular = € saff(X, >") and we get Zy C saff(X+*"). By minimality of the
semi-affine full, we deduce the inclusion saff(Z,) C saff(XfS’Y).

For the converse inclusion, let us consider a vector x € X,f *¥ There exists
a (r,m)-decomposition (o, s) of x such that §(q,0) € Y. By replacing o by
a word in o0.s*, we can assume that ¢’ = 0(g,0) is in kery(Y"). In particular,
there exists n; € N\{0} such that d(¢’,s™) = ¢'. Proposition shows
that Iy m,w(&rm(s™)) € saff(&r m,q). Remark that & (s™) = 2=, and we

1—r?
deduce that = p,m(w, s) € saff(Z,). We have proved the inclusion Xy c
saff(Z;). By minimality of the semi-affine hull, we deduce the other inclusion

saff(X, ) Csaff(Z,). O

(,a = &m(0))

}
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The following proposition shows that for any state ¢ in a terminal compo-
nent of a FDVA that represents a set X, the semi-affine space saff(X;) can
be easily computed thanks to ag(q) and Va(T).

Proposition 13.16. Let X be a set represented by a FDVA A and let T be a
terminal component. We have saff(X,) = aq(q) +Va(T') for any state g € T.

Proof. Let us consider the class Cr of couple (s,Y) € Sy, X P(Q) such that
Y is an s-eye satisfying kers(Y) C T and Fsy C Fy. As T is terminal, this
class is non-empty. Proposition shows that saff (X,f YV =ag(q)+Va(T)
for any (s,Y) € Cr. Let F' = y)ee, Fsy- As ¢ € T'and T' is terminal, we

deduce that X, = X{ = U(s,Y)eeT st’y. From covering lemma @, we get
saff(X,) = ac(q) + Va(T). O

Remark that by definition of boundy (X), there exists a unique semi-V-
pattern P € Py (X) such that [Cy 4]V CV Cyp(X) for any sequence # €
{<, >}poundv(X) guch that [Cy.x]v # [0]v. Let X be a Presburger-definable
set, let V be an affine component of &E)Y(X), and let P € Py (X) be a semi-
V-pattern. We denote by Sy, p(X) the set of sequences # € {<, >}Poundv(X)
such that [Cy.x]Y €V Cv.p(X).

The following theorem provides a geometrical form of the set X, when ¢
is a state in a terminal component of a FDVA that represents a Presburger-
definable set X.

Theorem 13.17. Let X be a Presburger-definable set represented by a FDVA
A and let V' be an affine component of EF(X). For any state q in a terminal
component T such that Vo (T) is equal to V', there exists a vector a, € Q™
such that we have:

Xy = U U (Pg N (ag +Cvy + Vh)
PePy(X) #€Sv,p(X)

such that for any j € {1,...,m}, we have —1 < aq4[j] <0 if V C ej:m and we
have —1 < aq4[j] < O otherwise.

Proof. Let us first prove that there exists a loop ¢ — ¢ such that w; &
(Zrm Nejy,)* for any j e {1,...,m} satisfying V Z e, As &;)f(Xq) =V,
from proposition we deduce that there exists P € Py (X) such that
P, # 0. Let us consider a vector z € P;. AsV ¢ eJ-:m, there exists a vector
v € V such that v[j] # 0 and by replacing v by a vector in (Z\{0}).v, we
have proved that there exists a vector v € invy (P,) such that v[j] > 0. In
particular « + Z.v C P,. As v[j] > 0, there exists k¥ € N enough larger such
that (x+k.v)[j] > 0. Let us consider a (r, m)-decomposition (o, s) of x+k.n.v.
Naturally, as (z + k.n.v)[j] > 0, we have 0 & (X, N ejjm)*. Moreover, as
prom(0,8) € Py, we get Py # () where ¢’ = (¢, 0). Proposition shows
that X, # 0. As T is terminal, we have proved that ¢’ € T. Hence, there
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exists a path ¢’ “, q. Remark that the loop ¢ &, q where w; = 0.0’ satisfies
wj & (Zrm O ej,,)"

Let us consider the sequence (Cv,p)pep, (x) of V-polyhedrons defined
by Cvip = Uges, p(x) Cvi#- Remark that Cyp(X) = [Cy.p]V for any
P € Py(X). Hence, the set Z = XA(Upep, (x) Ugesy ) (PaNlaq+Crz+
V1)) is such that [Z]V = [0]V. Let us consider a path ¢y = ¢ with ¢ in a
terminal component T such that V(T) = V. Thanks to the first paragraph,

we can assume without loss of generality that o & (X, N ej,,)* for any
j € A{1,...,m} satisfying V & ej,,. As &;)f(Xq) =V, and [y}, ,(2)]V =
Yo ([01Y) = [0]V, we deduce that X, is not included in saff(y,}, ,(Z)).
Hence, there exists a (r,m)-decomposition (wi,s) € p; 1 (X,) such that
prom(wi,s) & saff(y,} ,(Z)). Destruction lemma shows that by re-
placing w; by a word in wj.s*, we can assume that % . (Z) = (). Let
¢ = 6(q,wr). As s € Fo(¢') and T is terminal, we deduce that ¢’ € T. As ¢
and ¢’ are in the strongly connected component 7', there exists a path ¢/ — gq.
Let w = wi.wy and let ag = I}, (€0.m). As 0 & (Znm Neg,,)* for any
j € {1,...,m} satisfying V € e?, , we deduce that for any j € {1,...,m},

jmo
we have —1 < ag[j] < 0if V' C ej,, and we have —1 < ay[j] < 0 other-

wise. Remark that for any V-hyperplane H such that H = H and for any
# € {<,<,=,>,>}, we have [} (H* + V1) = a, + H* + VL. As

,M, 0. W

’Yr_,vln,a.w(Z) = 0 then X, = UPeva(X) U#esv,p(x)(Pq N(aq+Cvy + V).
O

m
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Extracting Geometrical Properties

14.1 Semi-affine hull direction of a Presburger-definable
FDVA

In this section we prove that the semi-affine hull direction saff (X) of a
Presburger-definable set X represented by a FDVA is computable in poly-
nomial time.

This computation cannot be extended to saff (X). In fact, as shown by the
following lemma , the size of saff (X') can be exponentially larger than the
size of a FDVA representing X.

Lemma 14.1. There exist o, 5 € Q1 \{0}, a sequence (A, )nen of FDVA that
represents a sequence (X,)nen of Presburger-definable sets in basis r, such
that lim,, ., o size(A,) = +oo and size(saff(X,,)) > a.20:517e(An),

Proof. Consider the finite set X,, = {0,...,r™ — 1}'*. Remark that X, is
Presburger-definable and the FDVA A, ;(X,,) that represents X, has n + 2
principal states. Moreover, as comp(saff(X,,)) = {{z}; = € X, }, we deduce
that size(saff(X,)) =r". O

Remark 14.2. The semi-affine hull of a set X represented by a FDVA (X is
not necessarily Presburger-definable) can be computed in exponential time
thanks to the algorithm provided in [ This result is not used in this

paper.

—
Our computation of saff(X) is based on the following lemma that
—
shows that an under-approximation of saff(X) can be easily computed from
a FDVA that represents a set X. In this section, we prove that this under-
approximation is exact if X is Presburger-definable.
Lemma 14.3. Let X be a set represented by a FDVA. We have Upcq, Va(T) C

saff(X).
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Proof. Let us consider a FDVA A that represents a set X. Let us consider

a terminal component T € T4 and let us prove that Vg (T) C sﬁf(X ). Let
us consider ¢ € T. As T is reachable (for [G]) from the initial state, there

ceX:
exists a path qo TEm, q. We have Xy =, ,(X) C I} ,(X). Covering
lemma @ shows that SE%(Xtﬂ - sﬁ(X). Moreover, as g € T, proposition
— —
shows that saff(X,) = Vo (T'). Therefore V(T') C saff(X) and we have

proved the inclusion Jpcp, Va(T) C ﬁf(X). O

Proposition 14.4. Let X be a Presburger-definable set represented by a
FDVA A and let V be an affine component of &E)Y(X). For any principal
state q reachable for [G], there exists P € Py (X) such that Py # 0 if and only
if there exists a terminal component T € T4 reachable from q for [G] such

that Va(T) = V.

Proof. Assume first that there exists a terminal component T' € T4 reach-
able from ¢ for [G] such that Vg(T) = V and let us prove that there

exists P € Py(X) such that P, # (. There exists ¢ € T and a path
€Xm :
q nm, q'. From theorem [13.17, since X, # 0, we deduce that there

exists P € Py(X) such that Py # 0. As Py = v, ,(Py) we get Py # 0
and we have proved that there exists P € Py (X) such that P, # (). Let
us prove the converse. Assume that there exists P € Py (X) such that
P, # 0 and let us prove that there exists a terminal component 7' € T4
reachable from ¢ for [G] such that Vg(T) = V. Since ¢ is reachable for
[G] from the initial state, there exists a path gy —= ¢. Let us consider a
sequence (Cv,p)pep, (x) of V-polyhedrons such that Cy,p € Cy,p(X). Let
us consider Z = XAUpep, (x)(P N (Cv,p +V7F)). We have [Z]Y = [0]V.
That means V' is not included in sa—f)f(Z). Let Z' = 7, p.00(Z). From cov-
ering lemma P.9, we deduce that V is not included in sa—f)f(Z' ). Observe
that if there exists P € Py (X) such that P, # emptyset then from Z’' =
XeAUpep, x)(PaN (Cv,p+ V1)), we deduce that V is included in sa—f)f(Xq).
Thus, there exists a (r, m)-decomposition (o, s) such that p, (0, s) € X, and
Pr.m(0,8) & saff(Z'"). Destruction lemma proves that by replacing o by a
word in o.s*, we can assume that 7,1 _(Z’) = (). Let ¢’ = 6(q, o) and remark

that Xo¢ = Upegp, (x)(Po N (F‘Ziﬁmyg(cup) + V). As prm(e, s) € X, then
s € Fy(q'). So there exists a terminal component T' reachable (for [G]) from

*
r,m

weX

q'. Let ¢ € T. There exists a path ¢’ q" such that ¢ € T. We have
Xy = UPE?V(X)(PqH N (It (Cv.p) + V1)) As X, # 0, there exists

V,r,m,o.w
P € Py(X) such that Py # 0. In particular P, is a non-empty semi-V-

pattern. As Cy, p is non-V-degenerate and [Cy,ply = [F\Zi,m,a.w(CVf)]Va we

deduce that I';! (Cy.p) is non-V-degenerate. Lemma proves that V'

Virom,o.w

P . T —1 1 —
is included in saft (Py» N (I (Cv,p) +V-)). Therefore V C saff(Xy).

V,r,m,o.w
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— —
Moreover, as saff (Py+) C V for any P € Py (X), we deduce that saff(Xq/) =

V. As ¢" € T, recall that Vg(T) = &;f(Xqu). Therefore, we have proved that
there exists a terminal component 7" such that Vo (T)=V. O

. o, . — .
From the previous proposition , we deduce that saff(X) can be easily
computed in polynomial time from the sequence of vector spaces associated
to the terminal components.

