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ABSTRACT

Aims. We investigate the confinement and long-term dynamics ofrthgnetised solar tachocline.

(O Methods. Starting from first principles, we derive the values of tuelt transport ca@écients in the magnetised solar tachocline and then

O explore the implications for the confinement and long-tegmasnics of the tachocline.

O Results. For reasonable parameter values, the turbulent eddy Vigéegound to be negative, with turbulence enhancing tfwalashear in
the tachocline. Both magneticfllisivity and thermal dfusivity are severely quenched, with the values much sméiber the magnitude of
the eddy viscosity. Theffect of the meridional circulation on momentum transporttiie hyperviscosity becomes important when the radial
shear becomes large (larger than the presently inferregdlie to the negative viscosity. The results imply thatélebocline develops too

&) strong radial shear to be a stationary Hartmann layer. Iinfieof a strong radiative damping where the turbulencedsva on very small

D scales ¢ 10*Ry), the eddy viscosity can become positive although fitsc is likely to be dominated by the hyperviscosity. In congen

— with the momentum transport, the transport of magnetic fledat, and passive particles is more severely quenchedeshks imply that the
tachocline of thickness is larger th@{1072R), independent of the strength of magnetic fields. In addjtibe momentum transport is much

I more dficient than the particle mixing in the tachocline, consitteith the observations.

—
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) 1. Introduction

= A consistent theory of transport in the solar interior (imtgalar, the tachocline) is essential to the understagdfrihe evolution
—of solar rotation and magnetic fields and the distributiocleémical species. While turbulence is assumed to be abséme i
g interior in the standard solar model (Stix 1989), obseoveti(e.g., Pinsonneault et al. 1989) and numerical sinoulst(e.g.,
Rudiger & Kitchatinov 1996) suggest that transport in tieigion — although not so fast as turbulent transport (eugh s in
the convection zone) — should be faster than molecular gesaseto be consistent with the current rotational profilesamtace
—] depletion of light elements. Such a modest transport coaldu®e to waves via dissipative processes (e.g., radiativeitig
—] of gravity waves). Another interesting possibility, whibas not received much attention, is that turbulence is ptésethe
O interior due to a variety of instabilities (e.g., see Spigp9 and references therein), but that the overall transper to this
O turbulence is considerably reduced as a result of turbeleegulation. Our previous works (Kim 2005; Kim & Leprovo§ids)
—L_ have shown that stable stratification as well as shearingdyadial diferential rotation in the tachocline can precisely do this
(O as the excitation of gravity waves reduces the stochasticiurbulent flow while shearing enhances the overall gatson (see
-C also Kim 2004).
The turbulent transport reduction can also be caused by atiadfields (e.g., Cattaneo & Vainshtein 1991; Gruzinov &
Diamond 1994; Kim & Dubrulle 2001; Kim 2006). In the tachaoei a strong toroidal magnetic field of the strength 1010°
G is believed to be present, which can easily be generated avine@ak poloidal magnetic field is sheared betential rotation
in the tachocline. A poloidal magnetic field here could baeitof primordial origin evolving on a long evolutionary enscale
(i.e., slow tachocline), or generated by dynamo proceseatipg on fast time scale of the solar cycle (i.e. fast tather (see
e.g., Gilman 2000; Petrovay 2003). Thus, magnetic fieldspeaantially play a crucial role in the transport of momentum
chemical species, and magnetic flux on long/andhort time scales. In particular, on an evolutionary tsoale, the tachocline
may be considered as a boundary layer between the unifootdsing radiative interior and flerentially rotating convection
zone with latitudinal variation (Rudiger & Kitchatinov 88; Gough & Mcintyre 1998; MacGregor & Charbonneau 19999 an
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the dynamics of this boundary layer crucially depends onviilees of the ffective magnetic diusivity, eddy viscosity, etc.
The understanding of this boundary layer thus requiresitbeigtion of these turbulent transport ¢beents, derived from first
principles. Furthermore, the momentum transport and ctedmiixing across the tachocline play a crucial role in thel@ion

of solar diferential rotation and the distribution of chemical spedieparticular, the present solar rotational profile andexe
depletion of light elements (lithium) (Schatzman 1993)igate that the angular momentum transport must have beea mor
efficient than the particle mixing in the solar interior (e.gagtinneault et al. 1989). This should be explained by a cemsis
theory of the momentum transport and chemical mixing in #ubocline, rather than invoking a crude parameterizatsomas
often been done by previous authors.

The purpose of this paper is to provide a consistent theoyntiulent transport in the magnetised tachocline and then
investigate its implications for a long-term dynamics oé ffslow) tachocline. Special attention is paid to the elatgh of
different €fects on transport of shearing, stable stratification, anghmtic fields, identifying what is most likely to be the main
mechanism for turbulence regulation in the tachocline. fidmainder of the paper is organized as follows. We elucittate
effects of gravity-Alfven waves on turbulent transport in S€ctn Sect. 3, we incorporate théect of shear flow given by the
radial diferential rotation and provide the theoretical predictifmmgurbulent coéficients in the stratified magnetised tachocline.
We elaborate on implications of the results for a long-tegmainics of the tachocline in Sect. 4. Section 5 is devoteth¢o t
discussion of the limit of strong radiative damping. Settiocontains the conclusions and discussions.

