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Abstract

We study the behavior of perturbations of small nonlinear Dirac standing waves. We assume
that the linear Dirac operator of reference H = D,, + V has only two double eigenvalues and that
degeneracies are due to a symmetry of H (theorem of Kramers). In this case, we can build a small
4-dimensional manifold of stationary solutions tangent to the first eigenspace of H.

Then we assume that a resonance condition holds and we build a center manifold of real codi-
mension 8 around each stationary solution. Inside this center manifold any H?® perturbation of
stationary solutions, with s > 2, stabilizes towards a standing wave. We also build center-stable
and center-unstable manifolds each one of real codimension 4. Inside each of these manifolds, we
obtain stabilization towards the center manifold in one direction of time, while in the other, we have
instability. Eventually, outside all these manifolds, we have instability in the two directions of time.

For localized perturbations inside the center manifold, we obtain a nonlinear scattering result.

Introduction

We study the asymptotic stability of stationary solutions of a time-dependent nonlinear Dirac equation.

A localized stationary solution of a given time-dependent equation represents a bound state of a
particle. Like Ranada ], we call it a particle-like solution (PLS). Many works have been devoted to
the proof of the existence of such solutions for a wide variety of equations. Although their stability is
a crucial problem (in particular in numerical computation or experiment), a smaller attention has been
deserved to this issue.

In this paper, we deal with the problem of stability of small PLS of the following nonlinear Dirac
equation:

i0p) = (D + V) + VF(¢) (NLDE)

where VF is the gradient of F : C* — R for the standard scalar product of R®. Here, D,, is the usual
Dirac operator, see Thaller [Tha92, acting on L?(R3,C*)

3
D, =a-(-iV)+mfg = —iZakak +mp3
k=1

where m € R%, a = (a1, a2,a3), § are C* hermitian matrices satisfying:

;o + apa; = 20,5 1ca, i,k € {1, 2,3},
;B + Ba; = 0ca, 1€ {1,2,3},
B2 = 1ca.

o 0 g; . Icz 0
O‘l<al- 0) and 6< 0 —ICZ)

Whereo<0 1> O'<Oi> and o<1 0>
1 — ) 2 = . 3 = .
1 0 i 0 0 -1

Here, we choose



In (NLDH), V is the external potential field and F : C* — R is a nonlinearity with the following gauge
invariance:

V(0,2) e R x C*, F(e¥2) = F(z). (0.1)

Some additional assumptions on F' and V will be made in the sequel. Stationary solutions (PLS) of

(NLDH) take the form ¢(t,z) = e~ F'¢(z) where ¢ satisfies
E¢ = (D + V)d + VF(9). (PLSE)

We show that there exists a manifold of small solutions to (PLSH) tangent to the first eigenspace of
D, +V (see Proposition [L.1] below).

In the Schrédinger case, orbital stability results (see e.g [CL82, [Wei85, [WeiS6] or [8S8, IGSS8T])
give that any solution stays near the PLS manifold. Unfortunately, orbital stability criteria applied
to Schrodinger equations use the fact that Schrodinger operators are bounded from below. Hence the
question of orbital stability for Dirac standing waves cannot be solved by a straightforward application
of the methods used in the Schrédinger case.

Concerning the asymptotic stability, in the Schrédinger equation, the question has been solved in
several cases. For small stationary solutions in the simple eigenvalue case it has been studied by Soffer

and Weinstein [SW9d, BW99, Pillet and Wayne [PW97 or Gustafson, Nakanishi and Tsai [GNT04]. For

the two eigenvalue case under a resonance condition for an excited state, the problem has been studied by
Tsai and Yau [TY024, [[Y02d, [TY02d, [[Y02H, [Tsa03] or Soffer and Weinstein [FW04, FW05]. Another
problem has been studied by Cuccagna uc01], Cuc03, [Cuc0d], he considered the case of big PLS, when
the linearized operator has only one eigenvalue and obtained the asymptotic stability of the manifold of
ground states. Schlag proved that any ground state of the cubic nonlinear Schrédinger equation
in dimension 3 is orbitally unstable but posseses a stable manifold of codimension 9.

We also would like to mention the works of Buslaev and Perel’'mann [[BP94, [BP92H, BP92d, BP924],
Buslaev and Sulem [BS03, BS09], Weder [Wed0(] or Krieger and Schlag [KS03 in the one dimensional
Schrodinger case. Krieger and Schlag [KS05 proved a result similar to [[Sch04] in the one dimensional
case.

In [B 0], we prove that there are stable directions for the PLS manifold under a non resonance
assumption on the spectrum of H := D,,, + V. This gives a stable manifold, containing the PLS manifold.
But we were not able to say anything about solutions starting outside the stable manifold.

The results we present here state the existence of a stable manifold and describe the behavior of
solutions starting outside of it. In fact, we prove the instability of the stable manifold. We also prove
stabilization towards stationary solutions inside the stable manifold for H® perturbation with s > 2. We
have been able to obtain it since we impose a resonance condition (see Assumption E below), while in
[Bou0d], we assumed there is no resonance phenomena.

When the perturbations are localized, we can push further this study and we obtain a nonlinear
scattering.

This paper is organized as follow.

In Section , we present our main results and the assumptions we need. Subsection , is devoted
to the statement of the time decay estimates of the propagator associated with H = D,, + V on the
continuous subspace. One is a kind of smoothness result, in the sense of Kato (see e.g. [Kat6d]), the
other is a Strichartz type result. We prove these estimates with the propagation and dispersive estimates
proved in [Bou0@. In subsection [L.g, we state the existence of small stationary states forming a manifold
tangent to an eigenspace of H. The study of the dynamics around such states leads us to our main results,
see Subsection E and m In Subsection B, we split a neighborhood of a stationary state in different
parts, each one giving rise to stabilization or instability. In Subsection , we state our scattering result.

To prove our theorems, we consider our nonlinear system as a small perturbation of a linear equation.
More precisely in Subsection @, we show that the spectral properties of the linearized operator around
a stationary state, presented in Section E, permits to obtain, like in the linear case, some properties of
the dynamics around a stationary state. We obtain center, center-stable and center-unstable manifolds.
In Section H, we obtain, with our time decay estimates, a stabilization towards the PLS manifold for H*®
perturbation with s > 2 in the center manifold. Section @ deals with the dynamic outside the center
manifold. Eventually in Section ﬂ, we conclude our study.

Our results are the analogue, in the Dirac case, of some results of Tsai and Yau [I'Y02d|, Soffer and
Weinstein [EWO(], Pillet and Wayne [PW97 and Gustafson, Nakanishi and Tsai [GNT04] about the
semilinear Schrodinger equation.




1 Assumptions and statements

1.1 Time decay estimates

We generalize to small nonlinear perturbations, stability results for linear systems. These results, like
in , follow from linear decay estimates. Here we use smoothness type and Strichartz type esti-
mates deduced from propagation and dispersive estimates of . Hence, we work within the same
assumptions for V and D,, + V:

Assumption 1.1. The potential V : R? — S4(C) (self-adjoint 4 x 4 matrices) is a smooth function such
that there exists p > 5 with

C

3 3 e’
Va € N°, 3C > 0, Vax € R®, |0%V|(x) < 7<$>p+\a|'

We notice that by the Kato-Rellich theorem, the operator
H:=D,,+V

is essentially self-adjoint on C$°(R3, C*) and self-adjoint on H!(R3, C*).

We also mention that Weyl’s theorem gives us that the essential spectrum of H is (—oo, —m] U
[+m, +00) and the work of Berthier and Georgescu , Theorem 6, Theorem A], gives us that there
is no embedded eigenvalue. Hence the thresholds +m are the only points of the continuous spectrum
which can be associated with wave of zero velocity. These waves perturb the spectral density and diminish
the decay rate in the propagation and the dispersive estimates. We will work (like in [Bou06]) within the

Assumption 1.2. The operator H presents no resonance at thresholds and no eigenvalue at thresholds.
A resonance is a stationary solution in H?\ HY/2 for any o € (1/2, p — 2), where H., is given by

Definition 1.1 (Weighted Sobolev space). The weighted Sobolev space is defined by
Ho(R?,CY) = {f € S'(R?), [{Q)7(P)' fl|2 < oo}
for o,t € R. We endow it with the norm

[ flleze = [{Q)7(P)" fll2-
If t = 0, we write L2 instead of HY.

We have used the usual notations (u) = v1+u?, P = —iV, and Q is the operator of multiplication
by z in R3.
Now let
Po(H) = L(—oo,~m|U+m,+o0) (H)
be the projector associated with the continuous spectrum of H and H. be its range. Using ,

Theorem 1.1], we obtain a Limiting Absorption Principle which gives the H-smoothness of <Q>_1 in the
sense of Kato:

Theorem 1.1 (Kato smoothness estimates). If Assumptions B and hold. Then for any o > 1
and s € R, one has:

—0o —itH .

| @7 P (E) | ey S C Mo ey (i)

[ e @ Fo df < CNFl st (i)
R He (R?,C4)

| @ ey @) Fe) s <CNFlpmgcy . (i)
s<t L7 (R,H*(R3,C%))




Proof. We first prove (f). For s = 0, it is (see e.g. [JABAMG9d, Proposition 7.11] or [RS7§, Theorem
XIII.25]) a consequence of the limiting absorption principle:

%zseu(g 1) {H<Q>_U (H—2z)""P.(H)(Q)™°

which follows from [Bou0d, Theorem 1.1] or (Theorem B.1] below) for o > 5/2 using the fact that the
Fourier transform in time of the propagator is the resolvent. Actually, the Fourier transform of

(Q) 7 e TP, (H) 1p (1) (Q) 7 f

2} < 00 (1.1)

in time is
Q)77 (H—-X—ie) '"P.(H)(Q) " f

for f € L?(R®,C*). Then we use Born expansion
(H—=2)" = (Dm—2)" = (D —2) "V (Dy — 2) " 4+ (D — 2) " 'WV(H — 2) "' V(D — 2)7*

the limiting absorption in [[M99, Theorem 2.1(i)] (they prove the identity ([L.1) for H = D,,, when o = 1)

and the fact that 1

inf |z — Al

AE(—o0,—m]U[+m,+00)
to obtain ) for 0 = 1. Hence we have concluded the proof for s = 0 and o > 1. For s € 2Z and
o > 1 it follows from the previous cases using boundedness of < H >°< D,,, > % and < H >7°< D,;, >°*
(which follow from the boundedness of V and its derivatives) and the boundedness of (Q)F7[(Q)*7, <
H >*|(H)~* (which follow from multicommutator estimates see [[IS00, Appendix B]). The rest of the
claim (f) follows by interpolation.

Estimates ([) and (f]) are equivalent by duality.

To prove estimate (ji]) when s = 0 (the general case will follow by the same way as above), we notice
that we have to prove that there exists C' > 0 such that for all F,G € L?(R, L?(R?,C*)), we have

H(H - z)_l (1 - PC(H))HB(L2) <

‘//R <G(t), Q)7 e t=HP _(F) 1g: (t—5) (@) F(s)> dsdt‘

< ClGll L2 v, L2 @s 0o 1F L2 (&, L2 (3,01

We can suppose that F and G are smooth functions with compact support from R x R? to C* and we
just need to prove that there exists C' > 0 such that for all € > 0, for all F,G € Cg°(R, L?(R3,C*)), we
have

[ (6. 1@7 IR (1) 1 (15 Q) F(s)) dse

<C HG||L§(R,L2(R3,C4)) ||FHL§(R,L2(R3,C4)) .