Proposition 14.5. For any Presburger-definable set X represented by a FDVA
A, we have:
saff(X) = |J Ve(D)
TET A

Proof. Lemma shows that Jrcq, Va(T) C EE(X). Now, let us prove
the converse inclusion. Let V' be an affine component of saff (X). Proposition
14.4 shows that there exists a terminal component 7' such that Vg (T) =
V. Therefore V. C Urer, Va(T). We deduce the other inclusion SE%(X) C
UTeTjl VG(T)- O

From theorem and the previous proposition , we get one of the
main powerful theorem of this paper.

Theorem 14.6. The semi-affine hull direction of a Presburger-definable set
represented by a FDVA is computable in polynomial time.

14.1.1 An example

Let us consider the set X = X7 U X5 where X; = {x € N?; z[1] = 2.2[2]} and
Xy = {z € N?; z[2] = 2.2[1]}. Naturally, the semi-vector space &E)Y(Xl) is
equal to the vector space Vi = {z € Q% z[1] = 2.z[2]} and symmetrically the
semi-vector space SE)T(XQ) is equal to the vector space Va = {z € Q?; z[2] =
2.z[1]}. As &EE(X ) has two affine components V; and Va, from proposition
, we deduce that whatever the FDVA A that represents X we consider,
for any terminal terminal components T', we have Vg (T) C V4 or Vg (T) C Vs
(remark that we have implicitly used the insecable lemma @) Moreover, we
also deduce that there exists at least one terminal component 77 such that
Ve (Ty) = Vi and at least one terminal component T5 such that Vg (Tz) = Va.
This property can be verified in practice. Figure represents the min-
imal FDVA A3 (X7 U X5) where X = {x € N; z[l] = 2.2[2] + 1} and
X, ={x € N; z[2] = 2.2[1] + 1}. Remark that this FDVA has 2 terminal
components T} and T» defined by T = {X1, X1} and Tz = { X3, X}}. We have
Va(Ty) = aff (X1) = aff(X]) = Vi and Va(Ts) = aff(X2) = aff (X3) = Va.
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(0,0) (0,0)

Fig. 14.1. The FDVA .A272(X1 U XQ)

14.2 Polynomial time invariant computation

Let X be a Presburger-definable set and V' be an affine component of saff (X).
The V-vector lattice invy (X) of invariants of X is defined by the following
equality:
invy (X) = ﬂ invy (P)
PPy (X)

In this section we prove that the V-vector lattice of invariants invy (X) is
computable in polynomial time from a cyclic FDVA A that represents X in
basis r. We also prove that |Z™ N V/invy (X)]| is bounded by the number of
principal states of A.

Recall that corollary proves that any P € Py (X) is relatively prime
with 7 and included in the V-affine space &, (s) + V. This V-affine space will
be useful in the sequel. Our algorithm is based on the following proposition
14.8 and the remaining of this section is devoted to prove that all structures
needed for applying this proposition are small and they can be computed
efficiently.

Lemma 14.7. Let A be a V-affine space and s € Sy be a (r,m)-sign vector
such that [Zym sNA]Y # [0]V. There exists a vector v € V such that v[i] < 0 if
s[i] = r—1 and v[i] > 0 if s[i] = 0 for anyi € {1,...,m} such that ., & V=.
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Proof. Since A is a V-affine space, there exists a € A. We denote by #g the
binary relation > and by #,_1 the binary relation <, and we denote by I
the set of i € {1,...,m} such that e;,, & VL. Remark that Zrm,s VA =
Z™ N AN(C+ Hy(a) + V*+) where C is the V-polyhedron C = (N~ {z €
V; ol + alil#q0}. As {o € V; ol + alil#, 0} = {z € Vi (ITy(esm),2) +
ali]#s10}, we deduce that {z € V; x[i] + ali]#,};0} is either empty or equal
to V for any i € {1,...,m}\I. Moreover, as [Z,m s N A]Y # [0]V, we get
{z € V; afi] + ali]#4;0} = V for any i € {1,...,m}\I. Hence C = [, {z €
Vi (Iy(eim), ) + ali]#s0}. As [Z™ N AN (C + Hy(a) + V)" # 0]V,
lemma shows that [C]Y" # [0]V. From lemma we deduce that there
exists a vector v € V such that v[i] > 0 if s[i{] = 0 and v[i] < 0 if s[i] =7 —1
foranyie l. O

Proposition 14.8. Let X be a (r,m,w)-cyclic Presburger-definable set and
—
let V' be an affine component of saff (X). Assume that we have:

o A (r,m)-sign vector s € Sym such that [Z, ;s N (&m(s) + V)]V £ [0]Y,

o A couple (qo, G) such that qo is a principal state of a FDVG G such that
0(go, 01) = 8(qo, 02) if and only if (V; .0, (P)) Pepy (x) = (Vrim,aa (P)) Pepy (x)
for any 01,00 € X7,

o The set Q" of principal states reachable for [G] from qo such that (0) pep., (x) 7#
('y;%,a(P))pegav(X) if and only if ¢ € Q' for any path qo = ¢ with
o€ E;f’m,

o An integer ng € N\{0} relatively prime with r such that |Z™ NV /invy (X)|
divides ng,

o An integer n € N\{0} such that ™ € 1+ ng.Z.

We denote by U the set of pairs u = (k,Z) € K x Z/mn.Z such that
there exists a pair of words (oy,0l,) in XY satisfying |oy.ol,| € mnZ,
(k,Z) = (6(qo,0u), |ou] + mmn.Z) and there exists an s-eye Y' such that
0(k,ol,) € kerg(Y') C Q. Given a sequence (o4, 0., )ucu Satisfying the pre-
vious conditions and such that o4 m.n.z) = €, the vector lattice of invariants
invy (X)) is equal to the vector lattice generated by ng.Z™ NV and the vectors
Pram(Ouy .07, 8) = pran(Ou,.0y,,5) where uy = (k1,Z1) € U, b € X, and
uz = (ko, Za2) € U are such that (ka, Z2) = (6(k1,b), Z1 + 1).

Proof. Let us denote by A the V-affine space A = & (w) + V.

Since d(qo, 01) = 8(qo, 02) if and only if (7, 1. o, (P)) Pepy (x) = (Vim0 (P)) Pery (x)
for any 01,09 € X}, for any principal state g reachable for [G] from qo, there
exists a unique sequence denoted by (Py)pep, (x) such that P, =~} (P)
for any P € Py (X) and for any ¢ € X7, such that ¢ = 6(qo, o).

We first prove that p,.. (o', s) € A for any word o’ € X, such that there
exists an s-eye Y’ satisfying 6(qo,0’) € kers(Y’) C @’. As the principal state
q¢ = d(qo,0’) is in @', there exists P € Py (X) such that P, # 0. As there

"
exists a path ¢ =— ¢’ since ¢’ € kers(Y’), we get saff(Py) = &.m(s) +V
from lemma [p.20. Remark that P, = '7;,7%1,0' (P). Thus, from covering lemma
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@, we get & (8) +V C I o (saff (P)) in particular from saff(P) = A and
Prm(0,8) = Iy o(&rm(8)), we deduce that p, (0’ s) € A.

Next, let us show that for any pair of integers z1,z2 € N such that z; +
m.n.Z = zz+m.n.Z and for any x € Z"™, we have ' = 7,7 () =77}, o() €
ng.Z™. Naturally, by symmetry, we can assume that z; < z5 and by replacing
x by Vf,lm,o(x) and (z1,22) by (0,22 — z1) we can assume that z; = 0. In this
case z = =2 is in N and 2’ = (™% — 1).2. Since r" — 1 divides r™* — 1 and
ng divides r™ — 1, we have prove that x’ € ng.Z™.

Let us denote by M the vector lattice generated by ng.Z™ NV and the
vectors pr.m (0w, -b.0,,,5) = prom(0u,.0,,,s) where uy = (k1,21) € U, b € X,
and Ug = (kQ,ZQ) € U are such that (kQ,ZQ) = (5(k1,b),Z1 + 1)

We first prove the inclusion M C invy (X).

Let us show that p,.,(02,8) — prm(o1,s) € invy(X) for any pair of
words (01,02) in (X!,,)* such that there exists a principal state ¢’ sat-
isfying 6(qo,01) = ¢ = 6(qo,02) and there exists an s-eye Y’ satisfying
¢ € kers(Y’) C @'. The previous paragraphs shows that p,,(o1,s) and
pr.m(02,s) are both in A. Thus, from lemma we get v b o (P) =
&m(8) + P — prom(0i,s) for any ¢ € {1,2} and for any P € Py(X). In
particular p, ., (02, ) — pr.m(o1,s) € invy (X).

We can now easily prove that M C invy (X) since ng.Z™ NV C invy (X)
(recall that |Z™ N V/invy (X)| divides ng) and from the previous paragraph
we deduce that p,m(0y,.b.0,,8) = pr.m(0u,.0,,,5) € invy (X) for any u; =
(kl, Zl) S U, be X, andus = (kg, ZQ) € U such that (I{ZQ,ZQ) = ((5(k1,b),Z1+
1).

Next, let us prove the converse inclusion invy (X) C M.

Let us show that prm(02.0", 8)—pr.m(01.07,8) € pr.m(02.0",8)—prm(o1.0", )+
M for any pair of words (o1,02) in X such that there exists u = (k,Z) € U
satisfying (6(qo,01), |o1| + m.n.Z) = u = (§(qo,02), |o2| + m.n.Z) and for
any pair of words (¢/,0”) in X* satisfying Z + |0/| = m.nZ = Z +
|o”| + m.n.Z and there exists two s-eyes Y’ and Y satisfying d(k,o’) €
kers(Y’) C @ and §(k,0”") € kergy(Y") C Q. Let ' = (prm(02.0',8) —
prm(01.07,8)) — (prm(02.0”,8) — pr.m(c1.0”,s)). This vector is in V since
the vectors pym(01.0',8), prm(02.0',8), prm(o1.0”,8), and pm(c2.0",s)
are in the V-affine space A from the previous paragraphs. Moreover, let
us remark that @' = 773 o(z) — 7,7, o(z) where z1 = |o1], 22 = 02| and
T = prm(0’,8) — prm(c”,s). Thus, from the previous paragraphs, we get
x € ng.Z™ and we have proved that 2’ € ng.Z™ NV C M.

Let us show that p,m(02,s) — prm(o1,8) € M for any pair of words
(01,02) in (X7,,)" such that there a principal state ¢’ satisfying d(qo,01) =
¢ = 6(qo, 02) and there exists an s-eyes Y satisfying ¢’ € ker,(Y') C @'. Since
M is a vector lattice, it is sufficient to prove that p, (0, s) — pr.m(ow,s) € M
for any word o € (X7,,)* such that u = (§(qo,0),m.n.Z) is in U. Let us
consider a sequence by, ..., b; of r-digits b; € X, such that ¢ = by...b;. We
denote by u; the couple u; = (6(qo, b1 ...bj),j +m.n.Z). Since u; = u is in U,
we deduce that u; € U for any k € {0,...,7}. By definition of M, we have
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Pron(Ou;_1-b5.0 5 8) = prom(0u; .0y, ., s) € M forany j € {1,...,i}. From the
previous paragraph, we get prm(ou, ,.bj...bi,8) — prom(ou; bjp1...bi,s) €
M for any j € {1,...,i}. By summing all the vectors, we deduce that
Pr.om (Oug-b1 - .- b)) — pr.m(ou;) € M. Now, just remark that o, = € and u; = u.