2. Turbulent transport in 2D MHD with density stratification

We envision that turbulence in the tachocline is driven by, for instance, when plumes penetrating from the eatien zone
randomly stifperturb the region. In the presence of density stratificediod magnetic fields, this random stirring will excite both
gravity and Alfven waves in the tachocline, which will in tuincrease the memory of fluid motion which would otherwise be
random and incoherent. As a result, turbulent transportpeeted to be reduced (e.g. see Kim & Leprovost 2006). In Kim &
Leprovost (2006), we have shown that the stable stratifingtiravity waves) leads to transport property in the thieeedsional
hydrodynamic (3D HD) turbulence very similar to that in tiedtdimensional hydrodynamic (2D HD) turbulence (withoid th
latitudinal dependences) with a negative viscosity in ithand 3D. We recall that without stratification the eddy gty is
negative in 2D HD case while it is positive in 3D HD case. Magnields also tend to make the property of 2D turbulence more
like that of 3D turbulence, leading to a positive viscosigrin 2D (Kim & Dubrulle 2001). Therefore, we model our sifiatl
magnetized tachocline by a 2D incompressible fluid in a loeatesian coordinatesandy. Here,x andy represent radial and
azimuthal directions, respectively. We consider a unifeonoidal magnetic field = Bgy = (0, —dxap, 0) and represent the
differential rotation by a large-scale shear flow= Up(x)y in parallel to the toroidal magnetic field. Note that a simdartesian
2D model for the tachocline was adopted in Kim & MacGregorQ®0 For simplicity, we adopt the Boussinesq approximation
to capture thefect of density stratification and the quasi-linear analggiassuming that total mass dengity: po + o, particle
density for chemical speci@s= ng + ', vorticity w = w’ = w}, = dxVy — dyVy, and magnetic potential= ap + a’ consist of mean
and fluctuating components, denoted by subscript ‘0’ anch@rrespectively. The governing equations for the fluctunastiv’,

&, andp; = p’/p (o is the mean constant mass density) can be written as follows:

(0t + Ugdy)w’ = gdyp1 — BodyV2a +vW2w' + f, (1)

(0 + Ugdy)a = —ydyao + nv2a, (2)
N2

(0t + Uody)p1 = 7 +uV2p; . 3)

Here,v, n andu are molecular viscosity, Ohmic félisivity and thermal dfusivity, respectivelyf in Eq. ﬂ) is the small-scale
forcing driving turbulenceN = /-g(dxo0 + pg/c2)/p is the Brunt-Vaisala frequency; is the sound speegh = po(X) andp
are the mean background and constant mass densities, treslyeblote that the typical values of 4, 7, andN in the tachocline
are 16 cn?st, 10’ cnPs ™, 10% cnPs ™, and 10° s, respectively.

To elucidate the role of magnetic fields and stable stratifinan transport, it is illuminating to examine theiffect on the
diffusion of magnetic flux. To this end, we ignore the large-sshéar flosdo and forcingf and recast Eqsf](1)B(3) as follows:

i = igkypr + ikyBok?a — vk2®, (4)
oA = iBoky,d/K? — nk*a, (5)
. N2ikd .

6t,01 = E%— kp]_ (6)

Here,w, & andp; are the Fourier transform af’, @ andp;. EquationsﬂS) antﬂ(6) give Wkp1/0:a ~ p1/a ~ N?/gBy for small
dissipation, which can then be used in H§j. (4) to obtain

2
& =~ ikyBok? [N— +1

a, 7
e (7)
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By using Eq. [[7), we can compute the magnetic flux as
I = (va@)

= f d?kdt(A Uy (K)a(—k) + U, (k) a(-k))

TBO 2
=~ 02 [0~ a(p?)] . (8)
Here,b = Vxa'z, @ = 1+ N?/k?BZ, andf dt ~ 7 is used where is the characteristic time scale of turbulence (see, ergziGov
& Diamond 1994). For stationary fluctuations, the fltiis related to magnetic energly?) asBol'y = 7¢b?), thereby giving us
nt =T'x/Boas:
0
n
a1 (©)
1+ anzvz‘;

wheren? = 7(v?)/2 is the turbulent dfusivity in the absence of magnetic fielBo( — 0) and stratification — 0). nr in
Eq. @) immediately shows that magnetidtdsivity is severely quenched for larg, = TI?/'] as either the magnetic field or
density stratification becomes strong. This is becausextitaéion of waves (Alfven or gravity waves) increases thenmory of
turbulent eddies, reducing their stochasticity which iseasial for turbulent transport. Note that Eﬂ (9) recovtbes2D MHD
resultasN — 0 (e.g. Gruzinov & Diamond 1994).

