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STABILITY OF MOVING FRONTS UNDER GRIFFITH
CRITERION: A COMPUTATIONAL APPROACH USING
INTEGRAL EQUATIONS AND DOMAIN DERIVATIVES

MARC BONNET
Laboratoire de Mécanique des Solides
Ecole Polytechnique, 91128 Palaiseau cedex, FRANCE

PRESENTATION. Consider a linearly elastic body @ C R3. Its external
boundary is divided into two complementary parts S, (supporting pre-
scribed displacements: v = @) and S; (supporting prescribed tractions:
o.n = t). Besides, a crack (described by an open surface S across which
the displacement is discontinuous: ¢ = ut —u~ denotes the crack opening
displacement (COD)) is embedded in 2.

In the classical Griffith approach, crack propagation may occur at points
of the crack front 8S = I' where the energy release rate G(s) (s: arc length
along the crack front I, for three-dimensional problems) reaches a certain
threshold. G is mathematically defined (Eq. (5) below) as (minus) the kernel
associated with the domain derivative of the equilibrium value W (%, t;.5)
of the potential energy for the current crack configuration. In the present
context (linear elasticity, infinitesimal strains, no body forces), the latter is
known in terms of the elastic variables on the external boundary:

W=w@gS) == [ tadS—= [ tuds (1)
2 Js. 2 s,
Then, the determination of the actual infinitesimal crack front perturbation
involves the second-order domain derivative of W (Egs. 7-9).

This paper investigates a computational approach which (i) uses an-
alytical expressions for the first- and second-order domain derivatives of
W, with no recourse to finite-difference evaluations, and (ii) is based on a
Galerkin symmetric boundary integral equation (SGBIE)[8, 3] of the elas-
tic equilibrium, in view of the major role played by geometry (the crack
surface) and geometry perturbations in the problem. The latter governs the
boundary unknowns ¢ |g, t|s,,% |s and has the general form:

~ Bu(t,t) + Bu(tw) + Bilo) = Li(d)
v(a,t,¢) But(,8) + Buu(@,u) + Bup(@,0) = Lu(@)  (2)
ngt ((Ab’ t) + B<pu ((Aba u) + Bapap(‘;ba 4,0) = £¢ (‘70)



where the B;; are known in terms of double surface integrals (see [2] or
[6] for detailed expressions) and such that the above formulation is sym-
metric, and the @, t, @ are trial functions of support Sy, S, S, respectively.
After boundary element discretization, the above set of equations lead to a
symmetric linear system of equations for the unknowns boundary DOFs.
As a result, a boundary-only formulation, based solely on a boundary
element discretisation (i.e. no part of the domain needs discretization) is ob-
tained for the instantaneous crack perturbation problem. Our approach is in
fact an adaptation of the so-called #-method [5, 11], originally defined in the
framework of weak formulations and implemented using finite elements, to
boundary integral equation formulations. More specifically, Galerkin sym-
metric BIEs are used because their symmetry is allows (like in the FEM
context) to formulate W g in terms of the elastic field variables and their
first-order domain derivatives (i.e. no second-order field variable derivatives
are needed). Also, like in the classical §-method, Lagrangian-type domain
differentiation formulas are used, in order not to increase the crack front
singular behaviour of the field variables through the differentiation process.

ENERGY FORMULATION FOR THE CRACK EXTENSION PROBLEM A qua-
sistatic in-plane crack extension process, induced by a load increment, is
considered. Using a small (non-physical) time ¢, a perturbed configuration
of S is described by S(t) = S+6¢, where S = S(0) is the initial crack surface
and 6, the “initial velocity” of extension, must satisfy the requirement

0cO0={0cC’S)|6,=00nS,6,=00nT} (3)

where v denotes the unit normal to I' which lies in the tangent plane to
S and points outwards to S. The variations of any field quantity induced
by this domain perturbation are described in a Lagrangian manner, using
S as the initial configuration. Denoting by f= f; + Vf.0 the lagrangian
derivative of a field quantity f, then the material derivative of a surface
integral at t = 0 is given by:

1,s= [ fas 1 (£, 5) /de+/fd1vS0dS (4)

where divg(:) = div () —n.V(-).n is the surface divergence of a vector field.
Moreover, the crack front singularity of V(Z equals that of V¢ instead of
increasing it; this is the main motivation for our choice of the lagrangian
framework, reminiscent of the ‘6-method’ (Mialon [7], Suo [11]).