Let us consider v € invy (X) and let us prove that v € M. Lemma
shows that there exists a vector vg € V such that vg[i] < 0 if s[i] =r —1 and
vg[i] > 0 if s[i] = 0 for any i € {1,...,m} such that e;,, ¢ V. By replacing
vo by a vector in (N\{0}).vg, we can assume that vy € invy (X), vo[i]+v[i] < 0
if s[i] =7 — 1 and vo[i] + v[i] > 0 if s[i] = 0 for any ¢ € {1,...,m} such that
eim & V1. Since [Zyms N AV # [0]V, there exists a vector a € Z,.,, s N A.
Let a1 = a+ v and let as = a + vo +v. Remark that aq,as € Z, ,, s since for
any i € {1,...,m},if e; € V* then a1[i] = ali] +vo[i], azli] = ali] + voli] +v]i]
and if e; € V- then a1[i] = ali], az[i] = ali]. As a1,as € Z; m s, there exist
01,02 € X, such that a; = prm(01,$) and az = p, (02, s). By replacing o4
by a word in 01.5* and o9 by a word in 09.s* we can also assume that |o1| and
|o| are in m.n.Z. Let P € Py(X). Since py.n (0, s) € Aand rl7ilm € 14|ZmN
V/invy (P)|.Z, lemma proves that v, 1, (P) = &.m(s) + P — prm(0i, s)
for any i € {1,2}. As prm(02,8) — prom(01,8) = vy € invy (X), we deduce
that 7%, 5, (P) = Y0, (P) for any P € Py (X). Therefore there exists a
state ¢’ € Q' such that §(qo,01) = ¢’ = 0(qo, 02). Let us consider the s-eye Y’
that contains ¢’. Since Y,y 5, o0 (P) = & (8)+ P — prm(0i.s", s) from lemma
.22, we deduce that (’y;,%%al.sn (P)pery (x) = (Vrim.or (P)) pepy (x)- We have
proved that §(¢’,s™) = ¢ and in particular ¢’ € ker,(Y”’). By considering
P e Py(X)\{0} let us remark that v} , (P) = &m(s) + P — prm(0i,s)
is not empty. That means ¢’ € Q'. Moreover, as for any ¢” € kers(Y”) there
exists a path ¢” <, ¢ and Py # 0 we get Py # (). Thus kery(Y') C Q'.
From the previous paragraph, we get p, (02, ) — pr.m(01,s) € M. Now, just
remark that p, (02, 5) — pr.m(01,s) = v and we have proved that v € M. O

The following proposition provides a simple algorithm for computing
in polynomial time a (r, m)-sign vector s € Sy, such that [Z, s N (& m (W) +
V)]V # [0]V from a FDVA that represents a (7, m, w)-cyclic Presburger defin-
able set X in basis r.

Proposition 14.9. Let X C Z™ be a (r,m,w)-cyclic Presburger-definable set
represented by a FDVA A in basis r, and let V be an affine component of
&H%(X). We have [Zy.m. s N (&rm(w) + V)]V #£ [0]V for any (r,m)-sign vector
s € Sym such that s € [Fyl(q) where q is a principal state in a terminal
component T such that Vo(T) =V.

Proof. Let us consider a terminal component T" of A, a principal state ¢ € T
and a (r,m)-sign vector s € [Fp|(¢q). Let Y be the s-eye that contains g.
As T is terminal we deduce that kery(Y) C T. From proposition [[3.15, we

deduce that saff(X, ") = aq(G) + Ve (T). From X5 C Zyms N Xq, we
—
deduce that V' C saff(Z,,,s N X,). As ¢ is reachable, there exists a path
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go — g and we get Xq = ’YErln,w(X)‘ As VErln,w(Zr,m,s NX) = ZrmsNXg,
-

we have proved that V' C saff(Z, ,, s N X) thanks to the covering lemma
—

@. Let A be an affine component of saff(Z, ,, s N X) such that V C A.

— — . —
From V C A C saff(X) and as V is an affine component of saff(X), we

deduce that V' = A. Moreover, as Z, s N X is (r,m,w)-cyclic we deduce
that &, (w) € A. Hence A = &, ,,,(w)+ V. From the dense component lemma
, we get saff (Z, s " X NA) = A. In particular A C saff(Z, s N A) and
we have proved that [Z, m s N (& m(w) + V)V £ [0]Y. O

A couple (g0, G) and a set @’ satisfying proposition is obtained by
a quotient of a FDVA A that represents X in basis r by the equivalence
relation ~Y defined over the principal states of A by ¢ ~V ¢ if and only
if X, ~V Xg,]V. Remark that ~V is a polynomial time equivalence relation

since g1 ~Y ¢o if and only V is not included in saft (X4, AXy,), and this
last condition can be decided in polynomial because a FDVA that represents
the Presburger-definable set X, AX,, is computable in quadratic time and
the semi-affine hull direction of this set is computable in polynomial time

thanks to theorem [14.. The following propositions and provides
immediately the following corollary .

Proposition 14.10. Let X be a Presburger-definable set and let V be an
affine component of Sﬁ(X). Given a pair (01,02) of words in X, . we
have the equality (1774 o (P) pese ) = (b, (P))pesy (x) if and only if
o ()~ Yo (X))

77‘,771,01 T,M,02

Proof. Consider a pair (o1,02) of words in X, . From lemma we de-

duce that [7,), . (X)]" = Upes, o) (Dm0, (P)]Y 0V (€u.p(X) + V1)) for

any i € {1,2}. As (Cy,p(X))pep,(x) is a polyhedral V-partition, we get
D () A% 500 KNV = Upery 00) Dy (P) A7 0.0, (P 0 (B, (X) +
V). Remark that if (% 5, (P))pepy (x) = (Vrim.os(P))pepy (x) then we

have | (X)A%:rln,oz (P)]V = [0]V and conversely if [%:gn,ol (X)A'y;ﬁmoz (X)) =
[0]Y, by intersecting the following equality by Cy p(X) + VL, we get [0]V =
Drmor (P) A% im0 (P)]Y 0V (Cyp(X) + VE):

—1
Vr,m,al

r,m,o2
v

Mooy %m0 (X = U (Brnos (PYAT 6, (P)]V 0V (Cyp(X)+VH))
PePy(X)

From lemma we get v, p o (P) Ay 5, (P)=0. O

Proposition 14.11. Let X be a Presburger-definable set and V' be an affine
—

component of saff (X). Given a word o € X}, we have (v, 5, »(P)) pep, (x) =

(D) pep, (x) if and only if 'y;%%a(X) ~V 0.
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X

Proof. From lemma we deduce that [y} ,(X)]V
) E(PV(X = ((Z))PGTV(X) then
)N

(Cv,p(X) + V1)) Remark that if (v} (P

Nrim.o (XY = [0]V and conversely if [w}n = [0V, by intersecting

the equality [y}, ,(X)]V = Upep, x>([%m PV QY (Cv,p(X) + V1)) by

Cv.p(X) +V*, we get 0]V = [y, p.0(P)]Y NV (Cy,p(X) + V1), From lemma
we get v, 0, ,(P)=0. O

0'(
(

Corollary 14.12. Let X be a (r,m,w)-cyclic Presburger-definable set rep-
resented by a FDVA A in basis r, and let V be an affine component of
&E)Y(X). We can compute in polynomial time a couple (g0, G) such that qo
is a principal state of a FDVG G such that §(qo,01) = 6(qo,02) if and only
if Vrmor (P)) Pepy (x) = Vrim.os(P)) Pepy (x) for any 01,00 € X7, and we
can compute in polynomial time the set Q' of principal states reachable for [G]
from qqo such that (’Y,;%,L’G(P))PE?V(X) #* ((Z))pegav(x) if and only if ¢ € Q' for
any path qo — ¢ with o € Xrm

Let us consider a (r,m,w)-cyclic Presburger definable set X represented
by a FDVA A in basis r. The following proposition provides an algorithm
for computing in polynomial time an integer ny € {1,...,|A|} such that there
exists zg € N\{0} satisfying n1 = 2z9.|Z™ NV/invy (X)|. Naturally the integer
n1 is not necessary relatively prime with r. However, let us remark that nyg =
h2°(n1) is also computable in polynomial time (by an Euclid’s algorithm) and
it is also in {1,...,n1} C {1,...,|A|}. Moreover, as invy (X) is relatively
prime with 7 (recall that X is cyclic), we deduce that |Z™ N V/invy (X)|
divides ng. That means we have provided a polynomial time algorithm for
computing an integer ng € {1,...,|A|} that satisfies proposition Novv
let us remark that an integer n € {1,...,no} satisfying proposition [14.§ can
be easily computed in polynomial time. In fact, since ng is relatively prime
with 7, there exists an integer n € {1,...,n¢} such that ™ € 1 + ng.Z. By
enumerating the integers in {1,...,n¢} we compute in polynomial an integer
n satisfying proposition .

Proposition 14.13. Let X be a cyclic Presburger-definable set and let V' be
an affine component of SE)T(X). There exists an integer zo € N\{0} such that
for any (qo, G) and Q' satisfying the same conditions as the one provided in
proposition , and for any (r,m)-sign vector s € Sy, satisfying [Zym.s N

(& m(w) + V)V £ [0]V, we have the following equality:

1

zZmnv/i X)) =— kers (Y

| fimov (X)) = —( Yo ke (Y))
Y s-eye of [G]

kers (Y)C Q'

Proof. Let us recall that A is the V-affine space A = & ,,(w) + V. As
UPe?V(X) P is a non empty set included in Z™ N A, there exists a vector

- UPGTv(X)([’YTm J(P)]VOV
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ap in Z™NA. As r and |Z™ NV/invy (X)| are relatively prime, there exists an
integer z; € N\{0} such that r** € 1+|Z"™NV/invy (X)|.N. As P —ay is a rel-
atively prime semi-V-pattern included in V' and pT,m(eg,lm, €o,m) =€om €V,
lemma [9.29 proves that v, 71, (P —agp) = P — ao for any P € Py(X). In
particular, there exists a minimal integer zo in N\{0} such that there exists
a vector vg € Z™ NV satistying v, 70, (P —ao) = P —ag + vo for any
P € Py(X). Let us denote by I the set of indexes i € {1,...,m} such that
eim & V*. Let us consider s € S,.,,, such that [A N (&, (w) + V)]V # [0]V.
Let Qs be the union of the s-kernel ker(Y) where Y is an s-eye of G such
that kers(Y) C @Q'.