Then we take the limit as € — 0 and we will conclude using density arguments. Let us write A.(t) for
(Q)7 e tH=iE)P _ (H) 1r: (t) (@)~7, we have to prove

J GO, (A x PYO) dt] < CUGl5 0 o [Pl coy
Using Plancherel’s identity in LZ(R, L2(R3,C*)) and A. x F € L7(R, L?(R3,C*)), we just need to prove

/R<CA¥(/\),m(>\)> d\ < CHG"

A .
L2 (R,L2(R3,CY)) H L2 (R,L2(R3,C4))

Since the Fourier transform in time of the propagator is the resolvent, F' is smooth with compact support
and € > 0, we obtain

A+ F(N) = (@) (H = A —ie) "' Pe (H) (@)™ F(N)
Hence we just have to prove

~

(GO @77 = A=k P (1) @7 FOY) dA\ <cle

A .
Li(R,L?(RS,@))H L2 (R,L2(R3,C%))

This in turn follows from the Limiting Absorption Principle ) just proved. O



To state the next result, we need the

Definition 1.2 (Besov space). Fors € R and 1 < p,q < oo, the Besov space B, (Rg,(C4) is the space
of all f € 8'(R3,C*) (dual of the Schwartz space) such that

1 ss, = | D2 s * fll§ | < +oc

jEN

with § € C3°(R™\{0}) such that 3, , (277€) = 1 for all§ € R*\{0}, ;(§) = $(277€) for all j € N* and
forall ¢ €R3, and g =1 — > jens Pj- It is endowed with the natural norm f € B;,Q(RB,(CLL) — || /]

By g
Using the Dispersive estimates of , Theorem 1.2] and [, Theorem 10.1], we obtain the

Theorem 1.2 (Strichartz estimates). If Assumptions and @ hold. Then for any 2 < p,q < oo,
6 € 10,1], with (1 — —)(1 +9) = Z and (p,0) # (2,0), and for any reals s, s' with s' — s > a(q) where
alg) =1+ - —) there emsts a positive constant C such that

le™  Po(H)Yll Lk, B2 ,m5 c1)) < ClYll e s o, 0
H/ 1tHP )dtHHS < CHFHLP/(R,B;// 2(]R’dv,(f:“))’ (u)
I /S<t e TIIP(H)F(s) ds| pe, s ooy < ONF g o, e, ooy "

for any r € [1,00], (¢,p) chosen like (q,p) and s+ § > a(q) + a(q).

Proof. This is a consequence of [KT98, Theorem 10.1] applied to U(t) = e " P,(H), using [Bou0d,
Theorem 1.2] or Theorem B.4 below and

A+8)A=Pts

s 0
By, — (H?, BIJr [2+s )2/((146/2)p) .2

continuously for p > 2 (p #2if # =0) and 1/¢ =1 —1/((1 £ 6/2)p). For these embeddings, we refer
to the proof of [BL76, Theorem 6.4.5] as well as the properties of the real interpolation (see [BL76] or
[) More precisely for § = 0 or 1 it is obvious. In the other cases, we work like in proof of [BL76,
Theorem 6.4.5(3)]:

We use [BL76, Theorem 6.4.3] (Bj , is a retract of I[5(LP) for s € R and p,q € [1,00]) and [BL76,
Theorem 5.6.2] (about the 1nterpolat10n of I5(LP) spaces) with [BL76, Theorem 5.2.1] (about the interpo-
lation of L? spaces). Then we conclude using the injection of L? spaces into some Lorentz spaces [BL74,
Section 1.3 & Exercice 1.6.8].

In the case 6 # 0, the proof is actually simpler. We can prove it using the usual 77" method and the
Holder inequality instead of the Hardy-Littlewood-Sobolev inequality.

O
1.2 The manifold of PLS
We study the following nonlinear Dirac equation
i0p) = Hy + VF(¥) 19
{w(o,->w0. (12)

with ¢ € C*(I, H*(R?,C*)) for some open interval I which contains 0 and H = D, + V. The nonlinear-
ity F: C* — R is a differentiable map for the real structure of C* and hence the V symbol has to be
understood for the real structure of C*. For the usual hermitian product of C*, one has

F(v)h = R(VF(v),h).

If F has a gauge invariance (see Equation @I) or Assumption below), this equation may have
stationary solutions 4.e. solution of the form e 1F*¢, where ¢¢ satisfies the nonlinear stationary equation:

E¢o = Hopo + VF(¢o).



We will notice that the Dirac operator D,, have an interesting invariance property due to its matrix
structure. This invariance can be shared by some perturbed Dirac operators and gives a consequence of
a theorem of Kramers, see [BH93, [Par9(]. Indeed if we introduce K the antilinear operator defined by:

K(i):(gﬁg)withagz(? Bi). (1.3)

The operator D,,, commutes with K. So if V also commutes with K, we obtain that the eigenspaces of
H are always of even dimension. Here we work with the

Assumption 1.3. The potential V' commutes to K. The operator H := D,, +V has only two double
eigenvalues Ao < A1, with {¢o, Koo} and {¢1, KP1} as associated orthonormalized basis.

We also need the

Assumption 1.4. The function F : C* — R is in C>®°(R8 R) and satisfies F(z) = O(|z|*) as z — 0.
Moreover, it has the following invariance properties:

VzeCh V0 eR, F(Kz) = F(z), F(e2) = F(2).
We obtain the

Proposition 1.1 (PLS manifold). If Assumptions Iﬂ hold. Then for any o € RT, there exist
a neighborhood of 0 in C2, a smooth map

h: Qe {do, Kdo} ™ N H(R?,CY) N L2(R?,CY
and a smooth map E : Q — R such that S((u1,uz2)) = u1do + ua Ko + h((u1,uz2)) satisfy for all U € Q,
HSWU)+VF(S{U))=EU)SWU), (1.4)
with the following properties

h((ui,uz)) = (mld@ + ﬁ[() h((|(ur, u2)],0)), YU = (uy,uz) € 9,
hU) = O(|UP),

EU) = E(|U]),

E(U) = X + O(UP).

Proof. This result is adapted from [PW97, Proposition 2.2] after the reduction due to the invariance of
the problem with respect to K. O

Moreover, we have

Lemma 1.1 (exponential decay). For any 3 € N*, s € RT and p,q € [1,00]. There existy >0, & > 0
and C > 0 such that for all U € Be2(0,¢€) one has

e DA S(U) B, < CISU)|l2,

8 . 18l
where Oy, ,) = 5T 072 S ur 0% Rus 0P S a; -
Proof. This is proved like in [Bou0d, Lemma 4.1], where we used ideas of [[His0d]. O

1.3 The unstable manifold and the stabilization

Each stationary solution previously introduced has, like in [[Bou0f], a stable manifold. Under the following
assumption, we can prove that the stable manifold is unstable, that is to say that a small perturbation of
a stationary solution starting outside of this manifold leaves any neighborhood of this stationary solution.
We work with the



Assumption 1.5. The resonant condition
|)\1 - )\0| > min{|)\0 + m|, |)\0 - m|}

holds. Moreover, we have the Fermi Golden Rule

D(¢) = lim (dF(@)61,3 (H = Xo) + (h = o) —ie) 7 P(H)PF(9)61) > 0 (1.5)
e>0

for any non zero eigenvector ¢ associated with \g.

In this assumption, the notation d?F denotes the differential of VF with respect to the real structure
of C%.
Let us introduce the linearized operator JH (U) around a stationary state S(U):

HU)=H+d*F(S(U)) - EU).

We notice that the operator H(U) is not C-linear but only R-linear. Hence we work with the space
L?(R3 R* x R*) instead of L?(R3,C*) by writing

(3%)

instead of ¢. The multiplication by —i becomes the operator

_ 0 —IRAL
J = (IR4 0 ) ’
Now we mention some spectral properties of the real operator JH(U) in L*(R3,C* x C*) (the com-

plexified of L?(R?,R* x R*)) which are needed to state and to understand our main theorem. These
properties will be proven in subsection .

Proposition 1.2 (Spectrum of JH(U)). The operator JH(U) in L?>(R3,C* x C*) has a four dimen-
sional geometric kernel and four double eigenvalues E1(U), Ey(U), —E1(U) and —Ey(U) with RE, (U) >
0.

The eigenspaces associated with Ey(U) and Ey(U) are conjugated via the complex conjugation. The
same holds for —Ey(U) and —E; (U).

The rest of the spectrum is the essential (or continuous) spectrum. We write H.(U) for the space
associated with the continuous spectrum. The space H.(U) is the orthogonal of the previous eigenspaces
and the geometric kernel of JH(U) and is invariant by the complex conjugation.

Proof. See subsection f| below. O

We will work on the real part of the sum the eigenspaces associated with Ey(U) and Ey(U): X, (U) C
L*(R? R* x R*), we introduce a real basis (&(U)),_; 4, of X,(U). We will also work in the real part
of the sum of the eigenspaces associated with —E;(U) and —FEy(U) : X,(U) C L*(R3 R* x R*), we
introduce a real basis (§(U)),_s g of Xs(U).

We can state our main theorems which will be proved in the sections E, , and E

Theorem 1.3 (Central manifold and asymptotic stability). If Assumptions hold. Then,
fors > 3+2> 2 and o > 3/2, there ezist ¢ > 0, a continuous map r : Be2(0,¢) — R withr(U) = O(|U|?),
C >0, V a neighborhood of (0,0) in

S={(U,z); Ue€ Be2(0,¢), z € H.(U)NBy=(0,7(U))}

endowed with the metric of C? x H® and a map ¥ : V + R®, smooth on V \ (0,0) satisfying for any non
zero U € Be2(0,¢)
2
W (U, 2)[| = O(l|z[Ig-)

for all z € Ho(U) N Bys(0,r(U)) with (U, z) € V such that the following is true.



For any initial condition of the form
Yo = S(Uo) + 20 + A - {(Uo)

with (Up, z0) € V and A = U(Uy, 20), there exists a solution ¥ € NZ_,C* (R, H*=*) of (IL.9) with initial
condition by and this solution is unique in L>((—T,T), H*(R3 C*)) for any T > 0.
Moreover, we have for all t € R

Y(t) = e o PUG dvg(7 (1)) + (1) (1.6)

with HUHMUm < C|lzo||%s for all g € [1,00], tiigloo U(t) = Ui and

max{ ||5||Loo(1Ri,Hs) ) ||€||L2(]Ri,ng) ) ||€||L2(Rivao,2) } < Cllzoll =

Theorem 1.4 (Center stable end center unstable manifold). With the same assumptions and
notations as Theorem [1.3, let CM be the graph of (U,z) € V — S(U) + z+ U(U, 2) - £(U) then for the set

S = {(U,z,p); U € Be2(0,¢), 2 € H(U) N Bys(0,7(U)),p € Bra(0,7(U)), }

endowed with the metric of C? x H® x R*, there exist C > 0, neighborhoods W+ of (0,0,0) in S and maps
Oy : Wi — R, smooth on Wy \ {(0,0,0)} with

124U, 2,p)| = O(l|=I5- + lIplI*)
for all (U, z,p) € Wy such that for any initial condition of the form

Yo = S(Uo) + 20 + (p+,p-)-£(Uo)
not in CM, the following is true.

1. If (Uo, z0, p+) € Wy and p— = @ (U, 20,p+) (resp. If (Uo, 20,p—) € W- and p1 = ®_(Uo, 20,p-))
then for any small neighborhood O of S(Uy) containing 1 there exist t1 (1) > 0 and a solution
Py € M2_oCF([—ty; +o0), HSF) (resp. ¥ € Mi_oCF((—o0st_], H™*)) of (L) with initial condi-
tion o and this solution is unique in L>°((=T',T), H*(R3,C*)) for any T > 0 (resp T € (0,t_))
and any T" € (0,t4) (resp T' < 0).

Moreover, there exist C > 0, ¢+(t) € CM and po(t) € Xs(Upy) (resp. p—(t) € X (Up))) for all
t > —t_ (resp for all t < ty) such that Yy (t) = ¢+ (t) + p+(t) with

lp=®llzze < Clo£(O)ge €7 ast — koo and  Yi(Fts) ¢ O
where 7 is in a ball around 1/2T(Uy), the radius of which is O(|Up|%)).
We also have

bi(t) = e o U= dvg(y, (#)) 4 ep(t), Vi >t— (resp. ¥t < t+)

with HU+] <C(llzoll =+ lp=(0) [ 1+)*)
La((—o0,t4)

< Cllzoll et lp= (O] )? (resp. |0
La((—t—,+00))
for all g € [1,00], thin Ui(t) =Usoo and

maX{ ||€+||L°°((7t,,+oo),HS) ) ||5+||L2((7t,,+oo),ng) 5 ||€+||L2((—t,,+oo),35012) }
< C(llzollme + [l (0)l =) ,

<resp. max { le— | o (oot yotre) » NE=raqoopyie ) el oot ym2 ) b

< C(llzolle + ||Pi(0)||H5)>-



2. If (Uo, 20,p+) € Wy and p— # @4 (Uo,20,p+) or (Uo,20,p—) € W—_and py # ®_(Uo, 20, p-),
then there exist t4 (1) > 0, t—(g) < 0 and a unique solution 1 of ) with initial condition 1y
such that for any small neighborhood O of S(Uy) containing o, ¢ € Ni_oC*([t—;t+], H*™F) with
P(ty) & O and (t_) ¢ O. This solution is unique in L>((T',T), H*(R3,C*)) for any T € (0,t,)
and any T € (t_,0).

The first theorem shows, as in , that perturbations in the direction of the continuous sub-
space, except four directions, relax towards stationary solutions. We have excluded four directions in the
continuous subspace, which, due to resonance phenomena, induce orbital instability. The second theorem
tells us what happens for perturbations in the directions of an excited state and in the four directions of
the continuous spectrum for which we haven’t the stabilization. We thus study eight directions: four of
them give a manifold on which there hold exponential stabilization in positive time and orbital instability
in negative time, while the four others give a manifold on which there hold exponential stabilization in
negative time and orbital instability in positive time. Outside these manifolds, we have orbital instability
in both negative and positive time.