To elucidate the féect of radiative damping, it is instructive to consider thmeit of strong radiative damping. In that case,
Eq. @) can be approximated B$ik,&/gk? ~ uk?p1. A similar analysis then gives us the magneti€udiivity

7

9

nT = 0g2 ’ (10)
A+ o

7{(v2)

whered = 1+ rk&Nz/,uk“. The contribution from the gravity waves to the transpodueion (the denominator af) in Eq. )
is Tk2N2/uk®, which should be compared wittN?/7k? in Eq. (9). The ratio of the two is thug/u, which becomes very small
for strong radiative damping (i.e., for larg® That is, magnetic diusivity in EQ. ) is less reduced by stratification in theeca
of a strong radiative damping, as compared to that in the ciaeak damping [Eq.[[9)]. This is simply because the radati
damping weakens buoyancffect. In the extreme limit ofi — oo, the dfect of stratification disappears with— 1 in Eq. ),
recovering 2D MHD result in the absence of stratification.

3. Consistent theory with the radial differential rotation

In Sect. 2, we have shown that both stable stratification anghmtic fields can severely quench the transport of magfiettic

In this section, we present a consistent theory of turbutansport in the magnetised tachocline, by incorporatibgakground
shear flowUoy provided by the radial dierential rotation. The latitudinal flerential rotation is neglected compared to radial
differential rotation since it is weaker in the tachocline duthin tachocline thickness<(0.03 ~ 0.05 of the solar radius) [see
Leprovost & Kim (2006) for the dynamics and thiext of latitudinal diferential rotation]. This shear flow plays a crucial role
in regulating turbulence and turbulent transport by simggfe.g., see Kim (2005)]. For simplicity, we assume a lingagar
flow Ugy = —xAY, whereA = |0xUg| > 0 is the radial shear (or shearing rate), which is assumee fwobitive without loss
of generality. In order to incorporate the shearirffpet non-perturbatively, we employ the special Fouriergfarm for the
fluctuating quantities’:

1

(X, 1) = PRE fd3kq3(k,t) expli(k(t)x + kyy + k2)}, (11)

wherek(t) linearly increases in time due to shearing as
kx(t) = kx(0) + kyAt . (12)

Here, A = |0xU¢| is again the shearing rate of the shear flow. In this secti@ecansider the case where the radiative damping
rate is small compared to the shearing rate. That is, we @enaistrong shear limit whe#g = uki/A < 1. Here It = 1/ky is

the characteristic length scale of the forcing. TRyg<x 1) is a small parameter, representing the strong shear Fmittypical
solar parametegs ~ 10” cn? st andA ~ 3x 107° s71, this is a good assumption valid for a broad range of chariatitelength
scales of the forcingy = 1/k, > 10° ~ 10’ cm (~ 10*Ry whereRg ~ 5 x 10'° cm is the solar radius). Note that the opposite
limit of the strong radiative damping is considered in SBct.
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For ¢, < 1, the coupled equationsﬂ (1[]—(3) can easily be combined tm fthe following equation fora™ =
aexp u(k3/3kyA + k§t) /2]

iBo

0L+ T)0c8) + UL+ )+ pla= 2o

f(7), (13)

to leading order irg,. Here,7 = ky/ky = ke(0)/ky + At, ¥ = [Boky/Al, B = N?/B3kZ = N?/wi, wa = |Boky| is the Alfven
frequency of the modky, andf = f exp [u(k3/3k,A + k3t)/2].
The solution to Eq[(}3) in the limit of strong magnetic figid> 1 and stratificatioN?/A2 > 1 can be found as

A(ry ~ _1BO f i siny[Q(r) - Q(ra)] f(ra)
- A+ )L+ D)L+ 2+ )L+ 12+ BV

(14)

whereQ(r) = fdr lﬁzf. Note that the strong magnetic field limyit> 1 holds on a broad range of length scales of the forcing

lf <Lg = 10*° cm for By = 10* ~ 10° G in the tachocline. To obtain the turbulent figients, we assume that the forcing is
homogeneous with a short correlation time

(f(ka, t2) f(ka, t2)) = 71 (27)%5(t1 — t2)(K1 + K2)d(K2) . (15)

Along but straightforward algebra by using Ed$. (@)-(P})@nd [1b) then gives us the eddy viscosity definetvaw, —byby) =
—y10xUg = vi A (b =Vx a’2):

SR O (O} I
TTaw) @y K Vi+p
~ %[—1+ 11+IB}7: (16)