We are going to prove that there exists a one-to-one function from @,
to {0,...,20 — 1} X By by remarking that for any z,z' € {0,...,20 — 1}
and for any v,v" € By such that (&, (s) + 77 7.6, (£ — a0 +v)) pep, (x) and

(§T7m(s)+'y;’f7;7eoym (P—ao+v"))pep, (x) are equal, we have v = v’ and z = 2’
Thanks to this one-to-one function we will obtain |Qs| = z0.]Z™ NV /invy (X)|
and concluded the proof of the proposition.

Let us prove that for any state g € Qs, there exists z € {0,...,z0—1} and
v € By such that Py = &1 (s) + ¥, e, (P — a0 + ) for any P € Py (X).
Let Y be the s-eye such that g € kers( ) C @'. As g is reachable, there
exists a path of the form gy = ¢. As ¢ € kers(Y), there exists n € N\{0}

such that ¢ EAR g. By replacing n by an integer enough larger in n.(N\{0}),
we can assume that there exists o, 3 € N and z € {0,..., 20 — 1} such that
n=a+z+ .2 and |o|, + o € 21.N. Let ¢ = d(q,5%). As (0) pep, (x) is
not in kery(Y'), we deduce that there exists P € Py (X) such that Py # 0.
Moreover as Py is (r,m, s™)-cyclic and non-empty, from destruction lemma
we get «ETm s) € saff(Py). From P, = %,%I o.sa (P), covering lemma
@ proves that saff(P,) C I, (saff(P)) and P C A, we deduce that

Erm(8) € Tphosa(A). Therefore me(a.so‘,s) € A. Moreover as |0.8%|,, €
14 21.N, we deduce from lemma that Py = & m(s) + P — prm(0, s). Let
v = a9 — prm(0,5). As ag and pr ., (0, s) are both in A, we deduce that v’ €
Z™NV . Remark that P, = 7, mZJSrﬁ #0) (&rm(s)+P—ap+v") and we have proved
that Py = & m(s)+r, ﬁ,fif,j“)(PfaoJrv ) for any P € Py (X). Let us consider
an integer v € N such that uw.r € 1+ |Z™ N V/invy (X)|.N. An immediate
induction over 3 € N provides v, ﬁl‘;‘i’m (P—ap+v)=P—ap+v where v is
the vector in By satisfying v € ulo 4 (uBN20 4 gy020) yy 4 invy (X).
Hence Py = &m(8) + Ym0 (P — @ +v) for any P € Py (X).

Now, let us prove that for any z € {0,...,20 — 1} and any v € By, there
exists a state ¢ € Qs such that P, =& m(s ) + Vromieo.m (2 — ao +v) for any
P € Py(X). From lemma [14.7] we deduce that there exists a vector vg € V/
such that vo[i] < 0 if s[i] = T*l and vg[i] > 0 if s[i] = 0 for any i € I.
By replacing vg by a vector in (N\{0}).vg, we can assume that vy € invy (X)
and (a — v+ vo)[i] > 0 if sfi] = 0 and (@ — v + vo)[i] < 01if s[i] =r —1
for any i € I. As [Z, s N A]Y # [0]V, there exists a vector a in Z,.,, s N A.
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Remark that for any ¢ € {1,...,m}, if ¢ € I the sign of (ag — v + vg)][¢]
is s[i] and if i € I, as e;,, € V1, we have (ap — v + vo)[i] = aoli] = ali]
and form a € Z, ., s, we also deduce that the sign of (ag — v + vo)[d] is
s[i]. Hence a — v 4+ vg € Zym,s. That implies there exists a word o € X7,
such that p,,(0,s) = a — v + vg. By replacing ¢ by a word in o.s*, we can
assume that |0, € z1.N. From p, . (0,s) € A and |o|,, € 21.N, lemma
shows that V;rln,o(P) = gr,m(s) + P — pr,m(gv S) = €T,m(5) + P —ag+ v+ vo.
From P + vy = P, we deduce that v, 1 ,(P) = &.m(s) + P — ag + v. Hence
'y;,l,w_sz (P) =& m(s) +7;7%z,eo,m (P—ap+v). Let ¢ = 6(qo,0.8*) and let Y be
the s-eye that contains q. As ’y;;%szl (P;) = P, for any P € Py (X), we deduce
that ¢ € kers(Y). Moreover, as there exists P € Py (X)\{0} we deduce that

P, # (. Remark that for any ¢’ € kers(Y) there exists a path ¢ = ¢ and
P, # 0, we deduce that Py # (. Hence kery(Y) C Q’. Therefore ¢ € Q5. O

Theorem 14.14. Given a cyclic Presburger-definable set X C Z™ repre-
sented by a FDVA A in basis r, and given an affine component V' of &EE(X)
and given a full rank set of indices I of V, the I-representation of invy (X)
is computable in polynomial time. Moreover |Z™ NV /invy (X)| is bounded by
the number of principal states of A.

14.3 Boundary of a Presburger-definable FDVA

Let X be a Presburger-definable set and V' be an affine component of saff (X).
The V-boundary boundy (X) of X is defined by the following equality:

boundy (X) = U boundy (Cy,p(X))
PePy(X)

In this section, we prove that boundy (X)\(U;n:l{Vﬂejjm ) is computable in
polynomial time from a FDVA that represents X.
The set boundy (X) plays an important role as proved by the following

proposition (see also figure [14.9).
Proposition 14.15. Let X be a Presburger-definable set and let V be an

affine component of SE%(X). For any H € boundy(X), there exist two dif-
ferent semi-V -patterns P< # P> in Py(X), an open convex V -polyhedron
Cy satisfying [Cy N H<]V # [0V, [Cu N H>]V # 0]V and such that:

XN (@t V)Y = [PA((CrnH)+ VYUY [P0 ((Cun )+ V)Y

Moreover, if X is (r, m,w)-cyclic then one of these two sets is (r, m)-detectable
mn X:

(P< 0 (Erm(w) + HS + V) U (P 0 (& (w) + HZ + V1))
(PN (Erm(w) + HS + V) U(P” 0 (& (w) + H” + V1))
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Fig. 14.2. On top left a semi-Q?-pattern P<, on top right a semi-Q>-pattern P>, on
bottom left an open convex Q*-polyhedron C and a Q*-hyperplane H, on bottom
right the set (P<NCy NH<)U (P NCygNH).

Proof. Let H € boundy (X) and let us prove that there exist two different
semi-V-patterns P< # P~ in Py (X), an open convex V-polyhedron Cy sat-
isfying [Cyr N H<]V # [0]V, [Cy 0 H>]Y # [0V and such that [X N (Cy +
VO = [P<n((CenH<)+VHIVUY[P>N((CgNH> )+ V)]V, From decom-
position theorem [[2.4, we have [X]V = UPG?V(X)([P]V N (Cy.p(X)+ V).
Let H € boundy(X) and let H' = boundy (X)\{H}. By definition of
boundy (X), there exists Py € Py (X) such that H € boundy (Cy, p,(X)).
Hence, there exist an open convex V-polyhedron C and #g € {<, >} such that
[CnHS]Y # [0V, [CnHZ]Y # 0]V and Cv,p,(X) NV [C]Y = [C N HF]V.
From lemma [[1.10, we deduce that there exists #' € {<, >}7 such that
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[CNCy e NHSIY £ [0V, [CNCy e NH>]V £ [0]V. Let us denote by Cp the
open convex V-polyhedron Cy = C' N Cy,x. Since H' U {H} = boundy (X)
we deduce that Cy p(X) N [Cy.4 N H#]V is either equal to [#]" or equal
to [Cy,u N H#]V for any P € Py(X) and for any # € {<,>}. By defi-
nition of the sequence (Cv,p(X))pep, (x) (a kind of partition of [V]V) and
since [Cy N H#]V # [0]V, there exists a unique P# € Py(X) such that
GV,P#(X) nY [CH N H#]V = [CH n H#]V. Since GV,PO(X) nv [CH]V =
[Cx N H#°]V we deduce that Cy p,(X) NV [Cy N H#)V = [Cxy N H#]V
and Cy.p, (X) NV [Cy N H#1)Y = [0]Y where #; € {<,>}\{#0}. Hence
P#0 = Py and P#' # Py. That means P< # P> and we have proved that
(XN(Cr+VH)Y = [(P<N(CynH)+VINUP>N(CunH>)+ V)V
with P< # P> in Py (X).

Now, assume that X is (r,m,w)-cyclic, let A be the V-affine space A =
& m(w) + V. Let H € boundy (X), let P< and P~ be two different semi-
V-patterns in Py (X), let Cy be an open convex V-polyhedron such that
[CunH<)Y £1[0]V, [Cun H>]Y #[0]V and such that [X N (Cy + V)]V =
[P<N((CENH)+VHIV UV [P>N(CyrnH>)+ V]V, and let us prove
that one of these two sets is (r, m)-detectable in X:

(P01 (€ () + H= + V) U (P> (G (w) + H + V1)

(P< 0 (&rm(w) + H= + V) U (P70 (&rm(w) + H” + V)

Let X' = X N A. Corollar@ 13.11] shows that Z™ N A is (r, m) detectable
in X. By replacing Cyg by Cpg, we can assume that Cyg = CH Let X' =
X N A. Corollary | shows that Z™ N A is (r, m)-detectable in X and in
particular X’ is (r, m)—detectable in X. Since X is (r,m,w)-cyclic and P is
(r,m)-detectable in X from corollary , we deduce that any P € Py (X) is
(r,m, w)-cyclic. From lemma , we deduce that any P € Py (X) is relatively
prime with r and included in A.

