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ẋ(t) =
∑p

i=1
µi(ξ(t)) (Aix(t))

y(t) = Cx(t)
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/�]3>�6
{ ∑p

i=1
µi(ξ) = 1

0 ≤ µi(ξ) ≤ 1 ∀i = 1, p
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x ∈ R

n
>Q-�&f*+><]3>�6�&)>Q%=G�4!# OJ&9/0&�K�>P&

y ∈ R
m
G�>PL:G)O�-�>Q2;&�>U*,>

]3>�6�&�>P%=Gj4'>Q-j-�1;G�&�(,>�-c@U>Q-)%=G�OP>�-PKx*,>�-W@A/B&)G�(+6P>Q-
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i ∈ {1, . . . p}
&)>P*�dS%=>

µi(ξ) = 1
KF4!# /BL=G�bQ-mV[��Yk>J&jVi¥3YJK

-)>P%=*$*+>
ime

@U1'4'bP*+><>�-[&�/;6�&)(,r[K�&9/B2:4=(+-fdS%=><-)(
0 < µi(ξ) < 1

K
/B*+13G9-m(,*k>PoF(.-�&)>

j ∈ {1, . . . p}, j 6= i
&)>Q*$dS%=>

µj(ξ) > 0
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{

ẋ =
∑p

i=1
µi(y) (Aix + fi(x) + gi(xτ ))

y = Cx
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xτ (t) = x(t− τ)
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τ > 0>Q-�&c%=2�G�>J&�/3G�4h6J1;2=2F%�^

"�>�-Nr
1;2:6�&�(,1;2:-
fi, gi : R

n → R
n
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2=O�/B(+G)>�-fM;/3G�/32S&)(.-)-�/B2S&�dS%=>�698:/3dS%=><@U1'4'bQ*,>q*,1'6Q/B*
ẋ = Aix +

fi(x) + gi(xτ )
K
i = 1, p
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G�>PLx1;-�/B2S&�-�%:G�4'>Q-A&)>Q698:2=(+dS%=>�-�4'>D ;�J�+� � £�¡)���9�0�:¤9�i¡����P�X���B� �+�Q§B�i^
¸$2�>J��>J&�K=6J>�-e&)>Q698:2=(+dS%=>�-\&)(+G)>Q2;&aL=G�1Bl:&n4'%hr�/B(,&cdS%=>T*,>N-)(,M;2:/B*

y>P2F];10E3O�L�/BGT*X# OP@U>P&�&)>Q%=Gf6J1;2:-�&)(,&)%=>R%=2=>A-)OPG�(,>�&)>Q@RLx13G�>P*+*+>U4�# %=2
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&)(+@U1'4'bP*+>?6P132:-�&)G�%=(,&hg�L:/3G�&�(,Gq4'>C4'>Q%'o�-�E'-�&)bP@U>�-�698:/31B&)(.dS%=>Q-
6J1;@UL�1;G�&9/B2S&f%=2©G)>P&�/3G�4!K�L=%=(.-f*./p6J1;2:-[&�G)%�6�&)(+132©4!# %=2�13t�-�>QG)]0/0H
&)>Q%=GkLx13%=G$6P>e@�%=*,&)(+@R1'4'bQ*,>;^�¸�2:-�%:(s&�>a132ROJ&�/3t=*+(s&k%=2=>c6P132:4=(s&�(,1;2
-)%+�<-)/32;&�>TM;/BG9/B2S&�(+-�-)/32S&e*./U-�EF2:698=G�132:(+-�/0&�(,1;2h4'>N*i# 1;t:-)>PG�]�/B&)>Q%=GQK
-)13%:-�*./�r
13G�@R>�4!# %=2=>�"�´p~�^j}\>J&)&)>4'OQ@A/BG9698=>I-)E'-[&�OP@A/0&�(+dS%=>
>Q-�&ql:2:/B*+>P@U>Q2;&�OJ&�>P2:4=%=>�/B%76Q/3-qM3OQ2=OPG9/B*j4!# %:25@�%=*s&�(,@U1'4'bQ*,>
-Q# /3L=L=%=ES/B2S&c-�%=G

