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On the approximation of Min Split-coloring and
Min Cocoloring

Marc Demange®, Tinaz Ekim', Dominique de Werral

Abstract

We consider two problems, namely Min Split-coloring and Min Cocoloring, that
generdlize the classical Min Coloring problem by alowing to use not only stable
sets but also cliques to cover al the vertices of a given graph. We prove the NP-
hardness of some cases. We derive approximation results for Min Split-coloring and
Min Cocoloring in line graphs, comparability graphs and general graphs. This pro-
videsto our knowledge the first approximation results for Min Split-coloring since it
was defined only very recently [13, 8, 9]. Also, we provide some results on the ap-
proximability of Min Cocoloring and comparisons with Min Split-coloring and Min
Coloring.

Key words: Split-coloring, cocoloring, line graphs, approximation.

1 Introduction

A generalization of the well known vertex coloring problem (Min Coloring) consists
in partitioning the vertex set of a given graph into p cliques and k stable sets. Such a
partition is called a (p, k)-coloring. In this paper we deal with two natural optimization
problems in this context, namely Min Cocoloring and Min Split-coloring.
Given a graph G, the Min Cocoloring problem consists in finding the minimum number
(p + k) of cliques and stable sets covering the vertices of G. The related optimal value
is called cochromatic number of G and is denoted by z(G). This problem was first intro-
duced by Lesniak et a. in[23] and extensively studied since then [8, 15, 17].
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On the approximation of Min Split-coloring and Min Cocoloring

The Min Split-coloring, problem defined first in [13], consists in minimizing the integer
max(p, k) for which a (p, k)-coloring of G exists, which is equivalent to partitioning ver-
ticesof G into aminimum number of split graphs (defined as graphs whose vertex set can
be partitioned into a clique and a stable set). The optimal value is denoted by x5(G).

Min Coloring consistsin minimizing theinteger & for which G admitsa (0, k)-coloring,
i.e., is k-colorable. The minimum value is the chromatic number denoted by x(G); it sat-
isfies xs(G) < 2z(G) < x(G). Max Stable and Max Clique consist in maximizing the
size of a stable set and a clique, respectively, and o(G) is the maximum size of a stable
setinG.

It is clear that, in general, both Min Cocoloring and Min Split-coloring are NP-hard.
There are numerous articles dealing with such coloring problemsin general graphs |5, 14,
17] or in restricted classes of graphs[9, 8, 22, 15, 20] to detect polynomial cases and to
approximate NP-hard cases. |n this paper, we first consider the class of line-graphs; given
agraph G, inits line graph, denoted by L(G), edges of G are replaced by vertices and
two vertices of L(G) are adjacent iff the corresponding edges are adjacent in G. We will
observe that Min Cocoloring is NP-hard in line graphs. In [9], we show that Min Split-
coloring isNP-hard in line graphs of bipartite graphswhile Min Cocoloring is polynomial
for thisclass. Here we approximate Min Split-coloring and Min Cocoloring inline graphs.
Then, we give an improved approximation of Min Split-coloring in line graphs of bipartite
graphs. In addition, noticing that Min Split-coloring is NP-hard in comparability graphs,
also known as transitively orientable graphs, we give a 2-approximation algorithm for
this case; this result is the split counterpart of a result for cocoloring in comparability

graphs[15].

A polynomial algorithm is said to guarantee a (standard) approximation ratio of p
if, for every instance z, A\(x)/f(x) is a most (for minimization case) p, where \(x)
denotes the approximated value and ((x) the optimal value of x. If some ambiguity
arises, wewrite \g, 35 (respectively \¢, G¢) in order to refer the Min Split-coloring (Min
Cocoloring). In what follows, unless otherwise stated, approximation ratio stands for
standard approximation ratio. Only in the last section, we refer to another approximation
ratio, called differential approximation ratio.

In approximation theory, indeed, thisratio also called z-approximation ratio [18], can
be aternatively used for analyzing approximation algorithms. Min Coloring, for instance,
is known to be constant approximated from this point of view [19, 12] whileit is poor ap-
proximated from the usual point of view. Thisratio is extensively discussed in [11, 10];
many studiesin this areahave pointed out that both ratios are complementary without triv-
ia links between them, which emphasizes the interest to systematically study a problem
by using both ratios.

In the last section, we recall the definition of this ratio and we study the differential
approximation behavior of Min Cocoloring and Min Split-coloring problems in general
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graphs. In particular, we show that Min Split-coloring and Min Cocoloring are better
approximable than Min Coloring in terms of differential approximation ratio since they
admit a differential polynomial time approximation schema.