Let us prove that by modifying Cgy, we can assume that X'\ (&, (w)+H)N
(&rm(W)+CH+VE) = (PN (& (0)+CuNH<+V))U(PZ N (& m (w) +CrN
H> + V). Let Z = (X'\(&m(w) + V) N (&rm(w) + Cr + VE)A((P< N
(&rm(w) + Cy N H< + V) U (P> N (& m(w) + Cy N H> + V1)), From
(XN(Cy+VHY = [(P<N(CunH<)+VINU(PZN(CunH>)+VN]Y, we
deduce that [Z]V = [0]V. Since X', P< and P> are included in A, we deduce
that saff(Z) C A. In particular &E)Y(Z) C V. Since [Z]Y = [0]Y, we deduce
that V' is not included in SE)T(Z). Assume by contradiction that H C SE)T(Z).
There exists an affine component W of saff (X) such that H C W. Since H is
a V-hyperplane, eithi W = H or W = V. The last case is not, possibli§ince
V is not included in saff(Z). Hence W = H is an affine component of saff(Z).
Since saff(Z) = & (w) + &Ef(Z) we deduce that & ., (w) + H is an affine
component of saff(Z). From the dense component lemma , we deduce that
saff(Z N (&m(w) + H)) = & m(w) + H. As ZN (& (w) + H) = 0, we deduce
a contradiction. Hence, there exists a finite set Hy of V-hyperplane such that
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UT(; = Hy, H € Hy and such that &;)f(Z) - Ungf}CU Hy. Thanks to lemma
[L1.10, we deduce that there exists # € {<, >} such that [CyNCy, xNH>] #
[0]Y and [Cy N Cy.x N H<] # [0]V. Hence, by replacing Cy by Cg N Cy. 4,
since Z N Cy,4 = 0, we can assume without loss of generality that Z = 0.
Thus X'\ (& m(w) + V)N (&rm (W) +C + VL) = (P<N (& m(w) +CrNH< +
VINU (P> N (&m(w) + CygNH> + V1)),

Assume first that Z™ N (&m(w) + V) is (r, m)-detectable in X and let us
show that X" = (P<N (& m(w) + H<+ VL) U(P> N (&m(w) + H> + V1))
is (r,m)-detectable in X. Let us consider a pair (o1,02) of words in X7,
such that v} o (X) = 7}, ,,(X). Let us consider = € 4, ,, (X"). Then

- ,Y’I‘ m,o2

Yo (2) € (P 01 (€gm(w) + H= + V) U (P> () () + H> + V1),
By definition of v, there exists an integer k& € N enough larger such that
Yrm.oy (T+kv) isin XN (& m(w)+Cy+V+4) and such that 4y m o, (r+k.v) €
&om(w) +Cg +V=E. Since XN (& m(w) +Cx +VE) = X\ (& m(w) + H) N
(&rm(w) + Cy + V1), we deduce that v, .0, (z + kv) € X'\ (& m(w) + H).
Since X’ and Z™ N (&, m (w) + H) are both (r, m)-detectable in X, we deduce
that Y m,e, (€ + kv) € X'\ (& ;m(w) + H). Moreover, as Y m,q, (€ + k.v)(z) €
(&-m(w) + Cg + V4), we have proved that Y, .0, (¢ + k.v) € X'\ (& m(w) +
H)N (& m(w)+Cg + V1), Since this last set is equal to X" N (& (w) +Cx +
VL) we get Vi m.op (z+k.v) € X”. By definition of v, we get Yy.m. o, (z) € X"
Therefore X" is (r,m)-detectable in X.

We deduce that if Z™ N (& m(w) + H) is (r,m)-detectable in X, since
P<N (& m(w)+ H) and P> N (& (w) + H) are both (r, m)-detectable in X
as the intersection of (r, m)-detectable sets, the following two sets are (r, m)-
detectable in X:

(PN (&rm(w) + HS + V) U (P70 (& m(w) + HZ + V7))

(P< 0 (Erm(w) + HS + V) U(P” 0 (& (w) + H” + V1))

Now, assume that Z™ N (& (w) + H) is not (r, m)-detectable in X
Let us first show that there exists a pair (o1,02) of words such that

fYT%LUl(X) = 7T71TL02(X) rmo’l(gT’m( )+V) and Frmaz(érm( )+V) are
equal, Z™"NI L (& m(w)+H) is not empty, and such that I} (& (w)+

r,m,oq r,m,o,
H —|— V) and I o (&-m(w) + H 4+ V1) have an empty intersection. Since

N (& m (w )+H) is not (r m)—detectable in X, there exists a pair (01, o9) of
Words in X%, such that % b A (X) = Yy m.op (X) and such that v} _ (Z™N
(& m(w) + )) and 7, }, 02( («ETm( ) H)) are disjoint. Remark that
’YT'rlno ( (57‘,771( )+H)) ZmﬁFrnl’La' (57‘771( )+H) foran‘yiE{l,Q}.By
replacing (o1, 02) by (02,01), we can assume that Z™ NIk (& (w) + H)

T,m,01

is not empty. Since Z™ N (&m(w) + V) is (r, m)-detectable in X, we deduce
that Z™ N I} (&m( )+ V) and Z™m N LY o (&om(w) + V) are equal.

r,m,o1 r,m,o2

Moreover, as Z™ N IL  (&m(w) 4+ H) is non empty and H C V, we deduce

r,m,o1

that the sets Z™ NI L (&m(w)+V)and Z™NI7L («ETm( )+V) are non

r,m,o1 ’l"mG'Q

empty Taking the semi-affine hull of these sets, we get L oy (Erm (W) +V) =
It oo (Grom(w)+ V). Assume by contradiction that 7%, (&rm (w)+H+VE)
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and I-L  (&.m(w) + H + V1) have a non empty intersection and let

r,m,02

be a vector in this intersection. From = € I} , (&m(w) + H + V1) we
deduce that there exists v; € V<1 such that * — v, € I’T,}wl (&rm(w) +

H)Cprﬁzal(é“m( >+V) From[‘r%al(fhm( )+V> Tmag(grm( )
V), we deduce that z —v € I,.L (& m(w) + V). Moreover, since z €

r,m,02

rmUZ(érm( w)+ H+V*+), we get . —v € I} (& m(w) + H). There-
fore I, o, (§rm(w) + H) and I}, (&m(w) + H) are equal and we get a
contradiction.
Since I3, o, (§rm(w) + H+VE) and I) . (&m(w )+H+VL) have an
empty intersection, there exists # € {<, >} such that I} , (&.m(w) + H +
V) C b (o) + HE 4+ V)

Let us consider the (r,m,w)-cyclic Presburger definable set X; = X' N
(&m(w) + H) and the semi-H-pattern P} = P# N (&, (w) + H), and let us
prove the following equality:

Voo Xtz O Erm(w) + Crr VH)) = %00 o, (P 0 (G (w) + Crr N H))

Remark that 777 o (X'\ (€ () + H)) 1 Tk o (€ (1) + Cor (1 H + V)
is equal £0 7, 5, o, (XML 0, (§rm (W) + H+ V)N L7 o (&rm(w) + Cr N
H+V*4). Since I7L . (&em(w) + H+ V) and I o (Erm(w) + H + V)
have an empty intersection, and v, ), , (X') = 7,1, ,,(X’), we deduce that
Prmios X \Erm (W) + Co VH + V) O L g, (§m(w) + O 0 H 4 V)
is equal to v}, o (X N (&m(w) + Cy N H + V7)), On the other hand,
since X'\ (§pm(w) + H + V) 0 (Erm(w) + Vi + VE) = Upcre 51 (PF N
(&rm(w) + Cr 0 H# + V4)), we get v o (X'\(Erm(w) + H + V) 0

Erm (W) FVE+HVINNT L o (Erm (W) FHAVE) = Ui i< oy (e, (PN
I oy rm(w) + Cy N H* + VYN ITL L (Grm(w) + H + V1)), Remark

that IL o (&m(w) + H* + V) and FTWgal(frm( ) + H + V*) have

an empty intersection if #’ is not equal to # and I’ Tm oy (&rm(w) + Cg N
H* + V) N I o (Grm (W) + H+ V) = I o, (§rm(w) + Cr + V) N

T,m,o1 T,m,o02

rmol(ng( )+H+VL) ASFT771101(§7‘771( ) ) TmG'Q(ETm( )+V)a‘nd
CH—CH,We deduce that I, ., (&rm(w )+CH+VJ') I o) (G (w) +

Cy + VL). Moreover, since %’mm (P#) = 47k 5 (P#), we have proved
that Vrm UQ(X/\(g’r m(w) + H =+ VL)) N Frnl’b ,01 (fr,m(’LU) + CH N H + VJ_) =
Vrmion (P# N (&m(w)+Cx NH + V1)), Combining the two equalities proved
in this paragraph, we are done.

Let us prove that Cy N H is a non H-degenerate H-polyhedron. The proof
is obtained thanks to lemma [[1.§. Since [Cy N H#]V # [0], there exists a
vector vy € H# N Cy. Now just remark that there exists k<, ks in Q4 \{0}
such that v = k<«.v< +k~.vs isin H. In particular v € HNCpg. Thus HNCgy
is non- H-degenerate.

Next, let us prove that [X, N (&.m(w) + Cr N H)H = [P} 0 (&.m(w) +
Cu N H)". Since 4,4 5 (Z™ N (§m(w) + H)) is non empty, there ex-



104 14 Extracting Geometrical Properties

ists a (r, m)-decomposition (w,s) such that p,,(w,s) is in this set. By re-
placing w by a word in w.s*, since invy (P#) is relatively prime with 7,
we can assume that rl7t%lm ¢ 1 41Z™ N V/invy (P#).Z. From lemma
D29 we get v} o w(P*) = &m(w) + P# — pron(o1.w,s). In particular,
if [Xyl" = [0]%, then [y} o (X)) = [0] and from the equality
Ve (Xiz O (e () + Cot O H)) = 57500, (P 0 (rm(w) + Cor 01 H))
we deduce that [7;71,1701.w(P§ N (& m(w) + Cyg N H))H = [0]7. Since Cy N
H is non H-degenerate, we get [PEE]H = [0]¥ and we have proved that
(XY N (Erm(w) + Cg 0 H)E = [P0 (&rm(w) + Cy N H)JP. So, we can
assume that [X4] # [0]. In this case H is an affine component of the
(r, m,w)-cyclic Presburger definable set XJ;. In particular invy (X74,) is rela-
tively prime with r and by replacing w by a word in w.s* we can assume that
rlovwln € 1412™ N H/invy (X)|.Z. Since pr.m(o.w,s) € Z™ N (&m(w) + H),
from lemma we deduce that v}, . (P) = & m(s) + P — prm(o1.w, s).

From [X}]? = Uge‘PH(X’ )([P]H N2 Cy p(Xy) + HY), we deduce that

[/-mi o1. w(X/ )] UPET‘H(X )([7';7&7,,0'11115(P)]HQH GH,P(X}I)+HJ_) From
the equality [X}; N (&m(w) + Cg N H)H = [P0 (&m(w) + Cy N H)H

decomposition theorem shows that there exists P € Py (X};) such that
[(CynHJ! CH €y p(X},) and such that v, L, . w(P) Vi 7. L (PH). Since

'Yrvln orw(P) = &m(s) + P — prm(o1.w, s) and ’yrm ol H) = &m(s) +
PE& prom (01w, 5) we get P = PH. Thus [X}; N (&.m(w) + Cor 0 H)H =
[P# N (&-m(w) + Cyg N H)H and we are done.

Let us consider the set E = (P<N(&m(w)+H<+VL)U(P#N (& m(w)+
H+ V) U (P> N (&m(w) + HZ 4+ V4)) and remark that these set is equal
to one of the following two sets and it is such that [Z] = [0} where Z =
(X'AE) N (&rm(w) + Oy + V1),

(P 0 (Erm(w) + HS + V) U (P70 (rm(w) + HZ +VH))
(P= 0 (Erm(w) + H= + V) U (P70 (§rm (w) + H” + V7))
Let us prove that £ is (r, m)—detectable in X. Consider a pair (wy,ws) of words

in XF, such that -, m w0y (X) =7k, (X). Since X7 is (r,m)-detectable in X,
we deduce that tlyr m,awi (Xl) = Vr, 7171 ,wa (XI) From Z = (XIAE) N (é-T,m(w) +

Cu + V™), we deduce that Z" = (v, g, (B) AYy iy (E)) N (C’ +V4) where
C' is the open convex V-polyhedron such that C’ + V+ = I, Erm(w) +
CH+VL) ﬁFr 7}1 Jwa (57“77”( )+CH +VL) and AR (Wr,m,wl ( )A’yr m,wsa (E))ﬂ
(C"+ V). Since [Z]7 = [(]", from covering lemma .9, we get [Z]H = [0]".
Moreover, as [C']Y = [Cy]V, we deduce that C” is non V-degenerate and such
that [C'NH <]V and [C"NH>]" are both non equal to [)]V. Let us remark that
Vromaoy (B)AY 3 1, (B) is a semi- H-pattern and C'N H is a non- H-degenerate
H-polyhedron from lemma [[1.11. Since [Z/]¥ = [0]", we deduce from lemma
that ;) . (E) ! ( ). Thus E is (r,m)-detectable. We are done.
O

7’7’)"’!7171)
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Recall that a semi-V-pattern P detectable in a (r, m, w)-cyclic set X are
relatively prime with r. The following proposition will become useful in the
last section in order to check that some sets that must be detectable in X if
X is Presburger-definable are effectively detectable in X.