The energy release rate G(s) associated to (virtual) tangent crack ex-
tensions is such that:

/ G(s)6,(s)ds+ W=0 (V0 € ©) (5)



where W is given by Eq. (1) and (*) denotes the lagrangian derivative with
fixed load. Then, under the Griffith propagation criterion, the actual crack
extension velocity p € © verifies at any point s of the crack front I':

pe€B. ={ped|G(s) <G, = p,(s) =0, G(s) =G. = p,(s) > 0}
Following Nguyen [9], Pradeilles-Duval [10], define

*V
QO,p) =W + FGCQ,,;I,,,K(S) ds (6)
where (V) denotes th(i \}agrangian derivative in the transformation velocity
K, unde*r fized load; W is the second-order d\o/main derivative of W, i.e.

W= (W)Y, evaluated under the assumption 8= 0; k(s) is the algebraic
curvature on G). Then the three following statements hold [9, 10]: first, p
is governed by the variational inequality:

Find p € ©,¥9 € ©, Q6 — p,p)+ W' >0 (7)

where ()’ denotes the derivative with respect to load variations and with
crack fixed. Second, a solution p to (7) exists, i.e. the infinitesimal crack
propagation is stable, if

V€O, (06#0)=0Q(6,0) >0 (8)
Third, the solution p to (7) is unique if (non-bifurcation criterion):
V(O,) €0 (0% m)=QO-p,0-p)>0 (9)
Our objective is to propose a treatment of the statementvs (7-9) based on
* * *

boundary-only expressions of the energy derivatives W, W, W ’.

FIRST-ORDER DERIVATIVE OF W. Define the Lagrangian L:
L=W+B(u,u) — L(u) (10)
where uw,u,B, LL are compact notations for the set of unknowns, trial

functions, bilinear forms and linear forms appearing irl Eq. (2). Upon La-
grangian differentiation with (2)* = 0, the derivative £ takes the form

L= %/ tads - %/ £.4dS + B(a, %) + B (@, u; 0) — £1(@;0) (11)
© St

where B!, L!, respectively the Lagrangian derivatives of B with 2= 0 and
of £ with fixed load, are linear expressions of 8. Now define the adjoint
state u? as the solution to the variational equation:

* 1 - % *
(V ) B(uf‘,u):5 Lt dS% | tads (12)

Then, using the symmetry of B, one can eliminate % between Egs. (11,12),



*
thus obtaining the following expression for W:

*

W= B (u?,u;0) - L} (u?;6) (13)
SECOND-ORDER DERIVATIVES OF W. First, one has:
\%
W= B'(u?,%; 0) + B (% A, u; 0) + B2(uh, u; 0, ) — L2(u?; 0, 1) * (14)
whereas the first-order domain derivative states are governed by:
B(i, u) = Ll(a;o) —~ Bl(ﬁ u;0) B(w,u?) = -B(a,u?;0) (Ya) (15)

upon choosing @ =u4 in (15a) and u = in (15b), one then obtains an
expression for the second-order domain derivative of W:

v *
W= B2(uf, u; 0, u) — L:(uh; 0, ) - Bluh %) - B4 4)  (16)

*
Next, the second-order mixed derivative W' is given by:

W' = B! (uh, s 0) + B (u, u; 0) — %zl(uf*; 0) (17)

whereas the first-order load derivative states are governed by:
Blauw) = oL (V) (18)
B(a, (uh)) = % [ tatas - % [ #uas (19)