For agiven graph G = (V, E) with |V]| = n and |E| = m, A(G) stands for the
maximum degree of G, i.e., the largest degree d(z) of avertex = in G. Moreover, I'(x)
denotes the set of neighbors of avertex » and G stands for the complementary graph of G.
For V' C V, G[V"] denotesthe subgraph of G induced by V' while G\ V' = G[V\V']. In
general, graphswill be simple (no loops, no multiple edges). See[4] for graph theoretical
definitions not given here.

2 Preliminary remark

Let us first mention the following preliminary result on approximation dealing with
standard approximation ratio.

Proposition 1 Thereisa reduction preserving approximation between Min Split-coloring
and Min Cocoloring, more precisely, every r-approximation algorithm for one of these
problems gives a 2r-approximation algorithm for the other one.

Proof. Suppose we have a r-approximation algorithm for Min Cocoloring giving a solu-
tion of value A\¢(G) for any graph GG. Consider the vertex partition of that solution as a
split-coloring of value As(G). Clearly, we have A\s(G) < Ac(G) < rz(GQ) < 2rxs(G)
since a minimum split-coloring of G provides a cocoloring of value 2xs(G).

Similarly, if we have a r-approximation algorithm for Min Split-coloring giving a solu-
tion of value \s(G) for any graph G, then the value of a cocoloring obtained by that same
solution verifies A\ (G) < 2X5(G) < 2rys(G) < 2rz(G). 1

Corollary 1 For every class of graphs for which z(G) (xs(G), respectively) can be com-
puted in polynomial time, Min Cocoloring (Min Split-coloring) induces a 2-approximation
for Min Split-coloring (Min Cocoloring).

3 Linegraphs

Given agraph GG, Min Split-coloring in L((G) consists in covering the edges of G by
either bundles, i.e., sets of edges adjacent to a same central vertex, or triangles (cliquesin
L(G)) and by matchings (stable setsin L(G)). We call Min Edge Split-coloring in G the
Min Split-coloring problemin L(G). The objective isto minimize the maximum between
the number of triangles or bundles and the number of matchings covering al edges. The
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optimal valuefor G isx’s(G) = xs(L(G)). Equivaently, we define Min Edge Cocoloring
in G asbeing Min Cocoloring in L(G). Here, we minimize the total number of triangles,
bundles and matchings covering all edges. Then the optimal value of edge cocoloring for
G isZ(G) = z(L(G)). Note that a graph is called line-perfect whenever its line graph
is perfect. In what follows, we devise some approximation a gorithms for both Min Edge
Split-coloring and Min Edge Cocoloring.

3.1 Complexity results

First, let us mention the following theorem.

Theorem 1 [9] In line-perfect graphs, Min Edge Cocoloring is polynomially solvable
while Min Split-coloring is NP-hard.

On the other hand, one can show the NP-hardness of both Min Edge Split-coloring
and Min Edge Cocoloring.

Proposition 2 (i) Edge 3-cocolorability is NP-complete.
(i) Edge 3-split-colorability is NP-compl ete.

Proof. (i) Itisclearly in NP and we prove its NP-completeness by a reduction from edge
3-colorability (shown NP-complete in [21]). Let us consider an instance G of edge 3-
colorability. We transform G into an instance G of edge 3-cocolorability by adding 4
digoint /; 3, that is 4 bundles of size 3 each. Note that in any edge 3-cocoloring of G,
edges of these 4 bundles have to be covered by 3 matchings. Consequently, G is edge
3-cocolorableif and only if G is edge 3-colorable.

(if) A similar argument as (i) previously shows that edge 3-colorability reduces also to
edge 3-split-colorability. In order to show that, we obtain an instance G's of edge 3-split-
colorahility from an instance G of edge 3-colorability by adding 3 bundles of size 4 each.
Then it suffices to observe that in any edge 3-split-coloring of G, edges of 3 disjoint &~ 14
have to be covered by 3 bundles. Thisimpliesthat G'g is edge 3-split-colorableif and only
if G is3-edge-colorable. 1

Since Min Edge Split-coloring and Min Edge Cocoloring have both integral values,
we can immediately deduce:

Coroallary 2 Both Min Edge Split-coloring and Min Edge Cocoloring are not approxi-
mated within 5 — ¢, unless P=NP.
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3.2 Approximation results

First of al, corollary 1 combined with theorem 1 allowsto state the following approx-
imation result.

