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Abstract

We study the behavior of perturbations of small nonlinear Dirac standing waves. We assume that
the linear Dirac operator of reference H = D, +V has only two double eigenvalues, this degeneracy is
due to a theorem of Kramers. In this case, we can build a small 8-dimensional manifold of stationary
solutions tangent to the first eigenspace of H.

Then we assume that a resonance condition holds for the first eigenvalue. We build a center
manifold of real codimension 16 around each stationary solution. Inside this center manifold any H*
perturbation of stationary solutions, with s’ > 2, stabilizes towards a standing wave. We also build
center-stable and center-unstable manifolds each one of real codimension 8. Inside each manifold, we
obtain stabilization towards the center manifold in one direction of time, while in the other, we have
instability. Eventually, outside all these manifolds, we have instability in the two directions of time.

Introduction

We study the asymptotic stability of stationary solutions of a time-dependent nonlinear Dirac equation.

A localized stationary solution of a given time-dependent equation represents a bound state of a
particle. Like Ranada ], we call it a particle-like solution (PLS). Many works have been devoted to
the proof of the existence of such solutions for a wide variety of equations. Although their stability is
a crucial problem (in particular in numerical computation or experiment), a smaller attention has been
deserved to this issue.

In this paper, we deal with the problem of stability of small PLS of the following nonlinear Dirac
equation:

i0p) = (D + V) + VF(¢) (NLDE)

where VF is the gradient of F : C* — R for the standard scalar product of R®. Here, D,, is the usual
Dirac operator, see Thaller [Tha92), acting on L?(R?,C*)

3
Dy =a-(—-iV)+mfg = —iZakak +mp
k=1
where m € RY, a = (a1, a2,a3), 3 are C* hermitian matrices satisfying the following properties:
oo + apa; = 20;1ca, 1,k € {1, 2,3},
;8 + Ba; = 0ca, 1€ {1,2,3},

Here, we choose



In (NLDH), V is the external potential field and F : C* — R is a nonlinearity with the following gauge
invariance:

Y(0,2) eR x C*, F(e2) = F(2). (0.1)

Some additional assumptions on F' and V will be made in the sequel. Stationary solutions (PLS) of
(NLDH) take the form v (t, z) = e~ Ft¢(x) where ¢ satisfies

E¢ = (Dy + V)b + VF(9). (PLSE)

We show that there exists a manifold of small solutions to (PLSH) tangent to the first eigenspace of
D, +V (see Proposition [L1] below).

In [B g, we prove that there are stable directions for the PLS manifold under a non resonance
assumption on the spectrum of H := D,,, + V. This gives a stable manifold, containing the PLS manifold.
But we were not able to say anything about solutions starting outside the stable manifold.

In the Schrédinger case, orbital stability results (see e.g [CL82, [Wei85, [WeiS6] or [8S8F, IGSSS8T])
give that any solution stays near the PLS manifold. Unfortunately, orbital stability criteria applied
to Schrodinger equations use the fact that Schrodinger operators are bounded from below. Hence the
question of orbital stability for Dirac standing waves cannot be solved by a straightforward application
of the methods used in the Schrédinger case.

Concerning the asymptotic stability, in the Schrédinger equation, the question has been solved in
several cases. For small stationary solutions in the simple eigenvalue case it has been studied by Soffer

and Weinstein [SW9d, EW9J, Pillet and Wayne [PW97 or Gustafson, Nakanishi and Tsai [GNT04]. For

the two eigenvalue case under a resonance condition for an excited state, the problem has been studied by
Tsai and Yau [TY024, [[Y02d, TY02d, [[Y02H, Tsa03] or Soffer and Weinstein [FW04, FW05]. Another
problem has been studied by Cuccagna uc01], Cuc03, [Cucoj , he considered the case of big PLS, when
the linearized operator has only one eigenvalue and obtained the asymptotic stability of the manifold of
ground states. Schlag proved that any ground state of the cubic nonlinear Schrédinger equation
in dimension 3 is orbitally unstable but posses a stable manifold of codimension 9.

We also would like to mention the works of Buslaev and Perel’'mann [[BP94, [BP92H, BP92d, [BP924],
Buslaev and Sulem [BS03, BS09], Weder [Wed0(] or Krieger and Schlag [KS03 in the one dimensional
KS05

Schrédinger case. Krieger and Schlag | 5] proved a result similar to [Sch04] in the one dimensional
case.

The result we present here, states the existence of a stable manifold and describes the behavior of
solutions starting outside of it. In fact, we prove the instability of the stable manifold. We also prove
stabilization towards stationary solutions inside the stable manifold for H s perturbation with s > 2.
We have been able to obtain it since we impose a resonance condition for the first eigenvalue, while in
[Bou0f], we assumed there is no resonance phenomena.

This paper is organized as follow.

In Section , we present our main results and the assumptions we need. Subsection , is devoted
to the statement of the time decay estimates of the propagator associated with H = D,, + V on the
continuous subspace. One is a kind of smoothness result, in the sense of Kato (see e.g. [Kat6d]), the
other is a Strichartz type result. We prove these estimates with the propagation and dispersive estimates
proved in [Bou0@. In subsection [L.g, we state the existence of small stationary states forming a manifold
tangent to an eigenspace of H. The study of the dynamics around such states leads us to our main result,
see Subsection , where we split a neighborhood of a stationary state in different parts, each one giving
rise to stabilization or instability.

To prove our main theorem, we consider our nonlinear system as a small perturbation of a linear
equation. More precisely in Subsection @, we show that the spectral properties of the linearized operator
around a stationary state, presented in Section , permits to obtain, like in the linear case, some properties
of the dynamics around a stationary state. Eventually, in Section E, we obtain, with our time decay
estimates, a stabilization result for H* perturbation with s’ > 2. Contrarily to ], we do not
restrict ourself to localized perturbations. Our results are an adaptation to the Dirac case of some results

of Tsai and Yau [LY02d] and Gustafson, Nakanishi and Tsai [[GNT04].



1 Assumptions and statements

1.1 Time decay estimates

We generalize to small nonlinear perturbations, stability results for linear systems. These results, like in
[], follow from linear decay estimates. Here we use smoothness type and Strichartz type estimates
deduced from propagation and dispersive estimates of [ Hence, we work within the

Assumption 1.1. The potential V : R? — S4(C) (self-adjoint 4 x 4 matrices) is a C*° function such
that there exists p > 5 with

C

3 3 e} - -
Va €N, 3C >0, ¥z R, 107V |(2) < 7y

We notice that by the Kato-Rellich theorem, the operator
H: =D, +V

is essentially self-adjoint on C$°(R3, C*) and self-adjoint on H!(R3, C*).

We also mention that Weyls’s theorem gives us that the essential spectrum of H is (—oo,—m| U
[+m, +00) and the work of Berthier and Ggeorgescu , Theorem 6, Theorem A], gives us that there
is no embedded eigenvalue. Hence the thresholds +m are the only points of the continuous spectrum
which can be associated with wave of zero velocity. These waves perturb the spectral density and diminish
the decay rate in the propagation and the dispersive estimates. Hence, we also work within the

Assumption 1.2. The operator H presents no resonance at thresholds and no eigenvalue at thresholds.
A resonance is a stationary solution in H?\ HY2 for any o € (1/2, p — 2), where H, is given by
Definition 1.1 (Weighted Sobolev space). The weighted Sobolev space is defined by
Hy(R?,C*) = {f € S'(R?), [{Q)7(P)" f|2 < o0}
for o,t € R. We endow it with the norm

£z = 1(Q)7 (P) fll2-
If t =0, we write L% instead of HY.

We have used the usual notations (u) = v/1+u?, P = —iV, and @Q is the operator of multiplication
by z in R3.

Now let
PC(H) = ]l(—oo,—mlLJ[-l-m,-i-oo)(H)

be the projector associated with the continuous spectrum of H and H,. its range. Using [, Theorem
1.1], we obtain a Limiting Absorption Principle which gives the

Theorem 1.1 (H-smoothness of <Q>_1). If Assumptions and [[.3 hold. Then for any o > 1 and
s € R, one has:

(@7 e, () v

L2(R,Hs (R3,C4)) <C ”’l/)HHS(]RS,(C‘l) ) (1)

[ @ ro af < CIFl ey (i)
R Hs(R3,C*)

S C ”F”L%(R,HS(]RZ",(C‘l)) 5 (111)
L?(R,Hs(R3,C4))

| @7 e R (1) ()7 Fs) ds




Proof. We first prove (f). For s = 0, it is (see e.g. [ABAMG96, Proposition 7.11] or [RS7d, Theorem

XIII.25]) a consequence of the limiting absorption principle:

—2)  P(H) (@)

2
{H } < oo (1.1)
|§Rz|>m \YZG(O 1) 2

this follows from , Theorem 1.1] for o > 5/2.Then we use Born expansion
REO) = B (V) = RE VRS () + B WV RE VRS (V)

and [IM99, Theorem 2.1(i)] to conclude the proof for s = 0 and o > 1. For s € 2Z and o > 1 it follows from
the previous cases using boundedness of < H >°< D,, >~° and < H >7°< D,;, >*® (which follow from
the boundedness of V and its derivatives) and the boundedness of (Q)T7[(Q)*7, < H >*](H)~* (which
follow from multicommutator estimates see , Appendix B]). The rest follows by interpolation.
Estimates ([) and (f]) are equivalent by duality.
To prove estimate (fil) when s = 0, we notice, using the Fourier transform in time, that it is equivalent

7

L2 (R,L2(R3,C%)) H

V/R “ RENP, (H) Q)7 ()\)> dsdt‘ < CHG’

L3 (R,L2(R?,C*))

for any F,G in L?(R, L?(R3,C*). This in turn follows from the Limiting Absorption just proved.
To prove the estimates for s # 0, we work like we do for the previous estimates. o

To state the next result, we need the

Definition 1.2 (Besov space). For s € R and 1 < p,q < oo, the Besov space By ,(R3,C*) is the space
of all f € 8'(R3,C*) (dual of the Schwartz space) such that

1fllss, = [ D2y * flIg | < +oo

jEN

with € D(R™\{0}) such that 3=, $(277€) = 1 for all § € R*\{0}, ;(§) = ¢(277¢) for all j € N* and
for all € € R3, and pg = 1 — > jen Pj- It is endowed with the natural norm f € Bs (R?,C*) — || f|

By g
Using the Dispersive estimates of , Theorem 1.2] and [, Theorem 10.1], we obtain the

Theorem 1.2 (Strichartz-type estimates). If Assumptions and hold. Then for any 2 < p,q <
00, 0 €10,1], with (1 — 2)(1 +2) = 2 and (p,0) # (2,0), and for any reals s, s with s’ — s > a(q) where

alg) =1+ - —) there exists a posztwe constant C' such that

e P (E Yl o, .00 < Ol o oy ®

H/ ltHP F(t)dt|gs < CHFHLP’(]R,BS: ,(R3,C4))’ (i)

II/ te—i(t—s>HPc(H)F(s)dsIILf<R,B;§<Rs,<c4>> < Ol Ly g 57, o0y ()
s< 7 v

for any r € [1,00], (¢,p) chosen like (q,p) and s+ § > a(q) + a(q).