Remark 1.1. In the Theorem, we notice that when Uy = 0 then zo = 0 and p = 0 so the theorem do
not say anything for this case. In fact, the charge conservation gives the orbital stability of 0. But we
cannot extend the previous results to 0 since we can build a manifold of stationary states tangent to the
eigenspace associated with Ay similarly to Proposition @

1.4 The nonlinear scattering

If we choose a localized zy, we are able to expand further (@) as stated by the following theorems also
proved in sections E, E, E and E

Theorem 1.5. With the assumptions and the notations of Theorem , for the set
So = {(U,Z), Ue BC2(07€)7 z € HC(U) n BHf, (0,7’(U)>}

endowed with the metric of C? x HE, there exists a neighorhhood V, of (0,0) in S, such that the following
is true. If A = U(Uy, z9) with (Uy,20) € V,, there exist Vi open neighborhoods of (0,0) in S, and
(Utoo; Z400) € VE, such that

o
Voo = Ul < CllzollZis s 2200 = 20ll 7= < Cllzoll

and for all t € R

w(t) _ efitE(Vioo)S(Vi (t)) + e.]tE(Viw)eJtH(Viw)Zioo + Ei(t)

with
. ) C )
Vi (0) + i (BOVa(0) ~ BEVaw))| < olaols
C
Vi(t) = Vioo| < @IIZOHH@
C e
maX{IIEi(t)IIHs,I\Ei(t)l\Hig,I\Ei(t)l\Bgo,Z} < WH'ZOHH(S,
"t C
and ef-nme)euo<E<vi<s>>fE<vim>dssi@HHs < F”ZO”%‘?
3
for allt € R.

Moreover, the maps
(Uo; 20) € Vo = (Vibooi 200) € Vi

are bijective.



Remark 1.2. The fact that zg is localized gives us the convergence of

| ) av = tpws)

ast — oo and allows us to obtain an asymptotic profile for the dispersive part of the perturbed solution ¢.
What we call the nonlinear scattering result is essentially the fact that the maps

(Uo; 20) € Vo /= (Uoo; 2400) € Vaiv

are well defined and bijective (actually the surjectivity is called asymptotic completness).
Using wave operators for the couple (JH(U), JD,,), we can obtain an expansion of the form (t) =

e~ g BUW) dvg(, )+ e~ Pm 2y 4 ey (t) but we will only have
2400 — 20/l s < Cllz0l| 1
and
max{ ||5i||Loo(1Ri,Hs) ) ||5i||L2(]Ri,HjU) ) ||5i||L2(Ri,Bi72) } < Cllzoll m+,
or using wave operators for the couple (JH(U), JH) we can obtain an expansion of the form (t) =
e~ o BU@) dvg(U, )+ e tH o 4 ey () with
2400 = 20ll g < C (|Uol + [[20l| &+) | 20| &+

and
ma { e e e ey - lesllpaes e oIt lpagus g ) < C Q001+ o) 20l

But in these cases, we cannot obtain a nice asymptotic completness statement.
We have (in the previous expansions)

e']tH(Ui‘X’)ZiOOHHs) » Sup <<t>3/2 Hei]tH(in)ZiooHHS > 7

teR
sup (<t>3/ 2
teR

max { sup (
teR

eJtme)ZiooH , > } < C|zoo |+
Boo,Z

This follows from Lemma and Lemma .

Outside the center manifold, we can also have an expansion of the same type. But due to the presence
of exponentially stable and unstable directions, one cannot expect a scattering result of the same type.
Actually we cannot obtain the injectivity of the corresponding mappings. We have the

Theorem 1.6. With the assumptions and the notations of Theorem , for the sets
So ={(U,2,p); U € Be2(0,¢), 2 € Ho(U) N Bz (0,7(U)),p € Bpa(0,7(U)), }

endowed with the metric of C? x HS x R4, there exist C > 0, neighborhoods W5 of (0,0,0) in S, such
that the following is true.

If o & CM, (Uo,z0,p+) € W5 and p— = @4(Uo, z0,p+) (resp. (Uo,20,p-) € Wy and py =
®_(Uo, z0,p—)) then there exist C > 0, ¢+ (t) € CM and p+(t) € X(Up) for all t > —t_ (resp for all
t < ty) such that Yo (t) = ¢x(t) + p(t) with

lp£ g < Cllp£(0)]l g €™ ast — o0 and  P(Fts) ¢ O

where vy is in a ball around 1/2T(Uy), the radius of which is O(|Up|%)), there exist (Vioo; 2400) € S such
that

|Vioo - UO|

IN

2
C (Ilzollmz + lp£(0)[ )",

2
2400 = 20ll = < C (ll20llg + 1p£(0)]52)",

A

and for all t > —t_ (resp for all t < t+)

¢i(t) — e_itE(Vi“)S(Vi(t)) + €JtE(Vi°°)€JtH(Vi°°)Zioo + Ei(t)

10



with

B

V() + 1 (BVa®) ~ BVao))| < =55 (20l + oz O)lla)”,

>2

—~
~~

C 2
Vi(t) = Viso| < @(HZOHH;H\PHO)HHS') ;
C 2
i el Nes Ol Ies®llsn ) < 0 (ol + osO)Le)
¢ C
and He—JtH(Vj:oc)leo(E(Vj:(s))_E(Vj:oo) dsgi(t)H S (HZOHHg +||pi(0)||H5)2

s
Hi
2

t)3

—~

for allt > —t_ (resp for all t <t ).

2 Linearized operator and exponentially stable and unstable
manifolds

We study the dynamics associated with ) around a stationary state. We will use spectral properties
of the linearized operator around a stationary state.

2.1 The spectrum of the linearized operator

Here we study the spectrum of the linearized operator associated with Equation (IE) around a stationary
state S(U). Let us recall
HU)=H+d*F(S(U)) - BE(U)

where d?F is the differential of VF. The operator H(U) is R—linear but not C—linear. Replac-
ing L2(R3, C*) by L?(R?,R* x R*) with the inner product obtained by taking the real part of the inner
product of L2(R3, C*), we obtain a symmetric operator. We then complexify this real Hilbert space and
obtain L?(R3,C* x C*) with its canonical hermitian product. This process transforms the operator —i

into
_ 0 Idca
J = < —Idca 0 > ’

For ¢ € L?(R3,R* x R*) C L?(R3,C* x C*), we still write ¢ instead of

(3)

The extension of H(U) to L*(R3,C* x C*) is also written H(U) and is now a real operator. The extension
of K (see ([.3)) is also written K.

The linearized operator associated with Equation ([.4) around the stationary state S(U) is given
by JH(U). We shall now study its spectrum.

Differentiating ([.4), we have that for U = (uy, us) € O

0 0 0 0
Ho(ur, uz) = Span{ms(uhuz), @S(Ulﬂm, ms(m,m), Ms(ul,uz)}

is invariant under the action of JH(U). Differentiating the gauge invariance property for S, we notice
that JS(U) € Ho(U), differentiating the gauge invariance property for F', we also obtain

JH(U)JSU) =0
and differentiating ([[.4), we obtain for any 3 € N* with |8| = 1:
JHU)ILS(U) = (9pE)U)JSU).

The space Ho(U) is contained in the geometric null space of JH(U), in fact it is exactly the geometric
null space as proved in the sequel.

Now we state our results on the spectrum of JH (U). The first deals with the excited states part, we
have the

11



Proposition 2.1. If Assumptions hold. Let

P(U) = lim (F(SU)é1.S (H = do) + (A = Aa) = ie) " Pe(H)2F(S(U))on )
e>0

for any sufficiently small U. Then there exists a map Ey : Bc2(0,e) — R with

SEL(U) = (M — EU)) +O([U*)
RE,(U) =1/2I(U) + O(|U|°)

such that Ey(U), E1(U), —E1(U) and —E1(U) are double eigenvalues of JH(U) and we have Ey(U) =
EL(|U]).

1
For any s € R, there exist smooth maps k* : Bg2(0,¢€) {( (Zj; >} N H® such that
—ipy

k+(U) — ((H — E(U)) +iB (U))"" PC(H)dQF(S(U))% (%Id@; + %K) ( jjbl ) (2.1)

is O(|U®) for any o > 1. For any U = (u1,uz2) € Bez2(0,¢)

ke (U) = %’ (ﬂfd@ + ﬂK) k4 (U], 0))

and defining for any U = (u1,uz2) € Be2(0,¢) -

DL (U) = % (ﬂfd@ + ﬂK) < o1 ) + ke (U),

we have

o {O (U),KP,(U)} is a basis of the eigenspace associated with Fy(U),

) {@+(U),K<I>+(U)} is a basis of the eigenspace associated with F1(U),

o {O_(U),KP_(U)} is a basis of the eigenspace associated with —F1(U),

o {(IL(U),KQL(U)} is a basis of the eigenspace associated with —E1(U).

Moreover for any 8 € N*, s € RY and p,q € [1,00]. There exist v > 0, € > 0 and C > 0 such that for
all U € Be2(0,¢€), one has
|7 D@L (V)]s , < CIST)2, (22)

3 _ 1al
where 0, v, = 55 Fu5%5u, 07 Rus07 50 -

Proof. For this proof, we use ideas of the proof of [['Y02d][Theorem 2.2]. The equation to solve for
excited states is:
(JHU)—-2)¢=0. (2.3)

Since the proof is similar for all cases, we restrict the study to U of the form (|U][,0) and (dividing by |U|)
to solutions the form ¢ = S7 + n where S is the normalized eigenvector of JH:

_1 [ »
s=75( )

and n € {Sl}J‘, the orthogonal relation is taken in fact with respect to J (but since JS; = iS1, we can
take it in the usual way). For z € C\ iR, we obtain the equation

n=(J(H - EQU)) - )" AW (U) {$1 +n} (2.4)
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with P{ the orthogonal projector, with respect to .J, into {S1}" and W(U) = JH(U) — J(H — E(U)).
We notice that {S;}" is invariant under the action of J(H — E(U)). To solve this equation in 7 for a
fixed u and z, we notice that if

Rz > 0 and [Sz| > m,

the series

KU, 2) = (H — BU) ~ )7 PSS (-WW) (0~ B -~ 27 PE) ww)s,

k>0
is convergent in L? for sufficiently small |U| and |3z| = O(|U|?) using the Limiting Absorption Prin-
ciple (L.1]) and the bound of the resolvent H(H - z’)flu < |S$2/|7! in L2 Hence, we have a solution
of (.4).

Then we solve the equation in z. We obtain from Equation @) the equation
(JH(U) ~ 2)$,51) = 0 with ¢ = Sy + (U, 2),
we infer

z

(JH(U)S1,S1) + (JH(U)k(U, 2), S1)
1()\1 — /\0) =+ <W(U)S1, S1>

+3° <JH(U) (J(H — E(U)) — 2)"' P (—W(U) (J(H — E(U)) - 2)"" Pﬁ)k W (U)S, Sl>

E>0
= 1 ()\1 - )\0) + <W(U)Sl, Sl>
£ X (P (WO 0t - B©) - 27 RE) W)

Since Pi-S; = 0, we introduce the function
f(z) =1( = Ao) + (W(U)S51, 51)

+3 <W(U) (J(H — B(U)) —2)"" Pt (—W(U) (J(H — E(U)) - 2)"" Pll)]c W (U)S,, Sl> .
E>0

Since JS; = —iS, we obtain that $ (W (U)S1,51) =0, so for z € C\ iR we have
REGz) = R(WU)(J(H - BU)) —2)"" PEW(U)S1, 81) + O(U]°)
= g <d2F(S(U)) (H — EU)) + 2J)" ' PHd?F(S(U))Sy, Sl> +O(|U|%).
Then using ([L.F) and

(H = BU))+ )" = 2 ((H = BQU)) ~i2)" (I +1J) + (H = BU)) +i2)"" (Ie2 = 1))

N =

we obtain
S) <d2F(5(U)) (H — E(U)) + 2J)"" PE2F(S(U))S, 51>

S (@2 F(SW)) (H = BU)) i)' dPLF(S(U))S1, 51 )

NN R

I3 <d2F(S(U)) (H — E(U)) +i2)" ' PE2F(SU))S1, sl>

-3 <d2F(5(U)) ((H — E(U))? + 22) " 2JPLd2F(S(U)) Sy, 51> :
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and so using regularity results of the resolvent of [GMOT]|[Theorem 1.7], we obtain
o) <d2F(5(U)) (H = E(U)) + (i(\ — o) +0) J) ' PEF(S(U))S, 51>
1 —
= 53 (EPSW)) ((H = BU) + (1 = do) = i0)™ PUH)EF(SU))S1,51)

Using Assumption [L.4, the limiting absorption principle (@) and regularity results of [GMO1][Theorem
1.7], we obtain
Rf(2) =1/20(U) + O(|U[°)

for z in a ball of radius of order |U|? around i (A1 — Ag) and for small U. We also prove by the same way
3f(2) = (A = o) +O(|IU[")

for z in a ball of radius of order |U|? around i (A; — A\o) and for small U.