SPECIAL CASE: CRACK IN AN INFINITE BODY. For this particular configu-
ration, assuming symmetrical loading of the crack faces (i.e. ¢.n = £t on

S%), the only nonzero terms in the formulation (2) are (see [8], and also
[4, 1] for plane cracks):

tptp ‘P’ // 1kqs —:l: qﬂD;( )ngpk(y)dedSy sz/icfadS
S

with R, f = epcansfo (a tangential differential operator) and:

2v

B,‘kq,(y - (B) = . <(5p,-(5q3 + Jp,éq, + 5pq(5rs> €iepCkgrT eg

r=lly—=z|| ri= (% —a)/r rij = (8 —rairg)/r
This in turn leads to the following expressions:

B'(%,0;6) = /5 /5 Blyoo (2, y) Rofi(2) Rogi(v) dSe dS,  (20)

B@wiom = [ [ Bl n @R dsods, ()



CHp;0) = —/Sl_‘,.ch.BdS (22)

Lip;0) = /[t (V¢.Vu.8) + (Vip+ (divsp)t).Ve.8]dS  (23)
with

B'(2,y) = [6m(y) — 0m(2)) Bikgs,m(y — @)
+ Bikqu(y — €)0u,5(y) + Bikvs(y — )0y q()

B*(z,y) = [0m(y) - 9m( 1[1n(y) — #a(2)] Bikgs mn(y — @)
+ [n(y) — pn(z)] {am,s (Y) Bikgm,n (y — x) + Om,q(Y) Bikms,n(y — a:)}
+ [0 (y) — 0 (2)){ ttm,s (¥) Bikgmn (¥ — ) + tm,q(y) Bikms,n (y — @)}
+ Bikmn (y — @) {ftm,s (4)0n o () + Hm,q(2)0n,s (y) }

NUMERICAL IMPLEMENTATION. The present approach has been numerically
implemented for plane cracks of arbitrary shape and mixed-mode loading.

The crack surface S and field variables (p,cz,(p' are discretized using 9-
noded quadrilateral boundary elements. It is worth noting that the bilinear
forms B, B!, B2 are actually formulated in terms of tangential derivatives of
boundary variables. Indeed, using a mapping (§1,&2) € A = y(£,&2) € S
(where e.g. A is a reference element) one can show that

€abcTg (y)d)b,c(y)ec dSy = (¢,£1y,§2 - ¢,§2y,£1)d€1d£2 (24)

This formula is also applied to the numerical evaluation of the element
integrals which arise in the discretization process of B, B!, B2.

Due to the present use of material-type differentiations, the known fact
that ultimately the derivatives of P depend on the crack front velocities
only through its normal component 8, |sr,u, |sr [7], [10] is not apparent
in Egs. (16,17). It is then necessary to construct the velocity fields 6, u
such as to be entirely determined by 6, |sr, 1, |ar. At the BE level, this is
achieved by introducing interpolations of the form:

6(y) = B*(y)bx pour y € E(dT) (25)

where 8, (1 < k£ < NC) are the values at the NC crack front nodes Ay of
the normal velocity 6,. The local numbering of the elements adjacent to I'

is made so that the line & = —1 is on the approximate crack front. The
vector shape functions B¥(1 < k < NC), which must realize:
B¥ |,-1=0 B*(A)) = 6uv(A;) Bfn=0 (26)

are given (in local numbering) by

Bi(§)=3(1-&)Si(é)ann  (1=1,23 (a=(lyel) 'ye) (27)



with S1(€) = £(§ —1)/2, S2(§) =1 - €2, S3(€) = €(E+ 1) /2.