Here,¢(k) is the power spectrum of the forcing defined in Hq] (15)~ fdquﬁ(k)/kf, ~ V2/7¢ is the strength of the forcing
with the characteristic velocity; and correlation time; 8 = N?/B3k; = N?/w3, wa = |Bokyl; A = |8xUol is the radial shear.
What is the most remarkable about the eddy viscosity in[E).i€lthat it is always negative regardless of the relatixengith of
stratification to magnetic field (i.3,= N?/w3). In 2D MHD, the Maxwell stress exactly cancels the Reynalusss to leading
order while the incomplete cancellation between the twhértext order gives a small positive eddy viscosityl( Bg) (Kim &
Dubrulle 2001). The cancellation of these leading ordetrilutions in 2D unstratified MHD can easily be checked in {d)
by puttings = 0, which givesyr = 0. In contrast, in a stratified medium wigh+ 0, the leading order cancellation in Ef.|(16)
is not perfect, giving a net negative eddy viscosity. This ba shown to be due to the fact that the exact equipartitiondsn
the kinetic energy and magnetic energy (for pure Alfven vggigbroken by buoyancy, with larger kinetic energy than nedig
energy, driving a negative eddy viscosity. A negative eddgasity, in a sharp contrast to a positive eddy viscosityyifies an
anti-diffusive momentum transport against the gradient of the shwarlft other words, the overall momentum transport due to
turbulence accelerates the mean flow, accentuating itsegvtaither than eradicating it. A similar tendency of theederation
of the mean flow in the magnetised tachocline can also be dilne tdirect momentum deposition of gravity waves via radéati
damping (Kim & MacGregor 2001).

For clarity, we examine the behavior of as a function of3. For larges (strong stratificatiofiwveak magnetic field)yt «
[-1 + |Boky/N[] /A2, showing that the fect of magnetic fields tends to make eddy viscosity positivehe opposite limit of
smallg (weak stratificatiofstrong magnetic fieldyr « —N2?/B3A2, whose absolute magnitudie | is small compared to 2D
HD case. This again reflects the tendency of magnetic fieldsngahe eddy viscosity less negative (i.e. more positilgte
that for parameter values typical of the tachocline, thessaver scaléy fromp > 1 to < 1 is roughlyLy = 10" ~ 108
cm. To recapitulate, the resu16) shows a tendency of ativegeddy viscosity in stratified medium despite the presen
of strong magnetic fields, suggesting that the turbulemtspart in the tachocline would amplify the shear providedthsy
radial diferential rotation for reasonable values of parameters. Mghasize that the negative eddy viscosity represents the
amplification of a large-scale shear flow at the expense ofiswale turbulence. The value of magnetiffdsivity, defined by
(@Vy) = —n1xa0, depends on whether= (¢,/3)(1+p)%2is larger or smaller than unity. First, in the case 1, which is valid
for either > 1 or < 1 on scaled. < Ly = B3A/uN? ~ 10 cm (10 cm) for By ~ 10* G (1% G), we can obtain

RANN LS OPPN
28 ) @7 K e s

1/3
L 2/3(2) ! 5. (17)

BT W yIes

o=
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Here,Go = (3/£,)Y3(1/3)/3; &, = uk?/A < 1; &, = nk2/A < 1;T(x) is the Gamma functionf ~ [ d?kg(k)/k2 ~ V2 /7 is
again the strength of the forcing with the characteristiosi¢y v¢ and correlation time;. In comparison, ford >) a > 1, we
obtain

[ dk $(k)
= oNE ) (ke
1 7\
- i) 7 a9
whereG; = (3/£,)%3'(2/3)/3. In each case, the density (heatfusivity ur ((0'Vx) = —utdxp0) is given by
pr =~ Epr. (19)
n

(see also Kim 2006).

Equation ) shows that the turbulenffdsion of magnetic fieldrf) can severely be quenched by a strong mean magnetic
field and stratification, proportional to/ B3 for 8 < 1 and to ¥BoN for 8 > 1, respectively. It is worth noting that o« 1/B3
was observed in numerical simulation (e.g. Cattaneo andst&in 1991) of 2D unstratified MHD turbulenge € 0). As
the stratification becomes stronger for a fix@gwith the further increase if, the difusion is now reduced agN? [see Eq.
)]. It is important to note that in all cases, magnetigudiivity has a much smaller magnitude than the eddy viscdisity
Eq. (16)], with a small value ofir/|vr|. Note that a similar tendency was also found in the stabbtified shear turbulence
without magnetic fields (Kim & Leprovost 2006). Specifically the strong magnetic field and weak stratification regidtin w
a < landg > 1,77/lvil ~ €3 n/u)*A%/Nwa < 1. Furthermore, the heatftlisivity 1 in Eq. (19), although larger than
nt by a factor ofu/n = 103 is yet much smaller than the magnitudevgf For instance, again when < 1 andg > 1, this
ratio becomegir /|vy| ~ fi/Bﬂz/NwA < 1 for typical parameter values. These results have veryastiag implications for a
long-term dynamics of the tachocline, as discussed in 8ect.