Proposition 14.16. Let A be a FDVA, let Py = By +M, P, = Bo+ M be two
semi-V -patterns where By, By are two finite subsets of Z™, and M is a V-
vector lattices included in Z™ relatively prime with r, let H be a V -hyperplane,
let ag € Q™ and let (#1,#2) € {(<,>),(<,>)}. Assume that there exists
a final function F; such that P; is represented by AFi. We can decide in
polynomial time if there exists a final function F such that the following set
is represented by AT :

(PN (ag + H + V) U (Pan(ag + H?2 + V1))

Proof. From proposition @ we deduce in polynomial time a set U of pairs
(0a,0p) of words in X% such that |0, |+ m.Z = |op|+m.Z for any (04,0,) € U
and such that a set X’ C Z™ is represented by a FDVA of the form A% if
and only if v}, (X') = 7y ;.0 (X') for any (04,05) € U. Let X’ be the set
X' = (Pin(ag+H# + V1)U (PyN(ag + H#> +V+)). Since 7,2}, (Pr) =
7;,71717017 (P;) for any @ € {1,2}, for proving the proposition, it is sufficient to
show that given a pair (o4, 03) of words such that |o,| + m.Z = |oy| + m.Z

and v, 4 o (P;) = Yo, (Ps) for any i, we can decide in polynomial time
if Yyhon(X') = Y6, (X). In polynomial time, we can compute a vector

a € Z™"NV such that H# = {x € V; (o, z) #0} for any # € {<, <, =,>,>}.
Let z € {0,...,m — 1} such that |o,] + m.Z = z + m.Z = |op| + m.Z, let
o be the vector in Z™ such that (o, 77,, o(z)) = (az,z) for any z € Q™,
and let V. be the vector space V, = F;TfL,O(V). Proposition proves that
we can compute in polynomial time two finite subsets Bf and BY of Z™ such

that v, %, (P) = Bl + fyr_ylg’lo(M). Since M is relatively prime with r, we

T,m,0q

deduce that 'y;?‘gy‘o(M) is equal to M. = 7, o(M). Note that v, ), , (P;) =
Bl + M,. Let ¢, = rzi‘rfa‘.(a,ao) and ¢, = r27v‘rfb‘.<a,a0>. Observe that
e I}, (a0 + H* + V+) if and only if I}, (z) € ag + H# + V if

and only if (o, I'r .0, (@) # (o, ag) if and only if (a,, z) #c,. We deduce the
following equalities (the equality with o} is obtained by symmetry):

77:717%0@ (X/) = {1' € Bi + M; <aza 1'> #1011} U {:C € Bé + My; <O‘zvx> #2011}
77:7%1,0'1, (X') ={z € Bl + M; (., ) #1cp} U{x € By + M; (v, x) #acp}
If ¢q = ¢y then 7} o (X') = 4}k 5, (X). Otherwise, by symmetry, we can
assume that ¢, < . In this case, the set v} (X") Ay} . (X') is equal to

the following set:

{$ € (Bi + MZ)A(Bé + MZ); Ca(_#Q) (az,x> #lcb}
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Let us consider the set B equal to the union of the set of vectors b € B; such
that there does not exist by € By such that b—by € M, and the set of vectors
b € By such that there does not exist by € B satisfying b — by € M,. Observe
that B is computable in polynomial time and (B]{+M,)A(B,+M,) = B+M,.
Thus we have reduced our problem to decide if there exists b € B such that
the following set is non empty where ¢} = ¢, — (., b), ¢h = ¢ — (@, b), and

( 115#12) = (_#23#1):
{z € M. 4 (o, @) #5ch}

From an Hermite representation of M, we deduce in linear time a Z-basis vy,
...y vg of M. Note that the set {(a.,z); x € M.} is equal to 2?21 Z.{cuz,v;).
Thus, considering the lattice generated by {{a.,v;); 1 <i < d}, we compute
in polynomial time a rational number p > 0 such that {{a,,z); x € M,} is
equal to Z.u. We deduce that {x € M,; ci#] (s, z) #5¢5} is non empty if
! Co

and only if there exists an integer z € Z such that %#’12#2 m

property is decidable in linear time. We are done. 0O

. This property

14.3.1 A polynomial time algorithm

As for any pair of serialized encoded FDVA (A, As), we can compute in
quadratic time a serialized encoded FDVA A that represents X; AXs where
X is the set represented by A;, the following proposition shows that
our computation problem can be effectively done in polynomial time thanks
to the semi-affine hull direction computation.

Proposition 14.17. Let X be a Presburger-definable set represented by a
FDVA A and let V be an affine component of &;)f(X). Consider I4(V), the
set of pairs of states (q1,q2) € T x T where T is a terminal component such
that Vg(T) =V and such that ¢ ~V qo. We have the following equality:

boundy (X)\(J{V Nef, 1) =comp( | safi(X,,4X,,))
j=1 (q1,92)€1a(V)

Proof. Let J be the set of indices in {1,...,m} such that V Nej,, is a
V-hyperplane. As boundy (X) contains only V-hyperplanes, we deduce that
boundy (X)\(Uj=, {V N ejjm ) and boundy (X)\ (U, {V N ej:m ) are equal.
We denote by Hy this class. The semi-affine space S = (J Heac, H satisfies

comp(S) = Ho. Consider the semi-affine space 8" = Uy, 401er.(v) E(qu AXg,).
We have to prove that S = 5.

Let us first prove the inclusion S* C S. Let (g1,92) € I4(V) and let
W = &E)f(qu AX,,). Naturally, if W = 0, we immediately have W C S. So
we can assume that W # (). Let us consider an affine component Ay of W.

From theorem there exists a1, as € Q™ satisfying the following equal-
ity (where ¢ € {1,2}) and such that —1 < a;[j] < 0 for any (4, j) € {1,2} x J:
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Xo= U U Pun(a+Cvgp+vh
PePv (X) #E€Sv,p(X)

We denote by v; the vector v; = ITy(a;) for ¢ € {1,2}. Remark that
P, = P, for any P € Py since ¢ ~V g2. We denote by P,, 4, this semi-V-
pattern.

Let us prove that there exists H € boundy(X), # € {<,>} and a V-
affine space A such that Ay C &Ef(Zm NAN(((vy + H#)A(vg + H?)) +V4)).
The set X4, AX,, is included into the finite union of sets Py, 4, N (((v1 +
CVﬁ#)A(’UQ + Cvﬁ#)) + VJ‘) over P € Tv(X) and # € Svﬁp(X). As va# =
Neeboundy (x) H## we deduce that X, AX,, is included into the finite
union of sets Py, g, N (((v1 + H#)A(v2 + H#)) + V1) over P € Py (X),
H € boundy(X) and # € {<,>}. From insecable lemma .3, we deduce
that there exists P € Py (X), H € boundy (X) and # € {<,>} such that
Ao C saff(Py, 4, N (v + H#¥)A(vy + H#)) + VL)), As Py, 4, is a semi-V-
pattern, it is included into a finite union of sets of the form Z™ N A where A
is a V-affine space. From insecable lemma E we deduce that there exists a
V-affine space A such that 4g C sﬁ(ZmﬂAﬁ(((m +H#)A(vo+H#))+V1)).

Let us show that H ¢ {Vﬂej:m; j € J}. As Ag # 0, it is sufficient to show
that otherwise, the set Z™ N AN (((v1 + H#*)A(vy + H#)) + V1) is empty.
Remark that this set is included in (Z™ N (a; +H* + V) A(Z™ N (ay + H? +
VIN.IEH=V ﬁej%m where j € J, there exists € € {—1,1} such that H# =
{x € V; e.x[j]#0}. Remark that a;+H# +V+ = {x € Q™; e.(z[j]—a;[j])#0}.
As a;[j] and as]j] are two rational numbers in {x € Q; —1 < z < 0}. We
deduce that Z™ N (a; + H# + V+) and Z™ N (az + H# + V1) are equal.
Therefore (Z™ N (ay + H# + V) A(Z™ N (ay + H# + V1)) is empty. We have
proved that H ¢ {V N ej%m; jeJt.

Let us prove that Ag C H. Consider a € Z™ NV \{eg ,} such that H# =
{x € V; {a,2) #0}. Let K = {k € Z; k < max{|{(a,v1)]|,|{a,v2)|}} and
remark that for any € Z™ N (((v1 + H#)A(ve + H?)) + V1), we have
(a,z) € K. Hence Z™ N AN (((v1 + H*)A(vo + H#)) + V4) is included
into Uyee{z € A; (a,z) = k}. From insecable lemma P.4, we deduce that
Ay C H.

We have proved that Ay C S for any affine component Ag of W. Therefore
W C S. We deduce that S” C S.

Now, let us prove the converse inclusion S C S’. Consider a V-hyperplane
Ho € Ho = boundy (X)\(U,c,(V Nej,,)). Let H = boundy (X)\{Ho}. We
denote by ag € V\{eom} a vector such that HF® = {z € V; (ao,z) #o0
for any #o € {<,>}. Given # € {<,>}?C and #( € {<, >}, we denote by
(#, #0) the sequence in {<, >}Podv(X) paturally defined. Remark that for
any sequence # € {<,>}""and for any #¢ € {<, >} such that [Cy,x £,)]v #
[0]v, there exists a unique Py 4, € Pv(X) such that (#, #0) € Sv,p, 4, -

Let us prove that there exists # € {<, >}’ such that [Cy 4 «)]v and
[Cv,(#,>)]v are both not equal to [0]y, and such that Py o # Py~. By
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contradiction, if for any # € {<, >} such that [Cy,(x <)]v and [Cy,(x>)]v
are both not equal to [0]y, we have Py o = Pg >, decomposition theorem
shows that boundy (X) C H which is impossible. Hence, there exists at
least one sequence # € {<, >}’ such that [Cy x N H )y and [Cy,x N Hy |y
are both not equal to [0]y and such that Py - # Py .

From the previous paragraph, we deduce that the semi-V-pattern Py =
Py APy~ is not empty. Moreover, as Pg « and Pg s are both (r,m)-
detectable in X, we deduce that P, is also (r,m)-detectable in X and for
any reachable state ¢ € Q, the set (Py)q is well defined.