Proof. This is a consequence of [KT9§, Theorem 10.1] applied to U(t) = e " P.(H), using [Bou0d,
Theorem 1.2] and
(1+4)(1-2)
B — (L%, By 5" )2y (soy2m) 2
continuously for p > 2 (p#A2if# =0) and 1/g=1— 1/((1 +6/2)p), see proof of [, Theorem 6.4.5]
as well as the properties of the real interpolation (see [BL76] or [[Iri7q]).
In the case 6 # 0, the proof is actually simpler. We prove it using the usual T'T* method and the
holder inequality instead of the Hardy-Littlewood-Sobolev inequality.
O



1.2 The manifold of PLS

We study the following nonlinear Dirac equation
{ 101 = Hp + VF(¢) (1.2)
1/1(05 ) = 1/10'

with ¢ € C*(I, H*(R?,C*)) for some open interval I which contains 0 and H = D, + V. The nonlinear-
ity F : C* — R is a differentiable map for the real structure of C* and hence the V symbol has to be
understood for the real structure of C*. For the usual hermitian product of C*, one has

DF(v)h = R(VF(v), h).

If F has a gauge invariance (see Equation (D.1)) or Assumption [[.4 below), this equation can have sta-
tionary solutions i.e. solution of the form e Ft¢, where ¢ satisfies the nonlinear stationary equation:

E¢o = Hopo + VF(¢o).

Then we notice the Dirac operator D,, have an interesting invariance property due to its matrix structure.
This invariance can be shared by some perturbed Dirac operators and gives a consequence of a theorem
of Kramers, see [Par9(]. Let us precise it, we introduce K an antilinear operator defined by:

K(w):(@ﬁ)withagz((.) _1). (1.3)
X 02X i 0
The operator D,, commutes with K. So if V' also commutes with K, we obtain that the eigenspaces of

H are always of even dimension. Here we work with the

Assumption 1.3. The potential V' commutes to K. The operator H := D,, +V has only two double
eigenvalues Ao < A1, with {¢o, Koo} and {¢1, K¢} as associated orthonormalized basis.

We also need the

Assumption 1.4. The function F : C* — R is in C*°(R®,R) and satisfies F(z) = O(|z|*) as z — 0.
Moreover, it has the following invariance properties:

Vz e C* V0 €R, F(Kz) = F(z), F(e2) = F(2).
We obtain the

Proposition 1.1 (PLS manifold). If Assumptions @ﬂ hold. Then for any o € RT, there exists
a neighborhood of 0 € C2, a C* map

h: Qe {0, Koo} N H*(R®,C*) N L2(R?, C*)
and a C® map E : Q — R such that S((u1,u2)) = ur¢o + w2 Ko + h((u1,us2)) satisfy for all U € €,
HS{U)+VF(SU))=EU)SU), (1.4)
with the following properties

[(u1,u2)] [(u1,uz)l
h(U) = O(|U),
EU) = E(|U]),
E(U) = X + O(|UJ?).

h((ui,uz)) = (de@ n “71() h((|(ur,u2)],0)), YU = (u1,uz) € Q,

Proof. This result is adapted from [PW97, Proposition 2.2] after the reduction due to the invariance of
the problem with respect to K. O

Moreover, we have

Lemma 1.1 (exponential decay). For any 3 € N*, s € RT and p,q € [1,00]. There isy >0, ¢ > 0
and C > 0 such that for all U € Be2(0,¢€) one has

||67<Q>855(U)||B;,q < CIS(U)|l2,

3 . 18l
where 8(1“7“2) = P Ru, 072 Su, 073 Rug 094 Sug

Proof. This is like in [Bou0d, Lemma 4.1], where we used ideas of [[His0d]. O



1.3 The unstable manifold, the stabilization and the nonlinear scattering

Each stationary solution previously introduced has, like in [[Bou0f], a stable manifold. Under the following
assumptions, we can prove that the stable manifold is unstable, that is to say that a small perturbation
of a stationary solution starting outside of this manifold leaves from any neighborhood of this stationary
solution. We work with the

Assumption 1.5. The resonant condition
|)\1 - )\0| > min{|)\0 + m|, |)\0 - m|}

holds. Moreover, we have the Fermi Golden Rule

D(9) = lim (*F(8)61,S (H = Xo) + (M = ho) — i)™ Pu(H)F(¢)61) > 0 (15)
e>0

for any non zero eigenvector ¢ associated with \g.

In this assumption, the notation d>F denotes the differential of VF.
Let us introduce the linearized operator JH (U) around a stationary state S(U):

H(U)=H +d°F(S(U)).

We notice that the operator H(U) is only R-linear but not C-linear. Hence we work with the space
L3(R3,R* x R?) instead of L*(R3,C*) by writing

(5%)

instead of ¢. The multiplication by —i gives the operator

(0 —Ipa
J = (IR4 0 ) ’

Now we mention some spectral properties of JH(U) in L?(R3, R* x R*) which are needed to state and
to understand our main theorem. These properties will be proven in subsection E below.

The operator JH(U) has a four dimensional geometric kernel and four double eigenvalues E;(U),
E1(U), —E1(U) and —E;(U) with RE;(U) > 0.

The eigenspaces associated with E1(U) and E;(U) are conjugated via the complex conjugation, we
will work on the real part of their sum: X, (U), we introduce a basis (&(U)),_; 4 of Xu(U).

.....

eigenspaces : X;(U), we introduce a basis (§(U));—5

The rest of the spectrum is the essential or continuous spectrum. We write H.(U) for the space
associated with the continuous spectrum. The space H.(U) is the orthogonal of the previous eigenspaces
with respect to the product (f,g) — R (/f, ‘]g>L2(]R3,(C4)' We introduce HL(U) the intersection of H, =

H.(0) with the orthogonal with respect to J of

U1

U]

5 IC4+£K> ¢1,VU=(U1,U2)€C2}.

. -1
{% (H —B(U)+ M — Xo — ir(S(U))) 2 F(S(U))|U| ( o
The space H.(U) is isomorphic to H%(U). The isomorphism is the orthogonal projector onto H%(U) with
respect to the product (f,g) — R (J, Jg)LQ(R37(C4) and this projector is bounded from H$(R3,C*) into
itself for any reals s and o.
We can state our

Theorem 1.3. If Assumptions hold. Then, for s’ > 4+ 2 > 2 and o > 3/2, there exist € > 0
and a continuous map r : Be2(0,¢) — R with r(U) = O(T(U)), such that for any initial condition of the
form

Yo = S(Uo) + 20 + A - £(Uo)
with Uy € Bez(0,¢), 20 € He(Up) N Byo (0,7(U)) and A € C*, the following holds.



(i) For the set
S={(U,z); Ue€ Bc=2(0,¢), 2 € He(U) N By (0,7(U)) }

endowed with the metric of C? x HS/, there exist C' > 0, V a neighborhood of (0,0) in S, and a
smooth map ¥ : V +— C* with graph CM, ¥(-,0) = 0 and ||¥(0,0)| = |[D¥(0,0)|| = 0 such that if
(Uo,20) €V if A= U(Uy,20), we have:

(a) there exists a unique solution 1p € C (R,Hs/) nct (R,Hs/fl) of ([1.9) with initial condition
Yo and this solution is unique in L>°((=T,T), HS,(R3,(C4)) for any T > 0;
(b) there exist V¥ open neighborhoods of (0,0) in S and bijective maps

(Uo; 20) €V = (Utoo; 2400) € VE,

such that
[Utoo — Uo| < Cllz0l1 3 12200 — 20l gor < C ol lIz0]l o

and for all t € R
w(t) _ efif[;c E(U(v)) de(U(t)) + e'ItE(Ui‘X’)eJtH(Ui“’)ZiOO + Ei(t)

with U € LY(R) for all q € [1,00], , liin U(t) =Utoo,

max{ ||5i||Loo(Ri,Hs’) 5 HEiHLZ(]Ri,Hia) ) ||5i||L2(]Ri,Bfo,2) } < C|Uol lzoll g

and
il (8] =0.