So we have proved that for sufficiently small U, f leaves a ball around i (A; — Ag) +1/2I'(U) invariant.
With the same ideas, we prove that it is a contraction. Therefore, we have a fixed point E;(U) of each
U. Then we choose k1 (U) = |U|k(U, E1(U)). Using the complex conjugation, we obtain the eigenvalue
E4(U) and its associated eigenspace.

The estimate on (R.1)) is proved usinf |RE;(U)| = O(|U|?), the Limiting Absorption Principle ([L.1))

and the bound of the resolvent H(H - z’)_IH <|S2/|7tin L2

Using Weyl’s sequences, we prove that the essential spectrum of (JH(U))* = —H(U)J, for small U,
is the essential spectrum of —HJ = —JH. So z with non zero real part is in the spectrum of (JH(U))* if
and only if it is an isolated eigenvalue. Then to obtain —F;(U) and —E;(U), we notice that E;(U) and
E,(U) are eigenvalues of (JH(U))*. Using the symmetry : J(JH(U)) = —(JH(U))*J, we show that any
eigenvector ¢ of (JH(U))* associated with A, J¢ is an eigenvector of JH (U) associated with —\. Hence
repeating the previous proof for (JH(U))*, we obtain k_.

The exponential decay works like in Lemma O

Remark 2.1. If F(z) is homogeneous of order p then there exist £,I'1,To > 0 such that for all U €
Bcz (O, E)
UIP*T1 <T(U) < U T
We just write S((u1,us)) = u1¢o + u2K do + h((u1,u2)), expand T'(U) and use Assumption [[.] with the
reqularity results of the resolvente from [GMOJ][Theorem 1.7].
This gives

ke (U) — (H — E(U)) +iE (U)) " PC(H)dQF(S(U))% (%Id@; + %K) ( j:bl )

is O(|U|""P) in B(L%,) for any o € RT.
The following proposition deals with the essential spectrum of our linearized operator.

Proposition 2.2. If Assumptions hold. For any sufficiently small non zero U € C2, let

H1(U) = span { @4 (U), K&, (U), &, (0), K&, (0), & (U), K& (), ®_(U), Ko_(U) .
The orthogonal space of Ho(U) @ H1(U) with respect to the product associated to J
He(U) = {Ho(U) & Hi(U)}

is invariant under the action of JH(U).
We also have for P.(U), the orthogonal projector onto H.(U) with respect to J, and for U' € Be2(U, ¢),
with sufficiently small € > 0, that

PC(U)|HC(U/) 1 He(U') = He(U)

is an isomorphism and is a bounded operator from HZ(R3,C®) or B;yq(R3,(C8) to itself for any reals
s,0 € R and p,q € [1,00], the inverse R(U’',U) is continuous with respect to U and U’ for these norms.
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Moreover, there exists C' > 0 such that we have

Wy < ClP@)Ylx, (2.5)
Vip € He(U) with X = H3(R*,C®) or By ,(R? C%),
Vs, o € R,Vp,q € [1, 0],

[ @ et Op i ds < Clulh v e L% oz 1 (2:6)
R

let” TP (U0

IN

Cllplla, Vt € R, V¢ € L?, (2.7)

and Ho(U) contains no eigenvector.

Remark 2.2. We use the same notation for H.(U) and its real part which appears in our main theorems.
We just notice that H.(U) appears when we discuss spectral properties in our proof. Then when we talk
about dynamical properties, we deal with its real part. We remind that the real part of Ho(U) is left
invariant by JH(U).

Proof. We prove that there is no other eigenvector, by proving that smoothness estimate (@) takes place
over

Ho(U) = {Ho(U) ® H1(U)}

First we prove that
Pe((U))ly ) s He(U') = He(U)

is an isomorphism. To prove it, we exhibit an inverse R(U’, U) which is the projector onto H.(U’) associ-
ated with the decomposition Ho(U)®H1(U)BH(U') of L?(R3,C?). Indeed we have {Ho(U) & H1(U)}N
H.(U") = {0} when U’ and U are close one to each other and codimH.(U") = dimHo(U) & H; (U), hence
we have a decomposition of LZ(R?,C®) into closed subspaces hence the associated projectors are contin-
uous. So R(U’,U) should be of the form

RWU',U)=1d + Z |J&(U)) (s (U, U]

where &;(U) is a basis of the eigenspaces of JH(U) and («;(U’,U)); solve the equations

J&(U +Z J&(U), J&(U)) as(U',U) = 0.

Such « exists because the matrix ((J&(U), J¢;(U"))), ; is a Gramm matrix when U = U’ and otherwise

a small perturbation of such matrices for U and U’ close one to each other and hence is invertible.

The boundedness of R in B(HZ(R? C®)) or B(B; ,(R? C®)) follows from the exponential decay of
eigenvectors and their derivatives, the continuity of R follows from the continuity of the eigenvector with
respect to the parameters U or U’ see Proposition @, Lemma EI and Proposition m

Let us now consider the orthogonal projector P, on associated with the continuous subspace of JH.
Since the eigenvector of JH are exponentially decaying, we can extend P. to obtain an operator of L3
into itself. The same is true for P.(U) and hence we can consider the extension of H.(U) to L3, . We
still call it H.(U). For all ¢ € H.(U) :

lell e < IPabllze 4111 = Po)eble

Since 1 — P, is the projector into the eigenspaces of H and 4 is orthogonal to the eigenvectors of JH(U),
we obtain that there exists ¢ > 0 such that

10— Pl < U ele

Indeed, using Proposition EI, we obtain a ¢’ > 0 such that for sufficiently small non zero U, we have

ooz (e i) (5, )| < Qo == [ i,
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Hence since 1 is orthogonal to ®(U) and ®_(U), we obtain that the projection of ¢ in the second
eigenspace of H is small, since they are invariant under the action of J. Using Proposition E, we obtain
the same thing for the first one.

Hence for a sufficiently small non zero U, we obtain Estimate (R.5) for X = L2 with ¢ > 0. The rest
of Estimate (P.5)) follows by the same way using the exponential decay of eigenvectors (Estimate (E)
and Lemma [L.1)). We infer

Q)7 e IP(U)y|
CIHQ) PP (U)y|

<
< ClQ) 7P M I=EOIP (U)y)|

¢
HCIQ) ™ [ Pee BN DY F(S(U))e MO PV} |
0
Using estimate ([) and (fi]) of Theorem [L.1], we obtain the estimate (R.4) for sufficiently small U:

/R Q) e HOP ()| ds < C|J|

Hence there is no eigenvector in the range of P.(U). Using the inequalities (@), the conservation law
for H and Duhamel’s formula :

t
eJtH(U) _ e—it(H—E(U)) +/ €_i(t_s)(H_E(U))Jd2VF(S(U))€JSH(U) dS,
0

we prove the estimate @) O

Since H.(U) is closed and codim™M.(U) = dim {Ho(U) & H1(U)} and H(U)N{Ho(U) ®H1(U)}= {0},
we obtain Ho(U) & H1(U) & H.(U) = L?*(R3,C?) and the

Proposition 2.3. Suppose that Assumptions hold. Then the space Ho(U) is the geometric null
space of JH(U).

2.2 Stable, unstable and center manifold

We can now obtain results similar to those of Bates and Jones . We notice that we won’t prove that
the Cauchy problem ([.9) is locally wellposed for initial condition outside some manifolds (built below).
In fact it can be proved with the methods we present here or by generalizing to our case the results of
and Vega .

We have that JH(U) as an operator in L?(R3,R®) is a closed densely defined operator that generates
a continuous semigroup on L?(R3,R®). The spectrum of JH(U) in L?(R3,R®) is the same as JH(U) in
L?(R3,C8) and so it splits in three parts:

0u(U) ={A € o(JH(w)), RA < 0} = {~E1(U), ~Ex (U) }
oc(U) ={r € o(JH(u)), §R/\—O}H{R\( E(U),EU))}
ou(U) = {\ € o(JH(u)), R\ > 0} = { EL(0) }

each one is associated with a spectral real subspace, respectively

X, (U) = spang {RO_(U),30_(U), KRS_(U), KID_(U)}
Xu(U) = spang {R®1(U), 3+ (U), KRP, (U), K32 (U)}
X (U) = RHo(U) @ RH(U)

where we used the notation R¥ = (1/2) (¥ + ¥) and S¥ = —(i/2) (¥ — ¥) and RX = {R¥, ¥ € X},
the real part of the space X. The spaces X,(U) and X, (U) are finite dimensional. Let us write 7¢(U),
m%(U) and 7*(U) for the projector associated with the decomposition X .(U) @ Xs(U) @ X, (U). Since
the eigenvectors belongs also to L2 for any o € R, the projector P.(U) and 7¢(U) can be defined in L2
for any real 0. We can extend, by this way, the spaces H.(U) and X.(U) to L2 for any o € R. We have
the
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Lemma 2.1. If Assumptions [[.][L.d hold. Then any o € R, there exist r,C1,Cy > 0 such that for all
t € R, we have

Cre 7t < He”H(U)ﬂ'S(U)H < Chre™ W)t (2.8)
- B(L2) ~ ’

CreV Wt < etJH(U)ﬁ“(U)HB(Lg) < Cre? Ut (2.9)

e“H(U)wC(U)HB(LZ) < Cylt), (2.10)

where y(U) = RE1(U).

Proof. The statements for the spaces X*(U) and X*(U) follows from (R.2).

The statement about X¢(U) is a little more complicate. We notice that we are not looking for an
optimal 7.

First, the result for e=#(Pm+V) in L2 with o € 2N follows from [Tha9d, Theorem 8.5] (see also
Proposition @ below), which is based on the charge conservation. The case o € R follows by duality
and interpolation.

Then for e/ #(U)7¢(17), we use Duhamel’s formula :

t
eJtH(U)ﬂ'C(U) — e_it(H_E(U))ﬂ‘c(U) +/ e—i(t—s)(H—E(U))JdQVF(S(U))erH(U)ﬂ_c(U) ds,
0

then the assertion for e!’# (V) 7¢(U) follows from the assertion for e~ *(Pm+V) the charge conservation of

e THW P(U) (see (7)), the fact that et/ HW)S(U) = S(U), e/ HJES(U) = 955 (U) + tap, E(U)S(U)
O

and Lemma .

By now we do not restrict our study to the space L?(R3 R8), we extend it to L% (R3 R®) for any o € R,
but we still write Ho(U) and X.(U) for the extensions of these spaces to L2(R? R®) for any o € R.
We now study the behavior of the solutions in L2 of ([L.4) centered around S(U):

0 = JH({U)p + JN(U, ¢) (2.11)

where H(U) = H + d*F(S(U)) — E(U) and N(U,¢) = VF(S(U) + ¢) — VF(S(U)) — d*F(S(U))$ and
d?F is the differential of VF.

In this subsection, we study a modified equation which coincides with () as long as the solution
stays in a neigborhood of a small S(U):

Op = JH(U)p + JN:(U, ¢) (2.12)

where N.(U,n) = p(e71n)N(U,n) and p is a smooth function with compact support around 0.
We state the

Proposition 2.4 (Center-Stable Manifold). If Assumptions @«@ hold. Then for any sufficiently
small non zero U, there exists around S(U) a unique invariant smooth center-stable manifold We(U) for
(R-19)) build as a graph with value in X,,(U) and tangent to S(U) + X(U) & Xs(U) at S(U).

Any solution ¢ € L2 of (R-13) initially in the neighborhood of S(U) tends ast — —oo to W (U) with

distrz (¢(t), W (U)) = O(e"") as t — —o0

for any v € (0,v(U)), any s,0 € R and for any sufficiently small neighborhood V' of S(U) any solution
in'V not in We(U) leaves V in finite positive time.

Remark 2.3. For any s € R, due to the exponential decay of eigenvectors, even if ¢ ¢ HE, there exists
€ Wes(U) such that ¢ — 1 € HE and we have

distys (¢(t), W (U)) = O(e"*) as t — —o0

as shown in the following proof.