Let us prove that there exists a terminal component T" such that Vg(T') =
V and such that (Pg «)q # (Pg,>)q for any state ¢ € T. As Py is not empty,
there exists a (r, m)-decomposition (09, s) € p;},(Po). By replacing o by a
word in 0g.s*, we can assume that there exists a loop labelled by a word in
sT on the state ¢, = 6(qo,00). In particular invy ((Py),) is relatively prime
with 7 and &.,n(s) € (Po)gy. From destruction lemma [13.14) we deduce that
Py C & m(s)+ZMNV for any P € Py (X). As (Fy)q, is non empty, there exists
#o0 € {<, >} such that (Py 4,)q, # 0. From proposition [[4.11), we deduce that

—
V is included in saff(Xy ). As X, C I, (X), covering lemma p-9 shows

0 T,m,o00

that V is an affine component of gf (Xq(/)). Proposition applied to Xy
shows that there exists a terminal component T reachable from ¢ such that
Vo (T) = V. Consider a state ¢ € T and let us consider a path ¢) =~ ¢. From
proposition [[4.11], we deduce that there exists P € Py (X) such that P, # 0.
Therefore v, ), ., (Py) M. From Py C &.m(s) +Z™ NV, we deduce that
%—,71,1701 (&rm(s) +Z™ NV). From the dense pattern corollary we deduce
that 7.}, ., (Po)q) # 0. That means (Py <)q # (Py,>)q for any g € T.

As there exists a loop on each state g of T', we deduce that P, is relatively
prime with r for any P € Py (X) and for any ¢ € T. Hence, there exists an
integer n relatively prime with r such that invy (P;) C n.(Z™ NV) for any
P € Py(X) and for any g € T.

From an immediate induction and lemma , we deduce that there
exists a sharing of J into J = J- U.Js such that [Cy.x NCNH{]y # [0]v for
any #o € {<,>} where C = (;.; {z € V; z[j] <0}, {z € V; 2[j] >
0}. In particular there exists a vector vy, € Cy 4 ﬂCﬁH#“ for each #9 € {<
,>}. By replacing vy, by a vector in (N\{0}).vx,, we can also assume that
vy, €n.(Z™NV).

Let us show that there exists a (r,m)-sign vector s € S, ,, and a state
q € T such that % € (P%), and such that s[j] = r — 1 for any j € J< and
such that s[j] = 0 for any j € J-. Consider a state ¢ € T. As (Py)q is not
empty, there exists a vector x is this set. As vy, € Z™ NV and (Fp)y is a
semi-V-pattern, we deduce that zx = = + k.n.vg, is in (Py)y for any k € Z.
As vy, [j] < 0 for any j € J< and vy, [j] > O for any j € J, we deduce that
there exists k € N enough larger such that z[j] < 0 for any j € J. and such
that x[j] > 0 for any j € Js. Let us consider a (r, m)-decomposition (o, s) of
xy, and remark that s[j] = r — 1 for any j € J< and s[j] = 0 for any j € J-.
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Moreover, 2= € (Py), where ¢ = 6(qg,0). As (Po)g # 0, proposition
proves that X, # (0. As T is a terminal component and ¢ is reachable from T,
we deduce that g € T'.

Consider a (r,m)-decomposition (o4, s4,) of 1= + v, for each #¢ € {<
,>}. By replacing o4, by a word in O40-5k,» as n is relatively prime with r,
we can assume that rl7#0l € 1+ n.N for any #o € {<, >}. We denote by wy,
the word wy, = ol .

Let us show that s« = s = s5. For any j € {1,...,m}\J, as V ﬂej:m
is not a V-hyperplane, we deduce that e;,, € V*. That means v[j] = 0
for any v € V. In particular (1% + vg,)[j] = 7%=[j] and we deduce that
s<[j] = s[j] = s>[j]. For any j € J<, as s[j] =7 — 1 and v,[j] < 0, we get
s#,[j] = r—1 = s[j]. Symmetrically, for any j € J-, we get sx,[j] = 0 = s[j].
Therefore s« = s = s>.

Let us prove that v, .., (Pg) = Py for any P € Py(X) and for any
#o € {<,>}. Let P € Py (X). Remark that v, ;.o () € T+7r,m,0u, (€0,m)+
n.Z™ for any x € Z™. Hence Yrmwy, () € x +nZ™ for any x € Z™.
As My p is a n-mask, we deduce that 7;,1717111#0 (Mg, p) = My p. Moreover,

from *- € (Fy)y we deduce that *~ € Ay Hence A, = = + V. So

-t (Ag) = r““#o|.(1fr —Yrumao (e0,m))+ V. Recall that p, p(0,,s) =

ML,
7 + Vg, and remark that p,,.(ox%,,s) = Yr,mao g (eo,m) + 7““7#0|.1—fr. We

get I} (Ag) = &= —r7lo#oloy, +V = A, An immediate induction

T, 0%, 1

show that I} (Ag) = Agq. As Py = Myp N Ag, we get Yy, (Py) =

ML W
Yrmowyy (Ma.P) N I, (Ag) = Mgp N Ag = P;. We have proved that

Vrimwy, (Pg) = Py for any P € Py(X) and for any #o € {<,>}.
Let us prove that d(g,w}, ) C T for any #o € {<,>}. From the previous

paragraph, we deduce that for any k € N, the set fy;fflﬁw#o (Po)q) = (Po)q is
not empty. From proposition , we deduce that -, 7]:17“1#0 (Xgq) is also non

empty. As T is a terminal component, we deduce that (g, w%o) eT.
As T is a finite set, there exists a state g, € 1" such that there exists a
’LUT#O wk#o
path ¢ —°— g4, and a loop ¢4, ——— q4, where 74, € N and ky, € N\{0}.
From theorem , we deduce that there exists a vector a € Q™ such

that:

X, = U (PyN(a+ Cvy +VH)
Pe Tv(X)
#I S SV7P(X)
As 2} (P,) = P, for any P € Py (X) and for any #¢ € {<, >} we deduce

T, Wk

the following equality for any #o € {<,>} and for any k € 4, + N.ky,:
Koy, = U (P V(I (@) + O + V5)
0
€ X
£ ESTY
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As P,_ = P, for any P € Py(X), we deduce that g« ~" ¢~. Hence

(q<,q5) € La(V).

Let us prove that Xy, N(:% +Cv,gNCNHy) = Py, N(75+CvxnCN

Hy). Let us consider a vector = € (1= + Cv,4 N C'N Hp). By developing the

expression F;vaio (a), we deduce that limg_, Frjuwio (a) = 1= — r“’x("q .

m € Q4\{0}, we deduce that there

exists k € 14, + N.kx, enough larger such that x € Fr_nlI why (a) + Cv,(g,40) N
T #O

C N Hy + V+. Therefore X, N {z} = Py, N {z} and we have proved that
Xy, N (125 +Cvp NC N Hp) = Py, N (15 + Cv,p NCN Hp).

We deduce that (Py)q N (725 + Ho) N (1% +Cv,p NCNHy) C X< AX, .
Since [Cy.x NC N H |y and [Cy,x N C N Hy ]y are both not equal to [0]v,
lemma shows that Cv,x NCNHy is a non Hy-degenerate Hy-polyhedron.
Moreover, since (FPy)q N (7= + Ho) is a non-empty semi-Ho-pattern, from

lemma [[2.9, we deduce that sﬁf((Po)q N(1= + Ho)N(:=%5 +CvxpnNCN

T

Hy)) = Hy. Hence Hy C SEE(XKAX%). As (g<,q>) € 14(V), we also get

&E)Y(X,k AX,. ) C 5. We deduce that Hy C S’. We have proved that S C S’.
O

As Vg, € va# QCQH#U and

From the previous proposition , theorem and theorem , we

deduce the following main theorem of this paper.

Theorem 14.18. Let X be a Presburger-definable set represented by a se-

rialized encoded FDVA, and let V' be an affine component of &E)Y(X). The
boundary boundy (X)\(U;Z{V N €5, }) is computable in polynomial time.

14.3.2 An example

Let us consider the set X = {z € N?; z[1] < 2.2[2]} given in figure

The minimal FDVA Az »(X) that represents X is given in figure [14.4. We
denote by g1 = {r € N?; z[1] < 2.2[2] — 1}, o = {z € N%; 2[1] < 2.2[2]}
and ¢; = {x € N?; 2[1] < 2.2[2] + 1} the states of this FDVA.

Remark that T = {¢-1,qo,¢1} is the unique terminal component. More-
over, the algorithm that computes the vector space associated to an untran-
sient component provides Vg (T) = Q2. Remark that from proposition , we
get &EE(X) = Vr(T) = Q2. That means V = Q? is the only affine component
of saff (X).

Let us prove that SEE(X%. AX,,) = H for any i # j. In figure [Ll4.5, we have
represented the FDVA Cartesian products of the FDVA A, and the FDVA
Ay, that recognize the sets X, AX, where 4,5 € {-1,0,1}. These FDVA
(when i # j) have only one terminal component T” = {(X4, AXy, ), (Xq_ , AXg)}

and we have Vg (T7) = H. Therefore ﬁ)f(Xqi AX,,) = H for any i # j.
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V.Oei,

Fig. 14.3. On the left the Presburger-definable set X = {z € N?; (z[1] < 2.z[2]).
On the right boundy (X) where V = Q? and H = {z € V; z[1] = 2.2[2]}.

0,0
(0,0),(1,1) ! N o

(0,1),(1,1)

(0,0),(1,0) U

|

|

|

|

|

|

|

|

|

:
0,0),(1,0 \ 0,1),(1,1
(0,0),(1,0) (0,0} (0,1),(1,1)

Fig. 14.4. The minimal FDVA A »({z € N%; z[1] < 2.z2[2]})

Symmetrically, we get &E)Y(Xinqu) = H for any i # j. We deduce
. . — 0
that T4 (V) = {(¢i,q;); @ # j} and U(qi,qj)eIA(v) saff(Xq, AX,,) = H. From
proposition [[4.17, we get boundy (X)\{V Nei,,,V Nez,,} = {H}.
Now, just remark that the previous computation can be done in polyno-

mial time from serialized encoded FDVA. Remark also that on this example
boundy (X) = {H,V Nnei,,}.
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—————— +~ {(0,0)}

0,0  (0,0,(1,0 0,11 1,1

{00} = ------

(0,0),(1,0) (0,0),(1,1) (0,1),(1,1)

Fig. 14.5. The Cartesian product A’ of A4, and A4, that represents the symmetrical
difference X4, AXy, where X is represented by the FDVA A given in figure A
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The polynomial time algorithm

In this section we provide a polynomial time algorithm for deciding if the set
represented by a FDVA is Presburger-definable and in this case we provide in
polynomial time a Presburger formula that defines the same set.