(ii) For the sets
Sy = { (U,2,p); U € Be2(0,¢), 2 € He(U) N By (0,7(U)),

p € Bgs(0,7(U)), with p; =0 for i = 1,...,4}
and

S_ = { (U,z,p); U € Be2(0,¢), 2 € He(U) N By (0,7(U)),
p € Brs(0,7(U)), with p; =0 fori= 5,...,8}

endowed with the metric of C? x H® x R®, there exist neighborhoods Wy of (0,0,0) in Sy and
smooth maps @4 : Wy — C* with [®£(0,0,0)[| = [|[D®+£(0,0,0)|| = 0, and ((I)-i-(""p))i =pi if
i=5,...,8, (®_(-,-,p);, =pi ifi =1,...,4, such that

(a) if A € DL(W1) and A & U(V) then there exist ti (o) > 0 and a unique solution ¢ of
(E) with initial condition 1y such that for any small neighborhood O of S(Uy) containing
Vo, ¢ € C[—ty;+00), H ) NCH((—ty;+00), H¥ 1) (resp. (—oo;t_]) and there exist C' > 0,
P(t) € CM and p(t) € Xs(Uy) (resp. p(t) € Xu(Uo))) for all t > —t_ (resp for all t < t})
such that ¢(t) = P(t) + p(t) with

10(0) 57 < Clp(O) |z €7 ast — 400 and  (Fts) ¢ O

where v is in a ball around 1/2T'(S(Uy)), the radius of which is O(|Up|®)), moreover this
solution is unique in L=((=T',T), H* (R3,C*)) for any T > 0 (resp T € (0,t_)) and any
T € (0,t4) (resp T' < 0) and there exist (Utoo; 2400) € S such that

2
[Uzoo = Uol < C (20l o + lp(O) | r+)” s Nl2200 = 20ll o < C'1Uo] ([120]1 gz + [12(0) [ 1)



and for all t > —t_

(1) = e PO de (7, (1)) 4 TPUr) JH W)z e (1)
(resp for all t < t+

W(t) = e—if(j E(U_(v)) d”S(U,(t)) + eJtE(U,x)eJtH(U,x)Zioo e (t)

with Us. € L((—t_,+00)) (resp. LI((—oo,t4))) for all q € [1, 0], . ligzn Ui(t) = Utoos

masc { e e ot poy ety + N llzar ooy ey N liaqo poo ) }
< CUol ([|zoll g7 + 11p(0) || g7 ) ,

(resp.

maX{ ||5—||L°°((7oo,t+),HS’) ) ||5—||L2((7oo,t+),HjU) ) ||€—||L2((—oo,t+),B£OY2) }
< ClUo| (20l g + 12(0)[ g7+7))

and
Jim e (®)]| g = 0;

(b) if AZ DL WT)UD_(W_) then there exist t1 (1) > 0, t_ (o) < 0 and a unique solution 1) of
(IL.3) with initial condition vy such that for any small neighborhood O of S(Uy) containing o,
G eC([t_sty], H )YNCH(t_;ty), H®) with ¢(ty) ¢ O and (t_) ¢ O, moreover this solution
is unique in L®°((T',T), H* (R3,C*)) for any T € (0,ty) and any T € (t_,0).

The first part of this theorem shows, as in , that perturbations in the direction of the continuous
subspace, except eight (real) directions, relax towards a stationary solution. We have excluded eight
directions in the continuous subspace, which, due to resonance phenomena, induce orbital instability.
The second part of the theorem tells us what happens for perturbations in the directions of an excited
state and in the eight directions of the continuous spectrum for which we haven’t proved stabilization. We
thus study sixteen directions: eight of them give a manifold on which there holds exponential stabilization
in positive time and orbital instability in negative time, while the eight others give a manifold on which
there holds exponential stabilization in negative time and orbital instability in positive time. Outside
these manifolds, we have orbital instability in both negative and positive time.

Remark 1.1. One notice that in (ib) and (iia), we obtain an asymptotic profile of the form
e~ 1(tE(U+oo)) (S(Uioo) + eJtH(U:too)Zioo)

. . ./
with a convergence in H? .
In fact, we also have in the previous erpansions

max{ HeJtH(UioazimH HeJtH(Uioo)

HeJtH(Uioc)zioo}

- }
L2(R*,BY )

Lo (RE,H) L2(R:,H? )
< C(llzoll g + [1(0)[| g))-
This follows from Theorem IE and Theorem applied to the Duhamel formula :

t
eJtH(in)Zioo _ e—it(H—E(Uioo))Zioo +/ e—i(t—s)(H—E(U;toc))JdQVF(S(UiOO))erH(Uioo)zioo ds.
0

We can obtain an expansion of the form (t) = e \tEFWre)) §(vy) 4 e Pm 2, 4 e (t) with the same
conclusion but we will only have ||2400 — 20| o < Cll20]| s and

max { lesll g qae sy o lexllaee me s Il paes o ) b < Cllzoll o



or of the form ¥ (t) = e FEWUz)) QUL (1)) + e M 2y 4 £4(t) or ¥(t) = e 1FEUz2)) §(py) e~ #Pmzy 4
e+(t) with ||z400 — 20/l g < C'|Uol |20l = and

max{ ||5i||Loo(Ri,Hs’) ) ||5i||L2(Ri,ng) ’ HEiHL?(Ri,Big) } < CUo| |20l g

We notice that when Uy = 0 then zg = 0 and p = 0 so the theorem do not say anything for this case.
In fact, the charge conservation gives the orbital stability of 0. But one cannot obtain asymptotic stability
since we can build a manifold of stationary states tangent to the eigenspace associated with A1 similarly
to Proposition [.].

2 Linearized operator and exponentially stable and unstable
manifolds

We study the dynamics associated with ) around a stationary state. We will use spectral properties
of the linearized operator around a stationary state.

2.1 The spectrum of the linearized operator

Here we study the spectrum of the linearized operator associated with Equation ([Ld) around a stationary
state S(U). Let us introduce
H(U)=H+dF(S(U)) - E(U)

where d?F is the differential of VF. The operator H(U) is R—linear but not C—linear. Replac-
ing L?(R3, C*) by L?(R?,R* x R*) with the inner product obtained by taking the real part of the inner
product of L?(R3, C*), we obtain a symmetric operator. We then complexify this real Hilbert space and
obtain L?(R3,C* x C*) with its canonical hermitian product. This process transforms the operator —i

into
_ 0 Idca
J = < —Idca 0 > ’

For ¢ € L?(R3,R* x R*) C L?(R3,C* x C*), we still write ¢ instead of

Ro
(3)
The extension of H(U) over L?(R3,C* x C*) is also written H(U) and is now a real operator. The
extension of K is also written K.
The linearized operator associated with Equation ([1.9) around the stationary state S(U) is given
by JH(U). We shall now study its spectrum.
Differentiating ([[.4), we have that for U = (u1,us)

0 0
,MS(uhuz), Ms(ul,uz)}

S(ul, ’LLQ)

0
Ho(ug,uz) = Span{—S(ul,uQ),

9
ORu;y 0Suy

is invariant under the action of JH (U). Using the gauge invariance, we notice that S(U) € Ho(U) and
differentiating ([.4), we obtain for any 8 € N* with |3] = 1:

JHU)JSWU)=0 and JHU)ILSU) = (B5E)(U)JSU).

The space Ho(U) is contained in the geometric null space of JH(U), in fact it is exactly the geometric
null space as proved in the sequel.

Now we state our results on the spectrum of JH(U). The first deals with the excited states part. We
have the

Proposition 2.1. If Assumptions hold. Then there exists a map Ey : Bez(0,e) — R with

SEL(U) = (M = EU))+O(U*)
REL(U) = 1/20(S(U)) + O(|U°).



such that E1(U), E1(U), —Ey(U) and —E1(U) are double eigenvalue of JH(U). For any s € R, there

L
exist smooth maps k* : Be2(0,¢) — {< d;(lb )} N H* such that
—id1

ke (U) — (H — E(U)) +1E,(U)) " P.(H)d2F(S(U))|U| (%Icz@; + %K) ( O ) (2.1)
is o(|U|?) in B(L%,) for any o € R. For

o.(U) = |U| <ﬂfdc4 + ﬂK) < o1 ) + ke (U),

we have

o {O (U),KP,(U)} is a basis of the eigenspace associated with Fy(U),

) {@+(U),K<I>+(U)} is a basis of the eigenspace associated with F1(U),

o {O_(U),KP_(U)} is a basis of the eigenspace associated with —Fy(U),

° {q),(U),KCIL(U)} is a basis of the eigenspace associated with —F(U).

Moreover for any 3 € N*, s € RY and p,q € [1,00]. There is v > 0, € > 0 and C > 0 such that for
all U € Be2(0,¢), for

§W) € {@4(U), K04 (), 55 (0), K4 (0), @ (U), K& (U), 5 (0), Ko (U) |

one has

|\eV<Q>65€(U)||B;,q < CSO)|l2s (22)

where 8P = G

UL ,U2 0P1 Ruq 0P2 Juq 0P1 Ruo0P2 Sug

Proof. Using Weyl’s sequences, we prove that the essential spectrum of JH(U), for small U, is the
essential spectrum of JH. So z with non zero real part is in the spectrum of JH (U) if and only if it is
an isolated eigenvalue. The equation to solve for excited states is:

(JH(U) - 2) ¢ = 0. (2.3)

Since the proof is similar for all cases, we restrict the study to solutions the form ¢ = S; 4+ 1 where Sy is
the normalized eigenvector:
s=( ~
' ( —i1

and n € {Sl}L, the orthogonal relation is taken in fact with respect to J, but since JS; = iS1, we can
take it in the standard way. We obtain the equation

n=(JH —2)" P{W(U){S1 +n} (2.4)

with Pi- the orthogonal projector, with respect to J, into {S1}" and W(U) = JH(U) — J(H — E(U)).
We remark that {S;}" is invariant under the action of J(H — E(U)). To solve this equation in 7 for a
fixed u and z, we notice that if

Rz > 0 and [Sz| > m,

the series

k(U,z)=(JH —2)" P (fW(U) (JH —z)"! Pﬁ)k W (U)Sy,
k>0

is convergent for sufficiently small [U| using the Limiting Absorption Principle ([.I]). Hence, we have a

solution of (R4).
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Then we solve the equation in z, we obtain from Equation () the equation
(JH(U) = 2) ¢,51) = 0.
With ¢ = Sy + k(U, z), we infer

(TH(U)Sy, S1) + (JH(U)K(U, 2), S1)
= i(A1—Xo) +(W(U)S1, S1)

+> <JH(U) (JH —2)"' Pt (fW(U) (J(H — E(U))—2)"" Pﬁ)k W (U)Sy, Sl>

z

k>0
= iA1= No)
+ (W (U)S1, S1) + Z <P1L (—W(U) (J(H - EU)) —2)"" PlL)k W (U)Sh, Sl>
k>0
+> < (W(U) —2)(J(H — EU)) —2)" ' P} x
k>0

X (—W(U) (J(H — E(U)) —2)~" Pﬁ)k W (U)Si, 51>.