Proposition 3 Min Edge Cocoloring provides a 2-approximation for Min Edge Split-
coloring in line-perfect graphs.

Let A be a polynomia time algorithm computing a (A + 1)-edge-coloring for any
graph of maximum degree A [24] and an optimal edge-coloring for line-perfect graphs[7].
We consider the following algorithm for Min Edge Split-coloring:

Greedy Edge Split-coloring

(1) R—0;

(2) while |R| <A(G)

(3) pick a vertex x of maxi mum degree
(4) R — RU{z};

(5) remove z from G,

(6) Conmpute an edge coloring of the remaining edges by A
(The solution is the set of edges incident to vertices in R
conpl eted by that edge coloring.)

The main idea is that, if £ = min{d, |{z,d(x) > d}| < d}, then by removing all
vertices of degree greater than & (the maximum degree is at most % in the remaining
graph) and by completing the solution by & + 1 matchings [24], one finds an edge split-
coloring of value k + 1.

Proposition 4 (i) For every graph GG, G- eedy Edge Split-col ori ng computes
an edge split-coloring of cardinality at most 2x's(G) + 1.

(i) It provides a 7/3-approximation for Min Edge Split-coloring.

(iii) Greedy Edge Split-col ori ng providesa 2-approximation for Min Edge Split-
coloring in line-perfect graphs.

Proof. Let us consider agraph G = (V, E), it is straightforward to verify that G eedy
Edge Split-col ori ng computes asplit-coloring of GG; we denote by g, its value.
Let & = min{d, |[{z,d(z) > d}| < d}. Inwhat follows, we show that \¢, < k+ 1 <
2xX5(G) + 1.

(i) Let usfirst note that if xs(G) = 1, then A¢,.(G) iseither 1 or 2; on the other hand,
if X5(G) = 2, then after 2 iterations of the while-loop the degree is less than 3 and no
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more than 3 matchings are used at line (6), computing also a solution of value 3 or less.
In both cases, A¢,(G) isa most 2x’s(G). Inwhat follows, we assume that x's(G) > 3.

Notethat A\, < |R|+1since|R| > A(G\ R), where G\ R = G|V \ R]. Letr bethe
last vertex introduced in R and R’ = R\ {r}; wehave |R’| < A(G\ R") and consequently
d(r) > |R'| + 1 = |R|. Since vertices are introduced in R in decreasing order of their
degree, every vertex in R has a degree at least |R|. Consequently, |{z,d(z) > |R|}| >
|R|. It meansthat |R| < min{d, |[{z,d(x) > d}| < d}. Itisstraightforward to verify that
min{d, |{z,d(z) > d}| <d} =k+ landthus \g, < |R|+1<k+1.

In order to show k& < 2xs(G), we prove the following lemma:

Lemmal Consider an optimal edge split-coloring of value x's(G) minimizing the num-
ber of triangles among optimal edge split-colorings of G. Denote by 7" the set of triangles
and by B the set of bundles in this solution (|7'| + |B| < xs(G)). Let X be the set of
vertices of degree at least 2 (G) + 1 that are not center of abundlein B. Then | X| < 3.

Proof. Let 2z € X, wedenoteby T, the set of trianglesin 7" adjacent to - and by B, the set
of bundles centered on vertices neighbors of = (by definition of X, = isnot a center of a
bundlein B). Since the solution minimizesthe number of triangles, any two trianglesin T’
are edge-disjoint and no center of abundlein B belongsto atrianglein 7. Consequently,
T,.UB, containsexactly | B, |+2|T.| edgesincident to z. Sinceonly x's(G) edgesincident
to x can be covered by matchingsin the solution, | B,| + 2|7, > (xs(G)+1). Let usthen
define abipartitegraph I = (X, T U B, E) withzr € E < x isadjacent to r. Verticesin
T have adegree at most 3 in I and verticesin B have adegree at most | X | in I. Wethen
have:

S TB| +2T0| = (X5(G) + 1) X| @)
rzeX
> IBu| + |Ti| < 3|7 + | X||B] ©
reX
We deduce by subtraction:

BT = Y |7l = (Xs(G) = | Bl + DIX| = 3|T| = (IT| + 1)| X]| = 3|7

zeX

Consequently | X'| < 5. But, in this case, the number of trianglesin 7" with degree 3in [
isat most 2 since any graph generated by 3 triangles and at most 5 vertices can be covered
by 3 bundles, which is not possible if the solution minimizes the number of triangles.
Then, if |T| > 2, (2) canbereplaced by > |B.| + |T,| < 2|T'|+ 2+ |X||B| implying
|X| < 4. By the same argument as previously, since any graph generated by 2 triangles
and at most 4 vertices can be covered by 2 bundles, at most 1 vertex in 7" has degree 3in
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I'implying | X|(|T| + 1) < 4|T| + 2 and thus | X| < 3. Finally if |T| < 1, (2) becomes
Y sex | Bz +1T%| < 3+ |X||B| implying | X | < 3, which concludes the proof. i

Itimpliesthat [{z,d(z) > 2xs(G)} < x5(G) + 3 < 2x%(G) since xs(G) > 3.
Then, k < 2x4(G) and Mg, < 2x'5(G) + 1, which concludes the proof of (i).

(i) If X5(G) <2,Geedy Mn Split-coloring usesclearly no more than 3
colors. If xs(G) > 3, then by (i) we have A¢, (G) < 2x%5(G) +1 < 7/3x5(G).

(iii) Line-perfect graphs of maximum degree A can be edge colored in polynomial
time (by .4) with A colorsif A > 3 and either with 2 or 3 colorsif A = 2. If A = 2,
Greedy Edge Split-col oring usesat most 3colors. If A > 3, wejust have to
note that, in the proof of (i), Ac, < k < 2x5(G). 1

Let usfinally remark that the bound is tight in bipartite graphs. Consider namely an
integer p, Vi = {x;,i=1,....2p}, Vo ={y;j,i=1,....2p,5=1,...,p+ 1} U{w,i =
L....ph B = {(zyy),i =1,....2p, = 1,....p+ 1} U{zu;,i = 1,...,2p,j =
1,...,p}. Every vertex in V] isof degree 2p + 1 = A(B), d(u;) = 2p,i = 1,...,p
and verticesy;;,i = 1,...,2p,j = 1,...,3 are of degree 1. The greedy agorithm re-
moves verticesin V; (the related value being 2p) while the optimal valueisp+ 1 achieved
by removing u,, ..., u,. Therelated ratiois2 — 2/(p + 1) and consequently the bound
is asymptoticaly tight. The bound 2 is achieved for the same instance without vertices
Yi(p+1), but in this case the greedy may compute a solution of value 2p if it makes the bad
choices.

Proposition 5 Min Edge Cocoloring is 2-approximable.

Proof. Let us consider a minimum cocoloring minimizing the number of triangles. Then
it is straightforward to verify that it contains either 2 digjoint triangles or 1 or none (since
al other solutions can be replaced by solutions of the same value and containing less
triangles).

By asimilar method asin G- eedy M n Split-col oring, onecan computein
polynomial time k& minimizing k + 1 + |{z, d(x) > k}|; then thereis an edge cocoloring
consisting in {z, d(z) > k} as bundles (represented by their central vertices) completed
by (at most) £ + 1 matchings. So we can construct such a solution of size k + 1 +
{z, d(z) > K},

Let us first suppose that the fixed minimum edge cocoloring does not contain any
triangle. Then, |{z,d(z) > 2/(G)}| < #/(G) since al bundles of size greater than 2/(G)
have to be taken as bundles in an optimal solution. Moreover, if [{z,d(z) > 2/(G)}| =
Z'(G), an optimal solution (containing only bundles) has been detected at a stage of the
computation of k. So we can assume |{z,d(z) > 2/(G)}| < Z/(G) — 1, but in this case,
by definition of £ we have:
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k+1+ {z,d(z) >k} <Z(GQ)+1+2(G) —1=2(G)

If the optimal solution contains some triangles (1 or 2), one can consider all possi-
ble triangles in a solution and then apply the previous argument to the remaining graph.
This completes the proof showing that one can compute a 2-approximation of Min Edge
Cocoloring in polynomial time. i

Let us now consider Min Edge Split-coloring in bipartite graphs. Given a bipartite
graph B = (Vi, V4, E) and an integer k, let usdenote by d'* () = |T'(z) N {y, d(y) < k}|
the degree of « in the graph obtained by removing all neighbors of 2 of degree greater
than k. Fori = 1,2 we also denote by V¥ = {z € V;,d(z) > k} and by V/** —
{x € V;,d""(z) > k'}. For instance, V' isthe set of verticesin V4 with adegree greater
than &’ in the graph obtained by deleting all vertices of V; of degree greater than k. Finally,
fori € {1,2}, wedenoteby i = 3 —i,i.e, {1,2} = {i,4}.