4. Implications for a long-term dynamics of the tachocline

The results of the present and previous paper (Kim & Lepr2@86; Kim & MacGregor 2001) suggest that the uniform ratati
in the radiative interior is very unlikely to be explainedtipydrodynamical means as the momentum transport in strhtifesdium
accelerates the mean flow, sharpening the gradient of itliatential rotation that has been created during the solardpivn
(see, however, Charbonnel & Talon 2005). Previous autliRiidiger & Kitchatinov 1996; Gough & Mclintyre 1998; MacGreg

& Charbonneau 1999), have however shown that a rather wdaldpbmagnetic field in the radiative interior can elimiadhe
differential rotation, thereby leading to a uniform rotatioarin. In this case, the tachocline can be envisioned as rdaoy
layer where the generation of the toroidal magnetic fieldheyshearing of the poloidal magnetic field (due tdediential rotation)

is balanced by the ffusion of the toroidal magnetic field while the dissipatiorttod radial diferential rotation is balanced by
the azimuthal Lorentz force associated with the largeesoaibidal and poloidal magnetic fields, i.e., Hartmann igiReidiger &
Kitchatinov 1996; Gough & Mclintyre 1998; MacGregor & Chanm@au 1999). By adopting the molecular values for viscpsity
magnetic difusivity, and heat diusivity in the tachocline, these previous authors obtagstinates of the tachocline thickness
and the strength of the interior poloidal magnetic field.He tase of the tachocline with residual turbulence, foaimst, driven
externally (e.g. plume penetration) or internally (e.a inistability), the values of turbulent transport fiagents, instead of
molecular values, should be used in the analysis of the Hamtrtayer.

For the clarity of the discussion, it is worth recalling tiia¢ Hartmann layer is based on the configuration where agstloi
magnetic field is fully contained in the interior, without@rating into the convection zone above so that the latialdifferen-
tial rotation in the convection zone does not leave its fdotfinto the radiative interior. By representing the latiinal coordinate
by z, and by denoting the poloidal and toroidal magnetic field8pgndBy, = By, respectively, the major force balance for the
toroidal magnetic field in the tachoclify and the mean shear flok due to the dierential rotation can roughly be expressed
as

Uy ~ Byd,By + vrdxUy — A1dxeUy s (20)
0By ~ Bd,Uy + nrdxxBy. (21)

Here, At ~ ut(Q/N)?(Ry/A)? is the hyperviscosity due to the meridional circulatione(se.g., Spiegel & Zahn 19920 ~
3x10°%standRy ~ 5x 10'° cm are the average rotation rate and solar radius, respbgtiv is a constant of order unity.
Similarly to a positive eddy viscosity, a (positive) hypisoosity acts to smooth out the gradient of (or damp) a |aagde shear
flow.

While the values of turbulent transpoti( 1, andAt) for the coupled systenﬂZOBZl) have conventionally bessumed
to be positive, the results in Sect. 3 show that the turbutemhentum transport in the sheared stratified turbulentoiccte
is anti-difusive with negative viscosity (i.evr < 0), accelerating the mean shear flaly (i.e., radial diferential rotation).
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The negative viscosity will amplifies the shear in th&etiential rotation and consequently toroidal magnetic fafte they
are coupled via the Lorentz force (vi&g). The crucial question is then how the Hartmann layer is taaied with negative
viscosity which tends to become unstable duerte: 0. Obviously, if the magnetic fusivity 57 is large enough to overcome an
unstable situation caused by the negative viscosity, topled system can find a stable stationary configuration. Wewéhis
is very unlikely since the magneticftlision is pathetically small compared to the magnitude oktldy viscosity, as discussed
in Sect. 3. Could the hyperviscosity ~ (Ro/A)?(Q/N)?ur due to the meridional circulation then stabilize the sytéfa
answer this question, we note that the contribution fromhyyerviscosity to Eq.O) is of orde /h* while the contribution
from the eddy viscosity is of ordef /h?, whereh is of order of the tachocline thickness. Thus, the ratio eftikio is roughly
(ut /v1)(Ro/h)?(Q/N)? (€.9.~ (uki/A)?3(A? /Nwa)(Q/N)?(Ro/h)? for @ < 1 andg > 1), which can be shown to be small for
the parameter values typical of the present solar tachmdiowever, it is important to realize that this ratio A% for o < 1
andg > 1, for instance) becomes large as the sly@ancreases. Therefore, it is plausible that as the shear ifeed via
the negative eddy viscosity, th&ect of the hyperviscosity becomes important and eventdaliyinates the negative viscosity,
possibly stabilizing the system. In order for this to be thee; the sheafi in the radial diferential rotation however has to be
larger than what is observed today. This can be checked loyrieg) A1 /h?vr > 1. For instance, in the case< 1 andg > 1, this
demandsA/N > (N/ukd)?(Boky/N)**(hN/RoQ)*?, wherel; = 1/k, is the characteristic scale of the forcing. Even if we take
Bo ~ 10* G and a thin tachocline ~ 10°Rg, A > 0.1N for k, ~ 10" cm™, andA > 0.01N for k, ~ 10°% cm1, which seem to
be rather too large to be reasonable (rebladt 10° st andA ~ 3x 10°% s are the presently inferred values in the tachocline).
To make this argument more concrete, it is instructive toréra the behavior of EqsﬂlZOBZl) in more detail. To thid,en
we average them over the spaggwith the approximatiod, ~ i/Rs anddx ~ 1/h and use the values of, nr andur obtained
for @ < 1in Sect. 3. Hereh is again the tachocline thickness. The resulting envelemeons forA ~ Uy/Ro andBy, in a
properly non-dimensonalized form, are as follows:

A4S = iM + [%(S, M) - An(S, M)]S,
M =iS - 7(S, M)M . (22)

Here,S = A/Q, M = B,/QRo, v = o[l — 1/ 1+ 1/M?]/|S]%, andy = 1/ VM* + M2|S|%3, The parametew appearing in
v is a rough measure ¢fr /57|, which was shown to be very large in Sect. 3 because the niagtitision is much smaller
than the magnitude of the eddy viscosity. Specifically; (u/n)"3(A/nk%)?*N?/A? = O(10°) obtained by using the reasonable
parameter values in the tachoclifie~ 3x 10651, N ~ 3x103s7%, andky ~ 108 cm™. The parametes in Eq. (22) represents
a rough measure of the ratio of thiezt of hyperviscosity to that of magnetididisivity, with the valued ~ (RoQ/hN)?(u/n) ~
< O(10®) for h/Rg > 1073,

We note that the values qf-, vt andur are all proportional to the intensity of the forcifig, which is a free parameter in
our problem. In our non-dimensionlization, this value ifbby utilizing the observational evidence that the paetitiffusivity
of light elements (lithium) is aboudt ~ 10° cn? s7* to be consistent with the present solar surface lithiumetepi (e.g., see
Barnes, Charbonneau & MacGregor 1999). Singe- (3/D)Dt whereD ~ 20 cn? st andy ~ 10* cn? s, we impose the
condition thatyr ~ 10° cn? s72 for the parameter values typical of the present sunBie: 10° G, A ~ 3x 10°s71, etc). [Note
thatyr in Eq. (17)-[1B) depends on batiandBy, which change in time according to Ef.](22).]

The results from the numerical simulation of E[.|(22) foe 10° are plotted by the cross symbols in Fig. 1, which shows
IS| = |A/Q| for various values oB. The results nicely show that the amplitudeStlecreases g% (hyperviscosity) becomes
large, as expected. However, for smal(hyperviscosity), an amplitude ofl > 10°Q is too large to be reasonable. For this
large value ofA, which is comparable to the Brunt-Vaisala frequehgythe shear flow is likely to be unstable against a shear
instability (see, e.g., Drazin 1981). &sincreases, the amplitude &t decreases and approaches the asymptotic value given by
the dashed linea/ (283 + 2)]*/4, which is obtained by usin| = [M|. The asymptotic value indicates th@t~ 100 for g = 10°
while A ~ 3Q for g = 10°. By using the definition oB, one can easily show that a reasonable value of sAearQ is possible
only for an extremely thin tachocline withyRs ~ 107°. Since|S| = M| along the dashed line in Fig. 1, the toroidal magnetic
field also seems too strong (LO° G) to be stable (e.g. against the magnetic buoyancy initgbilo summarize, the results from
our toy model [22) clearly demonstrate that for reasonabtameter values, a stable stationary Hartmann layer isurgiiely
in the tachocline. Thus, a large-scale shear flow is likelydoome time-dependent (similarly to the behaviour fouriim and
MacGregor 2001), or to develop a secondary instability.

5. In the limit of the strong radiative damping

The anti-difusive momentum transport discussed in the previous sactioiginates from the stable stratification in the
tachocline. The buoyancy force can however be weakened bymgsradiative damping, as demonstrated in Sect. 2. Thus,
it is conceivable that if a radiative damping is large enotmiveaken the buoyancy forcefaiently, the momentum transport
may become diusive, smoothing out the gradient of the radidfetiential rotation. In this section, we explore this podiibby
considering the limit of a strong radiative damping wheeedensity fluctuatiop; in Eq. @) is stationary withd; + Uody)p1 = 0.

In order for this limit to be valid, the parameigr = pkﬁ/ﬂ, which has been assumed to be small in the previous seci#ons,



Eun-jin Kim and Nicolas Leprovost: Magnetised solar tadimec 7

1000

8001
600} i&\ /
400} 5

2007

[a/2B+2)7"

S|

B x 10°

Fig. 1. The plot of the amplitude o = A/Q as a function of3 (« hyperviscosity) forx = 108. The cross symbols represent
the results of the numerical simulation of the toy model @)(The dashed line denotes the asymptotic behavior, diyen

[a/(28 +2)1°".

no longer small. We are however still interested in the caserevthe dissipation rate of magnetic field is small comptaréhde
shearing, namely, fof, = nkﬁ/ﬂ < 1. Note that this is a valid assumption for the reasonablgegbf the characteristic scale
of the forcingls = 1/ky > 1CP cm in the tachocline.