p > 0
-)E'-[&�bP@U>Q-a698�/B1B&�(+dS%=>�-eG)>P&�/BG94'O�-P^

,.-./ �'� �i�10U�� %2P�,���9��0W�=�0¤43R 3�U ;�4�%5<¤ � ¤9�
20U�J¤
�m2C6J1;2:-�(.4'bQG)>�4=>P%'ov-)EF-�&)bQ@U>Q-j698:/B13&)(.d;%:>Q-QKx4'>R4'EF2:/B@U(.dS%=>Q-

G�>Q-)L�>�6�&)(+]3>�-T�

ẋ = A1x + f1(x) + g1(xτ )
V�®SY

>J&f�
ẋ = A2x + f2(x) + g2(xτ )

Vi¯3Y
�m2C4'OPl:2=(,&T/3*,1;G�-c*,>R@�%=*,&)(+@U1'4'bP*+>�-)%=(+]�/32S&QK!g<L:/3G�&�(,Gj4'>hV�®SYW>J&
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ẋ = µ(y)(A1x + f1(x) + g1(xτ ))
+(1 − µ(y))(A2x + f2(x) + g2(xτ ))

y = Cx ∈ R

VX°;Y

"�/Wr
132�6�&)(+132
µ
4'1;(s&`]3OQG)(,l:>QG

µ ∈ [0, 1]
^`�m2R/m698=1;(+-)(

ξ(t) = y(t)4=/32:-a*i# >PoFL:G)>�-)-)(,1;2?Vi¥3Y�K�6P/BG
y
>Q-�&c*,>f-)>P%:*�-�(+M32�/B*�4'(.-�Lx132:(,t=*+>f/B%

2=(+]3>�/B%�4'%�G)O�6J>PL=&)>P%:GQ^
6c13%�-q/3*,*+132�-�OP&�/Bt:*,(+Gh*+>Q-�6P132:4'(,&)(+132�-hMS/BG9/B2S&)(.-�-)/32;&<*./�-�EF2'H

698=G�132=(.-�/0&)(+132qgUt:/3-)>N4!# 13t:-)>PG�]0/0&)>Q%=Ga4'%p@�%:*s&�(,@U1'4'bP*+><V�°SY�^e�m2
698=>QG�698=>Ugp6J1;2:-�&)G�%=(,G�>R%=2©13t:-)>PG�]0/0&)>Q%=GN4'%�-�E'-�&)bQ@R>pVX°;Y�KZ4'132S&
*./R4=ES2�/B@U(+dS%=>T>�-[&c*./U-�%=(+]0/B2S&)>A�

˙̂x = µ(y) (A1x̂ + f1(x̂) + g1(x̂τ ) − K1(y − Cx̂))
+(1 − µ(y)) (A2x̂ + f2(x̂) + g2(x̂τ ) − K2(y − Cx̂))V�±BY

6c1;%:-U/B*+*,1;2:-R(,2�4'(+dS%=>QGU*+/?L=G�1F6POQ4'%:G)>qL�1;%=GR&)G�13%=];>PGR*,>�-RM;/B(+2:-
K1

>P&
K2

^`"�>a];>Q6�&�>P%=G$4�# >QG)G�>P%=G$4=>c-�EF2:698=G�132:(+-�/0&�(,1;2�>Q-�&�4'OPl:2=(
L:/3G

e = x − x̂
^`_k/BGc4=OPG�(,]0/0&�(,1;2�K'(+*�]F(,>Q2;&f�

ė = µ(y) ((A1 − K1C)e + f1(x) − f1(x̂) + g1(xτ )
−g1(x̂τ )) + (1 − µ(y)) ((A2 − K2C)e
+f2(x) − f2(x̂) + g2(xτ ) − g2(x̂τ ))

