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Abstract. The optimal design of parts submitted to thermomechanical loadings is a key 
issue for the safety and quality assessments of structures. In this context, the present 
paper discusses the choice of a behavior model and the determination of its parameters. 
For cast iron and aluminum alloy applications, two constitutive laws are compared : 
one is based on a classical unified viscoplastic model and the other is based on a two­
layer plastic-viscous rheological model. The following discussion shows that the use of 
anisothermal experiments is very important for the identification of material parameters 
and that simple models can be successfully applied for the predictive lifetime assessments 
of large 3D structures. 

1. Introduction 

Non-linear constitutive material behaviors have been the subject of exten­
sive researches from the theoretical and numerical point of view over the 
last decades. 

A large number of phenomenological models are devoted to the behavior 
of metals at high temperatures. They usually attempt to describe the metal­
lurgical phenomena precisely [3,5]. However, they are not always suited for 
industrial design processes. Indeed, when computing cyclic multiaxial ther-
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momechanical loadings on large structures, design engineers have to fulfill 
demands of predictive lifetime assessments within short design periods. 

Then a complete computational design approach consists of three prin­
cipal steps [l]: 

The thermomechanical loading. The mechanical analysis is based on 
numerical computations depending on the precise knowledge of the 
temperature history and boundary conditions. The temperature his­
tory is obtained from a combustion modeling and its following thermal 
transfer analysis. 

The constitutive model. The model should describe the behavior over 
the whole range of operating temperatures of the structure in isother­
mal as well as in anisothermal loading conditions. It has to be imple­
mented in standard FEM computer codes using efficient and robust 
integration algorithms. 
The lifetime prediction criterion. The criterion is a low-cycle fatigue 
criterion in a multiaxial and anisothermal context. The criterion should 
also take into account the standard deviation due to the industrial 
manufacturing process. 

The present paper focuses on the choice of a constitutive model in an 
anisothermal context and its underlying questions. Two important a priori 
assumptions are made concerning the model. We suppose on one hand 
that the cyclic softening/hardening behavior can be neglected and on the 
other hand that damage does not affect the material behavior during the
main part of its life. In spite of the errors potentially induced by such 
assumptions, this leads to both shorter computation times and predictive 
final results [2,10]. 

Two metallic alloys will be discussed in the sequel: a spheroi:dal graphite 
cast iron (SiMo SG) with Mo and Si additions, used for exhaust manifolds 
in a 0 - 800°C temperature range, and an aluminum-silicon alloy (ASME 
A356) with Mg addition, used for cylinder heads in a 0 - 300°C temperature 
range. 

For these alloys, both a unified model and a two-layer elastoviscoplastic 
model are presented, together with a summary of their numerical integra­
tion scheme. 

A series of questions are discussed regarding the identification of the pa­
rameters of the models in an anisothermal context, the difficulty of choosing 
between the two models, the passage from lD tension-compression tests to 
3D structures and from isothermal loading conditions to anisothermal ones. 

As a final conclusion, it is shown that complete FEM computations 
can be performed on structures in spite of some behavior-modeling un­
certainties, and that subsequent results can be used for successful lifetime 
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2. Constitutive models 

The choice of the constitutive model is a key point in the global computa­
tional approach. It should represent the material behavior in the tempera­
ture and strain-rate range of the structure and it should be identified from 
a series of simple experiments on specimens. 

2.1. EXPERIMENTS

The following experiments were at our disposal: isothermal uniaxial tests 
at different temperature levels which highlight the mechanisms of the phe­
nomenological model; anisothermal uniaxial tests which describe the tran­
sient behavior from room temperature to maximum temperature ; anisother­
mal tests with temperature gradient which exhibit a local state comparable 
with that of the complete structure. 

The uniaxial isothermal tests are both tension-relaxation-compression 
tests (TRC) at different strain rates and low-cycle fatigue tests (LCF) 
characterizing the cyclic behavior and lifetime at different strain levels. 
The relaxation parts of the TRC stress/time data show exponential shapes 
(Fig. la). Therefore a Norton-Hoff power-law can be used for viscosity 
modeling. LCF data exhibit small cyclic softening which allows us to neglect 
isotropic hardening. Finally, cyclic TRC data and LCF data show a quick 
stabilization of the stress response (Fig. lb). As a consequence, we shall 
assume that the damage undergone by the specimen at each cycle does not 
significantly affect the cyclic behavior. 
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Figure 1. Experimental observations on alum in um alloy : (a) exponential shape of 
relaxation in TRC tests, (b) negligible cyclic softening behavior in LCF tests 

The anisothermal uniaxial tests are difficult to perform but they provide 
important data for identification [7]. The difficulties stem from the simul-

predictions.
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taneous need of a' homogeneous temperature field in the specimen and a 
precise and rapid control of temperature and strain rates. 