Since Pj-S; = 0, we introduce the function
f(z) =1(A1 = Xo) + (W(U)Sy, S1)

> <W(U> (J(H ~ BU)) ~ =) B (~W() (I~ BU)) - =) PE) WO)s, sl> .
E>0

Since JS; = —iS; we obtain that R (W (U)S;, S1) = 0, so with the Limiting Absorption Principle ([L1]),
we have

Ri(z) = R(WU)IH - EU) —2) " PEW(U)S1,81) + O(U %)

S (F(S(U)) (H — B(U)) +2J) " PEEF(S(U))$1,81) + O(U°)
using ([L.5) and

(H-—EU))+2J)"" =

N | —

(((H = B@)) = i)™ (o2 + 1) + (H = B) +i2) " (Io= ~ 1))
we obtain
S) <d2F(5(U)) (H — E(U)) + 2J)"' PE2F(S(U))S, 51>

S (@F(SW) (H — BU)) —iz) " dPHF(S(U))S1, 51 )

+

NNl ORI

3 <d2F(S(U)) (H — E(U)) +i2)" " PE2F(S(U))S1, sl>
-3 <d2F(S(U)) ((H — E(U))? + 22) " 2JPLd2F(S(U)) Sy, 51> :
and so
S (EFSW)) ((H = BW)) + (A — Xo) +0) )~ PEEF(SU))81,51)
1
2

S <d2F(S(U)) (H — B(U)) + (A — Xo) — i0)~" P.(H)d*F(S(U))S1, Sl>

Using Assumption [L.5, the local limiting absorption principle ([.])) and regularity results of [GMO1][Theorem
1.7], we obtain
Rf(2) =1/20(S(U)) + O(|U[°)

11



for z in a ball of radius of order |U|? around i (A1 — \g) and for small U. We also prove by the same way
3f(2) = (A = o) +O(IUIY)

for z in a ball of radius of order |U|? around i (A\; — A\o) and for small U.

So we have proved that for sufficiently small U, f leaves a ball around i(Ay — Ag) + 1/2T(S(U))
invariant and is a contraction. Therefore, we have a fixed point F1(U) of each U. Then we choose
k+(U) = k(U, E1(U)). Using the complex conjugation, we obtain the eigenvalue F; (U) and its associated
eigenspace.

To obtain —FEy (U) and —F4 (U), we notice that E1(U) and Ey(U) are eigenvalues of (JH(U))*. Hence
using the symmetry : J(JH(U)) = —(JH(U))*J, we show that any eigenvector ¢ of (JH(U))* associated
with A, J¢ is an eigenvector of JH(U) associated with —X and this gives k_.

The exponential decay works like in Lemma E O

We introduce HZ(U) is the intersection of H, with the orthogonal with respect to J of

U1

{s <H —B(U)+ M — Ao + %F(S(U)))dQlF(S(U))|V|< |V|IC“ + |“72|K>< _"i.(lbl ),vv = (v1,v2) € (CQ},

and P7(U) the orthogonal projector with respect to J onto HZL(U). The following result deals with the
essential spectrum of our linearized operator.

Proposition 2.2. If Assumptions hold. For any sufficiently small non zero U € C2, let

H1(U) = span { @4 (U), K&, (U), &, (0), K&, (0), & (U), K&_ (), ®_(U), Ko_(U) .
The orthogonal space of Ho(U) ® H.(U) with respect to the product associated to J
He(U) = {Ho(U) ® Ha(U)} -

is invariant under the action of JH(U).
We have for U’ € Be2(U, €), with sufficiently small € > 0, that

Py, @y t He(U') = HE(U)

is an isomorphism and is a bounded operator from HZ(R3,C8) or B;yq(Rg, C8) to itself for any reals s
and o and p,q € [1,00], the inverse R"(U',U) is continuous with respect to U and U’ for these norms.

We also have for P.(U), the orthogonal projector onto H.(U) with respect to J, and for U’ € Be2(U, €),
with sufficiently small € > 0, that

PC(U)|HC(U') 1 He(U') = He(U)

is an isomorphism and is a bounded operator from H2(R3,C¥) or B;yq(R?’, C8) to itself for any reals s
and o and p,q € [1,00], the inverse R(U',U) is continuous with respect to U and U’ for these norms.
Moreover, we have

/ Q) M IP(U)y|* ds < Cllwl3, Vo € L. (2.5)
R

and He(U) contains no eigenvector. We also have
e HOP (U] < Cllw]2, VEER, Vi € L. (2.6)

Proof. We prove that there is no other eigenvector, by proving that smoothness estimate (@) takes place
over

Ho(U) = {Ho(U) & H1 (U)} .

First we prove that
Pe((U))ly, @y : He(U') = He(U)
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is an isomorphism. To prove it, we exhibit an inverse R(U’, U) which is of the form

R(U',U) =Id+ 3 |ai(U', U)) (J&(U))

where &;(U) is a basis of the eigenspaces of JH(U) and «;(U’,U) solve the equations
J&U) + Z J&(U), JE(U) ai(U',U) = 0.

Such « exist because this constraint reduce to invert a Gramm matrix when U = U’ and otherwise a
small perturbation of such matrices for U and U’ close one to each other.The boundedness of R follows
from the exponential decay of eigenvectors and their derivatives, the continuity of R follows from the
continuity of the eigenvector with respect to the parameters U and U’ see Proposition E, the paragraph
above and Proposition .

The statement for Pc(U)"|y, ) follows by the same way.

Therefore since R(U,U)PL(U)P.(U) = P.(U).

(@)~ HWIP (U)y|
= CI(Q) " R(U,U)PLU) TP (U)y)
< Q) °RU,U)PL(U)e "H=EWUIP (U)y||

/ Q)= R(U, U)PL(U)e =) H=EWD DY F(S(U))e* H WP (U))| ds

IN

“TR(U,UNQ)7 Q)T PL(U)e I EOIP(U)y|
+CIZI Q)™ R(U, U)@Q)7 x

/ Q)= PL(U)e == EONQ) = |[(Q) =7 e TP (U)y | ds. (2.7)
Using estimate ([), we obtain the estimate (R.§) for U sufficiently small:

/R Q) e+ HOP )| ds < C|[|.

Hence there is no eigenvector in the range of P.(U).
Using the inequalities (@) and the conservation law for H, we prove the estimate (@) o

Since codimH,(U) = dim {Ho(U) & H1(U)} and H.(U) N {Ho(U) ® H1(U)} = 0, we obtain Ho(U) &
H1(U) ® H(U) = L2(R3,C¥) and the
Proposition 2.3. Suppose that Assumptions Iﬂ«@ and hold. Then the space Ho(U) is the geometric
null space of JH(U).

2.2 Stable, unstable and center manifold

We can now obtain results similar to those of Bates and Jones .

We have that JH(U) as an operator in L?(R3,R®) is a closed densely defined operator that generates
a continuous semigroup on L?(R3, R®). The spectrum of JH(U) in L?(R3,R?®) is the same as JH(U) in
L?(R3,C8) and so it splits in three parts:

oo(U) = {\ € o(JH(u)), R\ < 0} = {—El( El(U)}
oc.(U) ={A € o(JH(u)), RA =0} =i{R\ ( (U) EU))}
ou(U) = {A € o(JH(u)), R\ > 0} = { }
X,(U) = spang {R®_(U), 30_(U), KR®_(U), KSD_(U)}
X, (U) = spang {R@4 (U), S0 (U), KR (U), KSP ()}
X (U) = RHo(U) & RH.(U)

each one is associated with a spectral real subspace
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where we used the notation R¥ = (1/2) (¥ + ¥) and S¥ = —(i/2) (¥ — ¥) and RX = {R¥, ¥ € X}.
The spaces X(U) and X, (U) are finite dimensional. Let us write #¢(U), n°(U) and 7*(U) for the
projector associated with the decomposition X .(U) & Xs(U) & X, (U). Since the eigenvectors belongs
also to L2 for any o € R, the projector P.(U) and 7¢(U) can be defined in L2 for any real o. We can
hence defined an extend the spaces H.(U) and X.(U) to L2 for any o € R. We have the

Lemma 2.1. If Assumptions B«@ hold. Then there exist C1,Co > 0 such that for all t € R, we have

Cre= 0t < etJH(U)ﬁs(U)HB(LZ) < Che O, (2.8)
Cre? Ot < HetJH(U)ﬂ.u(U)HB(LZ) < Cre Ut (2.9)
‘ etJH(UMrC(U)HB(LZ) < Cy(t)T, (2.10)

for some power r, for any o € R and where v(U) = RE1(U).

Proof. The statements for the spaces X*(U) and X*(U) follows from (R.2).

The statement about X°(U) is a few more complicate. We are not looking for an optimal r.

First, let us prove the result for e #(Pm+V) in L2 with o € 2N, the general case follows by duality
and interpolation. In fact, the result in this case follows from iterating several times the proof of ,
Theorem 1.3], which is based on the charge conservation.

Then for et/#()7¢(U) follows by the same way using also the charge conservation of e/#(U) P, (U)
(see (2:6)) and the fact that e/ HW)S(U) = S(U), e/ H 9P S(U) = dp S(U)+t85 E(U)S(U) and Lemma

. O

By now we do not restrict to the norm of L?(R3?,R®), we extend our study to L2(R3 R8®) for any
o € R, but we still write H.(U) and X.(U) for the extensions of these spaces to L2(R? R®) for any
ocR.

We now study the behavior of the solutions in L2 of ([.) centered around S(U):

¢ =JH(U)+ JN(U, ) (2.11)

where H(U) = H + d?F(S(U)) — E(U) and N(U,¢) = VE(S(U) + ¢) — VF(S(U)) — d*F(S(U))¢$ and
d?F is the differential of VF.

In this subsection, we study a modified equation which coincides with () as long as the solutions
stays small:

Op = JH(U)p + JN:(U, ¢) (2.12)

where N.(U,n) = p(e"1n)N(U,n) and p is a smooth function with compact support around 0.
We state the

Proposition 2.4 (Center-Stable Manifold). If Assumptions Iﬂ«@ hold. Then for any sufficiently
small non zero U, there exists around S(U) a unique invariant smooth center-stable manifold We(U) for
(R12) build as a graph and tangent to S(U) + X.(U) ® X, (U) at S(U).

Any solution ¢ of (R.12) in the neighborhood of S(U) tends ast — —oo to We(U) with

distys (¢(t), W (U)) = O(e"*) as t — —o0

for any v € (0,7(U)), any s,0 € R and for any sufficiently small neighborhood V' of S(U) any solution
inV not in W(U) leaves V in finite positive time.

Remark 2.1. Even if ¢ ¢ HS, there exist v € W (U) such that ¢ —p € HS as shown in the following
Proof.

If we only consider small solutions, we obtain a locally invariant manifold for the equation (R.11]),
that is to say that for any initial condition in the manifold there exist an associated solution of (R.11])
which stays in this manifold in a small interval of time around 0. We notice that in the following proofs
the size of this invariant manifold, which is given by €, is a function of U and this function is O(y(U)).
By now, we call this function r.
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Proof. Our proof is an adaptation of the one of Bressan [Brd and we refer to it for more details. We
make the proof only for the case o = 0, the proof in the general case is similar.