NUMERICAL EXAMPLE A circular crack of radius a located in the (Oy;y,)
plane is loaded by two symmetrical point-forces =Fe3 applied at points
(0, 0, £h). This example has an analytical solution for G [12]:

1-v2 P? a(k+a?) a 2-v

G= E (wh)3 (14 a2)? <a_ﬁ BT 1—1/) (28)
Three crack meshes M(8,2), M(12,3) and Y,
M (16,5) have been used, with M(n, p) be- t
ing made of p rings of n 9-noded quadrilat- P Ay,
eral elements each; hence the mesh M(n, p) fﬂ—l—.__,f
has are 2n nodes on the crack front, associ- QI 'ﬁ____}__,_,‘
ated to the same number of nodal normal b N Y,
velocities. Likewise, the discretized Q(6, u) i
is associated with a 2n X 2n symmetric ma- '1
trix. F

e First, Fig. 1 displays the relative error made on the values of G, com-
puted by means of either extrapolation of ¢ or the discretized variational
equation (5-13), against h/a € [2,2.5], using the mesh M(12,3).

e Next, an easy consequence of (28) is that:

G50 (@a>am) and L <0 (0<a<apy)
» V1602 — 7204105 - 2v 49
™o 2(2 -v)

with «

thus the circular growth is stable for & > a,, and unstable otherwise. The
critical value @ = a,, corresponds to a loss of positive definiteness of the
quadratic form Q(0,0) (6). The latter has been numerically computed for
h/a = o' € [2.,2.5] with a 0.005 step and for the mesh M(12,3); we
found o =~ 2.27. Then, in order to refine the search, ¢ has been com-
puted for a~! € [2.26,2.28] with a 0.0005 step and for the three meshes
M(8,2), M(12,3), M(16,5). The numerical values so obtained for a,, are
given in table 1 As can be seen, they approximate very closely the analyt-
ical ay,, =~ 2.27589 (with the present choice v = 0.3). When a > a,, the

Mesh Brackets for o relative error

M(8,2) 2267 <a;! <22675  <391073
M(12,3) 2268 <a;! <22685  <35107°
M(16,5) 2277 <ol <2275 <7.010°*

TABLE 1. Numerical values obtained for ay;!



radius increment da is given in terms of the load increment dF by:

F 3a*+ (Tk = 5)a? — k

da =2

The relative error between the computed values (using mesh M(16, 5))
of the extension velocity and the exact solution defined by (29) are shown
in Fig. 2. The deterioration of the error as h/a approaches the degeneracy
value !, caused by progressive ill-conditioning of Q, is clearly visible.

e Finally, table 2 displays relative errors between computed and exact values
(with a = 0.5) of W = W(a, F), eqn. (1); G(s) (extrapolation of ¢); G(s)
(using the formulation (5); the extension velocity .

2.0e-02
©—0 G(s) (present method)

1.5e-02 ? &— G(s) (COD extrapolation)

1.0e-02 +

L2 relative error

5.0e-03 1
S —0—90—0 90090 0 04

0.0e+00 : : : :
200 210 220 230 240 250

hh/ aa

Figure 1. Relative L2 error on G by (a) the present approach (b) extrapolation of ¢s
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Figure 2. Relative L? error on the extension velocity: mesh M(16,5), h/a € [2,2.3].



Mesh ap/p 1 8Cpeentllys | AGessopootion iz [ Sutllye

I Gl Gl e llze
M(8,2)  2.905E-03 1.975E-02 5.463E-02 2.677E-02
M(12,3)  3.823E-05 7.897E-03 2.910E-02 1.965E-02
M(16,5) -7.176E-04 3.789E-03 2.142E-02 4.466E-03

TABLE 2. Relative errors on P, G, g for @ = 0.5

Note that the axisymmetric character of this particular example is not

taken into account by the actual computer implementation, but is very well
reproduced by the nodal values of G, p,, along OI' numerically obtained.

ConcLusioN. The idea of combining boundary integral equations and an-
alytical domain derivatives is new, to our best knowledge. The numerical
example presented shows that in practice an excellent accuracy can be

achieved for G(s), f/{\; and stability or instability of crack growth. Although
the Griffith criterion alone is insufficient for mixed-mode three-dimensional
crack propagation simulation, our approach can be combined with other
techniques in more complex propagation criterions.
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