Bi part. Edge Split-coloring
e (5=V17)/4;
For ¢=1,2 do

(1) for every x €V, conpute d(z);

(2) for every ye Vs and every xz e€I'(y), conpute d’d(")( );
(3) for every de{l,.. ( )} conput e |Vd\ and \V”‘ d|
(4) di — min{d, [V 4 VI < ap s o vt V”“”

(5) do — min{d, |V + [V§] < d}; So — Vo U Vi,

(8) ip <« argm n{d;,i =0,1,2}; S «— Si,;

(7) Compute an edge col oring of the renmaining edges by A
(The solution is the set of edges incident to vertices in S
conpl eted by that edge coloring.)

Theorem 2 Bipart. Edge Split-col oringisaO(mn)-algorithmapproximat-
ing Min Edge Split-coloring in bipartite graphs within ratio 2 — (5 — v/17)/4 = 1,78,
wherem = |E| andn = |V} U V4.

Proof. Let usfirst notethat d = d;, = mln{dg, dl, d2} where dy = min{k, |[V}f U Vf| <

k} andfori = 1,2, d; = min{k, |V = f| + |V’ = | < k}. Moreover, it is straightfor-
ward to verify that Bi part. [Edge Split-col oring computes a feasible edge
split-coloring of value d. More precisely, d is such that the graph obtained by removing at
most d verticesis of degree at most d: the maximum degree of the graph obtained by re-

4; 49 (1o
(2—e) M

moving V% U V™ is at most d, and the graph obtained by removing V U V’
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has degrees at most d;, i = 1,2 (note that gfjg < 1). Concerning the complexity, lines

(1), (3), (4) and (5) need O(m) stepswhileline (2) needs O(mn).

Let us now analyze the approximation behavior of the algorithm. Denote by ¢ =
Xs(B): 3Ly C Vi, Ly C Vo, |Ly| = Iy, |Lo| = lo, i + 1y = Land A(B\ (L, U L)) < ¢,
where B\ (L1 ULy)) = B[(V1UV2)\ (L1 U L,)]. Inthe sequel, we consider the following
Cases.

(1) ll Z le and l2 2 le
(2) I, < le with 2 sub-cases (2.1)| V" ™| > fe and (2.2) V"] < e

(3) Iy < le

L et us point out the following property (P) which will be useful:

(P IfzeV;\L,ie{1;2}andd(z) > (+ r,then |I'(z) N L;| > 7.
Case(1)l; > leand Iy > Le.

By property (P), Vi c L;;i = 1,2 and then:

|y rmete) g el |y <y = 00 <0+ max(ly, 1)

We deduce, dy < ¢ + max(ly, 1) < £(2 — €) where the last inequality holds since we
are considering case (1).

Case (2) I < le.
By property (P), we have V9 L.
Sub-case (2.1) [V;"*9| > te = |(L, \ V") < 01— ).

Then, property (P) implies that V/5T9“C=9 < L, It follows from the above rela-
tions that |V, U V/EITHCTI| < < (2 — €)¢, which implies by definition of d,
(consider k = (2 — ¢) inthe definition), d; < ¢(2 — ¢).

Sub-case (2.2) [V/"9| < Ce.

For every € V4 \ Ly such that @9 (2) > ¢(2 — ), we have by property (P)
IT(2) N (Ly \ V7)) > £(1 — €). Then, by considering the number £ of edges between
(Lo \ V{819 and (V/ATT94C9 ,) we deduce:

(VM) (1 — ) < € < (I — [N+ €) < il(1 +€)
since the maximum degree of V; after removing Vf(”e) isat most /(1 + ¢).
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We deduce:

e L1
VLa0e-0) ¢ <1 ") a2
— €

Consequently [V |+ [V/A 379 < (2 — ¢), whichimpliesd; < £(2 — e).
Case (3) I; < le.

It corresponds to the second case by interchanging V; and V5. So dy < ¢(2 — €) and
indl cases, d = min{dy, d;, d»} satisfiesthe expected ratio. i

4 Comparability graphs

Let us first note the following result alowing to deduce the hardness of Min Split
coloring in comparability graphs.

Proposition 6 Let G beaclassof graphs closed under addition of digjoint cliqueswithout
link to the rest of the graph and under addition of complete k-partite graph completely
linked with the rest of the graph. If Min Split-coloring is polynomial in class G, then so
does Min Cocoloring.