First we prove that there is a global solution of the equation (2.13) which do not grow much as
t — 400. We look for solution as a fixed point:

y(t) = Ge(yo, y)(¢)
for any yo € X(U) ® X.(U) where for small positive ¢

t
Ge(yo,m)(t) = e!7H Wy, +/ eE=)TH W) 23 () N (U, n(s)) ds
0

t —+o0
+ / (=) THW) e () JN. (U, n(s)) ds — / (=) THW) (U1 N (U, n(s)) ds
0 t

when ¢ > 0 and

0
@@mmm:w“mmm+/e“ﬂmwm%mﬂwwm@»w

t

0 +oo
—|—/ (=) THW) e (1) N (U, n(s)) ds —/ et THW) 2w (1) N (U, n(s)) ds
t ¢

when ¢ <0, with 7*(U) the projector into X*(U) with respect to the decomposition ®.¢(c,s,u} X" (U).
Let us introduce for v(U) = RE1(U) and any I' smaller than v(U), the space

Yr = {77 ‘R — L2(R3,(C4), Ic > 0, ||77(t)||2 < el“\t|’ Vi € R} -
For sufficiently small € > 0, the map G.(yo,-) leaves Yr invariant and is continuous for the norm

y = sup { ()|}
teR

Moreover, it is a strict contraction for sufficiently small U and € > 0. In fact, € is a o(y(U)). This proves
the existence of the fixed point y.

Then we fix h{f (y0) = y(0) — yo. The invariance of the graph of hff by the flow is immediate.

Now we prove the smoothness property. In fact N.(U,n) is I times differentiable in 7 from Y1 to Yr
if 1+ 1)I" <T and G. is [ times differentiable from X.(U) @ Xs(U) x Yrr to Yp if 201" < T, see [Brd).
We introduce the family y,, satisfying

o = 0 and NMn+1 = ge(yOann)-

This sequence converge to y in Yr. Moreover, as functions of yg, the convergence is uniform in Yr on
bounded sets of X,(U) & X (U).

We want to prove that the sequence of their derivatives of order k£ with respect to 7 also converges
in Yt on bounded sets for any I' < v(U). We prove it by induction in k. So suppose that (871, )nen is
converging in Yt for all j < k and any I' < y(U). Then we have that (see [Brd])

ann = 3gs(y0777n71) =L+M (anNE(Ua Unfl)aﬁm)
aknn - 3kgs(y0, 777171) =M (anNs(U; nnfl)aknnfl + \pk(nnfla CI) akilnnfl)) 3 Vk Z 2

with L = et7HU) and

t +oo
(Mn)(t) = —/ et THW) zes (), Jn(s) ds —|—/ et HW) pu () g (s) ds
0 t

and Uy a smooth function of k£ parameter. Hence since M o 6,7NE(U, Yn—1) is a strict contraction in Yp
for sufficiently small e and U (once more ¢ is a o(y(U))), this proves the convergence of the sequence of
k-th derivatives in Y1 on bounded sets for any I' < v(U). Hence the sequences of derivatives of (1 )nen
in Yr on bounded sets for any I' < v(U). This gives the differentiability at any order of y(0) = h(yo).
This also gives, since N(U,n) = O(|n|?) around zero, that h(yo) = O(|yo|?) around zero.
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Now we want prove that We(U) is attractive in negative time. In fact W (U) is the graph of a
smooth function h : X< +— X*(U). Let n be such that S(U) + 7 is a solution of (|L.2), we have

O = JH(U)n + JN(U,n).

n=y+r=y+h(y) +z
with y = 7°*(U)n and we have the following equation for z € X*(U)

Oz=JHU)z+ M(U,y, z)
where
MU,y,z)=7“(U){JN(U,n) = IN(U,y + h(y))} — Dh(y)m=*U){JNU,n) — JNU,y + h(y))}.

Using Duhamel’s formula, we obtain
2(t) = e?H W 2(0) + / t e=ITHWN(U, y(s), 2(s)) ds
0
We obtain since z € X*“(U)
@)l < 7D [[2(0)]] + C/Ote(t_s”w) IM(U,y(s), 2(s))l| ds

and so for v € (0,v(U))

e @) < 120 + C|U| sup {e™* [lz(s)lI} + o sup {e*[|z(s)]})
s€0,t] s€[0,t]

where C do not depend of U and z. Hence if z(0) is small, we have that there exists ¢ > 0 such that
| 2(t)|| < ce for all t < 0. We notice that since X*“(U) € H? and finite dimensional (see Lemma P.1) in
fact the‘time decay in L? gives also a time decay in HZ for any s, 0 € R.

Now choose V' a sufficiently small neighborhood of 0 and ¢ a solution of () initially in V' but not
in We(U). Suppose it stays in V in positive time. We obtain that ¢ € Yr. We have

¢(t) = "7 (x5 (U) + 7°(U)) $(0)

+ / t e TH O 2o (U)IN.(U, ¢(s)) ds + / t e MO 7 (U)IN(U, ¢(5)) ds
0 0
I () <y<o> + " e THO ) IN(U, o(s)) ds)
0

- / h e sTHW) p (Y INL(U, ¢(s)) ds.

with
6(0) + / e~ THW) (1) IN(U, 6(s)) ds # 0.
0

Hence we obtain with (R.9), that ¢(t) exponentially tends to infinity in norm. This is a contradiction so
¢ leaves V in finite time. O

Then reversing the time direction that is to say replacing H by —H and F' by —F, we obtain with
this theorem a locally invariant center unstable manifold with the corresponding properties:

Proposition 2.5 (Center-Unstable Manifold). If Assumptions [[L1-[I.d hold. Then for any suffi-
ciently small non zero U, there exists around S(U) a unique smooth invariant center unstable manifold
Wew(U) for (B12), build as a graph and tangent to S(U) + X.(U) @ X, (U) at S(U).
Any solution ¢ of (R.19) in the neighborhood of S(U) tends as t — +oo to W (U) with
distys (¢(t), W (U)) = O0(e™ ") as t — +o0

and for v € (0,v(U)), any s,0 € R and for any V sufficiently small neighborhood of S(U) any solution
inV not in W(U) leaves V in finite negative time.

16



We can build by the same way a center manifold which is the intersection of the two previous:

Proposition 2.6 (Center Manifold). If Assumptions @«@ hold. Then for any sufficiently small
non zero U, there exists around S(U) a unique smooth invariant center manifold We(U) for (R.19), build
as a graph and tangent to S(U) + X.(U) at S(U).

Moreover, we have We(U) = Wes(U) N W (U) and We(U) contains the part of the PLS manifold
which is in a neighborhood of S(U).

Proof. We build the center manifold with the same method as in the previous cases. We can also build a
center-unstable manifold inside center-stable manifold. More precisely, let hf; : X (U)® X,(U) — X, (U)
be the map defining center-stable manifold and Ay, : X.(U) & X,(U) — Xs(U) be the map defining
center-unstable manifold. A solution y = S(U) + y. + ys + yu with y. € X, (U) for x € {c, s,u} is in the
center-stable manifold if y,, = h{;(y., ys). Hence to obtain a center-unstable manifold inside center-stable
manifold one has to solve, for each y., the equation

Ys = h?](yca h?](ycayé))

this could be solve inside a small ball for small y. and small U by means of the fixed point theorem, since
hi; (ye, 2) is a O(|ye|* + |2]?) around zero for * € {s,u}.

By the same way, we can also build a center-stable manifold inside the center-unstable manifold.

Using the uniqueness of the center manifold, we obtain that this two manifolds are equal to the center
manifold and We(U) = Wes(U) N We(U).

Then any stationary states in a small neighborhood of S(U) converges to W (U) and W (U) using
the stabilization results of the previous lemmas. Hence, we have that it belongs to We(U) N W (U) =
we(U). O

In the following section, we precise the dynamic inside the center manifold.

3 The dynamic inside the center manifold

In this section, we prove that the dynamic inside the center manifold around S(V4), for small non zero
Vo, relaxes towards the PLS manifold. To this end, we use Theorem @ and Theorem [1.4 about the time
decay of the propagator associated with H.

3.1 Decomposition of the system

Like in [Bou0f], we decompose a solution ¢ € W¢(Vp) of the equation ([L.9) with respect to the spectrum
of JH(U), with U specified in the sequel, and we study the equations for these different parts of the
decomposition.

For any solution of (@) over an interval of time I containing 0, we write for ¢t € I

6(t) = e Mo FUED d (ST (1)) + (1)) .
where n € Hg (U) and

3] 3]
Hy (u1,u2) = {ne L2(R37(C8),<J17, R (ul,u2)> <Jn, 50 S(ul,uQ)>

0 0
<J17, TR (Ul,u2)> = <J17, as—@S(m,m)> = 0},

we notice that the orthogonality is taken with respect to J. In fact, we have
Hy (U) = H1(U) & He(U)

which is invariant under the action of JH(U). We recall that H;(U) is defined in Proposition P.1] and
H.(U) in Proposition P.2. We impose the orthogonality condition

n(t) € Hy (U(1))- (3.1)
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So we want to solve the equation

i0m = {H—EU)}n+{VF(SU)+n) — VF(SU))} ~idS(U)U

= {H+EF(SWU)) - EU)} g+ N(U,n) —idSU)U (82)

for n € Hg (U(t)). Here d*F is the differential of VF and dS the differential of S in R%. To close the
system, we need the equation for U. This follows from the condition

(n(t), JdS(U(t))) = 0.
After a time derivation (like in[Bou06]), we obtain the desired equation:

U(t) = =AU (), n(t))(N(U(t),n(1)),dS(U(1))).
where
AU, n) = [(JdS(U),dS(U)) — (Jn,d*S(U))]
the matrix [(JdS(U(t)),dS(U(t))) — (Jn(t),d*>S(U(t)))] is invertible for small |U(t)| and ||n(t)|]2 since

we have

(dS(U@).dSE W) ~ a0, SN = (o % ) +01U]+ (ol

Lemma 3.1. For any s,s',;0 € R and p,q € [1,00], let
S(Vo,2) = {(U,2); U € Bea(Vo,2), 2 € Ho(U) N By (0,')}

There exist £,6' > 0 and a unique map g : S(Vo,e) — By (R?,C*) which is smooth and such that for all
(U,Z) € S(‘/Oag); g(U,Z) € Hl(U)) z+ g(U,Z) € HO(U)J—i and S(U> +z+ g(U,Z) € WC(VO) Moreover,
we have g(U,0) = 0.