VX²;Y

_`13%=Gc/3*,*+OPM;>PGn*+>Q-n2=13&�/0&�(,1;2:-QK'132qL�1S-�>A�

M = µ(y)(A1 − K1C) + (1 − µ(y))(A2 − K2C)
VX�;Y

>J&
f̃i = fi(x) − fi(x̂), i = 1, 2
g̃i = gi(xτ ) − gi(x̂τ )

V[���;Y

"�>j&)8=OQ13G�bP@U>N-�%:(,]0/B2S&aOP2:132:6P>j*+>Q-W6J132�4'(s&�(,1;2:-n-�%��A-�/B2S&�>Q-a4'>
-)ES2�698=G)1;2=(.-)/B&)(+132³4'>v*i# 1;t:-�>QG)]0/B&)>P%:GvVi±BY</�]3>Q6�*+>v@�%=*s&�(,@U1'4'bQ*,>
V�°SYj�

7�8�39�0¡�20U��9*:
; (�*+>Q-a6P132:4=(s&�(,1;2:-a-�%:(,]0/B2S&�>Q-a-)132S&a]3OPG�(,l:OP>�-m�
�3^a"�>Q-Ur
1;2:6�&�(,1;2:-

fi

K
gi

K
i = 1, 2

Ka-)132S&<*,(+L:-�698=(,&)zP(+>P2:2=>Q-QKa4'>
6J1;2:-�&�/B2S&�>Q-n4'>f"�(+L:-�698=(,&)zTG)>�-�Lx>Q6J&)(+]3>�-

kfi

>J&
kgi

K
i = 1, 2

�

‖fi(x) − fi(y)‖ ≤ kfi‖x − y‖
‖gi(x) − gi(y)‖ ≤ kgi‖x − y‖

}

, ∀x, y ∈ R
n V[�;��Y

¥'^n~�*U>Jo'(.-[&�>D%=2:>�@A/0&�G)(.6J>�-�EF@UOJ&�G)(.dS%=>3KR4'OJl�2=(,>�Lx1;-)(s&�(,];>
P
K

4'>Q%'oR@A/B&)G�(+6P>Q-
K1

K
K2

>P&
ξ > 0

-)13*+%'&)(+132A4'>�-$"�´p~[-\-�%:(,]0/B2S&�>Q-
V
i = 1, 2

YW�
 

(Ai−KiC)T P +P (Ai − KiC)+(ξ + kfi)I P

P − 1

kfi
I

!

< 0 < MÌQ4=
>J&

(

(kgi − ξ)I P

P − 1

kgi
I

)

< 0
V[��§;Y

/B*+13G9-V�±BY�>�-[&I%=2 13t�-�>QG)]0/0&�>P%=Gv4=>D*i# OP&�/0&©4'% -)EF-�&)bQ@U>7V�°SY��
x̂(t) → x(t)

dS%:/B2:4
t → ∞

^
>e¡��4�'¢0�?: _`1;%=G /B2�/B*+EF-)>PG *./ 6J1;2F]3>PG�M3>Q2:6J> 4'>

*i# 1;t:-�>QG)]0/B&)>P%:GQK«132 (+2S&)G�1F4=%=(s&�*+/�r
1;2:6�&�(,1;2 4=> "�ES/BL=%=2:10];H
	TG9/3-)10]F-��F(,(Z�

V = V (e(t), eτ (t)) = eT Pe+ξ

∫

0

−τ

e(t+θ)T e(t+θ)dθ
V��P®FY
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P
>Q-�&a%=2=>j@A/0&)G�(.6J>T-�EF@UOJ&�G)(.dS%=>3K'4'OPl:2=(+>mLx1;-)(s&�(,];>m>P&

ξ > 0
^

"$# >PG�G�>P%=G�4'>�-)EF2:698=G�132=(.-)/B&)(+132 6J132F];>PG�M3>�/;-�EF@UL'&�1B&)(.dS%=>P@U>Q2;&
]3>QG�-ezQOPG�1U-)(k�+�P®B�$�
V
(�Y