If we only consider small solutions, we obtain a locally invariant manifold for the equation (R.11]),
that is to say that for any initial condition in the manifold there exist a corresponding solution of (R.11)
which stays in this manifold in a small interval of time around 0. We notice that in the following proofs
the size of this invariant manifold, which is given by €, is a function of U and this function is O(y(U)).
By now, we call this function r.
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Proof. Our proof is an adaptation of the one of Bressan [Brd and we refer to it for more details. We
make the proof only for the case o = 0, the proof in the general case is similar.

First we prove that there is a global solution of the equation (R.19) which do not grow much as
t — +o00. We look for solution as a fixed point:

y(t) = Ge(yo,y)(t)

for any yo € X(U) ® X.(U) where for small positive ¢

t
G (o, m)(£) = e/ H @y 4 / =9)THW) 2 () TN, (U, n(s)) ds
0
t 400
+ / = H WU s (U) N (U, 9(s)) ds — / =W 4 (U) IN(U, () ds,
0 t

with 7*(U) the projector into X*(U) with respect to the decomposition ©,e(c s} X" (U).
Let us introduce for v(U) = RE1(U) and any I' smaller than v(U), the space

Yo = {y: R L(®,CY, 30 >0, [ly(t)]l2 < O™, Ve e R}
For sufficiently small € > 0, the map Ge(yo, -) leaves Y1 invariant and is continuous for the norm

Ny = sup {ly(®) e "1}
teR

Moreover, it is a strict contraction for sufficiently small U and £ > 0. Actually we choose ¢ as a function
of I which is O(T"). In fact since Yr C Y for I' < I, we obtain that ¢ as a function of U is a O(y(U)).
This proves the existence of the fixed point y.

Then we fix h¢f(yo) = y(0) — yo. The invariance of the graph of h§f by the flow of Equation (R.19) is
immediate.

Now we prove the smoothness property. We have N, (U, n) is | times differentiable in 7 from Y1 to Yr
if ((+1)I” <T and G, is [ times differentiable from X .(U) & Xs(U) x Ypr» to Yp if 2IT" < T (see [])
We introduce the family (9, )nen satisfying

o = 0 and NMn+1 = ga(yOann)-

This sequence converge to y (the fixed point) in Yr. Moreover, as functions of yg, the convergence is
uniform in ¥r (endowed with the norm Nr) on bounded sets of X,(U) & X.(U).

We want to prove that the sequence of their derivatives of order k£ with respect to n also converges
in Yr on bounded sets for any I' < v(U). We prove it by induction in k. So suppose that (871, )nen is
converging in Yr for all j < k and any T' < v(U). Then we have that (see [Brd])

9 = 9G: (Yo, 1) = L + M (9yNe(U, 0-1)011n, )
c’)k% = 8kg5(yo, Nn—1) = M (anNa(Ua nn—1)3k77n—1 + WUk (n—1,- - - >ak_177"—1)) » Yk > 2

with L = et7HU) and

t “+ o0
(Mn)(t) = —/ (=) THW) zes (17) T (s) ds —|—/ =) THW) w1y Jn(s) ds
0 ¢

and ¥y a smooth function of k parameter. Hence since M o 0, N.(U,yn—1) is a strict contraction in Yr
for sufficiently small € and U (once more € is a O(y(U))), this proves the convergence of the sequence of
k-th derivatives in Y1 on bounded sets for any I' < v(U). Hence the sequences of derivatives of (1, )nen
in Yr on bounded sets for any I' < 4(U). This gives the differentiability at any order of y(0) = h(yo).
This also gives, since N(U,n) = O(|n|?) around zero, that h(yo) = O(|yo|?) around zero.

Now we want prove that We(U) is attractive in negative time. In fact W (U) is the graph of a
smooth function h : X — X“(U). Let n be such that S(U) + 7 is a solution of ([.2), we have

om = JHU)n+ JN(U,n).
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n=y+r=y+hly)+z
with y = 7°*(U)n and we have the following equation for z € X*(U)

Oz=JHU)z+ M(U,y,z)
where
MU,y,z)=r"(U){JN:(U,n) = JN:(U,y + h(y))} — Dh(y)m**(U){JN:(U,n) = JN:(U,y + h(y))} -

Using Duhamel’s formula, we obtain

t
(t) = HO3(0) + [l MU, y5) () ds.
0

We obtain since z € X*“(U)

t
=] < e [lz(0)]] +C/O D MU, y(s), =(s))]| ds

and so for v € (0,v(U))

ez < 120 + ClU| sup {e™* [lz(s)[[} + o sup {e™7*|[z(s)]})
s€[0,t] s€[0,t]

where C' do not depend of U and z. Hence if 2(0) and U are small, we have that there exists ¢ > 0
such that [|z(t)|| < ce?* for all ¢ < 0. We notice that since X“(U) C HZ for any s € RT and is finite
dimensional (see Lemma @), the time decay in L2 gives also a time decay in H for any s € R*.

Now choose V' a sufficiently small neighborhood of 0 and ¢ a solution of () initially in V' but not
in We(U). Suppose it stays in V in positive time. We obtain that ¢ € Yr. We have

¢(t) = "7 (2°(U) + 7°(U)) $(0)

t t
+/ G_SJH(U)TFS(U)JNE(U, ¢(3)) ds +/ e_SJH(U)’]TC(U)JNe(Ua ¢(S)) ds
0 0

4 etJH(U)ﬁu(U) <7T“(U)q§(0) n /OOO e,S.JH(U)Wu((])J]\IE(U, o(s)) ds)

7/ e sTHW 2w (Y INL(U, ¢(s)) ds.
t
with

T (U)¢(0) + / e sTHW) (U IN(U, ¢(s)) ds # 0.
0

Hence we obtain with (P.9), that ¢(t) exponentially tends to infinity in norm. This is a contradiction so

¢ leaves V in finite time. O

Then reversing the time direction that is to say replacing H by —H and F' by —F', we obtain with
this theorem a locally invariant center unstable manifold with the corresponding properties:

Proposition 2.5 (Center-Unstable Manifold). If Assumptions B«@ hold. Then for any suffi-
ciently small non zero U, there exists around S(U) a unique smooth invariant center unstable manifold
We(U) for (B12), build as a graph with value in Xs(U) and tangent to S(U)+ X.(U) @ X, (U) at S(U).
Any solution ¢ € L2 of (R.12) initially in the neighborhood of S(U) tends as t — +oo to We(U)
with for any s € RT
distys (p(t), W (U)) = O0(e™ ") as t — +o0

and for v € (0,v(U)), any s,0 € R and for any V sufficiently small neighborhood of S(U) any solution
in'V not in W(U) leaves V in finite negative time.

We can build by the same way a center manifold which is the intersection of the previous:
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Proposition 2.6 (Center Manifold). If Assumptions @«@ hold. Then for any sufficiently small
non zero U, there exists around S(U) a unique smooth invariant center manifold We(U) for (R.19), build
as a graph with value in Xs(U) @ X, (U) and tangent to S(U) + X (U) at S(U).

Moreover, we have We(U) = Wes(U) N We(U) and We(U) contains the part of the PLS manifold
which is in a small neighborhood of S(U).

Proof. We build the center manifold with the same method as in the previous cases. We can also build a
center-unstable manifold inside center-stable manifold. More precisely, let hf; : X (U)® X,(U) — X, (U)
be the map defining center-stable manifold and hf; : X.(U) ® X, (U) — X(U) be the map defining
center-unstable manifold. A solution y = S(U) + ye + ys + yu with y. € X, (U) for x € {c, s,u} is in the
center-stable manifold if y,, = h{;(y., ys). Hence to obtain a center-unstable manifold inside center-stable
manifold one has to solve, for each y., the equation

Ys = h%}(yc; h%(yca ys))7

which can be solve inside a small ball for small y. and small U by means of the fixed point theorem, since
hi (ye, 2) is a O(|yc|? + |z|?) around zero for * € {s,u}.

By the same way, we can also build a center-stable manifold inside the center-unstable manifold.

Using the uniqueness of the center manifold, we obtain that this two manifolds are equal to the center
manifold and We(U) = Wes(U) N We¥(U).

Then any stationary states in a small neighborhood of S(U) converges to W (U) and W(U) using
the stabilization results of the Proposition @ and Proposition E Hence, we have that it belongs to
wes(U)nwe(U) = We(U). O

In the two following sections, we study the dynamic respectively inside and outside the center manifold.

3 The dynamic inside the center manifold

In this section, we prove that the dynamic inside the center manifold around S(V;), for small non zero
Vo, relaxes towards the PLS manifold. To this end, we use Theorem @ and Theorem about the time
decay of the propagator associated with H.

3.1 Decomposition of the system

Like in [Bou0d], we decompose a solution ¢ € W¢(Vp) of the equation (L) with respect to the spectrum
of JH(U), with U specified in the sequel, and we study the equations for these different parts of the
decomposition. We introduce

0 0
Ho” (ur, uz) = {77 € L*(R*,C?), <J777 mS(ul,uQ)> = <J77, ms(u17u2)>

0] 0]
= <J77, mS(Ul,U2)> = <J7], MS(Ul,U2)> = 0}

In fact, we have
Hy? (U) = H1(U) @ H(U)

which is invariant under the action of JH(U). We recall that H;(U) is defined in Proposition EI and
H.(U) in Proposition P.2, We have the

Lemma 3.1. If Assumptions @ﬂ hold. Let s,o € R there exist €, > 0 such that for the manifold
2 ={(Un), UeB(0.¢), ne ' (U)
endowed with the metric of C* x HS and any function ¢ € Bys(0,¢), there exist a unique (U,n) € ¥ with
¢ =SU)+n.

Moreover, there exists a neighborhood O of (0,0) € ¥ such that the mapping ¢ — (U,n) € O is smooth.
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Proof. The prove that ¥ is manifold, we use Proposition @ which gives that it is locally isomorph to
some open subset of C? x H. endowed with the metric of C* x HE. Then this is a consequence of the
inverse function theorem like in [GNT04, Lemma 2.3]. O

For any solution ¢ of (E) on an interval of time I containing 0, we write for ¢t € I
o(t) = e o FU & (S (1)) +n(1)).
where 7(t) € Hy 7 (U(t)) and we want to solve the equation

i0m = {H—EU)}n+{VF(SU)+n) - VF(SU))}—idSU)U

= [H+@F(SU)) - BU)} n+ N(U.n) — idSU)T (3-1)

for (t) € Hy? (U(t)). Here d*F is the differential of VF and dS' the differential of S in R2. To close the
system, we need the equation for U. This follows from the condition

{n(t), JdS(U(t))) = 0.
After a time derivation (like in[Bou06]), we obtain the equation:

U(t) = —AU (1), n(6)(N(U(2),n(t)), dSU(1))).

where
A(U,n) = [(JdS(U),dS(U)) = (Jn,d*S(U )]~

the matrix [(JdS(U(t)),dS(U(t))) — (Jn(t),d>S(U(t)))] is invertible for small |U(t)| and ||n(t)|]2 since

we have

(aS(U@).dSO ) - no. 5N = (o % ) +oqU] + o))

Lemma 3.2. For any s,s’,0 € R, any p,q € [1,00], any Vo € C%\ {0} sufficiently small there exist
e, e’ >0, such that for the manifold

S(Vo,e) = {(U,2); U € Bea(Vo,2),2 € Hol(U) N By (0,2))},

endowed with the metric of C2x HE | there exists a unique map g : S(Vo, €) — Bs (R®,C*) which is smooth
and satisfies for all (U, 2) € S(Vo,¢), g(U,2) € Hi(U), z + g(U, z) € Hy" (U), and S(U) + z + g(U, 2) €
We(Vy). Moreover, we have ||g(U, z)||gs = O(||ZH§IS/)

Proof. The fact that S(Vp, €) is manifold here is proved like in Lemma Ell

Then if h¢ is the function for which W¢(V;) is the graph. Any ¢ € L?(R3,R®) can be written in the
form S(Vp) + U - DS(Vo) + € + p with p € Hy (Vo) and € € H.(Vp). Tt can be also written in the form
SWU) + z+r with r € Hy1(U) and z € H.(U). These two decompositions in fact defines two bijective
smooth maps in sufficiently small sets (for the first we have a linear decomposition, for the second see
Lemma @) We write U for the first and ® for the second. Then f = ¥o®~! has 3 components following
the decomposition Ho (Vo) @ H1 (Vo) ® Hc(Vo), we write them (fi, f2, f3). Then g is the solution of the
implicit equation in 7

F(U,z,r)= f2(U,z,r) = h(f1(U, z,7), f3(U,z,7)) =0

which can be solved by the implicit function theorem in H? since 8, F(Vy,0,0) is invertible from H; (Vp)
to itself because 9y f2(Vh,0,0) (f2(Vo,r,0) = r) is invertible from H; (V) to itself and Dh.(0,0) = 0.