In the case of the aluminum alloy, two testing conditions were defined: 

an out-of-phase compression with temperature ranging from 50°C to 
300°C, which is used to fit the variation of characteristics with tem­
perature, 
an out-of-phase compression with a pseudo-dwell at maximum strain 
and maximum temperature which enhances the influence of the vis­
cosity at high temperature. 

Finally, some anisothermal tests with a temperature gradient along the 
specimen were performed on a special machine [2]. The specimen was 
clamped between two cantilever beams and heated by Joule effect. The 
maximum temperature distribution along the aluminum alloy (respectively
cast iron) specimen varies from 40°C at its ends to 300°C (respectively
700°C) in its middle section. 

2.2. PHENOMENOLOGICAL VISCOPLASTIC MODELS

Two viscoplastic models have been deduced from the previous experimental 
observations using classical phenomenological formulations. They both take 
into account plastic behavior with a linear kinematic hardening rule and 
viscous behavior with a Norton-Hoff power law. 

The first model is a unified viscoplastic model (UM) [4,5]. Viscosity and 
plasticity are represented by a single internal variable : the inelastic strain. 
The corresponding rheological representation is presented on Fig. 2. 

lJm I" 

H 

Figure 2. Rheological representation of the unified model (UM), and the two-layer 
model {TLM) 

The second model is a two-layer plastic-viscous rheological model (TLM), 
initially proposed by Kichenin [6]. The inelastic strain is represented by two 
independent internal variables. 

The models are conditioned by temperature-dependent parameters which 
can be described as follows for ID formulation: E, Kp and Kv are the elastic
moduli of each layer, ay is the yield stress and H the hardening modulus, 'T/
is the viscosity coefficient and m the power coefficient of Norton-Hoff law. 
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2.3. CONSTITUTIVE LAWS

In the sequel, vectorial and tensorial variables are denoted by bold fonts. e 
and er stand for strain and stress tensors. In the TLM case, the subscripts ev 
and ep denote quantities related to viscous and plastic layers respectively. 

The strain is supposed to decompose additively into elastic and inelastic 
parts: 

(TLM) 
€�v + €�ve + p 
eep €ep 

(1) 

The stresses and hardening variables are linked to the strain variables 
by the following equations: 

(UM) (TLM) 
CT = C: ee CT CTev + CTep
x = -H:a CT ev Cev : e�v (2) 

CTep Cep: e�P
Xep -Hep: Oep 

C and H denote the elasticity andx hardening tensors. In this case, the 
hardening variable a is equal to the cumulated plastic strain. 

The von Mises equivalent stress is used to define the plasticity criterion: 

h (s) = J� (s: s) where s =<lever.

Then the flow-rules can be expressed under the following form: 

where: 

A 
x

I

·in A 
€ =1. � 

vA:A 

(UM) 
dev (cr - X)
-�H: gVP 
� \ h(�-ay )m /ev 

Aep 
Xep 

(TLM) 
dev (crev ) 
� \ h(:ev) )m 

dev(crep - Xep) 
2H . -=-P -3 ep · "' ep 

(3) 

(4) 

For theoretical details of the presented thermodynamical framework, see [5]. 
The constitutive equations have been integrated by an implicit Newton­

Raphson integration scheme using a return-mapping algorithm and consis­
tent tangent moduli [8,9]. 
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3. Identification of material parameters

3.1. A CLASSICAL APPROACH

In a first stage, the parameters have been directly estimated from the sta­
bilized isothermal TRC data. The identification was based on some simple 
interpretations of the physical meaning of the parameters: the elastic and 
hardening moduli are slopes read on stress/strain tension curves, the vis­
cosity parameters fit the relaxation curve, the yield stress is found from the 
relaxed stress, etc. The temperature-dependent parameters were obtained 
by a linear interpolation between the TRC temperatures. 

In the cast iron case, the parameters have been determined as described 
above, and afterwards they have been used to simulate the anisothermal 
clamped test. The local stress/strain state in the specimen is multiaxial 
due to the temperature gradient along its axis. The computed and mea­
sured axial stresses are in a reasonable accordance (Fig. 3a), but there is a 
difference in the radial stress/strain responses between the {UM) and the 
(TLM) models (Fig. 3b). All the same, the numerical results obtained for 
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Figure 3. Anisothermal clamped test for cast-iron: (a) experimental/computed data 
comparison on a stabilized cycle {b} computational data comparison for two models 

cast iron with the {TLM) model permitted correct lifetime predictions on 
exhaust manifolds [2,10]. 

The understanding of the differences between the behavior of the two 
models during the simulation of the clamped test is not an easy task. A 
first difficulty comes from the experiment, in which the stress and strain 
fields are controlled by a complex temperature distribution. The transient 
temperature field has to be computed very precisely in order to obtain 
accurate results for the mechanical fields. Moreover, due to the 3D nature 
of the fields, it is particularly difficult to read the sensitivities of the models 
and parameters with regard to the loading. 
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The second difficulty comes both from the models and the isothermal 
identification method. Indeed both models inherit an indetermination be­
tween the plastic and the viscous quantities (Fig. 4) , which implies that the 
evolution of the parameters with temperature is badly managed. Therefore 
the prediction of the anisothermal mechanical response may be dubious. 