Proof. if h¢ is the function for which W¢(Vp) is the graph. Any ¢ € L*(R3,R®) can be written in the
form S(Vp) + U - DS(Vo) + € + p with p € H1 (Vo) and € € H.(Vp). Tt can be also written in the form
SWU) + z+r with r € Hy1(U) and z € H.(U). These two decompositions in fact defines two bijective
smooth maps in sufficiently small sets. We write ¥ for the first and ® for the second. Then f = ¥ o ®~!
has 3 components following the decomposition Ho (Vo) & H1(Vo) @ He(Vo), we write them (f1, fo, f3).
Then g is the solution of the implicit equation in r

F(U,z,r)= f2(U,z,r) = h(f1(U, z,7), f3(U,z,7)) =0

which can be solved by the implicit function theorem in L2 for o € R since 9, F(Vj,0,0) is invertible
from H; (Vp) to itself because 0y f2(Vo,0,0) is invertible from H;(Vp) to itself and 9,h.(0,0) = 0.

The smoothness of g follows from the fact that g(U, z) € H;1(U) and the exponential decay for excited
states and their derivatives given by (2.2).

The last assertion follows by the fact that around S(V5), the PLS manifold is contained in center
manifold associated with S(V5). O

Hence decomposing 1 with respect to the spectrum of JH(U), we write
n(t) = g(U(t), 2(t) + 2(t)
with z € H.(U) N L?(R3,R®). We obtain the system
U = —A(U,n)(N(U,n),dS(U))

Oz=JHU)z+P.(U)JN(U,n)
+Pc(U(0))dS(U(v)) AU (v), n(v) (N (U(v),n(v)), dS(U(v))) + (dFe(U)) AU, n){N(U,n),dSU))n

with

n(t) = z(t) + g (U(t), 2(1)) -
We notice that this equation is defined only for z small with real values and U small. We now study this
system.
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3.2 The stabilization towards the PLS manifold

We now show that any solution of ([.3) which belongs to the center manifold W¢(Vp) stabilizes as t — 400
towards the manifold of the stationary states inside W¢(Vy). The proof for t — —oo is similar. To this
end, we will use Theorem m and Theorem B to prove that z tends to zero in some sense.

Let us define for any €, § > 0

U(E,(S) = {U c COO(R, B(C2(V0a€>)a HU”Ll(R)mLx(R) S 52}

and for any U € U(e), let ', 3 be such that s’ > 3+2 > 2 and o > 3/2,
Z(U,6) = {z € C(R, L*(R*,R®)), z(t) € H(U(2)),

max [HzHLOO(]R,HS’)a HZHLZ(R,Hj/U)’ HzHLQ(RaBi,z)} < 5}a

and ¢, ¢ are small enough to ensure that for U € U(e,d) and z € Z(U, §)
SU)+z+g(U,z) e W¢(Vy) N By (S(Vo), (Vo).

where g is defined by Lemma @ and r in Remark .

3.2.1 some useful lemma

We will need some technical lemmas, which we collect here.

Lemma 3.2. If Assumptions [[.1{.] hold. Let 0,0’ €R, s > 1 and p,p1,p1,pa,q € [1,00] such that

1 S 1 1 1
-—+->—4+—2>-.
p 3 p1 p2 P
and
1 S 1
-+ - > =
p 3 pm

Then there exist e > 0 and C' > 0 such that for all U € Bc(0,¢) and n € By, (R*, R%)NL>(R?,R®) with
(Q)7n e B (R3R®) and (Q)7'n e B: _(R3 R®), we have

p1,9 p1,9

QY N, , < C (. F U1+ linll ) 10 0l = (@)

B3
P1.4

+C (s, B U+ ll g, ) Il (@0l - (3.3)
Proof. We recall the definition
N(U,n) =VE(SU)+n) - VF(SU)) — &*F(SU))n.
We have e
N(U,n) = /O /O dF(S(U) +0'0n) -n-0ndo'do,

or

11 11
N(U,n) = / / dF(S(U)) -n-0ndddo + / / d*F(SU) +0"0'0n) - 0'0n - n - 6ndo" do’ do,
o Jo 0o Jo

Then we use for s € RY, p, p1, p2, € [1,00] such that %—i—% > p% + p% > %,

||uv||B;’q < CHUHB;I,qHUHB;Z,q’
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and for s > 1, we use [EV97, Proposition 2.1]
ld* ()55, , < C (s, F 1]l =) 19| 5
for k = 3 or k = 4 and d*F(z) = O(|z]), otherwise we decompose d*F(z) = A + O(|z|) where A is the

constant operator.
Eventually using Lemma and

p2,q’

s l
l@7m'| =i i@e iy, .
Pr1,49

for [ € N, we conclude the proof. O

Lemma 3.3. If Assumptions @«@ hold. Let be 0 € R, s > 1, p,p1,p2,q € [1,00] and 01,02 € R such
that

Then there emst e >0 and C > 0 such that for allU € Bc(0,¢) and n € By ,(R?,R®) N L>°(R?, R®) with
(@)'n € By, q(R3 R®) and (Q)°2n € B o, Q(R3 R®), we have
<@ >7 (VF(S(U) +n) = VE(S(U) = VF®))ll 5

< C(s, F|U| + nll ) (U] + < @ > mll g, Y ULII< @ > nll 5,
o0

Lemma 3.4. If Assumptions [L4H.4 hold. Let be 0 € R, s > 1 and p,q € [1, 0] such that sp > 3. Then
there exist € > 0 and C > 0 such that for all U, U' € Bc2(0,¢) and n, ' € B§7q(R3,R8), we have

@) (N, m) ~ Ny < C (s, E U+ 1071 + [l gy + 1) %
x { (1@ nlls, + Q7' ls;,)” (10 = U1+ 1@ 0 )l )

) x
B3.a

x (@7 nls;, + 1@ Iz, ) 1@ (n = )|

w(101+1071+ @], + @i

ngq}v

with 201 + oy =0 +ob+ob =0 if <Q>"1n,<Q>"7n €B (R3 R®) for w € {01, 09,07,0%,04}.

Proof. Using the identity

N(u,n) / / d3F(S(u) +0'0n) -0 - 0ndo’do.
we can restrict the study to d*F(¢) — d*F(¢'). If F = O(|z]°), we have
1
Q)7 (&*F(¢) — &°F(¢)) |l;, < /0 ld*F (6 + t(¢ — &) 55, 1{Q)7 (¢ — &)l 5, -

Then since s > 1 and sp > 3, we use

ld*F ()]

By, < C(s, B [llss ).
Using Lemma [L.], we conclude the proof when F = O(|z|%)

Otherwise, if F is an homogeneous polynomial of order 4, the proof is easily adaptable since d*F is a
constant tensor.

The case F' = O(|z|*) follows by summing the two previous one since as a function of u € RS,
F(u) = Au®* + O(|ul?). O
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Lemma 3.5. If Assumptions [L1-]1.4 hold. Let be 0 € R, s € R and p,q € [1,00]. Then there exist
>0, M >0and C > 0 such that for all U, U" € Be2(0,¢) and n, 7' € Brzmsgs)(0, M) with
(@7 {n—n'} € B} ,(R*,R¥), one has

AW, ) = AU )| < C{IU = U+ 14Q)7 {n— My, } (3.4)
Proof. We recall that
AU, ) = [(JdS(U),dS(U)) — (Jn,d*S(U))]~".
We have

A(U,n) = AW ) = =[(JdS(U),dS(U)) = (Jn,d*S(U))] "' x
x {(JdS(U),dS(U)) — (Jn,d*S(U)) — (JdS(U"),dS(U")) + (Jn',d>S(U")) } x
x [(JdS(U"),dS(U")) — (Jn/,d*S(U"))] .

The lemma then follows from Lemma @ O

3.2.2 Global wellposedness for z and stabilization

Let be U € U(e,8) and 29 € H(U(0)) N H* . Let us write Uy, = lim U(t), we define 7y, (z) by

t——+oo

t
TU,ZO (z)(t) _ e—itH+if0‘ EU(r)) dTZo + / e—i(t—v)H-i—ifUt EU(r)) dTPc(U(v))JVF(n(v)) dv
0

* / D I EUC) (1 (0)) IV F(S(U (v)) + n(v) — VE(S(U(w)) — VE((v)} dv
0

* / ¢4 [LEU®) 4P (17(0))dS (U (1)) AU (0), (o) )N (U (0), 7(0)), dS(U () d

- / i LU () W (dP (U (v))U (v)n(v) dv.
0
with

n(t) = z(t) + g (U(1), 2(t))

First, we have a local wellposedness result for z with the

Lemma 3.6. If Assumptions hold. Then there exist 6 > 0 and e > 0 such that for any U € U(, )
and zo € By g5y N He(U(0)) there are T*(20,U) > 0 and a unique solution

2 € C((-T (20, U); +T (20, U)), H* (0,4))
of the equation
Oz =JHU)z+P.(U)JN(u,n) — (dPC(U))Un, (3.5)
z(0) = 2o, .
where n(t) = z(t) + g (U(2), 2(t)). /
Moreover, z is unique in L>®((=T",T), H*) for any T € (0,T%(20,U)) and T" € (0, T~ (z0,U)) and we

have T (20,U) = +00 or limy_, 7+ (2,0 [|2(t) | gor > 0 and T~ (20, U) = 400 or limy_, 7 v) [|2(t) | gor >
J.

Proof. It is a consequence of the fix point theorem applied to 7y .,.

Using Lemmas @, @ and @ with the Estimate (@)7) and the properties of g given by Lemma
@ we obtain that 7y ., leaves a small ball in H s invariant and is a contraction inside this ball.