The smoothness of g in the Besov spaces follows from the fact that g(U, z) € H;(U) and the exponential
decay for excited states and their derivatives given by (R.2).

Then we notice that for any U close to Vp, the previous proof can be applied to W¢(U). It shows that
we(U), We(Vg) are in a neighborhood of S(Vp) the graph of a two functions on S(Vp, €) equal up to a
translation in C? of the first argument. Hence their graphs are equal, so locally W¢(U) = W¢(V;). The
last assertion then follows from the fact that at S(U), W¢(U) is tangent to S(U) + X¢(U) and X¢(U) is
orthogonal to H1(U). O
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Hence decomposing n with respect to the spectrum of JH(U), we write

n(t) = g(U(t), 2(t)) + 2(t)
with z € H.(U) N L?(R3,R8). We obtain the system
U = —A(U,n)(N(U,n),dS(U))
Bz = JH(U)z + Po(U)JN(U,7)
TP (U(0))dS(U(v) AU (v), n(v)){N(U(v),n(v)), dSU(v))) + (dPe(U)) AU, n)(N (U, n), dS(U))n
with
n(t) = =2(t) + g (U(#), 2(1)) -

We notice that this equation is defined only for z small with real values and U small. We now study this
system.

3.2 The stabilization towards the PLS manifold

We now show that any solution of ([.4) which belongs to the center manifold W¢(Vy), for a small non
zero Vp, stabilizes as ¢ — +oo towards the manifold of the stationary states inside W¢(V,). To this end,
we will use Theorem and Theorem @ to prove that z tends to zero in some sense.

Let us define for any €, § > 0

Ue,0) = {U € C'(R, Be2(Vo, €)), ||U||L1(R)me(R) < 52}

and for any U € U(e, ), let s, 3 be such that s’ > 5+ 2 > 2 and o > 3/2,

Z(U,6) = {z € C(R, L*(R3,R®)), 2(t) € H (U(1)),

mae [[|2l) e e ey, Woll iz, e s 12 o e )] < 5},

and ¢, ¢ are small enough to ensure that for U € U(e,d) and z € Z(U, §)
SU)+z+g(U, z) € W¢(Vo) N Bus(S(Vo),r(Vo)),
where g is defined by Lemma @ and r in Remark E It will appear later that § is of the same order as
20/l ;- (see Lemma B.§ below).
3.2.1 some useful lemma

In the rest of our study, we will need some technical lemmas, which we collect here.

Lemma 3.3. If Assumptions [[.3{1-] hold. Let 0,0’ € R, s > 1 and p,p1,p1,pa.q € [1, 00| such that

1 S 1 1 1
-+ 2> =+ —2> -
p 3 p1 p2 D
and
1 S 1
42>
p 3 m

Then there exist € > 0 and C > 0 such that for allU € Bc(0,¢) andn € By,

o s 3 8 o’ s 3 8
(@Q)7n € By, ((R*,R®) and (Q)7 n € By, (R°,R), we have

,.o(R3R®) N L (R3 R®) with

QN5 , < C (s, BT+ Il ) U]l || (@) )

Bs_
P1.4

2 o
+C (s, B U+ nll g, ) Il (@0l - (3:2)
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Proof. We recall the definition
N(U,n) = VF(SU)+n) = VF(SU)) — d*F(SU))n.
We have
N(U,n) = /1 /1 d*F(S(U)+60'0n) -1 - 6ndo’de,
. 0 0

1
N(U,n):§d3 (S(U))-n- 77+/ / d*F(S(U)+0"0'0m) -0'6n -0 - 6ndo” do’ do,

Then we use for s € R}, p, p1, p2, € [1,00] such that %. 32 p_1 + _2 = zlr’

luvlisy , < Cllullsg, ,llvlls;

pZQ

and for s > 1, we use [, Proposition 2.1]
1" F ()|
for k = 3 or k = 4 and d*F(z) = O(|z|), otherwise we decompose d*F(z) = A + O(|z|) where A is a

constant operator.
Eventually using Lemma and

Bs, . < C (8 F [[¢]lne) ¢

P

s
BPQ q’

@

<l @,

for I € N, we conclude the proof. O

Lemma 3.4. If Assumptions D hold. Let o € R, s > 1, p,p1,p2,q € [1,00] and 01,02 € R such
that

Then there e:m'st e >0 and C > 0 such that for allU € Bc(0,¢) and n € By ,(R?,R®) N L>°(R?, R®) with
(@)'ne By (R3R®) and (Q)7>n € By, ,(R*R®), we have

I< @ >7 (VE(S(WU) +n) ~ VE(SWU) ~ VEm)) 5,

g2

< C(s, UL+ Il ) (101 + < @ > g, )
Proof. The proof is similar to the one of Lemma @ O

Lemma 3.5. If Assumptions [I.1H.] hold. Let ¢ € R, s > 1 and p,q € [1 oo] such that sp > 3. Then
there exist € > 0 and C' > 0 such that for all U, U’ € Be2(0,¢) and n, o' € B} ,(R*,R®), we have

1@ {NW,m) = Nt Wy < C (5, F U+ 10 + gy + W1 )

x { (1@ nlls, + Q0 s;,,) (10 = U1+ 1@ 09—l )

: ) "
B,

x (K@ nllsy , + 1@ I35, ) Q)™ (0= ) ||B;,q},

+ (101401 @], -+

with 201 + 0y =0} + 0oy + oy =0 if <Q > 1n, <Q > 1 € B (R*R®) for w € {01,02,01,0%,0%}.
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Proof. Using the identity

N (u,n) //d3 u) 4+ 6'0n) - - On de’ do.

we can restrict the study to d3F(¢) — d3F(¢'). If F = O(|z]°), we have

1
Q)7 (P°F(¢) — d*F(¢)) |IBs, < /0 [d*F (¢ + t(d — )l ss Q)7 (¢ — &)l B, dt.
Then since s > 1 and sp > 3, we use
ld* F@)s;, < Cls, F, ¥l 3; ).

Using Lemma [[.], we conclude the proof when F' = O(|z|®)

Otherwise, if F is an homogeneous polynomial of order 4, the proof is easily adaptable since d*F is a
constant tensor.

The case F' = O(|z|*) follows by summing the two previous one since as a function of u € RS,
F(u) = Au®* + O(|ul?). O

Lemma 3.6. If Assumptions hold. Let o € R, s € R and p,q € [1,00]. Then there exist

>0, M >0and C > 0 such that for all U, U" € Be2(0,¢) and 1, 7' € Brzmsgs)(0, M) with
(@) {n—n'} € B;,Q(RB,RE;), one has

AU 1) = AU 7)| < C LU =T+ KQY" {n =1}, }- (3:3)

Proof. We recall that
AU, n) = [(JdS(U),dS(U)) — (Jn,d*SU))]".

We have

A(U,n) = A1) = =[(JdS(U),dS(U)) — (Jn,d*S(U))] "'
x {(JdS(U),dS(U)) — (Jn,d*S(U)) — (JdS(U"),dS(U")) + (Jn',d*S(U")) } x
x [(JdS(U"),dS(U")) — (i, d*S(U"))] 7!

The lemma then follows from Lemma m O

3.2.2 Global wellposedness for z
Let U € U(e,d) and 29 € H(U(0)) N H*. Let us write U, = lim U(t), we define Ty ., (2) by

t——+oo

Ty ()(1) = =035 B [ it (B o (U0 9 Pl
[ D (U )T FSE ) +1(0) ~ V(W) - V) e
[ B 8 () ASU ) AU, N U000, 4 ) o
[ e RO B ) O () o

0

with
n(t) = z(t) + g (U(t),2(1))

First, we have a local wellposedness result for z with the
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Lemma 3.7. If Assumptions @«@ hold. Then there exist €9 > 0 and d9 > 0 such that for any
£ €(0,e0), 0 € (0,00), U €U(d,e) and 20 € Brs(0,5) VH(U(0)) there are T*(20,U) > 0 and a solution
2 € MimoCH (=T (20, U); +T7 (20, 1)), H*7*(0,))

of the equation
Oz = JH(U)z +Po(U)JN (u,n) — (dP.(U))Un, (3.4)
2(0) = zo, '
where n(t) = 2(t) + g (U(t), 2(1)).
Moreover, z is unique in L>®(=T",T), H®) for any T € (0,77 (20,U)) and T" € (0,7~ (20,U)) and
we have if T (29,U) < 400 then
lim lz()]|g. 20

t—T+ (20,U)
and if T~ (z0,U) = +oo then

li )y > 6.
N O

Proof. It is a consequence of the fix point theorem applied to 7y .,:

Using Lemmas @, @ and @ with the Estimate (@)7) and the properties of g given by Lemma

, we obtain that 7y, leaves a small ball in H® invariant and is a contraction inside this ball.

Hence there exists a unique solution defined on the interval [T, T]. Classical arguments permit to
extend the solution over a maximal interval (=T~ (20, U),T"(20,U)) such that if T (z0,U) < oo then
necessarily the solution should leave a small ball in H® at time 7% (29, U). o

We have now a global wellposedness result as stated in the

Lemma 3.8. If Assumptions ﬂ hold. There exist eg > 0, dg > 0 and C > 0 such that for any
€ (0,e9), 0 € (0,00), U € U(e, ) and zp € Br=(0,6) N H(U(0)) we obtain for the Cauchy problem
B4, T(U, 20) = +o00, T~ (U, 20) = +00, 2z € Z(U, ) and

max [[12] o g ey, 2l z2ge, e, 2] oge 2y | < C llz0lre

Proof. We have (1 — P.(U))z = 0 because its time derivative is zero and (1 — P.(U(0)))z(0) = 0.
Let us introduce for any 0 < T < TT(U, zp), the function

m(T)= sup 2| oo Z|| 2 s 22— 8
(1) te(_m{n (it s W2liamyaey s 12larmyne ) )

First, we study the estimation of L2((—=T,T), H* ;) . We use Estimate (P.§) and the estimates of the
Theorem B.1.

HZHLZ((—T,T),Hig)

t
< CO ||ZO||HS +C HPC/ efi(tfv)HJrif;‘ E(U(r)) dTPC(U(’U))JVF(T](’U)) dv
0

L2((-T,T),HZ )

+C|VF(SU) +n) = VESU) = VEM)| g2~ T,T),H:)
+C | dSU)AU,n)(NU,n), dSUN 2 ((—7,7),12)
+CH P.(U)U ’LZ(( T,T),Hs)

We now study the estimation of the third term of the right hand side

t
/ e—i(t—v)H-HfUt E(U(r)) dTPCPC(U(’U))JVF(U(’U)) dv
0

L¥((=T,T),H% )

T
< 71(t 7J)H+lft (U(r)) drP P.(U JVF ‘ d
< [ PeU@DITEOWD|
< CWO)IVEM o —r), 810
2
< CWO) 2 —r,ry,poo) Il Lo (=), 10y »
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where we used Theorem B.1 Estimate (ii). Hence for the L2H*  estimate, we obtain
12l Loy y < Collzollgs +C 9l 72—y, ooy 1l oo (-1, 1009
+C (I1Ullse + 10l e (=772 ) 10l Il < 1
+C ||77||i2((7T,T),L°°) +C HUHLZ Ml oo ((— 7,7y, 775 »
using Lemma B.2, we obtain
|2l Lo —zry,10 ) < Collzoll e + CUT)? + Cm(T)? + Cem(T) + C*m(T),

where C' depends of ||U||, and [|n]| e ((—7 1), 15)-

Then, we estimate the H* norm. Using Estimate (2.5), we have

T

2@ e < N0l 7 +/T IVE(n(0))l o dv

+H /Ot o—it—v)H+i [ B(U(r)) P (U(v)) x
X J{VF(S(U(v)) +n(v)) = VF(S(U(v)) = VF(n(v))} dv| ,,.

T
+/4 [dS (U (0)) AU (v), n(w) (N (U (v),n(v)), dSU @)l = dv

+/T H(dPC(U(v))U(v)n(v) do.