Proof. Let us consider a graph G of order n such that z(G) = p + k and let us first
assume that p < k. Consider the graph G’ consisting of G and [ = k — p < n digoint
cliques, each of sizen + 1, without any link with the rest of the graph. Note that £ — p
new cliques completed by p cliques and & stable sets of the optimal cocoloring of GG form
a split-coloring of value k, inducing that xs(G') < k < n. Consequently a minimum
split-coloring of G’ necessarily contains the & — p new cliques completed by p’ cliques
and &’ stable sets of . Since xs(G') = max((k —p +p'), k') < k, wehavep < pand
k" < k. Onthe other hand, p’ + k' > k + p since the restriction to G of the split-coloring
of G’ provides a cocoloring of valuep’ + k’. Sop’ + k' = p + k and this cocoloring of G
isan optimal one.

If 2(G) = p+ k with p > k, we show by the same arguments that a minimum
cocoloring of G can be immediately deduced from a minimum split coloring of G’, the
graph obtained from G by adding p—k < n stables sets, each of sizen+ 1 and completely
linked with the rest of the graph.

Finally, in both cases, |k — p| < k +p < 2x5(G), consequently, the reduction runs as
follows:
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From Split to Coco

(1) P« (; (P will contain cocolorings of G*)

(2) conpute an optimal split-coloring of G;

(3) store in P the related partition; L« 2ys(G);
(4) for every le{l,...,L} do

(5) construct G’ obtained from G by adding [ cliques, each of
size n+1 without link with the rest of the graph;
(6) conpute an optimal split-coloring of G’
and store its restriction to G in P;
(7) construct G’ obtained from G by adding [ stable sets,

each of size n+1 and conpletely linked with
the rest of the graph;

(8) conpute an optinmal split-coloring of G’
and store its restriction to G in P;

(9) Return the best cocoloring stored in P.

|
Corollary 3 Min Split-coloring is NP-hard in comparability graphs.

Proof. Min Cocoloring is NP-hard even in permutation graphs [25] (a graph G is a per-
mutation graph if G and GG are comparability graphs). This class of graphs is clearly
closed under addition of digjoint cliques and under complementation and consequently it
satisfies the conditions of proposition 6. Therefore Min Cocoloring polynomially reduces
to Min Split-coloring that is consequently NP-hard in permutation graphs, and then also
in comparability graphs. i

In this section, we show that the method proposed in [15] for approximating Min
Cocoloring in comparability graphs can be adapted to Min Split-coloring with another
ratio. Note that a graph G is a cocomparability graph if G is acomparability graph.

Theorem 3 Min Split-coloring is 2-approximable for comparability and cocomparability
graphs.

Proof. Let usfirst establish the split counterpart of lemma2 in [15]:

Lemma?2 Let G = (V, E) be a perfect graph of order n and let & satisfy & > /n, then
xs(G) < k and a split-coloring of size k& can be computed in polynomial time.

Proof. Let G = (V, F) be aperfect graph, we consider a slight modification of procedure
SQRTPartition of [15]. It runs as follows:
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SQRT-split-partition
(1) while £#0 and the graph is not enpty do

(2) If min{a(G);a(G)} <k

(3) then compute a k-coloring of G or G, include each
clique or stable set in the solution and
set k<0

(4) else find a stable set and a clique of size k+1

and color the related split graph of size at
| east 2k+1 with a new col or;

(5) Set k<—k—1 and renove from G all already col ored
vertices.

Itisstraightforward to verify that this procedure runsin polynomial time. Moreover if
line (3) is executed or if the graph becomes empty it computes a split-coloring of size & .
If line (3) isnot computed and if % loops are performed, then at |east Zf;& 2(k—i)+1=
k(k +2) > k? vertices are covered and consequently the graph is also covered by & split
graphs. 1

Let us adapt the algorithm APPROX COCOLOURI NG of [15] for Min Split-coloring:

Compar. Split-coloring

(1) compute a maxi mum r-col orabl e subgraph C, of G and a maxi num
r-col orabl e subgraph S, of G such that r
is mninmum subject to |C.|+|S,|>n;

(2) introduce in the solution a r-split-coloring of C.US;;

(3) remove C,US, and update G;

(4) conplete the solution by the split graphs conputed by
SQRT-split-partition in the remaining graph.

The complexity is O(mn) [15]. It follows from the fact that a maximum r-colorable
subgraph of G and G can be polynomially computed in comparability graphs [16].