By usingN?v,/g + uV?p; = 0, the coupled equationE (]I]—(Z) can easily be combineddid yi

[+ 7)0,8] + (1 + D)= 122 (), (23)

- Ak,

—2

N
[3, * 1+ 72)2
to leading order i, < 1. Here,a"= aexp [y(k3/3k,A + kit)/2]; f = fexp(k3/3kA + kit)/2]; T = ke/ky = kx(0)/ky + AL,
¥ = |Boky/Al, wa = |Bokyl, andﬁ2 = Nz/ﬂ(,ukﬁ). The solution to Eq.@3) can be obtained in the lig)ik 1:

) = f e, SNLE() — ()] (ry)e ™ O (24)

Akyy 1+ Y21+ 1) Y2y (1)

Here,p(r) = [* dryy(ry), u(r) = 1-[(1 +12) 2 - Nzr(l +79)3 4 N4(1 +712)74/4]/2y?, andw(7) = [tan ! 7 + /(1 +7%)]/4. By
omitting the details of the algebra, we here provide theltiesueddy viscosityr, magnetic dtusivity r and heat dtusivity
e

T [ dK (k) o1 1
" (zﬂ)zv[l—G(N )]~ o (25)
L de@(f_n)”’ (1) e b
mEow) ek \3) "\3)¢ 2T (26)
[Pk 1 -

HT = = o 2 N2
T BJ @2k N\
Here,wa = [KyBol, ky is the typical wavenumber of the forcing, afid~ 7+ [ d?k¢(k)/kZ ~ VZ/7+ is the strength of the forcing

. .. . . . . . —2 —2 . .
with a characteristic forcing velocity; and correlation time;. The functionG(N ") depends ofN, taking at most a maximum

value~ 0.37 forN° ~ 4 and vanishing as eithé&t — 0 orN — co. SinceG(Nz) < 1, the eddy viscosity in Eq[_(p5) is now
positive. That is, turbulent momentum transport in the tiafia strong radiative damping isftlisive, in contrast to the case of
weak radiative damping considered in Sec. 3. This can bershmWe related to the equipartition between kinetic and raign
energy to leading order, in contrast to the weakly dampeel iceSect. 3 where the excess of kinetic energy over magnetigg
causes a negative viscosity. As expected, this is becaadrithyancy force is greatly reduced by strong radiative dagndhe
results in Eqs.@S)@?) show that both andnt are quenched largely by magnetic fields whileis also reduced by shear
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(e 5,3/3 oc A~2/3). In comparison, the heatfflisivity in Eq. (2]) exhibits a dierent behavior, being mainly inhibited by buoyancy
force. This is because the coupling of the density fluctudiiathe fluid is feeble due to strong radiative damping.
The comparison of Eqs[ (25) an[d](26) reveals that the magdéfusivity is smaller than eddy viscosity by a factor of

< 1 (recall¢g, = nk}z,/ﬂ is a small parameter characterizing the strong shear lmtigrels = 1/ky is the characteristic
scale of the forcing). The ratigr /vt < 1 is however larger than the value in the case of weak dampirggct. 3. This is
an interesting result since this ratio is crucial in theraate of the tachocline thickness, which has been set by thecolar
values withn/v ~ 10? in previous works. We emphasize that our predicted vaiyer (< 1) is much smaller thaj/v based
on molecular values. Furthermore, the ratio of tffee of the hyperviscosity to that of eddy viscosity on theastiw is now
roughly given by Bo/RoN)2(Roky/h)2(Q/N)? = 1 for reasonable parameter values. That is, fieceof hyperviscosity due to
meridional circulation is crucial in maintaining the mont@m balance in the tachocline.

Based on these observations, we now seek to obtain the éstimahe thickness of the tachocline and the streBgtand

B, by requiringd; = 0 and by ignoring/r in Eq. (20). A simple analysis of Eq4. {2q)-[21), with thefhef Eqgs. [2b) and[(27)
andUy ~ ARy, gives us

2/3
n

h/Ro  1[A\ _

Rk, X(N) 67 (28)
B; nr
8 " #)

where¢, = nkﬁ/ﬂ andls = 1/ky is the characteristic length scale of the forcing. In a stwmpirast to the previous works
which use the molecular values for the viscosity and magrifiusivity, the result@S) shows that the tachocline thiclenies
independent of the strength of magnetic fields. For instaiocd, = 10" ~ 10° cm™, h/Rg = 0.01 ~ 0.05 (for A ~ 3x 10°°
s, N~ 103s? andA ~ 3). This estimate is much larger thayRs ~ 10~2 by Gough & Mclintyre (1998), and is mainly due
to the small magnetic ffusivity with the valueyr /ur ~ £23(N/wa)? < 1. That is, a moreféicient momentum transport than
magnetic dissipation causes a thicker tachocline. Eqm@) implies that the tachocline thickness decreasesagrtification
becomes stronger, which could have some implications farattars. On the other hand, E@(Zg) shows that the rati@aghetic
field strengths depends on the tachocline thickness andhelént magnetic diusivity 1. Asnt is directly proportional to the
strength of the forcing™, we again utilize the constraint on the turbulent parti¢féudivity Dt ~ 10° cm? s7* in the tachocline
to be consistent with the surface depletion of lithium on$um. Sinceyr ~ (/D)Dt (see Kim 2006) wher® ~ 20 cn? st
andy ~ 10* cn? s, we obtaingr ~ 10° cn? s7t. By using this value in Eq[(29) aryRy > 0.01 ~ 0.05, we can obtain
B./By ~ 108 ~ 107". If we take,B, ~ 10* G, B, ~ 10°* ~ 1073 G while forB, ~ 10° G, B, ~ 1073 ~ 102 G. These values
of B, are comparable to the previously estimated value. It is mambto note that for ~ 10° cn? s1, Egs. ) and@?) give
v ~ 1P cn? st andur ~ 10°%¢cn? st (> u). Therefore, our results naturally predict a moffécgent momentum transport than
particle transport (recaldt ~ 10° cn? s72) in the tachocline without fine-tuning parameters (see Kisn2006), as required to
be consistent with the observations.