Hence there exists a unique solution defined on the interval [T, T]. Classical arguments permit to
extend the solution over a maximal interval (=T~ (29, U),T"(20,U)) such that if T (z0,U) < oo then
necessarily the solution should leave a small ball in H* at time T (2, U). O

We have now a global wellposedness result as stated in the
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Lemma 3.7. If Assumptions hold. There exist 59 > 0, &g > 0 and C > 0 such that for
any § € (0,60), € € (0,60), U € U(e, d) and 2o € By (0,5) NH(U(0)) we obtain for the Cauchy problem
B.8), TH(U, 20) = +o0, TH(U, 29) = —0, z € Z(U,4) and

max {12l o e,y N2 oy 10 o ey | < € lzoler

Proof. The smoothness of z follows from a bootstrapping argument on the fixed point theorem and the
fact that (1 — P.(U))z = 0 follows from a derivation and (1 — P.(U(0)))z(0) = 0.
Let us introduce for any 0 < T < TT(U, z9), the function

m(T) = Sup

ve(- >{”Z”L°°<<—T»T>,HS’>’ 2l cag-rarysiey o 12cagory.m2 0 )

First, we study the estimation of L2((—=T,T), H* ) . We use only the estimates of the Theorem B.1.

HZ”LZ((—T,T),Hi/G)

t
< Collzoll +cHPC [ e ) (1 (0 17 E () de
-7 0

L2((-T,T),H* )

+CIVF(SU) +n) = VESWU) = VEM L2 —rm),17)
+C | dSU)AU, ) (N U, ), dSWUON L2((~7,7),17)
+CH (dP(U)U ‘ .

L2((-=T.,T),Hg)

We now study the estimation of the third term of the right hand side

t
/ e—i(t—v)H-HfUt E(U(r)) drPCPC(U(’U))JVF(U(’U)) dv
0

T
L.
C(U) HVF(T/)HLl((—T,T),HS')
< oW

L2((-T,T),H%,)

IN

71(t u)H+1ft (U(r)) dTPCPC(U(U»JVF(?](’U))‘

L?((fTvT)vHi/a)

IN

2
) ||77||L2((—T,T),L°°) HT]HLOO((—T,T),HS') )

where we used Theorem B.1 Estimate (4).
Hence for the L2H?®  estimate, we obtain

2
HZHL?((fT,T),Hi'd) < Go HZOHHi/a +C HnHLZ((—T,T),LDO) HT]HLOO((—T,T),HS/)
c (”UHOO + HW(U)HLw((—T,T),Hj’U)) U1l oo HUHLZ((—T,T),HSU)

+C Hn”i?((—T,T),LOO) +C HUHLZ 0l oo ((—77), 277 -

using Lemma B.1], we obtain

120l 2=y, 1y < Collzoll gor + Cm(T )? + Cm(T)? + C/m(T)ym(T
Then, we estimate the H ' norm
T

2@l e < Nlz0ll o +/T||VF(77(U))IIHS/ dv
t

JrH/ e—it—v)H+i [} B(U(r)) P (U(v)) x
0

x J{VF(S(U(v)) +n(v)) = VF(SU(v)) = VF(n(v))} dv| ;..

T
+/4 1dS(U () AU (v), n(0)) (N (U (v),1(v)), dSU )))|| o dv

+/T H(dPC(U(v))U(v)n(v) do.

-T Hs
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to estimate the third term of the right hand side, we use the H-smoothness estimates, more precisely
Theorem B.1 Estimate (i) and then we use Lemma B.14:

’

/o ¢TI [ BWE) drp(17(0)) J{VF(S(U(v)) + n(v)) — VE(SU(v))) — VF((v))} du

Hs

S CI{VFSWU) +n) = VESU) = VEO L2 —1.1),12)
<C (HU”OO + ||77(U)||Loo((—T,T),Hs’)) U1l oo ||77||L2((—T,T),Hj,o)
Hence for the L H* estimate, we obtain
2@ e < 2ol g + CHUHLO@((—T,T),HS’) ||77||i2((—T,T),L°°)

C (HUHLOO((—T,T)) + Hn(U)HLOO((fT,T),HS/)) HUHLDO((fT,T)) ||77||L2((7T,T),Hi/o)

) .
+ Clnllz2qerry, L0y + HU’ 3 10l oo ((— 17y, 157 5

LY((-T,T
using Lemma , we obtain
Izl 7o < 20l grer + Cem(T) + Cm(T)? + Cm(T).
For the L2B5072 estimate, by Proposition @ and Theorem E, we have for any £ > 0, any p. > 3/¢

and 95 = ﬁ

IN

lell 27y, 52, ,) lell 27y, 52+5)

IN

Collolzssrsesec + C IEFSWN) -l gy e

+C ||N(U7 77)||L1((—T,T),HB+1+E+65/2)
+C | dSU)AU, (N U,n), dSUN 1 ((—7,1), zro+1+<+0e /2

o H(dPC(U))Un‘

L1((—T,T),HB+1+e+6c/2)
With Lemma B.9 and B.3, we infer
12ll o e g2,y < Coll2ollzrarserocrs + ClULo 10l pa g7y, grosereroey
+C|Uloo 121l 21,1y, 20y |21l L2 = 1), 541420 /29
+C(|Uloo + Inll oo ((—1,7), fro+1+e+0e /2)) ||77||i2((7T,T),L°°) 121l Lo (=, 14400 12
+C(|U]oo + ||77HLO@((_T7T)7H/3+1+E+95/2)) ||77||LZ((_T,T),H&HEHE/?) Hn”L°°((—T,T),H5+1+E+95/2)

+C|U|OO ||TIHLZ((fT,T),HEt1+E+95/2)

we infer since s' > 3+ 2 + ¢ + 0. and using Lemma B.1),

||Z||L2((—T,T),B£O 2) S CO||ZO||HK3+1+E+9£/2 + Em(T) =+ C’m(T)3 =+ C’m(T)2

Hence we obtain
m(T) S CO||ZO||H/3+1+5+95/2 + Cem(T) + C’m(T)3 + C’m(T)2 + C\/ m(T)m(T)2,
where Cy do not depend of m and C'is a nondecreasing function of ||z e ((_7 1), go+1+2+0./2) and hence
it can be bounded by a nondecreasing function of m.
If |20l g is small then m(0) is small and m(T) stay small. Therefore we have that z € Z(U, /)
if || 20| g+ 1s small enough for any J and e are small enough and
max |2l o e,y 12l oy Il o sy | < £zl )

where f is such that there exists C' > 0 with

Flzoll o) < Cllzoll o -
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The solution z just found is a function of zg and U, writing it z[zo, U], we have the following important
property given by the

Lemma 3.8. If Assumptions [[.J1L.4 hold. Then there exists 6o > 0, =9 >0, C > 0, € (0,1) such
that for any & € (0,0¢), € € (0,e0), U, U" € U(e,d), 20 € He(U(0)), 2z, € He(U'(0)), z € Z(U,d) and
z' € Z(U',$), one has

et 16 B dra [z 7] — e S EW 0D drz g, 0|
; Lo (R, HY)NL2 (R, L®)NL2 (R, HY )

< Cllzo = 2l s + 5 {IU = Ul + [0 = T

)

e—if(;‘ E(U(r)) drz _ e—if(;‘ EU’ (1)) drz/ — e_ifot E(U(r)) dTTU,zo (Z) _ e_ifot EU’ (1)) dTTU’,z(” (ZI)

Proof. We use the technics of the previous lemma on the identity

O
Since U € U(e,d), we notice that EmU = Ui exist. Then we notice that we can also obtain an
o0

asymptotic profile for e!*f/+i Jo BWU@)) dv2(t). But we prefer to obtain a scattering result with respect to
e tH(U=)) dv e have the

Lemma 3.9. If Assumptions Iﬂ«@ hold. Then for any U € U(d,¢€) and solution z of (@), with zg €
H?® small, the following limit

2o = lim_ e IHUER)d [ EUED=EW2)) dv ()

exists in H* . Moreover, we have zs € H.(0) and there exists ¢ > 0 such that

— (t p—
||€ JJ[) (E(U(’U)) E(Uioo)) d’ljeJtH(Uoo) dTZ:I:oo —_ Z(t)||Ltao(]Ri,HSI)ﬁL%(Ri,Hi/d)ﬁL%(Ri,Bfo,Q) S C|U0| ||ZO||H5/

and

im0 o = 2(0) g = 0.
Proof. Let

t E4(t) = el Jo (BE(U@)~E(U+e)) ()
and

ts Vi(t) = e_ifot(E(U(U))_E(U:toc)) dUU(t).
Using exactly the same method as the one of Lemma @, applied to

e THWUxe)e, (1) = zo+/0 e~V HU)P (V (0)) ] (d®F(S(Vi(v))) — d*F(S(Usoo))) € (v) dv
4 / eI HW)P (Vi (0)) I N (Ve (v), 7 (v))
+ /0 e/ Uz )P (Ve (0))dS(V () A(Ve (v), 7 (0))(N (Vi (v), 2 (v)), dS (Vie (v))) do

—/O e L) (AP (Vi (1)) AV (0), 77 (0) ) (N (Ve (0), 775 (0)), dS (Ve (0)) e (v) o,

with 7z (t) = e/ Jo (BU@)=EU)) dv (5(1) 4 (U (t), 2(t))). We prove that the limits

lim ethH(Ui“’)fi(t) = Z4oo

t—+oo

exist by the same way we also obtain the estimates and the convergence of

e tHWUioo) ey () = W) (5 ) (&(t) _ efit(HfE(Uioo))zO)

n (eJtH(Uioo) B e—it(H—E(Uj:oo))) Zo.
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Then for multiplying by e =7 [§(BU@)=E(Ux)) d , we obtain the estimates and the convergence of

e*JJ‘J(E(U(U))*E(Uioo)) dvethH(Uioo)Zioo B Z(t)

Since (1 — P.(U(¢))) z(t) = 0, we have (1 — P.(U1+o0)) 2100 = 0 and hence z4 ., belongs to He(Uioo)-
o

3.2.3 Global wellposedness for U and stabilization

Here we want to solve the equation for U. We notice that z and a have been built in the previous section
and are functions of U and zg € H.(U(0)). Let us introduce for any Uy € Bc(0,¢) the function on
U(e,d):

fo, (U)(#) = Uy /0 AU (), n(w))(N (U (v),n(v)), dS(U(v))) dv,
where nn = z(t) + g [U(t), 2(t)]. We have the

Lemma 3.10. If Assumptions B«@ hold. There exists dg > 0 and ey > 0 such that for any § € (0,dp),
for any e € (0,20), the function fu, mapsU(e,d) into itself if Uy and zo € H NHo(Us) are small enough.