The algorithm is based on the fact that even if the set X represented by a
FDVA A is not Presburger-definable, the algorithms developed in the previous
sections can be applied in order to extract from A sets of the form PN H#
where P is a semi-V-pattern relatively prime with r included in a V-affine
space and H is a V-hyperplane, and if X is Presburger definable then these
sets are (r,m)-detectable in X and X is equal to a boolean combination of
these sets.

In the remaining of this section we assume that A is a positive (r,m, w)-
cyclic FDVA that represents a set Xy C N™ in basis r and dimension m.
Naturally these conditions are not restrictive thanks to the cyclic reduction
provided by proposition @ and thanks to the positive reduction given by
proposition @

Since a positive final function F is such that [F](¢) € {{eom}, 0}, without
ambiguity such a function can be denoted as the set of principal states ¢ € Q
such that [F](q) = {eo,m}. In the sequel, a positive final function F is always
denoted as a subset of Q.

The following proposition shows that given a set X’ C N™ that can be
represented by a FDVA of the form A% where F is an unknown final function,
the computation of a positive final function F’ such that X’ is represented by
AF" can be reduced the membership problem for X’.

Proposition 15.1. Let A be a FDVA. We denote by Y the set of ey ym-eye Y
such that Y is reachable for [G] from the initial state. For any eye Y € Y,
let us consider a word oy € X, such that §(qo,0y) € kere,, (Y). Any set
X' C N™ such that there exists a final function F satisfying X' is represented
by AF is represented by AF" where F' is the union of eyes Y € Y such that
prm(0y, €0m) € X'.
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Proof. Let X be the set represented by AF" and let us prove that X = X'.
Consider x € X. Let (0, €q,,) be a (r, m)-decomposition of x. There exists an
eye Y € Y such that 0(qo,0) € Y. Since 6(qo, 0y ) € kere, ,, (Y'), by replacing o
by a word in o.eg ,,,, we can assume without loss of generality that (go, o) =
0(qo, oy ). Since there exists a final function F' such that X’ is represented by
AP, we deduce that 7, ), (X') =, 3 5 (X'). From py. ;m(0y,€0,m) € X and
the previous equality, we get pr,m (0, €0,m) € X’. Therefore z € X’ and we have
proved the inclusion X C X'. For the converse inclusion, let z € X’. Consider
a (r,m)-decomposition (o, ep ) of  and let Y € Y such that 6(¢go,0) € Y.
By replacing o by a word in o.€j ,,, since 0(qo, 0y) € kers(Y'), we can assume
that 6(qo,0) = 6(qo,0v). As Y o(X') = ¥k oy (X') and prom(0,€0,m) €
X', we get prm(oy,eom) € X'. We have proved that 6(go,oy) € F'. Thus
0(go,0) € F' and we have proved that z € X. We have proved the other
inclusion X' C X. O

Observe that we can decide in linear time if X is empty. Thus, we can
assume that Xo is non-empty (otherwise we decide that Xy is Presburger-
definable and defined by the formula false). Theorem proves that a
non-empty semi-vector space S such that saff(Xo) = & n(w) + 5 if Xo is
Presburger-definable is computable in polynomial time.

Let us fix an affine component V' of S and let Ty be the finite union of
terminal components T' € T4 such that Vg (T') = V. By construction of the
semi-affine space S, for any affine component V of S, there exists at least one
terminal component T such that Vg (T) = V.

Observe that if Xy is Presburger-definable then Z™ N (&, (w) + V) is
non empty from the dense component lemma [12.1]. Since this property can
be decided in polynomial time by proposition B.15, we can assume that this
set is non-empty (otherwise we decide that Xy is not Presburger-definable)
and from this same proposition we compute in polynomial time a vector ag €
Z™ N (& m(w) + V).

Theorem proves that we can compute in polynomial time a V-vector
lattice M included in Z™ such that if Xy is Presburger-definable then M =
invy (Xo) is relatively prime with r and |Z™ N V/invy (Xo)| is bounded by the
number of principal states of A. Theorem [8.1(] proves that we can compute
in polynomial time the characteristic sequence ny, ..., ng of M in Z™ NV
and a Z-basis vy, .., vg of Z™ NV such that ny.vy, ..., ng.vq is a Z-basis of
M. Observe that |Z™ N V/M| = ny...ng. We can assume that nj...ng is
relatively prime with r and it is bounded by the number of principal states
of A (otherwise we decide that Xy is not Presburger-definable). Let B be
the finite set B = {ag + 2?21 Eivi; 0 <k <niA...AN0 < kg < ngl.
Observe that the cardinal of B is equal to ny ...ng4. Thus B is computable in
polynomial time. Moreover, by definition of invy (Xo) = M, we deduce that if
Xy is Presburger-definable, for any semi-V-pattern P € Py (Xj), there exists
a subset B’ C B such that P = B’ + M.
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Theorem shows that we can compute in polynomial time a partition
By, B, ..., B, of B such that a semi-V-pattern P of the form P = B’ + M
where B’ C B is represented by a FDVA of the form A% if and only if there
exists J C {1,...,n} such that B’ = J,;c; B;. Let i > 1. Observe that there

exists a final function F such that N™ N (B; + M) is represented by A". Since
we can decide in polynomial time if a vector z is in N"*N(B; + M), proposition
proves that we can compute in polynomial time a positive final function
Q; such that N™ N (B; + M) is represented by A%:.

Note that Z; = Xo N (B; + M) = Xo N (N™ N (B; + M)) is represented
by the FDVA Af"NQ: Theorem [14.6 proves that a semi-vector space S; such
that saff(Zy) = & m(w) + S; if Xy is Presburger-definable is computable in
polynomial time. Let us consider the set I of ¢ € {1,...,n} such that V' C S;.

Let us show that if X is Presburger-definable, then any state ¢ € @Q; is co-
reachable from Ty . Consider a state g € (;, there exists a word o € X7, such
that 6(qo, o) = q and py (0, €0,m) € Bi+M. In particular p, ., (0, €0.m) € ao+
V. Considering a semi-V-pattern P € Py (X)\{0} and recall that since P is
(r,m)-detectable in X (from corollary ), the semi-V-pattern P is relatively
prime with 7 and included into the V-affine space ag + V (from lemma 0.2().
The dense pattern corollary proves that +, ) (P) # (). Proposition [14.4
proves that if X, is Presburger-definable, then Ty is co-reachable from gq.
Therefore, we have proved that any state ¢ € @Q; is co-reachable from Ty
if Xy is Presburger-definable. Since this property is decidable in polynomial
time, we can assume that it is verified (otherwise we decide that Xy is not
Presburger-definable).

Now, let us prove that if X is Presburger-definable then Fy N Ty C
U,c; Qi- Consider ¢ € Fy NTy. There exists a path go 2, g with o € 2
Since ¢ € Fpy, we get pr.m(0,€0m) € Xo. Theorem proves that there
exists P € Py (Xo)\{0} such that p,..(0,e0m) € P. Since there exists a
J € {1,...,n} such that P = {J;c; B; + M, we deduce that there exists
j €{1,...,n} such that p, n,(0,e0,m) € Bj + M. Theorem proves that
in this case &E)Y(Zj) = V. Thus j € J and q € |J;c; Qi and we have proved
that Fo N Ty C |J;_, Q;. Since this property is decidable in polynomial time,
we can assume that it is true (otherwise we decide that X is not Presburger-
definable).

If Xy is Presburger-definable then Z; is Presburger-definable and if i €
then [Z;]V = V and in this case Py (Xo)\{0} = {B;+M} since for any semi-V -
pattern P € Py (Xo), there exists J C {1,...,n} such that P =J;.; Bj + M
(recall that corollary proves that any semi-V-pattern P € Py (Xj) is
(r,m)-detectable in Xg). Theorem provides a polynomial time algorithm
for computing a finite set H; of vector spaces such that if Xy is Presburger-
definable then boundy (Z;)\ U;~{V Ne;j,,} = H;. We can assume that H;
is a set of V-hyperplanes (otherwise we decide that X, is not Presburger-
definable). Proposition shows that if X is Presburger-definable then
for any H € J;, there exists #; g € {>, >} such that (B; + M) N (& m(w) +
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H#i1 4 V1) is represented by a FDVA of the form AF. Since we can decide
this property in polynomial time thanks to proposition , we can assume
that such a relation #; g exists. As we can decide in polynomial time if a
vector z is in N™ N (B; + M) N (& (w) + H## 4+ VL), proposition
proves that we can compute in polynomial time a positive final function @Q; g
such that N™ N (B; + M) N (& (w) + H#:5 + V1) is represented by A%,

Now observe that if X is Presburger-definable, lemma proves that
there exists a boolean combination Z! of the set N™ N (B; + M) and the
sets N™ N (B; + M) N (& m(w) + H#i:# + V4) such that [XoAZ/]YV = [0]".
Since any state in @); is co-reachable from Ty, if such a boolean combination
exists, there exists a boolean combination Q) of the set Q; and the sets Q; g
where H € H; such that Q; N Ty = Fy N Ty. In particular Fy N Ty is a
boolean combination of the set @); N Ty and the sets Q;, x N Ty . Since this
last property is decidable in polynomial time by the lemma @ we can assume
that such a boolean combination exists (otherwise we decide that X is not
Presburger-definable). This same lemma also proves that we can compute
in polynomial time a boolean formula 1; such that ¢ € Fy N Ty is defined
by ¥i(q € Q:NTyv,(q¢ € Qi,m NTv)mes,). Observe that the set @ defined
by ¢ € Q} if ¥i(q € Qi,(q € Qi,m)mesc,) is computable in polynomial time.
Moreover, the set Z! represented by AQi is defined by the Presburger-formula
bi:

¢i(x) = (x e NN (B; + M)) A (true, (x € ap + H#iH 4 VL)HGU—Q)

Now, let us consider the Presburger formula ¢’ :=\/,_; ¢; and the positive
final function Q" = | J,c; Q;. Remark that the set Z’ = | J,c; Z; is represented
by the FDVA A" and it is defined by the Presburger formula ¢'.

Note that X; = XAZ’ is the set represented by the FDVA AT where
Fy = FyAF' and X is Presburger-definable if and only if X; is Presburger-
definable. Moreover, by construction of F’, any state ¢ € F’ is co-reachable
from Ty and F' N'Ty = Fy N'Ty. That means the set of strongly-connected
components of A" reachable from the initial state and co-reachable from a
final state is strictly included in the strongly connected components of A
satisfying this same property.

Thus, by repeating the previous constructions we obtain a finite sequence
Xo, X1,..., X where k is bounded by the number of strongly connected com-
ponents of A, and a sequence ¢1, ..., ¢ of Presburger-formulas ¢; defining
X;_1AX; such that X, = (). Note that X is therefore Presburger-definable
since we have the following equality:

Xo = (XoAX1)A- - A(X,_1 AX})

Moreover, from ¢1, ..., ¢ we get a Presburger-formula ¢ that defines X.
We have proved the following theorem.

Theorem 15.2. Let X C Z™ be the set represented by a FDVA A in basis r
and in dimension m. We can decide in polynomial time if X is Presburger-
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definable. Moreover, in this case, we can compute in polynomial time a
Presburger-formula ¢ that defines X .
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