V (e, eτ ) ≥ 0V
(+(�Y
V̇ (e, eτ ) ≤ 0"�/mL=G�>P@U(+bPG�>e6P132:4'(,&)(+132R>Q-�&Zr�/36J(+*+>P@U>P2S&k]3OQG)(,l:OP>eL=%=(.-�d;%:>

P > 0>J&
ξ > 0

^
"�>�-nOQdS%:/B&)(+132:-NVX²;Y�K�V��;YJK�V[���;Y\@UbP2=>Q2S&Wgh�

V̇ = eT
`

MT P + PM + ξI
´

e + 2eT P
“

µf̃1 + (1 − µ)f̃2

”

+2eT P (µg̃1 + (1 − µ)g̃2) − ξeT
τ eτ

< M��4=
; (c132³/BL:L=*,(.dS%=>p-�%�6P6J>�-)-)(+]3>P@U>Q2;&U*+>Q-U(+2=OPMS/B*+(s&�OQ-A4'>?}e/3%:698FE;H; 698��n/BG�zm>P&W4'>��$13%=2=M�K=132q13t=&)(+>P2S&f�

2µ(y)eT P f̃1 ≤ µ(y)(kf1eT PPe + kf1eT e)

2(1 − µ(y))eT P f̃2 ≤ (1 − µ(y))(kf2eT PPe + kf2eT e)
< M��4=

2µ(y)eT P g̃1 ≤ µ(y)(kg1eT
τ PPeτ + kg1eT

τ eτ )

2(1 − µ(y))eT P f̃2 ≤ (1 − µ(y))(kg2eT
τ PPeτ + kg2eT

τ eτ )
< M���=

6J>NdS%=(�(+@RL:*,(.dS%=>A�

V̇ ≤ eT
“

MT P + PM + (µ(y)kf1 + (1 − µ(y))kf2)P 2

+(µ(y)kf1 + (1 − µ(y))kf2 + ξ)I
”

e

+eT
τ

“

(µ(y)kg1 + (1 − µ(y))kg2)P 2

+(µ(y)kg1 + (1 − µ(y))kg2 − ξ)I
”

eτ

< M�	4=
_`/3G�6J1;2:-)OQdS%=>P2S&�K\>Q2�%=&)(+*,(.-)/32S&CV��;YR>P&CVX¥;Y�Ka-�(W*,>�-AOQdS%:/B&)(+132:-
-)%=(,]0/32;&�>Q-QK=4'>T&[EFL�>f{c(+6Q6P/0&�(XK=-)132S&a]3OQG)(,l:OQ>Q-j�

(Ai − KiC)T P + P (Ai − KiC) + kfiP
2 + (ξ + kfi)I < 0,

i = 1, 2
< M�
4=

/B(+2:-�(�dS%=>

kgiP
2 + (kgi − ξ)I < 0, i = 1, 2

Vi¥B�SY
132�/BG�G�(,];>jgq�

V̇ ≤ 0
VX¥=��Y

"$# %'&�(,*+(+-�/0&�(,1;274'%76P13@UL=*+OP@U>P2S&�4'> ; 698F%=GhL�>QG)@U>P&q4'>?@R>P&�&�G)>
V[���;Y�>J&WVi¥B�SY�-)13%�-`%=2=>nr
13G�@U>a"�´p~�K0>P&$132U13t'&�(,>Q2S&k/3(,2�-�('G�>Q-)L�>�6�H
&)(+]3>Q@U>P2S&cV[��¥;Y�>P&cV[�Q§SY�K36P>edS%=(=6P13@UL=*+bJ&�>\*./T4'OP@U132�-[&�G�/B&)(+132<��*,>
]3>�6�&�>P%=Gn4!# >PG�G)>Q%=G\4'>T-)ES2�698=G)1;2=(.-)/B&)(+132

e
6J1;2S];>PG�M3>at=(+>P2h]3>QG�-

0
K

>J&c*i# 13t:-)>PG�]0/0&)>Q%=GNVi±3Ye>Q-�&a/;-�EF@UL'&�1B&)(.dS%=>P@U>Q2;&c6P132F]3>QG)M;>P2S&Q^