Since G can be decomposed into xs(G) cliques and ys(G) stable sets, r < xs(G).
Ontheother hand, since|C,. NS, | < r?, n—|C,US,| < r? and consequently, by lemmaz2,
at most r < xs(G) split graphs are computed at line (4). The computed split-coloring
is of size at most 2xs(G) and the proof is complete. Note that this result remains valid
for every class of perfect graphs for which subgraphs such as described in line (1) of
Compar. Split-col oring canbepolynomialy computed. i
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5 General graphs

5.1 Standard approximation ratio

Min Coloring is known to be particularly difficult to approximate since it is not ap-
proximable within n'~¢ if Co-RP#£NP and not approximable within n'/2~< if PANP [2].
Similar hardness results can be immediately deduced for Min Split-coloring and Min Co-
coloring:

Proposition 7 (i) If Min Cocoloring is n'/?~<-approximable for 0 < ¢ < 1/2, then Min
Coloring isn!~<-approximable.

(if) If Co-RP#£NP, then for every ¢ > 0, Min Cocoloring is non approximable within
n'/2=¢; if P#NP, then for every e > 0, Min Cocoloring is non approximable within n'/4=<.
(iii) The same holds for Min Split-coloring.

Proof. Let O be an oracle for Min Cocoloring guaranteeing the ratio n'/2=¢, with ¢ <
1/2; the reduction constructs G consisting in (|n'~¢| + 1) copies of G without link and
computes a cocoloring of G by using O. If acopy of G in G is covered only by stable
sets, then it outputs this coloring; else it outputs any greedy coloring.

If x(G) < nf, then 2(G) < x(G) = x(G) < nc. Asthe cocoloring computed by the
oracle on G guarantees the ratio n(G) '/~ and n(G) < n?, it usesat most (n?)"/?~nc =
n'~ colors. Consequently at least one copy of G in G is covered only by stable sets in
the cocoloring computed by O, which leads to a coloring of G using at most !¢ colors
and the ratio n!~¢ is guaranteed. If now x(G) > n¢, then any coloring of G guarantees
the expected ratio, which concludes the proof of (i). (ii) follows from hardness results for

Min Coloring. Finaly (iii) isimmediately deduced by using proposition 1. i

This hardness result considerably limits the possibilities for approximating Min Split-
coloring or Min Cocoloring in general graphs. A master-slave strategy [1] allows to re-
duce these problemsto Max Stable and Max Clique with an increase of theratios by afac-
tor O(logn) (the approximation counterpart of the algorithm GREEDY COCOLOURI NG
of [15]), leading trivially to aO(n/ log n)-approximation for both problems; but it seems
not so easy to reduce these problems to Min Coloring in order to refine the comparison of
their approximation behavior.

5.2 Differential approximation ratio
The framework of the differential approximation ratio, also called z-approximation
(see for instance [11, 10, 18] for more details about this area) alows such a compari-

son. For every instance x, thisratio is defined by 6(z) = [w(z) — A(2)]/[w(x) — B(z)],
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where A\(x) denotes the approximated value, 3(x) the optimal value of x and w(z) its
worse value (the number of vertices in the case of Min Coloring for which this approach
can be seen as maximizing the number of unused colors among n potential colors [19])
and an agorithm guarantees a differential ratio of r if, for every instance z, §(x) > r.
Notethat §(x) € [0, 1] and the largest the ratio is, the better, without distinction between
maximization and minimization problems. Roughly speaking, thisratio gives the position
of the approximated value between the worst and the best one. This ratio has been used
since along time (see for instance [26]) and is extensively discussed in [11]. In partic-
ular, it has the advantage of respecting some affine equivalence such as the equivalence
between maximum stable set and minimum vertex covering problems while both prob-
lems are known to have radically different approximation behaviors for the usual ratio.
Works in this context have pointed out that it is often interesting to simultaneously con-
sider both points of view since these ratios provide different pieces of information about
combinatorial problems.

For instance, Min Coloring admits constant differential approximation algorithms, the
best ratio currently known being 59/72 [12], whileit is hard to approximate from the usual
ratio. On the other side, it does not admit any differential PTAS (differential ratio 1 — e,
for every € > 0), unless P=NP ([3]). On the contrary, some other problems are constant
approximated from the usual ratio and hard to approximate from the differential point of
view and, finally, some problems have similar behavior from both points of view. More-
over, every approximation ratio is more or less appropriate to compare the approximation
behavior of different given problems. In what follows, we show that, asfor Min Coloring,
Min Cocoloring and Min Split-coloring are well approximated from the differential point
of view; moreover they appear to be better approximated than the Min Coloring problem
from this point of view.