6. Discussion and conclusions

We have presented a theory of turbulent transport in theretlestratified magnetised tachocline when turbulence i®drand
maintained by an external forcing (e.g. due to plumes patiety from the convection zone). Despite the presence abagt
(uniform) magnetic field, the momentum transport is founti¢canti-difusive ¢+ < 0) for reasonable parameter values in the
tachocline. The magneticfilisivity (1) and heat dtusivity (ut) are found to be positive, but severely reduced as a restheof
shear stabilization and transport reduction by Alfvenviyavaves with very small values ofr /|vt| (< 1) andur /|vr] (< 1.
Since the momentum transport is antifdsive, the gradient in the radialftirential rotation is amplified. As the shear becomes
strong, the hyperviscosity due to the meridional circolatiwhich is always diusive, can become important, counteracting
the dfect of negative eddy viscosity. However, in order to mamthe radial shea# in the diferential rotation with a value
comparable to the average solar rotatidnas presently inferred, the tachocline as the Hartmannm lag®to be very thin with
the thicknes$)/Ry ~ 10°° for the toroidal magnetic fiel, ~ 10° G. Here Ry is the solar radius. Otherwise, the radial shear
andor toroidal magnetic field in the tachocline appears to bestoang to be stable against the shear instability@nthagnetic
buoyancy instability. Furthermore, since the turbulergfiicients depend nonlinearly gl andBy, A and By form a nonlinear
dynamical system, which can exhibit complex time variatibmese results point to the possibility that the tachoaiirag exhibit
a much more complex (temporal dodspatial dependent) dynamics than previously thought evihe slow tachocline scenario.
In the limit of strong radiative damping where the tempemiidensity) fluctuation is almost stationary, the turbtiten-
mentum transport is found to befidisive, down the gradient. This requires the turbulence torbeery small scales such that
& = uk}z,/ﬂ > 1. Here, ¥k, = |1 is the characteristic length scale of the forcing, @he 3 x 10°° st is the radial shear. Thus,
the forcing scalés has to be smaller than $6 10’ cm, which is about 18Rg. In this case, the tachocline may be viewed as a
Hartmann layer with possibly stable configurations of titkakdifferential rotation and toroidal magnetic field. A simple gséd
by using the predicted values of, ut, andnr suggested that thefect of the hyperviscosity is likely to dominate over the eddy
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viscosity. However, since the magneticfdsion is severely quenched compared with he@isiivity, the momentum transport is
effectively much more ficient than the magnetic fieldfflision. Consequently, the major force balance in the tagtmtdads

to the estimate of the tachocline thicknegsl(0-?Ry), which is larger than the previously estimated valug0 3Ry by Gough

& Mcintyre (1998). Aspr andut depend on the strength of toroidal magnetic fields and ratizdr, the tachocline thickness is
found to be independent of the strength of (toroidal/angdoloidal) magnetic field (c.f. Gough & Mcintyre 1998). Téteength

of poloidal magnetic field in the radiative interior is estited to be of order 1@ ~ 1072 G for the value of the toroidal magnetic
field 10 ~ 10° G, comparable to the previously estimated value. Impdstgthe results provide a natural explanation for a more
efficient momentum transport than particle mixing in the tatihecHowever, a severe reduction in the magnetic fieftldion
could be problematic for the solar dynamo [e.g., the interfdynamo (Parker 1993)].

While the discussion of our results is focused on the apiptica to the present sun, they might also have interesting im
plications for other stars. In particular, our predictedliea of turbulent transport cicients have dferent dependences on
the strength of magnetic field, stratification, and radigleshas well as on the molecular values of viscosity, ohnfitisivity,
and radiative dfusivity. As the values of these parameters vary from onetstanother, it would be of interest to explore the
implications of these results for other stars. For exampieight be possible to utilize the results to infer the vadii¢he radial
shear or the strength of magnetic field in other stars, araltalgain some insight into the presence of a tachoclinediiear
layer in those. Of course, in the case of more massive stasptation rate is much faster the sun, demanding the pieualic
of turbulent transport cdicients by taking into account thefect of average rotation (Leprovost & Kim 2006). Ultimatety,
will be interesting to investigate a consistent model ipooating the spin-down of the sun (and other stars) due tautigellar
momentum loss. Finally, we note that our analysis, limitedD, should be extended to 3D, in particular, to study sofaathos
(e.g. thex effect). These issues are currently under investigation alhtbevaddressed in future publications.
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