T Hs

to estimate the third term of the right hand side, we use the H-smoothness estimates, more precisely
Theorem B.1 Estimate (i) and then we use Lemma B.14:

<

/ D JLEWE) 4 (1 (0)) AV F(S(U (1)) + n(v) — VE(SU () - VE(n(s))} do
0

Hs

Hs

/o GVHI§ BU) &P (1 () J{VE(S(U(v) + 1(v)) — VE(SU ) — VE((v))} dv

SCHVESWU) +n) = VESWU) = VEM) g2 (~1.1),85)
< C (10l + 1100 g (1,0 ) 10 Il 2y,
Hence for the L°° H® estimate, we obtain
12l gre < Nzoll e+ C Il ooy ey 1l 2y, 2
¢ (||U||L°°((—T,T)) + ||77(U)||Loo((—T,T),Hs)) ||U||L°°((—T,T)) ||77||L2((—T,T),ng)

||77||L°°((—T,T),HS) ’

) .
+ Clnll 2~ r,ry,0) T HU‘ LU(-T.T))

using Lemma B.2, we obtain
12157 < lz0ll gz + CmU(T)* + Cm(T)? + Cem(T) + C&*m(T),
where C' depends of [|U|, and |9l e (—1,7),5re)-
For the L2B5072 estimate, by Proposition @ and Theorem E, we have for any £ > 0, any p. > 3/¢

and 95 = ﬁ
£

IN

”ZHLZ((fT,T),Bfo’Z) “Z”LZ((*TvT)vaIZ)

IN

Collalssasesonss + C |EPSW)) - all oy mppaeese

+C ||N(Ua 77) ||L1((7T,T)1HB+1+5+65/2)
+C [dS(U)AWU, ) (N (U.0), dS O L+ () grossesoe

e H(dPC(U))Un’

LA(=T\T), Hot et oe/2)
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With Lemma @ and @, we infer
”ZHLZ(RBEO,Q) < C’OHZOHHLHHEHHQ + C|U|oo ||77||Lz((nyT)nyin*ef)
+CU|oo 2l p2((—7,1), 100y 121l L2 7), 1202 /2y
2
+C(|Uloo + Inll oo ((—1,7), o140 2y) 1012~ 1), 1oy 12 Lo (=) o120 /2
+C(|Ul + ||77HLoc((_T,T),Hﬁ+1+s+es/z)) Hn”LZ((_T,T),H€t1+5+9€/2) H77||Loo((_T,T),HB+1+E+Gs/2)
FONUN Lo Ml oo (=), 4146402 12 5
we infer since for small € > 0, s > 3+ 2+ ¢ + 6. and using Lemma @,
HZ”L?((fT,T),Bfo 2) S CO||ZOHH/3+1+5+96/2 + Cm(T)3 + Cm(T)2 =+ CE?TL(T) + C5Qm(T)
Hence we obtain
m(T) S Co||20||H/3+1+5+95/2 + CET)’L(T) =+ 052m(T) =+ C’m(T)3 + Cm(T)Q,
where Cj do not depend of m and C is a nondecreasing function of ||z|| e (_7.7) gy and [|U]|,, and
hence it can be bounded by a nondecreasing function of m.
If ||zo]| g+ is small then m(0) is small and m(T) stay small. Therefore we have that z € Z(U,J)
if ||z0|| zr=is small enough for any ¢ and € are small enough and
ma |12l =g ey Dl ey N2l e s ] < FC1200le)
where f is such that there exists C' > 0 with
Flz0ll ) < Cllzoll - -
O

The solution z just found is a function of zg and U, writing it z[zo, U], we have the following important
property given by the

Lemma 3.9. If Assumptions hold. Then for any T > 0, there exist ¢g > 0, dy > 0, C' > 0
and k € (0,1) such that for any € € (0,g0), 6 € (0,00), U, U € U(e, ), zo € He(U(0)), 2, € H(U'(0)),
z€ Z(U,6) and 2 € Z(U',9), one has

I2[20, U'] = 2[20, U] ||L°°((—T;T),HS)OLQ((fT;T),L“)ﬂLZ((fT;T),Hia)

scwrwwm+m@w—vmw«nnwwv—v

Loc((m))} '

Proof. We use the technics of the previous lemma. O

3.2.3 Global wellposedness for U and its stabilization

Here we want to solve the equation for U. We notice that z and « have been built in the previous section
and are functions of U and zg € H.(U(0)). Let us introduce for any Uy € Bc(0,¢) the function on
U(e,d):

fo, (U)(#) = Uy /0 AU (), n(w))(N (U (v),n(v)), dS(U(v))) dv,
where n = z(t) + g [U(t), 2(t)]. We have the

Lemma 3.10. If Assumptions [[.1-{I.] hold. There ezist g > 0 and & > 0 such that for any € € (0, &),
d € (0,00), the function fy, maps U(e,d) into itself if Uy and zo € H* N H.(Uy) are small enough.

Proof. By means of Lemma @, we obtain
||ath0(U)||L1(R)ﬂL°°(R) <C ||N(U(U)vn(v))”Ll(]R,ng)mLOO(]R,HS) < 5.

and
Il foo (W)l oo @y < 1Uo| + C INU (0), (o))l 11 . prey < Uol + 62,

hence for sufficiently small Uy and §, we obtain the lemma. O
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The function fr;, has also a local Lipshitz property as stated by the
Lemma 3.11. If Assumptions Iﬂ hold. For any T > 0, there exist e > 0, dp > 0 and k € (0,1)

such that for any ¢ € (0,e0), 0 € (0,00), U, U € Ul(g,9), for any zo € H(U(0)) N H?, for any
2y € Ho(U'(0)) N H?® small enough, for Uy, Ul small enough, such that

‘on (U) - fU(') (U/)|Loo((7T;T)) + ‘atho(U) - 8th6(UI)‘L1((,T;T))

< Uy — Uyl + & (IIU ~U'll e iy +||[U T

- ! s .
LY((~T3T)) * iz = zolla >

Proof. This a straightforward consequence of Lemma E, @ and @ O

‘We now obtain the

Lemma 3.12. If Assumptions D hold. There exists € > 0 and 6 > 0 such that for any Uy € C
small and zp € Ho(Ug) N HE small, the equation

{U(O) o n n (3.5)

where 1(t) = z(t) + g [U(t), z(t)], has a unique solution in U(d,e). Moreover, there exists C > 0 such that
[Usoo = Us| < Cllz0]3. -

Proof. This is also a the fixed point result for fy,. Let us fix T > 0 and consider, for any V € U(J,e)
with sufficiently small § > 0 and £ > 0, the sequence:

Vn+1 = on(Vn>a vn €N
Ww=1V;

for any n € N, V,, € U(4,¢). With Lemma , the fixed point theorem give us the convergence for the
norms of L>®((=T,T)) and W11 ((=T,T)) of (V,,)
Then we notice that for any 77 € R, we have

neN’

Vat1(t) = frpy vy (Va) (t = T7).

Since for T7 € (=T T), (fu,(Vx)(T")) is a Cauchy sequence, the Lemma give us the convergence of
(V) for the norms of L®((T" — T;T' 4+ T)) and Wh'((T" — T;T' 4+ T)).

Iterating this process, we obtain that the sequence converges uniformly locally in time and we prove
the lemma since the other statements are classical. We just notice that the last statement follow from
the fact that there exists C' > 0 such that

/.

00| o< [ IAU@. 0D (NU).0). dSCED] do < C el

3.2.4 The asymptotic profile of z

In this section, our aim is to precise the asymptotic profile of z when zg is localized. First we state the

Proposition 3.1. There exists € > 0, such that for all U € Be2(0,¢) and o € RT there exists C > 0
such that

@ ey < 0 3 t0° @
B=0

for any 1 € L2(R3,C?).
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Proof. From Proposition .3, we obtain the result for @ = 0, then we just need the result the estimate

HCQ(JceJtH(U),(/}H2 < CZ Z |t|2|5\ HQ&*Q,I/)HQ

0<B<a

for any ¢ € L2(R3,C?), a € N? and some C > 0 independent of 1. The rest of the proposition will follow
by interpolation.
For U = 0, this follows by an iterated proof from the identity

d . B . B
—e‘tHQe itH _ e’tHoze itH

dt

where « is the 3-vector of Dirac Pauli matrices defined in the introduction. For U # 0, we use the same
proof with the exponential decay of Proposition m O

We can improve Lemma , if we use , Theorem 1.2] and , Theorem 1.1], which we

repeat here :

Theorem 3.1 (Theorem 1.1 of [Bou0g]: Propagation for perturbed Dirac dynamics). Assume
that Assumptions and hold and let be o > g Then one has

Njw

le7 P (H) | g2,z ) <C ()
We also have

Proposition 3.2 (Proposition 2.2 of [Bou0€]: Propagation far from thresholds). Suppose that
Assumption [I.] holds. Then for any x € C®(R3,C*) bounded with support in R\ (—m;m) and for
any o > 0, there is C' > 0 such that

le™ X (H) I prz.r2 ) < C ()7

Using Duhamel’s formula like in Proposition B.4 and interpolating with estimate (R.7), we obtain the

Corollary 3.1. Assume that Assumptions cmd hold and let > 0 and o > g@. Then there exists
e > 0, such that for all U € Be2(0,¢) one has

3

le” 1 OPe (U) I pra ez ) <C 177 .

£y

Theorem 3.2 (Theorem 1.1 of [Bou0€]: Dispersion for perturbed Dirac dynamics). Assume
that Assumptions and [ hold. Then forp € [1,2], 0 € [0,1], s —s' > (24 6)(2 — 1) and q € [1, ]

2
p
there exists a constant C > 0 such that

le 1P (H)|| . <C(K(t)r !

’
Bs
P9 " p! q

with 1—17 + 1% =1, and
- 72 af | e (0,1],

1-6/2

It if |t] € [1,00).

Using, once more Duhamel’s formula, the previous theorem and corollary @, we obtain the

Corollary 3.2. Assume that Assumptions [[.] and hold and let be p € [1,2], 8 € [0,1], s —s" >
2+ 9)(% —1), ¢ € [1,00] and o > max{3, (% —1)(1+2)}. Then there exists € > 0, such that for all
U € Be2(0,¢) one has

le”HOP(U) < C(K(t)r !

iz i,
1 1
with st = 1, and
o702 fe] € (0,1],

1-6/2

It if [t] € [1,00).
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Proof. We first prove it for U = 0. We have to study the high and low energy part in a different manner.
For the low energy part, we iterate twice Duhamel’s formula with respect to D,, in order to use Theorem
B.1] and Theorem B.9 for the free case.

In the high energy part, we use also Duhamel’s formula. But, we use Poposition Theorem @ for the
free case and Proposition @

Then for U # 0, we work like for Estimate (2.7). O

‘We obtain the

Lemma 3.13. If Assumptions ﬂ«@ hold. There exist eg > 0, dg > 0 and C > 0 such that for any
€ € (0,e0), 6 € (0,00), Uy € Be2(0,¢) and 20 € Bps(0,6) NHe(Uo) we obtain for the Cauchy problem
(B-A) (with U the solution of (B.5)) a global solution z such that

max [sup(||2(8)l|z-), sup((O)*2[|z() =), sup()*2|lz()] gs ), sup((O)~>2[|2()l|5,,) | < C 20l -
teR teR teR bl teR

3/2

Proof. The proof is similar to the one of Lemma @ with some adaptations involving the norm H?, we

also refer to the proof of , Lemma 5.5].
Let
Fis £ () = e J (BN -EWs)) dv gy

and
t Vi(t) = e~ i o (BEU)~E(Uxs)) d”U(t).

We use exactly the same method as the one of Lemma B8, applied to
€ (t) = e HVaoe) 4 /O I (1, (1)) (PF(S(Va(v))) = d*F(S(Vaoo))) Ex(v) dv
b [ IR (VL INTL), )
[ IR 0)S(V ()AVa (), ) VOV (01,15 (0)) SV ()
- / IOV (4P (Vi (0))) A(Va (), 7 (0)) (N (Vi (0), 7 (0)), S (Vi ()1 0) o,

0

with 7z (t) = e Jo (EU@)=EWU)) dv (5(¢) 4 g(U(t), 2(t))), but using the previous time decay estimates.