�W�0U�B¡��4�:�� :
"�>�-�"�´p~[-vV[��¥3YJKaL�1;%=G

i = 1, 2
KnLx>P%=];>P2S&�uJ&�G)>pG�OQ-)13*+%=>�-A2F%'H

@UOPG�(+dS%=>Q@U>P2S&Q^ ; (W1;2³2=1B&�>
Li = PKi

VX6J>CdS%=(mOQdS%=(+]0/B%'&hg
Ki = P−1Li

L=%=(.-)dS%=>
P
>Q-�&m(+2F]3>QG�-)(,t:*,>�Y�K�132v1;t'&)(+>P2S&N4!# /BL=G�bQ-

V[���;Ym�

(Ai − KiC)
T

P + P (Ai − KiC) + (ξ + kfi)I
= AT

i P + PAi − CT LT
i − LiC + (ξ + kfi)IVi¥3¥3Y

"�>m@U>P@�t:G)>W4=>m4'G�13(,&)>c>�-[&\*,(+2=OQ/3(,G�>c>Q2
P
>J&

Li

K'4'1;2:6a*+>Q-�"�´p~[-
V[��¥3Yc>J&RV��Q§SY9K

i = 1, 2
K�Lx>P%=];>P2S&muP&)G�>Nr�/36P(,*+>P@U>Q2;&jG)O�-�1;*,%:>Q-aL:/3G

%=2p/B*+M31;G)(,&)8:@R>T-�&�/B2�4=/BG94h4�# 1;L'&)(+@U(+-�/0&�(,1;2q6P132F]3>PoF>;^
� -�� 3P��3P¡)�0� �.¤P�B�X���B���

p
0A�Q *2J�,�J¤ ��8=�3�B�X����:�J¤

"�>Q-ZG�OQ-)%=*,&�/0&9-ZL=G)O�6JO�4'>P2S&�-�Lx>P%=];>P2S&$-P# OJ&�>P2:4'G�>n/B%�6Q/3-ZM3OQ2=OPG9/B*
4!# %=2�@�%:*s&�(,@U1'4'bP*+>h6P13@ULx1;-)O<4'>

p > 0
-)E'-[&�bP@U>Q-�698:/B13&)(.dS%=>Q-

G�>J&�/3G�4=OQ-QKF4=OJl:2=(�4'>N@A/B2=(+bPG�>N/B2:/3*,1;M3%=>Tg�V�°;Ym�
{

ẋ =
∑p

i=1
µi(y) (Aix + fi(x) + gi(xτ ))

y = Cx

Vi¥B§;Y

/�]3>�6
p

∑

i=1

µi(y) = 1, 0 ≤ µi ≤ 1
VX¥B®SY

¨m>�*./A@UuP@U>f@A/B2=(+bPG�>�dS%�# gU*X# OQdS%:/B&)(+132V�±BY�Kx*./<4'EF2:/B@U(.dS%=>�4'>
*i# 1;t:-�>QG)]0/B&)>P%:Gn4=><VX¥B§SY\>Q-�&a698:13(.-�(+>N4'>N*+/�r
1;G)@U>U�

˙̂x =

p
∑

i=1

µi(y) (Aix̂ + fi(x̂) + gi(x̂τ ) − Ki(y − Cx̂))
VX¥3¯;Y
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ẋ1 = −αx1 + αx2 + f(x1)
ẋ2 = x1 − x2 + x3

ẋ3 = −βx2 − γx3 + g(x1τ )
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f(x1) = −αδ tanh(x1)
g(x1(t)) = ε sin(σx1(t − τ))
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û(t) =
1

Tu

−(x̂3(t) − y2(t))

µ (β1x̂2 + γ1x̂3 + ε1 sin(σ1x̂1,τ1
) + κ1,3(y − ŷ)) + (1 − µ) (β2x̂2 + γ2x̂3 + ε2 sin(σ2x̂1,τ2

) + κ2,3(y − ŷ))
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