In conclusion, we should find a simpler way to enhance identification. A 
better experiment should exhibit a homogeneous temperature field. Then 
the computed identification problem would be a lD problem, much easier to
analyze. This is the case of the anisothermal experiments without gradient 
described above. We should also dispose of a more general identification 
procedure permitting the combination of isothermal and anisothermal tests 
data. 

3.2. AN OPTIMAL CONTROL APPROACH

In the sequel the identification of the material parameters is essentially 
based on the minimization of a cost functional defined as: 

1 J 2 
J(p) = 2 [aexp (t) - acalc (p, t)] dt

where the time-integral measures the difference between the experimental 
and computed stresses (aexp and acalc respectively) over a complete ex­
periment. In order to determine parameters from several experiments, the 
corresponding cost functionals can be added using weight factors. 

The minimization procedure was based on a gradient computation using 
the adjoint state method and a BFGS gradient descent algorithm. This 
procedure can be combined with direct callibration of elastic and hardening 
moduli from the slopes of the isothermal curves as described in section 3.1. 

The indetermination related to competition between plastic and viscous 
quantities is illustrated by plotting the cost functional as a function of the 
viscous parameters (77, m ) (Fig.4). In the case of an isothermal tensile test,
one can remark a long flat valley proving the coupling effect between the 
two parameters as well as the laborious identification induced. 

Several identifications showed that a complete parameters set can be 
determined from a single anisothermal experiment (Fig. 5b). However, a 
single experiment will generally not assure the validity of the set in all 
test conditions. Therefore one should combine isothermal and anisothermal 
experiments in the identification program. This combination conducts to a 
difficult multiobjective minimization, where the identified parameters set 
will depend on the weight attributed to the different experiments. 

In spite of these difficulties, the final parameters obtained by this method 
permitted several reasonably accurate computations on structures as pre­
sented in the next section. 
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Figure 4. Cost functional distribution for three isothermal tests with aluminum alloy 

4. Computations on structures 

The computations on structures have been realized using the ABAQUS 
Standard FEM code after the determination of the parameters using the 
previous techniques. 

The global computational approach is based on an important assump­
tion: as for plastic shakedown phenomena, we assume that the response of 
the structure will rapidly stabilize under cyclic thermomechanical loadings. 
The stabilized computed cycle is generally obtained after a few cycles ( < 10)
and the corresponding mechanical fields are used as the input of the fatigue 
analysis. 

The FEM meshes for exhaust manifolds or cylinder heads had� 104 -
105 degrees of freedom. The thermomechanical computations were com­
pleted within approximately 6 hours of CPU time on a HP-V class com­
puter. The CPU time showed to be very sensitive both to nonlinearities of 
the constitutive model and to the contact boundary conditions. 
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Figure 5. Experimental and computed anisothermal uniaxial test with parameters 
identified from: (a) isothermal and anisothermal tests, (b} anisothermal tests 
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In the case of cast-iron exhaust manifolds, parameters of the consti­
tutive models are identified using the classical method. Once more, there 
is a difference between the stress/strain responses of the UM and TLM 
models. Using an energy-based criterion for thermomechanical fatigue [2], 
the results from the TLM model permitted to determine the lifetime of 
several 3D structures: the clamped specimen under four test conditions 
and three exhaust manifold geometries (Fig. 7). This shows the reliability 
of the presented global approach in thermomechanical fatigue. 

In the case of alurninum alloy cylinder heads, parameters of the consti­
tutive models are determined using the optimal control approach including 
anisothermal tests. 3D computations have been conducted on a one-cylinder 
head prototype for one particular test configuration. 
A numerical comparison in the case of the clamped specimen shows a small 

difference in the mechanical response between the two models (Fig. 6). This 
proves the great importance of using anisothermal tests for the identifica­
tion of the parameters. The lifetime results are not available yet to validate 
the global approach in the case of the aluminum alloy cylinder heads. 

5. Conclusion

This paper discussed some problems related to the choice and the identifi­
cation of a constitutive law for thermomechanical computations on real 
30 structures. A series of difficulties have exhibited the importance of 
using anisothermal tests during the identification process. The encouraging 
results show that simple constitutive laws are sufficient for a robust lifetime 
prediction in an industrial context. 

Acknowledgement to A. Bignonnet (PSA) and K. Dang Van (LMS) for 
encouring this project and G. Lederer (PSA) for continous support.
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Figure 6. Comparison of the stress/strain curves for the two models in the case of 
aluminum clamped specimen 
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Figure 7. Lifetime assessments for cast-iron structures (exhaust-manifolds) 
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