There are two differences:

One is in the estimate of the H* . In fact before using the time decay estimates for e 7 P.(H), we
split the space associated with the continuous spectrum in two parts : one associated with energy closed
to the thresholds and one associated to the rest of the spectrum. In the first part, we use the fact that
o > 3/2 to estimate the H® by the Bgo’2 norm since we work with bounded energies. In the second
part, since we work far from thresholds, we use Proposition @ after estimating the H?® by the H®, /2

The other difference is in the estimation of the Bgo’2 norm. We use Corollary B.9 for e/t (V=) 25 and

Theorem @ for the integrals. O
We have that limy ., U = Ui exist. If zg € HJ then the associated solution U satisfies
. C
’U’ < GE 20l g7

and we have .
/ (E(U(v)) — E(Uts) dv — Eyoo ast — £00
0
for some real F1.,. We introduce

Vi (t) = e o BUE@)=BUse)) dogy (),

they have a limit as ¢ — £oo respectively as being

Vi = e_iEi“Uioo.
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Then we notice that we can also obtain an asymptotic profile for e!*#+itF (U“)z(t) if zg is localized. But
we prefer to obtain a scattering result with respect to e/t# (Vo)) 'We have the

Lemma 3.14. If Assumptions|l.] n hold. Then there existeg > 0, 09 > 0 such that for any e € (0,e0),
6 € (0,00), Uy € Be2(0,¢) and zg € Bus(0,6) N'He(Uo) and for the solution z of (B4 (with U the
solution of (@)) given in Lemma @ the followmg limat

—JtH(Vioo) oJ [o (B(U ()~ E(Uzoc)) (1)

z = lim e
+oo t—+oo

exists in H®. Moreover, we have 2400 € He(Vioo) N HY and there exists C > 0 such that

max [[|e™7 Jo PU@)=BUso)) v JtH (Vo) dro ()|

e — T J§(BU @) =B(Utox) dv g JtH (Vi) dr — ()|,
e JSBWEN =B Wae) dog M (Vi) dr s (1) ] < % lz0ll3.
and
2a00 — e~ TH (Vao) o [{(BU@)=EWU2e) dv (4 Mg, < o3 [
Proof. Let
ts £ (t) = e Jo BU@)=EUze)) dv (3
and

t Vi(t) = e~/ (B(U®)=E(Uzs)) wr(t).
Using exactly the same method as the one of Lemma @, applied to

t

em T Ve)g (1) z0+/0 e” V)P (Ve (0)) ] (P F(S(V(v)) = d*F(S (Vi) €x(v) dv

* / TP (Vi (1)) JN (Va (o), 7 (0) d
0
+ / e~ THVE)P (Vi (0))dS(V (1)) A(Va (0), 71 (0)) (N (Vi (0), 75 (0)), dS (Va (v)) d
- / eI H Vi) (AP (Vi (0))) A(Vae (0), 7 (0))/ (N (Ve (0), 7 (1)), dS (Vi (0))) 1 (0) b,

0
with 7. (t) = e/ Jo (BU@)N=B(Wx)) dv (1) 4 g(U(t), 2(t))), we prove that the limits

tilglooe TH(VEeo) e, (1) = 2400

exist. If we use the method of Lemma B.13, we obtain the estimates on the convergence of e”/*H(Veoe) 2y —

&4 (t). Then for multiplying by e~ ]fo U(”)) E(Uzo0)) dv e obtain the estimates and the convergence
of

7]f0 (U())—E(U+s)) dvef.]tH(Vioo)Zioo 7Z(t).
Then since (1 — P.(U(t))) z(t) = 0, we have (1 — P.(Vis)) 2400 = 0 and hence z4 o, belongs to He (Vi ).

O

4 The dynamic outside the center manifold

We can make the same study in the center stable manifold and the center unstable manifold but only in
one direction of time. Let us explain it for the center stable manifold in positive time since it is similar
for the center unstable manifold. Actually it is equivalent if we revert the time direction.

We just give a sketch of the proof since it is similar to the previous study. Using the idea of the proof
of exponential stabilization for Proposition @, we write any solution ¢ in the form ¢ + p + f(¢, p) with
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¢ in the center manifold, p € Xs(Vp) and f a function to be precised but ensuring that we are in the
center stable manifold.

Indeed W€(V}) is the graph of a smooth function h®: X (Vo) — X(Vo) @ X, (V) and W (1}) is the
graph of a smooth function A" : X (V) & Xs(Vo) — Xu(Vo). Let v be such that ¢p = S(Vp) + v satisfy

(.2, we have
O = JH(Vo)v + JN (Vo, v).

v o= y+h(y)+p+h"(y,h(y) +p)
= o(y) —S(Vo) + (p — 7 (Vo)h(y)) + (R" (y, h°(y) + p) — (Vo) h(y))
= ¢y)—SMVo)+p+ fly,p)

with y = 7¢(Vo)v = 7¢(Vo) (v — S(Vp)) and ¢(y) = S(Vo) + y + h(y) is in the center manifold and
p € Xs(Vp). We have the following equation for p

dp=JH(Vo)p+M(Vo,y,p) (4.1)
where
MVo,y,p) = m* (Vo) {IN(Vo,y + h°(y) + p+ f(y,p)) — IN(Vo, y + h(y))}
— (Vo) DRe(y) 7 (Vo) {JN (Vo, y + h°(y) + p+ f(y, p)) — IN(Vo,y + h°(y))} -
Then we obtain for ¢ the equation
Op = JH + JVF(¢) + R(¢, p)

R(¢,p) = IVF(d+p+ f(y,p) = IVE(¢) — JA*F(S(Vo))p — M (Vo, 7 (Vo)(¢ — S(Vo)), p)
with notice that |R(6, )| < C(l6] . . ol Il
Working like in , we write ¢ = S(U) + n with n = z + g (U, z) and we have the following equations
for U and z:
U =—AUn(N(U.1) — JR(U, 1, p),dS(U))
Oz =JH(U)z+Pc(U)JNU,n) + Pc(U(v))dS(U(v)) AU (v),n(v) (N (U(v), n(v))
—JR(U,n, p), dS(U(v))) + (dPe(U) AU, n)(N(U,n) = JR(U, 1, p),dSU))n + P(U)R(U,n, p)
with
n(t) = z(t) + g (U(t), 2(t)) -
where g is defined by Lemma @ and

R(U,n,p) = R(SU) +n,p)

These equations are similar to those we have studied but with an extra term coming from R which is
exponentially decaying in positive time. Indeed, let us introduce for any Ty < 0 and v € (0,~(Vp)) and
0 > 0 the set

RTUKY((S) = {P € C((TOa +OO)7XS(V0))a |p(t)|H5 < 5€_Vtth > TO} )

we study Equation ([L1]) in Ry, - (8) with small initial condition py. We also define for any & > 0

Ur,(e,6) = {U € C'((To, +00), Bez (Vo,€))s U |11 (1, +00))n Lo ((To,4o0)) < 52}

and for any U € Ur, (¢), let s, 8 be such that s > §+2 > 2 and o > 3/2,

Z7,(U,8) = {z € C((Ty, +o0), L*(R3,R®)), 2(t) € H(U(t)),

max [||Z|\Lw((To,+oo>,Hs>a 121l L2z, +00).12.,): ||Z||L2((T0,+oo),350,2)} < 5},
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and ¢, ¢ are small enough to ensure that for U € U(e,d) and z € Z(U, §)
S(U) +z+ g(U, Z) S WC(Vo) N Bys (S(Vo),T(Vo))

For a sufficiently small Ty, we solve the equation for z first and then the one for p and eventually the
one for U using the method of Section E This gives us the desired exponential decay for p as well as
similar results for U and z.

We notice that instead of Lemma @, we obtain the

Lemma 4.1. If Assumptions hold. Then for any T > 0, there exist Ty > 0, €9 > 0, &g > 0,
C > 0 and k € (0,1) such that for any € € (0,e0), § € (0,60), U, U € Up,(¢,9), p,p" € Rry~ 20 €
H(U(0)), 2, € Ho(U'(0)), z € Z1,(U,6) and 2’ € Z7,(U’, ), one has

12[20, U", p'] = 220, U, plll oo (1, 7), 1) L2 (T 1), L) L2 (T, T) 2.

< Clzo = zbll e + 5 IV = U'll ey o + ||U = O

LOO((TovT)ﬂ(/Q)
vt !
S GRCEVAIO] Pyt
Then for p as a function of U, zo and py (the initial condition for p), we obtain the

Lemma 4.2. If Assumptions D@ hold. Then for any T > 0 there exist To > 0,e9 >0, 69 >0,C >0
and k € (0,1) such that for any € € (0,e9), 6 € (0,60), U, U' € Ur,(g,9), ro,7 € Xs(Vo) 20 € He(U(0)),
2y € Ho(U'(0)), z € Z1,(U,8) and 2’ € Z5,(U’,§), one has

He’Yt (p[zéﬂ Ula p/O] - p[ZOa Ua pO])HL?O((TU7T)7X5(VU))

< o = llge + 5 {10 = Um0 - 0

+ llpo — ot :
ety I = il

We also notice that the proof gives the wellposedness of Equation ([L1)) in Ry, ~(8) with small initial
condition pp and that there exists C' > 0 such that the solution p satisfies

o)l gz« < Cllp£(0)] 7", ¥t > Ty,

The asymptotic behaviour of U and z are obtained like in the previous section when zg is localized.

5 End of the proof of main theorems

We notice that the small locally invariant center manifold build in Section .9 for Equation () is now a
small invariant (globally in time) center manifold. Indeed, we have just proved the stabilization towards
the PLS manifold, this ensures that a solution in the center manifold will stay inside this manifold in the
two direction of time.

Now let us consider CM as being the union of all these small globally invariant center manifolds and
0. Using the uniqueness of center manifold and Lemma B.2, we prove that CM \ {0} is a manifold. Now
we generalize Lemma @ by the

Lemma 5.1. For any s,s’,0 € R and p, q € [1, 0], there exist ¢ > 0, a continuous map r : B4(0,¢) — R
with r(U) = O(T'(U)) and a continuous map ¥ : S +— CM where

S, = {(U,2); U € Bez(0,2), 2 € Ho(U) N By (0,7(0)) }

is endowed with the metric of C* x HY .

Moreover W is bijective from S to an open neigborhood of (0,0) in CM and smooth on S\ {(0,0)}.
For all U € Be2(0,¢), there exists C > 0 such that for all z € H.(U) N By (0,7(U)), ¥(U,z) €
H1(U), 2+ ¥ (U, 2) € Ho(U)*, S(U) + 2+ V(U,2) € CM. For sufficiently small non zero U, we have
1. 2)llp, = O(||2|[3+0) for z € H® such that (U, z) € S.
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Proof. The proof works like for Lemma E The statements for r follow from Remark E
O

The scattering result follows from a one to one correspondence of the initial profile with the asymptotic
profile as stated in the

Proposition 5.1. If Assumptions Iﬂ hold. There exist ¢ > 0 and a continuous map r : B4(0,g) —
R with r(U) = O(T'(U)) and V,, V+ neighborhoods of (0,0) in

Se ={(U,2); UeC? z€H(U)NBu:(0,r(U))}

endowed with the norm of C* x HE such that the maps

. UO V:I:oo
Pi.< 2 >€ng—><zioo )GVi

are bijections and are smooth on Vo \ {(0,0)}.

Proof. We choose for example
Vo ={(U,2); U € Be2(0,¢), 2 € He(U) N By (0,7(U))}

for some positive € and we work on the manifold V, \ {(0,0)} which is locally isomorphic to an open set
of C? x H.(U) N HE. We write
P (U,2) = (U,z) + RE (U, 2)
Since
2
|Uses 200) = (Wo, 20)l 1z, = O (W0l + o]l )

we only need to prove the statement locally. Hence we prove that in a neighborhood of (Up,0). The maps
PL (U, 2) = (Ides, Po(Uo)) Py (U, R(U,Uyp)z) are bijective (P. and R are defined in Proposition P-3).

To prove that PY° is bijective (i.e. the scattering exists). Let us prove it for Pg" (it is similar fo

PH“). It is enough to prove that the following system has a unique solution in an open neighborhood of
(0,0) in S,:

Va(t) = Vaoo + / T AV (0), e ) (o)) (N (U (), €7 Ve (0), dS (Vi (v)) do,

E(t) = 200 — /too e W) P (V (v))] (d*F(S(Vi(v) — d2F(S(Vioo))) e/ 3 V4) € (v) dv

_ / e TV P (Vi () IN (Vi (v), 71 Ve )iy (0) do
t

*/ eI HVADP (V. (0))AS(V (0)) A(Vi (0), 7 F V)it (0)) (N (Vi (0), 7 F V)it (0)), dS (Vi (0)) o

t

+/ T eI HVe) (4P (V (1) AV (0), e H V), (0)) (N (Vi (0), €7 V5D, (0), dS (Vi (0)))e?*H V=), (0) dos,

t

with 77y (1) = £ (t) + e 7HVelg (V+(t), el sH(Vaoe) g, (t)))-
This system can be solved by a fixed point argument in the set of function such that

3/2

max [ sup (200 — & (Dll-), sup()?]|2400 = €4 (O) 2,
teR teR

sup(t)* 1240 — £ (Dl g2 . U6 2400 — £ D3]
teR bl teR

and )
&7 Vi (t) = Vieol
are small with the method we used in Lemma .
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For the same reasons the small locally invariant center-stable manifold build in Section R is invariant
in positive time. We can also consider the union of these manifolds, and we can obtain a map ®, similar
to the map ¥ built in Lemma @ The instability in negative time is in fact a consequence of Proposition

)

The corresponding conclusion holds for the center unstable manifold.
The statements on the instability outside these manifolds follow from Propositions @ and @
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