More precisely, we devise a differential PTAS for Min Split-coloring and Min Co-
coloring, i.e., a (1 — ¢)-differential approximation with complexity O(n'+%/<), for every
0 < e < 1. On the other hand, a differential FPTAS (the same ratio with complexity
polynomial in 1/¢) cannot be guaranteed, unless P=NP.

For Min Split-coloring, we consider [n(G)/3] as worst value since one can always
assume that each color (except at most one) contains at least 3 vertices (every set of 3
vertices induces in G a split graph). The ratio associated to G is §(G) = [[n(G)/3] —
AMG)/[[n(G)/3]—xs(G)]. Similarly, thedifferential ratio for Min Cocoloringis|[[n(G) /2]
—M@)]/[In(G)/2] — z(G)]. Note that alarger worse value such asn could be also used,
leading to better approximation ratios. But it is reasonable to consider the little more
restrictive values [n(G)/3] and [n(G)/2], respectively, in order to avoid this artificial
increasing of the final ratio (see [11] where the notion of worst value is discussed). [t
simply corresponds to restrict the analysis to " reasonable” solutions.

Theorem 4 DPTASsplit-coco is a O(n*'*1)-algorithm guaranteeing a differential ap-
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proximation ratio of (1 — 1/p) for both Min Split-coloring and Min Cocoloring.

DPTAS- split-coco

(1) while the current graph contains a 3p-stable or a 3p-clique,
color such a stable set or clique with
a new col or;

(2) conplete the solution by an exhaustive search on
t he remai ni ng graph.

Proof. For the whole complexity, note that step (2) is computed for a graph without a
stable set or a clique of order 3p and consequently the order of which is less than the
related Ramsey number R, (3p, 3p) < KP* for aconstant K [4, 6].

It isstraightforward to verify DPTAS- spl i t - coco computes either a split-coloring
or acocoloring of theinstance. The only difference between thetwo casesarisesinline (2)
that computes either an optimal split-coloring or an optimal cocoloring in the remaining
graph.

We propose an analysis valid for both problems. The problem being fixed, we denote
respectively by w(H) and 3(H) the worse value and the optimal value of H, with respect
to this problem (consequently G(H) stands either for xs(H) or for z(H)).

The approximation ratio is proved by induction on n(G) (see aso [19]).

If n(G) < 3p, then only the step (2) is computed and the algorithm finds an optimal
solution corresponding to a ratio of 1. Let us now assume that the expected ratio is
guaranteed for every graph of order n or less, where n > 3p and consider agraph G, 1
of order n + 1. If no clique or stable set of order 3p is detected at step (1), then G,,.; IS
optimally colored at step (2). Else, the algorithm attributes a new color either to a stable
set or to aclique of size 3p and is then executed on the graph G’ obtained from G, by
deleting these 3p vertices. Since G’ is of order less than n, theratio is guaranteed for G'.
Note also that:

MGny1) = 14+ NG
B(Gnr) = B(G)
w(Gni1) =2 w(G)+p = AMGri1)

which implies:

W(G) +p = MGna) = (1 =1/p)(w(G) = B(G)) +p—1
> (1= 1/p)(w(G") +p = B(Gnia))

and then, sincew(G,,41) > w(G') + p, we have:
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W(GnJrl) B /\(GnJrl)
W(Gn+1) - ﬂ(GnH)
which concludes the proof. i

w(@) +p = MGni1)
w(G') +p = B(Gna)

> > (1-1/p)

In some cases the a gorithm remains polynomial for p < logn:

Corollary 4 For every class of graphs for which Max Sable and Max Cligque are polyno-
mial, Min Split-coloring and Min Cocoloring are approximated within a differential ratio
of (1 —1/logn).

Itisstraightforward to verify that, since Min Split-coloring (resp. Min Cocoloring) has
integral valuesand w(G)—xs(G) ispolynomially bounded, an DFPTAS (differential fully
polynomial time approximation scheme) would allow to solve it polynomially. Moreover,
aresult of [3] implies that both problems are PTAS-complete under a Turing reduction
preserving FPTAS.

6 Conclusion

We have considered essentielly two extensions of the classical coloring problems,
namely Min Cocoloring and Min Split-coloring. The complexity status of these problems
has been settled for some classes of graphs and approximability has been studied as well.
Further research should examine how the approximation algorithms sketched here could
be improved; in particular the case of edge-cocoloring could be handled.

Also, subclasses of graphs could be characterized where these problems become poly-
nomially solvable or admit better approximations; for instance the permutation graphs
which will be studied in aforthcoming paper.
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