Proof. By means of Lemma @, we obtain
100 o0 Ol @iz < CINT @)1 11 sre yom e < 6

and
Il foo (W)l Lo @y < |Uo| + CINU (0), (o)l 1. grory < [Uol + 62,

hence for sufficiently small Uy and §, we obtain the lemma. O
The function fr;, has also a local Lipshitz property as stated by the

Lemma 3.11. If Assumptions @«@ hold. For any T > 0, there exists 6o > 0, €9 > 0 and x € (0, 1)
such that for any 6 € (0,80), for any e € (0,e0), for any u, u' € U(e,d), for any zo € H(U(0)) N H?,
for any z{, € H(U'(0)) N H® small enough, for Uy, U}y small enough, such that

‘fUO (U) - fU(', (U/>|Loo((_T;T)) + ‘atho(U> - 8th6(U/)‘L1((—T;T))

<100 = )+ 5 (10 = Ul iy + 0= 0

/
preriy T W0 Follae ) '

Proof. This a straightforward consequence of Lemma @, @ and . O
We now obtain the

Lemma 3.12. If Assumptions |I.1 n. hold There exists g > 0 such that for any § € (0,8y) such that
for any Uy € C small and zg € H.(Up) N HS small, the equation

{U = —AUn)NU,n),dSU)),
U©) = Uy,

where 1n(t) = z(t) + g [U(t), z(t)], has a unique solution in U(d,e). Moreover, there exists C > 0 such that
|Utoo —Uol < C ||Z0||§{s’

Proof. This is also a the fixed point result for fy,. Let us fix T > 0 and consider, for any V € U(,¢)
with sufficiently small § > 0 and £ > 0, the sequence:

n+1 on( ) Vn €N
Vo=V;

for any n € N, V,, € U(d,¢). With Lemma B.11|, the fixed point theorem give us the convergence for the
norms of L°°(( T,T)) and Wh((—T,T)) of (V ).
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Then we notice that for any 77 € R, we have

Va1 (t) = frp, vy (Va) (t = T7).
Since for T € (=T5T), (fu,(Va)(T")) is a Cauchy sequence, the Lemma give us the convergence of
(V;,) for the norms of L®((T' = T;T'+T)) and WHL((T" = T;T" +T)).
Iterating this process, we prove the Lemma since the other statements are classical. We just notice
that the last statement follow from the fact that there exists C' > 0 such that

U] < 1AW, )N (U.m),dSU)] < C 2017

4 The dynamic outside the center manifold

We can make the same study in the center stable manifold and the center unstable manifold but only in
one direction of time. Let us explain it for the center stable manifold in positive time since it is similar
for the center unstable manifold. Actually it is equivalent if we revert the time direction.

We just give a sketch of the proof since it is similar to the previous study. Using the idea of the proof
of exponential stabilization for Proposition @, we write any solution ¢ in the form ¢ + p with 4 in the
center manifold and p € X,(Vp).

Indeed W¢(V}) is the graph of a smooth function h¢: X.(Vo) — X(Vo) ® X, (Vp). Let v be such that
S(Vo) + v satisfy ([.g), we have

O =JHVy)v + JN(Vo, v).
v=y+hiy)+p=1v-5W)+p

with y = 7¢(Vo)v. We notice that using the fact the intersection of the center stable and center unstable
manifolds is the center stable manifold (see Proposition P.6), we obtain p € X(Vp) and we have the
following equation for p

Oep=JHVo)p+ M(Vo,y, p)

where
MWVo,y,p) = 7° (Vo) {IN (Vo,v) = IN(Vo, y + h°(y)) } —m* (Vo) DR (y)m“(Vo) { IN (Vo, v) — JN(Vo, y + h°(y))} -
Then we obtain for ¢ the equation
O = JHY + JVF(Y) + R(¥, p)

R(¢,p) = JVF( + p) = JVF () = JA&*F(S(Vo))p — M (Vo, 7(Vo) (¢ — S(Va)), p)

with notice that [R(¢), p)| < C([|¢l g+, o1l )l
Then working like in E, we obtain an equation for U and z , namely

U = —AU,n)(N(U,n) = JR(U,n, p),dS(U))
Oz = JH(U)z + Pc(U)JN(U,n) +Pe(U(0))dS(U(v)) AU (v), n(v) (N (U (v),n(v)) = JR(U,n,p),dS(U(v)))
+(dP(U))AU,n){N(U,n) = JR(U,n, p),dSU))n + P(U)R(U,n, p)
with
n(t) = z(t) + g (U(t), 2(1)) -
where g is defined by Lemma @ and

R(Uﬂ%P) = R(S(U) + 77>P)

These equations are similar to those we have studied but with an extra term coming from R which is
exponentially decaying in positive time.

Indeed for p, we study its equation in
r(Vo)
2

R,y = {P € C*((To, +00), Xs(Vo)), 3C > 0]p(t)] o < eVt > TO}
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for any Tp < 0 and v € (0,v(Vp)).
Let us define for any € > 0

UTO (E, (5) = {U (S COO((T(), +OO), Bcz (Vo,{:‘)), HUHLl((Tg,+oo))ﬁL°°((Tg,+oo)) S 52}

and for any U € Ur, (), let s’, 8 be such that s’ > 3+ 2> 2 and 0 > 3/2,
Z7,(U,6) = {z € C*((Ty, +00), L*(R3,R®)), 2(t) € H (U(1)),

max Hz”LOO((TO,-',-oo),HS/)’ HZHL?((Tg,Jroo),Hj/U)’ ||Z||L2((T07+Oo)1350,2)} < 5},

and ¢, ¢ are small enough to ensure that for U € U(e,d) and z € Z(U, §)

(Vo)
2

SWU)+z+g(U,z) € W(Vy) N By (S(Vo), ).

We solve the equation for z first and then the one for p and eventually the one for U using the idea
of Section E This gives us the desired exponential decay for r as well as similar results for U and z.

We notice that instead of Lemma @, we obtain the

Lemma 4.1. If Assumptions @«@ hold. Then there exists 6o > 0, €9 > 0, C > 0, k € (0,1) such
that for any § € (0,90), € € (0,e0), U, U" € Ur,(,9), p,p € Ruy~ 20 € He(U(0)), 25 € He(U'(0)),
z € Z(U,0) and z' € Z(U',9), one has

e—iJs EU(r)) o2 U, p] — e—ifo BEWU' (1) ar 220, U, p]H
Lo® ((To,+00), H )AL ((To,+00), L) NL?((To,+00), H*',)

< o =l + {10 = Ul gy + [0 = 0

LDO((T();}»oo)’C?) + ||€’Yt(p - pl)(t)HLfc((T(),-‘FOO),XS(VO))} .

Then for p as a function of U, zy and pg (the initial condition for p), we obtain the

Lemma 4.2. If Assumptions [[L1{L.4 hold. Then there exists 6o > 0, €9 >0, C > 0, r € (0,1) such
that for any 6 € (0,0), € € (0,e0), U, U' € Ur,(e,0), 10,75 € Xs(Vo) 20 € He(U(0)), 25 € He(U'(0)),
z € Z(U,0) and z' € Z(U',9), one has

He’Yt (p[z(l)v Ulv p/O] - p[ZO, U7 pO])||Lt°°((T0,+OO),X3(Vo))

< Clio =l + 5 {10 = Ul + [0 - 0

+ llpo — ot :
et 10 po||L2}

We also notice that we need during the proof p to be small. Hence this impose some smallness to 7,
which is slightly modified. Such assumptions, gives that there exists C' > 0 with

lp(t)| o < Cp(0)e™ 7, Vt > T,

5 End of the proof of Theorem

Then we notice that the small locally invariant center manifold build in Section P.g for Equation (R.11)) is
now a small invariant (globally in time) center manifold. Indeed , we have just proved the stabilization
towards the PLS manifold, this ensures that a solution in the center manifold will stay inside this manifold
in the two direction of time.

Now let us consider CM \ {0} the union of all this small globally invariant center manifolds using
the uniqueness of center manifold with help of Lemma @, we prove that this is a manifold. Now we
generalize Lemma @ by the
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Lemma 5.1. For any s,s’ € R and p,q € [1,00], there exist € > 0, a continuous map 7 : B2(0,£) — RT
with r(U) = OT'(U)) and a bijective map ¥ : S — CM where

S={(U,z); U€ Be2(0,¢),z € He(U) N Byor (0,7(U)) }

Moreover U is smooth and there exists C' > 0 such that for all (U,z) € S, ¥(U,z) € H1(U), z +
U(U,z) € Ho(U)*, SWU) + 2+ W(U,2) € CM with |V (U, 2)| 5. < C |23

Proof. The proof works like for Lemma @ The last statement follows from the fact that each central
manifold at S(U) is tangent to X¢(U).
The statements for  follow from Remark P.1].
O

The scattering result follows from a one to one correspondence of the initial profile with the asymptotic
profile as stated in the

Proposition 5.1. If Assumptions @ hold. There exist € > 0 and a continuous map r : Bé((), g)
RT with r(U) = O(L(U)) and Vo, V+ neighborhoods of (0,0) in

S={(U,z2); UeC? z€H(U)N By (0,r(U))}

which is endowed with the norm of C? x H*' such that the maps

'Pi:(UO)EVOH(UiOO)GVi
20 Z+00

are smooth bijections.

Proof. We choose
VO = {(Ua Z)) U € B(C2 (05 5)5 ze HC(U) N BHS’ (05 T(U>)}

for some positive £ and we work on the manifold Vy \ {(0,0)} which is locally isomorphic to an open set
of C? x H.(U)N H* .
Since

|Uses 220) = (U, 20)ll = O (U2 + 12031 )

we only need to prove the statement locally. Hence we prove that in a neighborhood of (Up, 0) the maps
PL (U, 2) v (Idg2, P.(Ug))P+ (U, R(U,Up)z) are bijective (P. and R are defined in Proposition P-2).
We write
PL (U, 2) = (U,2) + RY (U, 2)

with Ri" a lipshitz function. With the Proposition @ and , we obtain that the Lipshitz norms of
Ri" are O (). The proposition follows for sufficiently small positive €.
O

For the same reasons the small locally invariant center-stable manifold build in Section @ is invariant
in positive time. We can also consider the union of these manifolds, and we can obtain a map ®, similar
to the map @ just built. The instability in negative time is in fact a consequence of Proposition @

The corresponding conclusion holds for the center stable manifold.

The statements on the instability outside these manifolds follow from Propositions @ and E
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